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Let Rbeawmmutativenngan

: p
0 - U - V - W→O ( 1.1 )

anexactsequenaoffreer - modules
,

ofranksk
,n,n-k respectively .

Observe

that the following diagram commutes ( both 'T 's canonical )

k
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Lemma_thesequenuO-AUoUYAUQV-1Visexact.Pwof_ItisdearfwmCl.21thatIoHkdadkO.Thereisanondegenera1epairingAktiy@AnhtyIAV-R.kSuppose-toZEAUoVliesinKevtToMd6D.ThenToC1kdoYQ1pwdprAkUayoAttly-1lkth1aNhtv-NlKRvanishesontQ70wfora11weNttlV.ChoosingaspliltinglEUoYUofl1.D

,

with corresponding decomposition 't (

Zu.7v1DwefindthatBlto7yuowtOtora11wsbutsinceYU@lYktMUtNtk4lUeRisalsonondegeneratethisimplies7v1u-Oso7eUasdaimed.D
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Now let 12=12 be afield .

Lemm= the function P : a ( KN ) - IP ( AKV )
, defined by

p ( utv ) :-[

Imlnkd
) ] 12.1 )

is injective

,
and sends span ( uy . .

, uk ) to ( un . . . nuk ]
.

Pw¥ Given a linelcHYdeno1ebyUethekevne1ofVHoV-nkV@VFAktlV.B
y the previous lemma if l= IMIAKL ) then Ue = U

. ]

Note that XEHY is in the image of P ( or rather kx is ) if and only if x is

dewmtobe ,
1

. e . x= Vin '  '
'

111k for some VIEV
,

IE i  c- k
.

Let ( ey .

,
en ) bean ordered basis of Y so that a basis for MV is given by the

EI = ein . - ' re its I - { iii. . . cik } .

the corresponding coordinates G- on P (AKV ) are called Mwck#ina .

Lemm= The image of P is closed in P ( NH )
.

Boot Given XEAKV we have x^H : V ' N2
"

V defined in coordinates by
x= [

I
CIK ) EI and

xng
.  = [

±
CIGD etrej

 
= [ j¢±±

CIK ) e±ulj3 .
( 2.2 )

We may assume ey . .

, es span Kev ( x^ - ) c- V
.

Then CIKI = 0 whenever

jet I and tejes. Since IIKK we must have s = dimkerlxtk k
.

(
thus every

I with € KHO contains { I
,

. . ,B .
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This shows x - ein . " testy for some YEAKSV and so dim Kevlar - ) - K

if . x is decomposable . But then (uniting x also for the line tax )

xe Im ( P ) # x decomposable

# dimker ( x^ - ) > K -
1

{
naturally this may

<⇒ DIMIM ( xn - ) < n - ktl be checked in airy

< ⇒
every ( n - kti ) x ( n . kh ) minor of the

coordinates

matrix of xr - in Mk+, , ,

ndk
) vanishes

.

Now the CIE ( NH )* are Nicker coordinates ( for an arbitrary basis ey . .

, en now )
and the matrix of xn

- is given by (2-2) as a matrix of linear forms in the Cz
,

hence the above minor are homogeneous polynomials of degree n - ktl in the Ct
.

By construction Im ( P ) EMMY ) is the vanishing locus of these polynomials,

so we are done . D

D# GIKN ) is made into a projective variety so that GIKN )±ImPeP( MV )

as varieties .

Remade (1) We may unite a point of IP ( NH ) in Plucker coordinates as

[ "
" : XI : - - ' ] I ranging over { IE { b.sn } IIIKK }

.

Then the standard open affine areUs
: - { [ { x⇒±] / xjto }

,

ie . where CIFO
.

Given a subspace UEV of dimension K
, spanned by

D= ( uy . .

.mn
we write U as a matrix { U

]p
with vows ui

,a.Hint HII::D .
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Then under P
, we have

y
means  orbit of lk*

P ( V ) = [ u ,
^ . -

' nuk ]
= [ ( Ernieif^ . . . ^ (Einukiein ) ]

= ( 2
ii

,
. . ,

, its
Ulii

' '

Ukik ei
,

^ '  ' ' ^

eikf
=

€
[ KY

'

www. . ukiokei,

^ . " Neik ]
i

,
< . . - < its 6 ESK

=/,

?¥gdet(
[D

,
with only agefrom I ) et ]

( the kxk minor of [ U} corresponding to I.

mile as deft HE )

The Kxk minors de depend on the basis
,

but if 13
'

is a different basis there

is %, e lk* such that def ( [ off ) - Ty ' ,pdeH[o3±p ) for all I
.

