Section 3.2 - Cohomology of Sheaves

Daniel Murfet

October 5, 2006

In this note we define cohomology of sheaves by taking the derived functors of the global section
functor. As an application of general techniques of cohomology we prove the Grothendieck and
Serre vanishing theorems. We introduce the Cech cohomology and use it to calculate cohomology
of projective space.

The original reference for this material is EGA III, but most graduate students would prob-
ably encounter it in Hartshorne’s book [Har77] where many proofs are given only for noetherian
schemes, probably because the only known proofs in the general case utilised spectral sequences.
Several years after Hartshorne’s book was published there appeared a paper by Kempf [Kem80]
giving very elegant and elementary proofs in the full generality of quasi-compact quasi-separated
schemes. The proofs given here are a mix of those from Hartshorne’s book and Kempf’s paper.
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1 Cohomology

We will define sheaf cohomology by deriving the global sections functor. In order to apply this
machinery we need to introduce abelian categories and recall some facts about injectives. For the
necessary background see our notes on Abelian Categories (AC) and Derived Functors (DF).

Definition 1. A preadditive category A is abelian if it has zero, finite products, kernels, cokernels,
is normal and conormal, and has epi-mono factorisations. A subcategory C of A is an abelian
subcategory if C is abelian (it inherits an additive structure from A, so if it is abelian it must
be with this structure) and the inclusion is exact. An abelian category A is grothendieck if it is
cocomplete, has exact direct limits and a generator.

Theorem 1. Any grothendieck abelian category A has the following properties

(i) A is locally small and colocally small.



(i) A has enough injectives.
(ii) A has an injective cogenerator.
(iv) A is complete.

Proof. (i) [Mit65] Theorem II 15.1 and Proposition I 14.2. (ii) [Mit65] Theorem III 3.2. (i)
[Mit65] Corollary III, 3.4. (iv) follows from (LOR,Corollary 27) or alternatively (AC,Corollary
24). O

Theorem 2. Let T : A — B be a functor between grothendieck abelian categories. Then
(i) T has a right adjoint if and only if it is colimil preserving.
(i) T has a left adjoint if and only if it is limit preserving.
Proof. Combine (AC,Theorem 22) and its dual (AC,Theorem 23) with Theorem 1. O

Example 1. The following abelian categories are grothendieck abelian, and therefore complete
with enough injectives:

(¢) The category of abelian groups Ab and the category of left modules RMod over a ring R.

(#4) The category 2b(X) of sheaves of abelian groups on a topological space X.

(7i) The category Mod(X) of sheaves of modules over a ringed space (X, Ox). In particular,
the category of sheaves of modules over a scheme X.

Example 2. Let X be a scheme. See (MOS,Definition 1) for the definition of the full subcate-
gories Qco(X), Coh(X) and the proof that Qco(X) is an abelian subcategory of Mod(X). If X is
noetherian, then €oh(X) is an abelian subcategory of Mod(X).

Definition 2. Let X be a topological space. Let T'(X, —) : 2b(X) — Ab be the global section
functor. This is a left exact additive covariant functor, and we define the cohomology functors
H*(X,—) to be the right derived functors of I'(X,—). There is a canonical natural equivalence
H°(X,—) 2 T(X,—). For any sheaf of abelian groups .%, the groups H*(X,.%) are the cohomology
groups of 7. For any exact sequence of sheaves of abelian groups

0 —Y —F —H—0
we have the long exact sequence of cohomology
0—I'X,¥9) —TIX, %) ——TI (X, ) — H (X,9) —> -
- ——H" (X, #) —— H""(X,¥) —— H""Y (X, ) —— H"" Y (X, #) —— - -

which is natural in the exact sequence, in the sense that for every commutative diagram of sheaves
of abelian groups with exact rows

0 9 F A 0
0 g’ F' A 0

the following diagrams commute for n > 1

[(X, #) — H'(X,%) H"(X, #) — H"(X,9)

| | l |

I(X, ") —=H\(X,9')  H"(X,#') —> H""(X,9')
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Remark 1. Note that even if X and .# have some additional structure, e.g., X a scheme and #
a quasi-coherent sheaf, we always take cohomology in this sense, regarding .% simply as a sheaf
of abelian groups on the underlying topological space X .

Recall ([Har77] II Ex.1.16) that a sheaf % on a topological space X is flasque if for every
inclusion of open sets V' C U, the restriction map % (U) — .Z (V) is surjective. This property is
stable under isomorphism.

Lemma 3. Let (X,Ox) be a ringed space and F a sheaf of Ox-modules. If F is injective then
it is flasque. In particular an injective sheaf of abelian groups is flasque.

Proof. Associated with any open U C X is an Ox-module Oy with the property that there is a
natural isomorphism Hom(Oy, %) = % (U) for any module .Z (see (MRS,Section 1.5)). Now let
¥ be an injective Ox-module, and let V' C U be open sets. There is a canonical monomorphism
Oy — Op. Since ¢ is injective, the top row in the following commutative diagram is surjective

Hom(Oy, ) —— Hom(Oy, 7)

ﬂ ﬂ

A U) A V)

Therefore #(U) — _# (V) is surjective and _# is flasque. The statement also works for sheaves
of abelian groups by (MRS,Lemma 12). O

Lemma 4. Let U be an open subset of a topological space X. If a sheaf of abelian groups % on
X is injective, then so is F|y.

Proof. Tt follows from (SGR,Lemma 28) that the restriction functor (—)|y : Ab(X) — Ab(V)
has an exact left adjoint 7 : Ab(U) — Ab(X) where j : U — X is the inclusion. Therefore by
(AC,Proposition 25) the functor (—)|y preserves injectives, as required. O

Proposition 5. Let X be a topological space and F a flasque sheaf of abelian groups on X. Then
H{(X,7)=0 for alli > 0.

Proof. Find a monomorphism % — .# where .# is an injective object of Ab(X), and let ¢4 be
the quotient, so we have an exact sequence

0—% — 7 —9%—0

Then % is flasque by hypothesis, .# is flasque by Lemma 3 and so ¥ is flasque by ([Har77] II
Ex.1.16¢). By ([Har77] II Ex.1.16b) we have an exact sequence

0—IX, %) —IX, 7)) —TIX,¥9 —0

On the other hand, since .# is injective we have H*(X, J)_ = 0 for ¢ > 0. Then from the long
exact sequence of cohomology, we get H'(X,.#) =0 and H(X,.%) = H""1(X,¥) for each i > 2.
But ¢ is also flasque, so by induction on i we get the result. O

Remark 2. The result tells us that flasque sheaves are acyclic for the functor I'(X,—) (see
(DF,Definition 14) for the definition of acyclic objects). Hence we can calculate cohomology
using flasque resolutions (DF,Proposition 54). The reader knowing more category theory can use
(DTC2,Remark 14), and whenever we refer to the “canonical” isomorphism of something involving
acyclic resolutions, it is this latter one we have in mind.

Lemma 6. Let (X,0x) be a ringed space, x € X a point and M an Ox y-module. Then
HY(X,Sky,(M)) =0 fori> 0.
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Proof. Suppose we are given an injective resolution of M as a Ox ,-module
0— M ——T19 1 ... (1)

Then since Sky, (—) is exact and preserves injectives (MRS,Lemma 13) the following is an injective
resolution of Sky, (M) in Mod(X)

It is therefore also a flasque resolution of Sky, (M) as a sheaf of abelian groups. Applying I'(X, —)
to this resolution we end up where we started: with the exact sequence (1). It follows that
HY(X,Sky,(M)) =0 for i > 0, as required. O

1.1 Quasi-flasque sheaves

Definition 3. A full basis of a topological space X is a nonempty collection B of open subsets
of X which is closed under finite intersections and has the property that for any open U C X and
x €U thereis Be Bwithx € BCU.

Definition 4. A topological space X is quasi-noetherian if it is quasi-compact and possesses a full
basis B consisting of quasi-compact open subsets. This property is stable under homeomorphism.
Any noetherian topological space is quasi-noetherian. A quasi-compact open subset of a quasi-
noetherian space is itself quasi-noetherian.

Lemma 7. If X is a quasi-noetherian topological space and U,V quasi-compact open subsets, then
U NV is quasi-compact.

Proof. Let B be a full basis of quasi-compact open subsets. Given quasi-compact open sets U, V'
we can write U = U U---UU, and V =V, U--- UV, for open sets U;, V; € B. Then

vnv=Juiny,
.

By hypothesis each U; N V; is quasi-compact, so U NV is a finite union of quasi-compact open
sets, and is therefore itself quasi-compact. O

Lemma 8. Let X be a scheme. The underlying space of X is quasi-noetherian if and only if X
is concentrated.

Proof. This follows immediately from Lemma 7 and (CON,Proposition 12). O

It will be necessary to generalise the notion of flasque sheaf. A sheaf of sets on a topological
space X is quasi-flasque if the restriction T'(X,.#) — TI'(U, %) is surjective for every quasi-
compact open subset U C X. Clearly this property is stable under isomorphism and restriction.
On a quasi-noetherian space quasi-flasque sheaves possess most of the nice properties of flasque
sheaves. In the remainder of this section we check some of these properties.

Proposition 9. Let X be a quasi-noetherian topological space and suppose we have a short exact
sequence of sheaves of abelian groups

0—%¢ —%—%"—0
with £’ quasi-flasque. Then the following sequence is exact

0—IX,¥¢)—TIX,2% —IX2")—0
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Proof. Let s be a global section of £”. Consider the family U of quasi-compact open subsets
V' C X such that s|y is represented by an element of I'(V,.Z). We need to see that X is contained
in ¥. Since Y covers X and X is quasi-compact, it suffices to show that U is closed under finite
unions.

Let Vi and V5 be two members of 8. Then V; U V5 and Vi NV, are both quasi-compact. Let
t; € T'(V;,Z) represent s|y,. The difference of ¢; and ¢ restricted to Vi N V3 lifts to a global
section u of £’ as ¢’ is quasi-flasque. By adding uly, to ¢t we may assume that ¢; and ty agree
on the overlap V3 NV2. We may patch ¢; and ¢2 together to get a section ¢ of I'(V; U Vs, %) which
represents s|v,uv,. Hence Vi UV, € U and we are done. O

Corollary 10. Let X be a quasi-noetherian topological space and suppose we have a short exact
sequence of sheaves of abelian groups

0—¥ —2—2"—0
If both L', %L are quasi-flasque, then so is L.

Proof. Given a quasi-compact open subset U C X we have a commutative diagram with exact
rows

0—I'X,?¢)—TI(X,%) —TX,%")—0

| | |

0o—IU0,%¢)—TU,%) —TIU~Y")—0

in which the first two columns are surjective. It follows that the third column is surjective, which
is what we wanted to show. O

Corollary 11. Let £ be any quasi-flasque sheaf of abelian groups on a quasi-noetherian topological
space X. Then H'(X,.£) =0 fori > 0.

Proof. One uses the argument given in Proposition 5, together with Proposition 9 and Corollary
10. O

1.2 Module structure

Throughout this section let (X, Ox) be a ringed space and A = I'(X, Ox). Fix assignments of
injective resolutions Z, J to the objects of Mod(X),2Ab(X) respectively, with respect to which all
right derived functors are calculated.

Taking global sections defines a left exact additive functor I'4(X,—) : Mod(X) — AMod
and we denote by H% (X, —) the right derived functors of I' 4 (X, —) for i > 0. Let U : Mod(X) —
2Ab(X) and u : AMod — Ab be the forgetful functors. Then the following diagram commutes

Fa(X,—)

Mod(X) AMod (2)
U\L u
2Ab(X) Ab

and we denote the composite by G : 9od(X) — Ab. Since U, u are exact and U sends injective
objects into right T'(X, —)-acyclic objects of 2Ab(X) by Lemma 3, we are in a position to apply
(DF,Proposition 77) and (DF,Remark 2) to obtain a canonical natural equivalence for ¢ > 0

piiuo HY(X, =) — HY(X,—)oU
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Moreover given an exact sequence of sheaves of modules 0 — #' — F — F"” — 0 the
following diagram of abelian groups commutes for ¢ > 0

HY(X, F") —= B (X, 7)

If Z,7" are two assignments of injective resolutions to the objects of Mod(X) then for any sheaf
of modules .# the composite HYy 7(X,.#) = H'(X,.7) = H) 7,(X,.7) is just the evaluation of
the canonical natural equivalence Hy 7(X,—) = H'y 7,(X,—). This means that the A-module
structure induced on H*(X,.%) is independent of the choice of resolutions on MMod(X).

Definition 5. Let (X, Ox) be a ringed space and A = T'(X,Ox). Fix an assignment of injective
resolutions J to the objects of Ab(X). Then for any sheaf of Ox-modules .# and ¢ > 0 the
cohomology group H'(X,.#) has a canonical A-module structure. For i = 0 this is the A-
module structure induced by H°(X,.#) = I'(X,.%). If ¢ : F — ¥ is a morphism of sheaves
of modules then HY(X,#) — HY(X,¥) is a morphism of A-modules, so we have an additive
functor H (X, —) : Mod(X) — AMod. For a short exact sequence of sheaves of modules

0—F —F —ZF"—0

the connecting morphism ¢° : H' (X, #") — H'"(X,.#’) is a morphism of A-modules for i > 0.
So we have a long exact sequence of A-modules

0—T(X, 7)) — (X, F) — I(X,F") — HX,F') — -

Remark 3. Let (X, Ox) be a ringed space and set A =T'(X, Ox). Let .Z be a sheaf of modules
on X and fix an assignments of injective resolutions J to the objects of 2Ab(X). To calculate the
A-module structure on the abelian group H'(X,.7) you proceed as follows (using (DF,Remark
2)). Choose any injective resolution of % in Moo (X)

0—F > gl 92 ...

and observe that this is a flasque resolution in 2Ab(X). Suppose that the chosen injective resolution
for .Z in Ab(X) is
O—)f—>/0—>/1—>/2—>---

Then we can lift the identity to a morphism of cochain complexes . — ¢ in Ab(X) (DF,Theorem
19). Applying the functor I'(X, —) : Ab(X) — Ab and taking cohomology at i we obtain an iso-
morphism of abelian groups H (X, %) — H'(X,.%), which induces the A-module structure on
H(X,Z). If we fix an assignment of injective resolutions Z to the objects of 90d(X), then these
isomorphisms define a natural equivalence H (X, —) & H*(X, —) of functors Mod(X) — AMod.

Remark 4. With the notation of Remark 3 there is a simpler way to calculate the A-module
structure. Any a € A gives an endomorphism of sheaves of abelian groups a : . % — % which
induces a morphism of abelian groups A : HY(X,.#) — H*(X,.#). A quick calculation using
Remark 3 shows that A(z) = a -z, so this endomorphism also gives the A-module structure on
H(X,.7). This makes it clear that given two assignments Z,J of injective resolutions to the
objects of Ab(X), the canonical isomorphism of abelian groups H%(X,#) — H%(X,.7) is an
isomorphism of A-modules.

