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In this lecture Iwill give an introduction to singularity theory using [GLS ] as the

primary reference . The emphasiswill be on complex analytic geometry .

For a brief

reminder about how critical points and singularities arise in the contextof nonlinear

dynamical systems see (CTI] , and for a higher -categorical context [
CT2

,
CT37

.

I'm just going to completely steal the introduction of [ALS ] because it is perfect .
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Let U E En be open and f : U→ Q holomorphic, then for PE U we have

in local coordinates Ui = Ki - Pi an (absolutely) convergentseries in an open

neighborhood of P

L

f- fu) = E caU ud = u Y '
. . . und" 14.1 )

& E IN
"

A typical open neighborhood is a polydisc WE IZ
E Q

" l l Zi - Pil c E for Kien )

and so absolute convergence of 14 -
I ) means that for all e sufficiently small and positive

§ Kale 's •

Deff Let PEE
"

and let (U, f), ( V, g) bepain where U
,
V are open PE UnV

and f : U→ Cl
, g

:V→ Cl holomorphic .

We say ( U, f)
~ (V, g) if there

exists W open containing P with WEUAV and ftw
-glw . Denote by

Sp the setof equivalence classes of this relation .

Exercise L1 -I Prove Sp is a E-algebra with [( O, t) ] - [ ( V, g) I = ( ( un V, fg ) ]

and [( U, HT t (( v. 9) I = ( (UAV, ftg) ] , and that

trip
= { [10 ,HIE Sp I f-(P) = O } is the unique maximal ideal .

That is
, Sp is a local E-algebra .

Deff Aformal power series p(x)
= SaeNn ca xd E Ell xD = Ell x y .

- -

, an D is

called convergent if there exists EE ( IR> o )
"

such that Ealcalde 00 .

The E- subalgebra of convergentpower series is denoted Cll x }
E Ell xD

.

Lemma L1-1 The function Gp→ Ella B sending ( O, t) to the formal power
series Encased with Ca as in 14.1 ) is well -defined and injective
and the image is QL x }. Hence as local E-algebras Gp = EE x } .

Identical statements apply for real analytic functions , and GER = IRL x 3 .
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With K= IR or 1C let KSx) denote IRI x ) or x }
. This is a local Noetherian

K -algebra [GLS, theorem 1.15] and an integral domain (in fact a factorial ring ) .

A K-algebra A is called analytic if it is of the form KGDII for na O and an ideal I .

Hence analytic K-algebras are local and Noetherian .

Analytic spaces vs analytic algebras

Given DEE
"

open an analytic set AED is a subset locally given by the

vanishing of finitely many holomorphic functions . The simplest examples
are hypersurfaces V (f) =L PED I f-(P) - O } defined by a single function

A

V W
u

g.
•①

"

Q

sa - y
'
= 0 of- y

3=0 say - y
'
-_ o x3- ay2--0
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Notice that in the first example near Q, the set A is a complex submanifold (the

picture is of course of the real points, but the claim is still true ) , but near P it is not .

What does this actually mean, concretely ? Suppose Q
- (a , a) E EZ and f- = x

'
- y
'

,

with a # 0 .

Then with a= x- a, ve y
- a

f- = (x - y ) (x ty) = ( (x - al - ly - a] ) ( (x - a) t ly- a] t za)
= (u - v )(ut v t Za )

= U2- v2 t Za ( u - v)

FIU = 2ut2a 3¥ = - 2x - za .

'

. Tf (Q) # 0

By standard arguments upto a bi holomorphism ( I - e - change of coordinates ) A is cut out

near Q by the vanishing of a single coordinate function - it is a complex submanifold
.
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Let 's dig into this a bit more : such a bi holomorphism is a holomorphic function

Y : U→ V from some neighborhood U of a in Q2 to V Z Q with HQ) = Q

Y v

i
"t

foe . ."
t

¥

Given a germ of holomorphic functions ( W
,
t ) with Q EW

,
we may as well assume WE V

and so (y - ' W
,
to Y ) is a germ of holomorphic functions at Q . This operation defines

an isomorphism of local E- algebras Ge
→ GQ and hence

Ya
Q{ x , y }→ ①{ u , v }

.

