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LG/CFT seminar 1 Tnhoduchon fo Sz'ngulaw'@ Theowy %

In this lectuve L will gire an nhoduction 4o singulavity theows waing [CLS | wothe
primaw veference . The emphais will he on complex anq{yﬁ‘cgeomeﬁy, fora bnef

reminder about how cvitical pofn):r and 5/'n901/an'7’7‘fy) anise 1n the context-of nonlinear
a{gnamfca/ Syl/—emf ree [Cle) and for a h/'ﬁl/)er—cafegoyf(a/ context [CTZ/ CTE'J
I/m)mffjo/'ng fo oDmP/elely sleal e intwduchion of LaLST because it is Perﬁecjr.

‘/\/=\/U:)={P\HF)=}

A deformation of a simple surface singularity of type Er into four A;-
singularities. The family is defined by the equation

F(z,y,zt) = 2°— (:1:+ \/%) . (wz—yz(y+t)).
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The pictures' show the surface obtained fort =0, t
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Singularity Theory

“The theory of singularities of differentiable maps is a rapidly devel-
oping area of contemporary mathematics, being a grandiose general-
ization of the study of functions at mazrima and minima, and having
numerous applications in mathematics, the natural sciences and tech-

nology (as in the so-called theory of bifurcations and catastrophes).”
V.I. Arnol’d, S.M. Guzein-Zade, A.N. Varchenko [AGV].

The above citation describes in a few words the essence of what is called to-
day often “singularity theory”. A little bit more precisely, we can say that
the subject of this relatively new area of mathematics is the study of sys-
tems of finitely many differentiable, or analytic, or algebraic, functions in the
neighbourhood of a point where the Jacobian matrix of these functions is not
of locally constant rank. The general notion of a “singularity” is, of course,
much more comprehensive. Singularities appear in all parts of mathematics,
for instance as zeroes of vector fields, or points at infinity, or points of inde-
terminacy of functions, but always refer to a situation which is not regular,
that is, not the usual, or expected, one.

In the first part of this book, we are mainly studying the singularities of
systems of complex analytic equations,

Jal B velin) = 0;
: : (0.0.1)

Pl s v yiBiy) = 10

where the f; are holomorphic functions in some open set of C". More precisely,
we investigate geometric properties of the solution set V.=V (fi,..., fm) of
a system (0.0.1) in a small neighbourhood of those points, where the analytic
set V fails to be a complex manifold. In algebraic terms, this means to study
analytic C-algebras, that is, factor algebras of power series algebras over the
field of complex numbers. Both points of view, the geometric one and the
algebraic one, contribute to each other. Generally speaking, we can say that
geometry provides intuition, while algebra provides rigour.



Of course, the solution set of the system (0.0.1) in a small neighbourhood
of some point p = (p1,...,pn) € C™ depends only on the ideal I generated by
fis--oy fm in C{x—p} = C{z1 —p1,..., 2, —pn}- Even more, if J denotes the
ideal generated by gi,..., g, in C{x —p}, then the Hilbert-Riickert Nullstel-
lensatz states that V(f1,..., fm) = V(g1,-..,9¢) in a small neighbourhood of
p iff VI =+/J. Here, VT := {f € C{z—p} | f" € I for some r > O} denotes
the radical of I.

Of course, this is analogous to Hilbert’s Nullstellensatz for solution sets
in C" of complex polynomial equations and for ideals in the polynomial ring
Clz] = C|[z1,...,z,]. The Nullstellensatz provides a bridge between algebra
and geometry.

The somewhat vague formulation “a sufficiently small neighbourhood of p
in V” is made precise by the concept of the germ (V, p) of the analytic set V
at p. Then the Hilbert-Riickert Nullstellensatz can be reformulated by saying
that two analytic functions, defined in some neighbourhood of p in C", define
the same function on the germ (V, p) iff their difference belongs to v/I. Thus,
the algebra of complex analytic functions on the germ (V] p) is identified with
C{z—p}/VI.

However, although I and v/T have the same solution set, we loose informa-
tion when passing from I to v/I. This is similar to the univariate case, where
the sets V(z) and V(z*) coincide, but where the zero of the polynomial z,
respectively z*, is counted with multiplicity 1, respectively with multiplicity
k. The significance of the multiplicity becomes immediately clear if we slightly
“deform” z, resp. z*: while  — t has only one root, (z — t)* has k different
roots for small ¢ # 0. The notion of a complexr space germ generalizes the
notion of a germ of an analytic set by taking into account these multiplici-
ties. Formally, it is just a pair, consisting of the germ (V,p) and the algebra
C{x—p}/I. As (V,p) is determined by I, analytic C-algebras and germs of
complex spaces essentially carry the same information (the respective cate-
gories are equivalent). One is the algebraic, respectively the geometric, mirror
of the other. In this book, the word “singularity” will be used as a synonym
for “complex space germ”.



