Localisation of Ringoids

Daniel Murfet

October 5, 2006

The localisation of commutative rings is a central part of commutative geometry. The localisa-
tion of noncommutative rings is more difficult, since the noncommutativity introduces numerous
technical difficulties into the process of formally inverting ring elements. A more elegant way to
treat localisation is by using additive grothendieck topologies. In this note we give a proof of the
Gabriel-Popescu theorem, which is widely used in algebra.
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1 Additive Topologies

Throughout we use the notation of our notes on Rings with Several Objects. In particular a ringoid
A is a small preadditive category. In this note we fix a nonempty ringoid .4, and all modules are
right A-modules. Recall that a sieve at an object C' € A is a subfunctor of the set-valued functor
He : A°? — Sets.

Definition 1. Let A be a ringoid. A right ideal at an object C is a submodule of the right
A-module H¢ : A°? — Ab. Equivalently, a right ideal at C is a collection a of morphisms with
codomain C, which satisfies

(i) For all D € A the zero morphism 0: D — C'is in a.
(ii)) If f,g: D — C areina,sois f —g.
(iii) If f: D — Cisin a, and h: X — D is any other morphism, then fh is in a.

A right ideal a at A is proper if it is not equal to H4 and is mazimal if it is proper and is not
properly contained in any other proper right ideal at A. These definitions restrict to the usual
ones when the preadditive category is a ring. By analogy with the single-object case, ideals are
typically labelled a, b, etc.



Definition 2. Let A be a ringoid. A left ideal at an object C is a submodule of the left A-module
H® : A°* — Ab. Equivalently, a left ideal at C is a collection a of morphisms with domain C,
which satisfies

(i) For all D € A the zero morphism 0: C' — D is in a.
(ii) If f,g: C — D areina,sois f —g.
(iii) If f: C — Disin a, and h: D — X is any other morphism, then hf is in a.

A left ideal a at A is proper if it is not equal to H* and is mazimal if it is proper and is not
properly contained in any other proper left ideal at A. These definitions restrict to the usual ones
when the preadditive category is a ring. Note that a is a left ideal in A iff. it is a right ideal in
A°P_ so without loss of generality we can restrict our attention to right ideals.

Example 1. The following are examples of right ideals in a ringoid:

1. Let F be a right A-module, with € F(A) for some A € A. We define the following right
ideal at A, called the annihilator of x:

Ann(z) ={a: D — A|za =0}

Corresponding to « € F(A) is a morphism Hy — F, and Ann(z) is precisely the kernel of
this morphism.

2. The collection of all zero morphisms with codomain A is a right ideal at A, called the zero
tdeal and denoted 04 or just 0.

3. Let f: B — A be a morphism of A, and let a be the submodule of H4 defined by
a(C)y={fh|h:C — B}

That is, a consists of all the morphisms in 4 which factor through f. It is easily checked
that this is a right ideal at A, which we call the principal ideal generated by f, and denote

fHg or (f).

It is helpful to keep in mind that in the category Mod.A any subobject of a module F' is
isomorphic (as a subobject) to a submodule of F'. Subfunctors precede each other as subobjects
iff. pointwise they are contained in each other. In particular, when talking about subobjects of
representable functors H 4 it suffices to talk about the right ideals at A.

Definition 3. Let A be a ringoid and a a right ideal at C. For a morphism h : D — C, we
define the pullback of a to be the following right ideal at D

h*a=1{f:X — D|hf € a}

In the category of right A-modules, h*a is the pullback of the submodule a of He. In the case
where A is a ring, this ideal is more commonly denoted by (a : h). If b is a left ideal at D then
we define the pushout of b to be the following left ideal at C

hao={f:C— X|fheb}

Under the equality AMod = Mod.A°P left ideals at C' are identified with right ideals at C, and
h.b is identified with hA*b.

We now define additive grothendieck topologies on A. These topologies are different to the
normal grothendieck topologies on A, but the only difference is in the so-called “transitivity”
axiom, where only right ideals are eligible for consideration.

Definition 4. Let A be a ringoid. A right additive topology on A is a function J assigning to
each object C' a set J(C) of right ideals at C, which satisfies



(i) The maximal right ideal H¢ is always in J(C).
(ii)) f a € J(C) and h: D — C, then h*a € J(D).

(iii) If a € J(C) and b is any right ideal at C, and if f*b € J(D) for every f : D — C € a, then
beJ(C).

If a € J(A) then we say that a is an additive cover of A. If J, K are two right additive topologies
such that J(C) C K(C) for all C' € A, then we write J < K. This defines the partially ordered
set of right additive topologies on A.

Definition 5. Let A be a ringoid. A left additive topology on A is a function J assigning to each
object C a set J(C) of left ideals at C, which satisfies

(1) The maximal left ideal H® is always in J(C).
(ii) fa e J(C) and h : C — D, then h,a € J(D).

(iii) If a € J(C) and b is any left ideal at C, and if f.b € J(D) for every f : C — D € a, then
beJ(O).

If a € J(A) then we say that a is an additive cover of A. If J, K are two left additive topologies
such that J(C) C K(C) for all C' € A, then we write J < K. This defines the partially ordered
set of left additive topologies on A.

Definition 6. A pair (A, J) consisting of a ringoid and a right additive topology is called a small
additive site. Since an assignment of left ideals J is a left additive topology iff. it is a right
additive topology on A°P, without loss of generality we can restrict our attention to right additive
topologies. In the rest of this note, an additive topology (or sometimes just topology) is a right
additive topology unless specified otherwise.

If A is a (not necessarily commutative) nonzero ring and A the corresponding ringoid, there
is a bijection between right ideals of A and right ideals at the single object of A. A collection of
right ideals is a topology in the above sense if and only if it is a gabriel topology on the ring A as
defined in [33], [14].

Example 2. The smallest possible topology on A is the topology Jy defined by Jo(C) = {H¢},
and the largest topology is the topology J; defined by letting J; (C') be the collection of all right
ideals at C. Clearly every topology on A contains Jy and is contained in Ji, so that Jy and J;
are respectively the initial and terminal objects of the poset of additive topologies on A.

One of the simplest classes of additive topologies are those determined by a multiplicatively
closed subset:

Definition 7. A multiplicatively closed subset of a ringoid A is a collection S of morphisms in A
with the property that if f,g € S and the composition makes sense, then also fg € S. We say
that S is an Ore set if it is multiplicatively closed, and satisfies the following two conditions:

(i) For s: A — B in S and any morphism a : C' — B of A, we can find ¢t : Z — C in S and
b: Z — A such that the following diagram commutes:

A/B\C’
NI

(ii) For any A € A there is a morphism in .S with codomain A.



Lemma 1. If S is an Ore set, then
Js(A) ={alan S #0}
defines an additive topology on A.

Proof. The fact that Hy € Jg(A) for all A € A is the purpose of condition (i) above. For the

stability axiom, if a : C — B is any morphism and a € Jg(B), say s : A — B belongs to anN S,

then apply (i) above to find ¢, 2z such that t € S and sb = at. Certainly ¢t € a*a N S, as required.
The transitivity axiom follows directly from the fact that S is multiplicatively closed. O

If a is an additive cover of C € A and F : A°? — Ab is any functor (not necessarily additive),
a natural transformation ¢ : @ — F' of Ab-valued functors is a family of elements zy € F(D)
indexed by the f: D — C € a, with the following properties:

(i) xfyg =y + 4 for every pair f,g: D — C in a.
(ii) ¢ - g = x4 whenever f € a and g is composable with f.

Notice that (¢) implies zo = 0 for any zero morphism with codomain C. We call such collections
{z¢|f € a} (equivalently, morphisms a — F)) additive matching families for a in F. We only
consider additive matching families defined for additive covers a € J(C). An amalgamation for
such an additive matching family is an element = € F(C) such that = - f = xy for all f € a.

Lemma 2. Let A be a ringoid with additive topology J. Then
(i) If a,b € J(C) then anb € J(C).
(i) If f: D — C isina€ J(C) then f*a= He.
(i) If a € J(C) then any larger right ideal b D a is also in J(C).
() If f : D — C and b is a right ideal at D, then
fo={fb]be b}
is a right ideal at C.

(v) If a € J(C) and for each f: D — C € a we have by € J(D) then the ideal ) fby belongs
to J(C).

Proof. The proofs of (i) — (iv) are trivial. In (v), > fbs denotes the sum of the submodules fby
of Hc. That is, ) fby consists of morphisms g : X — C' of the form

9=>_fv v €bs

f€E€a
For f: Dy — C'in q,
fQ_fo))={9: X — Dslfge ) fos} 20y
Hence f*(3° fby) € J(Dy), and so by the transitivity axiom we have ) fby € J(C'). O
Lemma 3. Let (A, J) be an additive site. For a right A-module M we define

ty(M)(C)={x e M(C)|Jac J(C)xz a=0}
={z € M(C)| Ann(z) € J(C)}

Thus defined ty(M) is a submodule of M.



