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Alge/lomic 3aomeﬁy is the sﬁtdy of curves, suvfuces and h/‘gher—c//Me'm/'ona/ objga&
defined by pelynomial equatons. It isthe home of one of the deepest /dearin
mathemat'cs, the c/ua/ffj between

5 paces and Functions

X fX—c
hings me anurements
e, surfacen, .. polynomials, ideals, ...
3eomeivj algebra
? computation | algonthms

We will develop his daalﬁy over & weeks, ﬁ//owirg D.Cox, T Little and D.0'Shea
“ Ideals, Vanehes and /}/gowﬁufm ! L ediion (heve CLO). The aim is 1o veach the Elimination
Theovem | which is a jood}”m/mﬁon o7 fhe/powgr 07,” ﬂ{?@biﬂfc (and oom,oufa-ﬁonal)

Teclnm\crum +o Jolve j@ome}w“c Pmb/emr. Along the way we will see fopics jncluding
Gusbner bowa)) the Hiwer;[ banis f7790/€m, and BMCl"berﬁer’J Q/jDV)ﬁM-

References o CLO look like = Section 1.2 o §IA2) meamng Sechon 2 # Chapkr i,

ancd Lemma |. 2.2 Wleolm'nj Lewmma Z in Jechon ).2.

From childhood we are exPOJechLo the idea of space be/nﬁ imbued with a coordinate
system, and we learnto gssociale the Jeffers %,Y,2 with the woordinale functhons.

. R . ))
We say coordinate ﬁmdrons because x is not areal number, but +he “mecrurement

of a point's %7 wordinate: a funchon that taker points an input ancl outpuls real numbers |
P P P P




&

When we say “Ihe e7uaﬁ'on i acircle is xz+j1= 1” what we mean is that /’fyou.
fort evew PO)YHL Pin the plane, by ymeasunng i x-wordinate 2(P), ih j~w0rch’na/‘e Y (/’))

and fhen compavre 36(1")2+y(}>)2_/13 1) the féfﬂfpoim’afhaf al,pq“,u s (/oy deﬁ'm’/v‘m)
the cirde of rmadiua L. We wite

ST={P | x(p)yle)=1} o)
=[P | =P+ ylFP-1=0]
So what kind a}uﬂainy IS 12+j2~1? We could say i+ is afunction, that on input P retuins
2 (P) + 4 (PY" = 1 And this ishue, buf Jhe expversion 4471 cloes more than spec ify
the sef o 7HPMf/0M7LPM7L /Da)“rs (P, x(P)*+y(P)-1), itspecifies avule or a’gon’fhm
~for wmpuﬁnj the oulpul. The expreasion X (P)4y(P)*-1+2-2 gives an ofther
rule for ooumﬁnj the same Funchon (o wave theve are less pvial examf»)e/)) _
Although we offen conflate “funchon " wifh e’ shictly speaking a funchon is
Juat the inpul outputpdiivs

A funchon £ XY 1 et {(xFO) | xeXt e

Polgnomickls
fine, so what is 12+j2'1 7 THy aPoljnoml‘a) , which is a Jpecfal Rind o wile
for wmpuﬁnj numbers  (not a function, although any Poljmoml‘af determines a%uwdfow),

To eKPl()u"n what-a PD\UWOVVITO\L s, we Lonsider some eXO\mP]e/.\

22+ 3x — 2 0|1
-2]3 o| 0
(23)
3xty + gt 2xT (00 | (1) | (59)| (0,2)




We will refer o fields , for which you may veod B, R or C. Recall N =10,1,2.. j]
Let R be o ]Qe)d A Jpolgnomfal—,f in n vanables with ooef,ﬁiaem% in R s an
as;ijnmem} o “ethicients” coeff({,o)ER ‘}bhp)w oL= (o, .., dn) GINV\) with

only Finilely many Fuples laemg mu‘gned nonzevo values.