1.3 Presheaf of Cohomology

Let X be a topological space, U C X an open subset. Then let H*(U, —) be the ith right derived
functor of the left exact functor I'(U, —) : Ab(X) — Ab. There is a canonical natural equivalence
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H°(U,—) 2 T(U, —). For any sheaf of abelian groups .%, the groups H'(U,.%) are the cohomology
groups of Z over U. We have the usual natural long exact sequence of cohomology over U.

Let U C V be open subsets of X. Then restriction defines a natural transformation I'(V, —) —
['(U, —) which leads to natural transformations pf,; : H(V, =) — H*(U, —) for i > 0 as defined
in (DF,Definition 11). This construction is functorial, in the sense that for open sets W CU C V
we have iy © gy = pyy and pg g = 1 for any open set U. For a sheaf of abelian groups
Z on X we define a presheaf of abelian groups (%) for i > 0 by (U, (%)) = H (U, )
with the restriction map T'(V, #(F)) — T(U, #(F)) given by (u;y)z. f ¢ : F — G is a
morphism of sheaves of abelian groups then for 7 > 0 there is a morphism of presheaves of abelian
groups

HNG) : HNT) — H(Y)
A (¢)u = H'(U, )

This defines for i > 0 an additive functor (=) : Ab(X) — Ab(X) where Ab(X) is the category
of all presheaves of abelian groups on X. There is a canonical isomorphism of presheaves of abelian
groups .F = #°(F), which shows that J#°(F) is a sheaf (DF,Lemma 43). This isomorphism is
clearly natural in .%#.

Suppose we have an exact sequence of sheaves of abelian groups

0—F —F —F" —0

For an open subset U C X and i > 0 we have the canonical connecting morphism H*(U,.#") —
H™L (U, #') and since these are natural in U (DF,Proposition 44) we have a morphism of
presheaves of abelian groups w’ : S (F") — A1 (F'). These fit into a long exact sequence
of presheaves of abelian groups

0 F! F F HNGF) ——= HNF) — A TF") — -
. ;%n(ﬁ*ﬁ) 2%”+1(ﬁ’) ;%nJrl(g‘) ;%nJrl(g;//)

Lemma 12. Let U be an open subset of a topological space X and let F be a sheaf of abelian groups
on X. Then fori > 0 there is a canonical isomorphism of abelian groups H*(U, F|y) = H* (U, F)
natural in F .

Proof. Let Z, J be assignments of injective resolutions to the objects of 2Ab(U), 2(b(X) respectively,
with respect to which all right derived functors are calculated. Suppose the chosen injective

resolution for .% is
I1:0—% —9% g1 ...

Then applying the exact functor (—)|y, which by Lemma 4 preserves injectives, we have an
injective resolution of .Z |y

Iy :0 — Fly — I — Iy — ---

There is a canonical isomorphism of abelian groups H* (U, #|y) = HY(T'(U,I|y)) = HY (U, F).
This isomorphism is clearly natural in .%. O

For the rest of this section let (X, Ox) be a ringed space. If we fix an open subset U C X and
set A =T(U,Oyx) then the theory of Section 1.2 applies, so that for any sheaf of Ox-modules .#
the cohomology group H*(U,.#) becomes an A-module in a canonical way. If ¢ : F — ¥ is a
morphism of sheaves of modules then H(U, %) — H*(U,%) is a morphism of A-modules, so we
have an additive functor H*(U, —) : Mod(X) — AMod. From a short exact sequence of sheaves
of modules, we get a long exact sequence of A-modules. The isomorphism H(U, % |y) = H (U, F)
of Lemma 12 is also an isomorphism of A-modules.

Suppose that we have open sets U C V and a sheaf of Ox-modules .%. One checks that the
morphism of abelian groups H'(V, %) — H'(U, #) sends the action of I'(V,Ox) to the action
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of T'(U,Ox). In other words, (%) is a presheaf of Ox-modules for i > 0. If ¢ : F — G is a
morphism of sheaves of modules then /#(¢) is a morphism of presheaves of modules, so we have
an additive functor (=) : Mod(X) — Mod(X), where Mod(X) is the category of presheaves
of Ox-modules. For any short exact sequence of sheaves of modules the connecting morphism
w’ is a morphism of presheaves of modules, so we have a long exact sequence of presheaves of

modules.

2 A Vanishing Theorem of Serre

Let X be a topological space and .# a sheaf of abelian groups on X. Given an open subset U C X
let i : U — X be the inclusion. We denote by y7.# the sheaf of abelian groups i.(.%|y). There
is a canonical morphism .% — y.% natural in .%. If # is flasque this is an epimorphism.

Proposition 13. Let X be a topological space and % a sheaf of abelian groups on X. Assume
that X admits a full basis 4 and integer n > 0 such that for every U € i we have H (U, F|y) = 0
for 0 < i < mn. Then given o € H*(X, F) there is a nonempty cover U of X by elements of i
such that the image of o in H™(X, v F) is zero for all V € 0.

Proof. Let 0 — F — &4 — # — 0 be a short exact sequence of sheaves where ¢ is flasque.
Then HY(U,¥9|y) = 0 for i > 0 and any open U C X. By the long exact sequence of cohomology
we have an exact sequence

0 —I'(U,Z|y) — T(U,¥9|v) — (U, #|y) — HYU, F|y) — 0 (3)

and isomorphisms

HY (U, #\|y) — HY U, Z|y) fori>0 (4)

For any open subset V of X we have a commutative diagram with exact rows

0 F g H 0
0 vf Vg Vf%p

where ¥ is a flasque sheaf. The image of 7 and the image of ¥ in . coincide: denote this
image by J#. Repeating the above for the sequence 0 — v.% — ¥ — # — 0 we have an
exact sequence

0 —T(X,v7) —T(X,v¥) —T(X,#) — HY(X,y.%) — 0 (5)

and isomorphisms ) .
Hi(X, #) — HTNX,y.F) fori>0 (6)

For U = X the sequences (3) and (5) fit into a commutative diagram. By definition we have an
inclusion I'(X, ¢) CT(X, vy &) =T(V, 2).

Assume first that n > 1. Then if V, W belong to { the sequence (3) for U = V N W shows
that T'(U,v¥) — T'(U, v #) is surjective. Hence, # = y5¢. Furthermore, (4) shows that .7
satisfies the condition of the proposition for n — 1. We can use the isomorphisms (6) to complete
the inductive step.

So we need only consider the case n = 1. By the sequence (3) for U = X, our element « of
HY(X,.7) is §(B) for some B € T'(X, ). By (5) for any V € U the image of o in HY(X, y.%) is
zero if and only if the image of 8 in I'(X, .#") C T'(V, 5) lifts to an element of I'(X, v¥) = I'(V, ¥).
As I consists of arbitrarily small subsets, there is no problem finding a subcovering U satisfying
the last condition because ¥ — ¢ — 0 is exact. O

Theorem 14 (Serre). Let . be a quasi-coherent sheaf on an affine scheme X. Then for any
i >0 we have H (X, Z) = 0.



Proof. First we prove the case i = 1. There is an exact sequence of sheaves of modules
0 —F — 9 —9—0
with .# injective and therefore flasque. The long exact cohomology sequence is
0 —I(X,7) —IX,%) —I'X¥9 — H(X,7) —0

But we know from [Har77] I1.5.6 that the connecting morphism is zero, from which it follows that
HY(X,.Z) =0 as required.

Now assume the theorem has been proven for 0 < i < n. That is, H(X,.%#) = 0 for all
quasi-coherent sheaves .% on affine schemes X and 0 < i < n. Let 4 the full basis of X consisting
of affine open subsets X for f € I'(X,Ox). Either by observing that the inclusion Xy — X is
quasi-compact and applying (MOS,Proposition 58), or just by recognising it as (I'(X,.%) )", we
see that x,.# is quasi-coherent. The inductive hypothesis means that the conditions of Proposition
13 are satisfied for the cover i and integer n. Therefore, for any given element « of H"(X,.%),
we may find a covering Vi,...,V, of X by members of i such that the image of o in

Hn(Xa @ V79)

1<j<p

is zero. From the long exact exact cohomology sequence of the short exact sequence of quasi-
coherent sheaves
00— % — @ v, # — 94 —0

1<j<p

we deduce that « is in the image §(H"~1(X,%)). But H"1(X,%) = 0 by the inductive hypothesis,
so the proof is complete. O

Corollary 15. Let X be a scheme and U C X an affine open subset. Then the additive functor
I(U,—) : Qco(X) — Ab is ezact.

Remark 5. Let us make a trivial remark. If X is a noetherian scheme then it is in particular a
Zariski space ([Har77] IT Ex.3.17). Therefore using ([Har77] I Ex.1.7) we see that every nonempty
closed subset Y C X contains at least one closed point.

Theorem 16. Let X be a noetherian scheme. Then the following conditions are equivalent:
(i) X is affine;
(i) H(X,.%) =0 for all quasi-coherent sheaves of modules .F and i > 0;

(iii) HY(X,.#) =0 for all coherent sheaves of ideals ¥ .

Proof. (i) = (i1) is Theorem 14 and (i7) = (i4i) is trivial, so we only have to prove (iii) = (7).
We use the criterion of ([Har77] IT Ex.2.17). First we show that X can be covered by open affine
subsets of the form Xy, with f € A=T(X,Ox). Let P be a closed point of X, let U be an open
affine neighborhood of P, and let Y = X \ U. Then we have an exact sequence

0— /YU{P} — jy — k(P) — 0

where #y and _#y(p} are the ideal sheaves of the closed sets Y and Y U {P}, respectively.
The quotient is the skyscraper sheaf k(P) = Ox,p/mp by (MRS,Remark 4). Now from the exact
sequence of cohomology, and hypothesis (iiz), we get an exact sequence

D(X, fy) — D(X,k(P)) — H'(X, Fyupy) =0

So there is an element f € T'(X, #y) C I'(X, Ox) which goes to 1 in k(P). That is, germpf—1 €
mp and therefore by construction P € Xy C U. Furthermore, Xy = Uy, so X is affine.
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Thus every closed point of X has an open affine neighborhood of the form X¢. By quasi-
compactness and Remark 5, we can cover X with a finite number of these, corresponding to
fis..., fr € A. Let o : Oy — Ox be the morphism out of the coproduct induced by the f;.
Since the Xy, cover X, this is an epimorphism of sheaves of modules. Let % be the kernel, so we
have an exact sequence

0—F — 0% —0O0x —0

For each 1 < i < r let 0% — O% be the monomorphism embedding in the first coordinates,
and consider O% as a submodule of O% in this way. For 1 < i < r we have O% C O and a
canonical isomorphism O /O = Ox. We filter .7 as follows

F=FNO0%xD2FNOY'D ... D FN0x

For 1 <i < r we have O% N (F NOY!) = .F N O%. Therefore we have a monomorphism (see
[Mit65] T 16.6) (F N OY)/(F N O%) — OO = Ox, showing that each quotient of the
filtration is isomorphic to a coherent sheaf of ideals on X. Using the hypothesis (4i7) and the long
exact cohomology sequence, we climb up the filtration and deduce that H'(X,.#) = 0. But this
shows that ax : I'(X, 0% ) — I'(X, Ox) is surjective, which tells us that f1,..., f, generate the
unit ideal of A, as required. O

2.1 Cohomology of a Noetherian Affine Scheme

In the approach to Serre’s vanishing theorem given in Hartshorne, one works with noetherian
schemes and the key point is showing that if I is an injective A-module, then the sheaf I on X is
flasque. Although this no longer plays any part in the proof, some of these results are still useful
when we work with noetherian schemes.

Proposition 17 (Krull’s Theorem). Let A be a noetherian ring, a an ideal, M a finitely
generated A-module and N a submodule of M. Then the a-adic topology on N is induced by the
a-adic topology on N. In particular, for any n > 0 there exists k > n such that a” N O NNa*M.

Proof. See [AM69] Theorem 10.11. O

Definition 6. Let A be aring, a C A an ideal and M an A-module. Then we define the following
submodule of M
['o(M)={me M|a"m = 0 for some n > 0}

In other words, m belongs to T'y(M) if and only if its annihilator is an open ideal in the a-adic
topology on A.

Remark 6. Let A be a ring, set X = SpecA and let M be an A-module with # = M ™. If
m € M then Supp(m) = V(Ann(m)). If M is finitely generated then Supp(.#) = V(Ann(M)).
It follows easily that the support of a coherent sheaf on a noetherian scheme is closed.

Let X be a topological space, Z C X a closed subset and .# a sheaf of abelian groups on X.
Then recall ([Har77] II Ex.1.20) that I'z(X,.%) = {s € #(X) | Supp(s) C Z} is a subgroup of
Z(X), and we have a subsheaf 2 (%) of Z defined by

D(V, 2#7(F)) = {s € F(V) | Supp(s) € ZnV}
If (X,Ox) is a ringed space and .Z a sheaf of modules, then (%) is a submodule of .Z.

Lemma 18. Let A be a noetherian ring, a C A an ideal and M an A-module. Set X = SpecA and
let & = M~ . Then there is a canonical isomorphism of sheaves of modules T'q(M)™ = H#2(F)
where Z =V (a).

Proof. By ([Har77] II Ex1.20) the submodule 7 (.%) is the kernel of the unit .# — j.(Z|v)
where U = X \ Z is the inclusion. By [Har77] I1.5.8 both these sheaves are quasi-coherent,
and by [Har77] I11.5.7 so is (). Therefore there is a canonical isomorphism #°(%) =
D(X,#2(F))~, and to complete the proof it suffices to produce a canonical isomorphism of
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A-modules T'y(M) = T(X, #°(F)). So we need only show that the isomorphism M = T'(X, %)
identifies elements of T'y (M) with elements of T'(X, 72 (.%)). But for m € M we have Supp(ri) C
Z = V(a) if and only if V(Ann(m)) = Supp(m) C V(a), which is if and only if \/a C /Ann(m).
Since A is noetherian the ideal a is finitely generated, so it is not hard to check that y/a C
Ann(m) if and only if a” C Ann(m) for some n > 0. This shows that m € T'q(M) if and only
if i € T(X, #,(F)), and completes the proof. O

Lemma 19. Let A be a noetherian ring, a C A an ideal of A, and let I be an injective A-module.
Then the submodule J =Ty (I) is also an injective A-module.

