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[t- 

tJ ---- B s.].

3  Y _ y

PROOFI ', d.ht'{ dD 2( t&)Y(4-'\ : Vt^l-fpl-'. tnt, hon h venly )hrt!h15 r ,v-tt-defined. So ruppote

f  6JH_, :  y(b) f (+) - ,

rhen f(") :Y(b)Y(r)- t r( l :yty)nqyt,^ l - '  ,4t  wnt ceA and ueS, bU F(z).  rhrt  j tveo

yr')Yr.) -- Y(t4Ic)
J(s) Xl")  :  Y(+)Y&\

fwm -hvh we oblqtn -tln )'Lt w" * F3 /hal auv: bcv qnd suvt:lcv/ fu, nvde v and rrr tn 5.

S rra r/(v) antl  ̂ l(v') are nverAbbr lhu tmphe,t

'f (d)"lp) : "P(b\!(,)

7t4 vt"1 : yn.lt)
a\c\,^* <qn jo bilh31rl-r + 4"d lhat y(q)'Vts)-t:ry(il 'Vu-f t 7l r<nahth show lhal 6 ,s a movphsm "f n,nJtt

O,al ,f v deq" lrnl AJ -- V, on "l "n'1r"n -o< ,, .tro.. H"r*ilul

a  = Y( 'o , )Y{q. ) - '  t  :  y l t ,Jy{b") - '  a+6_ Jb, )JU") - l
'fhcn

y(.,)y(.,)-r : f(a,lJ(o,)-, I J(r,JJ{rf-r

tr)e Xet rrd { .rnvo,en 
w.gJlw 

,"b"ne .kclnqut 
- rel f(a"f'y1c") :f h.,)yu, -', fLh.)-'y(c.): y(u,\f!".)n. th^ lul

t(e,)-ty(d,) : Y(t)f(F")'' flulhPtgtng evetg+htn1 o't\, v'rc 3el

c2d.v : ardltt

C z  e z v t  :  b 2 z t v /

? L l t  v "  :  d z l z v t ,

c1 c l . l rv" '  :  a ld ldyvt ' r  +  ,6 t  er f , ,  v , ,

h " n v a p p l , l t n S l * . q ' b o c h w a d k . f , n d * h " l Y ( c , ) t 1 c . 1 ' t - Y ( c , t ) ! ( q z ) - ' t y p , ) " / ( L . l - ' + h ^ F , r .

3 (q tb \ - *  a ( " ) rz i t , )  s rmr lav ly  o ru- (en+e^+h" - l  a (aL)=  z (q)z ( t " )  621,1  :  t l i t , i v l rJ - ' ) ; \ y ( , )1 , ( , ) - t r \ .n

t KoLL4RY 1.2 ,4[s-'] " u,rr,gu.t- t^p 4 rso,rro,Jrhrrrrr.

.pRoLL**************** Ry r.3 Tf L"lh ALs''l od fs-'l A ertsl, \fun lln .,tu ,.,non,,oily r"_rnor,yhr..

:lhal r, bu'!t tr,tF,rt1 an4 [F,rFu),rt'] *ply *1.,!- umwt ql ,-,o nol.r],,.r', -

6c)



DEF]N INONA !Jg),| den"mmah, 'et r a m wlhph ohwltl "lr.'ed subrcL S sah"fX'nj

51. tf se 5 ond ae Ar'lhen k*e etsl- 1s5 ,,"d be+ r.l.

5 b _ a C

522 fC sq=O w' fh seJ, fh.n a l  - -  I74n rome fe5

\ : ,
Y ("\Y(s)-'V O\ : J tv)

@

cleali lhue ao,)th,ons an tq+rt"d b1 naul wulhphrahrcl, '1 dotod suLs.l .[ " ".*.,.rd* /tnq.fhz l,qton4i 57, s7 6a p-pethe,c oI

6r'y i . A -----t 9f s- f s.h jy',j r i, r i, r=, and nho'duu 
iu'tl enough ,n,nruu lah v il+n ;qLe ltungt *o"h"

?RoPostnoN /.4 L<l S L" a .uthpltcah,"l"1 ,lorcd tuhsel ol 4.n.n A[S-'] e*rsh I and onl1 ,f 3 's onghl clenomrnqlot xl

rtthen / [5-'J cvs*, F h,i ltu [o,m

ALi' ' l  :  A'Ks/ -

uherc - ,< |he ef\avcalen@ relnhan (a,,s\ - (6, e) ,tr. j c.,de A '). ac:lcd ^nd sc: 94.5

PK00F sqpppre Afs'J "xr* ond lef Y.4 --- Ats-'l be lte ,an,o,,ql map. Ute fiwl venk s'L. tl ae ,q ,tud res, +hen

12 fuq ) l (s) ' 'J ( " ) :  JO)Y7)- '  ,4 , :onabeA, Ee 5.  Hews- Y(a+' )  :y1 'U)  and'b |  F? ' fhs meqns thal  aJu=sbu

l ' : ' / ; ^ ; ' ; , ; , : r " ' ; ) ' i i ; a = . c ) u ' r b ' " i - r b n n f ( ^ ) - d 4 ' r i , ' o n i h o n e " + h u , , s  t e s  s t  a l = o  a X r s .

Tnts g,ea ,n S2

Ld un rcut explarn tfu eqarvalen@ ,e)q*wn *. Qcven an a vnavphum Y' A-'---,+[s''], a loco] ts a|-wu t<g]trc.0 " l,^4nn
(a ,  s l  t ' 9  y ( . )J fs ) - ' .  He in

,,nd ft\\\ m+1,tql< lh. dej,n,*,pn 4, - ( t\J,h@thoL ,l q<:ba, rc:]deS +ten f (+7) "un'l + Y1t\,JId) "n.'hr. y\lkf-yw|i)
tht uelqlwn redua 1o fhz .r nuntc..l ane h+1,!.aDe d a amnuh\.,,-.t r ' tkg) ttn@ rl a'[ql- - s6) : O) lel .:t 'b <nA c\:(15.

Tonucv t . l j ,  t l  aa=t r ) . ,  s .=  +c le  S  o* le |  l / : .d .  Le l  v .  naw show 4 ie l  p  ry  an  nTr tva lene ' re ld :nn .  I ) -sc )eav \

Efler.t\-e and symmetmc -to tet (a,s)*(b1e) and (b,E)-(p,v) vttl

tet  J(  s)- ' I (+ I  -  Y b,)Y( , t , ) - t  q,e s

" Y(i) Y["') : f I:)'J1.r)
. Y(b\Y(o,) -- f@)y(".,)

ac -- bd
sc = J-cl

Yt") = fib\Ytf)-'YG]
\"t f r+iit ' l  : y((,)fcr-t .zt5

" Y0$)Ylc,) - yls)y(q)

,  y IL )  j ( n )  : ' 'G )Y( , - )

b e :  p l

t e=  X l

l./sng JL, te'f rneA, mte S be t). ldm: lemt.lhen bg s2t dmtr : s,1rr1 ssa v1s$.1?ton

a (cmn) :  bd rnn  :  be , , " t tm  : . . p f  m /n  =  p  ( (m ,n1

s(crmn) .-  l -d nrn :  lemtn- 1l  
'n 'n = 

7 (qntn)

and 
1l e51 mteS, nc. S ,mpl,- 7,lntneS, a reluwed. Henu 0.,-c {u,a At,SJ- a,nl "le.hw a1Jrh,on onl, rn..l}, pl', od"n

n ffu f"llavtttg utwy 

",,,,,,..,, .r,,n,.1,l,r,,,r,t , ,
( a , s \ + ( 6 , t ) :  ( a c + 6 d , u )  * h e w  v 1 :  s c - -  E d e S  ,  : '  , . . ,  , '  

'  "

(a1 s)(b7t)  :  (a, , lu)  *hew s c --  b '" , ,  qncl  iur t  t  l " '  
" '

'h" , ,  aohvqkcl \  {rn. l ,r ,1 a comr.on clcnomtna}ar n +fu f ial  (a.?) y4tr { sc= kl +h", f f  
* 

# 
'"",1e 4nj l<^- '"boLF

jn f le teutn,J rane- o')s<' b-/r-, ,  * l t  .os1sl s<, b, +. t .w 
a< l t4 Lve 'r t t) l  , t<n\lhc'\ ,  atw a rc p'-vte n1<t lw< 6r- 'rr^4-rnvor\-e( I

. La taA  t t , hoscn ,  l l v  t um 'Aoeo  ̂ " i  d "pnnd  on  u ,h r ch  . 1d "  ( - . a7 ' . . r , r )  * "e .hoose . ' (  51  w ' l t  p ,u ' t / 1  o l l ecq l  o ruPav )  S \ ^PPar '

s( :.. d es

sct -- Vcl' e'5

cu< cc,m v-eaIv<z lh,a k!l- crnn c[--dt by tlalhry eeA.l{<S L" '] '  ldn--H'"', anz l  unn3 f2 + fnd rAe S s. l



dern - dtetm.'lhen @

s(c<m\ :  54"^
:  l d t e t m

= sP'e'm)

wl ' 'erc  scr6S,  ete5,  r r 'eS ,mpl teo a l l  f laan. l "ntnh arp rn S.  AnJ. leat ly  (a,s \  - (o 'c t  sc)  ^ng eef l ,  Trwdd 5a45,

so we q55uw; t tn tc^f  J- -dt ,  so sc:  Ed:  b4t= Scl  and l ' *nobJ ta tn"*  ' r  n! 5  r .J .  a ,q:6/n .1hen

( a  c +  b d )  n  :  ( q C '  +  { r d '  )  n

s c n  :  s c t n  e $

ancl  hznu (ac+bd, t r )  -  [c .c \  +Ldl ,  sct \  LrLewtu,  r l  sc==bt t  cnol  s . t :br . , , '  - l l  !u , lu 'e  s ,  ld  egf i ,s t6 S b.  s . ] .

hte:fu'eta^en sc eiE- brte,-- buleh: eatal,^.1'leno Ly JZ+here,J 
7es 

'./ <ec1r: etetX lhen

.-. lel  vnCS qem = v\ 'etn\

a c  ( a c " \ :  6 c r o t 1  :  a c t ( e t a \

iu (e1) - + u' .11" -- i "r ( erq,) e 5

qrd heus hu PwJ',,cI t ,r4zp"ndxtl ol ffiz< choret at well. Ne npw show {haf*fu tum and pvt,.lucl a,'e v,rc|l '  4<hnzcJ, on
elwualenu .lo"ctu. Fu\, suppo.te htaf (a,s)-(a,,st) vta aa:a)At Ja: srd! 3 t-el 

'(b,t) 
be auolhev Vatr2 r<hd t upa

"L= l r .7h"n lz l  ee A,  etes b"  t .J .  (sc)e:  (sz\et .TpnbX iz  nn"  l t  me S t - .1 .  esvn:1P'm. Hen@

s '  ( d e r n )  -  s c e m :  s X e t n  :  ( r e ' m )  e  S

a" rl hena

( a , , s , \ + f t , a ) -  (  a r c \ e r Y r  +  6 r e t m ,  s , d e - )  - ( a < e m r  6 v - e t r n ,  s c e m \

-  (  a 1 t ' ^  +  6 r  a t m , 5 r " t ^ 5

-  ( a  + v , , , 1 . )  :  ( o t s ) +  ( b , L \

4 51'a,r l5t Taaftpol vtv*n wh.n n* j" ,  (o1s) ancl L-uda, (b, a)- ( b,. , ! ,) . l1.ene- t  (a1s)-(*,a) anA (L.,t)- (b,r),)

( q )s ) t  (b /e ) *  (ays , l  +  [ r? t l  -  ( a , , s , )+  (L , ,+ , )

T 
*J1"".1 

,N:t , . r .  tuppo:e (a, t)*(a1,s,)  atd{t ,u) a"e 7atn,  ̂ nd s1,:  b"t . , fa e 5,  ac:  alct ,  sc:-" ,d e5. tA e6Q,
2t .4  $  be  s  {  (sc )e- -  (sX)e 'aer ,  .em--Xeth  pmt  tv ,!S 

' lhen  
5 , (4 t^1-  sem:  sXetm:  buerno. ,  an . \ l ' re \me.  S .

