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In this note we give an exposition of some basic topics in homological algebra. Most of this
material can be found in either [3] or [2], but for some topics the best reference is still [1].
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1 Definitions

Throughout we work in an abelian category A. We assume a strong axiom of choice that allows
us to associate to every morphism f : A — B a canonical kernel Ker(f) — A, cokernel
B — Coker(f), and image Im(f) — B. Similarly we pick a canonical zero object 0, and a
canonical biproduct for any finite nonempty family of objects. We say A is a category of modules
if it is ModR or RMod for some ring R (in particular Ab is a category of modules), and for
a category of modules we choose the obvious canonical structures, with the subtle exception of
choosing the identity 14 : A — A to be the cokernel of any morphism 0 — A from a zero object.
For a subobject u : A — B we write B — B/A for the cokernel. Given subobjects u: A — B
and v : C — B we write u < v to mean that u factors through v. The factorisation A — C'is
monic, so we can talk about the quotient C/A.



Definition 1. A chain complex C in A is a collection of objects {C), } ez together with morphisms
O : Cp, — Cp_1 satisfying 0,0,+1 = 0. We write a chain complex as a descending chain

Ont1 On
Cn+ 1 Cn Cn —1

The morphisms 9, are called the differential (or boundary operators). A morphism of chain
complexes 1) : C' — D is a collection ¢ of morphisms {v,, : C,, — D, }nez satistying ¥,0,41 =
On+1¥ny1 for all n € Z. That is, they fit into a commutative diagram

Ont1 On

On-‘rl Cn - On—l
lwn+1 lwn \Lwnl
Dn+1 6n+1 Dn R anl

Composition is defined by (¥¢), = ¥ne, and addition by (¢ + ¢)n = ¥y + @, which defines the
preadditive category Ch.A of chain complexes in A. Since 0,,0,+1 = 0 we have Im0,,+1 < Kero,
for all n € Z. The object H,(C) = Kerd,/Imd, 11 is called the n-th homology object of the chain
complex C.

Definition 2. A cochain complex C in A is a collection of objects {C"}, ez together with mor-
phisms 9" : C™ — C™+! satisfying 0"t10™ = 0. We write a cochain complex as an ascending

chain

n—1 n
Cn—l 9 Cn 9 Cn+1

The morphisms 0™ are called the coboundary operators. A morphism of cochain complexes v :
C — D is a collection v of morphisms {¥" : C"™ — D"}, ¢z satisfying 9" +19" = 9"y for all
n € Z. That is, they fit into a commutative diagram

cn—1 on ! cn or cntl A (1)
lwnl lwn iwnJrl
Dn—l - Dn pe Dn+1 - = ...
on— n

Composition is defined by ()™ = ™™ and addition by (¢ + )™ = ¥™ + ¢™, which defines the
preadditive category coCh.A of cochain complexes in A. Since 9"19" = 0 we have Im0" ! <
Kerd™ for all n € Z. The object H*(C) = Kerd™/Imd™~! is called the n-th cohomology object
of the cochain complex C.

Lemma 1. There is an isomorphism of categories ChA = coChA.

Proof. Given a chain complex C' = {C,,, 9y, }nez define the cochain complex F(C) = {D", 6"} ez
by D" = D_,, and §" = 9_,,. Given a morphism ¢ : C — C’ define F(¢) : F(C) — F(C") by
F(¢)™ = 4_,. This is clearly an isomorphism. O

Lemma 2. Let ¢ : C — D be a morphism of cochain complexes. Then
(i) ¢ is an isomorphism iff. ©™ is an isomorphism for all n € Z;
(i) ¢ is an epimorphism iff. ©™ is an epimorphism for alln € Z;

(iii) ¢ is a monomorphism iff. ©™ is a monomorphism for alln € Z.

The same result is true for chain complexes.



Proof. (i) is easily checked. Suppose g : D™ — E is given with gp™ = 0. We have to show that
g = 0. We can fit g into a morphism of cochains with entries as depicted in the following diagram

on—2 Ol s 0" s ol s
R T

D2 pn—t Tt D' — pntl — ..
e
0 E—r—>FE 0

The composite of these two cochain morphisms is zero, so since ¢ is an epimorphism it follows
that g = 0, as required. A similar construction proves (iii), and it is clear how to translate these
results into statements about chain complexes. O

The categories Ch.A and coChA are abelian. First we give the definitions for coCh.A.

Zero The 0 cochainis -+ —0—0—0— ---.

Finite products Given cochains C,...,C, we define

(Cl@...@cr)”zcil@...@cf
=0 @Oy

It is not difficult to see that this is a cochain complex. The injection u; : C; — C1®---®C,
is pointwise the injection C' — CT @ --- @ C', and the projection p; is also pointwise the
projection C7 & --- & C' — CP. It is easy to check that p;u; = 0;; and > ugpr = 1 so
that these morphisms are indeed a biproduct.

Kernels and Cokernels Let ¢ : C — D be a morphism of cochain complexes. For each n € Z
the commutative diagram (1) induces morphisms Ker(¢") — Ker(¢™*1) for all n which
are unique making the following diagram commute:

- —— Ker(¢") — Ker(¢"t) ——---

| |

cn Cn+1
Dn Dn+1

This cochain is a kernel for ¢, where given any ¢ : E — C with ¢ = 0 the unique
factorisation through Kery — C' is pointwise the unique factorisation of ™ through
Ker(p™) — C™. A dual situation holds for cokernels.

Normal and Conormal Given our description of the kernel and cokernel, it is clear that since
A is normal and conormal that every monomorphism in coCh.A is the kernel of its cokernel,
and every epimorphism is the cokernel of its kernel.

Epi-Mono Factorisations Let ¢ : C — D be a morphism of cochains. The morphisms
Im(e™) — D™ are kernels for D™ — Coker(¢™) so we induce morphisms I'm(¢"™) —
Im(p™*1) which form a cochain Im(y). The factorisations C™ — Im(p™) give a morphism
C — Im(p) which is a pointwise epimorphism and therefore an epimorphism of cochains.
Similarly Im(¢) — D is a pointwise monomorphism and therefore a monomorphism of
cochains, so we have the desired factorisation. Note that I'm(¢) — D is the image of ¢ in
coChA.



This completes the proof that coCh.A is abelian. The obvious translation of these structures
to chains gives the definition of zero, biproducts, kernels, cokernels and images, which shows
that ChA is an abelian category. By picking a canonical zero object, canonical finite nonempty
products and canonical kernels, cokernels and images for the category A we get canonical choices
for all these structures in coChA and ChA. Note that a sequence

c—>p-top

of chains is exact in ChA if and only if for all n € Z the following sequence is exact in A

c, Pn D, Yn E,

The same is true of cochains.

Lemma 3. Let D be a diagram in coChA and suppose we have a cocone {a; : D; — X }ier on
this diagram with the property that {af* : DI — X™} is a colimit for the diagram D™ in A for
every n € Z. Then the «; are a colimit for D in coChA.

Lemma 4. Let D be a diagram in coChA and suppose we have a cone {co; : X — D;}icr on
this diagram with the property that {af : X™ — DI} is a limit for the diagram D™ in A for
every n € Z. Then the «; are a limit for D in coChA.

Suppose we have a commutative diagram in 4

Then there are unique morphisms Ker(f) — Ker(g), Coker(f) — Coker(g) and Im(f) —
Im(g) making the following diagrams commute

Ker(f) —= A B —— Coker(f) Im(f)——B

O O T T

Ker(g) —C D —— Coker(g) Im(g) ——D

Let ¢ : C — D be a morphism of cochains in coChA. For any n € Z we induce a morphism
H™(C) — H™(D) which is unique making the following diagram commute

Im(om—1) Ker(d") H"(C) (2)
le/ \ con / C’I’L+1
lw”l lw" lqz”“ H"(p)
anl / Dn \ DnJrl
Im(on—1) Ker(0™) H™(D)

Hence H™(—) defines a covariant additive functor coChA — A. A similar argument shows that
H, (—) defines a covariant additive functor ChA — A.



Definition 3. A homotopy ¥ : ¢ — 1 between two chain morphisms p,¢ : C — D is a
collection of morphisms ¥, : C;, — D, 11 such that ) — ¢ = 0¥ + X0. That is,

U — Pn = an—',—lzn +3n_10, VneZ

as in the diagram

Ont1 O
Cn+1 Cpog —— -+~
Xn
’\ jwn
Snt1
Dn+1 Ot D, Py Dy oy ——---

We say that ¢, are homotopic, and write ¢ ~ 9 if there exists a homotopy ¥ : ¢ — . If
Y is such a homotopy, then the morphisms —%, define a homotopy —X% : ¥ — ¢, so there is
a bijection between homotopies ¢ — 1 and homotopies v — . We denote the set of all
homotopies ¢ — ¥ by Hom(p, ).

Lemma 5. The homotopy relation =~ is an equivalence relation, which is stable under composition.
That is, if ¢, : C — D are chain morphisms with ¢ ~ 1 then for any chain morphisms
v:B— C and 7: D — E we have T ~ 179 and py ~ ¢ry.

Proof. The relation is clearly reflective and symmetric. To check transitivity, let ¥ —p = 0¥ + %0
and £ — ¢ = 0T + T9. An easy calculation shows that £ — o = (X +T) + (X + T)9. For the
results about composition, let us assume that ¥ — ¢ = 9% + ¥0. Then the morphisms 7,41,
give rise to a homotopy 7¢ ~ 7 and the morphisms >.,,,, give rise to a homotopy ¥y ~ ¢vy. O

Proposition 6. Let p,v : C — D be homotopic chain morphisms. Then H,(p) = H,(¢) for
every n € Z.

Proof. 1t suffices to show that if ¢ ~ 0 then H,(p) = 0 for all m € Z. Let ¥ : ¢ — 0 be a
homotopy, so ¢, = Op+12, + Xpn—10, for all n. Let n € Z be fixed, and let k : Kerd,, — C,, be
the kernel of 9,,. Then

@nk = (an+12n + Z:n—lan)k = an+12nk

So @,k factors through I'md,,+1 — D,,, from which we conclude that in the chain analogue of (2)
there is a morphism Kerd,, — Imd,+; making the whole diagram commute. So the composite
Kerd, — Kerd, — H,(D) must be zero, and therefore H,(¢) = 0, as required. O

Lemma 7. Let F : A — B be an additive functor between abelian categories. Then F induces an
additive functor ChA — ChB (which we denote by the same symbol) defined by F(C),, = F(Cy,)
and F(p)n = F(pn). This functor has the following properties

(a) If X : p —> 1 is a homotopy then so is F(X) : F(p) — F(v).
(b) If ¢ ~ 1 then H,(F(p)) = H,(F(¢)) for alln € Z.
(¢) If F is exact, so is the induced functor ChA — ChB.

Now for the cochain version of homotopy:

Definition 4. A homotopy % : ¢ — 1 between two cochain morphisms ¢, : C — D is a
collection of morphisms X" : C™ — D"~ ! such that ¢ — ¢ = 0% + £9. That is,

wn _ (pn _ an—lzn 4 En—i—lan Yn cZ



as in the diagram

Cnfl gn—1 on gn Cn+1 .
[\
[
Zﬂ’ n n
® ‘k /}w -
¢l
Dn—l po D o Dn+1 > ...

We say that ¢, are homotopic, and write ¢ ~ 1 if there exists a homotopy % : ¢ — . If
3 is such a homotopy, then the morphisms —3,, define a homotopy —% : ¥ — ¢, so there is
a bijection between homotopies ¢ — ¥ and homotopies ¥ — . We denote the set of all
homotopies ¢ — 1 by Hom(p, ).

The following results are proved just as in the chain case:

Lemma 8. The homotopy relation =~ is an equivalence relation, which is stable under composition.
That is, if v, : C — D are cochain morphisms with ¢ ~ 1 then for any cochain morphisms
y:B— C and 1:D — FE we have T ~ 19 and py ~ 1.

Proposition 9. Let ¢,v : C — D be homotopic cochain morphisms. Then H"(p) = H™(¢) for
everyn € 7.

Lemma 10. Let F: A — B be an additive functor between abelian categories. Then F induces
an additive functor coChA — coChB (which we denote by the same symbol) defined by F(C)™ =
F(C™) and F(p)" = F(¢™). This functor has the following properties

(a) If ¥ : o — ¢ is a homotopy then so is F(X) : F(p) — F(v).
(b) If o = then H"(F(p)) = H"(F(¢)) for alln € Z.
(c) If F is exact, so is the induced functor coChA — coChB.

2 Projective Resolutions

Throughout we work with an abelian category A and chain complexes over A.

Definition 5. A chain complex C is positive if C,, = 0 for all n < 0. In other words the complex
looks like

—C, —Ch.1— - —(C; —Cy—0

A positive chain complex C' is projective if C,, is projective for all n > 0. It is called acyclic if
H,(C)=0for n > 1. A positive chain complex C' is acyclic if and only if the following sequence
is exact

—C, —Chg — - — C; — Cy — Hp(C) — 0

A projective resolution of an object A is a projective acyclic chain complex P together with a
morphism Py — A making the following sequence exact

-—P,— P,y — - — P —P—A—0 (3)
Equivalently, it is an exact sequence (3) with all the P; projective.
Lemma 11. The category Ch' A of positive chain complezes is an abelian subcategory of ChA.