Proof. To show that J is injective, it will be sufficient to show that for any ideal b C A, and
for any morphism ¢ : b — J, there exists a morphism ¢ : A — J extending b (see Stenstrom
Proposition I,6.5). Since A is noetherian, b is finitely generated. On the other hand, every element
of J is annihilated by some power of a, so there exists n > 0 such that a™p(b) = 0, or equivalently,
©(a™b) = 0. Applying Proposition 17 to the inclusion b C A, we find that there is a k > n with
a”b O bNa*. Hence p(bNa*) =0, and so the morphism ¢ : b — J factors through b/(b N a¥).
Now we consider the following diagram

A——> Afak

b—>b/(bNat) —=J—7

@

Since I is injective, the map b/(b N a¥) — I extends to a morphism 1’. But the image of v’
is annihilated by a*, so it is contained in J. Composing with A — A/a* we obtain the desired
morphism ¢ : A — J extending . O

Lemma 20. Let I be an injective module over a noetherian ring A. Then for any f € A the
canonical morphism I — I is surjective.

Proof. For each i > 0 let b; be the annihilator of f* in A. Then b; C by C --- and since A
is noetherian, there is an r such that b, = b4 = ---. Now let 0 : I — Iy be the canonical
morphism and let x € Iy be any element. Then by definition, there is y € I and n > 0 such
that z = y/f™. We define the map ¢ from the ideal (f*") to I by sending f"*" to f"y. This
is possible, because the annihilator of f**" is b,,, = b,, and b, annihilates f"y. Since I is
injective, ¢ extends to a morphism ¢ : A — I, which corresponds to an element z = ¢ (1). Then
/™2 = fTy. But this implies that 6(z) = y/f™ = z. Hence 0 is surjective. O

Proposition 21. Let A be a noetherian ring and set X = SpecA. If I is an injective A-module
then the sheaf of modules I is flasque.

Proof. We will use noetherian induction (MAT,Lemma 43) on the support of I. To be a little
clearer, let & be the following statement about a closed subset Y of X:

(£) For a injective module I with Supp(I) CY the sheaf of modules I is flasque.

The proposition is this statement in the case Y = X. By noetherian induction, to prove the
proposition it suffices to show that for any closed subset Y of X, if &2 is true for every proper
closed subset of Y then it is true for Y. So in the rest of the proof let Y be a fixed closed subset
of X with this property, and let I be an injective A-module with Supp(l) CY.

First of all, we can assume Y = Supp(I) since otherwise Supp(I) is contained in a proper
closed subset of Y, in which case I~ is flasque by the inductive hypothesis. If Y is empty or
consists of a single closed point of X, then I~ is a skyscraper sheaf which is obviously flasque.

In the general case, to show that I~ is flasque, it will be sufficient to show, for any open set
U C X that I'(X,I”7) — T'(U,I7) is surjective. If Y NU = {), there is nothing to prove. If

11
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Y NU # 0, we can find an f € A such that the open set X; = D(f) is contained in U and
XyNY #0. Let Z= X \ Xy and consider the following commutative diagram

(X, 1) (U, I) I'(Xy,I)

o T

FZ(XaI) H]-—‘Z(le) HFZ(XJC’I)

Given a section s € I'(U,I™), we consider its image s’ € I'(X;,I"). By Lemma 20 there is
t € (X, I7) restricting to s’. Let ¢’ be the restriction of ¢ to I'(U,I™). Then s — t’ goes to zero
in I'(Xy,I7) so it has support in Z. Thus to complete the proof, it will be sufficient to show
that T'z(X,I7) — T'z(U, 1) is surjective. That is, we have to show that the sheaf 2 (1) of
Remark 6 is flasque.

If J =T(X,2(I"7)) then we know from the proof of Lemma 18 that there is an isomorphism
of A-modules J = T'y(I) where a = (f). By Lemma 19 the module J is injective, and Supp(J) =
Supp(#2(17)) is contained in Y N Z which is strictly smaller than Y. Therefore by the inductive
hypothesis, J ™ is flasque. Since J~ = 2 (I~) we see that (1) is flasque and the proof is
complete. O

Corollary 22. Let X be a noetherian scheme, F a quasi-coherent sheaf of modules on X. Then
there is a monomorphism F — 4 where 4 is a flasque quasi-coherent sheaf of modules.

Proof. Cover X with a finite number of open affines U; and for each i let f; : Spec(4;) — X be
the canonical open immersion, which factors as an isomorphism g; : Spec(A;) — U; followed by
the inclusion, and let M; an A;-module for which there is an isomorphism 7|y, — (g;)«(M;").
Embed M; in an injective A-module I; so that we have a monomorphism # |y, — (¢;)«(I;"). By
adjointness we have a morphism % — (f;)«(f;"). Since I; is injective, the sheaf I;™ is flasque
by Proposition 21 and therefore so is the coproduct ¥ = @, (f;)«(L;~) (since this is finite, we
can take the pointwise coproduct). The induced morphism % — ¥ is clearly a monomorphism

and ¢ is quasi-coherent by [Har77] I1.5.8, so the proof is complete. O

Remark 7. If X is noetherian then Qco(X) is a grothendieck abelian category (MOS,Proposition
66) and therefore has enough injectives. It is also true that a quasi-coherent sheaf of modules is
injective in Neco(X) if and only if it is injective in Mod(X) (MOS,Proposition 68). Therefore
every quasi-coherent sheaf .# can be embedded in a quasi-coherent sheaf ¢ which is injective in
Moo (X) (and therefore flasque). This gives an alternative proof of Corollary 22, but it requires
some sophisticated category theory.

Using these results, we can also strengthen Proposition 21. If A is a noetherian ring and
X = SpecA, then for any injective A-module I, the sheaf I is injective in Qco(X) and therefore
also in Mod(X).

3 A Vanishing Theorem of Grothendieck

Proposition 23. Let {Za, 0aplaca be a direct system of sheaves of abelian groups on a quasi-
noetherian space X. Then for any quasi-compact open subset U of X, the canonical morphism

lim T(U, Z,) — T(U, lim Z,,)

« «

is an isomorphism. In words, the additive functor T'(U,—) : Ab(X) — Ab preserves direct limits
and coproducts.

Proof. Let P be the canonical direct limit in the category of presheaves of abelian groups, so
P(U) = lim DU, #,) for any open U € X. We show that P satisfies the sheaf condition with
respect to open covers of quasi-compact open sets.
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Suppose we are given an open set U and a finite open cover Vp,...,V,, of U, together with
a € P(U) satisfying aly, = 0 for each i € I. Write a = (o, m) for some m € I'(U, #,). Then
aly, =0 for 1 <14 < n so we can find a single index 8 with (¢ug)v(m)]y, =0 for 1 <i < n. Since
F3 is a sheaf, we have (pq3)u(m) = 0 and therefore a = 0 in P(U) as required.

Now to show we can amalgamate matching families. Let U be a quasi-compact open subset and
{V:}ier a nonempty open cover, together with a; € P(V;) which agree on overlaps. Let Vp,...,V,
be a finite subcover. We can write the aq, ..., a, in the form a; = («, m;) for some fixed a € A and
m; € I'(Vi, #o). We can also find a fixed 8 € A such that (¢as)v; (mi)|vinv; = (Yas)v; (mj)|viav; -
Since % this has a unique amalgamation m € I'(U, %3). If we set a = (3, m) then it is clear that
aly, = a; for i € I and that a is the unique element of P(U) with this property.

Now let ¢ : P — h_II)la Z4 be the canonical morphism of presheaves of abelian groups, where
the sheaf lim Z 4 is the direct limit in 2Ab(X). The morphism % is just the sheafification of P,
and we claim that vy is an isomorphism for any quasi-compact open U C X.

It is easy to see that iy is injective for any quasi-compact open U. To see that it is surjective,
let t € T'(U, li_n}a Fo) be given. Since X is quasi-noetherian, we can find an open cover {W, }icr
of U by quasi-compact open sets W;, together with a; € P(W;) such that ¢|y, = d;. One checks
that ai|WmW]. = Gj\Wij (here we use the fact that W; N W} is quasi-compact). By the above
discussion, there exists a € P(U) with a|w, = a; for each i € I, and it is clear that t = ¢y (a) as
required. This shows that I'(U, —) commutes with direct limits, and it therefore commutes with
coproducts by (AC,Lemma 43). O

As an immediate consequence we have

Lemma 24. Let { %o, paplaca be a direct system of sheaves of abelian groups on a noetherian
space X. Then for any open subset U of X, the canonical morphism

limI'(U, #,) — T'(U,lim .%#,)
iy -

is an isomorphism. In words, the additive functor T'(U,—) : Ab(X) — Ab preserves direct limits
and coproducts.

Remark 8. Let (X,Ox) be a quasi-noetherian ringed space and U C X a quasi-compact open
subset. It follows from Proposition 23 that the sheaves Oy of (MRS,Section 1.5) is compact in
the category 9Mod(X). It is easy to check that the functor I'x\y (X, —) preserves coproducts, so
the sheaf Ox\y is also compact.

Corollary 25. The direct limit of any direct system of quasi-flasque sheaves of abelian groups on
a quasi-noetherian space is quasi-flasque. The direct limit of any direct system of flasque sheaves
of abelian groups on a noetherian space is flasque

Remark 9. Let X be a topological space and % a sheaf of abelian groups. In ([Har77] Ex1.16e¢)
we defined the sheaf .#¢ of discontinuous sections of .%, which is flasque. If ¢ : .F — % is a
morphism of sheaves of abelian groups, then ¢¢(s)(z) = ¢.(s(z)) gives a morphism of sheaves of
abelian groups ¢¢ : F¢ — @? and this defines an additive functor (—)¢ : Ab(X) — Ab(X).
There is a canonical monomorphism of sheaves of abelian groups .# — .#¢ natural in .%.

Theorem 26. Let {F,,0aptaca be a direct system of sheaves of abelian groups on a quasi-
noetherian space X. Then the canonical morphism

lim HY(X, %) — H'(X,lim .%,)
— —

(e

is an isomorphism for i > 0. In words, the additive functor H (X, —) : 2Ab(X) — Ab preserves
direct limits and coproducts.

Proof. For each av € A we have a short exact sequence

0—>§a—>ﬁo‘f—>§%—>0
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Taking direct limits, we have a short exact sequence
0—F —F—9Y—0

where F = lim | Fq and € = h_H)l Z4 is quasi-flasque by Corollary 25. Hence it has no higher
cohomology by Corollary 11. Using the long exact sequence of cohomology, we have the following
commutative diagrams with exact rows

0—=1limI(X,%,) —=1limT(X, ) — = lim[(X,%,) — > lim H (X, Z,) —>0
P e — —

| | | |

0 INX,7) I'X,?%) I'X,9) HY (X, 7)
and for ¢ > 0
0 —>lim H(X,¥,) — lim H'*Y(X, %,) — 0
— —
0 Hi{(X,9) HTYX,7) 0
By induction on ¢ we are done, because Proposition 23 included the case ¢ = 0. O

Lemma 27. LetY be a closed subset of a topological space X with inclusion j : Y — X, and let
F be a sheaf of abelian groups on'Y'. Then for i > 0 there is a canonical isomorphism of abelian
groups H' (Y, %) =2 HY(X, j..%) natural in F

Proof. Let Z, J be assignments of injective resolutions to the objects of 2Ab(Y"), 2(b(X) respectively,
with respect to which all right derived functors are calculated. Suppose the chosen injective
resolution for .Z is

I'0—%F—J9° s —
Then applying the functor j, : Ab(Y) — 2Ab(X) we have a flasque resolution of j,.#
Gl 10 — jo.F — j,I° — g7t

since j, is exact in this case. By Remark 2 there is a canonical isomorphism of abelian groups
natural in .%# for i > 0 A ‘ ‘
H'(X, j.7) = H'(I'(X, j.I)) = H'(Y, F)

which is what we wanted to show. O

Remark 10. The same proof applies just as well to the case where Y, X are arbitrary topological
spaces and j : Y — X is a continuous map which induces a homeomorphism of Y with a closed
subset of X. That is, there is a canonical isomorphism of abelian groups H*(Y, %) = H' (X, j..7)
for any sheaf of abelian groups .# and i > 0, and moreover this isomorphism is natural in .%. In
particular this is true when j is a homeomorphism.

If j: Y — X is a closed immersion of schemes over an affine scheme SpecA, then using
Remark 4 and naturality we see that the isomorphism H*(Y,.#) = H'(X, j..#) is an isomorphism
of A-modules for any sheaf of modules . on Y. More generally this is true for any affine morphism
provided .# is quasi-coherent.

Corollary 28. Let f: X — Y be an affine morphism of schemes and % a quasi-coherent sheaf
on X. Then there is a canonical isomorphism of abelian groups natural in F for i >0

HY(X,7) — H'(Y, f.7)

Moreover if f : X — Y is a morphism of schemes over an affine scheme Spec(A), this is an
isomorphism of A-modules.
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Proof. Choose assignments of injective resolutions to 2(b(X) and 2b(Y"), and suppose that the
chosen resolution for .% is
0—F —I° - 7! — ... (7)

We claim that the following complex
0— fuf — fuI? — [ It — - (8)

is a flasque resolution of f..# as a sheaf of abelian groups. The sheaves f,.#* are trivially flasque,
so it suffices to show that this sequence is exact. For this it suffices to show it is exact after we
apply T'(V, —) for every affine open subset V' C Y. Fix some such affine open subset V. Since f is
affine, =1V is an affine open subset of X. We can split (7) into a series of short exact sequences

0—F —9" %0
0— " g S #'—0

Restricting the first sequence to f~'V and using the fact that the higher cohomology of .F|;-1y
vanishes by Theorem 14, we deduce an exact sequence

0 —T(f'V,7) —T(f'V,s5°) —1(f'v,. #° —0

and isomorphisms H*(f~'V, 7% ;-1y) = H(f~'V, 20| ;-1y) for i > 0. Since the sheaf &0 is
flasque all its restrictions are flasque, so we deduce that the higher cohomology groups of £ 0| ;-1y/
all vanish. Proceeding in this way, we deduce a short exact sequence for ¢ > 0

0 —T(f 'V, ") —T(f 'V, 7" —T(f v, 7)) —o0

Piecing all of these sequences back together, we see that the complex obtained by applying I'(V, —)
to (8) is exact, as required. That is, we have shown that (8) is a flasque resolution of f,.#. From
Remark 2 we deduce a canonical isomorphism of abelian groups for i > 0

naturality with respect to morphisms of quasi-coherent sheaves of modules % — ¥ is easily
checked (actually the isomorphism is natural with respect to morphisms of sheaves of abelian groups
F — ¢4 where %, 9 are quasi-coherent sheaves of modules). Suppose finally that f: X — Y is
a morphism of A-schemes for some ring A. Using the characterisation of the module action given
in Remark 4 it is clear that H(X, %) — H'(Y, f..%) is an isomorphism of A-modules. O

Remark 11. In Section 1.3 when we defined the presheaf of cohomology, it was as U — H*(U, )
where H(U, —) = R'T'(U,—), not as U +— H(U, Z|y), because in the latter case it wasn’t clear
how to define restriction. But at least for affine open subsets we can now do so. Let X be a scheme
and .% a quasi-coherent sheaf on X. Given open subsets V' C U with affine inclusion ¢ : V — U
we have a canonical morphism of abelian groups for ¢ > 0

H' (U, Z|v) — H'(U,q(F|v)) = H'(V. Z|v)

using Corollary 28 and the canonical morphism Z#|y — ¢.(%#|v). In fact this morphism of
abelian groups sends the action of T'(U, Ox) to the action of I'(V,Ox) in a way compatible with
restriction. Moreover the isomorphism H*(U, %) = H (U, Z|y) of Lemma 12 is now natural with
respect to affine inclusions of open sets.