Proof. First we show that for each C' € A, t;(M)(C) is a subgroup of M(C). Clearly 0 €
t;(M)(C). Suppose that z,y € t;(M)(C) and say a,b € J(C) with z-a=0and y-b =0. Then
anbe J(C)and (x —y)-anb=0. Hence z —y € t;(M)(C).

To show that ¢;(M) is a submodule of M, we need to show that it is closed under the action
of an arbitrary morphism f : C' — D. Let = € t;(M)(D), so there is a € J(D) with 2 -a = 0.
Then (z- f) - ffa=0,s0 x - f € t;(M)(C), as required. O

Definition 8. We call t;(M) the J-torsion submodule of M, and say = € M(A) is a J-torsion
element if x € t;(M). A module M is J-torsion if t;(M) = M and J-torsion-free if t;(M) = 0.

Example 3. If R is a commutative domain and S = R\ {0}, then an element z of an R-module
M is torsion for the topology Jg defined in Lemma 1 iff. it is torsion in the usual sense. If J, K are
two additive topologies with J < K it is clear that ¢ ;(M) < tx(M). In the case of the improper
topologies Jy, J1 defined above, we have

ti,(M)=0
ty,(M)=M

Note that for any module M over a ringoid .4, the module M/t ;(M) is J-torsion-free.

In the notation of topos theory, a presheaf P is separated if whenever a matching family has
an amalgamation it is unique, and is a sheaf if every matching family has a unique amalgamation.
Let (A, J) be an additive site and notice that a module M is “separated” for additive matching
families and an additive topology J precisely when it is J-torsion-free. For an additive cover
a € J(A) the morphism of modules a« — H4 gives rise to a morphism of groups

M(A) = Hom(Ha, M) — Hom(a, M) (1)

This maps an element € M(A) to the additive matching family for a in M given by zy =z - f.
Injectivity of this morphism for all a € J(A) and A € A is also equivalent to M being J-torsion-
free.

Definition 9. Let (A, J) be an additive site. A right A-module M is J-injective if the morphism
in (1) is an epimorphism for each a € J(A) and A € A. This is equivalent to the condition that
every matching family in M has an amalgamation.

Finally, we define the additive version of a sheaf:

Definition 10. Let (A, J) be an additive site. A right A-module M is J-closed if one the following
equivalent conditions hold:

e The morphism in (1) is an isomorphism for each a € J(A) and A € A;
e M is J-injective and J-torsion-free;
e Every additive matching family in M has a unique amalgamation.

If J is a left additive topology on A and M is a left A-module, then we say M is J-injective or
J-closed if M as this property considered as a right 4°P-module with right additive topology J
on A°P.

Example 4. Let R be a right Ore domain. This is a ring without zero-divisors such that the set
S of all nonzero elements is an Ore set, in the sense of Definition 7. For example, R could be any
right noetherian ring without zero-divisors ([33], IT 1.7). If Jg is the topology described in Lemma
1, then the right ideal (s) is an additive cover for any regular element s € R. Since s is regular,
it is not hard to check that x5, = a defines an additive matching family for the cover (s) in the
R-module R.

If R is Jg-closed, there must be an amalgamation s’ € R such that x4, = §'sa for all sa € (s).
In particular s’s = 1. It follows that if R is Jg-closed all the elements of S must be invertible.
In this way “sheafifying” a ring with respect to an additive topology generalises the process of
adding inverses.



Example 5. Every module M is trivially closed for the topology Jy, and M is closed for the
topology J; iff. M = 0. If J, K are two additive topologies such that J < K, then it is clear that
any K-closed module is also J-closed.

2 Additive Sheafification

In this section we investigate the process of turning a module into a closed module by adding
unique amalgamations for additive matching families. In the non-additive case this goes under
the name of the “plus construction” or “sheafification”, so we will refer to the following process
as the additive plus construction or additive sheafification. Throughout this section (A, J) will be
a fixed additive site.

The plus construction associates with every right A-module F' another right A-module F'*.
As we will show, applying this construction twice gives a J-closed module. For an object C of A
the ideals a € J(C') correspond to distinct submodules of H¢, and the abelian groups Hom(a, F)
form a directed family of abelian groups. For a right A-module F' we define

FH(C) = lim Homa(a, F)
acJ(C)

We realise this direct limit in the following way: an element z € F'*(C) is an equivalence class
of morphisms £ : a — F', where £ and ¢ : b — F are equal iff. they agree on some ¢ C a N b,
with ¢ € J(C). Equivalently, elements of F*(C) are additive matching families {zf | f € a} with
a € J(C) under the equivalence relation which says that {z;|f € a} ~ {y,|g € b} iff. there is
¢ C anb belonging to J(C) such that z;, =y, for all h € c.

This is an abelian group under the operation given by € +¢ : anNb — F, (4 ¢)p(f) =
Ep(f)+ ép(f), or equivalently {xf | f € a} +{ys|g € b} = {xn +yn|h € anb}. To define F* on
morphisms, let h : C' — C” be given together with an element {z | f € a} of FT(C’). We define

{zy|feal-h={xnp|f €h*a} € F7(C)

To see this is well-defined, suppose that {z¢|f € a} ~ {y,|g € b}, so that there is ¢ C anb
belonging to J(C’) such that for n € ¢, z, = y,. Then h*c C h*a N h*b and for m € h*c we have
hm € ¢ 80 Tpm = Ynm and therefore {zf|f € a} - h ~ {y,|g € b} - h, as required. It is easy to
check that this makes F*(h) = — - h into a morphism of groups.

In terms of morphisms a — F, acting on £ with h : C — C” is carried out by composing &
with the morphism of right ideals h*a — a which fits into the pullback diagram of modules:

He — He
h*a ——a

This defines a functor F* : A°? — Ab, which we will now show is additive.. If h,g: D — C
then for any additive matching family {zf| f € a} € F*(C) we have

{zplfeat-(h+9) ={zpnigys [ € (h+g)a}
={zjlfeat-h+{zs|fea}t-g
where we have used the fact that h*aNg*a C (h+ g)*a.

Definition 11. Associated to every right A-module M is a canonical right A-module M*. If
@ : M — N is a morphism of modules, then we define a morphism of modules

§0+ . M+ N N+
(@ )c{zs|f €a}) ={p(xs) | f € a}



This defines an additive functor (—)* : ModA — ModA. There is a canonical morphism
a2 M — M of modules defined by ¢pra(x) ={z-g|g € Ha}, which is clearly natural in M.
For an object A of A the morphism of abelian groups ¢s,4 is the composite

M(A) = Hom(Ha, M) — lim Hom(a, M)
acJ(C)

It is clear that for any right .A-module M we have ¢+ = qu\'/[.
Lemma 4. If M is a right A-module then Kerdy =t (M).

Lemma 5. Let M be a right A-module. Then M is J-torsion-free iff. ¢ : M — M™T is a
monomorphism, and is J-closed iff. ¢ : M — M is an isomorphism.

Proof. Using the previous Lemma the first statement is obvious. To prove the second statement,
suppose that M is J-closed. Since it is then J-torsion-free, the morphism ¢ is monic, and to show
that it is an isomorphism it suffices to show that it is pointwise epimorphic. Let a € J(A) be
an additive cover of A € A and suppose £ : a — M represents an element of M T (A). Since M
is J-closed we can amalgamate this matching family to an element z € M(A) with ¢a(z) = &.
Hence ¢ is an isomorphism.

Conversely suppose that ¢ is an isomorphism. Since M is then J-torsion-free it suffices to
show that every additive matching family {z;| f € a} at A has an amalgamation. Since ¢4 is an
epimorphism, let z € M(A) be such that {z-g|g € Ha} ~ {xs|f € a} in M+ (A). Then there is
be JA) withb Caandz-g==x,forall g: D — Ain b. To show that M is closed, we have
to show that x - f = x5 for all f € a which are not in b.

But if f: D — C'is in a then f*b covers D and M is separated so it would suffice to show
that (z- f)-h=a5-hforallh: X — D in f*b. But (z- f)-h=x-(fh) and xf - h = xf,. Since
fh € b, the proof is complete. O

Lemma 6. A right A-module module M is J-torsion if and only if M+ = 0.

Proof. If M+ = 0 then ¢ : M — M has kernel t;(M) = M, so M is J-torsion by Lemma
4. Conversely suppose that M is J-torsion, and let {z | f € a} represent an element of M T (A4),
a€ J(A). Foreach f: D — Ain a, zy € M(D) is J-torsion. That is, there is an additive cover
ay € J(D) such that zy - ay = 0. By Lemma 2 (v) the right ideal > fay is in J(A).