Proof. The canonical zero, products, kernels and cokernels for a morphism of positive chain com-
plexes are themselves positive, so it is clear that Ch™A is an abelian subcategory. In particular
this means that a sequence ¢/ — C — C” in Ch'A is exact iff. it is exact in Ch.A, so iff.
C] — C,, — (]! is exact in A for all n > 0. O



If C' is a positive chain complex then the construction of homology gives an epimorphism
Cy — Hy(C) which is the cokernel of Im(0;) and therefore of C4 — Cy. If ¢ : C — D is
a morphism of positive chain complexes then Hy(p) : Ho(C) — Hy(D) is just the morphism
induced between the cokernels by the following commutative diagram

C; ——Cy— Hy(C) ——0

itpl l@o iHo(cp)

D1 TDQHHO(D) *>O
1

Theorem 12. Let C, D be positive chain complexes with C' projective and D acyclic. Then the
map ¢ — Ho(p) gives a bijection between homotopy classes of chain morphisms C — D and

morphisms Ho(C) — Ho(D).

Proof. First we show that given any morphism ¢ : Hy(C) — Hy(D) there is a chain morphism
inducing ¢ on homology. The chain morphism 1 : C' — D is defined recursively. Consider the
following diagram, whose bottom row is exact

& *>CO HHO(C) —0

1 éibo itﬁ

s Y

Dy —— Dy —— Ho(D) —=0
1

Since Cj is projective we can induce ¥g : Cy — Dy making the right hand square commute. Since
the bottom row is exact at Dy and d¢pd = 0, we see that 10 factors through Im(9;) — Dy.
Since C1 is projective and D1 — Im(0;) is an epimorphism, we induce ; making the above
diagram commute. For m > 2 we use the exactness of D at n — 1 and the same argument to
produce ,,. It is clear that ¢ is a chain morphism which induces ¢ on the cokernels.

Now suppose ¢, are two chain morphisms inducing the same morphism Hy(C) — Hy(D).
Recursively we define a homotopy X : ¢ — ¢. First consider the diagram

e LA
D1 o DQ 7 Ho(D) — ()

Since g, 1o induce the same morphism on the cokernel, we must have ¢y — 1y factoring through
Kerf = Imd,. Since Cy is projective and D; — Im(9;) is an epimorphism, there is Xg : Cp —
Dy with 01%¢ = g — ¥g. Suppose n > 1 and that X, ..., 3,1 have been defined in such a way
that @, — 1, = 0%, + X,_10 for r <n —1 (with ¥_;0 being understood as 0), as in the diagram

Cn+1 Cn 1
son+11/ \’wn+1 L / \ 2 , H]" !
Ny o B & ¢ & 4
Dn+1 DT? Dn 1

We have
a(@n - wn - Znfla) = (4;07171 - wnfl - 82nfl)a = En72aa =0
Hence ¢, — ¥, — X,,—10 factors through Im(9,+1 : Dnt1 — Dy,), and using the fact that C,, is

projective we obtain ¥, : C,, — D, 41 with the required property. Hence ¥ ~ ¢, as claimed. Of
course if 1 ~ ¢ then Hy(p) = Ho(), which completes the proof. O

So this one situation where equality on homology at 0 always arises from a homotopy. An
important special case is the following.



Corollary 13. Suppose we are given projective resolutions of objects A, B in A

pP: --.—P—PFP—A—0
Q: ++—Q  —Qy—B—0

Then there is a bijection between homotopy classes of chain morphisms P — @ and morphisms
A — B. Given a chain morphism ¢ : P — @Q the corresponding morphism o« : A — B is
unique making the following diagram commute

PQHA

Qo—B

3 Left Derived Functors

Let A be an abelian category. We say that A has enough projectives if for every object A there is
a projective object Py and an epimorphism Py — A. If A has enough projectives then it is clear
that we can construct a projective resolution for any object A by taking the kernel K — Py,
finding another epimorphism P; — K with P; projective, and repeating the process. Throughout
this section A is an abelian category with enough projectives, and B is any abelian category.

Let T : A — B be an additive covariant functor. Suppose we have a projective resolution of
A

P. ---—P—F—A—0

This gives rise to a chain complex of objects of B
TP: -+ —T(P,)— - —TP) —T(P) —0

We define LET(A) = H,(TP) for n > 0. Let B be another object with projective resolution Q
and let « : A — B be a morphism. By Corollary 13 there is a chain morphism ¢ : P — @
making a commutative diagram with exact rows

P P,

| j

Q1 Qo B 0

For n > 0 there is a morphism H,,(T(y)) : LET(A) — LYT(B), which depends only on « and
not on the particular ¢ we use in the construction (since all candidate ¢ are homotopic).

Let P be an assignment of a projective resolution to every object of A (we need a strong axiom
of choice to show that such an assignment exists) and for fixed n > 0 let L,,T(A) denote the object
calculated with the projective resolution chosen by P. Let L, T(«) : L,T(A) — L, T(B) denote
the morphism induced by o : A — B. Then it is easy to check that L, T : A — B is a covariant
additive functor. If necessary we denote this functor by L7 T to indicate its dependence on P.

Proposition 14. Let T : A — B be an additive covariant functor. If P and Q are two as-
signments of projective resolutions to objects of A, then for n > 0 there is a canonical natural
equivalence LT = LET.

Proof. For an object A the morphism 14 : A — A gives rise to chain morphisms £ : P — Q
and 1 : @ — P of the corresponding projective resolutions. Moreover, {n and n§ induce the
identity on A and so by Corollary 13 they must be homotopic to the identity chain morphism.
Applying T and passing to homology we obtain an isomorphism L7 T(A) =2 L2T(A) which is
easily checked to be natural in A. Since the isomorphism depends only on the homotopy class of
&, n this isomorphism is canonical. O



Definition 6. Let T : A — B be a covariant additive functor. For n > 0 the covariant additive
functor L,T : A — B is called the n-th left derived functor of T. This functor depends on
the projective resolutions chosen, but is independent of these choices up to canonical natural
equivalence.

Proposition 15. If T : A — B is right exact, then LoT and T are canonically naturally
equivalent. If T is exact then L, T =20 for n # 0.

Proof. Let P be a projective resolution of A. Then P, — Py — A — 0 is exact, so TP, —
TPy — TA — 01is exact. Hence Ho(T'P) = T'A. This isomorphism is readily seen to be natural
in A. It is clear that if T is exact all the higher left derived functors are zero. O

Proposition 16. For a projective object P, L,T(P) =0 for n > 1 and LyT(P) = T(P).

Proof. This follows immediately from the fact that the chain complex P with P; = 0 except for
Py = P is a projective resolution of P. O

The next result shows how to calculate the values of left derived functors of functors with
values in a category of modules from a “truncated” projective resolution.

Proposition 17. Suppose we have an exact sequence in A

o

0 K P, P4 e P A 0 (4)

where Py, ..., P, are all projective and n > 0. If B is a category of modules and T : A — B s
right exact then there is an exact sequence

0 — > Ly T(A) — T(K) L

T(Py)

Proof. Find a projective P,,;1 and an epimorphism e : P,1; — K and in the usual way continue
this process to produce a projective resolution P whose differential 0,41 : Ppy1 — P, is pe.
Since T is right exact, the following diagram is commutative with exact rows

T(On T(e
T(Pay2) ~227(P, 1) s () —— 0

l T(anJrl)l T(M)\L

0 0 T(P,) ——T(P,)

The Snake Lemma provides us with an exact sequence
T(Pyy2) — KerT(0p41) — KerT(u) — 0

But of course L,+1T(A) = KerT(On+1)/ImT (On+2) so the modules KerT (u) and Ly,41T(A)
are isomorphic. The morphism L, 1T(4) — T(K) fitting into the exact sequence is actually
x + ImT (Opta) — T(e)(z). O

This idea can be pushed further. Suppose for some fixed n > 0 we have an exact sequence of
the form (4) for every object A of A, which we can extend to a projective resolution. Define the
additive functor ¢,,;1T : A — B as follows. The module ¢,1T(A) is KerT(u). A morphism
a : A — B can be lifted to a chain morphism which induces o/ : K — M in the following
diagram

O K Pn Pn—l P() A O
0 M ——Qn Qn-1 Qo B 0



Let £, 11T () : KerT () — KerT (1) be z — T(a')(z). As we will see in a moment, this is
independent of the chain morphism lifting o and defines an additive functor ¢, 17T

If L, 11T is defined using projective resolutions obtained from these exact sequences, then it
is not hard to see that there is a commutative diagram

KerT(u) T(K) QN

~ 7

Lnt1T () Ln+1T(A)

T(Py)

KerT(r) T(M) ——T(Q.,)

~. - 7

Ln1T(B)

which shows that ¢,,17T is well-defined and is naturally equivalent to L,4+17. So provided
T : A — Bis a right exact functor into a category of modules we can calculate the left de-
rived functors LT, LT, ... using finite exact sequences instead of projective resolutions.

Let A be an abelian category with enough injectives and 7' : A — B a contravariant additive
functor. Then A°P is an abelian category with enough projectives, so for n > 0 we can define the
left derived functor L, T of T*, which is a contravariant additive functor L,T : A — B. Let 7
be an assignment of injective resolutions to objects of .A. Then this is an assignment of projective
resolutions to objects of A°" and we calculate L, T as follows: let [ : 0 — A — [0 — ' — ...
be the injective resolution of A, and consider the chain complex of objects of B

TI: - — T(I*) — T(I') — T(I°) — 0

Then L, T(A) is the homology object H,(TP). Given a: A — A’ let ¢ : I — I’ be the chain
morphism inducing «. Then T(¢) : TI' — TT is a chain morphism and L, T(«) : L,T(A") —
L,T(A) is H,T(p). We call L, T the n-th left derived functors of T

4 Injective Resolutions

Throughout we work with an abelian category A and cochain complexes over \A.

Definition 7. A cochain complex C' is positive if C™ = 0 for all n < 0. In other words the
complex looks like

0—CY' 0t — ... 0" — ...

A positive cochain complex C' is injective if C™ is injective for all n > 0. It is called acyclic if
H™(C)=0forn > 1. A positive cochain complex C'is acyclic if and only if the following sequence

is exact
0— H'(C) —C" —C'" — . .. —(C" — -

An injective resolution of an object A is an injective acyclic cochain complex I together with a
morphism A — I° making the following sequence exact

00— A—J0 gt . (5)
Equivalently, it is an exact sequence (5) with all the I* injective.

Lemma 18. The category coCht A of positive cochain complexes is an abelian subcategory of
coChA.

10



Proof. As before. Once again, we note that a sequence ¢/ — C' — C” in coCh* A is exact iff.
¢ — C, — (! is exact in A for n > 0. O

If C' is a positive cochain complex then the construction of cohomology gives a monomorphism
H°(C) — C° which is kernel of C® — C'. If p : C — D is a morphism of positive cochain
complexes then H%(yp) : H°(C) — H°(D) is just the morphism induced between the kernels by
the following commutative diagram

0 H°(C) o ol

lHO(v) lwo J/sol

0 —= H%(D) —= D% — D!

Theorem 19. Let C, D be positive cochain complezes with C acyclic and D injective. Then the
map ¢ — H°(p) gives a bijection between homotopy classes of cochain morphisms C — D and
morphisms H°(C) — H°(D).

Proof. One could argue that since the dual of an abelian category is abelian, this follows from
Theorem 12 by duality (note that now the morphisms go from the acyclic to the injective cochain,
whereas before they went from the projective to the acyclic chain). Or one can just copy the proof
of Theorem 12. First we show that given any morphism ¢ : H°(C) — H°(D) there is a chain
morphism inducing ¢ on cohomology. The chain morphism ¢ : C — D is defined recursively.
Consider the following diagram, whose top row is exact:

0 HO(C) QO Ql

lv’ e
Y Y
0 —> H(D) —> D0 — pl

The fact that DO is injective means that we can find 9° making the diagram commute. Since the
top row is exact, C® — Im(9°) is the cokernel of H°(C) — CV. Since 919 = 0 we see that
C° — D° — I'm(0°) factors through C° — I'm(8°) and using the fact that D' is injective we
get ¢! making the diagram commute. Proceeding in this way we construct the cochain morphism
1, which clearly induces ¢ on cohomology.

Now suppose ¢, are two chain morphisms inducing the same morphism H°(C) — HY(D).
Recursively we define a homotopy X : ¢ — ¢. First consider the diagram

0— H(C) o L—
0 ,/ \,WO RSy \'sol
0——= H°(D) Do Dl

Since ¢ — 1Y gives zero on composition with H°(C) — C° we see that ¢ — 1 factors through
C% — Im(9°). Since DP is injective we obtain X! with ¢° — ¢° = £19°. Suppose n > 1 and
that X°,..., %" ! have been defined in such a way that ¢" — " = X9+ 9% forall r <n —1
(with X9 being understood as 0). Consider the diagram

Cm72 Cnfl > cn
e ) e )
¢71—2 ( | ¢n_2 wn—l { San_l e wn | Lpn
\y Zr e T \y
Dn—2 — Dn—l — > D"
We have
(7827171 + (Pnfl o ,l/)nfl)a —_ 8(907172 o wn72 o Enfla) — 882”72 =0

Once again we factor through the morphism C"~1 — I'm(d™~!) and use injectivity of D"~ ! to
obtain X" with X790 + 0x" ! = " =1 — "1, Hence ¢ ~ ¢, as claimed. O
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Corollary 20. Suppose we are given injective resolutions of objects A, B in A

Im 0—A—I°—T1"— ...

J: 0—B—J" —Jh — ...