Remark 12. Let X be an irreducible topological space, Z the constant sheaf of abelian groups
with T'(U, Z) = Z for nonempty open U, which is a sheaf since X is irreducible. For open U C X
write Zy = ji(Z]|y) where j : U — X is the inclusion. If .% is any sheaf of abelian groups on X,
there is a canonical bijection I'(U, %) & Hom(Zy, %) for any open subset U C X, natural in Z.

In particular for open sets V C U there is a canonical monomorphism Zy — 2y, so we can
consider Zy as a subsheaf of Zy.
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Lemma 29. Let X be an irreducible topological space with nonempty open subset U. If Z is
a nonzero subsheaf of Zy then there is a nonempty open subset V. C U and a monomorphism
Zy — X which restricts to an isomorphism on V.

Proof. Since Z is nonzero, at least one of the groups I'(V, %) for V' C U must be nonzero. Use
the monomorphism Z|y — Zy|v = Z|y to identify Z|y which a nonzero subsheaf .7 of Z|y.
Let d be the smallest positive integer occurring in the groups I'(W, J) for W C U, and let V C U
be an open set with d € T'(V, J). If m € T'(V, %) corresponds to d then the morphism Zy — Z#
determined by m has the required properties. O

For the proof of the next Theorem we introduce some convenient notation. If X is a topological
space, U C X open and ¥ = X \ U, then for a sheaf of abelian groups .# on X we write
Fy = i,(i7 .F) and Fy = j(F|y) where i : Y — Z,j : U — X are the inclusions. By
(SGR,Lemma 26) we have an exact sequence

0—>9U—>y—>yy—>0 (9)

In particular this shows that if %|y = 0 then there is a canonical isomorphism % 2 %y, and
similarly there is a canonical isomorphism %y = % if i~1.% = 0.

Theorem 30. Let X be a nonempty noetherian topological space of finite dimension n. Then for
all i > n and all sheaves of abelian groups F on X, we have H' (X, #) = 0.

Proof. First we make some observations in the case where X is irreducible.

(A) Suppose that X is irreducible of dimension n = 0. In this case X has the discrete topology
so the functor I'(X, —) : Ab(X) — Ab is an isomorphism. In particular it is exact, so for
any sheaf of abelian groups .# on X we have H'(X,.%#) = 0 for i > 0, showing that the
result is true in this case.

(B) Suppose that X is irreducible of dimension n > 1. By (SGR,Lemma 13) and Theorem 26
it will be sufficient to prove vanishing of cohomology for # finitely generated (in the sense
of (SGR,Definition 9)). Given a finitely generated sheaf of abelian groups .Z, let u(.%) be
the smallest integer ¢ > 1 for which there exists a set of ¢ sections generating #. If t > 2
find sections aq,...,a; generating .# (so there are open sets U; with a; € F(U;)). Let &/
be the submodule generated by a1. It is clear that &4 = % /.7’ is generated by the images
of the ag, ..., a; (for example, using (SGR,Lemma 14)), so u(F') =1, u(4) <t —1 and we
have an exact sequence

0—F —F —94—0

Using the long exact sequence of cohomology and induction on (%), we reduce to the case
where .# is generated by a single section a over some open set U. There is a canonical
epimorphism Zy — % corresponding to the element a, and therefore an exact sequence

0 —#— Zy — F —0

Again using the long exact sequence of cohomology, we see that to prove the result for X it
suffices to prove it in the special case where .% is a subsheaf of Zy for some open U.

Next we show that we can reduce to the case where X is irreducible of lower dimension.

(C) Fix an integer e > 0 and suppose that the theorem is true whenever X is irreducible and
dimX < e. We prove the theorem for arbitrary X of dimension < e by induction on the
number of irreducible components r. The case r = 1 is the hypothesis, so assume r > 2
and let Y7,...,Y, be the irreducible components of X. Set Y =Y, and U = X \Y. If
necessary rearrange the Y; so that for some 2 < s < r the irreducible components Y5, ..., Y
are precisely those with Y; NU # ). Tt is easy to see that U = Y U---UY} is the irreducible
decomposition of U. Since U,Y are nonempty noetherian topological spaces of dimension

16


file:"SheavesOfSetsGroupsRings.pdf"
file:"SheavesOfSetsGroupsRings.pdf"
file:"SheavesOfSetsGroupsRings.pdf"
file:"SheavesOfSetsGroupsRings.pdf"

< e, it follows from the inductive hypothesis, Lemma 27 and (SGR,Lemma 29) that for any
sheaf of abelian groups .% on X and i > dimX

H{(X,Zy) = H(Y,i *F)=0
HY (X, Zy) =2 H(U,kZF|y) =0

where k : U — U is the inclusion. Using the long exact cohomology sequence of (9) we see
that H(X,#) =0 for i > dimX, as required.

The main part of the proof is by induction on the dimension n > 0. Combining (A), (C) gives
the case n = 0, so suppose that n > 1 and that the theorem is true for all X of dimension < n.
Then by (C') the theorem would hold for all X of dimension n once we show it holds in the special
case where X is irreducible. So we have reduced to proving the following statement:

(D) Let X be an irreducible noetherian topological space of dimension n > 1, and
suppose that the theorem holds for all nonempty noetherian topological spaces of
dimension < n. Then the theorem is true for X.

Proof of (D). By (B) we reduce to the special case where .7 is a subsheaf of Zy for some
open U. Suppose for the moment that we can show H*(X, Zy) = 0 for i > n and any open set
U. Let U an open subset of X and % any subsheaf of Zy. If % = 0 the result is trivial, so we
can assume U is nonempty and .% nonzero. Then by Lemma 29 there is a nonempty open subset
V C U and a monomorphism Zy — % which restricts to an isomorphism on V. If V' = X then
we are done, so assume V is proper. We have an exact sequence

0— 2y —F — F/Zy —0 (10)

Set Z=X\V,2=%/Zy and let ¢: Z — X be the inclusion. Then Z is a proper nonempty
closed subset of X, so dimZ < n by ([Har77] Ex.1.10) and therefore by assumption the theorem
holds for Z. Since 2|y = 0 there is a canonical isomorphism 2 = 2, so using Lemma 27 we
have for i > n

HY(X,2)=2 H(X,27) =2 H(Z,c'2)=0

Using the long exact cohomology sequence of (10) and the assumption that H*(X, Zy) = 0 for
i > n, we see that H(X,.#) = 0 for i > n, as required.

Now it only remains to prove the theorem in the case where .% = Zy for some open set U. If
U is empty this is trivial, so assume U is nonempty and let Y = X \ U be the proper complement.
Then we have an exact sequence

0—2Zy —2Z—2Zy —0 (11)

Suppose for the moment that U is proper. Then Y is a proper nonempty closed subset of X, so
dimY < n and therefore by assumption the theorem holds for Y. In particular H* (X, Zy) = 0
for i > n. Using the long exact cohomology sequence of (11) we reduce to the case & = Z. If
U = X then Zy = Z, so we reduce to this case directly. But Z is trivially flasque, so we have
HY(X,Z) =0 for i >n and the proof is complete. O

4 Cech Cohomology

In this section we construct the Cech cohomology groups for a sheaf of abelian groups on a
topological space X, with respect to a given open covering of X. We will prove that if X is
a noetherian separated scheme, the sheaf is quasi-coherent, and the covering is an open affine
covering, then these Cech cohomology groups coincide with the cohomology groups defined in
Section 1. The value of this result is that it gives a practical method for computing cohomology
of quasi-coherent sheaves on a scheme.

Let X be a topological space, 4 = {U,};c; a nonempty open cover of X with totally ordered
index set I. For any finite set of indices i, ...,i, € I we denote the intersection U;, N---NU;, by
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Uio,__.ﬂvp. Now let # be a sheaf of abelian groups on X. We define a complex C'(4, #) of abelian
groups as follows. For each p > 0, let

i0<-<ip
Thus an element o € CP(4,.%) is determined by giving an element

Qi ...

i, € F(Us,....i,)
for each (p + 1)-tuple ig < --- < i, of elements of I. We define the coboundary morphism
dP : C? — CPT! for p > 0 by setting

p+1

k
(dpa)io7~~;ip+1 = Z(_l) aio,.,,,[,;,,,,,ip+1|Ui0 ,,,,, ipt1 (12)
k=0

where the notation zAk means omit ij. It is straightforward to check that dP*! o dP =0 for p > 0,
so we have a positive cochain complex of abelian groups.

Remark 13. If o € CP(U,.F) for p > 0, it is sometimes convenient to have the symbol ay,, ...,
defined for all (p + 1)-tuples of elements of I. If there is a repeated index in the set {ig,...,ip},
we define a,,...;, = 0. If the indices are all distinct, we define ay,,...;, = (—1)39”(")ag(io),wa(ip)
where ¢ is the unique permutation with o(ip) < --- < o(i,). Obviously this is unambiguous if
ip < --- < ip is already strictly ascending. This defines a morphism of abelian groups C?({, &) —
Dr(4,.7) where DP(U, F) =1, F (Ui,..i,). The formula (12) gives a morphism of abelian

groups dP : DP — DPT! for p > 0 and it is clear that dP*! o dP for p > 0 in this case as well.

Definition 7. Let X be a topological space, 8 = {U;};cr a nonempty open cover of X with
totally ordered index set I. For any sheaf of abelian groups .% on X and p > 0 we define the pth
Cech cohomology group of F with respect to the covering i, to be the abelian group

HP (4, 7) = HP(C(4, 7))

If ¢ : F — & is a morphism of sheaves of abelian groups then there is an induced morphism
of cochain complexes C'(i, ¢) : C'(U, F) — C(U,¥) and therefore a morphism of abelian groups
HP(U,.7) — HP(U,9) for each p > 0. For each p > 0 this defines an additive functor H? (8, —) :
Ab(X) — Ab.

Remark 14. Keeping X and U fixed, if 0 — %' — F — F#” — 0 is a short exact
sequence of sheaves of abelian groups on X, we do not in general get a long exact sequence of
Cech cohomology groups. In other words, the functors H? (4, —) do not form a é-functor.

Lemma 31. Let X, M, F be as in Definition 7. Then there is a canonical isomorphism of abelian
groups HO(W, F) — T(X, .F) natural in F.

Proof. The group H°(U,.7) is the kernel of d : C°(U,.#) — C'(4,.%). Saying a sequence of
sections {s;}sc; belongs to this kernel is equivalent to saying that s;|u,nu; = s;|v,nu, for all 4, 3.

Sending such a sequence to its unique amalgamation defines the isomorphism of abelian groups
H°(U,F) — T'(X,.Z) with inverse s — {s|y, }ics- This isomorphism is clearly natural in .%#. O

Example 3. Let k be a field and set X = P}.. Set Uy = D (z0) and U; = D (z1), so we have
canonical isomorphisms Uy & Speck[x] and Uy = Speckly] (where = corresponds to the section
x1/x0 on Uy and y corresponds to the section xg/x1 on Uy). Let .% be the sheaf of abelian groups
Q2= Qx/, on X. By (DIFF,Proposition 9) we have canonical isomorphisms

['(Uo, Q) = Qo
LU, Q) = Qg /e
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These are free modules on dx, dy respectively. The isomorphism Uy & Speck|x] identifies the open
set Uy N U; with D(x) so there is a canonical isomorphism of Uy N Uy with Speck[z, 2] and we
have another isomorphism

F(UO NnUy, Q) = Qk[w,zfl]/k: = (Qk[l]/k)z

This is a free module on dz/1. Let ¢ : k[y] — k[x,271] be the morphism of k-algebras defined
by y + 1/x. Then dy — —dx/z* defines a morphism of k[y]-modules Q1 — (Qpfa)/k)2 and
together with the localisation morphism Q(,/x — (Q[z]/x)> We have a commutative diagram

AN E—— (Qk[x]/k)z ~— Qe

ﬂ ﬂ ﬂ

F(Uo, Q) —— F(Uo n Ul,Q) < F(Ul, Q)

Let 4 be the cover {Up,U;}. Then the Cech cohomology of  with respect to i is canonically
isomorphic to the cohomology of the following sequence of abelian groups

s 00— DQefay/k D Ly e — (Qfa) k) —= 0 —— -~

where 0(f(x)dx, g(y)dy) = (f(z) + 1/2%g(1/z))dx. The kernel of 6 is therefore in bijection with
pairs of polynomials (f(z),g(y)) with f(z) 4+ 1/2%g(1/z) = 0 in k[z,z~!]. A little calculation
shows that this is only possible if f = g =0, so Ker(f) = 0 and therefore H°(4, Q) = 0.

To compute H', observe that we have a commutative diagram of abelian groups

Dtk ® Qiy)e — (Qnefa) /)

ﬂ ﬂ

klx] @ E[y] — K[z, x 1]

where 1) is the morphism of k-modules (f(),g(y)) — f(x) + 1/2%g(1/x). Since k[z,z~!] is the
ring of Laurent polynomials in z, it is a free k-module on the basis {z™ |n € Z}. The image of 1) is
the k-submodule generated by {z" |n € Z}\{z~!}. Therefore the quotient k[z,z~1]/Im is a free

k-module on the basis 2! + I'm1) and there is an isomorphism of abelian groups HI(LL Q) = k.
So finally

0 i=0
HUQ) =<k i=1
0 i>1

In particular Lemma 31 shows that I'(X, Q) = 0.

Definition 8. Let X be a topological space, 8 = {U;};cr a nonempty open cover of X with
totally ordered index set I. For any open set V' C X let f: V — X denote the inclusion. If &
is a sheaf of abelian groups on X then we define a sheaf of abelian groups for p > 0 by

%p(i’u ‘?) = H f*(ﬁh]io ip)

e e<i,
For p > 0 we define a morphism of sheaves of abelian groups

dP 6P (U, F) — €PTHU, .F)
p+1

k
(dp)v(a)i07~~~gip+l = E (=1) Qi ip+1|VmUi0 ..... ipt1
k=0
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As before we check that dP*! o dP = 0 for p > 0 so we have a positive cochain complex of sheaves
of abelian groups. Note that by construction for each p > 0 we have I'(X, €7 (U, F)) = CP (U, F)
and on global sections dP is the differential of (12).

If ¢ : F — & is a morphism of sheaves of abelian groups then there is an induced morphism
of cochain complexes € (U,.#) — €(U,¥4) which on global sections is the morphism of cochain
complexes C'(U,.#) — C(U,¥) of Definition 7. This defines an additive functor € (U, —) :
2Ab(X) — coCh2(b(X).