To prove that the family {xf | f € a} represents the zero element in M (A), it suffices to show
that it restricts to the zero family on some cover of A. But for )" fv; € > fa; we have

TS oy = ) Tpyy = )T =0
since vy € ay and x5 - ay = 0. O

Proposition 7. Let M, N be right A-modules and suppose that M is J-closed. Then any mor-
phism of modules 0 : N — M factors uniquely through ¢ : N — N, as in the diagram

Ni>N+

N

M

Proof. An element of N*(C) is represented by an additive matching family {z;|f € a} for
a€ J(C). For h: D — C in a we have

¢D(xh) :{xh~k|k€HD}

Of course, we also have {xf | f € a}-h = {xny | f' € h*a}. But h*a = Hp, so since the xy match,

¢p(en) ={zs|fcaj-h



It follows that if a factorisation 6 : N* — M existed, then 5@({17 | f € a}) would have to be
the unique y € M(C) such that for all h: D — A € q,

y-h=0c({zs|f €a})-h=0p({zs| f €a}-h) @

=0podp(xn) = Op(zh)

This implies that 8 will be unique, once we have defined it. To define f¢ : N (C) — M(C), we
note that for an additive matching family {z | f € a}, the collection {§(zy) | f € a} is an additive
matching family for the closed module M, and thus has unique amalgamation y € M(C). To
show that this assignment {z¢ | f € a} — y is well-defined, suppose we had an additive matching
family {z} | g € b} equivalent to {zs | f € a}: say they agree on ¢ C anb. If z is the amalgamation
in M(C) of the family {0p(z})|g € b}, then for s : X — C € ¢ we have

y-s=0x(zs)=0x(z))=2"5

Since ¢ is a cover and M is J-injective, this implies that y = z. Hence, as a morphism of sets, our
map 0¢ is well-defined. It is straightforward to check that each of these maps is a morphism of
groups. So it only remains to show naturality.

For h: D — C in A we need to show that the following diagram commutes:

N*(C) —= N*(D)

M(C) ——= M(D)

v}

For {zf| f € a} representing an element of N (C) we have

Op({zy | f € a}-h)=0p({zny | ' € h*a})
=yE M(D) s.t. y- f/ = H(QThf/) Vf/ € h*a

But é\c({xf | f€a}) -hisy - h where 3 is the unique element of M(C') with 3/ - f = 8(x) for all
f € a. Hence for f’ € h*a

(Y -h)-f'=y" - (hf) = 0(xns)

Since y and y' - h agree on an additive cover of D and M is closed, they must be equal. This shows
that 6 is natural. O

Lemma 8. For any right A-module M, M7 is J-torsion-free.

Proof. Suppose {zy | f € a} represents a torsion element of M*(C'). That is, there is an additive
cover b € J(C) with {«¢|f €a}-g=0forall g €b. Since

{eplfeat-g=A{agp|f €gra}

the fact that this element is torsion means that for each g : D — C € b there is ¢, € J(D) with
¢y € g*aand xgp = 0 for all f* € ¢g. By Lemma 2 (v) the right ideal ) _, gcg is a cover of C. If
h is any morphism in this cover, say

h:Zgwg Yg € ¢4

Then we have
Th =T gyy = ngvg =0

Hence {z¢ | f € a} represents the zero element, and so M is J-torsion-free. O

Proposition 9. If a right A-module M is J-torsion-free, then M™ is J-closed.



Proof. By the previous Lemma M ™ is J-torsion-free, so it suffices to show that M is J-injective.
Let {xs|f € a} be an additive matching family for a cover a € J(C), with x; € M+ (D) for
f:D — Cin a. That is, there is an additive cover ay € J(D) with

xp={xsqlg€as} z5q€ M(E),g: E— D

Since {xy}y is a matching family x - h = xy;, for any h : D’ — D. Thus there is an equivalence
of matching families

{zsng |9 €D as} ~{asnglg € apn}
Which implies that there is an additive cover ay, C h*ay Nag, with

Tfhgt = Tingr V9" Eapn

The fact that the x; form an additive matching family means that x; + x; = x4, for any
f,9: D — C in a. That is, there is an equivalence of matching families

{epn+agnlhecarNag) ~{zrignlh €apyy}

which means that there is an additive cover ¢y, C ay Nag Nayig such that xpp + 290 = Trign
for all h € ¢y 4.

We define an amalgamation y € M+ (C) of the family {x | f € a} as follows: let y be defined
on the additive cover >, fay € J(C) by

y={unlhe)_ fas}

(3)
Y fyy = Zl”mf

It is necessary to demonstrate that for h € > fay the element yj, is independent of how we write
h as asum ) fvy. So suppose that two such sums are equal:

n m
Z fivi = Z fivi
i=1 i=1
Define three additive covers of C:

€= Chiyifave (V Cfimitfoya, fays (V- - 1) St Fovisfarvn

=1

¢ =1yt frys N CFIn+ Forvh £ n...N CZ?;] Fialfi,
n m
_ !/
v=cnd (Vagq [agy
i=1 i=1

Then for any k € 0

n
(Z xfh'Yi) k= foi,% k= foiﬁik
1=1 7 7
= foi’}’iyk =T, fiviok
7
=TT ik = fohé»k
[

=D T =Dk
3 . v

- (Zwm;) ok
i=1



Since 0 is a cover, this implies that >, zf, ., = >, ¥, and so the definition (3) is independent
of how we write the morphism h.

It remains to show that y is an additive matching family and that it amalgamates the x;.
Suppose h =) fy¢ : D — C'is an element of ) fay. Then for any z: D’ — D

Ynz = (fox"/f) 2
= foﬁf = fon.fz

But yn. = Y y4,. since hz = ) f(v52) is a valid expansion of hz as an element of ) fay. It is
now easy to see that y is an additive matching family. It only remains to show that it amalgamates
the family {xs|f € a}. But for g: D — C in a

y-g=Aunlh€> far}-g="{yen W €g")_ fas}
Now a, C g* " fas by definition, and for b’ € a, it is clear that y,,, = x4 5. This shows that
the matching family y - g € M (D) is equivalent to the family x4, as required. O
Corollary 10. For any right A-module M, (M) is J-closed.

Definition 12. If (A, J) is a small additive site then Mod (A, J) denotes the full subcategory
of Mod.A consisting of all the J-closed modules, referred to as the localisation of ModA with
respect to J. This is a replete subcategory of ModA. If M is a right A-module then we denote
the J-closed module (M™)* by M; and refer to it as the localisation of M with respect to J. If
¢ : M — N is a morphism of modules, then we have the following morphism of J-closed modules

pr=(¢")": My — Ny
(er)c({xs | feap) ={pT(xs)|f€a}={{o(zsy)|g€bs}|f€a}
g € by} for f € a. This defines an additive functor
a=(-)y: ModA — Mod(A,/J)

where x5 = {xf 4

Let i: Mod(A, J) — ModA be the inclusion. Then there is a canonical natural transformation
¥ : 1 — ia given for a module M by the composite ¢+ s : M — M+ — (MT)T. That is,
Yy M — My
Yuce(w) ={{z-hg|lg € Hp}|h:D — C}

Remark 1. Let M, N be distinct A-modules. Then the A-modules M T and N1 are also distinct,
since if A € A the set MT(A) consists of equivalence classes of maps in Mod.A with codomain

M, while NT(A) is a set of equivalence classes of maps with codomain N. It follows that if M, N
are distinct so are the modules aM and aN.

Lemma 11. Let A be a ringoid and J, K additive topologies on A. Then J < K implies
Mod(A, K) C Mod(A, J).

Proposition 12. Let M, N be right A-modules and suppose that M is J-closed. Then any mor-
phism of modules 8 : N — M factors uniquely through ¥ : N — Nj.

Proof. By Proposition 7 there is a unique factorisation #’ : N* — M of § through N — NT.
Applying the Proposition again, we obtain a unique factorisation 6" : Ny — M of 6’ through
N+t — Ny, as in the diagram

The morphism 6” is then a unique factorisation of § through . O

10



Corollary 13. If (A, J) is an additive site, then we have a pair of adjoint functors

i

Mod(A, J) ModA  a——ii

The unit is the natural transformation ¢ : 1 — ia defined above.

Lemma 14. Let (A, J) be a small additive site and M a right A-module. Then
(i) M is J-torsion if and only if My = 0.
(i) M is J-closed if and only if Ynsr : M — M is an isomorphism.

(iii) Keripy =t;(M).

Proof. (i) If M is J-torsion then by Lemma 6, M = 0 and so M; = 0. Conversely, if M; = 0
then again by Lemma 6, M T must be J-torsion. Since M is always .J-torsion-free by Lemma
8 we must have M = 0, which implies that M is J-torsion. (ii) is clear from Lemma 5. (i4i)
follows immediately from Lemma 4 and Lemma 5. O

Lemma 15. If (A, J) is a small additive site and M a right A-module then ynr, = (Yar)s and
this morphism is an isomorphism.