Then there is a bijection between homotopy classes of cochain morphisms I — J and morphisms
A — B. Given a cochain morphism ¢ : I — J the corresponding morphism o : A — B is
unique making the following diagram commute

A*>Io

BHJO

5 Right Derived Functors

Let A be an abelian category. We say that A has enough injectives if for every object A there is an
injective object Iy and a monomorphism A — Ij. If A has enough injectives then it is clear that
we can construct an injective resolution for any object A by taking the cokernel Iy — C, finding
another monomorphism C — I, with I; injective, and repeating the process. Throughout this
section A is an abelian category with enough injectives, and B is any abelian category.

Let T : A — B be an additive covariant functor. Suppose we have an injective resolution of
A

I: 0—A—I"—T1"—...
This gives rise to a cochain complex of objects of B
TI: 0—T{I° — T — . —TI") — -

We define R}T(A) = H"(TI) for n > 0. Let B be another object with injective resolution J and
let @« : A — B be a morphism. By Corollary 20 there is a chain morphism ¢ : I — J making a
commutative diagram with exact rows

0 A 10 Il
R
0 B JO Jl

For n > 0 there is a morphism H"(T(¢)) : R}T(A) — R}T(B), which depends only on « and
not on the particular ¢ we use in the construction (since all candidate ¢ are homotopic).

Let Z be an assignment of an injective resolution to every object of A (we need a strong axiom
of choice to show that such an assignment exists) and for fixed n > 0 let R"T(A) denote the
object calculated with the injective resolution chosen by Z. Let R"T(«) : R"T(A) — R"T(B)
denote the morphism induced by o : A — B. Then it is easy to check that R"T : A — B is a
covariant additive functor. If necessary we denote this functor by R}T to indicate its dependence
on 7.

Proposition 21. LetT : A — B be a covariant additive functor. If T and J are two assignments
of injective resolutions to objects of A, then for n > 0 there is a canonical natural equivalence
R7T = R%T.

Proof. For an object A the morphism 14 : A — A gives rise to cochain morphisms £ : I — J
and n : J — I of the corresponding injective resolutions. Moreover, {n and 1€ induce the
identity on A and so by Corollary 20 they must be homotopic to the identity cochain morphisms.
Applying T and passing to cohomology we obtain an isomorphism R7T(A) = R”T(A) which is
easily checked to be natural in A. O

12



Definition 8. Let T : A — B be a covariant additive functor. For n > 0 the covariant additive
functor R*"T : A — B is called the n-th right derived functor of T. This functor depends
on the injective resolutions chosen, but is independent of these choices up to canonical natural
equivalence.

Lemma 22. If T : A — B is left exact, then R°T and T are canonically naturally equivalent. If
T is exact then R™T =0 for n # 0.

Proof. Let I be an injective resolution of A. Then 0 — A — % — I' is exact, so 0 —
TA — TI° — TI' is exact. Hence H°(TA) = TA. This isomorphism is readily seen to be
natural in A. It is clear that if T is exact all the higher right derived functors are zero. O

Proposition 23. For an injective object I, R*T'(I) =0 for n > 1 and R°T(I) = T(I).

Proof. This follows immediately from the fact that the cochain complex I with I; = 0 except for
Iy = I is an injective resolution of I. O

Proposition 24. Suppose we have an ezxact sequence in A

0 A IO N In—l Vi H C 0 (6)

where I°,. .., I™ are all injective and n > 0. If B is a category of modules and T : A — B is left
exact then there is an exact sequence

T(p)

T{Im) T(C) R"MT(A) ——=0
Proof. Find an injective I"*! and a monomorphism e : C' — I"*! and in the usual way continue
this process to produce an injective resolution I whose differential 9" : I — I™*! is ep. Since
T is left exact, the following diagram is commutative with exact rows

T(I") =——> T(I") 0 0

T(w) l (") i l

n+1 n—+2
0——=T(C) e (I )T(BT?)T(I )

The Snake Lemma provides us with an exact sequence
0 — CokerT(u) — CokerT (") — T(I"?)

But of course R"M1T(A) = KerT(9""1)/ImT(d") so the modules CokerT(n) and R"1T(A)
are isomorphic. The morphism T(C) — R"T'T(A) fitting into the exact sequence is actually
x+— T(e)(x) + ImT(O™). O

Suppose for some fixed n > 0 we have an exact sequence of the form (6) for every object A of
A, which we can extend to an injective resolution. Define the additive functor »" 7 : A — B
as follows. The module 7" T'T(A) is CokerT(n). A morphism o : A — B can be lifted to a
cochain morphism which induces o' : C — D in the following diagram

m

0 A IO . Infl " C 0
| L
0 B JO . Jn—l Jn D 0

T

Let r" T (a) : CokerT(u) — CokerT(7) be x + ImT (u) — T(’)(z) + ImT (7). As we will
see in a moment, this is independent of the cochain morphism lifting o and defines an additive
functor r" 17,

13



If R*T is defined using injective resolutions obtained from these exact sequences, then it is
not hard to see that there is a commutative diagram

T(w)

(™) 7(C) CokerT(p)
T(J") = T(D) J CokerT(r)
/

which shows that r"T1T is well-defined and is naturally equivalent to R"*'7T. So provided
T : A — Bis a left exact functor into a category of modules we can calculate the right de-
rived functors R'T, R%T,. .. using finite exact sequences instead of injective resolutions.

Let A be an abelian category with enough projectives and T' : A — B a contravariant additive
functor. Then A°P is an abelian category with enough injectives, so for n > 0 we can define the
right derived functor R™T of T*, which is a contravariant additive functor R"T : A — B. Let P
be an assignment of projective resolutions to objects of A. Then this is an assignment of injective
resolutions to objects of A°P and we calculate R™"T as follows: let P : -+ — P — Py —
A — 0 be the projective resolution of A, and consider the cochain complex of objects of B

TI:0—> T(Py) — T(P) — T(Py) —> ---

Then R™T(A) is the cohomology object H"(TI). Given aw: A — A’ let ¢ : P — P’ be the
cochain morphism inducing «. Then T'(¢) : TP’ — TP is a cochain morphism and R"T(«) :
R"T(A") — R™T(A) is H"T'(p). We call R"T the n-th right derived functor of T.

6 The Long Exact (Co)Homology Sequence

Throughout this section A is an abelian category.

Lemma 25. Let C be a chain complex in A. For n € 7 there is a unique morphism 5,; :
CokerOpy1 — Ker0,_1 making the following diagram commute:

On+1 On On—1
Cn-i—l Cn Cn—l Cn—2 — =

| |

Cokerdpy1 — Kerd,_1

Moreover this morphism fits into an exact sequence
0 — H,(C) — Cokerd,+; — Kerd,—1 — H,_1(C) — 0 (7)
Proof. The morphism C,, — Imd, is a quotient C,/Kerd, and Cokerd,i; is a quotient

C,/Im0y 41 so the inclusion Imd,, 1 < Kerd, gives rise to an epimorphism Cokerd,+1 — Imd,.
Composed with Im0,, < Kerd,_; this gives us the desired morphism.

14



Consider the following commutative diagram, in which the rows and first two columns are

exact

0 0 0
|

00— Imdp41 — Kerd, — H,(C) 0
ﬂ

0 — ImOy, 41 C, Cokerdp41 —=0
|

0 0 Im0,, =—= Imo,, —0
|
0 0 0

The Nine Lemma shows that the third column is also exact. Composing with the monomorphism
Im0,, — Kerd,_1 we see that (7) is exact at H,(C) and Cokerd, 1. Since Kerd,_1 —
H,_1(C) is a cokernel of Im0,, — Kerd,_; composing with the epimorphism Cokerd,;1 —
Imd,, shows that the rest of the sequence is exact. O

Theorem 26. Suppose we are given a short exact sequence of chain complezxes in A

0 A-—f-p-Y.0 0

Then there is a canonical sequence of morphisms wy, : Hy(C) — Hp_1(A) for n € Z called the
connecting morphisms with the property that the following is a long exact sequence

n+1 (4) H,(A) H,_1(A)
i !
n+1 B H,(B) Hoa(B)
i |
Hia ( C H,(C) Hy,—1(C)

Proof. For n € Z exactness of the sequences 0 — A,, — B,, — C,, — 0 gives rise to exact
sequences 0 — Kerd, — Kerd, — Kerd, and Cokerd, — Cokerd, — Cokerd, — 0
(the first kernel being of 9,, : A,, — A,,—1, the second of 9,, : B,, — B,,_1 and so on), since taking
kernels is left exact and taking cokernels is right exact. So for any n € Z we get a commutative
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diagram where the middle two rows and all columns are exact

0 0 0 (8)

H,(4) — g, Y g (0)

CokerOpy1 — Cokerdy 1 — Cokerd,11 —=0

On On On

0 —— Kerd,_.1 —— Kerd,_.1 —— Kero,_1

H,_1(4) H,_1(B) H,_1(C)

_— _—
anl(w) Hn*l(w)

0 0 0

Then by the Snake Lemma (which is valid in A by our Diagram Chasing notes) there is a canonical
morphism w,, : H,(C) — H,,_1(A) with the property that the following sequence is exact

Wn

H,(A) — Hn(B) —— Hy(C) —> Hp1(A) —— Hyp 1 (B) — Hy, 1 (C)

Piecing these exact sequences together gives the result. O

The connecting morphism is canonical in the following sense: once we choose our canonical
kernels, cokernels and images for all the morphisms in the category, then (8) is canonically con-
structed since it involves no choices (even the d morphisms are unique with a certain property)
and there is a canonical choice for w, for each n (it has some unique property with respect to
some of the morphisms in (8)). So the connecting morphisms w,, depend only on the morphisms
©,% and the canonical structures on A. If two people choose different canonical structures, then
they may find different connecting morphisms (see Section 9).

Proposition 27. The connecting morphisms are natural with respect to the exact sequence. Given
a commutative diagram in ChA with exact rows

0 A B C 0
/ !/ /
0 A - B o c 0

Then for every n € Z there is a commutative diagram

Hy(A) —— Hy(B) — Hn(C) —> Hy—1(A) ——> Hy1(B) — H,-1(0)

T | |

Hy(A") — Hy(B') —— Hn(C') —> Hyp1(A') —— Hy 1 (B') —— Hyp 1 (C7)

w

where w,w’ are the respective connecting morphisms.

Proof. We need only check commutativity of the middle square. Using «, 3, we induce morphisms
between the cokernels and kernels to obtain a commutative diagram with exact rows of the type
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given in our Diagram chasing result about naturality of the connecting morphism. This diagram is
a “morphism” from the middle horizontal band of the diagrams (8) for A, B, C' to the corresponding
piece of the diagram for A’, B’,C’. Since the connecting morphism is natural with respect to
such morphisms, it follows that the required diagram commutes (one checks that the morphisms
H,(—) in our diagram above agree with the induced morphisms we get from the morphism of
diagrams). O

As a Corollary we see that the connecting morphism is in a sense independent of the middle
term of the sequence

Corollary 28. Suppose we have a commutative diagram of chain sequences in A with exact rows:

0 (9)

Then both sequences have the same connecting morphisms Hy(C) — H,_1(A) for n € Z.

The same proofs (just replacing subscripts by superscripts and massaging indices, which don’t
play any important role in the proof) work for cochains.

Theorem 29. Suppose we are given a short exact sequence of cochain complexes in A

0 A-—-p-toc 0

Then there is a canonical sequence of morphisms w" : H"(C) — H"1(A) for n € Z called the
connecting morphisms with the property that the following is a long exact sequence

H=1(A) H"(A) Hr+1(A)
" |

H"(B) H"(B) H"(B)
anl(c) Hn(c) Hn+1(c)

Once again the connecting morphisms are canonical in the sense that they depend only on the
morphisms ¢, 1 and the canonical structures on A.

Proposition 30. The connecting morphisms are natural with respect to the exact sequence. Given
a commutative diagram in coChA with exact rows

0 A B C 0
! i li
0 A—=B —>C 0

Then for every n € Z there is a commutative diagram
H"(A) — H"(B) — H"(C) —*> H"*(4) —> H"+(B) > H"+1(C)

T | |

H"(A/) H"(BI) Hn(c/) k Hn+1(A/) SHn'H(B’) 5 Hn-i—l(ol)

w

where w,w’ are the respective connecting morphisms.
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Corollary 31. Suppose we have a commutative diagram of cochain sequences in A with exact
TOWS:

0 (10)

Then both sequences have the same connecting morphisms H"(C) — H"TY(A) for n € Z.

7 Two Long Exact Sequences

7.1 Left Derived Functors

Throughout this section we work in an abelian category A. For an object A a projective presen-
tation of A is just an epimorphism P — A where P is projective. If we say ¢ : P — A is a
projective resolution of A we mean that the chain complex P together with ¢ : Py — A is a
projective resolution.

Proposition 32. Given a short exact sequence

0 Ay 0

and projective presentations ' : P — A’ and &'’ : P — A" there is a projective presentation
e: P — A fitting into a commutative diagram with exact rows

0 p—t=p—"spr 0
E/\L E\L E//i
0 A — = A A 0

Proof. Let P = P' & P” with , m the obvious morphisms. We define ¢ by components. The first
component is pe’ and for the second we use the fact that P” is projective to construct £ : P/ — A
such that 1¢ = &”’. Using the coproduct, it is clear that the diagram commutes. It follows from the
5-Lemma for abelian categories (see our Diagram Chasing notes) that ¢ is an epimorphism. [

Corollary 33. Let A be an abelian category with enough projectives. Given a short exact sequence

0 Py Y 0

and projective resolutions ¢’ : P’ — A’ and €” : P”" — A" there is a projective resolution
e: P — A and an exact sequence of chain complexes

L ™

0 P’ P P 0

with the property that v, ™ induce @, respectively.

