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Let R be a commutative g and
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an emcjrfeqwm& o free R-moclules Jﬂmmbr R,n,n-R WPQCHVE(J Obsewe
fhot fhe following diagiam commutlen (Lot TT's canonical )
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Poc®  Thisdearfom (1.2)that 7T°(/\ho(69 d)=0. There is o momdeggmem& paiving

h-k~1 prock

AN've N v —s NVER.

Suppos e f@“ZE/\kU@\/ lien n \Qv(ﬂ"/\kd\@l)ﬂ/\en

o (AR @ )@ | procl

AV o N — XVE=R

B= NMUsVe NV
vewisheson t®1BW forall e /\Wh-l\/- Clnoosing asPliHinﬂ VE‘UGDV(U 4 ((-U;

with cowesponcling decompogition 1=C,Tu0) we find that  B(t® 7wy @w)=0
Jorall w, but sine VIue N™*'VIu — A7VIG = Rois also nondagemeraite

his i mplien Tvlp =050 e U andaimed - [)



Now let R=R hea field.
L evama. The funchion P Gk V) — P( A \/5, clefined by

P(u-—=v ) = [Im(/\ko&\] (2.1)

iswﬁediuej and. sends span(uu--u%\ bo [wiA---AuR]

PR ki

3 P
Pocf Ciiven aline 4 c AV denole oy U the kevnel (r€ VefgV — NVey — NV
By the previows lemman if £ = wa(/\ha(\ then U =U. O

Noke that xeNV s in W/maCJZ# P (ov ruther k- 15) it and only it > s

decomposable | 1.e. x=ViA = AV for soma Vo€V, €<k

et (evw/ﬁh) be an ovdel/\?d V)Cwl"so}ﬁ \/ 30 Vho& cloonis 1Cw /\\{\/ (s fjimem loj H/\e

e = eA—AC T={i1<CiR]

The cowesponding woovdinaley (1 on (N/\h\/) ave cailled  Pliickev coovdinotes .

Lemma. Wimageme Pis clored in [P(/\k\/)

Rool  Given x€ AV we have XA V—]/\‘QH\/ clefined in coordinales loy

x= 2,7 Cx(x)er and

1A = D B exne = Z~¢

e Cx(eqypy . (22)

We may dssume €y---es span Ko (xA=)EV. Then Cx(d) = O whenever
J’éﬁf ond << Sine | T]= k. we mut have s =dimlev(xA-)< k.

hun evaly T with ¢ ()40 wontains { .., 5],
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This shows 2= €(/\---/\€;/\3 q%mome 3 6/\ \/ and so dim Kov(ar—) = R
i s c\ewmposaue. But-then (um'ﬁ'na 2 also for the line k-ix

zx e Im(P) => o dewmposable

> dimKer(zA=)7 k-1 nwtwalbgﬂ/\rs moy
=  dimIm (xA-) < n—k3| /b&dmdwd"“w

vdinales
S evew (V\—ki—\BX(V\*lQHBW\I‘norO‘PW corrane

modix o AA- in M(%.))“ka vanishes.

Now The Cz € (N‘VY‘ ave Pliicker coordinales  (for amn auloﬂmuﬂ bouis €y -5 €, now )
and i mabix P 2 A = s given by (22) ov A mathix of linear forms in Hhe (z,
hena the above minon ave homogentows PblebVMTalS aﬁdﬂgm n-k+]inthe Cr.
RU congmcfon Im (P) € P(n* \/) is UaniJl/n'nﬂ locas e pc(ynomfaff/
so weare done. [ |

Def” G(BV) is made inbapvojec{ms vaviefj sothat GlkV)=ImP< \P(/\h\/)

anvaviehen.

Remarles (1) We may wite o Po:‘nP of P(AV) in Plicker coordinales as

[ s ] T vnging over {Ig{b...,m} ]lIl=h}_

Then The standlavd open affinesare 7= { Bil}i] \ 115#0})
ve. where C2F O . Given asubspace U<V of dimension k, spomned, by
)3=(V\t).--)uk) we uvife U an a moix [UP}P with vows Ue,
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Then under Py we have
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T’/le th minows co do de emd on the laa/)(r but n':jB /5 ad;ﬁ?evem ba/nr 'H/lemg
IS 333/]5 e K™ such that der [U]};/) “0g }ed& fo]g)q%vqll T,