Lemma 32. Let X, i, F be as in Definition 8. Then the cochain complex € (4, F) is a resolution
of F. That is, there is a canonical morphism of sheaves of abelian groups ¢ : F — €° (U, F)
making the following sequence exact

0—>,§Z—>‘€0(u,ﬁ)—><€1(ﬂ,54‘)—> (13)

This resolution is natural in F, in the sense that for a morphism of sheaves of abelian groups
¢ F — G the following diagram commutes

0—7F —¢"UF)—=F (U, F)— -

]

0—> % ——> U Y) —=C (U, G) —> -

Proof. The canonical morphisms .# — f.(%|y,) induce the morphism of sheaves of abelian
groups ¢ : F — €°(U,.#) and the sheaf axioms show that the sequence (13) is exact in the
first two nonzero places. We show (13) is exact everywhere by showing that for every z € X the
following positive cochain of abelian groups is exact

0— Fp — CU,.F)y — C WU, F)y — C* (U, F)y — - (14)
Choose an index j with « € U; and fix p > 1. We define a morphism of abelian groups
¥P LGP (U, F )y — CPTHU, T,

as follows. An element z € €7 (U, #), can be represented by a section o € I'(V, 6P (U, .F)) over
a neighborhood V' of z, which we may choose so small that VV C U;. We define an element of
r'(V,¢P~1(u,.%)) by 0(W)ig,....ip_1 = Qjig,....i,_, using the notational convention of Remark 13.
This makes sense because V- NUs, .. 5,_, =V NUj;,,...i,_ .- One checks that the element ¥P(z2) =
(V,o(e)) is independent of the representative (V,«) chosen, and that it defines a morphism of
abelian groups. We also define a morphism of abelian groups

N0 G, F)y — T
(V,a) = (VN Uy, a;)

Take 3 to be zero for i < 0. It is tedious but straightforward to check that 1 = ¢P~13P 4 ¥r+igp
for all p € Z. Therefore the identity and zero endomorphisms of the cochain complex (14) are
homotopic, and therefore have the same effect on cohomology. It is therefore clear that (14) is
exact, as required. Naturality in % is obvious. O

Proposition 33. Let X be a topological space, th a nonempty open cover, and let F be a flasque
sheaf of abelian groups on X. Then for all p > 0 we have HP (U, F) = 0.

Proof. Consider the resolution (13) of % given by Lemma 32. Since % is flasque, the sheaves
¢P(U,.7) are flasque for each p > 0. Indeed, for any i, ... i, F|u,, , Is a flasque sheaf on
Usig,....i,» f+« preserves flasque sheaves, and a product of flasque sheaves is flasque. So by Remark
2 we can use this resolution to compute the cohomology groups of .. But % is flasque, so

HP(X,.%) =0 for p > 0. On the other hand, the answer given by this resolution is
HY(T(X, €U, F))) = HP (4, F)
So we conclude that H?(U,.#) = 0 for p > 0. O
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Lemma 34. Let X be a topological space, $4 an nonempty open cover, F a sheaf of abelian groups
on X. Then for each p > 0 there is a canonical morphism of abelian groups natural in F

v: HP(U,.F) — HP(X,.F)

Proof. Fix an assignment of injective resolutions Z with respect to which cohomology is calculated.
Suppose the chosen injective resolution for .# is

I0—F—I— I

By (DF,Theorem 19) there is a morphism of cochain complexes € (4, .#) — .# which induces
the identity on # and is unique up to homotopy. Applying the functor I'(X,—) and taking
cohomology we get the desired morphism v. Naturality in % is clear. In the case p = 0 this
is the composition of the isomorphism HO(U,.#) = T'(X,.#) of Lemma 31 with the canonical
isomorphism I'(X, %) = H°(X, 7). O

Remark 15. If in Lemma 34 we have two assignments of injective resolutions Z, J to the objects
of Ab(X), then the canonical isomorphism of abelian groups H7(X, %) = H' (X,.7) makes the

following diagram commute
~ vz

N

HE (X, 7)

Remark 16. Let (X, Ox) be aringed space, i = {U; };cr a nonempty open cover of X with totally
ordered index set I, and .# a sheaf of modules on X. Then for p > 0 the sheaves €P (4, .%#) are
canonically sheaves of Ox-modules and €' (4, .#) is a cochain complex in Mod(X). If ¢ : F — &
is a morphism of sheaves of modules then € (,.%) — % (U,¥) is a morphism of cochain complexes
in 9Mod(X), so we have an additive functor €' (U, —) : WMod(X) — coChMod(X). The morphism
e:.F — €U, F) of Lemma 32 is a morphism of sheaves of modules, so we have an exact
sequence in MMod(X)
0—F — U TF)—CWF) — -

Set A = I'(X,0x). The above shows that for p > 0 the Cech cohomology group HP(i,.%)
has a canonical A-module structure. If ¢ : . F — ¥ is a morphism of sheaves of modules then
HP(U,.7) — HP(4,9) is a morphism of A-modules. The morphism v : H?(U,.#) — H?(X,.7)
of Lemma 34 is also a morphism of A-modules.

Theorem 35. Let 3 be a finite nonempty cover of a scheme X by open affines which have affine
intersections. If F is a quasi-coherent sheaf on X, then

0—F — MU ZF) —CWUF) — -

is a I'(X, —)-acyclic resolution of & by quasi-coherent sheaves, and the canonical morphism of
I'(X, Ox)-modules )
v:HP(U,.F7) — HP(X,.7)
s an isomorphism for p > 0.
Proof. By assumption, an intersection V = Uy N---NU, of elements of the cover is affine and the

inclusion f : V — X is an affine morphism. An affine morphism is concentrated, so the sheaf
f+(Z|v) is quasi-coherent (CON,Proposition 18) and from Corollary 28 we deduce that for i > 0

0=H(V,Z|v) = H (X, [(F|v))

since by Theorem 14 a quasi-coherent sheaf has vanishing higher cohomology on an affine scheme.
The sheaf f,.(%|v) is therefore quasi-coherent and I'( X, —)-acyclic, so the same is true of any finite
coproduct of such sheaves. This shows that the sheaf of modules €* (4, %) is quasi-coherent and
I'(X, —)-acyclic for p > 0, as claimed. It now follows from (DTC2,Remark 14) that the canonical
morphism v is an isomorphism for p > 0. O
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Remark 17. The reference to (DTC2,Remark 14) in the proof of Theorem 35 is unkind to the
reader. There is a more “elementary” proof of the quoted result using spectral sequences, but
this might also be unkind. The author’s recommendation for the reader unfamiliar with derived
categories is to read the alternative proof given in Section 4.1 (which is anyway good enough to
read Hartshorne’s book) and worry about removing the noetherian hypothesis later.

Remark 18. Observe that under the hypotheses of Theorem 35 the monomorphism of sheaves
of modules .# — ¢°(U,.F) embeds .Z as a subobject of a quasi-coherent I'(X, —)-acyclic sheaf
of modules (cf. Corollary 22).

Corollary 36. Let X be a concentrated scheme, {l as in Theorem 35 and {Fn}aca a nonempty
family of quasi-coherent sheaves on X. The canonical morphism of T'(X, Ox)-modules

P i (Y, Fo) — H U ED Fa)

is an isomorphism for p > 0.

Proof. The coproduct @, #, is quasi-coherent (MOS,Proposition 25), so the result follows The-
orem 35 and Theorem 26. O

Example 4. Let k be a field and set A = k[z,y], X = A? = SpecA. Let U = X \ {(0,0)} and
Up = D(z),U; = D(y) so that {Uy,U;} is an affine open cover of U. It is trivial that U is a
noetherian separated scheme, so we can use Theorem 35 to calculate the cohomology of the quasi-
coherent sheaf © = Ox|y. The Cech cohomology is the cohomology of the following complex of
abelian groups

OHAxXAy*G>Awy*>Q

where 0(a/z™, b/y™) = ba™/(xy)™ — ay™/(zy)". Therefore H (U, O) = 0 for i > 1. It is easy to
check that A,, = k[z,y]., is a free k-module on the basis {z'y’ |i,j € Z}, and the image of 6 is
the k-submodule generated by the set {z'y’ |i > 0 or j > 0}. Therefore the quotient A,,/Imo
is isomorphic as a k-module to the free k-module on the set {x'y’|i < 0 and j < 0} which is in
particular infinite-dimensional. Therefore H' (U, Q) # 0, which gives another proof that U is not
affine.

4.1 Proof from Hartshorne

There is an alternative proof of Theorem 35 given in Hartshorne. But it only works for noetherian
separated schemes, and in any case it seems to me that the proof is incomplete. Here we use an
easy result (DTC,Proposition 10) from the theory of derived categories to patch the gap. This
proof works for infinite affine open covers, but the reader can probably skip this section on a first
reading.

Theorem 37. Let X be a noetherian separated scheme, 4 an open affine cover of X, and let F
be a quasi-coherent sheaf of modules on X. The canonical morphism of T'(X, Ox)-modules

v: HP(U,.F) — HP(X,.F)
is an isomorphism for p > 0.

Proof. Fix an assignment of injective resolutions Z to the objects of 2b(X) with respect to which
cohomology is calculated. For p = 0 we have an isomorphism by Lemma 31. For the general case,
embed .Z in a flasque, quasi-coherent sheaf of modules ¢ using Corollary 22 so we have an exact
sequence of quasi-coherent sheaves of modules

0 —%F —>9Y—%—0 (15)
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For each ig < --- <'i;, the open set Uy,,. . ;, is affine, since it is a finite intersection of affine open
subsets of a separated scheme ([Har77] II Ex.4.3). Therefore by [Har77] I1.5.6 or Theorem 14 (or
even more simply (MOS,Lemma 5)) we have an exact sequence

0— f(UZ ) e g(UiOy~~-7ip) e %(Uio,m,ip) —0

O7~~;ip
Taking products, we find that the corresponding sequence of Cech complexes
0—Cl,ZF) —CWUY) — CUZ) — 0

is exact. Therefore we get a long exact sequence of Cech cohomology groups. The proof works
by comparing this sequence with the other long exact sequence of cohomology, so we need to
establish a basis for such a comparison. Let .#’, .#" be the assigned injective resolutions of .#, %
respectively, and using (DF,Corollary 40) produce an injective resolution .# of ¢ fitting into a
short exact sequence

0—9" —95—9"—0

with the morphisms lifting % — ¢ and 4 — Z respectively. By Lemma 32 and (DF,Theorem
19) we can lift the identities to give morphisms of cochain complexes g : € (U, F) — I/ f :
CWU,Y) — S ande: CU,Z) — #". We have a diagram of cochain complexes in 2b(X) with
the bottom row exact

CWU,.F) =G, G) —= C WU, %) (16)
|
0 7' - 7 y g 0

There exists homotopies ¥ : fu — u'g and O : ¢'f — eq (DF,Theorem 19) and also a homotopy
of homotopies ¥ : Ou — ¢'E (DTC,Proposition 10). The same can therefore be said of the result
of applying I'(X, —) to (16)

0—>C, F) — C(4,9) CW, Z) —=0

L |

OHF(XMj/)HF(Xaf)HF(ij//)4>0

The connecting morphisms of the bottom row are the canonical connecting morphisms H?(X, %) —
HPHL(X, . Z), so by (DTC,Theorem 9) we have a commutative diagram

Since ¢ is flasque, its Cech cohomology vanishes for p > 0 by Proposition 33 so we have an exact
sequence § § § )
0 — H°(U,F) — H(U,F) — H'(U,.F) — H'(U,.F) — 0

and isomorphisms HP (U, Z) — HP*1(4,.F) for p > 1. Now comparing with (17), using the case
p = 0 and Proposition 5 we conclude that the natural map

v: H'(U,.7) — H'(X,.7)

is an isomorphism. Since .% was an aritrary quasi-coherent sheaf, the same must be true for %,
so it follows that H?(i, %) — H?(4,.7) is an isomorphism. Proceeding in this way, we see that
v: HP(U,.F) — HP(X,.7) is an isomorphism for all p > 0. O
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Corollary 38. Let X be a noetherian separated scheme, 34 an open affine cover of X, and suppose
we have a short exact sequence of quasi-coherent sheaves of modules on X

0—9 —F —F"—0 (18)
Then the corresponding sequence of Cech cochain complezes is exact
0—C,F)—CUF)—CUF")—0 (19)
and the two long exact sequences of cohomology are isomorphic

e P, F) —— HP (U, F) — HP (U, F) ——= AP (U, F) — -
) ——

L

. ~ HP(X, F') -~ H?(X, 7)) — H?(X, ") — HP* (X, F'

Proof. Tt follows from the proof of Theorem 35 that (19) is an exact sequence of cochain complexes,
so we have the long exact sequence in the first row of (19). The argument given in the proof of
Theorem 35 shows that the diagram commutes. O

Remark 19. One consequence of Theorem 37 is that for a noetherian separated scheme X the
conclusion of Corollary 36 holds for any affine open cover 4.

5 The Cohomology of Projective Space

In this section we make explicit calculations of the cohomology of the sheaves O(n) on a projective
space, by using Cech cohomology for a suitable open affine cover. These explicit calculations form
the basis for various general results about cohomology of coherent sheaves on projective varieties.
See (TES,Definition 9) for the definition of a perfect pairing.

Lemma 39. Let A be a ring andn > 1. Then Alx1, ..., Tn]z, .z, 18 a free A-module on the basis
{z} -l v, ... in € Z}.