Proof. By the previous result we can construct a commutative diagram with exact rows and
columns:

0—> P} P Py 0
5/ l El E’l l

0 _II, = II w 11// O
0 0 0
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By the Snake Lemma the sequence of kernels 0 — Kere’ — Kere — Kere” — 0 is exact.
Repeating this procedure with the sequence of kernels and proceeding recursively, we construct
an exact sequence of complexes 0 — P’ — P — P” — 0 where P’, P, P" are projective
resolutions of A’, A, A” respectively. Note that P, = P, & P/ for n > 0 and t,,m, are the
injection and projection respectively, but the complex P is not necessarily the coproduct P’ & P”
since the differentials may not be the coproduct differentials. O

The resolution P is not unique, since its construction involved a lot of choices. But we can
still say a few things about any resolution produced by the Corollary. There is a morphism
o : Py — A such that ¢ = (pe’,0) and morphisms \,, : P}/ — P/ _, for n > 1 such that the

differential is
al A
an = 0 "
These morphisms satisfy the following relations:
8” — ¢O'
we'\1 +00] =0 (11)
8{1)\,1“ + )\nag+1 =0 n>1

Theorem 34. Let A be an abelian category with enough projectives, B an abelian category, and
T : A — B an additive functor. Suppose we have an exact sequence

0 A=A g 0 (12)

Then there exist canonical connecting morphisms wy, : L,T(A"”) — Ln,_1T(A") for n > 1 with
the property that the following sequence is exact

o> L, T(A) — L, T(A) — L,T(A") —> L, _1T(A") — - -
(13)

s L T(A") = LoT(A") —> LoT(A) — LoT(A") — 0

Moreover these connecting morphisms are natural in the exact sequence: if we have a commutative
diagram with exact rows

® P

0 A A A" 0 (14)
f/l fl f"i
! 1
0 B —>B—~B 0

Then the following diagram commutes for all n > 1

o ——> L, T(A) — L,T(A) — L,T(A") —> L, _1T(A") — -

L |

o ——= L,I'(B') — L,T(B) — L,T(B") —/( > Lo, 1 T(B') — - -

Proof. Let P be an assignment of projective resolutions and assume the left derived functors are all
calculated with respect to P. Let ¢’ : P — A’ ¢” : P — A" be arbitrary projective resolutions
(not necessarily from P) and let € : P — A be a resolution constructed by the technique of the
Corollary. Since P, = P, ® P/ for n € Z and T is additive, it follows that the sequence

0— TP —TP—TP'"—0 (15)

is also short exact. Then Theorem 26 yields morphisms w), : H,(T'P") — H,,_1(TP’) which fit
into an exact sequence of the homology objects of (15). As in the proof of Proposition 14 there
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are canonical isomorphisms L, T(A") = H,(TP") and L, 1T(A") 2 H,_1(TP’) for n > 1, and
we define w,, to be the unique morphism making the following diagram commute

LoT(A") —"> L, _T(A")

M M

H,(TP") —> H,_y(TP')

Wn

Then it is clear that the w, make the sequence (13) exact (it is not clear at this point that
wp, is independent of the choice of the resolutions P’, P, P”). Next we prove naturality of these
connecting morphisms. Suppose we are given projective resolutions &’ : P’ — A’,¢"” : P —
A" . QF — B and 1" : Q" — B” and a commutative diagram with exact rows (14).
Let ¢ : P — A and nn : Q — B be projective resolutions produced by the Corollary. Let
F': P — Q'lift f' and F" : P” — Q" lift f”. We claim there is a chain morphism F : P — @
lifting f and giving a commutative diagram with exact rows

0 P P P 0 (16)
R
0 Q' Q Q" 0

In order to produce F', we will construct for n > 0 morphisms v, : P/ — Q! (not a chain
morphism) and then set

!
= (18" }’7/> P @ Bl — Qo 0,

For n > 0 we let u), : P, — P,,p,, : P, — P, and v : P/ — P,,p : P, — P/ be
the respective injections and projections, and similarly we use the notation v/, q.,,v., q/ for the

product Q,,. We know there are morphisms o : P/ — A,09 : Q) — B and \, : P —

P! 1 1y QF — Q) _, which satisfy the following relations for n > 1
. A Oy, fin
(% %) #=(5 %)
& — ¢O'P 0 = ﬂO-Q
@E/Al —+ O—Pai/ = 0 an/ﬂl + O—Qail = 0
OMAnt1+ A0y =0 Oppins1 + [0y 1 =

Also € = (pe’,0P),n = (an,09) so o = euf),0? = nv}j. Suppose that F is a lifting of f, so the

map nky — fe from Py = Pj & P} is zero. Writing out the matrices we see that we must have
an'yy = fof — o9 Fy.

Assuming nothing about F' we use the above to motivate the following definition of ~y: one
checks easily that B(fof — c@F}') = 0 so there is a unique morphism 7 : P} — B’ with
at = fof — o@F}/. Use projectivity of P} to lift 7 to a morphism vy : P} — Q) with the
property that an’yy = fof — o9 F}. So we have constructed vy with nFy = fe.

For F to be a chain morphism we must have d°F = Fd”. Expanding this out shows that we
have to construct morphisms =, : P/ — @/, for n > 1 with the property that 9.,v, = g, where

9n = Y10, — pnFy + Fj 1 g
The morphism ¢; : P’ — Q) satisfies /g1 = 0, since
an' g1 = a0, + an' FA — an py FY!
= (fof —a“F))0) 4 an F{\ — an/ iy FY'
= fold] — 69 F} 0] + an' Fj A — an'us FY'
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But o®Fy0) = 09OV F] = —an'u Fy' and foP0] = —fpe'\i = —an'Fj\; so it is clear that
an’gr = 0 and therefore g1 = 0. It follows that ¢1 factors through Im(Q7 — Q) and we can
use projectivity of P;’ to lift to a morphism v : P/’ — Qf with 9{y; = g1, as required. Given
that we have constructed ~, with 9,7, = g, it is not hard to show that 9}, g,+1 = 0, so we can
let v, be any lift of the factorisation of g, 41 through Kerd, ., = Imd, ,. We have constructed
¥n, for all n, and it is clear that the morphism F' thus defined has the required properties.

Using this fact and Proposition 27 in the case where both rows of (14) are the same and
the vertical morphisms are identities, we see that the morphism w, : L,T(4"”) — L,_1T(4’)
doesn’t depend on the choices leading to the construction of the exact sequence 0 — TP’ —
TP — TP"” — 0. That is, the connecting morphism depends only on the morphisms 1, , the
assignment of resolutions P and the canonical structures on B. The naturality of the connecting
morphisms w,, for the left derived functors follows from the naturality of the connecting morphism
for homology and the diagram (16). O

Corollary 35. Let A be an abelian category with enough projectives, B an abelian category and
T : A— B an additive functor. Then the functor LoT : A — B is right ezact.

The connecting morphisms are also independent of the choice of resolutions P, in the following
sense: if Q is another assignment of resolutions then, with the vertical isomorphisms canonical,
there is a commutative diagram for all n > 1

w7’
> LPT(A)) —= LET(A) —= LET(A") —"= LT\ T(A') —= -+

S ﬂ

= LQT(A') — LYT(4) —= LET(A") —= L T(A') —> ---

We have proved naturality of the sequence (13) in the objects A. It is also natural in the functor.

Definition 9. Let A be an abelian category with enough projectives, B an abelian category and
7: T — T’ a natural transformation of additive covariant functors T,T" : A — B. Then for
any chain complex X there is a chain morphism 7x : TX — T'X defined by (7x), = 7x,. In
particular if P is an assignment of projective resolutions and if P is the resolution of A then
we obtain a chain map 7p : TP — T'P. Taking homology gives a natural transformation of
the left derived functors L,7 : L,T — L,T" with (L,7)a = H,(rp) for n > 0. Notice that
Ln(7p) = (LnT)(Lnp), Ln(T + p) = Lo(7) + Lu(p) and Ln(17) =11, 7.

Lemma 36. Let A be an abelian category with enough projectives, B an abelian category, and
7,7 : A — B right exact functors. Then the following diagram commutes for any natural
transformation 7 : T — T

T —"—=1'

.

L()T — LoT/
L()T

Proposition 37. Let A be an abelian category with enough projectives, B an abelian category,
and 7 : T — T’ a natural transformation of additive functors T, T’ : A — B. Suppose we have
an exact sequence
¥
0 A — A A 0 (17)

Then the following diagram is commutative, where the connecting morphisms are canonical

s L, T(A) ——> L, T(A) —= L, T(A") —> L, T(A)) — -+

(LyT) pr \L (L,,LT)Ai (Lpy7) prr \L (LnT)ar l

> L, T'(A)) — L, T"(A) —> L, T'(A") —> L,_T"(A") —> -
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Proof. Let P be an assignment of projective resolutions with respect to which all derived functors
are calculated. Let P’, P” be the assigned resolutions of A’, A” respectively and construct in the
usual way a resolution P fitting into an exact sequence 0 — P’ — P — P” — 0. There is a
commutative diagram with exact rows

0 TP TP TP’ 0
Tp! l Tpl Tp1 l
0 T'P' T'P T'P" 0

Since (Lyp7)ar = Hy(7pr) and (L,7)a = H,(7ps) the commutativity of the required diagram
follows immediately from the construction of the connecting morphisms in Theorem 34 and nat-
urality of the connecting morphism of chain sequences in B with respect to diagrams like the one
above. O

Definition 10. Let A, B be abelian categories. A sequence 7" — T — T" of additive functors
A — B and natural transformations is called ezxact on projectives if for every projective object
P the sequence 0 — T’(P) — T(P) — T"'(P) — 0 is exact.

Proposition 38. Let A be an abelian category with enough projectives, B an abelian category,
and suppose there is a sequence of additive functors A — B which is exact on projectives
T — LT _r. T

Then for every object A there are canonical connecting morphisms wy, : L,T"(A) — L,_1T'(A)
for n > 1 with the property that the following sequence is exact

o L) D2 L Ay S L Ay e L T (A) ——

(18)

s IT(A) =2 Lo (A) 02 L) S o) —

This sequence is natural in both A and the exact sequence. For any morphism o« : A — B the
following diagram is commutative

w

s LyT'(A) —> L, T(A) —> L,T"(A) —" L, T'(A) — - (19)

L |

+—— L, T'(B) — L,T(B) — L,7"(B) ——> L, 1\T"(B) —— -
and for any commutative diagram of additive functors with rows exact on projectives
7 T o _r_ T (20)
11
S/ — S T> S

the following diagram is commutative for any object A

o> L, T'(A) — L, T(A) — L, T"(A) —=> L, _1T"(A) — - -- (21)
(LnS@/)A\L (L"S&)A\L (Lnﬂa//)Al (Lwllw/)A\L

-+ —> LpS"(A) — LpS(A) —— Lp,S"(A) — > L1 5'(A) — -+~

22



Proof. Let P be an assignment of projective resolutions with respect to which all derived functors
are calculated. Let P be the assigned resolution of A. Since the sequence of functors is exact on
projectives the following sequence is exact

0—TP—TP—T'P—0

The long exact homology sequence then yields the connecting morphisms w,, and exactness of
(18). Given a morphism a : A — B let @ be the resolution of B and lift o to a morphism of
chain complexes ¢ : P — Q. There is a commutative diagram with exact rows

0 TP TP TP 0
T’gpi Tgol T”cpl
O T/Q TQ T//Q 0

Naturality of the connecting morphism for homology with respect to such diagrams shows that
(19) commutes. Commutativity of (21) follows similarly. O

The connecting morphisms depend only on 7, p, the canonical structures on B and the assign-
ment of projective resolutions P used to calculate the left derived functors. In fact, they are also
independent of the choice of resolutions P, in the following sense: if Q is another assignment of
resolutions then, with the vertical isomorphisms canonical, there is a commutative diagram for all
n>1

WP
- ——> LPT'(A) — LPT(A) —> LPT"(A) —2> L, 1 T'(A) —> - -

L ﬂ

o LT (A) = LET(A) —> LT (4) —= L T/(4) —>

7.2 Right Derived Functors

For an object A an injective presentation of A is just a monomorphism A — [ where I is injective.
If we say € : A — [ is an injective resolution of A we mean that the cochain complex I together
with £ : A — I° is an injective resolution.

Proposition 39. Given a short exact sequence

0 Ay Ry 0

and injective presentations € : A" — I" and " : A” — I” there is an injective presentation
e: A — 1 fitting into a commutative diagram with exact rows

L T

0 r 1 1’ 0
RN
0 A — = A= A 0

Proof. Let I =1I' ® I" with ¢, 7 the obvious morphisms. We define ¢ by components. The second
component is €1 and for the first we use the fact that I’ is injective to construct £ : A — I’
such that £&p = ¢’. Using the product, it is clear that the diagram commutes. It follows from the
5-Lemma for abelian categories (see our Diagram Chasing notes) that ¢ is a monomorphism. [J

Corollary 40. Let A be an abelian category with enough injectives. Given a short exact sequence

0 Py aY 0
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and injective resolutions € : A — I' and &’ : I" — A" there is an injective resolution
€: A— 1 and an exact sequence of cochain complexres

L T

0 I 1 1’ 0

with the property that ¢, ™ induce @, respectively.