Proof. The equality follows directly from the fact that ¢ : 1 — ia is a natural transformation.
By Lemma 14 the morphism 1y, is an isomorphism, so the proof is complete. O]

Proposition 16. If (A, J) is an additive site, then the functor a : ModA — Mod(A,J)
preserves finite limits.

Proof. By Mitchell II 6.5 it suffices to show that a preserves kernels. Let ¢ : M — N be
a morphism of A-modules with kernel i : KX — M and suppose that there is C € A and
x € M;(C) such that (¢s)c(x) = 0, where x = {x;|f € a} and x; = {zy4|g € by} for every
f € a. Therefore

Holwrg) g €bs}|fea) =0

Let ¢ C a be such that ¢ € J(C) and {¢(z4)|g € bs} = 0 in NT(D) for every f : D — C
in ¢. Then there is ¢y C by with ¢y € J(D) and ¢(zy,4) = 0 for all g € ¢;. It is not difficult
to check that y = {{zf4|9 € ¢s}|f € ¢} defines an element of K;(C) with (i;)c(y) = x. In
particular if ¢ is a monomorphism then K; = 0 so ¢y must be a monomorphism of A-modules.
In particular iy : K; — M is a monomorphism, and further we have just shown that i is the
kernel (in Mod.A) of the morphism M; — N. It is therefore trivially the kernel in Mod (A, .J),
as required. O

Corollary 17. If (A, J) is an additive site then Mod(A, J) is a giraud subcategory of ModA,
and is therefore a complete grothendieck abelian category.

Proof. The first claim is immediate from Proposition 16, and it then follows from (AC,Corollary
65) and (AC,Proposition 62) that Mod(A, J) is a complete grothendieck abelian category. O

Definition 13. Let A be a ringoid and J a left additive topology. Then (A, J)Mod denotes the
full subcategory of AMod counsisting of the J-closed modules. It corresponds to Mod(.A°P, J)
under the equality AMod = Mod.A°P. Therefore (A, J)Mod is a complete grothendieck abelian
category, which is a giraud subcategory of AMod.

11
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2.1 Alternative Approach

One problem with the functor a is that the module aM is difficult to work with explicitly -
elements of aM (A) are matching families of matching families! Fortunately there is another way
to express this localisation. For any A-module M there is an exact sequence

0 —t;(M) —= M 2> M/t;(M) —0

Since t;(M) is J-torsion, by applying the exact functor a to this exact sequence we see that ajuy
is an isomorphism aM = a(M/t;(M)). As M/t;(M) is J-torsion-free (M/t;(M))* is J-closed
by Proposition 9. Hence the canonical morphism

(M/t; (M) — (M/t;(M))""

is an isomorphism by Lemma 5. We define a functor ¢ : ModA — Mod(A,J) by c¢(M) =
(M/t;(M))*. For « : M — N we induce o : M/t;(M) — N/t;(N) and then by Proposition
7 a unique morphism ca making the following diagram commute

M —— M/t;(M) —— (M/t;(M))*

[

N —— N/t;(N) —— (N/t;(N))*

It is easily checked that thus defined c is a functor. Moreover, the isomorphism agu,; gives
rise to a natural equivalence a = c. Hence c is an additive, exact left adjoint to the inclusion
i: Mod(A,J) — Mod.A. The unit of this adjunction is the canonical map M — (M /t;(M))*.

3 The Gabriel-Popescu Theorem

To each additive topology J on a ringoid .4 we have associated a giraud subcategory Mod (A, J)
of Mod.A. Conversely, we may show that any giraud subcategory of Mod.A is the localisation of
ModA at an additive topology.

Let A be aringoid and let D € ModA be a giraud subcategory, with inclusion i : D — Mod.A
and reflection a : ModA — D. Let § : 1 — ia be the unit of the adjunction. As usual
(AC,Section 3) we may assume that aD = D and p = 1p for D € D. Also recall that the zero
module belongs to any reflective subcategory. We define the following function of the objects of
A:

J(A) = {a|ais a right ideal at A, and a(A/a) = 0} (4)

The next result says that if a module is J-torsion (in the obvious sense), its reflection is zero.

Lemma 18. Let M be a right A-module. If Ann(x) € J(A) for every A € A and x € M(A),
then aM = 0.

Proof. For x € M(A) the submodule () of M is the image of the canonical morphism = : Hy —
M, and by definition the following sequence is exact:

0 —— Ann(z) ) ) 0

It follows that a(x) = 0 whenever Ann(z) € J(A). The inclusions (x) — M for z € M(A) and
A € A induce an epimorphism

o @ () — M
€M (A)
A€eA

Since a has a right adjoint it preserves colimits and epimorphisms, implying that a¢ is an epimor-
phism and that a(@,(z)) = @, a(xz) = 0. Hence aM = 0, as required. O

12
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Proposition 19. The function J defined by (4) is an additive topology on A.

Proof. Tt is clear that Hs € J(A) for all A € A. To check the stability condition, let h: D — C
be a morphism of A, and a € J(D). By definition h*a is the pullback of the module a along
h: Hp — H¢. Hence in the following commutative diagram the rows are exact and the left
square is a pullback:

0 a Hp Hp/a 0
Lo
0 h*a He He/h*a——0

Since a is exact it preserves finite limits and in particular pullbacks, so applying a to the above
diagram and using (AC,Proposition 37) we see that a(Hc/h*a) = 0. Thus h*a € J(C), as
required.

To check the transitivity axiom, let b € J(A) and a be a right ideal at A, such that h*a € J(D)
for all h : D — A in b. Then there is an exact sequence

0——=(a+b)/a Ha/a Ha/(a+b)——=0

Since H4/(a+b) is also a quotient of H,4/b and a preserves epis, it follows that a(H4/(a+b)) = 0.
By (AC,Proposition 40), (a4 b)/a = b/(anb). Lemma 18 implies that a(b/(aNb)) = 0, since for
h:D— Acb

Ann(h)={g9: D' — D|hg € anb} =h*(anb) =h*a € J(D)

Hence also a((a+b)/a) = 0, and by applying a to the above exact sequence we find that a(Ha/a) =
0, as required. O

Recall from Lemma 14 that in the case where D is the localisation of Mod.A at a topology J,
the kernel of the unit ;s : M — Mj; = aM is the J-torsion submodule of M.

Proposition 20. Let D be a giraud subcategory of ModA with inclusion i, reflection a and
associated topology J. If 6 : 1 — ia is the unit of the adjunction, then for any module M

K@T@M = tJ(M)
Consequently, M is J-torsion if and only if aM = 0.

Proof. For © € M(A) set a = Ann(z) = Ker(Hy — M). Then iaa — iaA is the kernel of
iaH, — iaM since both i and a are left exact. We have the following diagram with exact rows:

0 iaa iaHy ——1iaH,/a
iaM
O nm
0 a HA HA/CL 0
M

If Op(z) = 0 then Hy — iaH 4 factors uniquely through iaa — iaH,4. Using the universal
property of the unit, there is a morphism aH, — aa such that the composite aH4 — aa —
aH 4 is the identity. Hence aa — aH 4 is an isomorphism, since it is both a retraction and a
monomorphism. It follows that a(H4/a) = 0, so Ann(z) € J(A) and consequently x € t;(M)(A).

13
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Conversely if z € t;(M)(A) and a = Ann(x) € J(A), then a(H4/a) = 0 and so aa — aHy
are iaa — iaH, isomorphisms, implying that iaH4 — iaM is the zero morphism and so
Opr(z) = 0. This proves that t;(M) = Kerfy,.

If M is J-torsion, then Kerfy =t;(M) = M so 6y = 0. Since afp; = laps, this implies that
aM = 0. Conversely if aM = 0 then iaM = 0, so 8y = 0 and consequently ¢t ;(M) = M, so M is
J-torsion. O

The following Theorem generalises a well-known result for modules over a ring, originally due
to Gabriel [14] (see also [33], Theorem 2.1).

Theorem 21. For a ringoid A there is a bijective correspondence between additive topologies on
A and Giraud subcategories of Mod.A:

S EEE—
Additive topologies Giraud subcategories

I'(J) = Mod(4,J)
®(D,a: ModA — D)(A) = {a|a(Ha/a) =0}

In particular, the collection of Giraud subcategories of ModA is a set.