Proof. Set Q@ = Alx1,...,%n]e;..z,- The images of the x; in @ are units, so it makes sense to
write x;“ for any k € Z. It is easy to see that the products zi' - -zl for 41,...,4, € Z span Q
as an A-module. To see that they are linearly independent, suppose we have a nonempty linear
combination (over distinct sequences of exponents)

Oél‘l’llu"'ﬂUﬁ"‘i’""FOZr‘l’l{l"‘Cﬂ;{'n:O

Let N be a positive integer strictly larger than the absolute value of all the exponents in this
sum. Multiply through by (1 ---2,)" and we have a linear combination of distinct monomials
in Alzq,...,2,] (since A is not necessarily a domain, we may need to multiply by another power
of 1 - - -z, to translate back to the polynomial ring). Since monomials in a polynomial ring are
linearly independent, we see that oy = --- = «, = 0, as required. O]

Remark 20. Let A be a nonzero ring, » > 1 and set S = Alxg,...,z,]. Let f be a nonempty
product x;, ---x;, for some arbitrary sequence i1, ...,4,. For any index 0 < k < r there is a
canonical isomorphism of S-algebras Sy, = (Sf)y, /1. Let (Sf)s, denote the localisation 715y
as an S-module, where T' = {1, x, xi, ...}. Then there is an obvious isomorphism of S-modules

(S#)a, = (Sf)z,/1- So finally we have an isomorphism of S-modules S¢., = (S¢)a,,-

Remark 21. Let A be a noetherian ring and set X = P7",. Let .# be the quasi-coherent sheaf of
modules @, ., O(n) (MOS,Proposition 25) and set S = Alzo,...,z,]. There is a canonical iso-
morphism of rings A 2 T'(X, Ox) (AAMPS,Proposition 15) so by Definition 5 there is a canonical
A-module structure on the group H*(X,.7) for any i > 0 and sheaf of modules .7.
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By Theorem 26 cohomology commutes with arbitrary coproducts on the noetherian topologi-
cal space X (TPC,Proposition 2), so there is a canonical isomorphism of A-modules H*(X,.7) =
®D,,c;, H'(X,0(n)) that makes H*(X,.7) into a graded A-module. Givenr € Sp,,z € H (X, O(n))
for m > 0,n € Z there is an induced morphism of A-modules

R: HY(X,0(n)) — HY(X,0(m +n))

and we define r - & = R(z). This makes H*(X,.%) into a graded S-module. Let & = {Uy, ..., U, }
be the canonical affine open cover, where U; = D (z;). Then by Corollary 36 there is a canonical
isomorphism of A-modules H'(U,.7) = @, o, H'(4,0(n)). We make H*(4,.7) into a graded
S-module as above, so that the canonical isomorphism H*(X,.7) = H'(4,.%) of Theorem 35 is
an isomorphism of graded S-modules.

By Theorem 26 for any open set U C X we have a canonical isomorphism of A-modules
INU,7) =@, ' (U,0(n)). Therefore I'(U, .#) becomes a graded S-module in a canonical way,
and there is an isomorphism of graded S-modules for any p > 0 and iy < --- < 4,

F(Uio)... Vip) y) = @F(Uio)... Vip) O(n)) = @ S(n)(zzozlp)

nez ne (20)
= @(Szlomlp )n = Szio " Tip
nez

For a nonempty subset {jo,...,jq} € {io,...,ip} the restriction map .7 (Uj,...;,) — Z (Us,,....i,)

corresponds to the canonical ring morphism i, ..j.).¢o,....i,) ° Sajjo_..%q — Swio...mp. Therefore
we have a commutative diagram of graded S-modules
0 > Hio Sﬂiio > Hi0<i1 Sﬂﬁiowil 4>4>Sxoxr —0

We are now prepared for first major calculation of cohomology on projective space.
Theorem 40. Let A be a nonzero noetherian ring and let X =P" for some r > 1. Then
(a) H(X,0(m)) =0 for 0 <i<r and all m € Z.
(b) For m >0 the A-module H"(X,O(—m —r — 1)) is free of rank ("").
(c) There is a canonical isomorphism of A-modules H"(X,O(—r — 1)) = A.
(d) There is a canonical perfect pairing of finite free A-modules for every m € Z

7: HY(X,0(m)) x H"(X,0(-m —r —1)) — A

Proof. We adopt the notation of Remark 21. By Lemma 39, S,,...,, is the free A-module with
basis xéo -+l with ; € Z. The image of d" ™' : [} _y Szo..-75--2, — Suo--z, is the A-submodule
generated by those basis elements for which at least one I; > 0. From (21) we obtain a canonical
isomorphism of graded S-modules of H"(4,.%) with S,,...,, /Imd ™!, which is a free A-module
with basis consisting of the “negative” monomials

(el ol

l; <0 for each i}

The quotient has the grading deg(zX - - - zlr) = 3" 1;. Using Theorem 35 we see that for n € Z the
A-module H"(X,0O(n)) is a free A-module on the following basis (possibly empty)

{xéo gji] |l; < 0 for each i and Zli =n} (22)

3
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If n > —r — 1 then this set is empty, so H"(X,0(n)) = 0. If m > 0 then are precisely (") basis
elements for H"(X, O(—m — r — 1)) which proves (b) and also the special case (c). If >, ; = n
and 2l - - -zl is the corresponding basis element of H"(X,O(n)), then observe that as elements

of the graded S-module H"(X,.#) we have

(g o) (aly - oalr) = agHle gt
where the right hand side denotes the basis element of H" (X, O(n + m)) where m =} s;.
(d) Elements of H°(X,O(m)) are in bijection with elements of S,,, (AAMPS,Corollary 16), so
we can define a A-bilinear pairing

7 HY(X,0(m)) x H(X,0(-=m —r — 1)) — H"(X,O0(—r — 1))

T(ryz)=r-x

Let 7 be the composite of 7" with the canonical isomorphism of (¢). We claim that 7 is perfect. If
m < 0 then H°(X,O(m)) and H"(X,O(—m —r — 1)) are both zero, so in this case 7 is trivially
perfect.

If m > 0 then H"(X,O(—m —r — 1)) is a free A-module of rank ("™*") by (b). The A-module
H°(X,0(m)) is free of the same rank with basis given by all monomials in S of degree m. We
know from (b) that H”(X,O(—r — 1)) is free of rank 1 on the basis 5" - -z, '. The only pairs of
basis elements giving a nonzero value are the following
—mp—1

T(2g® ) @y

r ..mimril) = ]_

By (TES,Lemma 25) this is enough to show that 7 is perfect.

It remains to prove the statement (a). First we show that H?(X,.%#), = 0 for p > 0. Let
3J={U0onU,.,U;NU,,...,U.NU,}, which is an affine open cover of the affine noetherian scheme
U,. Combining Theorem 35 and Theorem 16 we know that H?(J,.#|y,) = 0 for p > 0. By
Remark 20 we have isomorphisms of S-modules CP(J, #|y,.) = (H1'0<~~<ip Sayy- i, )z, Which fit
into the following commutative diagram

0—=C°Q, Zlu,) C'(3, Zlv,) '@, Flu,) —=0
H@O Smm (Hio<¢1 Smlozfl)rrﬂ" '4>(Smo TT).’I:THO

§
<
<

0——=Co%u

C"(U, F )y, —>0

Ty

Since HP(J,Z|y,) = 0 for p > 0 the top row is exact at CY(J, Z|v,),...,C"(J, F|v,) and
therefore the bottom row is exact at C1(4, F), ,...,C" (4, F),,. Localisation is exact, so it
commutes with cohomology and we conclude that HP(4,.%),, = 0 and therefore H?(X,.7 );,;T =0
for p > 0, as claimed.

We now prove (a) by induction on r. If = 1 there is nothing to prove, so assume r > 1 and set
T = Alzg,...,zr—1]. There is a canonical surjective morphism of graded A-algebras ¢ : S — T
defined by z, + 0 which induces a closed immersion ® : P"; ! — P7, of A-schemes with closed
image H = V(z,). Write Op for the quasi-coherent sheaf of modules @, (Opxl) and observe that
we have a short exact sequence of graded S-modules

0—=5(-1)—Z>5 -5 0

Applying the exact functor — we have a short exact sequence of quasi-coherent sheaves of modules
on X =P (using (MPS,Proposition 7))

0—0O(-1) — O0Ox — Oy —0
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For m € Z twisting is exact, so we have another short exact sequence
0—O0O(m-1)— O(m) — Og(m) — 0 (23)

Since O (m) =2 @,(O(m)) ([Har77] II 5.12¢) it follows from the inductive hypothesis and Remark
10 that H (X, O (m)) = H'(P";',0(m)) = 0 for 0 < i < r — 1. We also have a commutative
diagram

0 —I'(X,0(m — 1)) —=T'(X,0(m)) —I'(X, O (m)) —=0

ﬂ ﬂ ﬂ

00— Sm—l Sm Tm 0

where the bottom row is trivially exact and therefore so is the top row. From the long exact
cohomology sequence of (23) we see obtain isomorphisms H* (X, O(m — 1)) — H*(X,O(m)) for
0 <?<r—1and an exact sequence

0— H"'(X,0(m—1)) — H""(X,0(m)) — H"(X,0n(m)) — H"(X,0(m — 1))

We want to show that H"~1(X,O(m — 1)) — H"~1(X,O(m)) is an isomorphism, for which it
suffices to show that 6"~ ! : H'"1(X,0g(m)) — H"(X,O(m — 1)) is injective. By Corollary 38
it suffices to show that the connecting morphism w”~! : H™ (U, Oy (m)) — H" (U, O(m — 1))
for Cech cohomology is injective. Let J be the canonical affine open cover {Uo,...,Up_1} of ]P’Zl_l.
Since ®~1U,. = ) there is a canonical isomorphism of complexes of A-modules C(4, Oy (m)) =
C(3,0(m)) and therefore an isomorphism of A-modules HP (4, Oy (m)) = HP(J, O(m)) for p > 0.
In particular the A-module

H™ (U, 05(m)) = H 13, 0(m))

is zero if m > —r (in which case w"™1 is trivially injective) and otherwise is free on the set of
monomials z - - xff_’f with all I; < 0 and Iy +- - -41,_y = m. Similarly H" (4, O(m—1)) is the free
A-module on the set of monomials xf)o . xfj with all [; <0 and l; 4--- 41, = m — 1. One checks
that the connecting morphism w” ™! is the morphism of A-modules defined by xé“ :vlrjll —

(=1)"zlo ... xl[_’ll x,7, which is clearly injective. This shows that for 0 < i < 7 and any m € Z the
canonical morphism

2+ HI(X,0(m — 1)) — H(X,0(m))
is an isomorphism. Now suppose that for some 0 < i < r and m € Z that H* (X, O(m)) contains
a nonzero element v. Since H(X,.7), =0 for some k > 0 the composite
H'(X,0(m)) == H'(X,0(m +1)) =+ —"> H'(X,0(m + k)

sends v to zero. But we have shown that these morphisms are all isomorphisms, which contradicts
the assumption that v # 0. Therefore H*(X,O(m)) = 0 and the proof is complete. O
Corollary 41. Let A be a noetherian ring and let X =P" for some r > 1. Then

(i) For any quasi-coherent sheaf of modules F we have H'(X,.#) =0 fori > r.

(ii) The functor H"(X,—) : Qco(X) — AMod is right ezact.

Proof. (i) By Theorem 35 we can calculate cohomology using Cech cohomology and the canonical
affine open cover U = {Uy,...,U,}. Since this cover only contains r + 1 elements, the cohomology
of a quasi-coherent sheaf must vanish for i > r (alternatively if k is a field then this holds for any
sheaf of abelian groups .# by Theorem 30).

(#4) Suppose we have a short exact sequence of quasi-coherent sheaves of modules
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Then using the long exact cohomology sequence and the fact that H™ ™1 (X, .%#’) = 0 we see that
the following sequence of A-modules is exact

H(X,7')— H'(X,Z) — H (X, ") — 0
that is, the functor H"(X, —) is right exact when restricted to Qco(X). O

Corollary 42. Let A be a nonzero noetherian ring and let X = P7, for some r > 1. Then for
i > 0,m € Z the free A-module H' (X, O(m)) is zero unless i = 0 ori = r. In those cases we have
form >0

rankaH°(X,0(m)) = rank,H" (X,0(—m —r — 1)) = (m + T)

r
with HY(X,0(m)) = H"(X,0(=m—7r—1)) = 0 for m < 0. In particular H(X,0) = 0 fori > 0.

These results are reflected in the following table.

rank,H' (X, O(n)) 0 r

2
3 ( —l—r)
r
1
g ( —}—7")
,

—r—1 1

In particular Corollary 42 implies that for any i > 0 and m € Z the A-module H!(X, O(m))
is finitely generated. Also, there is N > 0 such that for all for any ¢ > 0 and n > N we have
H(X,0(n)) = 0. These results generalise to closed subschemes of projective space.
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Theorem 43. Let X be a projective scheme over a noetherian ring A, and let O(1) be a very
ample invertible sheaf on X over SpecA. Let F be a coherent sheaf of modules on X. Then

(a) For eachi >0, H (X, Z) is a finitely generated A-module.
(b) There is an integer N > 0 such that H'(X,.#(n)) = 0 for each i >0 and n > N.

Proof. Since O(1) is a very ample sheaf on X over SpecA, there is a closed immersion ¢ : X — P7
of A-schemes for some r > 1, such that O(1) = i*Opr, (1) (see the argument of [Har77] 11.5.16.1).
If % is coherent on X, then 7,.Z is coherent on P’y ([Har77] I Ex.5.5) and the cohomology is the
same by Remark 10. Using (MRS,Lemma 80) we have an isomorphism for n > 0

i(F(n)) = i.(F © O(1)®™) 2 iu(F @ i*(Opr, (n))) = in.F @ O, (n) = (i..F)(n)

Thus we reduce to the case X = P7. In this case, (a) and (b) are true for any sheaf of the form
0O(q), q € Z, as we observed above. Hence the same is true for any finite direct sum of such sheaves.

To prove (a) for arbitrary coherent sheaves, we use descending induction on ¢. For i > r we
have H'(X,.#) = 0 by Theorem 35, since X can be covered by r + 1 open affines, so the result is
trivial in this case.

In general, given a coherent sheaf .% on X, we can write .# as a quotient of a sheaf & which
is a finite direct sum of sheaves O(q;) for various integers ¢; ([Har77] II 5.18). Therefore we have
a short exact sequence of coherent sheaves

0—#—8& — % —0 (24)
We get a long exact sequence of A-modules

Now the module on the left is finitely generated because & is a sum of O(g;), as remarked above.
The module on the right is finitely generated by the induction hypothesis. Since A is noetherian,
we conclude that H*(X,.%) is a finitely generated A-module, which proves (a).

In (b) we are only dealing with a finite number of integers 0 < i < r so it suffices to prove for
a fixed integer i that there exists N > 0 with H*(X, % (n)) = 0 for all n > N. We do this by
descending induction, starting with ¢ = r. Given n > 0 we can twist (24) and obtain a long exact

sequence
c— HY(X,8(n)) — H'(X, F(n)) — HTH (X, %Z(n)) — -

For large enough n, the module on the left vanishes since (b) is true for &, and the module on the
right vanishes by the inductive hypothesis. Therefore H!(X,.#(n)) = 0 for large enough n, and
the proof is complete. O
Remark 22. As a special case of (a), we see that for any coherent sheaf .# on X, I'(X, %)
finitely generated A-module. This generalises and gives another proof of ([Har77] II 5.19).

is a

Remark 23. Let (X,Ox) be a ringed space and .# a sheaf of modules. If U C X is open then
we say % is generated by global sections over U if for every z € X the stalk .%, is generated as
an Ox ,-module by the images of the global sections. This property is stable under isomorphism,
and .% is generated by global sections iff. it is generated by global sections over the open set X.

If .#,% are both generated by global sections over U then so is their tensor product ¥ ® 4.

Corollary 44. Let X be a projective scheme over a noetherian ring A and let F,9 be coherent
sheaves of modules on X. Then Hom(F,9) is a finitely generated A-module.