Proof. The proof follows from the previous result just as in the chain case. The (nonunique)
resolution produced can be described as follows (we use subscripts to avoid bad notation): for all
n>0,I,=1I,®I! and ¢,, T, are part of this biproduct. There is a morphism ¢ : A — I} and
morphisms A, : I} — I}, for n > 0 such that

ol A,
~(5) W= B)

These morphisms satisfy the following relations for n > 0

e =op
R
8;1—5—1)‘” + )‘n+18;{ =0
O

Theorem 41. Let A be an abelian category with enough injectives, B an abelian category, and let
T : A— B be an additive functor. Suppose we have an exact sequence

0 g At g (22)

Then there exist canonical connecting morphisms w™ : R*T(A") — R"FT(A’) for n > 0 with
the property that the following sequence is exact

0—— ROT(A’) 5 ROT(A) . ROT(A//) LO> RlT(A/) . o
23
e > R”T(A”) i> Rn+1T(A/) . Rn—‘rlT(A) . Rn+1T(A//) .

Moreover these connecting morphisms are natural in the exact sequence: if we have a commutative
diagram with exact rows

0 A’ A A" 0 (24)
f/l fl f//i
/ "
0 B'—>B—>B 0

Then the following diagram commutes for all n > 0

ot ——> R"T(A") —> R"T(A) —= R'"T(A") —'> R (A) — = -

L |

...— > R"T(B') — R"T(B) —> R"T(B") —> R"*'T(B/) —> - --

Proof. We just follow the proof of the chain case, making suitable modifications. We assume
the right derived functors are all calculated using some assignment Z of injective resolutions. To
calculate the connecting morphisms you take any injective resolutions ¢’ : A" — I’ e"” : A —
I", construct € : A — I and use the connecting morphism of the long exact cohomology sequence
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arising from 0 — TI' — TI — TI” — 0, together with the isomorphisms of R"T(A’)
and R™T(A"”) with the suitable cohomology objects in this sequence. This is independent of the
resolutions I’, I, I" you use, and naturality follows easily. The connecting morphisms are canonical
in the sense that they depend only on the morphisms ¢, 1, the assignment of resolutions Z and
the canonical structures on B. O

Corollary 42. Let A be an abelian category with enough injectives, B an abelian category and
T : A— B an additive functor. Then the functor R°T : A — B is left exact.

The connecting morphisms are also independent of the choice of resolutions Z, in the following
sense: if J is another assignment of resolutions then, with the vertical isomorphisms canonical,
there is a commutative diagram for all n > 0

. ——> RIT(A') —> RIT(A) —> RIT(A") —Z> RIHIT(A)) — ---

T TR

o+ ——= R2T(A') — R}T(A) —— R%T(A") " RYAT(A) —— -

We have proved naturality of the sequence (23) in the objects A. It is also natural in the
functor.

Definition 11. Let A be an abelian category with enough injectives, B an abelian category and
7 : T — T’ a natural transformation of additive covariant functors 7,7’ : A — B. Then for
any cochain complex Y there is a cochain morphism 7y : TY — T'Y defined by (7y), = Ty, .
In particular if 7 is an assignment of injective resolutions and if I is the resolution of A then
we obtain a cochain map 77 : TI — T'I. Taking cohomology gives a natural transformation of
the right derived functors R™r : R*T — R"T’ with (R"7)a = H"(77) for n > 0. Notice that
R (1p) = (R*7)(R"p), R*(r + p) = R"(7) + R"(p) and R"(17) = 1znr.

Lemma 43. Let A be an abelian category with enough injectives, B an abelian category, and T, T :
A — B left exact functors. Then the following diagram commutes for any natural transformation
T7: T — T

T —"—=T"

|

RT ? ROT'

Proposition 44. Let A be an abelian category with enough injectives, B an abelian category and
7: T — T a natural transformation of additive functors T,T' : A — B. Suppose we have an
exact sequence
P
0 A —"= 4 A" 0 (25)

Then the following diagram is commutative, where the connecting morphisms are canonical

ci—> R"T(A) — > R"T(A) — R"T(A") —"> RHT(A) — -
(R"T)A/l (RHT)A\L (R™7) ar l (R™T) ar \L
. R RnTI(A/) RnT/(A) RnT/(A/l) — Rn+1T/(AI) -
Definition 12. Let A, B be abelian categories. A sequence 7" — T — T" of additive functors

A — B and natural transformations is called ezact on injectives if for every injective object I
the sequence 0 — T"(I) — T(I) — T""(I) — 0 is exact.
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Proposition 45. Let A be an abelian category with enough injectives, B an abelian category and
suppose there is a sequence of additive functors A — B which is exact on injectives

T "> T —"> "

Then for every object A there are canonical connecting morphisms w" : R"T"(A) — R"M1T'(A)
for n > 0 with the property that the following sequence is exact
0 (R'1)a 0 (Bp)a 0t w’ 1y
0 — R'T"(A) — R°T(A) —= R’ T"(A) — R'T"(A) —— - -~
nt (R"7)a n (B"p)a X alld w™ 1t
- ——= R"T"(A) —= R"T'(A) —= R"T"(A) ——= R""'T"(4) —— - --

This sequence is natural in both A and the exact sequence. For any morphism o« : A — B the
following diagram is commutative

e R”T/(A) ——> R"T(A) —— RnT//(A) W RnJrlT'(A) ... (26)

L |

e —— RnT/(B) - RnT(B) - R"T”(B) — Rn-HT/(B) —_ ...
and for any commutative diagram of additive functors with rows exact on injectives

Y LY (27)
(P/ l LP\L <p// J{
S —> 8 —> 5"

the following diagram is commutative for any object A

e > RnT/(A) - RnT(A) - RnT//(A) i> Rn—HT/(A) ... (28)
(R"‘P/)Al (RHLP)A\L (Rnsa//)Al (Rn+1§0/)Ai

HR”S/(A)HRnS(A)HRnS“(A)7>Rn+1SI(A)*>

Proof. Let Z be an assignment of projective resolutions with respect to which all derived functors
are calculated. Let I be the assigned resolution of A. Since the sequence of functors is exact on
injectives the following sequence is exact

0—TI—TI—T'I —0

The long exact cohomology sequence then yields the connecting morphisms w™ and the various
other claims follow in the same way as for left derived functors. O

The connecting morphisms depend only on T, p, the canonical structures on B and the as-
signment of injective resolutions Z used to calculate the right derived functors. They are also
independent of the choice of resolutions Z, in the following sense: if J is another assignment of
resolutions then, with the vertical isomorphisms canonical, there is a commutative diagram for all
n >0

. —> RMT'(A) —= RIT(A) —= RT"(A) —Z> RPIT/(A) — - -

o ﬂ

++ ——= RYT'(A) — R%T(A) — R%T"(A) = RV (A) — -

26



8 Dimension Shifting

Definition 13. Let A be an abelian category with enough projectives, B an abelian category,
and T': A — B an additive functor. An object @ is called left T-acyclic if L;T(Q) = 0 for all
1 > 1. If there is no chance of confusion we say that @ is left acyclic or even just acyclic. It is
clear that projective objects are acyclic.

Proposition 46. Let A be an abelian category with enough projectives, B an abelian category,
and T : A — B an additive functor. Suppose we have an exact sequence in A with P projective

0O—M—P—A—0

Then the canonical connecting morphism wy, : L,T(A) — L,,_1T (M) is an isomorphism for all
n > 2. If T is right exact there is an exact sequence

0— L4WT(A) — T(M) — T(P)

Proof. More generally assume that P is left T-acyclic. The first claim follows immediately from
exactness of the long exact sequence of derived functors. If T is right exact, let L1T(4) —
T (M) be the canonical connecting morphism Li;T(A) — LoT(M) followed by the canonical
isomorphism LoT' (M) = T(M). Then it is clear that the sequence given above is exact. O

More generally, we have

Proposition 47 (Dimension Shifting). Let A be an abelian category with enough projectives,
B an abelian category, and T : A — B an additive functor. Suppose we have an exact sequence
in A with all P; projective and m > 0

0O—M—P,—Pp 41— —FP—A—0 (29)

Then there are canonical isomorphisms pn @ LyT(A) — Ly—m1T (M) forn > m+ 2, and if T
s Tight exact there is an exact sequence

0 — L1 T(A) — T(M) — T(Py,) (30)

Both the isomorphisms p, and the exact sequence (30) are natural in T, in the sense that for a
natural transformation 7: T — T, n > m+ 2 and m > 0 the following two diagrams commute

L,T(A) == L, 1 T(M) 0 —> Ly T(A) — T(M) — T(P,,)
LyT'(A) == Ly 11" (M) 00— Ly 1 T(A) —=T'(M) —= T'(Py,)

Proof. More generally we can assume that the P; are left T-acyclic. If m = 0 then we are in the
situation of the previous Proposition, and we let p, be the connecting morphism. If m > 1 then
for 0 <i<m—11let K; — P; be an image of P;;1 — F;. We have exact sequences

0—Ky—F—A—0

00— Ky — P — Kyj—0

0—>Km—l—>Pm—1—>Km—2_>0

O—M—P, —K,—1—0

Putting together the connecting morphisms for all these sequences gives an isomorphism p,, :
L,T(A) — Ly_pm1T(M) for n > m + 2, which depends only on the canonical structures
on A and B. If T is right exact and m > 1 let Lp41T(A) — T(M) be the composite
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L1 T(A) & L, T(Ky) & -+ 2 I1T(Kyp-1) — LoT(M) = T(M). This clearly fits into
the required exact sequence. Naturality of the morphisms p,, and the sequence (30) follows imme-
diately from Proposition 37. It is not difficult to check that the isomorphisms p, and morphism
L, 11T(A) — T(M) do not depend on the images K; chosen, so they depend only on the as-
signment of resolutions used to calculate the derived functors, the canonical structures on B, and
the exact sequence (29). O

The morphisms p,, and L,,+1T(A) — T(M) are also independent of the assignment of resolu-
tions used to calculate the left derived functors, in the following sense: if P, Q are two assignments
of projective resolutions, and we are in the situation of the Proposition, then it is not hard to
check that the following diagrams commute for n > m + 2 (vertical isomorphisms canonical)

LPT(A) == L7, \T(M) LT T(4) —=T(M)
LOT(A) == L2 T(M) LS |\ T(A) ——=T(M)

on n—m-—1 m—+1

The next result shows that Proposition 47 is natural in the exact sequence.

Proposition 48. Let A be an abelian category with enough projectives, B an abelian category and
T : A — B an additive functor. Suppose we have a commutative diagram in A with exact rows,
all P;, Q; left T-acyclic and m > 0

0 M P, P Py A 0
lﬁ \me lwnz—l \L"L’U la
0 N Qm Qm-1 Qo B 0

Then we claim that the morphisms of Proposition 47 fit into the following commutative diagrams
form>m+2

L, T(A) —= Ly—m-1T(M) 00— L1 T(A) T(M) T(P,)
LnT(a)l an_m_lT(ﬁ) \LLm,#—lT(O‘) lT(ﬁ) iT(wm)
L, T(B)—= Ly—m-1T(N) 0—— L 1T(B) T(N) T(Qm)

Proof. Both statements follow easily from the naturality of the connecting morphism with respect
to morphisms of exact sequences (note that the right hand diagram only makes sense for T right
exact). O

Let A be an abelian category with enough projectives, and let B be a category of modules. If
T : A — B is right exact then Propositions 47 and 17 both produce exact sequences

0— L1 T(A) — T(M) — T(P)
from an exact sequence
O—M—P, — - —FP—A—0

with all P; projective. In Proposition 47 the morphism L, 1T(A) — T(M) was defined as the
composite of connecting morphisms, whereas in Proposition 17 we gave the map explicitly. It
would be nice to know that these two maps are the same, which is what we now prove. We begin
with a technical result that does most of the work.
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Proposition 49. Let A be an abelian category with enough projectives, B a category of modules,
and T : A — B a right exact functor. Let A be an object of A with projective resolution
-— P — P — A—0andlete: P, — K,u: K — Py be an epi-mono factorisation of
01 = pe with A # K, so we have an exact sequence
o

0 K Py A 0

If we choose the projective resolution - - - — Py — P; — K — 0 then the connecting morphism
wr : IWT(A) — LoT(K) is the canonical injection KerT(01)/ImT(02) — T(Py)/ImT(02)
given by x + ImT(02) — x4+ ImT(02) and for n > 1 the connecting morphism w,, is the identity.

Proof. All derived functors are calculated relative to the assignment P of projective resolutions
which chooses the given resolution for A and the resolution -+ — Py — P — K — 0 for K,
with P — K being e. As in Corollary 33 we produce a resolution T" of Py with T;,, = P,11 & P,
for n > 0. The differentials 0,, : T,, — 7T,,_1 are constructed as follows. The epimorphism
To — Py is (01,1). Let K be a pullback of 9; : P, — Py and 1: Py — Py. Then the induced
morphism K — Tj is a kernel for Ty — Py. Similar arguments for higher n show that we can
arrange for the differentials for n > 1 to be of the form

95 A,
where A\, : P, — P, is the identity. The morphism w; is the connecting morphism of the
following commutative diagram with exact rows and columns

CokerT(0) —— CokerT(0,) — CokerT(95') — 0

| | |

We can identify the module T'(P; ® Py) with T(Py) @ T(Py) and similarly for T(P. @ Py). Given
x+ImT(05)) € L1T(A) the image in CokerT(d3') is just z-+ImT(02). We can choose the preimage
in CokerT(dy) to be (0,7) + ImT(ds), which maps to (z, T(9{")(z)) = (x,0) € T(P; & Py) since
by assumption z € KerT(df'). Then we can choose the preimage z € T(P;), which shows that
wy is the desired map. A similar argument shows that the higher connecting morphisms are
identities. O

Corollary 50. Let A be an infinite abelian category with enough projectives, B a category of
modules, and T : A — B a right exact functor. Suppose we have an exact sequence in A with all
P; projective and m > 0

0O—M—P, —Pp_q1— " —FP—A—0
Assume that the resolution P chosen for A ends with P,, — -+ — Py — A — 0 and let
e: P11 — M be the unique factorisation of P41 — Py, through M — P,,. Then
(i) The morphism Ly, 1T(A) — T(M) is given by x + ImT (Opm42) — T(e)(z).
(ii) If the resolution chosen for M is the one ending in e : Py+1 — M obtained from P, then
form > m + 2 the isomorphism py, : L,T(A) — Ly_—1T(M) is the identity map.