HenLt-

(" , . ,s,)(be) :  (  a,  de"n, V u"\ ,n)

*  (  aXe 'n  )  eve \ tu  \
- ( " Z r t - u )

:  ( a , s \ $ , b )

a n c t r  r c  ( a , , s ' ) ( b ' ' , l ' )  -  ( o . l s ) ( t , i { , )  -  ( q ) t ) ( t " t t J . . ' n r  ' [  ( l r , r t , )  - ( 6 , 1 )  u , ^  6 c = b t d s  t . - - J ' r d e s , l e l  z o s , e t e  A

be r . l .  1s--  Last . - theh , (  sT=bt t ,  u , 'e  hat" .   b t (d | - )  -  bce--bte ' :  sore ' ,  ancJ \dee.S Hut t

( r ,s) (b, ,+, )  :  (aXe' ,  Etde)

-  (  ' 1 e ' , l c  e )

-  ( o 1 e t , l u e ' \

* ( " "1  
r+- \ -  

(^" t ) (Vt \ .

rtnd honu. oddl,oa.nd ^ulhplrducn ar< holh wetr. &y'*cl. ed,l,han r obvt ou.dq omuyJoLw, orro,rcrJ,ut)-4 tt nol "ltf4u,tll k

chei4+l\o dbrx .l (o, r\ se,ot a an rcle*)y, ",n4 1alsl+(-qs)= (ott) /Bsolrai,,tly J muH''phuhn""ft l lows ttnq

(oi  r)  ( , r+) Lrut \

*,:.?"' bre:^'

l e l  r l t p - r n p t  o u t l A  g t . 5 . T h e n  * n ' F : c n n t P t  o n d  s n p : b - y t , t o

( f ' 1 r ) . t u ,+ ' l )  l c , . r ) :  ( on , l n ' ) ' t q " )  :  ( ao7 , ' ' r a t7 r1 -  (a , s \ ' ( a^ , "a * ' \  -  ( o7s )  ( {U+)  t ' , " 1



@'to 
dhow l"ll dph'bulv'b; r.awdnv fi^drors (qs) ) (1e)t (c1v-). S"ppwe

J e s

J '!)

SrL = b!

sx l  :  . , J )

ud^nar (+l)d -  ("y, \d,  - t l ln al t! s - f ren 
(a,s)(b, t)+ (o1s)(c,u) :  (ax,+X) +-(azet,  u5,\

(a ,s) (  (u , r )+ G,a)  -  (a ,s) ( (ay, ly )  r  ( "y , , 'y ' )  
)

:  1 e , ' ) (  b X d  +  c y r d ' ,  u g U , )
=  C o , r ) ( 5 z d  I  s z r d r ,  u y r d , )
- -  

[ . ,  t ) ( : ( r d + z r d ' ) ,  , . r y ' d ' )

- ( q(^"1 + ,ctd' ) , .^y r4 I
:  ("* ' t  r  aet4l,  "Urd )
:  ( a 1 s ) ( b 1 + )  l  ( o 1 r ) 6 c , r a )

,,1.1,1 /t5lvthuhu,\ , ,,-,lo,ly v.nls/ Henu, Ax'/ ^ ,, a on1) wlth ('/,) .Ln,o,-)1 berng an dtrhly I'4o..over, Y,A----)sxsl-
a i f . r v t t t l \ by  JH  -  

[ b t t ) f - ' t  
q  n loph t  n  o l  wn js ,  s rn@f i r -  a1be f f  and  s r ]e3 '

( a + b 1 r )  -  Q 1 s ) + ( b 1 s )

( a 1  t ) ( 6 ' t )  :  ( " b t  r \

F*  onJ seSt  G/ ' ) ( ' / ' ) : ( t / , ) ,  urc  (a1a) :  |  - { -v-ag1 a!s,  and

yt,)Y/r)- '  :  ( a, t)( t, s )
:  (c ,s )

a k o ,  n d t a l h a l  ( q ) t ) : O : ( o , t \  n p h e t  a c - O d  o n d  l . < : l . d e S j  r o  z  c r d e f i .  y - 1 , a n , a  A . - * O l  . e S . l L i n L
4f S/*: A[S-tf Ylorover, qt lqv wt metns gy I ocahsahan ha" )huy'. 'm- q

i:.,y\'r*y ;r"! !"f-,{1,*ph? 
s2 urcb,rev4an ct qmt+an,o^. A rght ygtl *}hn {o". ((s) :Iarl | 3o:ol ,-f-r,ome'ul'zt 5 "I At t' zattpd" ,ryL!SZ!!.^:

PRoPoJ lTlot\N l'5 Attuwe A s ahsf,eo ACc on,ghf annihi/akvt. Il S r r."thpl,ah,.ly do'nJ and nhrfzas J7, then S t c' "ghf
denonna l t  t e l .

.e (ooF 5  qaDote  sq=O.{ .  sqnc  !eS.  The/ r  ex th  en ,n}oq" "  n  t . ) .  , ( tL ) : r (s " )  f i ,  a l l  k> tn

e e s  " n d  L e A  t " , l n  l l n c , f  s ^ b - - a L - ' t h . n  : s h + t E :  s a l : O  | , .  b e r ( s " r ' ) - v ( { ) .  t l " n ' t

<,olzLhrla t2.

2. orc Rlr,Ss- 1\e mot| tmpotlanl exanpb 'l a n.tk phcal-n{1 clo,o) rel ,7, tfu .ru/ Srcq "l- .,ll Eqular
elnnenh i t-e. non-zea-drvuoa) { A.'nn ^'4 4 fioJ^nt Afs )l , "z"allj ,allnd 1nl rtw.t g ol- /ihf ,,nq

d_1,^fuvb (., rc,nzh.nrn th. te+"t:at:vj:f-L-:+ry:\- ,"'t,"ilt.a".n'k if a1 qj.A\, * n"* a:t ̂  ,,^ita
bq Qd.-h" <.ot@ p o ̂ z1t4J teft-hand noturan r q:,.(l). R.r"l l rh'af when bd\-Q5lA) *A e.',(t) u*vl, )4h1

$,nrrr12 S,nu uvd ''h'p'- s 2 ts ""th'n<hcal\ "uttA".l, '-'' hat*

lR 0!91_ll_l$9lv_l_6 QI (A) "xrtf 'F "nd "^ly ,f A tcl,rl',a !tu tqhl On ,,,nd,hnn , ,.".&. a on/, t ,n fi .,,!h t n* qulc,r,
' l lvw exs* b anc) L tn'A *'th t "- q-lo'r1 sru,h *haf ai :65 

- J

exAAPLts \?^y*S:g'- ,rh"i ! 
': 

1i:::y.yL":"!^,,b.th 
11 and sz.arc qqtnmqkcqltl s.h4zl, so evcy

aL^lhvlrcc^htc l" l  .bted re l  S [  4 ' t  e '4ov14thalot  te+ '

' I l  
f r  h*ho  zew-c l tv lavs t  i lw  a lh l  o re .onc l r lon  , t , ko  th . f  aA0sA +O l " . . l l  noh-zevo

elzwen+7 o,s "{ l, 6nd}hit K 4**-telno ao t.44t4q +h^f o'nh+ o .h. all non-zew rr,r1l 'vl d.tals a and h.

ff aaq uufi loul zuw-dN,s,>n "nd tahJlltr, l ' fh 
i 'Xl+,o: 

t,ondtlac.n u olled a "1hl- 2re do149t4,

anl l i  <lo-.ttcctl vl ihl vt 'U oI-.lt ' . 'ohetrB ttcr Jkstp-f1el.l. )\ l urne@t^" et,auPleA 6I O/- clovncl lnf a / 'e

ohlclned iom,

--  (ard'  + a*t4t ,  u3t4')

( a , s ) ( s b , y )  :  ( o b , ! )

8.1 5L .ne "an $nd.
a l -  s^b  :O,  *h th

3. Oe Dowtatns



?ROPos lTloN 1.7 Eveg "ghl noe{lts4qn vn3 wihatl zetn-dtvnort tr c vt|hl Orc Jomorn.

Lo) a andb h nooruw elevylnnl' op A. Cantdtv ilr,e .,qh/ deals B-n:bA t"bA+ - +q"hA 3pa A,t
nql ' l  noefhenant ' fhew exrh a ynol le t l  n  fo l  whd" Q1n= f tn+t l  qnc l  +he.n oh+rb:  bc^+. .  I  q^bcn,
thtt gt\et

b r  " :  a (  a " b  -  b r ,  - . .  -  -  a ' - '  L c ^ )  f  O

,"therc. he -,w m".l,!1 "l n mplnnthaLilu b^Lh"f u f o.Ihuo bh l\ oE + O, wh,h t *tu y1g1r1 ot< .-nc a6 0

4 B eze'tl Dovnatns 4 !1hl Bgzor^f dpnam $ ct rtnX wihoql z,e.a {tvttort rn whrch ev"^n fin,kl,1 lenem)-ecl
nX^l dcal t, pvtnapal.

PR0PoJ rflDN / 6 Ev"y yhl Be.ow! doman ,! ^ trgh+ orc <lornqm.

l8!-OF rf A Aoet nof s"htlX th" r),e andrlwa, .lhe*, +he"e "Hol non-zew "l"vnenh o ""d b "l 4 ".^.h thaf

a A  0 V A :  O ,  P d l  a * +  b A - - c A ,  a n . l p n k  b - c d . 7 h e n

oA :  "A/  oanbA = "oroo/^"  = ,A/aA = A/aA

61t 1s /qor+hr r o t tolradrcA,on. n

a--gr-:Laff!4 h nng A u ,alled a ys1 ol,_Xafulh ,f eu.v1 hbn-zeLo -Awuo. "! A tr nvevhble,t-., A rr ,)5 own
ctatrtal ,rghi (d |4 

"rX al 
|to t;* 

E.X 
,e,'e"1,,e7utar l5 

" a.itry 4 y1.h"nh, an onz eoll san. Atroirngs *,lh mrnmum
cnn[*wn oa 'Ihl deatt qvY vtnJt al 

Tu-o*enlst 
tr fatl olv hov2 motr'e 1ehe mlty

PRoPoJlTroN I-q 
'Il A s ahfircn DCC on ynnotpa'l vghl dealq lhen A ,r o nng "l yA,t*.

P)Rtl)! s<z llu nerl Lenmo . g

Here D(c *ancln fn' 
t'Jettr"n.l,nl .hot, *ndrh,l n", tn cue,l shJ'\'6 du'end'tnj chatn ("1 P"'^'Val vbhl dea!) v rtn'ile '

LEtlAft I lo 5 uppote A sa*,*ju DCc on pnnupal ryhl deals. theJnllo*rng p^p"uha ol on nlemenl q on sqrtl,rclenl

(a\ o s n.v"vlble

(b\ a s reSular

( " \  r (^ \=s

rR OOFDbvro.,,al'1 (.)J (u)9 (\ As*nv-ltu zl<vn"nl q sahs.fien t7u,.oqdi\^'n (<\- (vltdu tfu Aacpy'dtnq cVatvt

dA = q2A 2- .. Bj hgpothas att A -- q^rt A fo, some n. Thu,ri q": a"+tb to. t"mz be A-, ond then

qn( l -^6 \ :O,  o ' ;d  @\  m/ rcn  l :61 l .We lhp-a  a l : "  ha t te  aba= '  61 '  a  r ' \  [ c )  rmpheo bq- - )  ] lenu  ( , iA( " ) -n

G'\,e^ ̂  t,Mq Q J qu.ohenh, orw m"1 Ix 
2le,wdef 'n .tnvathyahnj |hoa ubuny "l O 4" *hrch Q 's hu clwts rcal

vrghf "rnj .l yl;n"rh. S,^tl t\ bwny ie ce^lled rlhl o"4ea n 
'q '

?llt,rynng! Lsl Q ho,'nj4 ryhenk, o.ol R.aLubnnj 4 Q. Ru atled aaSl!-erc\y t"Q 'f llu,1ie"Jwn R -- Q.
6 a z[anstcal ,iyhf n3 '/ 

7'''oh"rh $" ft.

NoJtalhal A -- A[rn-'] ts o,lwaXs ta,1Aelw,..henu A ,, al,a6g, aoesntcalll t denMzl - 'lh ^ "'1H "Ae,,L A[s4e-'].s" Laq,n1
t 'A 's  " ,3h l - ,odew n a.e,q)- r ,^p le a1g" t tz fu)vqh1,+"  A[S-1-  l ' ,e  4vni - lmpl< 

"  
,nca anJ laD, ,gnf  ' r - , t3s " f  q@fr .n+

drc .c,1 ho n kql tq tS aOvllt kt a.