(6.2)

The statement that "up to biholomorphic change of coordinate f- is near Q a coordinate

function
"
is precisely the statement that Imay be chosen so that Ta (x )

= f - This

means in particular that ( G - 2) induces an isomorphism of E- algebras

① { y y = = 4×34 f ) .

(b. 3)

DEI A point P E A = Vlf ) is regulars if Ff ( P) # O . (in any dimension)

①{x -a, K - b)Iff) is isomorphicwe havejustseen that if P is regular then SPK f)
=

to Elt } where P= La, b) E E? Is the convene true ? That is, can we detect regularity

abstractly at the level of analytic algebras ?

Lemma LI - 2 If Ela
- as Y

- b)Hf ) E Elt} as E-algebras then Tf ( P)# O

where P= ( a , b ) .
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This follows immediately from

Lemma L1- 3 ( Lifting lemma, (GLS, Lemma I -23] ) Let Y : R→ S be a morphism

of analytic K- algebras , where R =
KG' " - -

-inYI
,
S = KEY 's - - -ismyJ .

Then Y has a lifting T
-

- KCx>→ MY> which can be chosen as an

isomorphism if Y is and m = n
, respectively as an epimorphism if Y is and n > m .

Proof of Lemma Ll - 2 Let Y -

- Elt )→
- a' Y -Hlf ) be an isomorphism and lift

it to an isomorphism T as in the following commutative diagram

J
Els, t } =-3 Gtx-a , y- b}

l l
" V

GI t) = Els, tyg, Q{ x- a , y -by(f)
y

From 5 we easily deduce a biholomorphism as (6.1 ) - D

Lemma L1-4 If P = (a , b) is a regular point of V (f) then with th E
El" - aid - b)Hf )

the maximal ideal we have Mmr = Cl .

Proof IfA =
Elk- a' Y -Mkt) then from AE EE t ) we deduce Mnp = ( they = Cl - D

Fine
,
so what do these local algebras

" -a' Y - b)/ tf) look like at singular points
P = (a ,

b) EV Cf )
, meaning points where Tf (P ) = O, i - e . points which are not regular ?

Going through the examples

① IGGY#-ya) has zero divisors : (x -y) (x ty) = 0 so cannot be isomorphic

to a ring at t } which is a domain . Hence Vlf ) must be singular at Q .
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② In Elm}Kazys ) we have a E-basis { KiYi } osier, j> o

1

"

""

x
3 say xyz y

3

-

-

,

1722

and hence Mlm - = Ex ⑦ Ey , so Vlf ) is singular at Q .

③ In El" Y }/( say - yz) we have a G-basis { KiYJ ) ino
, oeje1 , and

again Mhp
= Ex Cly so Vcf ) is singular at Q .

A category of singularities

Consider two holomorphic functions f : U→ Q
, g : V→ 1C where UEen, VE Em

are open and
take the sets of solutions Vlf) EU, V (9) EV and choose points PEVIH,

QEV (g) . We write Ou
, p for the ring Gp ofgerms of holomorphic functions at P,

and similarly Oy, Q , so that Oo, p
= Efx ,

- ay . . -pen - an } and Oya = City, - by . - gym- bm}

where P = (ay . .
.

,
an )

,
Q = (bi, - - - Ibm ) .

The local analytic algebras associated to

( Hlf ) , P ) , (419 ) , Q ) are therefore as below :

V

""

c .."

achy - b 'skg )

Question : what is a reasonable notion of morphism between Hlf) and V( g )

locally near P and Q ?
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A natural choicewould be to let Y : U→ V be holomorphic with Y (P) = Q

and Y ( Vft ) ) EV (9)
,
and indeed let us use this definition :

Deth The category Hyp. has as objects tuples (O, f, P) where UE Q
"

is open,

f : U→ E is holomorphic and PEV(f) with morphisms as defined above .