Proof. By (MOS,Corollary 44) the sheaf s#om(.%,¥) is coherent. Therefore by Remark 22 the
A-module I'(X, #om(F,9)) = Hom(%,9) is finitely generated. O

As an application of these results, we give a cohomological criterion for an invertible sheaf to
be ample. The idea is that an invertible sheaf is ample if it behaves like the twisting sheaf in
Theorem 43(b).
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Proposition 45. Let A be a noetherian ring, and let X be a proper scheme over SpecA. Let ¥
be an invertible sheaf on X. Then the following conditions are equivalent:

(i) £ is ample;

(ii) For each coherent sheaf # on X there is an integer N > 0 such that H (X, 7 @ £%") =0
for each i >0 andn > N.

Proof. (i) = (i1) If £ is ample on X then for some m > 0 the sheaf Z®™ is very ample over
SpecA (PM,Theorem 19). Since X is proper over SpecA, it is necessarily projective ([Har77] II
5.16.1). By applying Theorem 43 to each of the following coherent sheaves

FF QL2 ...\ F LMD

we obtain an integer N > 0 so large that H*(X,.# ® £®(m"+1)) =0 for any i > 0,0 < j <m —1
and n > N. If we take M = mN then any integer k > M can be written in the form mn + j for
n> N and 0 < j <m — 1, and therefore H'(X,.# @ £%F) for all i > 0 and k > M, as required.

(#4) = (i) If X is empty this is trivial, so assume otherwise. Then X admits a closed point P
by Remark 5. Let _#p be the ideal sheaf of the closed subset {P} and let . be a coherent sheaf.
Then by (MRS,Remark 4) and (MRS,Lemma 54) there is an exact sequence

0— #pF —F — FQk(P)—10

where k(P) is the skyscraper sheaf of Ox p/mp at P. For any n > 0 tensoring with .Z®" gives
an exact sequence

0— FpF L — FR L — F L RKP) — 0

By (MOS,Corollary 12) and the hypothesis (i¢) there is an integer Np > 0 such that for alln > Np
we have H' (X, #p.F @ £®") = 0. Therefore the map

I'(X,7 ® 2% — (X, Z ®.2°" @ k(P))

is surjective for all n > Np. Setting 4, = . @ %" it follows from (MRS,Lemma 14) that
there is a canonical isomorphism of I'(X, Ox)-modules I'(X,¥,, ® k(P)) =2 %, p/mp¥, p. Hence
by Nakayama’s lemma the canonical map I'(X,¥,,) — %, p is surjective, and (F ® £®™)p can
be generated by a finite number of global sections. Therefore for each n > Np there is an open
neighborhood U,, of P such that the global sections of .# ® #®" generate the sheaf at every point
of U,, (DIFF,Proposition 25).

In particular, taking .# = Ox, we find that there is an integer N; > 0 and an open neigh-
borhood V of P such that Z®M is generated by global sections over V. On the other hand,
for each r = 0,1,..., Ny — 1 the above argument gives an open neighborhood U,. of P such that
F @ LOWNPt1) i5 generated by global sections over U,.. Now let

Up=VnNnUpN:---NUN,-1

Then over Up, all of the sheaves .# @ Z®" for n > Np are generated by global sections. Indeed,
any such sheaf is isomorphic to a tensor product of the form

(9 ® $®(Np+r)) ® ($®Nl)®m

for suitable 0 < r < N; and m > 0.

Now cover X by a finite number of the open sets Up for various closed points P, and let N be
the maximum of all the corresponding Np. Then .# ® Z®™ is generated by global sections for all
n > N, which shows that .Z is ample and completes the proof. O]

Lemma 46. Let X be a projective scheme over a noetherian ring A and let F — 4 be an
epimorphism of coherent sheaves. Then there exists N > 0 such that for all n > N the morphism
(X, Z#(n)) — T(X,9(n)) is surjective.
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Proof. Let # be the kernel of 1. Using the long exact cohomology sequence of
0—H —F —9—0

it suffices to produce an integer N > 0 such that H'(X, # (n)) = 0 for all n > N, which is an
immediate consequence of Theorem 43(b). O

Lemma 47. Let X be a projective scheme over a noetherian ring A and suppose we have an exact
sequence of coherent sheaves for some r > 3

ﬁ1—>5‘\2—>--~—>ﬁ7ﬂ
Then there exists N > 0 such that for all n > N the following sequence is exact
L(X, 7 (n)) — D(X,7%(n)) — - — (X, 7" (n))

Proof. Tt is clearly enough to prove this in the case n = 3, and looking at the image of #! — %2
we reduce to Lemma 46. O

Definition 9. Let X be a projective scheme over a field k£ and let .% be a coherent sheaf on X.
We define the Fuler characteristic of F by

o0
X(F) = Z(—l)irankkHi(X, F)
i=0
Since X is finite dimensional the cohomology groups vanish for ¢ large, and by Theorem 43 all the

k-modules H'(X,.7) are finitely generated, so this defintion makes sense. Isomorphic coherent
sheaves have the same Euler characteristic.

Lemma 48. Let X be a projective scheme over a field k and suppose we have an exact sequence
of coherent sheaves 0 — F' — F — F"” — 0. Then we have x(F) = x(F') + x(F").

Lemma 49. Let f : Y — X be a closed subscheme of a projective scheme X over a field k and
let & be a coherent sheaf on'Y. Then xx(f+F) = xv (F).

Proof. This is an immediate consequence of Corollary 28. O

6 Ext Groups and Sheaves

In this section we develop the properties of Ext groups and sheaves, which we will need for the
duality theorem. Throughout the beginning of this section (X, Ox) is an arbitrary ringed space.
For any sheaf of modules . we have left exact functors

Hom(%,—) : Mod(X) — Ab
Hom(F,—) : Moo (X) — Mod(X)

Since Moo (X) has enough injectives we can define the right derived functors of these functors.
The right derived functors of Hom(.%, —) are denoted Ext'(#,—) and are the usual Ext groups
for an abelian category (EXT,Definition 1). We also define

Definition 10. Let (X, Ox) be a ringed space, & a sheaf of modules. The right derived functors
of #om(F,—) are denoted &rt'(F,—) for i > 0. This is an additive functor &xt!(F,—) :
Moo (X) — Mod(X). This definition depend on the choice of assignment of injective resolutions,
so for another sheaf of modules & and i > 0 we have a sheaf of modules &rt*(.#,%) determined up
to canonical isomorphism. There is a canonical natural equivalence S#om (%, —) = &xtY(F, —)
and for a short exact sequence of sheaves of modules

0 —¥Y —9 —9" —90
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we have a long exact sequence of sheaves of modules
0 —— Hom(F,9") —— Hom(F,9) — Hom(F,9") — Ext (F,9') — - -
&t (F, Y —— Ent(F,YG) —— St (F, G —— EntT Y (F G ) —— -

which is natural in the usual way with respect to morphisms of short exact sequences. If it is
necessary to avoid confusion, we write &xt’ (%, —) to indicate the ringed space X. If .# is an
injective object of Mod(X) then &xt'(F,.#) =0 for all i > 0.

Definition 11. Let (X,Ox) be a ringed space and ¢ : .# — %’ a morphism of sheaves of
modules. There is an induced natural transformation « : #om(F', —) — Hom(.F,—) which
for a sheaf of modules ¥ is given by ay = Som(¢,%¥). This induces a natural transformation of
the right derived functors Ria : Sut!(F', —) — &wt'(F,—) for i > 0 (DF,Definition 11) and we
denote by &xt'(¢,%4) the morphism (Ria)y : Ext'(F',9) — Ext'(F,9) for a sheaf of modules
¢. This defines an additive contravariant functor for i > 0

Ext'(—,9) : Mod(X) — Mod(X)

There is a canonical natural equivalence &rt%(—,9) = J#om(—,%) and for any exact sequence of
sheaves of modules 0 — ¢/ — ¢ — 4" — 0 the following diagram commutes (DF,Proposition
14)

e Gl (F G > Eti(FG) — Ewti(F,G) > EptH(F G

| | | |

st (F G —— Eut (F,G) —— Ent(F, G —— EntTHF G ) —— - -
(25)

Proposition 50. Fori > 0 and morphisms of sheaves of modules ¢ : F — F' and ) : 4 — &'
we have _ ' _ _
Ext'(F 1)) 6ut'(9,9) = Ext' (¢, 9" ) Ext' (F' 1)) (26)

It follows that &xt' defines a bifunctor Mod(X)P x Mod(X) — Mod(X) for i > 0, with
Extt(p, ) : Ext(F',9) — Ext'(F,9') given by the equivalent expressions in (26). The partial
functors are the functors Ewt'(F,—) and Ext'(—,9) defined above.

Proof. This follows for arbitrary ¢ and monomorphisms (or epimorphisms) 1 by commutativity
of (25). Since Mod(X) has epi-mono factorisations it then follows for arbitrary 1. The bifunctor

&xt'(—,—) is defined relative to an assignment of injective resolutions Z. If [ is another such
assignment then the associated bifunctor is canonically naturally equivalent to the one defined for
7. O

Lemma 51. If .7 is an injective object of Mod(X) and U C X an open subset, then S|y is an
injective object of Mod(U).

Proof. That is, the additive functor (—)|y : MMod(X) — Mod(U) preserves injectives. Since this
functor has an exact left adjoint given by extension by zero the result is immediate (AC,Proposition
25). O

Lemma 52. If . is an injective object of Mod(X) and 0 — F' — F — F" — 0 a short
exact sequence of sheaves of modules, then the following sequence is exact

0 — Hom(F", 9) — Hom(F,I) — Hom(F', ) — 0

That is, the contravariant functor som(—, 7 ) : Mod(X) — Moo (X) is ezact.
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Proof. In the proof of (MRS,Lemma 72) we showed that som(—, %) sends cokernels to kernels,
so it suffices to show that s#om(—, #) sends monomorphisms to epimorphisms. Let #' — F
be a monomorphism. To show Jom(F, ¥) — Hom(F',.#) is an epimorphism, it is certainly
enough to show that Homo |, (Z|v, #|v) — Homo |, (F'|v, #|v) is surjective for every open
set U C X. Since this follows immediately from Lemma 51 the proof is complete. O

For a short exact sequence of sheaves of modules 0 — %' — % — %" — 0 the corre-
spoding sequence of natural transformations #om(%#”,—) — Hom(F,—) — Hom(ZF',—)
is exact on injectives by Lemma 52 (see (DF,Definition 12) for what we mean by ezact on
injectives). Therefore for any sheaf of modules ¢ there are canonical connecting morphisms
Et(F',G) — Ext'THF",9) for i > 0 fitting into a long exact sequence (DF,Proposition 45)

0 —— Hom(F",9) —— Hom(F,9) — Hom(F',9) — Ent'(F",G) — - -
st (F",G) —— Ent (F,G) —— Ent (F,Y) —— EntTH T G) —— - -
(27)

This long exact sequence is natural with respect to morphisms of the short exact sequence and
morphisms in the second variable (see (DF,Proposition 45) for precise statements).

Remark 24. In summary, for a ringed space (X, Ox) and an assignment of injective resolutions
7 to the objects of Mod(X) and i > 0 we have canonical bifunctors

Ext'(—, =) : Mod(X)°P x Mod(X) — Mod(X)
Ext'(—,—) : Mod(X)P x Mod(X) — Ab

For both of these bifunctors short exact sequences in either variable lead to a long exact sequence
which is natural with respect to morphisms of the exact sequence and morphisms in the remaining
variable. There are canonical natural equivalences of bifunctors Ezt?(—, —) = Hom(—, —) and
Ext?(—, —) = Hom(—, ).

Proposition 53. For any open subset U C X and sheaves of modules F,4 on X there is a
canonical isomorphism of sheaves of modules natural in both variables for i > 0

Ext’s (F,9)|v = &ty (v, 9|v)

Proof. Fix assignments of injective resolutions Z, J to the objects of Mod(U), Mod(X) respec-
tively. Let #,% be given and suppose the injective resolutions for ¢,¥|y are respectively

/ZO%%—)/O—)/l—)jz_)...
j10—>g|U—>]O—>]l—>j2—>...

Since the functor (—)|y is exact and preserves injectives, ¢ |y is an injective resolution of ¥|y
and there is an induced morphism of cochain complexes ¢ |y — . lifting the identity, which
is therefore a homotopy equivalence. This gives a canonical isomorphism of sheaves of modules
Hi(Hom(F|u, 7v)) = Ext'(Flu,9|v) for i > 0. But there is an equality of cochain com-
plexes Stom(ZF v, 7 |v) = Hom(F, # )|y and a canonical isomorphism of sheaves of modules
Ext(F,9)|lu 2 H (AHom(F, 7)|u) fori > 0by (DF,Proposition 61). So finally our isomorphism
is the composite

Et'(F,9) |y = H (Hom(F, Iv) = Hom(F|u, Flu) = Ect'(Flv,9|v)
which is easily checked to be natural in both variables. O

Remark 25. There are canonical natural equivalences &rt®(Ox, —) = #om(Ox,—) = 1 so for
any sheaf of modules ¢ there is a canonical isomorphism of sheaves of modules &rt°(Ox,¥9) = ¢
natural in 4. Also &xt'(Ox,%) = 0 for i > 0 since the functor #om(Ox,—) = 1 is exact.
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Proposition 54. For any sheaf of modules 4 and i > 0 there is a canonical isomorphism of
A-modules Ext'(Ox,9) =2 H(X,9) natural in 4, where A= Ox(X).

Proof. Let T'4(X,—),Hom(Ox,—) : Mod(X) — AMod be the canonical functors. There is
a canonical natural equivalence Hom(Ox,—) = I'4(X,—) which induces natural equivalences
R'Hom(Ox,—) = H4(X,—) for i > 0 (notation of Section 1.2). We have a canonical natural
equivalence H%(X,—) = H*(X,—) and an equality R*Hom(Ox,—) = Ezt'(Ox,—). Putting
these together, we have for i > 0 a canonical natural equivalence Ext'(Ox,—) = H(X,—)
between functors 9od(X) — AMod, as required. O

Definition 12. If .% is a sheaf of modules then a locally free resolution of % is an exact sequence

L —LH —> % —F —0 (28)
where each % is a locally finitely free sheaf of modules (MRS, Definition 14).