Z.ORoFRs lt\) A sr .:lrs)MI'LE RdC

t^ lhv t.clwr u,y pl\w e1 lheorem L4 6oAte whrch chava,Le4rc.. lho.,, ,nX, u"h rch haue et rcnismpfe .laor,,c',/ nn1 "f 
1*hunhg,for< tlahvl the llteort rn ,* t"atk +o mc^hz:onae "l"hnrlans

DEtrlrV/Tl0N A n5 A h,^ frdL^rh- t( jtpE q,. no nhatk d,n"!sum: al ,pn-2cw,rXhl ,deals ,".4, ,r, A Aoeo nof,on.larn

ang r'1hl ,Aecals "[ the J."n x : dr @ Az o * lh qi+o, L( N Evc,J vtXhf nozft 'trau ttvS h<ra ol 6q@e

frnk ,d4 ro,nk

nFFlAr lT loN A 'aght  dz . , !  os  t '  n t tPoten l  , (  9 . " :o  4 '  'o t / , le  t / t .  anc !  u  ry ! , t  " . y " r ,U  a , 'w t " ' !  ' l  a  s  n i lpJen l  
- ' v "  " 'ag  f i , s

o(t,e I fh, rc o. ,uii i  t-* ht'> sdtd tct'qls a- 'nd 6-s", +h"l 'q'h: O' anol 4 * tetht-P'tme. J + haA
'r"-,*.)* 

,,ir.Arf id..'lr. c,n"tlg, '!ht vght dzcll n t eztevrhal- ,l w4 h + o holds fi" "se1a7 r'graf tdeal b i o.

LErlnh 2.t 
-rne 

n'ng A 's rem;-stwple I on{ on! / tJ ho "" p*p"n "ao"hal vyhf deaL.

P:2ot' Ll A s serni- stvnple ,4,en a\ ev )2,op</ v t,1ll t Aul . j A , ' ^ dtlecl rummand oncl cannol lheve-fon b" .o' e.nhol .

ConwLt.lt ) saPpare'JhzE c',e 't" ez:enhdl v'qhf ,dec'ls ! A. f l a- s anX neh! dzal .[ A, on. can u,De Za,nrt 1.^^u
h l,nA Z' " 'qh+ Aea! h : I. h ,r ,-^z,,rn!l ,u,la the pv"p"ulg fhat ;AE : g. Bwl lhen Q-'l h r: an .zt,,, lr, l

,  ' q h f  , t ) e d  " l  1 , ,  { . ,  , [  c , t  " v r y h l d e q t  s . l  ( e +  h ) n t : o , t h e n  o n e  h e t t  a - n ( h + c j :  Q , - h r t h  t m p l t a  l y ' . q l  s  -  a

bX '  lne  mctu tmol ' l y  , l  U .  t r  k t iows lhoL aob:Ar  toe \e \  " \h l  ' , |eq l  o f  A  rs  o  " l t rcc l  tummauJ Hene / ' I  s

Jemj - t f t v t \ lQ .  n

(a"t.t,"\ r iru 6it '- ng yrc7,ha-l ihe tn! A at( QfNalenl :

(^) A " ^nn\l ""4.n n a rcui-stmPle rtnT.

(b\ ft h." f inrk rghl ""ntr2' **h*ha ALC "^ vryhl ctnnih)lakrs

and 1t  a tevni-  F t f ia vtn l

(\ A ngh+ rcfarl "l A ,, -s"-vrhol ,f antl only ( '| oonkw a rcXular eleqsll

'rrl!aREn 2.2

.F R OOF

|.-E-HAft 2.3

(q)J  fb l  L<F Q be 4p  rcmj - r tnp te  v  sh l  'nq . l  s , , . -h "nh  ' l  A .  +s- . ,1  h  ^*  vehr  dedt  " t  A ,^ ,h+hJ  anh-  A ,

h,^ ' l  . L,,D,t tu ,e lhc'l <l '" a q ,1 5S = o-. N at Q h* hn'k "rth+ ,anlz (ans rcm1- swpk vng 4@A) t 'ne 'f

q = q , @  l .  ' s  " n  ' . h t b  d ' , r . c l  s u m  {  n o n a e n  r d e q l e  / ' r  Q ; J e  l h  h  a \ ' g h }  ' A o c ' , |  s . l  a r c - h :  Q . B J e a v l ' " r
,_.tlr, hAa,O .-_ e,n,pteolr'el onlq Anrl. ly 'nttny.l 11"e tt: 6ar. ncn"e"tb. -lh. -tooft i-e ob spvwqhiat

, - , t t " -n i i+ ' i *  f in ,k  ,  r l ln+  ^ ,k .  A  "oAJu A i t  " .  i ' gh l  onnth ;  lq+ovs  b"cav t 'e  u 's75) :  hG)nA 'ca '  ̂ "1  s=A '

*hs'! f l^. tubr"npi nd,,aL n bht.h ahq tlv ann'l,t lalor r laken : ' lo"'e 'tft(st)< (e(t,)9 tt o'

cho ,^ .1  t rg t&  ann ih i loks  J {  xe  vd ls ; ) , lhpn  !2 t  7  :61s-  c \e  A t , t!s  l ln  15 ,5  ag i6" \  ah  ev \  J ;  r :oVtsJr -es i ,

( ' t  o  :  s ta6- ,+> o :  s ;a -  "nc \ ,u  o6  Q(s ; )9  va( t1 \ .wht , ,n  mPl ta  . :e (a(1 j \ .  f le r l ca  v -q IJ , )a rq t t ' )e

,, -nlo^ an ,nm,-endtnq "hqta .l ,'qh! qn^)hilqk* t't,h,o tial at'/la copnJ"cl o( a {,"n'k nunbn. of JttvlPlQ mo.IuU)

(-ht4^ v-nwi b" rvlnthenan\ o<l rcm'-:rnple "tnl ' t ,7hl "n.l l4t noe'lhena.t 4ena fo, 'atue i. Vn7/ i rq(s^J=t.qf c )

E,!- lhun V nr, i, 16(*): (adin A - r-o (;; )AA J q (s'). 5a r/E'l '  ft ha /) cC on nXht anni hilah':

('"a\19, le! 6- 6e ̂  nlpol"r'f A,o-s,,bd v)oql ,^ A. ( (a) ,s eoL e,h^l oa a nqhl t,i"al ol A, Lero*. .f k s t,nq nou,-zew
wtghL deal  o1 f f ,  +hen thae ra lagezl  ,n le9e,  tu"h )hat-  6^"  =f  o ,  <,d. - ' ,1 , " ,  g  in( . iq \ -  ha i+o f " i ,S <b\'r e'atenhal t" A) +te <(")Q: { 2q;tt--' I o, e <(rr), si r^ A rcg,rlor 

J s on--urrhol rlhl dolrn e.'lhts {nttowt rrmz
t [  f i  s  aoonzew , t i l t  rde,^ ]  a  O, ,1^^E:  g1,p , ,  a ,J  nonzero (et rc  o+qs.refu 9 (o. r - , )s  e b4 aehf i f t_-o)zvd , ' san lh tdea lo l  f i .uer t rz ( ( , , , )nE jo : io l  /n l!rongrJ"  

! , ) , , * : * "  
- " " r ' .< l fe ,c tnd  m6f f_hnA,)o me bhtP)q '.tltch t:_/hot. nonemp+l tt.ri l(n)e j, alenhdl. B,af e rr ,.*i-l",.pt"r' )^j h.,tte 4[qq:ol/

and 
: . , te 

may *:1" 
, l  

- -  
Zo,t i - '  * , t rn Z, e (  (a) c,n4 t ,  e A n

s , - 'seA l :ozx z \  u ,7 , i ' :4q is ; - ,sq-e 
' .q ;v" :o , " : : : , i# : ; ; : : f  : :x" tav 

<tement  5eA '  t  a t

(6) = ac) evey nort-zt2^t drv tren 
lapayala 

an e,orcnhol nlht de<tl :

tf A Lro f.k ,ghf mnh and (k):q lh"- tA ,, ^n erxmhol ,t,ght t&al

Tl n s a ton-ztw tqhl ,<)pal svch lhal sA h w: (), lhen lec,ly lLv vrqhf rdecis x154,5Lr-, . o,t '< all

no.nevhplgl wd 5-upp6la 11''^1 xe t4-&A (s,a + + .sJhft) 
. lo. nmun "-, 1,, t j- oll A'thnd """-*yl,n

fh rge ' : .  rqg  s r "  Q :  2 .  :  d  ,  q  I  +  .  .  .  +  s  i  ^  qh  .  La l  k :^ ,n t r " . , j , ,  , ; "1  >7O. tJJe  bave

"  
t " - o ( - o )  

*  , j ' - o o ,  + . -  +  s i ^ - h o n  :  o

^..,houe tomoLvms 541 !fr-an,t flre,al (s,ne ieJ,r.-4)^.tt drhn<l ) ave lermr oltb,z ltrm sna', m>. 1. Henrz
s\n& rAn a-= o,  4 t  :  Q.  By nduc ' fu tn w< rnag ;  u ,o i i .  - ru^n a l l  e14 4hen.  . ,  n l ,qc l 'c } , r^  unleas 4:o
PlenQ l lv  ruf i  n-O sq@ s 'F-o.  .@snae.  ,s  tn f in 'k ,hrcc l ,  ' i " l ro . . l , r i ry  4"  lq t l  th" t l  h  h"o j " tk  , . t ,qh l

r,tvh. Hentp s4 A t\ +a ancl sA u <,orenhal- p1

?RODF



@

?RDOF

tf lequtre.c 
\\," 

-onb Jo show lhc,f eueuy utenhal ,ghf deal anh4s ct ,eg1lov elemenl, t-tete w< .{.llow /h" pn"l gr,"en by
Ao\Ap o ff l.We n<ed,

LE|'trlfr 2 ll Il A '' lsrn;-pame ancl s ahLy'co AtC on "ghf annih,lokn dnab, -lr'e" A hw no le{f ou ,,ghl nit 'dzal: 
} o.

T l  A a  "  n ' l  " n d  b e A ,  b a  n i l p o ! * l  t m p l t a  3 n >  I  s . L .  ( 6 a ) " :  b o 6 " L a -  - . b o  -  a . L l e n r z  a ( b a ) " 6 :  0 2

tht,l r., ("b)"r':O. Ptzr& Aa n)l lmplu aA r,i l  an l tahvenell, ra + I enogh ]o uonrrder a pJl nil r"leal 4o-. I 'nme

Aa ] o Amon.1 lhe nonzeb elemetr)t .| ,Aa, "lrcure on " b< ,4-i dtlh vnqxv^al "ghl anwhilakr. Fot e a.h ce 41

tel lz be l lu rmalleal nlege,..J. (cb)k: g. Stnq t(b) e r(GqL-t),1 kz I, Qnd \ l lv.ho,o.l Ia v"* hs,'"e +h"n

t1 t \ :  r (6cV)d- t ) . l f  h - -_  ) ,  dnq lJ .ber (b \ ,  anc l  lhz t ' , , t t<  r l  k '2  1 ,  r (a ) : { ( ( tb )L ' t )  mp) rca .cber (b \ ,an ' l  hene

b h L : A L r ' n '  " , U * o t , ) , o t u  " {  r  F a m t h r  w r  o b h t n  ( A b A ) '  =  0 ,  u a t  e r c , 1  w l p o l e ' t l  r c l e " [  t '  z e L o ' ) o n b A = O

lhngb-- a, t ht(h ts a wntvach.ltDn ) and w'" muAl hove Aca: A O

Now le.l wb< an asenhal nqhl tdeal "l A Wz ha,e k /,""1 a rcq,alar . lumenl ,n 1! Stna A b,- ,+< on rl.qhl ann,h,!a)o,s
a ,d  a -6no l -an ; l i /p "1  ( tg lhe  prec<edrn j  /emma)  )he . ,e  exuL a , /o  ,n  @ t . l .  r (a1) - - r (a ,z )  (  7 , , r " " " "g  aon-n t tpJ<n l  aeq,
""De AcC.n..o\. $ re. ,/ (a) e rlaz) e lelmnal<a, ;a1 r(aa):v@\),Vkzn.Lel qt: cz"). tf c A t (at) + o) uE ahhu!-

and choote  qze  tun t$1)  suk  4 f ia t  42*o  and r (q - . ) :  v (a .z ) .  I f  ihen  an  r6 ,Jn  v (ez)401 -hoos .  q3e &n, /G)nr (c tz \ /

and.saon.Af each step u,e oblatn a drecl tum o,t O' @ akA. 
'Ihtt 

u Taved b.y,nju"lint rvppo./e q,A @.- @ aL-tA r
d'ne.f and a6b - albrr'-.+ ab-4A- t; s'nu/o" each i<Q an h<,ve. a,;qL --b) r '.w- gef $; e r(q;'\ -- 4r^;\, ond, h,as

2li-,' o,b, :6' S,-tl A h., finrk utgl'l "ank, ro y'h" 
Pmoz' rv'""t tlap ol rome tla3e, *h+ve. wp' hale

t u n ( b , J t 1 - -  | r ( a t \ : O

h e n  r ( c \ t ) o  .  n ' . ( . r . ) : a  s t n e  a -  r a r < r h a l ,  s - , f  c  -  a t + - .  f e k!V t r { h e n  " ( . ) : O ,  s n <  r l  c b : A . ,

q l b  l  +  q k 6 :  A

anc l  hene A,2 l>  +  o . ,o -b  +- - .+o ,o6b:  a . ,  so  e tzV- -a  =+ be f  (o . f ) : r (c t , \ t  s "  a ,L :  b .  In  lnv  daohton . ,  ^ re  thout

b e r (\\\, I < i - '< h, ancl hena l '  : o.