Let OSC™ be open and L:0— € holomowhic, then for PE U we houre

in local coordinaten ¢ =2 —P: an (absolukly) wonvergentsenes in an open

V)efgh):oﬂﬂmd # P

(M> Z: Cu (/(' L =u u:(" (4.1)
e N™
A @Pl‘cm/ open nafyh/oo/hooc/ s a /oo/ychjc W, = {2 eC™ | l2.—P: < Efpriscs n}
and So absolule convergence o-/,” (4.1) means that for M € smfﬁcienﬂgj imaM andl POm’HVE
Z J Ca(,‘ E* < 0

Dﬁ[_“ Let PEC” and Jef (U/)C), (Vi 3) bepa/ho«/}?em U,V ave open Pevn\/
and £ V= C, 9:V— € holomoyphic. We say (U, )~ (\ 9) it there
existr W gpen contfonning ° with WS VOV and Flw = F/w. Denck by
5/: the sefof ec,uzua/en(e clasren o this relafron -

Exercise L1-1 Fove ﬁp Is a @'alge[om with [(U/ %)j'[(\//ﬁ)] = [(Uﬂ\/j Fg)]
arcl L0 TH((v3)] = LONY, F49) ], and that

e = {[10,A)]eTe ) F(PY=0 ] is the umgue max’mal ideal .
That is, 5/ is a local @fafyebm.

% A7Eofma| Fowe”ew@/) /D(x) = Zo(elN Ca X % € Qﬂ“ '] C[' Xy 7("1] /s
called wnvegem/’ if there exish €€ (/1270) such that Z [Cx| %< co
The C-s ubaﬁebm A wnvevgenf/nowemewe/) sdenoted Tl x| S Cll = ’]

Lemma L1-L The funchon 9p — Cli=]] sending (U £) 4o the formal power

sevien Z Ca ™ with Cx anin (4.1) s well-defined and )'nJecﬁme
and The image is CH{ > }. Henwr ap local T-a algebran Gr = C{=}

Ldenfical sfafements apply {or redl analy%c ﬁncﬁom and P = R ?7



Wi K=R or C e+ K<XY denoke R{ > § o CT=t s ic a local Noethenan
K -algebra [CLS, Theorem |15 ] and an infegral domain (in fact a factonal ving ).

A K-algebra A s called analyfic if it is of. the form K22/ T for 070 and an ideal
Hence analyfic K-algebran are local and Noethevian.

Analyhc spaces vs analysic algebras

Given DEC™ open an analyfic et A<SD s asubset /oca//vt/ g/ven hy the
vanishing of ani}el% many holomoyphic functions. The simplest examplen
ave loxjgenwfaaw V()= { PeD | f(P) = O} defined by q J/'nj)e Function

A \/
v \/
5
chftjl=o xz—«jg’—‘o xij —U'L:O x = 151—- o}
O, @ & ®

Nofie that in the fiol example near Q, 4he set A is a omplex Submonifold (the
pichuve is of coane of 1he veal points; but the claim is s#ll hute ) , bufnear P it is not.

(What does this acﬁta//y mean,, concrefely ? Suppore R = (0,0)€C* and f :lz’jz/

with a # 0 Then with u=x-q,vV=9—4a

®

T,

F= G- ery) = ([x-a]-[y-a] ) ([x- T+ [3-2] r2)

= ((A—\/)(VLJ-\/ + Zo\)

= WV +2alu-v)

9 Cis
o= 2utda Sr=-2y-2a - VF(@)4O

By standard an uments upto a hibolomorphism (t-e-change of wordinater ) A i cufout
near & by the vanishing of asingle coordinale funchion — i 7s & complex submanifold.



[et's dig info Hhis a biF more: such a biholomowphism is @ holomowphic funchion
L0 —V fom some neighboyhood Uof ain C*Ho V3 O with &) =0

V] LA s v

@
@ S (é.l)

N \t

C

Giiven o germ o holomoyphic ﬁnrﬁom (W,t) with O €W, we may as well assume W<V
and so ($7'W, toF ) isa germ o holomoyphic Junctions at Q. This eperativn defines
an isomoyphlsm of local G}alyabrzw @_ —>§Q and hence

Ta
Cl{xy}— C{u v} (52)

The stafement thaf l(u/o o biho/omomh[c change of woorlinale 7/—’ is hear R & eoorcinale
Lanchon" s Pvec?ﬁo/j the stalement #hat fmay be chosen jo that Je (=) = £ s

means in Parﬁcutaf tat (6-2) induces an isomovp hism of G}qlf/zebra/)

ciyy = b G, (3

Det" /A point PE A = V(F) s reqular if V£ (P)#O. (in any dimension)

_ Cfx—a,x-b}
We hamejmffeem that # Fis vegular then g”/(f) = Gl /[F) is Iromonphic

+ C3 f} where P=1(a,b) € C2 s the wonvewe fuue ” That s, can we delect regu[avffy
abstacHly aFthe level of analyfic algebmﬂ ?