Proof. (i) By induction on m. If m = 0 then LyT(A) — T(M) is the connecting morphism
LiT(A) — LoT(M) followed by the canonical isomorphism LoT'(M) = T'(M). Using the previ-
ous Lemma it is easy to check this has the required form (we can assume M # A by replacing M
by an isomorphic copy and using naturality of the connecting morphism in the exact sequence).
For m > 1 choose an image Ky — Py of P, — Py with Ky # A. So we have exact sequences

0—Ky— P —A—0

0O—M—P, —-—P—Kyj—0
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Let P be an assignment of resolutions which chooses a resolution for A ending in P,, — --- —
Py — A — 0 and chooses the resolution for Ky ending in P, — -+ — P, — Ko — 0
obtained from the resolution of A. Let e be as in the statement of the Corollary. The canonical
morphism L, 1T (A) — T(M) is the composite of the connecting isomorphism L, 1T(A) =
L,,T(Kp) with the morphism L,,T(Ky) — T(M) defined for the second exact sequence above.
So by the inductive hypothesis and Proposition 49 the morphism L,,+1T(A) — T(M) has the
desired form. Since this morphism is independent of the choice of Ky, the result holds for any

assignment of resolutions P which chooses a resolution for A ending in P,, — -+ — Py —
A — 0 (it need not choose a special resolution for any particular Ky). The proof of (i) is
similar. O

Definition 14. Let A be an abelian category with enough injectives, B an abelian category, and
T : A — B an additive functor. An object Q is called right T-acyclic if R*T(Q) = 0 for all i > 1.
If there is no chance of confusion we say that () is right acyclic or even just acyclic. It is clear
that injective objects are right acyclic.

The dual version of Proposition 47 is the following

Proposition 51. Let A be an abelian category with enough injectives, B an abelian category, and
T : A — B an additive functor. Suppose we have an exact sequence in A with all I' injective
and m >0

0—A—°——. ...t _m_M—0

Then there are canonical isomorphisms p™ : R*"T (M) — R"*™ LT (A) forn > 1, and if T is left
exact there is an eract sequence

TI™) — T(M) — R™'T(A) — 0 (32)

Both the isomorphisms p™ and the exact sequence (32) are natural in T, in the sense that for a
natural transformation 7 : T — T', n > 1 and m > 0 the following two diagrams commute

RMT(M) — " Rrtm+17(4) T(I™) ——= T(M) —= R™T(A4) —= 0
RMT(M) ——= R7HT/(4) - T/(I™) ——= /(M) —= BT/ (4) — 0

Proof. We work more generally with right T-acyclic I* and proceed in the same way as for left
derived functors. Take canonical images and form a list of exact sequences

0 — K, —I"—M-—0

0— K’rn—l — Im71 I K’m —0

0—>K1—>Il—>K2—>0

0—A—I° 5K —0

For n > 1 the connecting morphisms for all these sequences are isomorphisms, so we can take the
composite R"T' (M) = R"MT(K,,) = --- = R*™™ T (A). For m = 0, p" is just the connecting
morphism of 0 — A — [ — M — 0, and the exact sequence (32) involves the morphism
T(M) — R'T(A) given by the canonical isomorphism T'(M) = RT(M) followed by the con-
necting morphism. For m > 1 we take T'(M) = RYT (M) followed by R°T(M) — R'T(K,,) and

then a sequence of connecting isomorphisms R'T(K,,) = --- = R™T1T(A). Naturality is easy to
check. O
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Proposition 52. Let A be an abelian category with enough injectives, B an abelian category and
T : A — B an additive functor. Suppose we have a commutative diagram in A with exact rows,
all ', J* right T-acyclic and m > 0

0 A IO . Im—l m M 0
e N
0 B JO . Jmfl Jm N 0

Then we claim that the morphisms of Proposition 51 fit into the following commutative diagrams
forn>1

R'"T(M) == R""™*1T(A) ram) T(M) R™HIT(A) ——0
R"T(ﬁ)l iR""’m'*'lT(a) lT(W") J{T(ﬁ) lR’”“T(a)
R"T'(N) == R"*™*'T(B) T Jm) T(N) R™1T(B) —=0

Proof. Both statements follow easily from the naturality of the connecting morphism with respect
to morphisms of exact sequences (note that the right hand diagram only makes sense for T left
exact). O

8.1 Acyclic Resolutions

Definition 15. Let A be an abelian category with enough projectives, B an abelian category and
T : A — B an additive functor. If A is an object of A then a left T-acyclic resolution of A is an
exact sequence

— F — Fy— A—0

with all F; left T-acyclic. Alternatively if A has enough injectives then a right T-acyclic resolution
of A is an exact sequence

0—A—T1"—T1"— ...
with all I* right T-acyclic.

The next result says that we can calculate left derived functors using acyclic resolutions. An
important application of this result is the calculation of Tor groups from flat resolutions.

Proposition 53. Let A be an abelian category with enough projectives, B an abelian category and
T : A— B a right exact functor. Suppose that we have a left T-acyclic resolution of an object A
of A

F:..—F —F—A—0

Then there are canonical isomorphisms 7, : Lp,T(A) — H,(TF) for n > 0. These isomorphisms

are natural in A, in the following sense: given a commutative diagram in A with exact rows and
all F;, G; left T-acyclic

Fy Fy A 0
iwl \LUJO \La
G Go B 0

the following diagram commutes for n > 0
L,T(A)—— H,(TF)

LnT(a)l lHn(Tw)
LT (B) == H,(TG)
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Proof. Here TF denotes the chain complex - - — T(Fy) — T(Fy) — 0in B. Fix an assignment
of projective resolutions P with respect to which all left derived functors are calculated. Since T
is right exact there is a canonical isomorphism 7y : LT (A) 2 T(A) = Hy(TF).

Forn=11let u: K — F,,_1 be the kernel of Fy — A, and forn > 1let u: K — F,_1 be
the kernel of F,,_1 — F,,_5. So for n > 1 we have an exact sequence

0—K—F, 11— —F—A—0

Let e : F,, — K be the unique factorisation of 0 : F,, — F,,_1. Then we have a commutative
diagram with exact rows

T(Fyi1) — T(Fy) — > T(K) 0

l T@i lm)

0 0 T(Fn—l) :>T(Fn—1)

It follows from the Snake Lemma that the following sequence is exact
T(Fp41) — KerT(0) — KerT(u) — 0

and therefore we have a canonical isomorphism H, (TF) =2 KerT(u). Using the exact sequence
(30) of Proposition 47 (with m = n—1) we have a canonical isomorphism KerT (1) 2 L, T(A), and
therefore by composition we have the required canonical isomorphism 7, : L,T(A4) & H,(TF).
Naturality in A follows from Proposition 48. O

Proposition 54. Let A be an abelian category with enough injectives, B an abelian category and
T : A— B aleft exact functor. Suppose that we have a right T-acyclic resolution of an object A
of A

[:0—A—T1—T — ..

Then there are canonical isomorphisms o™ : R*T(A) — H™(TI) for n > 0. These isomorphisms
are natural in A, in the following sense: given a commutative diagram in A with exact rows and
I', J* right T-acyclic

0 A IO Il
i“ o |
0 B JO J!

the following diagram commutes for n > 0
R"T(A) —— H™(TI)
R”T(a)i lH”(Tw)
R"T'(B) == H™(TJ)
Proof. Here T denotes the cochain complex 0 — T(I°) — T(I') — --- in B. Fix an
assignment of injective resolutions Z with respect to which all right derived functors are calculated.
Since T is left exact there is a canonical isomorphism ¢ : ROT(A) = T(A) = H(TI).

For n =11let p: I""! — C be the cokernel of A — I° and for n > 11let p: I"~! — C be
the cokernel of I"~2 — I™~!. So for n > 1 we have an exact sequence

0—mA—I"—... 1 _0-—50

Let e : C — I™ be the unique factorisation of & : I"~! — I™. Then we have a commutative
diagram with exact rows

T(I"1) —= T(I"" 1) 0 0

o |

00— T(C) W T(I") —_— T(I"'H)
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It follows from the Snake Lemma that the following sequence is exact
0 — CokerT(u) — CokerT(9) — T(I"™*1)

But by Lemma 7 the canonical morphism H™(T'I) — CokerT'(0) is also a kernel of the morphism
CokerT(0) — T(I™*!), so we have a canonical isomorphism H"(TT) = CokerT(u). Using the
exact sequence (32) of Proposition 51 we have a canonical isomorphism CokerT (u) = R"T(A), and
therefore by composition we have the required canonical isomorphism ¢” : R"T(A) = H"(TI).
Naturality in A follows from Proposition 52. O

Remark 1. The reader may object that the definition of the isomorphism R"T(A) — H"™(TI)
is incredibly opaque, and they’d be right. Here is the problem. Given a right T-acyclic resolution

Q:0—A—Q"—Q' — -

and an injective resolution
I:0—A—1°"—71"—...

There is a morphism of complexes s : Q — [ lifting the identity, which yields morphisms
H"T(s) : HM(TQ) — H™(TI) = R™"T(A). But it is not clear to me how to show directly that
this is an isomorphism, which is why we resort to the construction above. It seems very likely
that o™ is just H"T(s)~! up to a sign, but checking this might require some patience (one can
immediately reduce to the case I = @ which should not be too difficult).

In most cases where we actually use acyclic resolutions to calculate, one manages somehow to
avoid this issue and show H™T(s) is an isomorphism by other means. See for example Remark 2.
Tt is possible to show that H"T(s) is always an isomorphism, but the easy proof (DTC2,Lemma
44) requires some more sophisticated category theory (namely, derived categories).

9 Change of Base

We have defined the derived functors of additive functors T' : A — B between abelian categories.
Given a functor U : B — C (a “change of coeflicients”) what is the relationship between the
functors U o L,,T and L, (UT)? In the case where U is faithful and exact we would expect this
relationship to be an isomorphism, and that is what we shall prove in this section. First we need
some technical results.

Proposition 55. Let A be an abelian category, and suppose there is a commutative diagram with
exact rows

A/ 5} A a2 A” 0 (33)
ek
0 B B B B2 B

The connecting morphism w : Kerd” — Cokerd' is independent of the kernels and cokernels
chosen for d',d,d" in the sense that if Ker,Coker denote another set of choices, the following
diagram commutes

Kerd" —>= Cokerd

I

Kerd' ——= Cokerd’

where w is the connecting morphism and the vertical isomorphisms are canonical.

Proof. This follows immediately from naturality of the connecting morphism with respect to
morphisms of the diagram (33). In this case the morphism is the identity, but we choose different
sets of kernels and cokernels for each copy. O
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Corollary 56. Suppose U : B — C is a faithful exact functor between abelian categories, and
suppose there is a commutative diagram D with exact rows in B

a1 a2

A’ A A" 0 (34)
ld/ ld id”
0 B B1 B B2 B

Let w : Kerd' — Cokerd be the canonical connecting morphism and p : KerU(d") —
CokerU(d') the canonical connecting morphism of the diagram UD. Then the following diagram
commutes

U(Kerd”) 2L U(Cokerd')

ﬂ ﬂ

Keru(d") — CokerU(d')
where the vertical isomorphisms are canonical.

Proof. When we refer to the “canonical” connecting morphisms we mean the morphisms con-
structed using the canonical kernels and cokernels in B,C. Using the previous Proposition it
suffices to show that U(w) is the connecting morphism 7 for the diagram UD in C where the cho-
sen kernels and cokernels are the images under U of the canonical ones in B. Let v : Kerd” — A"
and ¢ : B’ — Cokerd' be canonical in B and let W be the walk ~, as,d, 81,&. Denote by UW
the walk in C given by taking the images of the morphisms in W. We use the unique properties
of the morphisms w, 7 given in our Diagram Chasing notes.