. ,, ttatn lhe knd "l elenenf u'e are loola2lq for, bul * ,-enaatns lo s how lhctl aba t (.) : O Noh lhat .4 ,, an ez:renhctl
" qt,l Aeal L,4 L emua 2.3 Dchn< lho vtqnF stnqular de,l o1 fi *,

z, : 
{ ae /! I rb) " on <tren}rol rghl ,clea1 4 A}

!;',o^'uAl 
,d^.1, "':: t(".),u elrnly 

3ose1Q, y"l .t{.e1bez, 
re+ h rx .. nor,zett dectl J A.me+ Bn4b) +o/\ren@'r(a)  

0 r (b) ,a lJ  +o/  ra1 t  Lont4)nt  a.  then (q1$)a - -a2(+bz-q nthal  a  6fuDr1a1L\ ,  * )nrh t5  t lqaq 46nprnphl .  r leas
atl>eZ. I l  ac-Z ooA.e A, t t ten v(a) t5 e,osenhd and .rG47r(a), n r(cct) *tu,t  b. aienh"l l  ovd h",r, ,* ca.e" Z
- t o r h o ' t z ' s a n g h l d e a l r u t e T - * r ( a ) n 4 l e f o l l o v ' n x L e w , m q , t v t ( . v ( o s " ) : l '  l a c z = o J - { x l c z e - - r ( a ) l : ( n ( " ) , r \

(Retar! fi. on de'l t,ghlJ "] * and xeA., (t.r):' l J I \ 
e.a] ,: a "gl+deat)

LEMA 4 T 's an nNeEAal 'ryhl deel "l- on ah,l""g a'g R, "n4 xeRt +heh (I.t) ,, qlro zlsenhal.

?RooF Lel  h l<o.nan2"*  'deal ,  an/  conrr l " , l l ,  nghl  dnr^ l  zh. . r f  zh=O., . then (  o j  be b. ,  xb=aeat  to  be (J .x)
qn. l  hena hA(t 'z)4A.  ofher . , t .  xh *o qn{  s tna Lr  "nf l rhq)1 Tfrx-h /o ,  Lay ie :L " { r ,1 .1 i=zh.1hen
)eavly b e ISD(t. x), and bfO rnL4 wt c)./)turyk i1<1. Henn 1r,x) t vt:anhc^\.y1

{ Notre 1t""f (f , )() " lh' pullbacV ol fl"z,treve I oloncl x.ll-sB, x -lh! abool  l.ntmqts et rL,,h1h,"ar*). A"nu Z s ^Lw-sded
tdecl, ancl !(.) s/. ana f 7a-: a., .11 = cAi uthrch t eotethql srntt -r(c) --0. Sln@ / * ilon, no nilpoknl rcl<alr j a,
w na! uoncl'.4de lhctl -(() --O cat11 -

LEt 4.f4,h L5 Tl A sq\$slet AC! an rtXhl aonihilqL,r, +h"n lhe njhl sngular deal ry nilpJenl.

Lu-c *,l l ,sho* thal *he ar,tndmg ,Lo,n'(z)t r( z.) + y(z?) c ,.m utcl be slndlg 4oasnclno, { Z uvrre nal
11'tp"+enl If Zafo, ch"ore can etemenl qeZ *,t11 z"-ta +O and lavgeai p6rrtble ,tghl annin;lalou-. 'or ectch
tc<. Z tarc' h"ve .r(b) 0 o,A -L O, stna r(a) r arenhd tn 4 to,lherc ex r<h <6/j r./. a. +O, buf ba6 =:Q.-Tfi1g npan5

thal r(fu) c :lnc*ly bgjer .lhan r[a), "nl hy .lhe."hort< of a ,,te yau2l fgBve-lo,e h ave z"-' bq : A 5me beZ

t t  a tbbag)w f l " |  Z"a :o ,  and hene. r (2" - ' )  ' s  s fh4u * "hu ,ed  n  n (2" ) .  
D

P R O O F



O+ &) 6)n 5,4 ven$1hhe rtghl o,e .,,ri,ht>,.t. Lels be a relulor elemenj and a .obi,anl n A. Stnq a/+ u tnte,fi6!,
byi\,e- Levnma (s4,q) " aho arcnhal, anA * *hercJorc oqlatns a,e1ulo,r eievw enl f.'thw al:"\ {o, "o-o
beA

-1" 
yow lhat q- A.t (h) r stmi-stmple., ,l ufhu by Lemna 2.1 h show .lhat Q hso no pwpev exerrho) n,q - dea),.

tl a- 6 ang qShl deal d Q,lhen (q,A A)q - q- stq& ev eu1 elenenl cLe ̂  can bc wnlfew e 1,: 
qs'r,r,lh

a= Xs e oq 4. tl futke,mo\'e L tt an ezs*hal "ghl deyl .l @,, t'hen qOA ts an e.ct er'hal ni1r,l dat d 4 and thuL>

conh;nt  a vegular  e lerneol -  t . ( " t lA 6 etJ!nhdl  tno ' f  o lhnA,  o j  hQ m Q, to  o+ a- /1 ie,  say x:  as ' t  rn
a . , w i h  q g o 4 X  a n d . t  v e g q l q y r  a n l  - :  l ; b ; r ; - '  ^ \ A  - ' y b i  e b , s ; , e 7 u l a , .  f i n d  

X , , e y l a v , . l .  s - t 1 , s ; - f  o , . <  o l )

, r  A . ' t w n  r X :  a s ' \ X -  L L ;  s , - 1 1  e  h n 1  n y , : , , d  2 ( 7  + o  t h . z  
7  

' e g u l " " ) .  S t n c e  L  t s , n r " , * b l <  r r e ,

n= [qn A)g ' -  
Q.ns can. ludu lhe pno[  o l '  )hz t  n"o*- 'O

As a syecnl caft o[ QeUIeG Theorcm we ob]arn ct chatacleqra]"on ol- lhox ,rnqt A 4" ,-ht.h Qa ft) r a trmp/e vng.

PRo?ot nrcN Ze the l-llo"ury f 'vpe*ez d a nng A a'ru equrvdenl ,

(*) A ts c.t rghl ov,ler n q tn/nPle rng

(6\ A h^ finrk rghf ,anh., sahshq rttC on nghl <nnihilasl ad tr a pvrtw /nr.

II9SF l") +(b) It onia lemqtot 'lo,thou) +hql A r aprme tng Lel a anQ h k tan s tcl*l rcleab oL i *,tA afo-g.-lhat

h( la"AA s- iosded,dzel . l  A and (uoxf tn l ' !O.5na f tha no,on-zetu n i lp" l iny dzob ba &aTheorcm.,
"- hav'e bQtnft: o. Bulths cleatly tmplrut lhat btnn-O-



U otE ( Rtng un|"nnons)

R".z.ll fi,dn ,ngr ArB and an A-B-b;mduk tJ,.the func)or 
- 6tfI ,M-4----: t1o4-B 6 1gt a{io,nf .lo

tlome( rt -) .89!-B ---4 
ry3! -A Now.,tel f ,6 ----- B bz a morphunl ot' ,nj', ""a 4ehnz /un"h,s

Y*(X) : 11 A^ B (erlen.srcn of scqlara)

Y" (r.t) : N (.srln"{'pn ,l ,cclaro)

Yt ( ' , r ) :  l - lonP(a ' r r )

N''\e lho! Hone( B, -) ' lg! -B ---- A94 -,q $ e^uc+ll l,hJ wet,u ,otltnq f,x . Uh ol o, thw" u o nalrryo! e'tutal<nu ol f,o
tutfh Hoy'1B(A,-) ) He"ro f 

* ----- f* . We "Iqt16 l6al Ji ----1 t' . Titoa $,rue "ons cler B au> a B- A-btnoAql<)
un.t 

xtve rjoyea (rz, n) rta .onon,.ol'"L.l..furc a a aghr B-m"Jqri. (p b)(b'): QOb )- we nuththou'fhqf
'lherc 

6 o4 tsvdro.phuh halr"rql ln Jv) l"l

l-lonro( J*(r'rf rr ) - Ho4(v,, f {fn))

d '  Homa(  N j  H )  =  Honnu(N7  Honr (e ,Y ) )

marde fdh t  O( i lOO ' : (P (n -b ) /o - ' ( f ) ( " ) : 2 ' z ' ) ( ) . - t ochaehno luw l , l g ,  l e lq ,N - - - -N )q t ' . t od -  7 ,

f  
'X - - r v ' rn  Xod- -A  ond  ch " ' h  l ha l

Homp(Nf 11) =: . .=.==-:= Horn"(nlr ,  r loro(8rM)) Homa(N, M):Horn"[rv ' ;Honr+(arn))

/ i / lj r t . {
Horxof vrM) _ -Hons(N,Hona(gH 

)I r- lo**i ,u )t1') - :  F1om6(r 'r ,r*rna(a1x'))

oommal+, *h,a!, '1 n6l Jrffiull.4

fq i\re fntl "Ajun lwn lle nalum( 6Dm0rph6nt 6

I Howlu( 11 q" B, N) = l46w1n(n, J* N\

dn$oud Lg ./(^)(^): <(not) ad *''G)@eb): p(n o). Hene'the unl and Ln>qn| aty lehwd "o {nllovus'

u n r l  ,  
I f ' t - \ r J *  

^ , t n ' l  
f  e ' I * J * - - - - - - L

T n  i l - - + l ' 1  e A B  
!r u , N @ n B - - - - - - + N ,

rn r - - - - - - - )he l  
I  , ebF- - -+n .b_ l

Y

\b! -/) < Y. rlod- B

T '



@3. I'IODULFS OF FR4CT]OAJ5

PJ?opoJlloN ).5 Als-'J s {'!of oo o ln{'l A-n odule

LrJ 5 be " uqhl &.nomnak, .t"l ,n llw ,nq fi. Fo" each nqhl A- modul< 14 *. ,lnhnt tl= nodd< of &avJwns *,fln ,-op."l

+.5co ,Y[;-'J:l '1 @n A [s-'-] *'k 
-,h 

,qr,^r.ql ufirlun oo a nghl A[s-')wa/n. rnu ,s "ii,r"Utz d.*nr]ton n

wvw "["lha f-llow'ry'lwa rctulh '

PRo?ostTtDN 3.1 th<cctho^rtq) A-lne,t, nnup /n. t1 -s HIS''f h,^D lht k]loptnq untveun.tl p'lrx,,\. Io, eath
,1h+ 41t- '7  modu)e N,oni  A- t ,neo,  gna? o( .n - - - - - :  N *henr  sy,5d a, . {n 'g t , "  A[s  -  '711n' .c t ,  ,^ ,
d pi[j-'] - ----, N , L^.r' tud 3/- : a..