Lemma L1-2 Tf Cflﬁaﬂdb}/(ﬁ) = C{t] a, C—a(gelomo then VE(P)FO
wheve F:(q)b).




This follows immedialely from

Lemmc\ L1-3 (Lf‘(’]’”\ﬂ )evv\mqj [&LS, Lemma |~25]> Lef jo; R—>'S he qmoqo%/‘am
a‘f analyﬁc K—algebvw)) where R = K<x""'/””>/:[/ S = K(ﬂu-—-/ym>/m
Then ¥ has a /"Fﬁ'ncj F K<y —> K<Y which an be choren as an

isomowphism i f is and m =0, respectively an an epimovphiom if L is emd n> -

onu:)Q o Lemmo LI1-2 Lef jD: @{f‘j - (\:{x-a,y\b}/(_ex be an iSDmDV}ohiJVV\ and 'ﬁLWL

it fo an isomovphism 55 anin the fo//ow/‘ng Lommutative dl\agmm

0y | <6l

Cist] C{a—ayy-v}

| |

€f6) = s _}f‘_> Clz-a,3-+1/ )

Fom $ ure eam'/g dedumabiho/omomhum en (6:1).0

Lemma L1-4  Tf P=(0,5) is aveqular point o \/ (£) +hen with HF1T < G{Z—q’%—bj/(\a)

the moximal ideal we have M/mr = C.

Rocf TFA= CLaIT0) Hhan fom A= CLEY wededua Tme = ey = € 0

Fire, so what do these local algebras C{I_q’ﬂ—by/(wﬁ) look like af sinqular poinfs
P: (Q,b)&\/(‘f: )) meamng /905*’)7’7 (A/hel/‘f’ Vf (P) = O; le. /oo)rﬂj which are nm‘wgulm ?

&oinﬁ f/hmug% the examples

(D C{n'ﬂ}/@hjx) hon zew dlivisos © (-9)(x+9)=0 56 cammol be Uomovp)nfc
P aving C{ ] whichisadomain. Hene NV (f) must he fingular at O .



(LGCFT)
@ In C{x)‘ﬂ}/(xz,%) we have a. C-basis {Xl'fj‘)}osii\)\jzo

($.1)

and hente ”‘/mL = d:x@&j) so V() 7s J;\wgu/ar af O

@ In @{X/j}/(ilj‘ Uz> we hare a. C-bavis {xid‘)}(;?/o/osjsj_/ and
agein m/ml = Cxo (Dj g0 V(F) i f)'ngu[avad 0 .

A Cafegovy of J/’nqu/ahﬁ'w

Consicler fwo ho[omwph/cﬁmcﬁom f»‘ U— C, 9 V—C where VEC", Ve ™

are open and Take the sebr of solufions V(F) €U, V(9)<= V andl chowse /oo;'m's PeV (),
ReV(9). We wrik @UND for the ving gp ﬂfjewmtfkolomow}q/‘(ﬁmcﬁom at F,

ardl similarly @V/Q/ o thal Cop = Clxi-ay. 7n—an} and Jye = T 9,=by Y bm |
where P=(ay. an) & = (b)) b, ) The local analyhc algebm acsociated To

(V(F), P)) (\/(‘73)&5 are therefore an below-

v ¢ \Y

(#-2)

Clemal LS

Question - what is a recwonable nofion of movphism between V() and V(9)
Suedgion MOVPAR M
(oca//;/ near [ and Q ?