As explained above this naturally induces a morphism of Q-algebras ( by pre composition of

germs with Y )

Io

①{ x- a} s- City - b}

Lemma L1 - 5 For some L > 0 we have It(9)
l
E (f ) in x- a}

.

Boot Given any point X EV (f ) EU we have (g 9) (x ) = g ( Y(x) ) = 0 since

by hypothesis Y ( Vlf) ) EV (9) . Hence g Y is a holomorphic function vanishing

on V Cf ) and hence by the Hilbert - Rickert Nalls tellerssatz ( GLS, theorem I -72]

we have that a power of g lies in the ideal generated by f in analytic functions on U .

Passing to germs at P gives the claim . D

Recall that given an ideal I the radical is ft=L
t l tKEI for some k > 03

.
From the

lemma we deduce a morphism of redheads E-algebras

①Ex -9¥
e{ y - byggg

B meaning Tgs

Deff The category typing as as objects triples ( Elm, - - -pen}
,
f ) consisting of

a convergent power series ring and element f- E Ebey - - -pen) .

A morphism

( ELM, f)→ (Q43
, g) is a local morphism of E-algebras

disk, →
'Chika .
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Theorem L1-G there is an equivalence of categories

op
Hype→ Hyping clot )

( U, f, P ) 1-7 Ou, p

If we denote by Stig E Hype the fullsubcategory whose objects are triples ( O, f, P) where
Tf(P ) = O

,
or equivalently Vlf ) is not a complex submanifold at B that is, P

is a singularity off, then we get an equivalence

ShegoP =-3 Sing Reg Clo . 2)

where objects on the RHS are pairs (NM, f) where 19M¥ is a singular ring,
or what is the same

,
in Elx}/(f) we have dime 177/1772 t n

- I
.

Upshot To a firstapproximation the study of hypersurface singularities is the study of
the category sing or SIGEng .

Remake there is a pseudofunctor SIG Reg
→ Dacat

,

(Q44
,
f)t hmf ( f )

.

Question (Functionality in Singular Learning theory) Let (W, p , 9,9 ) , ( W
'

, p
'

, q
'

,
Y
' ) be two

learning machines in the sense of [w] so WE IR
"

,
W

'
ERM are semi -analytic .

Let

Wo EW
, Wo
'
E W

' be true parameters , with open neighborhoods U, U ! Then
( U
,
K
,
Wo )

,
( U '
,
K'
,

WI ) are objects of the real analytic analogue Hype
R
of the above .

What are natural examples of morphisms ( U, K, Wo )→ ( U '
,
K', Wo

' ) ?
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How singular is it ?

Given a singular local K-algebra R =
"Hf ) we can ask for invariants

thatmeasure "how far " R is from being regular . The part of singularity
theory that lies within commutative algebra could be viewed as almost

entirely devoted to finding answers to this question using homological

algebra in ModR ( including matrix facton'satins) .

Here are the basic examples of such invariants for isolated singularities -

-

• Milnor number µ (
f ) = dime

" " " ""Y ( 2¥
.
. . . . ,

3¥ ) Txi local

p
cords,

- e.g. µ ( x
'
- y
' ) = 1

, y (x
'
- y

'' ) = dime
'd

( yk
-

y = k- I

- Larger numbers mean more complex singularities
- f- is singular at P iff - up (f)

> O .

• Order ordplf ) = inft lat I (P) to)

- f- is singular at P iff . ordp (f)72
- Larger numbers mean more complex singularities

• Log canonical threshold Ictp (f ) = sup { SER so I ¥ is integrable around P)
.

- A refinement of the reciprocal of the order, since if f- = EE ,
Xia"

then letoff ) = min { I , Sinai } .
- Smaller numbers mean more complex singularities .

Question What is the meaning of the LCT in physics, i - e .
Landau - Ginzburgmodels 2

It should be of deep importance .



http://therisingsea.org/notes/talk-symbicatlg.pdf
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