A Polgmomial which amgm 1+ exach one & ang O Fo1he reatis called a W)DVlbmFa(/

and we dencle iFby 2% (For some Hmal symbol o). Addition anel mulfipli catron
of polynomials s defined by

coeff(£+9,%) = cwefl (£, %) + ot (9,)
(2.1)

ol £9,0) = 2, wefl($£)wefl(3,7)

T+,g=ot

)¢l el (M &) = N weff(4 «)

Two Poltdeovwia\S f,ﬂ are ec[ualj witlen f=9 if they have the same weffrcents,
meﬁ(ﬁ/o() = weff(9,& ) for all . Given varable namen, £.9. Xy -y X \
we define the polynomials 2 fo be the monomials 2 where € = (O, - .,1\ ,..,0)
We wiile L = 25 fothe polynomiak with we(1,0) =1 and i Nek we also

wile N for the Poljnomfak M, e weft (AL, 0)= N\

Exorcse 1.1 (i) 20 = X, N where for meN, and a Po(ynomiui

¥/UUQU\/Y\\‘Q jﬂm ‘Fb\r ‘g——--F'
.. o« t+ . n
(i0) IO(XP =X P where add@ion on N is wordinalte—w e .
(ii7) ¢ . --,OK(M) are dishinct elements o IN™ +hen
(™)

O o«
)C: a, " +--1+aQmX is the ?olvnomiai w it
wetf (£, A 0)=aq; for l=cm.



Det™ The fejraf Poljnomials M n-vanables is Pn.) or H we want o fix names
fethe vaviables, K[z, 20 |

The setof Folymmm}: RIx, Xn] isA wmmurahie Vinj) which Jm%means #%a}yout con acd

ond mm/H/nlj Polynoml‘als na way that satishies the wavak a\gebm\\c /ovo}pev%:‘cw for integers

We will not durell onthese propertien here, but simply highlight fhott mulfiplication

dishibutes over addihion F(9+h) = f9+ Fh.

with j = fh

() 2*+y=1 € RD%y]

(i) 22>+ 3% —2 € R[X]

(i) 3xTY + ler 2x*+ | e kRixy]
(v) 2x+ 3x = 5x € k[x]

(V) Lexex+x3+ - & R[x)

Examgle [

Lemma |- IWCFGIR[X‘,»-/XV\] anc A= {deﬂ\l“l weff (£ a) < D% Yhen
Jt = Zo(e/&_q‘*xo¢ where Gy = weff (£, o).

Roof. By def”

well( S axx® B ) = waeﬁf(a«xxfﬁ)
= Zan\w?g(x‘x}{B}
= Z‘x A« Sd:g

=QF

.SD/ﬂ’UL LHS andl RHS hctvaﬂ’)e Jame coeﬁefcieﬂﬁ~ U

aeneml\g} we wnke Poltjmomfalf 7f an Zoc Ao 2™ where it i undentod e o ave

all dishinct and theve ave on(y 74}\{)161] momy a# them .

Ded™ Given f,g e Ry %] we say { clividen 9 (writken 3013) # +here exists he kI, ¥ ]



TE o= (lyyotn) €N e wile |ol)= k) - +dp .

Dot Leb S kDx ., xa] Then with £= 2 aux™
- If aa# O we call aaxdam o [
+ If £40 Fhe fotaldegree o £ is max{ <] | axFo}

Example | .2 3xTY + jl”r 2x* 4 1 hay four fevms and +olal clegree. 3.

Now we Rnow o %mmﬁ PolgnomialJ an finike data shudures aseigning we fficrenh Ax
%hplw ® €N Therets an associoted Po\\jmmial funchon, -

]_Di\ Giiven jfé k[x‘/'--/xnj Aeﬁne F:R —> R by, if JC :Z,\ Clo(lot

FOu 2 2) = 2 e ) A
As aseh F is {(e, (D) ) ce R Y whichis infintk 1 & is. We will cten elide

Hhe dishnchon belween 7(2 and F and juat wiil £ for buth . This seems like i+ m/‘gh/’ be
onfwing, becawe if g another polynomial with functon G then

5 =9 means equah"rg as pelynomials (e wtff(F «)=wef(9,x) forall 0()
F =G means ecivtamy ar funchons (e Fe) = G(c) forall < & /{\)

Cleavly f=9 impliea F= Ce . The wonvene is also e -



EVD,PDJ'rHon CLO I.1.§ Lot k be an infinile field and £ R[%1,-,5xn ] with function
F:R" >R . Then fz O # and owf& if F=0.