Proposition 55. Suppose F is a sheaf of modules with locally free resolution (28). Then for any
sheaf of modules 4 and i > 0 there is a canonical isomorphism of sheaves of modules natural in 4

Ext'(F,9) = H (Hom (L, 9))
Proof. To be clear, #om(¥£,¥) denotes the cochain complex of sheaves of modules
0 — Hom(%,9) — Hom(L4,9) — Hom(Ly,bG) — -

Given a morphism ¢ : 4 — ¢’ the morphisms Sfom (%, ) : Hom (%, Y) — Hom( £, 9')
give a morphism of cochain complexes #om(ZL,4) — Hom(Z,¥4") and therefore a morphism
of sheaves of modules H'(#om(¥,9)) — H'(Hom(Z,¥")) which defines an additive functor
for:>0

Hi(Hom(ZL,—)) : Mod(X) — Mod(X)

Suppose we have an exact sequence of sheaves of modules 0 — ¥’ — 4 — 4" — 0. Then
for each i > 0 the functor #om(.%Z;, —) is exact (MOS,Lemma 37) so we have an exact sequence
of cochain complexes

0 — Hom(L,9") — Hom(L,9) — Hom(ZL,9") — 0

and therefore a canonical connecting morphism w' : H'(om(%,94")) — H™ (Hom(ZL,9"))
for each ¢ > 0. It is not difficult to check that this defines a cohomological §-functor

{H (A#om (L, —))}iso : Mod(X) — Mod(X) (29)

If .7 is injective then the contravariant functor s#om(—, .#) is exact by Lemma 52, so the cochain
complex #om (¥, #) is acyclic and therefore H'(#om(%,.#)) = 0 for i > 0. This shows that
the cohomological é-functor (29) is universal (DF,Theorem 74). There is a canonical natural
equivalence

PO HY(AHom(L, —)) = AHom(F, —) = Eut®(F, —)

Since {&xt'(F,—)}i>0 is another universal cohomological d-functor, there must exist canonical
natural equivalences ¢ : xt*(F, —) — H'(Hom(ZL,—)) for i > 1, as required. O

Example 5. Let X be a projective scheme over a noetherian ring A. Then by ([Har77] II 5.18)
any coherent sheaf .% on X is a quotient of a locally finitely free sheaf. Thus any coherent sheaf
on X has a locally free resolution (28). So Proposition 55 tells us that we can calculate &xt by
taking locally free resolutions in the first variable.

Corollary 56. Let ., 9 be sheaves of modules with & locally finitely free. Then &xt'(£,9) =0
for alli > 0.

With this result we can make a slight improvement on (MRS,Proposition 93)
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Corollary 57. Given a short exact sequence 0 — £ — M — N — 0 of sheaves of modules
with A locally finitely free, the sequence of duals is also exact

0— N — ¥ — LY —0

Proof. This follows immediately from the long exact sequence of &zt in the first variable (27) and
Corollary 56, with 4 = Ox. O

Lemma 58. If £, .7 are sheaves of modules with £ locally finitely free and & injective then
£ ® J is also injective.

Proof. We must show that the functor Hom(—,.Z ® .#) is exact. But for a sheaf of modules .%#
we have an isomorphism of abelian groups natural in & (MRS,Proposition 74) (MRS,Proposition
75) (MRS,Proposition 76)

Hom(Z, ¥4 ® %)= Hom(Z,( L") @ F) =2 Hom(F, #Hom(L", 7)) =2 Hom(F @ L, .7)

Therefore Hom(—,. % ® .9) is exact, since it is naturally equivalent to the composite of the exact
functors — ® £V and Hom(—, .%). O

Proposition 59. Let Z,.%,9 be sheaves of modules with £ locally finitely free. Then for i >0
there is a canonical isomorphism of Ox (X)-modules natural in all three variables

Ext'(F @ £,9) = Ext'(Z,2Y ®9) (30)

and fori > 0 there are canonical isomorphisms of sheaves of modules natural in all three variables

Ert'(F @ L,9) =2 Ent (F, LY @9)

, , 31
St (F @ L, 9) = Ent'(F,9) 0LV (51)
Proof. The functors {Ext'(Z, %Y ® —)}i>0 are a cohomological §-functor between MMod(X) and
AMod since tensoring with .2V is exact (we set A = Ox(X)). For i > 0 these functors vanish on
injectives by Lemma 58, so this is a universal cohomological §-functor. Since there is a canonical
natural equivalence

PO Ext?(F @ L, —) 2 Hom(F @ £, —) = Hom(F, #Hom(ZL, —))
~ Hom(Z, 2" © —) =2 Ext*(F, LY @ —)

we obtain canonical natural equivalences ¢ : Ext!(¥ ® £, —) — Eat'(F, ¥V @ —) for i > 1.
This gives the canonical isomorphisms (30) natural in ¢4. We now check naturality in .. Let
a: X — # be a morphism of locally finitely free sheaves of modules. This induces natural
transformations for 7 > 0

B Ext'(F @ M,~) — Ext'(F @ L, )

v Ext(F, M @ —) — Eat'(F,LY @ -)
Using naturality of the long exact Fxt sequence in the second variable with respect to morphisms
in the first variable, one checks that in fact (3, are morphisms of cohomological §-functors. To

prove that (30) is natural in . we have to show that the following diagram of cohomological
é-functors and their morphisms commutes

(Bati(F @ M ,~)}izo —— > {Eati(F © L, —)}izo
¢ﬂ ﬂw
(Bat'(F, MY @ —)}izo {Ext'(F, 2" @ —)}izo

~
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By universality we need only check commutativity in degree 0, which is easy. Naturalty of (30) in
7 follows similarly. For the sheaf &rt, we have three universal cohomological J-functors between
Mod(X) and Moo (X)

{Eet'(F @ L, =) Yis0, {Eet' (F, LY @ —)}iz0, {Gut'(F,—) @ LV }iso
The canonical natural equivalences (MRS,Proposition 77) (MRS,Proposition 75)
Ot F R L, ) =2 AHom(F @ L, —) = Hom(F, Hom(L, —))
~ stom(F, LY @ —) =2 st (F, LY @ —)
and (MRS,Proposition 75) (MRS,Proposition 77)
' St (F @ L, )2 Hom(F @ L, —) =2 Hom(L @ F,—)
> Hom (L, Hom(F,—)) =2 LY @ Hom(F,—)
= SHom(F,—) @ LY =&t (F,-) 0 LY
induce canonical natural equivalences for i > 1
O Et(F L, —) — Exnt(F, LY @)
¢ Et(F R L, —) — Et(F,—) 2L

as required. One checks naturality of these isomorphisms in the other two variables in the same
way as above. O

Proposition 60. Let f: (X,0x) — (Y,Oy) be an isomorphism of ringed spaces. For sheaves
of modules F,%9 on X and i > 0 there is a canonical isomorphism of sheaves of modules natural
in¥

K [ 80t (F,9G) — Extl (o7, [.9)

Proof. Let % be a sheaf of modules on X. Then the right derived functors of sZome, (%, —) and
Home,, (f«#,—) form universal cohomological J-functors

{é”xtfx (9, _>}’i20 : mﬁa(X) — WUD(X)
{é"xtg/(f*ﬁz, _)}iZO : mOD(Y) — mOD(Y)

Since the functor f, : Mod(X) — Mod(Y) is an isomorphism it is in particular exact, and we
obtain two more universal cohomological d-functors (DF,Definition 24) (DF,Theorem 74)

{8ty (F, =) }izo, {0ty (£ F, fu(=))}izo : Mod(X) — Mod(Y)
We know from (MRS,Proposition 86) that there is a canonical natural equivalence
VO [ Bty (F, =) = fuom(F, =) = Hom(f. T, (=) = Ect’ (LT, f.(-))

which induces canonical natural equivalences ¥ : f,&xt!(F, —) — Ewt'(fo.7, f«(—)) for alli > 0,
as required. O

Lemma 61. Let X = SpecA be a noetherian affine scheme, I an injective A-module and F a
coherent sheaf of modules on X. Then &xt'(F,17) =0 fori > 0.

Proof. We may as well assume .% is M for a finitely generated A-module M. Since A is noetherian,
we can find a finite free resolution of M

L: . — A" — A" s M —0

applying the functor — leads to a locally free resolution L ~of .#. By Proposition 55 and
(MOS,Proposition 42) we have a canonical isomorphism for ¢ > 0

&xt'(F,1) = H' (A#om(L, 1)) = H (Homa (L, 1))

But since I is injective the cochain complex Hom (L, I) is acyclic, which shows that &xt*(#,17)
is a zero sheaf for ¢ > 0. O
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Proposition 62. Let X = SpecA be an affine scheme and let M, N be A-modules. Then for
i > 0 there is a canonical morphism of sheaves of modules natural in N

A: Eaty (M, N)™ — &t (M, N)
If A is noetherian and M finitely generated then this is an isomorphism.

Proof. Let M be an A-module and for i > 0 let Ext% (M, —) be the right derived functors of the
left exact functor Homa(M,—) : AMod — AMod. So we have two universal cohomological
d-functors

{Exty (M, —)}i>0 : AMod — AMod

{Ewt' (M, =) }iso : Mod(X) — Mod(X)
Since the functor — : AMod — 9od(X) is exact, we obtain two more cohomological -functors
(DF,Remark 2) {Exty (M, =) }iso, {&xt' (M ™, (=) ") }iz0 : AMod — 9Mod(X). The former is

clearly universal (DF,Theorem 74). There is a canonical natural transformation (MOS,Proposition
42)

A0 Ext (M, =) = Homa(M,—)" — Hom(M,>) = &t (M, 2)

which induces natural transformations \° : Extly (M, —)" — &xt' (M~ ,(=)7) fori > 1. If A
is noetherian and M finitely generated then Lemma 61 implies that the cohomological d-functor
{&xt' (M ™, (—)7) }i>o is universal and further A\ is a natural equivalence (MOS,Proposition 42).

Therefore the natural transformations A\? are all natural equivalences, and the proof is complete.
O

Proposition 63. Let X be a noetherian scheme, % ,9 sheaves of modules on X with F coherent,
and let x € X be a point. Then for i > 0 we have an isomorphism of Ox ,-modules

Ect'(F,9)e = Extly, (Fu, %)

Proof. Let U be an affine open neighborhood of z, so that by Proposition 53 we have isomorphisms
of Ox z-modules natural in both variables for ¢ > 0

Ext'(F,9), = Ext (F|u, Y |v)e
Exty, (Fu %) = Extio ). (Flv)e: (0)e)

We can therefore reduce to the case where X is affine. Then .# has a locally free resolution .#
which on the stalks at = gives a free resolution %, of #,. Then one can calculate the Ox ,-module
Ext'(Z,,9,) as the cohomology of the following sequence

0 — Hom(ZL2,%,) — Hom(L}, b,) — ---
which by (MRS,Proposition 89) is isomorphic as a cochain complex of Ox z-modules to
0 — Hom(L°,9)y — Hom(L*,G)y — -

Since the stalk functor (—); : Mod(X) — Ox ,Mod is exact, we have by Proposition 55 an
isomorphism of Ox ;-modules

Ext'(F,9), = H (Hom(L,9G))e = H (Hom(L,9)s) = Ext'(Fy,Y,)
as required. O
Proposition 64. Let X be a noetherian scheme, %,9 quasi-coherent sheaves of modules. Then
(i) If F is coherent then Ext'(F,9) is quasi-coherent for i > 0.

(ii) If F,%9 are both coherent then &xt'(F,9) is coherent for i > 0.
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Proof. Given a point x € X let U be an affine open neighborhood of  with canonical isomorphism
f:U — SpecOx (U). Since .% (U) is a finitely generated module it follows from Proposition 53,
Proposition 60 and Proposition 62 that we have a canonical isomorphism for i > 0

fo(E2t(F,9)|v) & [t (F|u,9v))
=~ &ut' (fo.F v, [+ 9\v)
= &t (F(U)",9(U)7)
= Batly, o (F(U),9(U))"

which shows that &rt'(.#,%9) is a quasi-coherent sheaf of modules. (ii) If ¢4 is coherent then ¢ (U)
is finitely generated, and therefore by (EXT,Proposition 9) the module EthbX(U)(ﬁ(U),g(U))

is also finitely generated. This implies that &xt'(.#,%) is coherent, and completes the proof. [J

Lemma 65. Let X be a projective scheme over a noetherian ring A, let O(1) be a very ample
invertible sheaf, and let F,9 be sheaves of modules on X. Then for n € Z and i > 0 there are
canonical isomorphisms of sheaves of modules natural in F,4
Hom(F,9(n)) =2 Hom(F(—n),9) = Hom(F,9)(n)
Ext'(F,9(n)) = Ext'(F(—n),9) = Ect'(F,9)(n)
Proof. As usual, for n € Z we write O(n) for the invertible sheaf O(1)®", with the convention
of (MRS,Proposition 85) for negative n. In that case we can define the additive functor —(n) =

—®0O(n). For any n € Z there is a canonical isomorphism of sheaves of modules O(n)Y = O(—n)
(MRS,Lemma 84). The result now follows immediately from Proposition 59. O

Proposition 66. Let X be a projective scheme over a noetherian ring A, let O(1) be a very ample
invertible sheaf, and let F,9 be coherent sheaves on X. Then given i > 0 there is N > 0 such
that for every n > N we have an isomorphism of abelian groups

Ext'(Z,9(n)) = T(X, &ut'(F,9(n)))

Proof. If i = 0 this is true for any .#,¥4,n. If # = Ox then the left hand side is H*(X,¥(n)) by
Proposition 54. So for sufficiently large n and i > 0 we have Ext(.#,%(n)) = 0 by Theorem 43.
On the other hand, the right hand side is always zero for ¢ > 0, so we have the result for .% = Ox.
If Z is locally finitely free then by Proposition 59 we have an isomorphism for ¢ > 0,n > 0

Ext'(F,9(n)) = Bxt'(Ox, (F¥ @9)(n))
so using Corollary 56 we reduce to the case .# = Ox. In particular for large enough n and any
i > 0 we have Ezt'(#,%(n)) = 0.
Finally, if .% is an arbitrary coherent sheaf, write it as a quotient of a locally finitely free sheaf
& ([Har77] II 5.18) so we have an exact sequence of coherent sheaves
0—Z%—E—F —0
Since & is locally free, there exists N > 0 such that for all n > N we have an exact sequence

0 — Hom(Z,9(n)) — Hom(&,9(n)) — Hom(Z,9(n)) — Ext'(F,%9(n)) — 0

and isomorphisms Ezt' (2,9 (n)) & Ext't1(F#,9(n)) for all i > 0. Using Proposition 64 and
(MOS,Corollary 44) we obtain an exact sequence of coherent modules

0 — SHom(F,9) — Hom(E,9) — Hom(R,9) — Ext (F,9) — 0

Replacing ¢ by ¢4(n) we get isomorphisms &xt'(%,9(n)) = Sxt'tH(F,9(n)) for all i > 0 and
n € Z. Combining Lemma 65 and Lemma 47 we find M > 0 such that for all n > M the rows in
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the following commutative diagram are exact

Hom(&,9(n)) Hom(%,%9(n)) Ext'(Z#,%(n))

ﬂ ﬂ v

(X, #Hom(&,9(n))) —— (X, Hom(#,%9(n))) — T(X, Ent' (F,9(n))) —=0

There is an induced isomorphism of abelian groups Ezt!(#,9(n)) — ['(X, &t (F,%(n))) for
every n > M, which proves the result for s = 1. But & is also coherent, so by induction we get
the general result. O
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