PRDOF h)e haue

Hor ,y rn ls . ! { ] - t  @nA[s- ' J ,N)  -  f io "na  (u ,  r lo -n , , , , (n [ r .J r t t ) )  =  / - loma( r . r , ru ) .c

PlRo?oru W\J 3.2 n[S-'] = IY!,S/* wh.rc tu tt /h, eTurvalene Glqllon d+h; an Q,tJ- (y,l) f. Fh",o ,' "1cleA tu"ta ]l 'of

xc--1d and rL: tdes

lRoaF 
'/tn" 

"avlrc, pnoF thal * s an eluNalen@ \.,lafun oppl,- .nu/.. mutatdc. The opmh.onr n nfi l- o* Jnul*d -

( z , s ) r ( t 1 , v )  :  Q c 4 y d , u )  , t :  s c - t d e S  ( w r y  s t )

(x ,s) . (b,!)  :  ( :cc,  fur )  1" .  (b , t )eALs ' 'J  whern-  sc--  b .u-  oo4, , - reS.

the.ort,e, pwoj, alto thowlhae opt6)ons h be nlepettdtnl "f )arc c,A (nap ',u) )'o1en 'tnA otls"l+al ̂ l l "?,Alwi' 
If

rndepondtnl ol-  ̂ ntt rLDv@enlt.hve chorwt r,,,tqclinq (b,qe Als-1])). Mdi,nn v tntflmu'4lwc cuncl ctotactalt ' t, @trh 'dLnhI

(o , t \ ,  a "d  k , )y '  C) ts ) :1o ,  r ) .  Sru , . r la r /g  ^ t l  nu  n" lu t , in ,o - r , rc  z rheac lg  ta tac l  c l 'e  6+  ne^12 ' '1YJ ' l -  I '  a  v r9 ' r r
'a ( . " '  

1 -  *oa" i  
'pp l ' *  

C ' - , i - - t1  ' ^sJ ;  b '4  ; - fm l : fM, r )  th .^  G,  ^L  A,  f  n (n 'a )  -  (m-a , r ) :  1 r ' r r r ) (o ,  r ' )

, , ! '+a) " ,s  " ,norp iu ,n  o l  A  -mod, r tea  ur l  f i  6  " ,9 i+  n ;s : '7  n"A" le  " ,n  d  o ( , ' r1 - - )N on  A- l ' t ' eav  map

y4 /-  
t  mxs.1-

\
" N 3

\, !--.N

ther  um 4ehne &. ,n 's l -  - - -J  N bJ .  &( r " r ,sJ :  a tn r )  f  r ,< ) .1hena 's  4eo l !  a .  v4evpht tm " l  Ap  - '1 -  w"du le t  , " , t t *

sJ j/" : 4 Pterc fifs' ' ] e t-1 ] s l- A

CoR OLL4RY ? 3 Jte lzemel .[ 
7,a,t1 

-- MLs-'J oonruh,llh.Le *.e t1.fi.*h,.h lhel< exrl st5 ntl:L, --O_

i'o-lhrt aalo,tt J AlPf'!:! Lfu\: { ze t-t-) 11:o fi'.Lon1t,es},-o Lubmdu!< ol H, cotlect *tw s-hn.,n t,abw,ocJul<
)1 s an S- loaroi mod,.rle ( n=lfi)t e., rtfs ' l-O, anA s S -Joopn fi-e,z f t(t",): O 

'

LEHtlA ? + n JEU',) s J, kwan-ft<p.

PRooF a l  ' ce  11  qnd ie  t (n /L tn l \ l ken  zse t1 ' t )  k ,nme se  5  and lh r ,  mz. 'n t  t t ( i - ) -6  & . /  teS , "nn- . t [n )  an l
i : o  f r

No,,t, tzt f , A - --) ALS- 1 L. coron,,ol. de lanoa hr nduutt funJo,r - &* ALs-,7.l2!-A -J Hocl -A[S-,f ond
Y* , Bnl -AF"l -) trlj-A, *,ft - @r A[s-'l - lY* (zh,s o ahown qene,al4 "ttewh,,<, and,3.t eatabh,ha ] nlhrs

? ou4',c,.r\av <<,an), In.ya,hcul".r,.t.tnto - oa Afs-,f 1n*6i !z{f .<d,1ont (rczZ",.rki "" R,ry ""lunnons) 1 frfs-' 'Jts fla' l oa

a leff A -,.v,"d.rle . All<v n alvt'el4

llyf L"l 4'L---)t1 bn cn monomo4oh'sm '" l lod-4. h/e no,tl rhou, thal 4fu ,nlu@rt vno4oh,s,. ' L[s-'J -t n[l- ' ]

t s  4  n4anavnorpht r t 'n .5uPpue ts - '  ( * ,4L  z?L/ r (  s )  l v '  t1 'u  pu"pc ' l y  (ha t  a ( )5 ' '  -  O ,n  n iS ' ' i  gq  p*pZ i

lh ,s  rneans  +hat  a (x )< :  O n  ln  fa r  rcmt  cc -A tL  sce  S.s tn@ d t t  a t  'w6nomopht rm,  l ln t '  ' i p t t6  i c :  A

h  L )  a n d  / h e n  z s ' t : o  t n  L f t - ' l  A



la./e wont 
-lo not'e

ALs- '7-mcclat"a

DEetn tlorrrs , ,
c ( :

( i i )

PRoPDJ rtroN 3. 7

a^ $)y,As!c chanctenrc^{on ol thote A-moduleo ,,larch ..re ,arrlula of iatlut[, t.a.) ma! be constrlerc/ a,,t

A6 f,-poy'ule r'1 s l-- tttkslte f gr each vrqhf rcleqt n "l A *ch thql ans 4/ ard enh mo4nhum
a- --) n, #rre e.r.rt me t l ,"d" n"f a1o)'--ta lor all aeft.

rl " ! - dtughlp ,[ t'l = IYs for each s e S

Assune 5,s a nXhl denomtnakn s"1 n A.'futehlawrnl p'l,pe,hu.{ ot vghl f-lnr:i)ule f1 arc .lutvalenl .

C) t1 = 14 Ls- 
'l (vn flw <,nonrat maf /.!,4)

(u) |1 ,s S,Jor,on _[,uu ..nJ 5 _,nJ.er]w^"

(.) Hn S -.1"o'rn.{i"to c."d 5-"1,u,r,61n

PF_qgl- (.)4(.) 1\e oon,l']on (") mecr.ns that I'l a an hfs-'f - nod.,\<. {,, suppotu k J"noler 11 "',lh on A[c-'J'n.drle ah.'.,]un- 
qxlenitnq )tr"1 I - wlodqtl tuchtw y' ,Y Then_ I11, lY --i mdtakA ASt-,7-ttn"o" roop J: 1,1 f 5-\l -----, fi ;.1.
y( . , , ) :  m.a,d I (m,s)-  m.( t , : )  ' "  f i  s ,n"  r '1 :  r ' t=  . -  A - ,v ,Ju l r71 ' ,  +r ,n n ap ' f  6  , ; l - " " r i l  t+  J f . , t ) - -y( ,1) ,
l h p n  m ' ( t t s ) :  n  ( t , + )  L e l  b t b '  L "  t . ! .  s L : t b '  w f n  L l e S . J l e n

( -  ( v ' ) )  ( ' b , ' )  :  ( n - r i , + ) )  1 1 5 , , 1

f l r . ( 6 ) t )  -  n . ( b t , t )

n . b  = n  b /

l luv-loy JelN,^ M|S-'J, @,s)-- (n, t\. ' fhut J s an ,somo,phrsvn "l A[s-'J-nod'.rla, vheno ,Nu 
,s on oomo,Thtsm

No* ,  I  .< ,eY an l  xs :O{o .  Jame ses)  lhe t l : t :  l s  J - t :  Ot  so  Pt ,s  J 'kz ,on- f "<2 .  F6 ,  e  r th  ze l ' l  andSeS

u x  s 1 y 1  s ' 4 l e  z = x s - ' . s e t 1 s ,  r c t 1  u  f  - d r u r s b l e .

G) + (o) l'1 s -knnn-ltpz ,ap|eo lhal 11 s an A-sctbmoduk I tlfs -'J. 
Fsr each a a s 

-te 
M[s-'J ,u,< a,n ,-nk

x=t7s $r sonte 
JeH 

bt t,dtuttbtl| Then x 6s-t : 
J 

oss-r = 
J 

a t, ancl rc lru na7 n-) HF-'J /t .!n ePimdLphrm

a l:c.

&)+ tb)  Svqpote  ore  are  g(wn q .^ - )Y1, ,  ah<e L  s  a ,gh [  dea l  o "d  seaDs.  W"k  ak) -25  $n  ro -n .a11.

l,J e "uonf loshow lhal x[a\=xaholds k" c' l l  aeq Bg lfu andrh"'n 1L w< ma5,'n]e qI:sb Sn.tomz-tc- S and be,,1.

1-hen .tt")t: a(t)b: a5lo:xat, an4 4 J'lomon'i '4 tmli lte.t lhal afa):tra.

(6)!f"\ 6rwn le rl and j!.5) ar< dahn< c< hoynomophcm d. sA ---> Il bq d|lo)- rq. q o rnnl -de*ned b-<nuae

'[ -sq = st +h"n al :Al -1." ro,,- te S bg sz an,] 7al : ;alf ynph* io : rb @ t4 ,s f'Jo'ttou -{'^ez Bg hX p'}hutt

+lerc e*$E Jert r^6 +haf <1:)-y1 opct/ha.. z-Js Thts thowslh"f tY: Ait. 
n

(o nstc\rtnj fu "dp'nh - @a ALs''l -1 I*, 
'f 'A-:nfs''J, -a+fr[s-'! 

M-A 
-----t r1''c] -h[s-tf, Y. ry",yA[s-] 

' lrt*t' l

w'lh .;,ni 
,t l-fn(- AoAts',J), ,uu,fl-t n[s-'J) l 't/ ' 'e.,borc Pwpo:iwn .lans,|ea thorc ,mad,le.o l-1 e fL9tr-A

&, *hrch i ts a4 $at\.toLph$ry. Now ,,/ r,oun,l !ru ' N A,c fr[s-'] --) N f. Af5''/-nud,tleo N ts.lefwwlhj r,6 (4,r)

r -> n. (qt t )  R" , ,^ l l  lh  oL fherc r  c t  canonLc- . . r l  tsomotph)1m.F i  [s : '1-  moaulet  N 6+/+Ls- tJ  =N[r , 'J :  
,O 

x.s  /7

Ht ,v  (^ , .Nfs- , ]  - , - )  N be"ornan (n,s)  t - -> n s tp lenu !r )  r t  A lw4qJ a^ lomou7thrml  t tnu t l  4  (e ' -h ln lJ  a lwry

; r ; ; , i  
' ; : - ' = m t ' ' t  

' 4 !  s a = t a ' c t e ! , ' a  n -  r n L - ' s " : m a ' a - t , -  n ? : , : ? : ' : " " t ? 1  0 . " ' " ' ,

(n,r\,-@it), so (p c al,ro 'q ert.^t )1en@ L4nm.a 4/ 'h IL t6 "l sdL gwwt, (nohcng +h^r G\4G) obo"rc shows'fhqf
'1,. 'ory 

,qtsl'l--,arl" N, /*r, 
ts 4n uama'Phum) an z'luv ale(t(r' ol t"{e3ona

Flod-n[s-'] = 'd-

v'hex ,-A ,, l lu.{ut[ u$<aleqrry "l r1orl- A ansrrhrg.[ 5 -'Jo'sron /',,". and 5-,l,r,sbl" (.quu. !- v,)eclw< ) rodu)et. 
-rnrs

i DL.)t ytle lql1 (c) ̂ L"; ia1ni*f a.o unll shout lhql ,t a"q A -tnadult I'1 o rsomovph,cqo qn Almadule -lo anLl fi|1-i(lo@t tuaa (") A G) "t "'i io^i-t * ute ll.s-how lhql ,f aal 
, A - noduk I-l o somo,ph,< * ^n /'- ^aaulL. '1" ang A(t' '! 'nodu[<

i, $n u,olh M1rt a,r ,.'s omotphtL" /* A aad tr''J- nuduha rt.t7. ) /" nk-'1. Hen,2 He t1"r!-e s samorphrc Je JsN{o' tomz .

tJ ,tl . ,I u .anont(0 111 
"ttomnrpht 1" rr[s''J1 whrch,' rf. (b) 6, GJI qb.t hold. f1orco,rer, bylhol"mma,,{ o o, nflech^n

sub c^fe4og 4 Y9! 
-4

N'k thcal by sho,tnl e ",how r un $onDvph$m/ w"e shouvtd I* ,t .il| qu14 fi"tllllul, *ht,h t o,ll we wal\ rueded.
It o a616lu;.no )u t o,'+hrr, nqt +u,p h[>"] -nDdt^le4 orc rsomorpl,n< 'H tfu! qnuovtit),lah,. av1 ft - yaodu\u", (),^d heue- lhql

to prgrn*<u kshnrltaas +-q;e.h (r.2. u on 'n^beddt!).