Roof We prove the onvene byinduction sa n. Lf n= then a ronzewo Fol\tjmmfai of clegres m
han af most m ok (we will re/ommgﬂ)i: Jater) . Suppore F=0 kutrthat £= 0. Then
jﬁhan &leav‘ea m say, and hene at mbsF m reots, bur =0 so "F hanr > WL vooty

(sine R han > wm disinct elementy )/ a vonwbadictton.

For the incluchive AJreP Suppore +he wnvewe holds for NN gnd let 7£€ [Xl;---/ Yw-l-\j.
Suppore that F = O. We can collect ferms fo wnte, fordeme m.> O,

JE = Z. 92("‘)”7 XN)le:H,
wheve (j; € }Q[Xu..—,X;\)]_ or € = (Cum/Cm)ekN we howe the f:o[vhomia/(

M -
he ~= Flev—an,xys ) = 2 9iley e )ant € R xn+i)
S]V\UL_F: O) the ’fMYlC‘hon HS mffociakcl% h_g 15 2evo, HS = O. But bU ‘W\Q
base cane then we have he = O an a polynomial | so 9. (€)=0 for 0ScsmM.
Sinw < wan arloi)LV‘uvj Ihis shows the functions G associatecd o Ge arezéw,
ancl by the induct e hyppﬂqe/)h 5; = 0 hena 3[= 0. D

Comnauj CLO I.16 L?JL kloe an im@n#e Fie/d, ﬁjek[x'/“'/x“] w'nﬂ/\ ‘}CUV]C%AOWS FjC\
Then ]L’=3 i anc[cmly i F=G

@Ojé /]/opfy the Pm/poj/'ﬁ'on $ f— g- /j



AfFine vanehes

We have said algebmr‘(yeome@ is the study of. cunven, suvfaws and hfj%er-c(;‘mem/oma/
objects defined by solutfons aﬂijkaxofpblymm/\a( equations. These awre called varieties.
Given o field R we wnfe Ay or juat N for n-dimensional atbine Jpace

K w e o) Lk e}

The Puwpoxeo{2 the notodion 1s to emphanire R™ an an obj'ecP b algelovaic 9eomeh¢/)
an opporec o aveCfor space, {or example .

Def" Let £, £ € klx, ., %] Then we define

VE, )= {aeN [ £:(2)=0 fo I=c=s)

and call 7his the affise vaviehs defevmined by £y s his dependn only

onthe 16-/'{1[(/- -, £ %/ so prdev deer nol malfer

Tor the moment ye om(j allow Me sydlems ofeczuaﬁom 7[1/.. y £ But waklh this Jpace ’

Remark 1F F =0 then \YHZ) =/N) o N 55 an affine vavfd}/ .
LC ;F = 1 ’f’l/)en sina O =+ ]_ (car‘qcui wow.{) \\/(‘F) = ¢j the Qmp"y J{’J)\

Lef/wma. CLO |.2.2 Tﬁ \/) Wgﬂ\n ave a%‘ne vavieﬁe/)) Jo alre \/V W and \/n \/\/

f’ﬂc_ﬁ It \/ =V (§, —‘/‘C?)/ W = \V(ﬂv—-/ﬁe) then \/(\W:\\/(‘Flr“ﬂps,gu“—/ 96))