Hem& P (2\)\] 5 s ﬂnxrefowg smhspaceﬁ U S}‘ the :r—mlnoroaé [U]F s hoh’zew

I Ue P '(&r) fhgwe s (by Gaussonelim ) aunique bawis oz of U uch that [U’]}M

han ﬂundemhﬁjma}wx in Hix POJ/7’70V)_§ T, re st 7= Lii<- <Jk’} Then
olumn J-(; 0[ fu]};” s
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Exampe TF T = {1,k STbesmT and e P (2r) then
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This e stullishen OLB\Jedwon P Uk?) = Me - h(‘*\ /P\ sending f\)] to
o, 7. Wewant fo clack fhis \chrualg an isomoyphism of yavietieo

call this }\ U,T
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Obsewe thal for 1<k, 1sjen-k (sHl with T=11,.., k})
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1= b ([T )= Tpom,p dd( V], )
Lo kY N
= /&}u)ﬂﬂ = det( [U—J; > |

Hente in tevms of our ow\aﬂnal bav's
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This shows That i Hue commuotive diagiam
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The indued map T is pvedfelg sencling the (i,)) woordinale of /[L\h(m’h\ +o the
Ai"{l}...,h}\gﬁoi\zf\ﬁ ODO'CXWWO\“QG‘P //A\(h-)"lj o 'H’]Ot{’ T],S’H’L(C(O/fc{ emlﬂﬁddﬂ’]]
o va nishing of alithe ot 7 Tt same woes for TF Lo kY, 5o o aauaReties

J
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Lemma The pwjecﬁue vc:vie’y G R,V) T5 covered by open attine, P '(2Uz) g/\h.

Remark P:G(RV)—> ”D(/\k\/) duer not depend on a clioiw P bewis fo \2

bul the open Lover ] Ut ek Ceﬁamly dven, hena so dves e
wover (U)o GlR, V).

Lemma Gl (V) acts fmz/lshl‘l'\refg on G(k,\/)) an an alqebmic guoup .

I%w\gc[ﬂomea locwrs (e(/.../en ) c-)Q v al/ld et \/o = 5PO”" (e\/.. Y Zk) ‘ﬂﬂﬁ(/l
the stlor|isev r's

A | B peMe(lR)
= {qeal(Vv) [ g\, § = ¢ clfV)| Be Mipmon(lk)
a\/o { j , ﬁ 3 O \ C CGHV‘.[L‘V\_[I_UH

This is Zaviskidoed in G=aL(V) and a/&\/a — C‘“{’V) "S“ijecﬁ‘\»e

alge,lomfc Vavielj,ﬁudn suloﬁwmpg ave_called p_&@oﬁ.

Dey” me[ﬂek Hag\ravie}y F (V) &\ is, as a el

F(\/) = { (Ve Voot ) \ ocV,€-- Vo€V and dimVo=¢ a/lz}

Ex The vhviow | Wjective map FIV) — GOV x 2 V)%= G (n-), V)

hascloedimmage, woing which ure mahe F(V) o projective vaviety
There is an ackion of GL(V) on F(V) via (V... Va-) > {9V, g Ve )



Tf e sef \/f‘ —VPaY‘(e*/‘-')ei) and o= (V'Ij)---) \/VT-I) ’H/)eVL Mach‘on
o2 GLIV) on F(V) is hansibre and hence

Cu/a,% T, (V)

X -- ¥
wheve &}L; = { (D\* >6C‘L(V)% This s called a Bovel MBQLG%Q,

Remark Tor a fired basis an aloove amc&wwpowc\mg open covev ?_‘(MT)(YZ
C(k,N), obrewethat for Vi = Span(en -, 2i) we have ﬂ/u)u‘ogwup

H"(Ih o \ - CJ-(\/)
* Theh

mdina on \/;ZE C\(}L/V) by

=
X Th-n % Th-h O *
Tn ouv eavlier notation Thue were all e poinb o‘f ?—‘(aT) = Hl&,m-h(l‘l\
(noa/}mwfpofed‘fv mm-k,h“f‘))] Yot is, The ovbit H- Vi is P"(ZLJ’), for
J= {‘)"') k} The indned b?jediom H i> F’I(ZXT)) h—= W VT;_ IS ad—uquﬂ

anisomoyphism efvavieties but rdentifiesr Hhe guoup sucture on H with
fh (abelian, additive) shuchureon Mn-k, k().