T'\AMPLE'

L&g 
-_1o"t,ron -fhn 

del,ntLor,[ 5*r -5*t'n el.unenl r.uan f ol pnpaed b1 L"vy lsune 5rcq ry a ,6ht c/e,oovtrt.tak,

sel n A. tn ead ol't5ng-lonon" ond 
'tSnu-drvnb)e" 

onp ,^,1s5 lhe fuo,,ler Jnvm, "h..rroi,' an.l "dpr:tLle''. 
N"le lhqt

e'!,Qn s,eJ - 
nech* mod,ale ,t JlvtJ$Je, be, ir"oe lhe horl,io, arphJm q' sA ---z i'1, g,ven b'1 apo) =ia) ,s alLa)of ,4p1- defr*d

w t u ^ s 6 f t g ^ l o t a , n d . a n b z e x j e n d e d k A . r t l - , " u . , y l l 4 m o J u l e s J o r t p n , i e z ( t z j / h e a " g u m e n l o y l e T n E x < m p h z , 1 6 . r )

? 0,4evs o a s<misw,pl< v^,n3 Sappq.e A hat> a cltnsrcql rghl rrny ol-1.,,ohen)z Q %en O ,s rcmi,stmp]e tl ond "",1V '[

5w3 , mjeohve no{*)en ot'e njechur

PRo PoJ/1to N 3. & .l l4 
e

? lU @<+ (b)  fu  ?,ap 37.  ona(  a lso ( . )4 /z- \  l " l low' fom- lhs 7wp"t lun

(b)e?) Ld 4 be aey vry* dectl tn Q. Srnu 
I's n1e14v- c,,rer A, q "pl,L ao an A -moAqle o,, e - 

L@ K-

Now K r lo,soq-{o.e. and 4r"ts,ble, and r< *fi.,r{a,'e q q -rnoJule. (c"n,aol\, (a.t V)slas-\tn) ,ontde.

o---,,1+a '.-t: a/L-, o

0 rs Jhn dr"rcf tum "l 
L 

on"l f oo A-ntodula, so 4x show Q tt ' lht d,rccl )dm ./ 
7 

qnd sort'r oItoe, ny$ 'decr.l

, !  su f i ' ruzk  show l l  d lq \  rs  an  Q -  t r tb ry to , l t t lo . f  Q.  g , r l  j<e td :Y  "o  , l  s , f f iuo 'k  thau o1  u  anot7humbl

Q -wot'alo (,f ' t. - i,y'tr it- "f A-noAula by ,; 'nslwc'|wn). Let tru', 
t. t. l  It :4(, 6s'al le) 7eQ., sa!

| -  
q t - ' . 1 h e n ,  ' t , 1 q  |  

' t  a , g h l d e a l  , x ( a ) s - -  " t ( q r - ' ) t  -  <  (  a s - , s )  -  < ( a ) : a t a .  l l e n a  " < ( x ) = 7 t a s - '

' n l , ' ' n . < h ) = X t r . a t  
r ' l  

p e a t  a ( X 7 , ) = a ( q i l - - -  l " , r p - - ( t , X ) y :  a ( r . ) F , ' o  4 t s . \ a o , p h u , ' ,
.f Q...moclulec. Hona ! (o1r1 '< ,lote,l ,'rn*, CQ, anol n Q ,s rcn;-srniie.

U\4G) L.+ t4 be an S,e, -tnjeclurc ,,"oduh hnsrder an1 tnqphrcm d : vt -----) rl fam q ^glt ,.l"al n oL A
Lel h le a rghl ,ded LLhEh tr tn.tt tnlat *.r.1. | l 'n]tE': O. a .on ln,ut^JlJ b< exJ-en4ecl lo a/: nf b ,___- tl.
B,^l vyfo rs an entenhal njh+ )dec,,l 4 A,.(s<e lhe pwol ol Lemngz.l) anct kro/rn 6nL1w o t eXqlor elem"n) s
jnewpm t-.2). Stnu t't ts Jry -n1zckw, q I ccan b< exknded 1" fhz whote 4 ,4 . n

[Jr'yueerrcve foEnLs nuo l]ERr..QlriEJ pSpEry

4 ! y a.ghL ader ,n lhe.vmS Q. Ar ,aaal ,,ue lel 5^g 4er.o fe 4ne rcI o( nguh,r elewtenh "/- A. t'o. each ,ghf A-,ubmsdule
I  d l  Q , re  Fq r  : L *  -  

{Z jo  I  zT  -  A }

PRoPoJ/TI0]\J 4 i  Tl  T s a nrgh| A-subnod,ut"  "{  e,  " . , , ,1h TAs*J+ / ,  then T+= Homa(t, f r \

fl 
leat lhen x r--t 

Xx dehn<,0 a hamor-o"phum I-- A. Caqve,,e\g I supporc f .I --- A ,t a mo,phvm.

L"t :611',5, For ec<A 7.c-:I 1lna,r nxr.tf i be!ry wtA c.teA, an"! bX tht ore wndthon thetc extrh befr arcl
-a eSqqq.J tvcr\ +haf sb:x+A 

-fhen

Yb)+ - -  y ( "+v )  - -  
f , ( t b ) : y1g to :  J (s )s - t5 l  __  f  ( s ) s - t_ )_q

whrcl" rmpltu JOt) -tb)s-tx ulh Yls)s-te T*. t loh,n +h"l qtv<t1 IeI+l tht ncluad morphum x t-) cLx \k)wu^

l lu  e \emer l  
l ss - t  $ r  t  o . r .z  ' , fg  q la r  t /  u ,h rch  ts  

X-  Lh .6 /ue  2 t * i  
y  l ' - - .4 . ,  , -y (s )s -1 ,  an , \  c lea4J  ) .  r+?) .  L rJ .  

a

DE rfN-Ln9NJ A nShl A - subrauctub J "l Q s ' '6b_ll"A!L tl-fherc exsL a2. ,aota qd 
L,t ,1,! 1+ such ltn6l

l - _  2 a ; x ; .

rlote "Jto thol e nSn, 1* cvcumtLln(r.,jl w. hau< 4r e .h re 7, zt : f a;1,x ^)h X;ze A , Jo e,r. ten
ru"c l ' t lea. f lnut

ft>llowug p,opuAet o/ a nn7 A ua{h o s!6p51761 rgfit ttng

(o\ Ev,',1 lo.s r on -fi-ez, anJ Jrvrsrbl. rrSkl ,\_ta1r4ale

(a) E,rev1 rr1'tt Q-^".1u1, , '  'nje.lzur orer A

L.) ttveL\! 5re3 -rnjec{r.re rryht A-rye4^1n ,, rnj..hve

(a) Q 's a tevni-srrnple wn1.

't 
Tunherlr Q .ve e-o1r"tnol'4|

tt njec\v<

PAOO F

t ,RoPDl i ' r  toN 4 Z EuevS nght tnvryh e A -subwt odqlo "l Q " rttl"l jonenled

ytemk tht



Sctppote.T r nghl nve tble, t.e. 1: Za;7.; ut+h a;ea and 1;I +A. D.hnn morychoms y ,f __-_-+ A
^o J;(.) 

- l;x 
the {-^t)y (Y,,a;).lecnlq tqhsfrq'th. rclL4h-menh 6{ pap. J.6.3, and *toe rc{ore mahet

I 'nk " l ' ,1t kl,1 lehevalecl pc-1eelue mocli le (b'oote re SRt surh lhal qll 
1;se A "t"<n s - J.cti+;re TAS^

Atsu,ne cor"ten"ly lhat T 's " 7^1"4u* A - madule *'+n t n-S.;t d.Le+ ff)" aJ) J be ddamtl! n*,;ril ,r,- t,l"b^,: 
:"* , i.1-l ::, l i :^"":" tto::ntx fo ,,,#tr".z* i 'r", ' ,=nsnx,h"nl"^!"i)r3i,J'"- '

:  Za,JtLs.  4a.1 r  "e1uta,  tmf l ta  l :  2" t t i  Hene T ,<, tXhl  nve" l6 la.  
O

A olt'rsble mo "lub hao ltr ft)lowry t,yecAu.! yupzfu uih,e'tpecf -fo nvevl,ble 4"111 Elpcl,I

PR)Pul-f ID)V 4 4 S'wpw" A s o.^,,,srelcd a,-dev n e. Lel a, Lp cr yghi rnverhble .'1fi+ ,lpat "l A ond le+ tn Ln q
"ltvtt rble noduk . Fo r a a/1 yTTsqata5m o< , o. _-) I,l ib"r< .x,.rh 7 a F1 ,urh ihal < (a) : 7q ./or oll ae E

p r?nf Uf aq..y,an!ft o,,d f ,, .;ln er..r *ih 2o;7; : L Stna A ts a.otumed Ja l"e alto a l.[l o.Anv m et

lnew 
e-;rh r! S'eJ st(ch -!he,l dll tTl e A 

-r1rr. 
4iv'5'1'1 ol 14 twplta la,taf ,nrc cc,,a unle q b;) : z;s a,n

z\J .J!\  e 1"1. For eveu4 q ek L^E abh)n

d , ( q \ :  d ( 2 a ; 7 ;  a ) :  
/ a ( a r \ 1 ; a  -  

f  x ; s 1 :  q  :  x q

, ^ t  l h  t , :  / 2 ,  s 1 ;  e Y l .  s 1

'JIn 
r; .e.rulf 6 s.t"d 7o pwve lhe {o)lo*rry cha,qclentqh.on ol be,rdthy orde,s.

?RO?A[ lTl)N 4.5 S,..,ppore 4 r a Ato-:rc]e.l orde, tn q semi-srmpb nrn3 1be h1owtn1- pa;pe4-*", of & ar. e4uvalcnl

G) A 's  r tXhf  4"oo,6,

{u) Every vtShl deol ,,o,alatnn3 a, o-3gt,lc$ elewt<nl s nlevhbl<
(.) Fv<g &vrn6le vnod,t\e u q."&,"r _

f RDy (") + (b) u ^ conr oc1r.rcnu "l p,-p 
4 3

(6\:) (c) tr-vevy Jrvwb)e ntodule tt Jey-nJeclw= b1 Pvoy 4.1, anl tr aherckrc fiJ:edl,,< hy P-p ? t.

k) 1L^\ Evel y*h"nL modul< "[ an tnf " 4w'e q,odqle 't Jrvoble, ano] t lhcve h,." rry'e.lvc b1 () Henrz

A s nXhr hercdtlonl by PnP T 1.5. A

Iy'z olreorl,1 lzn",r' lhol {o, PID', dlrstb)< <1 tnlecl,,< t arrl ffu obou.e fueortm fo-llt ̂ ,> lhaf pmvde{ A ,t a'lrn-s'A-nol odn,

tn a tern:i - stmple nn3, he.=dllaty <9 ( dru',,bli p4 njec**).'the .!-llov,ttry /' an,llpr ,^p.la,l propetty al orclett )^

sem; - stml le rrn1t'

PR)Potrl10N 4 6 af A E ,, Jrno-r dnd ode. n cr rcr't-snp)e vtng, then a{e't $n,)ely 3enumled loalton frez ,noclule
ts cn llbmadule "f a, f,a molule .

P  ROOF

PAODF

?R\PoJtrt,N 4.3 rt nght fi'subnodule T "l Q o ,Ihl ,nvevhble l/. r0 Sry 1f a*l r ts u pn1e4,uz rnoctule.