50 one claim is clear. Tor thwother, we claim

VoW = \/( {PiﬂJ'}lc_css)\sjii— )



b

The inclusion < s clear. Fovthe revewe incdluaion, suppore
a e V( {Igﬁ\j}fj )
If a€ W then we're done . Otherwise for 1SCS's
fi(a)g (a)=--= f:(a)g9e(a)=0

If f;(a) F O then we dedue @& V\// a aom%radfcﬁ'on/ §o '[((Q) =0. Sinwthis
holds Hor arbih’auf z‘/ we howe € V. [J

Henw finike unions and intevechions mﬂ affine vavedien are affine vandies . In the vemainder
of fhis lechuve yre Ji’udg examp\m,

ExamE\M

(onsider the surface NN = V(= 4*27+2° ) Given polgnomial f = x*-y'&"+ 2’
in mulkiple vaviables it is not at all clear how o “helh” N = VIF) Letuo hy some
simple fhings , like infene ching \/ with o plane . This helf 15 o bit interesting | sina
aplane s an affine vam‘e:fy‘/ Be cc [R set

H:‘ {(qlb)c) \a,beﬁ{} = \\/(2_‘“)

Henw \V ﬂ Hc - \\/( 11—32324-?2) z—c')} which you should he able +o
Jee s Vc=\\/( -yt )

Ve \/ 2
/ \k
///~;/’\\\ Z=C
T
\ \\
\ /
\ 4 Vc



What do these “Slies” V. look lihe? TE <0 then

11—- d’)_CQ_+ Cg — O

= 2 — (lc\g)?_: ‘c\'?

SZ
15 a hypecbola meeting the x-axis af + = " When c=0O we have x*=0,

SOJ'WH'%Q g—ﬂx)s/ anclfor ¢ 7 O we hawe

12’ 32C2+C2 =0

= (ey) —x>=c*

Yo
anaf%em‘am)lj of hyperbolas meeting the y-axis a} £C
,—‘—————-——‘__//_————————\ z = |
z
__ ) oo
Y P

o



Js

The aml:}\ Lom CLO is

We see how The surface inteveds }ILJPI( a/zmg “he 7—ax)s: near tha Poin+ P)
\ does not locally look. lihe anopen ball in R’ but move like an X shape with a
cattesian Pwdud’ with (0,1) This ex{olafm u/hy \V s a nofural ob}‘e o & a]gebmfc

jeome@ and not di fleventiol yeome@/. We say \/ 5 g/ngular

\/‘DIA miahjf won()er how ‘}’hiJ P/of wan 9enemh’cl- In ’(‘L‘AC7L \/ ‘)Ct/) Qa (/Dnvenl‘enf

Pammeﬁmﬁon by Paruw)e-kvs WV in The )Conowinj fende -



Let - [+, '_]2_"> IRg be the func%‘cv\

Slut) = (=), u, w-t>)

and set Z = Imd = 1P | ute ["/\]1}, the image o . Then
Z <\ sine if X:f(uz—fl), j—’—w/ Z = u*-t*then

xz__j?_z_z"_ZB — ‘tl((/\z—tl\)z— Mi(t/kl—tz)z—i— (qz_t'z)g
= (e (=) (2t
= (t=)’— (t—a’)? = O

One can show Z=N (ree Ex cLo 12, “), and we call fctparamﬁv‘faﬁ‘oy\ 4V
Noke how this Pammejm‘mﬁon “slices" along the y-axis instead. What kind ot cunreo
do we gef in the xz plane when we do His 7

Noke how
>\ is much eanler fo visuallse when we have a pa ramepsation, but

¢+ checking iF PE) it much eanier waing the “Umplrcit" form o the

SMﬁCacegn@n by x = jlgl +23=0.
This leads fo Fwo questions which will be among the mofivations for Hhis coune :

Parametisation. Does qgi\ren a%\we \/ahdy admit a\PammeJrvimﬁOn?

Tmpli chsation  Given a Pamme}mk repvesentation A- an atfive va w‘e)'zg) can

we defermine a vef of c{eﬁnmj equaﬁom?