Proof. Corollary 17 shows that Mod(A, J) is a giraud subcategory of Mod.A. Conversely, we
have just seen that a giraud subcategory of Mod.4 determines an additive topology J on .4 where
the additive covers are those ideals a for which the reflection of H4/a is zero. It only remains to
verify that these two maps are inverse. If J is an additive topology then ®I'(J) = J, since

OT(J)(A) = {a|a(Ha/a) = 0}
= {a|Hy4/ais J-torsion }
={a|Vf:D — A, ffac J(D)} = J(A)

Conversely, let D be a giraud subcategory of ModA. Let i : D — Mod.A be the inclusion with
exact left adjoint a : Mod A — D, and unit § : 1 — ia. Let J be the induced topology ®(D)

J(A) ={ala(Ha/a) = 0}

Let iy : Mod(A4, J) — ModA be the inclusion of the localisation at J, with exact left adjoint
ay, and unit ¢ : 1 — iya;. We have to show that D = Mod(A, J). We establish the inclusion
D C Mod(A4, J) by showing that each M € D is J-closed. Indeed if a € J(A) then a(Ha/a) =0,
and since a is exact the following sequence is exact:

0—aa—alHy —a(Hs/a) — 0
It follows that aa = aA. Using the commutative square

a— > Hy

|

iag =——=iaH 4

and the universal property of the unit 1 — ia, it is straightforward to check that Hom 4 (H 4, M) &
Hom(a, M) and hence that D € Mod(A4, J).

We now have to establish the reverse inclusion Mod(A4, J) C D. So suppose that M is a
J-closed A-module. Consider the following exact sequence:

0

00— Ker,, M iaM Cokerfy; ——= 0

14



Since afy; is the identity, aKerf; and aCokerf, are both zero. The previous Proposition implies
that Kerfy;, Cokerf,; are J-torsion. Using Lemma 6 it follows that a;Kerfy; and a;Cokerfy,
are both zero, and thus a;0,; : ajM — ajiaM is an isomorphism.

Since M and iaM are both J-closed (since we already know D C Mod(A,J)) this is an
isomorphism of M with iaM. Using the fact that D is replete, we have M € D. This establishes
the required equality Mod(A, J) = D. O

Corollary 22. Let A be a ringoid and J, K additive topologies on A. Then J < K if and only if
Mod(A, K) C Mod(A, J).

Proof. We proved one implication in Lemma 11. Suppose Mod(A, K) C Mod(A,J) and a €
J(C) for some object C of A. It is not hard to see that Mod(A, K) is a giraud subcategory of
Mod(A, J), with reflection r given by the restriction of ax. So we have a diagram of functors

;//40d\x (5)
Mod(A, J) Mod(A, K)

r

By composing adjoints and using the uniqueness of left adjoints, we see that there is a natural

equivalence ray = ag. By Theorem 21 we have aj(Hc/a) = 0, and therefore ax(Ho/a) =
raj(He/a) = 0. This shows that a € K(C), as required. O

Corollary 23. Let A be a ringoid and J < K additive topologies. For an A-module M there is
a canonical isomorphism of modules (M) = Mg natural in M.

Proof. This follows immediately from commutativity of (5) up to canonical natural equivalence.
O

Next we generalise a theorem originally due to Gabriel and Popescu [18], which classifies
grothendieck categories as localisations of module categories. A proof for modules over a ring can
be found in Stenstrém’s book [33]. Our generalisation is based on an alternative proof, which
combines a suggestion of Barry Mitchell [27] together with (RSO, Theorem 11).

Let C be a grothendieck abelian category C with a family of generators {U;};. Let A be the
small, full, additive subcategory of C consisting of the objects U; and the morphisms between
them. As usual, we may define the additive functor H* : C — ModA by

HA(C)(U) = Homc (U, C)
HA(f)u(¢) = fo

The following Lemma gives the connection between morphisms H*4(B) — H*(C) of .A-modules
and morphisms B — C'in C. It is motivated by a Lemma from [27], which deals with the case
of a ring.

Lemma 24. Let B,C be objects of C and M a submodule of the right A-module H*(B). Let
f: HYB) — HA(C) be a morphism of A-modules. The elements m : U —s B € M(U) and
fu(m): U — C for U € A induce morphisms out of the coproduct in C:

D, MU B gl =m, ¢ul = fu(m)

!

We claim that ¢ factors through Ima).
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Proof. Let p: K — @, M@ be the kernel of 1. The assertion is equivalent to ¢ = 0. Picking
a finite subcoproduct consists of picking a subset F(U) (possibly empty) of M (U) for each U, such
that (J;; F(U) is a finite set. We denote such a collection simply by F. The coproduct @, *VU
is the union of the direct family of subobjects consisting of the finite subcoproducts. Since C is
grothendieck abelian inverse images commute with unions, so it suffices to show ¢urp = 0 for all
the finite F', where A\p is the morphism in the following pullback diagram:

K~ @, POy
)\Fl \LZU,meF(U) ugxﬁum
K ——~ @, MO)U

Here pY denotes the projection from the finite coproduct. Since the objects of A form a generating
family, we only have to show that ¢ulpa =0 for any V € A and o : V — K’. But this follows
from the fact that f is a morphism of 4-modules:

SpApa = > _ub P o = Z fum)Popla =" fv(mpou'a)

U,m U,m
= fv(Q_mboila) = fv Z Yub Py ) = fy (Pura)
Um
=fv(0)=0

O

Theorem 25 (Gabriel-Popescu). Let C be a grothendieck abelian category with a family of
generators A. Let HA : C — ModA be HA(C)(U) = Home(U,C). Then HA is a full embedding
and has an ezxact left adjoint.

Proof. Since the objects of A form a family of generators it is easy to see that H* is faithful, and
similarly that H# is distinct on objects. To see that H4 is full, let f : HA(B) — H*(C) be
any morphism of A-modules. Put M = H*(B) in the Lemma. Then 1 is an epimorphism, so ¢
factors through ¢, say ¢ = 64, and f = H*(6). This proves that T is full.

By (RSO, Theorem 12), HA has a left adjoint — ® A : ModA — C. Since a grothendieck
abelian category has enough injectives, to show that this left adjoint is exact it suffices by
(AC, Theorem 26) to show that H4 preserves injectives. So let E be injective in C, and sup-
pose that a is a submodule of HA(U) for U € A. Let f : a — H*(E) be any morphism. Put
B = HA(U), M = a and use the Lemma and injectivity of F to see that ¢ factors through 1, say
¢ = 0. Then it is easily checked that the following diagram commutes:

a —— HAU)

fl A)

HA(E)

Since by definition { H4(U)} e is a family of generators for Mod A, it follows from (AC,Proposition
50) that H4(E) is injective. Hence H4 has an exact left adjoint — ® A, as required. O

We denote by 6 : 1 — H*(— ® A) the unit of the above adjunction. The functor H* gives
an isomorphism of C with the following full subcategory of Mod.A:

D' = {HAC)|C eC}

Let i’ : D’ — Mod.A be the inclusion, and a’ = H4(—®.A) : ModA — D’ the reflection, where
H# is considered as a functor into D’. The morphisms 0 : F — HA(F ® A) for F € Mod.A
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establish that i’ is left adjoint to a’, since if v : F — H*(C) then there is a unique p : F® A — C
in C making the following diagram commute:

F

0r
l HA ()
HAF ® A)

HA(C)

Since HA is fully faithful H(y) is also the unique morphism in D making this diagram commute,
implying that a’ 4 i’. The functor a’ is exact since H* and — ® A are both left exact, and if a
morphism is monic in Mod.A then it is certainly monic in any subcategory.

Let D be the replete closure of D’ (this is defined in our Abelian Category notes). Denote the
inclusion by i : D — ModA, and let a be the composite of a’ with the inclusion D — D’. Then
as noted in (AC,Lemma 66) a is left adjoint to i and a is exact. Hence D is a giraud subcategory
of ModA.

Corollary 26. Let C be a grothendieck abelian category with a family of generators A. Define
HA :C — ModA and — ® A : Mod A — C as above, and let J be the following additive
topology on A:

J(A)={a|Ha/a® A=0}
Then HA gives an equivalence of C with the giraud subcategory Mod(A, J) of ModA.

Proof. The above discussion shows that H* defines an equivalence of C with the giraud subcate-
gory D of ModA. By Theorem 21, D is Mod(A, J) for the topology

J(A) = {afa(Ha/a) = 0}

But
a(Ha/a)(U) = Homc(U,Ha/a® A)

So the A-module a(H4/a) is zero iff. for every U in A the only morphism U — Ha/a ® A is
the zero morphism. But the objects of A form a generating family, so this can only happen if
Ha/a® Ais zero in C. O

Corollary 27. Any grothendieck abelian category is complete.

The result (RSO, Theorem 13) describes explicitly any additive colimit preserving functor
ModA — ModB for ringoids A,B. We now extend this result to Giraud subcategories of
ModB.