L.l fl be ",$potufie, ma"lule *A1a g"ne,a)on zy.,-.1an. By c*r 3.3. fher" ,s o monotrn:vphvn M ----s 14 @a Q
*)"on Q 's lhg clc^nsr.ql vgtt u3 o/ 7"*."1' A, 4. No* i a* e ,, q in,l</! g en"nle'cl C] -nodule, .t^,1 tn@
tJ tt rerni-tmpk , 

.th t5 rnpllen.fha+ naftQ 6 e r,lbmodub "t " 4",k1! Senenld f... q-vnodule F. Lel
w' '  ;y^  b< ot  ba ' t 's  {< ' r  t r . "<r  Q.- fhen*r '=  2;v ;7.1 fu . .e"htn 1, j  < . ( }  (hoote Jet ,e. . )  ) , . tch +hql  " t l
s7r 'ek.th"n r j  = X;v;,r-!  ly, 'o m'i ;^wiaot l^ n" d,-" n -, i t^oJrh "F r 3en.. i l"d b1 v,s' t ,  . . , t .s ' t .  n

LD!<jUARY +.7 Let fr be q +"."-stded o"de" n ca r eyni- | tmple nng.lhe ftl1orrn, yrcpe,h"t "f Aan "lq,ualenf

( 4 A s r g h l r " n ; - h " , * ) h U

(ta) ae\ f n,hlg Xcnenfed Joo,,n,-f,rz moduh r 7tT.ecl,nn
G) !uelJ )onto^,fre vno4,ale ,s flaj

lal Eveg ,,Jh+ ,deal u y'/ol

filof l") + p) Ev<vy $n,k\ 1un"^l{*. rlon {vq modul" ts q submodula .I..fv." ^oduil"

f>ooje&,re ( p-p 7. (.q)
( P-p 4.a) , ond 's .fhtn$ne



(b)+(c) 6ue\ yvoA)le ,s the,,lre*'hn* 4 * fi",kly genual4l rubnodulo, ond lhu *'',1 Im* ol ptojech,te ynod,ttlep r

4'l . { n,oo r. ro.r)
G74 kl) s lv,uoJ.

td) 4 k) fillowt fpm Pup I. lt.6 ' 6

..E_Jkt1!!E: |..\e/.ektnd Donatns. lathm A u a ao-mm,atahve nfeg@! darrqn, Aq t4,5 guut

. 
?RoPos lrtoN 4 ' & 'fhe 

kllowng prope lsa ol a ummcrWw nleg*l domam A arc equ,,ta)enf

. (") ft s hwedttary

(b) Ev!ry no, -ti'o Aeol u mve',hble

() euaX dlut& Ynodqle 's t1f ec4we '

ft vtnq sa\sfunj Nhey anr!'h.ois r callecl a Dddend domarn. Evary Deaehtncl domal 6 q noe+henan nng' (ty Wp 4.21, ""5

,1, nl''i"rhiL"niaula form on abelnn 
lwup;d*;uthrti 

.ul .

2. fu:a{<.r Domans h remi-heved,lory oomwr,,r4el.. vleqval chwn s colled a pn; {er 4oman -



EXERct"l ES ct4fI Sf"vrs]r.ovvr

@ S ̂  rrg\i .1e nomrnaJtv reI, 1.6.--s /lJ"'J .oron,.al.

a\!,q; tn B.tt-1 supp,o !fi,A[s-'J----to, n f f :AY n.n (Nl)q:JJ(r) ,s aun] vss.5.,r.thoLbj

. ' fhzuntveao l  
p*p . ' \ ' L -A fs - ' J  +a< 6  c {  qn \q(4  mJrph, r^  h .ay :s : ,3 j -X  , .1 .  ny : !y ' -g l .  f l i "  N-_ t  -7

n) t !1 . ' i  L1^ !n [ : - '1  ' "1  
1 i : . (o ; , " ; . \ . rn "n  1 i  (sy r ) :  (a ; , ) .y f t ) . t v l  s i .1  :sz l l , * , th  u ,es .Ton

? ' (5 'y r )  =  1 'p , t t , ) ( " t1 ) :  (a ,u r r - )  e  Y( .+) ,  " "J  
1 ,1 ' , " ; ,  i )  :  6 " , " , ,1 .y1n1,  " .1 " "^  6 r , r j1  - - ( : . v t . , t )e  y6) .

Lue Plotod bj rndotclw,r 1t llz gen"val caoa.

") L !f 14 L" o,ghf 6,2 donwtvl w< .latrn A[zJ ,s ol,. . ,,qhl an "lamoth " ! hno* 4al 5,ne A h"- no zzodM,ron.
aeJhe" A':tz Al*f - cep,aenl {, j-eA[rJ - il*+,"or 1t1 !___-s A,7 )tu| ;:{lqrfti), +.. +l(de1f )xdlFtuheo. t  m' :du1! r  lar lea|  r . l .  l - ( * , )+o,  " - tp  a:dzg3 r t "* '  ( lg)@--  Z, r ,a : , f  ( * ) t ( f ) .Thvw

({sX-'+-) : t(^')36^1
l'tewt fT=o *'apltu l(n'\6(n): D, ,n A u\t,h 1ap1,- ft-,):o "r 7(^)--o- Eihet s a rcnhad*hon.

Lql Qft) d"noh ,ll,e l.r.ghl ylnq "l |wfipnl, ,l A - l s o ,b".-f'd), ond n hont tr'hl noethonayt. Tl $ lls1x5 gaa lfie

IY,c,"J'Y;"I:.:* 
i14"f AtAli-l c lthzwtsa uoe*trel1ctn/ ta.hs zeh-4$/1sots, a"dt hnnct,t,nghl- o,e ?,T (4om4!h J

A -.-,.) a(4) -------+ a6)[4

(,t.1', '" laal {s a genu,al - f,. 
p-:B "nd l>eB 'x covrv,ol ,r 'clutc 9, lD'l --g, >t -)b. hc,avoe -,11noup n,a-^l"l.u,L1

4\ote t ' ro qev &h+a J '5 a noupltsm "l , 'ny) 4Sz,],an be m ar\e uomorphr. Jt o <.v1o,,n 'rbrtnl * QUlhl . to'

mahe l iv  ' {e r ,hh , .q l6  n  and uppot .  a ,se f r t '1 -1 , r+o .  t t  a :  o , . lhen  q . l : s .O, to t , . rppo. , "  q+$. -hen tno  6 , i  1n) f r l
r t  a tShl  orc c lomat,r ,  ^,e hav f  ) t reOf* lJ '1 r . i .  a i --s i  'n Q(a)[ ' ] ,  - ,m's"y i fO, oaAluna 6*o toi  

-  -

E :  a . s , ' t  +  q t s , ' ,  x +  . - .  +  q r - r  s b ' r z  ̂

er .ubqb) ter t te.Sbet.J.q;asp,63:"? ' ; ; : ; ' ,a" , , i | " i l *a,oLunq"+",* l ' f f f tz t ' ,sc"p"\ tomtal
.L A(A'\lt| oonlanad ,nlfu rubrrry ni;1 o" n ,o^n *,k t., toy ue s t.t Tv;Ah|, qnl lel w! A, wtc S be s l

, , * :  i * ' (A ,s "a j ^ l  o *  d " i ^o ' i  ) . f i en  ?a r r , r . ,  G  v  w te  f r f , l  " nd

a| r*  :  "Eur '

5rnc ?1o, E+ g bolh iuwtEvut ate bonT'oto elet'*nlz .f fr[rJ. H<nv 4p-] u o nXht orc domatn-

d) i.t J h q 
%hl Jenomtna\, rcl ,n ,,). 6nsde, tlv ttnq n^(A), an.l rclenlrfv A w,lh lt\! c.cuol evlaaq "l J,aq"nol ,/whLu .

1""  I  
"  ' " t  n+- . , f rd  * .n  a f l j t , f  4snss16]a"  " "1 " ln"(A\ , . in"  , l  se 5 

t . .^a, t -  
(ar \e nn( /+)  " "n g,n i ,4 , "n r , f  b ,  be

r . { {  sb j=qj+U . }1es.  r , r "  La^ tuo4t \+b<t ,s  l "Fdt  e} ; i  +  + lu,o,n"_ / i ,  
" . ( ,o*p l .  

te t r  fnv _} | - -J t t  t4"n
s$, ,v :  qr l rv  anc,  a61"v '= eol , .v t .  In ' fh ts  aat l  pwduct  b ' - :  (h t , ' )  s . l .  sb i ,  / - -  a ; t  f i "  ane !c-s. - rhal  x ,

slot- at, wih LeS o" r=qu,*l.fo 'hecLt S\ ( ta=o, (satl =o, i.cath so',.)= o, rn [ 
'nnd 

o, "o^-onL s1' a;i9=oce'aLo"e'

(ii) LLt Y.A---. A[,:-' l b. ,.tnontcal. 7h,t n4uua V'n"tA)--t H"(A[,r-t]) fhs thel{ u hL-.oln t tet d,A-tE
bz an4," ,o,ph, 'n1 " {  , ' , ! js  -  th :  n1Qap,  

Fr .  n"d-A- t f la l -B/  N t - - - - - ,  N@ft  B.Hen- $t ( f t lL  f tAo B -B 5M,z,a

p' ts i '1t,r "xa,l, pr(e.ift]): @2,8, * f* (^ a.fn"Jor) 'nauoo" wo'p_h: n d fti ewlo.on'o prr' 'r.Y\ v'n3. rr,"(,4)= Endd[@:,n)

^  T1.( -B\-EndB(aL,  i3) .  sutcporn.  ̂: (n i )  t  an en4ornovPhm. " l  @?t4.*e,4 J .o"^ ly1o '  9+6^1=(p+1^9)r*
hal vtn"*s I ^"n,-i, g.A--jg '"duot n^ ta ) -----) t' l"[B), ("r)t- tlkoD. Ih c\nt c<o., we. hqve

9 .n"OJ------- n"(n[,r"] )
(,, ;)  r--:  (  ( . , , ,)  )

, . r < a j q 4 ,  t t S .  J O 1 1  o  u t t l ,  L n , \  ' f  ! 6 " r : 1  = ( k u , , ) ) : O  + h i l ,  " a . h  ( ^ , , , r ) =  a , l h a l s ,  y ( l i ) : o  : o f i w -  r ) i i 6  5  s . l

a , , 1 . , ' t .  onA  r , ' t e  h , , " ' *  ̂ '  :  \ ^ ! , h  e l sohan t  aad  v , r  u ' ^ i pp ) ' r y  o^  . l an t l nh  - l  s , r ' . h l  l ; i : ) " "  \ 11 ,L , ( .  T1 ' '  a l  ' s , . , " ' h l  , ' . , <  Lo t

e L i r t  ( a ; ) t : o . \ J c a . , " r p p o , i  1 , - ( ( " r ) s , j ) \ e n " l h t s - ' J )  
4 s " L o w , t " l  

\ e - A b " - r t r .  
s : s U . . 1 i  V ; i ) t e S .

men 7=(p; iu; i t , \s- t  
- -  l (  ("r ' " ' ; l jp[ , t - i  o ' '  c1u,f td Hena

t-tn [a][r' J : t\" ( A ts-' ] )

ti i i) NoJ/ nohrr-flral rn 1r), q' lpa se 5 ard q -- (qi ' \ e OT-(A\, vx ,sn,-lec,,l,4 $rd b' ab" ' ' tpp"v ' lno'nq"ft ' , 
, ,tnu sb':<tl .

l le*p S r o r,1hI denoitnak,2l n l l^(41, 4'l io. rn" *orpnu- J ^Winon"+' )" UT"[A)---i Uk(n[t 'J) andlht

".st ul. ltu pn"f tarmet fhwugh unc\qngaLl )n .! hpw

ur (A)[s-'J -- ur"(A[s-'])



Suppor A y ,nieclwn ao r,. vtqhl an4 l4l A-mel,rle. Lol q eA be a nonz-zr,ochvuoa the <o,veapondtnl un"rphum + l.4+ (r,Jt*)

A- lm"dut "z  A"  a  A .Q*az , ) -b1  b t ' -=  b .  f  rc  r - - - -+  o 'L )  t t  +hvn moat< ,  sn .L  " .Y= ^ f  e  'Yb f :a ( l ' ) .Vz  a

('rVl - 6t,:)o=o ( ^1v1'5-44'11=o) qn4 h"n" Y@=6(t, !:f B"lrna bY 'nj ec-l'-+y rl""e r<q^ z 'l'

t l
,<..-,1"

a

whrv< x c,c n"v:prrd s $ an denenl x[t) "l A., ^rd (ta)(r)=1 <+ x("1))-- | <=+ crr --l (zh'=t). Hene a ,r a r-.{nr[.