Hence P
' '

( UJ ) is the set of sub spaces Us .
t

.

the J . minor of [of } is nonzero
.

If UEP
' '

( UT ) there is (by Gaussian elim ) a uniquebasisPut of U such that [ U]µ, ,

has the identity matrix in the positions of J
,

i.e. st .  it J={ jk '  " sjk } then

T

column jt of Hyun is ( o . . .

Y
. . . o )

.

The remaining columns we deride Xu
,
JEMK ,n

. KHK)
.

Examp|= If J - { b. . ,k}E{ b.sn } and U e P
' '

( Us ) then

ab .

- fj#*i*÷D*fa" mis th

This establishes abjection P
"

( UT ) ± Mk
,

n
. k ( k ) ± HIM

. "

sending [ of to

iu
,

T .

wewant to check this is actually an isomorphism of varieties .
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Observe that fur Kick
, Kj en - K ( still with J - { b. . ,k } )

( to 'T )ij  - - def ( Hhs"jk3\H u { ktj }
)

=  - Bu,
]

, )} def ( [off
"  

" " MHDU { ktj }
)

But we can fix % , ,p from

1- DEHHY's's
"

) - za ,pdeH[ BY
" " "

)

⇒ Bmp - deH[u3Y's"
"

)
' '

Hence in terms of our original basis

( to )
.

= - Bui ,pdeH[by
"  

" " " " is " htm )

=  - det ( [ U ]§b
. . . ,k}l{ is U { ktj } )

÷YY's"
"

)

This shows that in the commutative diagram

[ of, u [Aka ]
A A R

Mk
,

n.IM/aLk=Glk,V)cP-1P(Nanu to

The Mk
,nh

I k ) ± P
- '

( Us ) c-Uj

112 I 112

take' I. . . . . . . .

I
. . . - . - - →IAKY I

( aeHH¥Y#HB)±±
's

÷ole this coordinate TII
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the induced map J is precisely sending the Cij ) coordinate of IANNM to the

¥4 .

, HHB " ktj }
coordinate of 1A

th - l

,
so that J is the closed embedding

of the vanishing of all the other 'I±
.

The same works for Jt { b. . ok }
,

so

,  . .
as

varieties

1

Lemm= The projective variety GIKV ) is covered by open affine P
- '

C Us ) ± At !
" '

Remade Pialkn ) → MAY ) does not depend on a choice of basis for V
,

but the open cover { UJ }H=k certainly dues
,

hence so does the

cover P
- ' ( UT ) of G ( k

, V )
.

Lemme GLIV ) acts transitively on GKN )
,

as an algebraic group .

It we choose a basis ( g. . , en ) of V and set 16 - span ( ey . .

;
ek ) then

the stabiliser is

a
.

- { sealed lake 't } - { ( t#)£aNfTt¥TyHnM¥fhmµ}

This is Zanski closed in a = GLN ) and Glaxo →± GIKN ) is a projective

algebraic variety .

Such subgroups are called parabolic .

Def The wmp1ekflag=iy FN ) of V is
,

as a set
,

FW ) = { ( Vi
,

. .mn . , ) | Oev
,

e. . . Ellan . ie V and dim Viii all i }

FI The obvious injectivemap FW ) → Glbx ) xak ,v)x .
- . × G ( nt

,
v )

has closed image , using which we make FN ) a projective variety .

There is an action of GLH ) on F ( X ) via ( Vi
,

. .
.

,
Vn - i ) H ( guy . . . ,gVn - 1 )

.
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If we set VF  =

span ( ey . .

,
ei ) and E = ( VI. .

,
Vs - i ) then the action

of GLN ) on FN ) is transitive and hence

ala.
.

⇒ FN )

where Geo = { (Tjitj ) tall 'D } .

this is called a

Bodsubgioupremavk
For a fixed basis as above

,
and corresponding open cover P

' '

( UJ ) of
C 1 k ,V )

,
obsewelhat for VK =  span le 's . . se k ) we have the subgroup

H = ( II go
. , ,
) e al N )

acting on like a ( K
,

V ) by

l :Enntvi - EE . Mott "*l

In our earlier notation these were all he points of P
. '

( UJ ) ± Mkm - k ( Ik)

( now transposed to Mn . k
,
talk ) )

,
that is

,
the orbit H . Vk is P

- ' ( Us )
,

for

J = { b. .

,
K }

.

The induced bijection H ⇒ P
'  '

( Us )
,

h th . Vk is  actually
an isomorphism of varieties but identifies the

group structure on H with

the (abelian
,

additive ) structure on Mn - k
,

k ( K )
.