Lemma 28. Let A, B be ringoids, K an additive topology on B and Q an A-B-bimodule. Let
—®4Q: ModA — ModB be the induced functor. For an A-module M let

QM) =Me1Q/tk(M ®4Q)
Then for B € B, Qqo(M)(B) is generated as an abelian group by elements
r® f Ae Az e M(A),feQ(A)(B)

which satisfy the relations

(z+a)Yof=z0f+zaf z,2' € F(A), f € Q(A)(B)
r@(f+f)=zef+zaf v € F(A), f, "€ Q(A)(B)
(- a)® f=20Q(a)s(f) a:A'— A x e F(A), feQA)B)

@ f=0 x € F(A), f € Q(A)(B) with f torsion

For3:B— B andz® f € Q(M)(B’) we have (zQ f)- 8=z (8- f) =2 Q(A)(B)(f). If
¢: M — M’ is a morphism of A-modules, there is a morphism of B-modules Qo (¢) : Qo(M) —
Qg (M') defined by

Q@)@ f) =dalr)®f  zeM(A), feQA)(B)

17


file:"AbelianCategories.pdf"
file:"RingsWithSeveralObjects.pdf"

Proof. By (RSO, Theorem 13) the abelian group (M ®4 Q)(B) is the free abelian group on the
symbols z ® f modulo the first four classes of relations above. The torsion submodule of M ® 4 @
does not seem to be generated by any nice class of relations, so when we quotient out by it, the
best we can say is that the resulting abelian group is generated by the x ® f, which satisfy the
fifth type of relation since clearly if f is torsion, x ® f € tx (M @4 Q)(B). O

Proposition 29. Let A, B be ringoids and let K be an additive topology on B. Let Q : A —
Mod(B, K) be an additive covariant functor and let

- ®4Q:ModA — Mod(B, K)
be the unique additive, colimit preserving functor extending Q. If
i:Mod(B,K) — ModB

is the canonical inclusion, then for an A-module M, M ® 4 Q is the B-module Qi (M)™. That is,
for B € B, (M®4Q)(B) is the abelian group of all matching families {z4 | g € a} where a € K(B)
and for g: D — B € a, x4 € Qiq(D). For : B — B’ we have

{zglgea}t-B={zpn|h € pa}
And for a morphism of A-modules ¢ : M — M’
(¢ @4 Q)B({zg|g € a}) = {Qiq(®)(zy) | g € a}

Proof. The functor iQ : A — ModB is additive and extends uniquely to an additive, colimit
preserving functor — ® 4 iQ). Composing this functor with ¢ : ModB — Mod(B, K) leaves us
with an additive, colimit preserving functor

c(—®41Q) : Mod A — Mod(B, K)

On A this functor is naturally equivalent to ci@ = @ (since ci 2 1). But it follows by uniqueness
that — ® 4 @ is naturally equivalent to ¢(— ® 4 iQ). For an A-module M,

(M ®@4iQ) = (M ®4iQ/tx (M ©4iQ))" = Yig(M)*
as required. O

Theorem 30. Let C,D be grothendieck abelian categories with families of generators A, B respec-
tively. Then there is an additive topology K on B with the property that any additive, colimit
preserving functor 0 : C — D is characterised up to natural equivalence by its values on A, as
follows:

Objects For any M € C and B € B consider the free abelian group on the symbols
z® f Ae Az € Home(A, M), f € Homp(B,0(A))
subject to the relations
(z+a)Yof=zf+zf

@ (f+f)=z0f+zaf
za® f=z60(a)f

Let Ty, p be this group modulo those Y x; ® f; for which there is a cover a € K(B) with
Sa;® fig=0 for all g € a. Then Homp(B,0(M)) is isomorphic to the group of matching
families {x4| g € a} with

xQ:Zx!Jvi@fq,iETM,D forg: D — B € a.

3

Moreover for 8 : B' — B and {z4|g € a} : B — 0(M)

{zy|gealof={xg|heBa}

18
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Morphisms For ¢ : M — M’ and B € B the morphism 0(¢) : 0(M) — 0(M') is defined by

6(6) o{zglg €0} ={D_ 670:® foulg € a}

Proof. Let
®:C— Mod(A4,J), ¥:D— Mod(B,K)

be the equivalences provided by Theorem 25. Let i : Mod (A, J) — ModAandi : Mod(B,K) —
ModB be the inclusions with a left adjoint to i. Note that ai = 1. Let @ : A — Mod(B, K) be
the additive functor ¥6| 4. The composition

TP 'a: ModA — Mod(B, K)

is additive, colimit preserving, and restricts to a functor on A naturally equivalent to Q). By
uniqueness ¥OP~'a is naturally equivalent to the functor — ® 4 Q of Proposition 29. Hence

WO = UHP aid = (— @4 Q)id
Let M € C. Then for B € B
Homp(B,0(M)) = ¥6(M)(B) = (i®(M) ®4 Q)(B)

Applying Proposition 29 and the naturality of this isomorphism in M, we establish the various
assertions of the Theorem. O

4 The Submodule Classifier

Let C be a small category (not necessarily additive). The topos of presheaves Sets®” on C has a
subobject classifier which is given by

OQ(A) ={S5| S is a sieve at C'} (6)

Where €2 acts on sieves by pullback along morphisms of A. We think of the elements of 2 as being
“truth values”.

For a subobject ¢ : P — F'in Sets®” and z € F(C), we can ask the question “does z belong
to P”?7 For sets P, F' the answer is “yes” or “no”. In this more general context, the answer is all
of those f : D — C for which = - f € P(D), so in particular the answer is the improper sieve H¢
iff. x belongs to P(C).

Each subobject P determines a collection of such answers as x varies over F(C) and C varies
over C (this collection is a natural transformation F' — €2). Any “suitable” collection of answers
determines a subobject of F' by letting an element into the subobject iff. the corresponding answer
is “completely true” (the improper sieve). Here “suitable” means that if you use f : D — C to
restrict € F(C) to « € F(D), the answer for z - f is the pullback of the answer for z along f
(i.e. naturality). This defines the bijection between subobjects of F' and morphisms F — Q in
Sets®” .

The above has an obvious analogue for modules. If M is a module over a ring R with a sub-
module L, then we can think of the elements r € R with -7 € L as being answers to the question
“does z belong to L”7 The answer is only completely true if x = 2 -1 € L and only completely
false if 0 is the only element of R sending = into L. We now develop this notion of a submodule
classifier in detail. These ideas are explored for algebraic in theories in [5] and [6], and we adopt
the notation used there.

Let A be a ringoid. Then in particular A is a small category, so we can consider the presheaf
op
topos Sets”” of contravariant functors A°° — Sets. Any additive functor F' : A°® — Ab
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becomes an element of Sets”” once we compose it with the forgetful functor Ab — Sets, and
this defines a functor
op op
f: Ab*" — Sets?

Note that this functor may identify two distinct modules by forgetting about the distinction
between two different abelian groups on the same set. Rather than write fF all the time, we
adopt the convention that whenever we talk about a morphism F' — G where F is a right A-
module and G is just a presheaf of sets, we really mean a morphism fF' — G. Since A is additive,
we can define a subfunctor of 2 € Sets™” by

O%(A) ={S5]| S is an right ideal at A}

The pullback of a right ideal is a right ideal, so Q® really is a subfunctor of 2. Notice in particular
that the pullback of any right ideal at A along a zero morphism 0 : A” — A is the improper right
ideal H 4. We also need the contravariant functor

Sub : Mod A — Sets

Here Sub(F) is the set of submodules of F' in Mod.A. For a morphism of modules p : I — F’,
Sub(p) : Sub(F') — Sub(F) acts by pullback.

We introduce additivity into our subobject classifiers in the following way. Suppose that F is a
right A-module with a submodule G. If z € F(A) then the answer to the question “does x belong
to G” should be all those f : D — A for which z - f € G(D). These answers define a natural
transformation 6 : I — Q given by 04(z) = {f : D — A|z - f € G(D)}. Beyond naturality,
the collection of answers 6 has the following properties:

(i) If for x € F(A) the answer to “does z belong to G” includes two morphisms f,g: D — A,
then it includes their sum f + g.

(ii) If for z,y € F(A) the answers to “does z belong to G” and “does y belong to G” both
include f: D — A, then so does the answer to “does x + y belong to G”.

In terms of 6, property (i) says that 6 factors through Q% — €, and property (i) says that
Oa(x)NO4(y) C pa(x+y). Hence in the additive situation we redefine our notion of a “suitable”
collection of answers in the following way.

Definition 14. Let F' be a right A-module. A morphism 6 : ' — Q¢ of presheaves of sets is a
characteristic morphism if, for all A € A and z,y € F(A)

0a(z)N0a(y) COa(z+y)
The set of all characteristic morphisms F — Q% is denoted Homcnar(F, 2%).

Notice that if 8 : FF — G is any morphism in Sets™” and ¥ G — Q% is a characteristic
morphism, then 6 is also a characteristic morphism, so Homchar(—, 2%) defines a subfunctor of
Hom(—,Q%).