A natural choice would be #o et f + U —=>\ be holomoyohic with Y(P)=Q
and| 50( \V(#) ) < V(9 )1 and indeed lef wo we this defi'nition -

M The cmtegby ﬂj]D l’)a/) as o%}'ec% 717/1/3/@ [U/ 7[; ID) Wheye Ug @V\/d of)en/
£ U—C is holomoyphic and P& V() with movphisms as defived alove

A exp/ained above his nahm“j indu@ a moyphirm of @-a(gebm/j (by szuompo&iﬁon Brd

germs with 7))

&
Clx-a} «—— Cfy-b7

£
Lemma. L1-5 Forsome >0 we have £(3> € (J:) in C92x- at

M Ciiven any pomf X eV (£) <V we have (fijo)(x) = 9(P()) =0 uince
by hypotheals SV N(9)  Henw g F is aholomovphic funchion vanishing
on V(£) and hence by the Hilbert - RiickerF Nullslellensatz [ GLS, Theorem 1‘72]

we have that a Powero-fg lien in e ideal jenemkd by Fin analyﬁctfhmdiom on U
Pamnyﬁsﬂermj af Pﬁivm e claim. [

Reca//f%afgmn an icdeal L the radical = J1=1¢| tReT focsome k709 Fom the

lemma e deduce a vnoyohism of reduced C-algebras

\fa meommg m

¢ C{y-bY
Ci %?4 {y /55

Def" The COHLeﬁoni\j HypRng was okjech iples (Cixy- 0¥, F) wnsisting of
17\ Uonvergenhooweryeviu ang CMC/ element 7ﬁ6 (11‘}-"/ 30/\?_ /} moyphffm
((C{"\]) F) — (@[L“ﬂ, ‘73 is e local moﬂohl‘Jm(}f (C—a(jebmw

<Yz — ﬂx}/f(g) .



Theovern L1-6 There is an equivalence of cafeqorien

Ii\j.EOF > }iﬂ.&ﬂ (IDK\)
(U, f, P) — @U,P/ﬁ#_)

If we denole Eﬂ §nj < Hqﬁ 1he fw/hmb(a}eﬁovy whose obj'ea‘r are %n'f)/w (0,1, /3) where
VF(P)= ) omc,uim!enﬂﬂ V(f) is nof o complex rubmanifold at P #not s, P

s a ohqulanty o £, then we gef an equivalence

éﬂjo‘;; gilf\_jR_ﬂj (IO-1>

where olcjech onfhe RHS are /Dat/rs (@{x}) £) where Gj{x}/f(;cd) T a f,'niu/ar Ang
or what isthe same , in C[I]/[f) we have dim¢ /e F =1

Upshol To o fint approximation the sJudy of bypermrﬁce singulavitien is fhe wtudy of
the calegoy Sng or SnqRng.

Remark There is a )ssemdoﬁmc%or S_V‘jﬁ_”j — Dlcat, CCLY, ) > hmf(£).

M(Bmﬁml;fﬁ i Sinqular Learning W)eo:/y) Let (W, pya,9), (W) ¢, 9 ) be fwo
learning machings in ¥he rense of [W] 5o WERT, W SR™ ave femi—ama[\\ﬂfc. Lel
Wo €W, oy € W' be twe Pammekw, with open ne(g‘nloov hoods U, v’ Then
(U, K,ws), (U)K wd) are objech of +he real analyH c analogue di?ﬁa £ He Qhove.
What are notural examples of movphisms (U, K, we) —> (U, K, wd )7



How sinqulav Is i+

Chiven q 5)1491/1/0” Jocal K—c«/gebm R = C(i}/(

F) we can ask for invaviom’s
that meanure “how far” R is from Ee/’ng mqu/ay, The ]DaVF(/}ﬂ ngmlav@
#/heory hat lier within commutative a}ge}om could be viewed an almort
entfirely devo fed 7o ﬁ)a’;’ng answen fo thiy 70164}7‘0;/1 wing kamo/oy)ta}
aljebm h MedR (Ihduclw\j mahix factorcations).

Heve ave the basic examples of such invaviants for isolaled f}'ngu(aw'%‘eﬁ :

C{xu..,/fn}/( e oF ) TX ¢ locad

KD 2K worly

* Milnor number /M.P(OC) = dimc

X <y’
Seg p() =1, p(-9t) - dime S () = ko
_ Lo\rﬂernum[oem mean more wmp’ex :fhjmla\ﬁHeA

o ’I: Ik Sinau\aw o 7 ?{;f. //\p((l) >0

oder o () = wf{ 141 | BE () #0)

- jﬁ'ls Ji'nqmlaraf‘ P Iﬁf- OYC(P(%)>/ 2

- Lﬂﬂjernumhem mean more wmp!ex .r/'n?ullavﬂv‘ea

-
. Lo\o] canonical Threshold /C;L? (qc) = 5MP{§6,R>D ]S 1S fnkgmb)e avound ?’}

— A vefinement of the mc(onch oA the order, sivce if jE: 2;; XL'QL-
N )
then ety () = min { 1, 2,‘;, a: }

= Smaller numbens mean nore complex sl’ngulaviﬁe/) :

Queskion  What is The meanng of 1he LCT in physics; r-e. Landau- Ginzbuvg models %
Tt should be m)gafeep/mpovhzme.
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