Let A be a small, full, abelian subcategory of B containing the diagram (34) and our canonical
kernels and cokernels for d’,d, d” and let £ be a small, full, abelian subcategory of C containing all
the objects U(A), A € A. We know that W is a function walk in A and UW is a function walk in
& (this is what we proved in our Diagram Chasing notes on the Snake Lemma). Let S : £ — Ab
be an exact imbedding. The composite SU : A — Ab is exact and faithful but not necessarily
distinct on objects, but we can find a naturally equivalent functor @ : A — Ab which is an exact
imbedding (Mitchell 77,10.4). We have a commutative diagram of relations in Ab

S(UW)
_—

SU(Kerd") SU(Cokerd')
Q(Kerd") o Q(Cokerd')

But Q(W) = Q(w) and S(UW) = S(7) and by naturality of the isomorphism @ = SU it follows
that SU(w) = S(7) so U(w) = 7, as required. O

Proposition 57. Let U : B — C be an exact functor between abelian categories. Then for every
chain complex X and n € Z there is a canonical isomorphism U(H, (X)) = H,(UX) natural in
X. The following diagram of functors therefore commutes up to natural equivalence

ChB —Z> ChC

B——C

Proof. We choose canonical structures for B,C with respect to which all homology objects are
defined. Let X be a chain complex in B and n € Z. FExactness of U means that there are
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canonical isomorphisms U(Im0y4+1) & ImU(0n41) and U(Kerd,,) = KerU(09,) which induce an
isomorphism U(H, (X)) — H,(UX) for fitting into a commutative diagram

U(Imdpy1) —=U(Kerd,) — U(H,(X))

M M ﬂ

ImU(0py1) — KerU(0,) —— H,(UX)

These isomorphisms are easily checked to be natural in the chain complex X. O]

Proposition 58. Let U : B — C be a faithful exact functor between abelian categories. Suppose
we have an exact sequence of chain complezes in B

0—X — X —X"—0

Let wy, : Hy(X") — Hp—1(X') be the canonical connecting morphisms for this sequence, and
pn: Ho(UX") — H,_1(UX’) the canonical connecting morphisms for its image in C. Then the
following diagram commutes for n € 7

U(H, (x") 22 U, (X))

ﬂ ﬂ

Hy(UX") ——= Hy 1 (UX")

Proof. Form the diagram (8) of Theorem 26 for the sequence 0 — X' — X — X" — 0
in B and map it to C using U. Then the middle two squares give a diagram isomorphic to the
analogous diagram constucted for 0 — UX’ — UX — UX” — 0 in C (the isomorphisms
being of the form U(Cokerdni+1) = CokerU(On+1) and U(Kerd,—1) = KerU(0On—1)). This
morphism of diagrams induces morphisms of the kernels and cokernels of the vertical maps, and it
is easily checked that these are the isomorphisms are the ones of the form U(H,(Y)) — H,(UY)
defined above. The result now follows from naturality of the connecting morphism with respect
to morphisms of diagrams of this sort, and the proof of Corollary 56 which shows that U(wy,) is
in fact the connecting morphism for one of these diagrams. O

Proposition 59. Let A be an abelian category with enough projectives and U : B — C an ezxact
functor between abelian categories. Let T : A — B be an additive functor. Then for n > 0
there is a canonical natural equivalence L, (UT) 2 U o L,T. If U is faithful and there is an exact
sequence in A

0 A g 0

Then the following diagram commutes for all n > 1

U(“’n)
R ——

o ——> U(L,TA) —— U(L,TA) U(L,TA") U(LpyTA) — -

ﬂ ﬂ M ﬂ

> Lo (UT)(A") —— Lo (UT)(A) —— Lo (UT)(A") —> L1 (UT)(A)) —— -+

Proof. Let P be an assignment of projective resolutions with respect to which the derived func-
tors are calculated. Given an object A with resolution P let ¢4 : U(H,(TP)) — H,(UTP)
be the canonical isomorphism defined in Proposition 57. Since U(H, (TP)) = U(L,T(A)) and
H,(UTP) = L,(UT)(A) the first part of the proof follows easily from the fact that this isomor-
phism is natural in the chain complex.

If U is faithful then the second claim follows from the previous Proposition and the construction
of the connecting morphisms in Theorem 34. O
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Proposition 60. Let A be an abelian category with enough projectives and U : B — C a faithful
exact functor between abelian categories. Let T', T, T" : A — B be additive functors and suppose
the following sequence is exact on projectives

TI - T SN T/I
Then for every object A the following diagram commutes for all n > 1

S U(L,T'A) U(L.TA) U(LnT"A) — L U (L T/ A) —> -

ﬂ ﬂ ﬂ ﬂ

s Ly(UT')(A) —> Ly (UT)(A) —> L (UT")(A) ——> Ly (UT")(A) —> -

Proof. Let an object A be given, and let P be the projective resolution of A. Then the sequence
of chain complexes 0 — TP — TP — T”P — 0 is exact and the w, are the connecting
morphisms of the corresponding long exact sequence. So the result follows immediately from
Proposition 58. O

There are dual results for right derived functors

Proposition 61. Let U : B — C be an exact functor between abelian categories. Then for every
cochain compler X and n € Z there is a canonical isomorphism U(H™(X)) = H"(UX) natural in
X. The following diagram of functors therefore commutes up to natural equivalence

coChB A coChC

B——"F—C
Proposition 62. Let U : B — C be a faithful exact functor between abelian categories. Suppose
we have an exact sequence of cochain complexes in B

0—X —wX—X"—50

Let w™ : HY(X") — H""Y(X') be the canonical connecting morphisms for this sequence, and
p: HYW(UX") — H" Y (UX') the canonical connecting morphisms for its image in C. Then the
following diagram commutes for n € Z

U(HIX“» Ly (x)
H"(UX") —— H" (UX")

Proposition 63. Let A be an abelian category with enough injectives and U : B — C an exact
functor between abelian categories. Let T : A — B be an additive functor. Then for n > 0
there is a canonical natural equivalence R*(UT) =2 U o R™T. If U is faithful and there is an exact
sequence in A

0 Uy SV 0

Then the following diagram commutes for all n > 0

U(u)n)
—_—

e — U(R"TA/) o U(RnTA) U(RnTA//) U<Rn+1TA/) o

ﬂ ﬂ ﬂ ﬂ

-+ ——= R"(UT)(A'") ——= R"(UT)(A) —— R™(UT)(A") — R UT)(A) —— -
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Proposition 64. Let A be an abelian category with enough injectives and U : B — C a faithful
exact functor between abelian categories. Let T', T, T" : A — B be additive functors and suppose
the following sequence is exact on injectives

TI N T SN T//
Then for every object A the following diagram commutes for all n > 0

S U(R'T'A) U(R"TA) URTA) L yReTA) s

ﬂ ﬂ ﬂ ﬂ

-+ — R"(UT")(A) —— R"(UT)(A) —— R™"(UT")(A) — R UT)(A) —— -

10 Homology and Colimits

For some necessary background to this section, the reader should consult (AC,Section 2.2).

Lemma 65. If A is a cocomplete abelian category then so are ChA and coChA. A cocone is a
colimit if and only if it is a colimit pointwise. If A,B are abelian categories with A cocomplete,
and if F': A — B is an additive functor, then

(i) If F preserves coproducts, then so do ChA — ChB and coChA — coChpB.
(i) If F preserves direct limits, then so do ChA — ChB and coChA — coChB.
(iii) If F preserves all colimits, then so do Ch A — ChB and coChA — coChB.

Proof. Tt suffices to show that both categories have arbitrary coproducts. Let I be a nonempty
index set, and suppose we are given chain complexes A; for ¢ € I. For each n € Z take a coproduct
A;n — C,, and let the differential C,, — C),—; be induced by the A4;, — A;,—1. It is not
hard to check that this is a coproduct of chain complexes, and a similar construction works for
cochains. The other claims are easily checked. O

Lemma 66. Let A be a cocomplete abelian category with exact coproducts. Then for n € Z the
functors H, : ChA — A and H" : coChA — A preserve coproducts.

Proof. The functors H,, H™ are additive, so they trivially preserves initial objects. We prove
that H,, preserves nonempty coproducts, with the proof for H™ being similar. Let {A;}icsr be
a nonempty family of chain complexes and A; — €, A; a coproduct. Then for each n €
Z the morphisms A;, — (@, Ai)n are a coproduct in A. Since taking coproducts is exact,
the coproduct of the images and kernels for the sequences A; give images and kernels for € A;
(although probably not the canonical ones used to calculate H,, (6D 4;)). Taking some coproduct
of the exact sequences Im(0p4+1) — Ker(0,) — Hy(A;) therefore provides an isomorphism
P H.(A;) =2 H,(P A4;), and it is not hard to show that H,(A4;) — P H,(4;) = H,(P A;) is
H,(A; — @ A;), which completes the proof. O

Definition 16. An abelian category A is infinite if for every object A, there is an infinite number
of objects of A isomorphic to A. This avoids technical complications when defining derived
functors.

Proposition 67. Let A, B be cocomplete abelian categories with exact coproducts, and suppose A
is infinite and has enough projectives. If F': A — B preserves coproducts, then so does L, F for
n > 0.

Proof. The functors L, F' are additive, and therefore preserve zero objects, so we can restrict our
attention to nonempty coproducts @®;A;. If the chosen resolution for A; is P*: .-+ — P} —
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Pt — A; — 0 then since A has exact coproducts the following sequence is a projective resolution
for ®A; 4 ‘ 4
eP':--- — P — &P — ®A, — 0

and we can assume this is the chosen resolution of ®A;. The functor Ch.A — ChB induced by
F preserves coproducts, as does H, : ChB — B. Since the resolution ®P? is a coproduct in
ChuA for the resolutions P! it follows immediately that the morphisms L, F(A;) — L, F(®A;)
are a coproduct for n > 0. O

Lemma 68. Let A be a cocomplete abelian category with exact direct limits. Then for n € Z the
functors H, : ChA — A and H" : coChA — A preserve direct limits.

Let {A;, m;j}ier be a direct system of modules (right or left) and let w; : A; — A be any
colimit of this family. Since the canonical direct limit is a candidate for this role, we see that
ui(a) = 0 iff. m;;(a) = 0 for some ¢ < j and every element of A is p;(a) for some a € A; and some
1el.

Lemma 69. Let A be a category of modules. Suppose A = h_H)lAi is a direct limit. Then there
exist projective resolutions P; of A; forming a direct system such that P = lii>nP¢ i a projective
resolution of A.

Proof. We assume that A is RMod or ModR for some ring R. Let u; : A; — A be any direct
limit. For each i let F; be the free module on the elements of A;, and F the free module on
the elements of A, and define epimorphisms F; — A; and FF — A in the obvious way. Let
the morphisms ;; and u; induce canonical morphisms p;; : F; — F; and F; — F' respectively.
Then the {F;, p;; }ier are a direct system, and we claim the morphisms F; — F' are a colimit. Let
v; : A; — C be the canonical direct limit and 7 : C — F induced by the morphisms F; — F'.
It suffices to show that 7 is an isomorphism.

It is clear that 7 is surjective since every element of A is in the image of some A; — A. Suppose
that for some ¢ € I there are elements b1,...,b, € A; such that a formal sum r1 -b1 +-+-+7, - b,
in F; has its image in C' mapped by 7 to zero in F' (we assume all b; # 0). We can partition
the b; up into sets G1,...,G,, with each element of GG; being mapped to the same element under
A; — A, and the coefficients for the elements of G; all adding to zero. So we can reduce to the
case where every b; is mapped to the same element of A and r; + --- + 7, = 0. For each pair of
indices 1 < 4,j < n there is k with the property that m;,(b;) = m;%(b;). So we can find a single
index ¢ with m14(b1) = -+ = mpq(by). It is clear that ry - by +--- 4+ 7, - b, € F; is mapped to zero
in F,, and hence is also zero in C, as required.

The kernels Ker(F; — A;) and Ker(F — A) form another direct limit, and we can repeat
this process to produce the desired projective resolutions P; of A; and P of A, together with
morphisms P; — P; for ¢ < j giving a direct system in Ch.4, and morphisms P; — P which
are a colimit in Ch.A. 0

Proposition 70. Let A be a category of modules, and let B be a cocomplete abelian category with
exact direct limits. If F : A — B preserves direct limits, then so does L, F for n > 0.

Proof. We assume that A is RMod or ModR for some ring R. Let {A;, m;; }ier be a direct system
with colimit u; : A; — A. Find projective resolutions P of the A; and a projective resolution
P of A so that P = li_r)nR- as above. Calculate the L, F relative to these choices of resolution.
Since the functors ChAA — ChB and H,, : ChB — B preserve direct limits, the morphisms
L,T(A;) — L,T(A) are a direct limit for all n > 0, as required. O

11 Cohomology and Limits

For some necessary background to this section, the reader should consult (AC,Section 2.2).

Lemma 71. If A is a complete abelian category then so are ChA and coChA. A cone is a
limit if and only if it is a limit pointwise. If A, B are abelian categories with A complete, and if
F: A— B is an additive functor, then
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(i) If F preserves products, then so do ChA — ChB and coChA — coChB.
(iii) If F preserves all limits, then so do ChA — ChB and coChA — coChpB.

Proof. 1t suffices to show that both categories have arbitrary products. As before we simply take
the arbitrary pointwise products and induce morphisms making them into a (co)chain. This is
a product, which shows that any product must be a product pointwise. The other claims are
straightforward to check. O

Lemma 72. Let A be a complete abelian category with exact products. Then for n € Z the
functors H, : ChA — A and H"™ : coChA — A preserve products.

Proposition 73. Let A, B be complete abelian categories with exact products, and suppose A is
infinite and has enough injectives. If F': A — B preserves products, then so does R™F' forn > 0.

Proof. The functors R™F are additive, and therefore preserve zero objects, so we can restrict our
attention to nonempty products [, A;. If the chosen resolution for A; is I; : 0 — A; — IZO —
I} — -+ then since A has exact products the following sequence is an injective resolution for

1A

HIi:O—>HAi —>1_[IZQ —>1_[I11 —
and we can assume this is the chosen resolution of [] A;. The functor coCh.A — coChJj5 induced
by F preserves products, as does H"™ : coChBB — B. Since the resolution []I; is a product in
coChA for the resolutions I; it follows immediately that the morphisms R"F(®A;) — R"F(A;)
are a product for n > 0. O

12 Delta Functors

Let A be an abelian category with enough projectives. We have associated to an additive functor
T : A — B a sequence of additive functors LoT, L1 T, ... together with connecting morphisms
wp : LyT(A") — L, 1T(A’) for any exact sequence 0 — A’ — A — A” — 0. The proper
way to “package” the sequence of functors and the associated connecting morphisms is the concept
of a §-functor.