Theorem 31. There is a natural bijective correspondence between submodules of a right A-module
F and characteristic morphisms F — Q% (of presheaves of sets). Equivalently there is a bijection
of sets

char : Sub(F) — Homecpar(F, Q%)

which is natural in F, provided we understand that the naturality involves morphisms F' — G of
ModA.

Proof. Let F be a right A-module. Given an element ¢ : M — F of Sub(F), which we assume
is a submodule, define char¢ : FF — % as the pointwise morphism of sets:

chargy : F(A) — Q%(A)
z—{a:D— Alz-ac M(A)}
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Intuitively, char¢ answers the question “is x in M?” by responding with all those morphisms of
the ringoid that send x into M. It is easy to check that the specified set is in fact a right ideal at
A. To see that char¢ is natural, let « : A” — A be a morphism in A. We need to show that the
following diagram commutes:

F4) % pan

But for x € F(A),

0%(a) (charga(z)) = {f : D — A’|af € charga(z)}
={f:D— A'lz-af € M(D)}
—{/:D— A|(z-a) f € M(D)}
= chargy (z - «)

In addition, char¢ is a characteristic morphism since if « : D — C is in char¢(z) and
char¢ 4(y), then by definition - o,y - &« € M(A). Since M(A) is a subgroup of F(A), it follows
that (x +y)-a=z-a+y-a € M(A), so a € charg4(z + y), as required.

Conversely, suppose we are given a characteristic morphism of presheaves p : FF — Q¢. Define
a submodule M,, of F' in ModA by

My (A) = {x € F(A)|pa(z) = Ha}

Naturality of p for every zero morphism 0 : A — A implies that
paf(0) = Q%(0)pa

Since Q%(0) will give H4 on any element of Q%(A), this implies that pa(0) = Ha and hence for
every A € A we have 0 € M, (A). It remains to show that for each A, M, (A) is closed under
addition. But if z,y € M, (A) then by definition pa(z) = pa(y) = Ha, and hence since p is
characteristic morphism

pa(x+y) 2 palr) N paly) = Ha

sox+ye M, (A).

It is easy to see that these two assignments are mutually inverse, so char defines a bijection of
the claimed sets. Naturality of char for a morphism 7 : FF — G in Mod.4 means commutativity
of the following diagram

Sub(G) — Homchar (G, Q%)
Sub(F) — Homechar (F, Q%)

To check that this commutes, let ¢ : M — G be a submodule of G in Mod.A. Then Sub(n)()
is the pullback of ¢ along 1, and since ¢ is monic this is the pointwise inverse image under 14 of
M(A) C G(A). For x € F(A) we have
char(Sub(n)(¢))a(z) = {a : D — Alza € ' (M(D))}
={a|np(za) € M(D)}
={a|na(z)a e M(D)}
= chargana(x)

which proves naturality of char in F. O
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Of course, a morphism G — F' is monic in ModA if and only if its image fG — fF in
Sets™” is monic, so that the subobjects of ' in Mod.A form a subset of the subobjects of F' in
Sets™”. Another way of stating the defining property of the subobject classifier {2 for Sets™” is
that every monic ¢ : P — F of presheaves is associated with a unique morphism char¢ : F — )
making the diagram

P——1

|

F m Q
a pullback. Under this association, the subobjects of F' in Mod.A correspond to the morphisms
F — Q which factor through Q% and have the characteristic property defined above.

Example 6. Let A be a ringoid and F' a right .A-module. Consider the zero subobject 0 — F.
The characteristic map char( : F — ¢ is defined by

char04(z) ={a: D — Alxz-a =0}
For z € F(A) this is clearly the annihilator ideal Ann(z).

Let M be a right A-module. For every additive topology J on A there is a submodule ¢ ;(M)
of M and a corresponding characteristic morphism ¢ = chart;(M) : M — Q°, defined by

palx)={a:D— A|lz-act;(M)}
={a:D— A|Ann(z-a) € J(A)}

Since Ann(x - ) = a* Ann(z),
pa(x) ={a|a"Ann(z) € J(A)}

In the case where J = Jy, we recover the previous example.

5 The Matrix Ring of a Ringoid

In the case of a ring R and its category of modules ModR, we can recover R as the ring of
endomorphisms of the small projective generator R of ModR. Moreover, if we can find a small
projective generator X in any cocomplete abelian category, by (RSO, Theorem 15) that category
is equivalent to the category modules over the endomorphism ring of X.

For a general ringoid A we have a generating family of small projectives {H}aca whose
coproduct € 4. 4 Ha is a projective generator for Mod.A. We say a ringoid is finite when A has
only finitely many objects, and in this case we can define:

Definition 15. Let A be a finite ringoid with n objects. The matriz ring of A, denoted R(A), is
defined to be the endomorphism ring of @ , Ha in Mod.A. This is the set of all n x n matrices
A where Apy € Hom 4(A, B). Matrices are added and multiplied using addition and composition
in A, and in this way R(A) becomes a ring with identity.

The reason why an element in the Bth row and Ath column belongs to Hom4(A, B) and
not Hom (B, A) is that we are working with right modules, where (denoting the injections and
projections resp. by wa,pg) if A is a matrix in R(A) corresponding to ¢ : @, Ha — D, Ha
the element Ap4 is ppous : H4 — Hp which is an element of Hom 4(A, B). If we worked with
left modules, pgou : H* — HE would be a morphism from B to A.

There is a generalisation of this ring to the case where A is not finite, but we can no longer
take R(A) to be an endomorphism ring because the coproduct is no longer necessarily a biproduct.
The interested reader is directed to [26], Section 33.
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Example 7. For any ring R and positive integer n, define a ringoid A as follows: the objects are
the integers 1,2,...,n with
0 i#j

Hom(i,j) = {R iy

Composition and addition of morphisms is defined using the structure of the ring R. It is clear
that the ring R(A) is just the product R".

The following Proposition can also be found in [26], but we give a much simpler proof.

Proposition 32. If A is a finite ringoid then Mod.A is equivalent to the category of right modules
over the ring R(A), where the equivalence is given by

Hom(@ Ha,—): ModA — ModR(A)
A

Proof. Since a finite coproduct of small objects is small by (AC,Lemma 88), we see that € , Ha is a
small projective generator for Mod.A. The result now follows by applying Theorem (RSO, Theorem
15). O

Under this equivalence a right A-module F is taken to the module [], F(A), so the corre-
spondence turns a multi-object module into a normal module in the most trivial possible way.
From one point of view, Proposition 32 says that there is no point in talking about modules over
finite ringoids - we might as well just forget the extra generality and work with normal modules.
However, in many cases there is a real advantage to working with the ringoid A rather than the
ring R(A), as we will see in Section 7.

6 Algebroids

For a commutative ring K, an associative K-algebra R can be defined in two equivalent ways.
Firstly, as a ring which is also a K-module, so that the action of K and the multiplication are
compatible. This is equivalent to giving a morphism of rings from K to C(R), the center of the
ring R. To define “algebras with several objects” over a commutative ring K, we first define the
center of a ringoid.

Definition 16. Let A be a ringoid, and let C(A) denote the ring of endomorphisms of the identity
functor 1: A — A. Then C(A) is a commutative ring with identity, which we call the center of

A.

Less abstractly, an element in the center of A consists of a sequence of endomorphisms c4 €
End(A) in the center of End(A) for each A € A, such that casa = aca for any morphism
a: A — A’ between objects.

Lemma 33. For a ringoid A, the endomorphisms of the identity functor 1 : Mod A — ModA
form a set, isomorphic as a ring to the opposite ring of C(A).

Of course, for normal rings C'(R) is the whole ring iff. R is commutative. The fact that a ringoid
admits morphisms with distinct domain and codomain means that the obvious generalisation of
commutativity is impossible. Instead,

Definition 17. A ringoid A is commutative if each endomorphism ring End(A) is commutative
for A € A, and if for distinct A, B we have Hom 4(A, B) = 0.

Lemma 34. For a finite ringoid A the following are equivalent:
(i) The ringoid A is commutative.

(i) The ring R(A) is commutative.
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(iii) Every family of endomorphisms {ca : A — A} aca is an element of C(A).

Example 8. Let R be a commutative ring and n a positive integer. In Section 5 we defined a
ringoid A having the integers 1,2, ...,n as objects, with each endomorphism ring equal to R and
no other nonzero morphisms. This is obviously an example of a commutative ringoid, and in this
case C(A) = R(A) = R™.

Definition 18. Let K be a commutative ring. A K-algebroid is a ringoid A together with a
ring morphism K — C(A). Equivalently, a K-algebroid is a small category A with a K-module
structure on each of its morphism sets so that composition is bilinear. A morphism of K-algebroids
is a functor F': A — B such that the induced map

Hom(A, A") — Hom(F(A),F(A"))

is a morphism of K-modules for every A, A’ € A. The K-algebroids form a category, which we
denote by K Algb.