Definition 17. Let A, B be abelian categories. A homological §-functor between A and B is a
sequence {T}, } >0 of additive functors T}, : A — B together with an assignment of a morphism

Op : T(A") — T, _1(A")

to every n > 1 and short exact sequence 0 — A" — A — A” — 0 of A, satisfying the
following properties

1. For each such short exact sequence in A, we have a long exact sequence

e T (AY) > T (A) ——> T (A”) = Ty (A)) ——> -+

(35)
e Ty (A7) 2 Ty (4 To(A) —— Ty(A") — 0
In particular the functor T} is right exact.
2. For every commutative diagram in A with exact rows
0 A A A" 0 (36)
0 B’ B B 0
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the following diagram commutes for all n > 1

n(A/) - Tn(A) —— Tn(A”) A Tn—1<A/) T

T T

HT”(BI)*)Tn(B)HTn(BN)T) nfl(B/)*)"'

n

Definition 18. Let A, B be abelian categories. A cohomological §-functor between A and B is a
sequence {T"},,>o of additive functors T™ : A — B together with an assignment of a morphism

6n . Tn(A/l) N Tn+1(A/)

to every m > 0 and short exact sequence 0 — A" — A — A” — 0 of A, satisfying the
following properties

1. For each such short exact sequence in 4, we have a long exact sequence

0 ——> TO(A') —> TO(A) —> TO(A") —2 > TH(A') —> -

. T"(A”) " T7z+1(A/) N T"'H(A) R Tn-H(A//) ..
In particular the functor T} is left exact.

2. For every commutative diagram in A with exact rows of the form (36) the following diagram
commutes for all n > 0

HT”(A’)HT"(A)HT"(AN)i>T"+1(A/)*>

N

Definition 19. Let A, B be abelian categories. A contravariant homological §-functor between
A and B is a homological §-functor between A°P and B. Similarly a contravariant cohomological
0-functor between A and B is a cohomological é-functor between A°P and B.

Example 1. (i) Let A be an abelian category with enough projectives, B an abelian category
and T : A — B an additive functor. For an assignment of projective resolutions P the left
derived functors {L, T},>0 together with the connecting morphisms w,, defined in Theorem 34
are a homological d-functor from A to B.

(7i) Let A be an abelian category with enough injectives, B an abelian category, and let
T : A — B be an additive functor. For every assignment of injective resolutions Z the right
derived functors {R"T'},>¢ together with the connecting morphisms w” defined in Theorem 41
are a cohomological §-functor from A to B.

Definition 20. Let A, B be abelian categories. A morphism 1 : S — T of homological d-functors
is a family of natural transformations {¢,, : S,, — T}, }»,>0 with the property that for every short
exact sequence 0 — A" — A — A” — 0 of A the following diagram commutes for n > 1

e Sp(A) = S (A) = S (AY) e S (AN

N

..HTn(A’)*)Tn(A)*)Tn(A//)T) (A

n

Morphisms of homological d-functors can be composed in the obvious way, with the identity
morphism given pointwise by the identity natural transformation. A homological é-functor T' is

40



universal if given any homological §-functor S and natural transformation f : Sy — Tp, there
exists a unigque morphism of homological d-functors ¢ : S — T with g = f.

A morphism ¢ : S — T of cohomological d-functors is a family of natural transformations
{™ : " — T"},,>0 with the property that for every short exact sequence 0 — A’ — A —
A” — 0 of A the following diagram commutes for n > 0

. Sn(A/) S"(A) Sn(A”) o Sn+1(A/) ...

S R T

.. 5 T"(A') T"(A) Tn(A//) = Tn+1(A/)

Morphisms cohomological §-functors can be composed in the obvious way. A cohomological §-
functor T is universal if given any cohomological §-functor S and natural transformation f :
T° — SO there exists a unique morphism of cohomological d-functors ¢ : T — S with ° = f.

Example 2. Let A be an abelian category with enough projectives, B an abelian category and
T : A — B an additive functor. Suppose we have two assignments of projective resolutions P, Q
with associated homological d-functors L7, L2 of left derived functors. Then the canonical natural
equivalences 9, : L¥ — L2 form an isomorphism of homological é-functors ¢ : L7 — L2, A
similar observation holds if 4 has enough injectives and we have two assignments of injective
resolutions.

Definition 21. Let F': A — B be an additive functor between abelian categories. A universal
homological d-functor T' between A and B together with a natural equivalence u : Ty & F is
called a left satellite of F' and the functors T}, : A — B are called left satellite functors of F'.
Left satellites are unique up to canonical isomorphism if they exist, in the sense that if (S,v) is
another left satellite of F' there is a unique isomorphism v : T — S of homological §-functors
with vy? = u.

A universal cohomological §-functor T between A and B together with a natural equivalence
T° = F is called a right satellite of F' and the functors T" : A — B are called right satellite
functors of F. Right satellites are unique up to canonical isomorphism if they exist, since if
(S,v) is another right satellite of F' there is a unique isomorphism ¢ : T — S of cohomological
d-functors with vy = u.

Definition 22. Let A, B be abelian categories. An additive functor F' : A — B is called
effaceable if for each object A of A there is a monomorphism v : A — I such that F(u) = 0. We
call F coeffaceable if for every A there is an epimorphism u : P — A such that F(u) = 0.

Example 3. Suppose that A has enough projectives and let T': A — B be an additive functor.
Then the left derived functors L, T of T are coeffaceable for n > 1 since every object A admits an
epimorphism P — A with P projective, and L,T(P) = 0 for n > 1. Similarly if .4 has enough
injectives then the right derived functors R™T are effaceable for n > 1.

Theorem 74. Let T be a homological 0-functor between abelian categories A, B. If the additive
functors T,, : A — B are coeffaceable for n > 1 then T is universal. If T is a cohomological
O-functor between abelian categories with T™ effaceable for n > 1 then T is universal.

Corollary 75. Let A be an abelian category with enough projectives, B an abelian category and
T : A — B a right exact functor. Then the homological §-functor of left derived functors
{L,T}n>0 together with the canonical natural equivalence LoT = T form a left satellite of T.

Proof. Choose an assignment of projective resolutions P with respect to which all left derived
functors are calculated and let u : LoT — T be the canonical natural equivalence. Then by
Theorem 74 the homological §-functor {L,,T'},>0 together with u is a left satellite of T, since the
functors L,, T are coeffaceable for n > 1. O

41



Corollary 76. Let A be an abelian category with enough injectives, B an abelian category and
T : A — B aleft exact functor. Then the cohomological §-functor of right derived functors
{R"T} >0 together with the canonical natural equivalence R°T =T form a right satellite of T

Definition 23. Let T = {7}, },>0 be a homological J-functor between abelian categories A, B
and let U : B — C be an exact functor, where C is another abelian category. The composites
UT,, : A — C are additive functors. Given an exact sequence 0 — A’ — A — A” — 0in A
let &y, : T,,(A") — T,,—1(A’) be the connecting morphism and UJ,, its image under U. Then the
functors {UT), }n>0 together with the Ud,, form a homological d-functor between A and C which
we denote by UT. If ¢ : S — T is a morphism of homological d-functors between .4, B then
Uy :US — UT is a morphism of homological §-functors

Similarly if U : C — A is an exact functor then we have additive functors T,U : C — B
and for an exact sequence 0 — C' — C — C” — 0 in A we have the connecting morphism
on : T,U(C") — T,,1U(C") of the exact sequence 0 — UC’' — UC — UC” — 0 in A.
The functors {7,,U },>¢ together with these connecting morphisms form a homological d-functor
between C and B which we denote by TU. If ¢ : S — T is a morphism of homological §-functors
between A, B then yU : SU — TU is a morphism of homological J-functors.

Definition 24. Let T'= {T"},>¢ be a cohomological J-functor between abelian categories A, B
and let U : B — C be an exact functor, where C is another abelian category. The composites
UT™ : A — C are additive functors. Given an exact sequence 0 — A’ — A — A” — 0 in
Alet 6" : T"(A") — T™F1(A’) be the connecting morphism and U§™ its image under U. Then
the functors {UT"},,>0 together with the U™ form a cohomological d-functor between A and C
which we denote by UT. If b : S — T is a morphism of cohomological §-functors between A, B
then Uy : US — UT is a morphism of cohomological d-functors.

Similarly if U : C — A is an exact functor then we have additive functors T"U : C — B
and for an exact sequence 0 — C' — C' — C” — 0 in A we have the connecting morphism
8" TU(C") — THU(C") of the exact sequence 0 — UC’' — UC — UC” — 0 in
A. The functors {T"U},,>0 together with these connecting morphisms form a cohomological 6-
functor between C and B which we denote by TU. If ¢ : S — T is a morphism of cohomological
d-functors between A, B then U : SU — TU is a morphism of cohomological d-functors.

We can now give an alternative proof (and slight generalisation) of the results on base change.

Proposition 77. Suppose we have a commutative diagram of abelian categories and additive
functors where A, A’ have enough injectives, U, u are exact, T, T’ are left exact and the functor U
sends injective objects of A into right T'-acyclic objects of A’

A—=B

Ul l

A/?B/

Then there are canonical natural equivalences uo R™"(T) =2 R*(uoT) =2 R*(T")o U for n > 0.
Given an exact sequence
0—A —A—A"—0

the following diagram commutes for n > 0

§n

uR™T(A") uR"T(A) uR"T(A”) uRn+1T(A/) .

ﬂ ﬂ ﬂ ﬂ

e R”(UT)(A/) R”(UT)(A) o R"(uT)(A”) 4‘5"> Rn-‘,—l(uT)(A/) ...

ﬂ ﬂ ﬂ ﬂ

= RY(T)(UA") —= RMT)(UA) — RM(T")(UA") ——= R (T (UA) — -
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Proof. Choose assignments of injective resolutions Z,Z’ for A, A’ respectively, with respect to
which all right derived functors are calculated. Let G : A — B’ be the composite uoT =T o U.
Then using Definition 24 we have three cohomological d-functors between A and B’

{u o RnT}nzo, {RnG}nzo, {Rn(T/) o U}nzo

The assumption that U sends injective objects of A to right T'-acyclic objects of A’ means
that all three of these cohomological d-functors are universal by Theorem 74. But all three
functors u o ROT, R°G, R°(T") o U are canonically naturally equivalent to G. So by uniqueness of
right satellites there are canonical isomorphisms of cohomological d-functors ¢ : {u o R"T},>¢ =
{RnG}nzo,(p : {RnG}nZO = {R"(T/) o U}nZO and 6 : {u 9 RnT}nZO = {Rn(T/) 9 U}nZO and
moreover 6 = p o1. Commutativity of the large diagram is part of the definition of a morphism
of cohomological §-functors. O

Remark 2. With the notation of Proposition 77 make the further assumption that w is faithful
and fix assignments of injective resolutions Z,Z’ to the objects of A, A’ respectively. Let A be an
object of A with injective resolution

0—A—° 57— ...

Then by assumption U is a right T-acyclic resolution of UA. Let J be the chosen injective
resolution of UA. Then by Theorem 19 we can lift the identity to a morphism of cochain com-
plexes UI — J and we therefore have a canonical morphism on cohomology H™(T'UI) —
R™(T")(UA). But T'UI = uTT and by Proposition 61 there is a canonical isomorphism H" (uT'I) =
uw(H™(TT)) = uR™T(A). For n > 0 the composite gives a canonical morphism

wh o uR"T(A) — R™(T")(UA)

This morphism is natural in A, so we have a natural transformation p" : wo R®"T — R™(T") o U
for n > 0. The natural transformation p° is the composite of the canonical natural equivalences
wo ROT 2 G = RY(T") o U. Therefore to show that u™ is the isomorphism 6" defined in the proof
of Proposition 77 for n > 0, we need only show that u is a morphism of cohomological §-functors
{uo R"T}nz0 — {R"(T") o U}nzo-

Suppose we are given a short exact sequence 0 — A’ — A — A” — 0 in A. Let
e Al — T : A — I"and n : UA — J' )5 : UA” — J"” be the chosen injective
resolutions and use Corollary 40 to construct injective resolutions € : A — [ and n: UA — J
fitting into short exact sequences of cochain complexes

0—I'—IT—I"—0
0—J —J—J —0
with each morphism lifting the appropriate morphism of A or A’. By Theorem 19 we can lift the

identities to morphisms of cochain complexes g : UI' — J, f : UI — J,e : UI" — J" so that
we have a diagram of cochain complexes in B’ with exact rows

0 uTl’ ull ull” —=0
T'(Q)\L T'(f)l T’(S)J/
0 TJ T'J T'J" 0
There is no reason to expect this diagram to commute, but nonetheless by (DTC,Theorem 9) and

(DTC,Proposition 10) we have a commutative diagram on cohomology

s HM(uTT") — H"(uTI) — H*(uTI") —"= H 1 (uTT) — - -

| | | |

e HY(T'J') ——> HY(T'J) ——> H™(T'J") — = H" N (T" ) —— -
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Examining the construction of the connecting morphisms in Theorem 41 and using Proposition
62 we see that the following diagram commutes for n > 0

u(o™
WRMT(A") g ary

Win l lu’jjl

RMT')(UA") ——= R(T")(UA')

Therefore p : {uoR"T'} >0 — {R™"(T")oU } >0 is a morphism of cohomological é-functors. Since
p® = 0° it follows by definition of a universal cohomological é-functor that p = 6. Therefore the
natural transformations p™ are all natural equivalences.
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