Notice that the category of K-algebras K Alg forms a full subcategory of K Algb. If A is
a K-algebroid, then a morphism of algebroids K[z] — A is determined by choosing an object
A € A and a morphism of normal K-algebras from K|[z] to the endomorphism ring of A (which
we have agreed to also denote by A). Hence morphisms K[z] — A in K Algb are in one-to-one
correspondence with endomorphisms in A.

7 Application: Triangular Matrix Rings

Let A, B be rings and M an A-B-bimodule. Then we can define a ringoid A with two objects A, B
whose endomorphism rings are the rings A and B respectively, and where Hom 4(B, A) = M and
Hom (A, B) = 0. The composition comes from ring multiplication and the action of A, B on M.
Then the endomorphism ring of Hy & Hp in ModA consists of 2 x 2 matrices

6 %)

where a € A,b € B and m € M. Composition gives the following multiplication:

a m\ {a m\  [ad am’ +mb
0 b o o) \o0 b

This ring is more commonly known as the generalised matrix ring ('6‘ M ) By Proposition 32
there is an equivalence

A M
<I>.Mod.A—>Mod<O B)
Given for a right A-module F by ®(F) = F(A) ® F(B), and for pp : F — F' by ®(u) :

F(A)® F(B) — F'(A)® F'(B),

®(p)(a,b) = (pala), up(b))

Proposition 35. The inclusions ¢ : A — A and ¢ : B — A induce respective triples of adjoint
functors

¢
ModA/”;r\ModA P —— P ——
\;!//
and
o
ModB\i/ModA P i, ——
o
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Of course, the results of (RSO,Section 4) allow us to give these functors explicitly. For a right
A-module L, a right B-module N and a right A-module F,

e (L)(A) =L, o (L)(B)=L®sM
¢ (L)(A) =L, ¢'(L)(B)=0

and

W'(N)(A) = Homp(M,N),  $!(N)(B) =N
¥« (F) = F(B)
Let F be a right A-module, and denote the right A-module F(A) by L and the right B-
module F(B) by N. These two modules capture the value of the functor F' on the objects and

endomorphisms of A. The only remaining data consists of the map M — Homap(N, L) given
by m — F(m). This allows us to characterise the .4-modules explicitly:

Lemma 36. A right A-module consists of the following data:
o A right A-module L;
e A right B-module N;

e A morphism 0 : M — Homap(N, L) of A-B-bimodules, where the group Homaw(N, L) is
given its canonical module structure.

We can also characterise the ideals of A: the right ideals at the object B correspond to right
ideals of the ring B, and a right ideal at the object A is the union a U N of a collection of endo-
morphisms a of A and a collection N of morphisms B — A belonging to M. The condition that
aU N be an ideal says precisely that a is an ideal of A and N is a B-submodule of M such that
aM C N. Proceeding in this way, one can characterise the additive topologies on A in terms of
the gabriel topologies on the rings A, B.

The results of Section (RSO,Section 3) allow us to give explicitly the injective cogenerator of
ModA. The injective cogenerator is the product Q4 X @, where

Qa(A) =HomAb(A,Q/Z), QA(B) =0

QB(A):HomAb<M7Q/Z)7 QB(B):HOmAb<B,Q/Z)
Hence the injective cogenerator for Mod.A is the module I defined by
I(A):HO’/TLAb(A@M,Q/Z), I(B):HO’/TLAb(B,Q/Z)

In particular, this implies that the injective cogenerator for modules over the ring (‘6‘ M ) is the
module
Homap(A® M & B,Q/Z)

In the previous section we saw an example of a commutative ringoid B whose center C'(B) was
equal to the matrix ring R(B), both of which were equal to a product ring R™. It is easy to
determine the center of the ringoid A:

Lemma 37. The ring C(A) is the following subring of A x B:

C(A) ={(a,b) e AxBla-m=m-b ¥Yme M}
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If M =0, so that A is just the trivial ringoid derived from A and B, then C(A) = R(A) =
A x B. For M # 0 the rings C(A) and R(A) are generally distinct. In the particular case where
A = B is commutative and M is torsion-free, C(A) = {(a,a) |a € A} is the diagonal.

Example 9. Take A =7Z,B = Q and M = Q, and let A be the corresponding ringoid:

7 Q

Q

There are two ideals at B: 0U0 and 0 U Q (the first 0 denoting the single morphism A — B).
Apart from the trivial ideal 0U 0 at A, there is a family of ideals:

(MUQ  n#£0

The injective cogenerator for the ring (% %) is the module

Homaw(Z © Q* Q/7)

8 Application: Graded rings

Definition 19. A Z-graded ring is a ring A together with a decomposition of A into a direct sum
of additive subgroups A = @ 4 Aq in such a way that AgA. C Ag. and 1 € Ag. We do not
require A to be commutative. Throughout this section a graded ring will denote a Z-graded ring.

Definition 20. Let S be a graded ring. A graded left S-module is a left S-module M together
with a set of subgroups M,,,n € Z such that M = P, ., M,, as an abelian group, and sm € M, 4
for s € Sg,m € M,. The preadditive category of graded left S-modules is denoted SGrMod.
A graded right S-module is a right S-module graded by subgroups M, with ms € M, 4 for
s € S4,n € M,,. The preadditive category of graded right S-modules is denoted GrMod.S.

Example 10. Let A = k[z1,...,x,] be the polynomial ring in n variables over a field k, then
A; = 0 for i < 0 and for 4 > 0 the abelian group A; is the vector space over k spanned by all
monomials of weight ¢. This makes A into a commutative graded ring.

Example 11. Let A = k(z1,...,2,) be the free k-algebra in n variables over a field k. The ring
A is the free k-algebra on the set of all sequences taken from the set {z1,...,z,} (including the
empty word). We define the length of a sequence to be the number of symbols occurring in it (the
length of the empty word is zero). Let A; = 0 for i < 0 and for ¢ > 0 let A; be the vector space
over k spanned by all sequences of length ¢. This makes A into a noncommutative graded ring.

Definition 21. Let A be a graded ring and define the ringoid G(A) as follows. The objects of
G(A) are the integers n € Z for m,n € Z we define the morphism sets by

HomG(A) (mv n) =An-m

Composition and addition of morphisms is defined using multiplication and addition in A, respec-
tively, and it is easily checked that with these definitions G(A) is a ringoid. The identity at n is
the morphism corresponding to 1 € Ayp.

Example 12. Let @ be the quiver whose vertices are the integers and which has n arrows from 4
to i+1 for all # € Z and no other arrows for some n > 1. In the notation of our notes on Linearised
Categories, let C(Q) be the path category of Q. For i < j the morphism set Home (i, j) consists
of all sequences taken from the set {z1,...,x,} of length j — 4, since a path beginning at ¢ and
ending at j must choose one x; to get from ¢ to ¢+ 1, another to get from i+ 1 to ¢+ 2, and so on.
If 7 < j then the morphism set Home(q)(j,1) is empty. For all integers i the set Home(q)(4,1) is
the singleton {1;}. Let k be a field and apply the ringoid construction of our Linearised Category
notes to C(Q) using k. Call this ringoid kQ. Let A = k(z1,...,z,) be the free k-algebra in n
variables. Then G(A) is isomorphic to £Q.
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Proposition 38. Let A be a graded ring and G(A) the associated ringoid. There are canonical
equivalences of categories

® : ModG(A) — GrModA
(M) =P M(—n)

nez

and

¥ : G(A)Mod — AGrMod
(M) = M(n)

nez

Proof. Let M be a right G(A)-module, let ®(M) be the abelian group €, ., M(—n), and let
®(M),, denote the subgroup given by the image of M(—n). The contravariant nature of the
functor M means homogenous elements of A reduce degree instead of increasing it, so ®(M) needs
to take the inverted grading. If a € Ay is homogenous of degree d € Z and n € Z then a determines
a morphism (—n —d) — —n of G(A) and therefore M (a) is a morphism M (—n) — M(—n—d),
or equivalently ®(M),, — ®(M),4+4. Define the A-module structure on ®(M) by

((mn)-a)i= 3 my-a,

T+y=1

Tt is not hard to check this makes ®(M) into a graded right A-module with ®(M),, the subgroup
of grade n. If 7 : M — N is a morphism of right G(A)-modules then ®,cz7_, gives a morphism
of graded A-modules ®(7) : ®(M) — ®(IN) and this defines the additive functor ®. Since P
just repackages the information that defines a graded module, it is clear that ® is an equivalence
which is distinct on objects.

One defines the functor ¥ in the same way, but now there is no need to invert the grading.
For a morphism 7 : M — N of left G(A)-modules we define ¥(7) = @pez7,. It is not hard to
check this is an equivalence which is distinct on objects. O

Corollary 39. For any graded ring A the categories AGrMod and GrModA are grothendieck
abelian.
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