1gll

5,ab |1

L t-----'--'----tls-J

2-'N (_=__t A/

Subrl[s'J

M r-"1 s and 1 b. .,ubrh I A. th"n

(;) ,(<(,ts))):  r(s)
t r r . ' (a1" isy )  e>  \ l ye!( r ( r ) )  J rc :o

+-) ahen.,/ev ju: o V uer[s), 
Xtt.- 

O

19 lf firuny 1 t.l. s1=orgse-s uJ? ha\.c "fX--o/ l+e,. 
Jt:= 

O

a. l  x" , [ ) ,  a"A je4( t (s \ \ ,1hen n pqrh- .1^167 
J.=o,  

,o  te{ : (dv(r ) )  l ! ,w. t "a, \  S = t ( (0)) r , "+hqf
' l  z  e fk  ( . ( t l \ ) ,  lhv '  n  pavhru la.  a6v(s) .1

( ; ; )  r ( su r l  = ,G)n f t )
reg aeli
( i i r )  gc- f  6p lp7t  n[s)  z" ( r )
rry anlNl

{ ( t )  2 1 [ s ^ z  '

p q [enandll chrtn "[' le(t avtnil,j laha.t +he^ ,/( 0t:,")) -- r(t(r-\) <- ." te"ntraEat.,,ty rffira11 --,(t(t")) Vb >.,,).
.rhet4 <( /(4(-rb\\) - -f 

[r(z(rh\)] \lz-Vn; lhal ,s/ f (sl.l = ((t") Vt4vn/ a" n1",':.d_ rh< convaoe o stm qr.

1g] fei A b< apr,."ynTt Q.61 \*-"tdol deol. orhcv lhan O.-loae a- a cater*al at ouqhl deal, suppore bu^a'rghfdeal '.urfu

dnA=C) Hencz b i t '=AAb wphe4 hq=O. Lef  Ah,)enole lhe $ ' ,c-  srd,ed,  ae^ l  { fa ;b;  la ieAtb,eh 'J  rcnfu 'wng h.  
- fhen

A bw= O tmplrcA Ah =o)  !n@ A r  7mm2. l lenu H= O,  an{  a-  r  eote vrhql  co a l l la l  rka l .  A l levnahvel , l t , l  b .  i  a  leH deal ,

a.Beafth=O 6!nc\ rc fofi- 02t, Ll= O agann. Henu eictl nonzew ht',c-s da t) ide",l u b"fk rghl aid l"/leosenhal.

Il $ qllt .1p(^111urenhgl w','1. iu'c trc)ecl 4s,Q by 'thz t<me alqm?nJ'

L.) S b" anqhl "lenomrnolw,el ,n A, and y',1n: I1-) flfl-'J ,o"ontrol. A swbmod n L.f t1 r caltec)
5 -sq+unled t[: 'l sahsfi co , ( xe 11 ind x:{t fr' Jone re s / rieh x! L .

(i\ stn,r. ,+b''l s flaf ao. " lefl /-no.{u\", o. rubobl*t L >----J lY ,nduut Lfs',1>-t H[s-'], l itr---a5-t. (4nreoely,

"ny ft[s-'J -rubmodt4le N + Hb-J ,, n p,odzlc,.lo, an A -s,4bmN\,ale "[ fuo ^qu+ A]-juln N [s-1, "thenw

.y ' ln- tN o a"ghl  f t -  subrnodul< o{  f l .  Oea y sach ru ' 'N ts  i -sa lnrmkd,  t , ru  t [  t reN,  and zs!y- 'N,  to

z,t ks) : (26is/t) 't th N2'fhen (xrr) - (2,t, t)(1s) E n N/ 'o +hal zceT-tN. hl'1 ry-'N)[J''! and N an -th.

fame-tub"b jec l ,  sna ( /^- tN)Js t l  - - - - -+t1f r ' ] ,s  l ,z ,nJua' " "  o f ,  " l l  (n ,s)  whee ney ' t - t t l  / " ,  "  q^v" l "n l \  b")ery.

6 u r t  ' [  ( r n , r )  t N  s o  d o e t  ( o , s \ ,  a n d  a n v e w e \  ' l  x :  ( o , t ) e N /  / v e r ' 1 )  t e t , l h e n  1 m 1  t ) t N 1  r n e n , . ^ ' ' x t  s o  l h a l

(a , r )  eV- 'N  fs - '1 .

C'on1 ' t 'hz o4net  wag <aAatn ly  L=rM- 'L ls ' 'J ,  ahd fhe f tveo< tnc lu/ toA haldt  ,H.  *henrv" ,  ( *1t \eL[s- ' f  
, rc-L.

g u l -  ( * 1 t ) E  L I - r - ' l  e >  J l e L , b e ' S  s . ) .  1 a , ) : ( 9 , 1 )  e  3 y e L , t , t 1 s e s  J . l .  1 5  = 1 1 / ,  s = t t '  . 4  J r e S  s ' l . z s e L .
Henro y-tLfs''| gt ,f(. L c J -rolu,qf"d. -th 

'aD t^z hclve ̂  bi)'eclp^

beh"neot llu t- sqlu,qh4 subm"J'lea"[ fl anA qll .,,abmadulu + HLd'l (ths,s ontomoryhuvn o1 lalhaa). Nvha
lhal when h: M,'i"\i\hi 'ae<tl a- rs J -sqluatral uF. ,l owo,As S] o^) *g"] iW *^ol' ,o,'to1,ondznu.



(it) 5L^ppola lh"I y1 ,s .f-Ionton-fi<zt c.$ cl suPPoJ< kol xas: O -f 'o'.*ePlt clgft and te5. Then rL\e t ' l  snz.

11 r on A-modqle, toJnefl,s S-h,tttn fiuzt ta--o'Henu 9t7611, Ann(") s J - 'r*d'ole'J convcaely ) luPPora

ecL"h fnn Q) s S- sa+u,rqife d, cart d rupPorc xS-- Or xel{t se S.1t^Qr1 O: x.(ls) | uhena l5 e rtnn(*\, ro ttnu

Ann (x) ,t !-sulu"alec), le Ann Iz)- Hen.lt: o qnrl fl '' f 'ko'0"-fiee'

(i; i) No]ro lhc b,iodun n (i) 15 n.{wton pve)ervtng t rD -,lh A = 4 ,u< hatn on ,nohunon prerervthg a,,t-z p onde nu

Ae'Iwq.r ",qi* deuls ol- Att''J an"l f -satunt&) ,'ghl- 'deaL "l 4. tl A $ rghl noelherton ctnd 
-

M ,  <  N /  < - "

s < chamol  rShlv |zuh,n A[s ' 'J ,  fhen p, - 'N, .  y ' ) - 'N,  < - .  ,n  A,  ,o  7- tNp,- .y ' r - ,N^ ct l ]  h>t  th  !om, /n .

H.na Ny1-- (J,r-'Nr")15-'J-- (V'N^i1s^1 = Ir)^ att L<21m, s" tls-l x vtlhl ioelhenan.

jclt|4 ft,r ,s h,u,al tn* n[s''J -- f'l @e |LJ''J, anc! ure olreatl,l knou - @lft[s-'] ----J Yq. w],er." T. A----: h Lr']
tt canow.rll , Heng-

HomoSrl(nfr'J, ru) - Huvrralry ( N o+e[s"!, N )
= Horna ( r't, )pr N)
:  Humr(m,  NJ

('i) 'rhz 
I'anc!"t f* : t121-tf[s-! -----a Uo,!-fi tat oleLf acljonl whrh paenttz monrcs 

.( rt[r-''J r flal) "n4 hene

5q fv u.onol .1oaa f+ p'n,ae wa vlied'ett. thw tf ahghl Afs-']-nudute N t 'ni"Jtw, fhen tl-v aLo ql edv'"

A " njr, Aliroaulr.''th. *^u".f, 6 eatu ' !tn@,f r,.lL Us - n[,''l r tya ctv't< 
"oD 

a^ A-modvJz, and

N

nr-----4 n'
fr)

= zr,lr; $(.;%)
: 2;'r.-i '1o1x ' 

.
-  2 i ( 2 t r ;Y i ' ( a ; ) ) t 1

:  1 j o J a l  -  
3

s o.-  dtatlr2gl n Yg!-frLS-'J, rJ ualso ̂ )no1,a^ n Ugl-A. (-orrs prwerna snt',.fk4*.). Lzl a,mlv l) arr'rnula.

yg-trtt't )t 4^ll '4 HocJ-A) ,- .a ,, o rnl,phu,n "L n[s-'7--oddo>' so N 'r '3ecfi,rc n rlod ' A[: '-]

lOl666666666666666 El 1it Let h: (1,t..tX") bn o hn,kl,a genemkd nlhl deal o( e, vt,lh 1;:ci si-t then elec,ly.lj e b/ t<i <n/ qn4

hey6,l cj= ("v...,q^) x llu v,ghl 
F + n yr&oto,) a1 ltu c^i ) r;.qe b. L"nwvelgt all lne i; L"lon3 *" s'q/ hen@

h e alt -s" 6 -- n-Q, a/t reqqtpq '

(,il 5qpr6r. A 's ,ghf remi- hetadla,y N'hu- lhql '( El--. fr ,s a 43h{ rdeol .l- At wQ rs iht 5,,Lmodule . ,
n 6A-Q -----) F- claQ : Q, s" ," y2nltc"la(/ (i ) sldbllho+ ary finb\ ywralr4 nbmxl,tl< * Q u co 'oJ:':"|.^

.lh, lor. Lel fo- *Q bp .ln,l<19 genemk) then a rs p v'l ecl'i, tt*h o revni- hevedrloi Herre b5 :a)6 3 ^rc

hqw (z; ) r t  z i  e  6-  and f , :  f t - -1  f i  5uth lhat  lae4 ' ,

t  :  ) ) ' t ; ' f ; ( " )

(onsrdnv./ht norpJtliTne el g--mnl,.tlen 
9, : y,6pq . a-8.*e ----a 

ft @*A1 h,ol u,.i; :v.Q:--; Q. Lel

3= 
2;1A be anelem.nf  o l  qQt  q i taanl  

1 ;sQ. 'Then w' lh  t ;e  a-  c tLq a-o behte,

2"  x ;9 ;0)  :  Zr , , i , (2 . io i t j )

uhe,e lhr s, , rms arc a, l l  Snk taa 9{t1 :7,J,  (" tJt ,  ,  and \  a, t :unglnn J( l i  )=of,  o l l  bqt hni< ief  .Fl .nu
(rt\,f, -tr',,n a svlrkm -l pwiu,lr* ^u,a,^'oL'i; 10, * iq ^, p-;-l*e. haw e n tr^' -y,ew.liog-



@ LeF /  l "  o  ' tqh l  o rde ,  ,n  Q.  l l  ev" ,1  d ,v t ,$ le  "nn l  A-modvte  6  tJechMe.4h^  A t . ,1h l  herc . r ,Lg  b '1  a ,  D, tp  1 .5
snu '\r 'cha,r ) dtvltt[e) ancl eutul 7w>henl . l a.ltutnble muclule r dtvttble, r '"d henu hy ng ytolh oot1 t(ethw

Q v 'fhm rmi-sunPl< by 1I, PaY ? t.



L  n n  r  t i : t \ u : l'loDuthR LATTtcEs

I- Lhlrt cEs

Lal P hp a y",holly ordered rc|, wih lhe.pa,llsl o.dennj )enolecl by 1, ardg aLqb.lef "{ P A"',ppy-fugd 14r 5,n P s

on epmeuL reProt ,h+hof  s<x Jo,  a l l  :E5 An e lenenl  s-  eS ts  a g 'eala l  e lenen/  ,n  S, l  s<s"$na) l  te  S.- fhere

con bo al ,ao1f one Xreolul ebmenl- ,n s. Sm arly ona slghntz low"l bpuvcl ̂ "r kt"! eleneqt' In pavh.ulat ^ bg2!

1pf:h9!na- gv 5 u o /eo* elemcnf ," 4e rcfol.tpp.e boqtdt ,4r t/ onJ ',m,lorlg h.33!fuL\!!-!2y)i k' s.

A I "lh'c " ^ 9"1',"tly .QereA rcl ,n whLoh evewl ,n"ple 4 elenenk ,tX hao o lr"al uypn, bound (c",)lcd flu,itz 4 2.,1 an4

wntten tv g),onA-a Sueaka| 
I.ower bouqd (.alled +he ot<el 4 z.,a y, -'Hoo r.^, j). x+{ntlow, lhnn" bJ ,nduc'hnn

4o,l ev<\ non - emp\- . l ink Lel "/  eleneds h- oJbtn ond a rneel.

ln pouhuV^".k, .,ny aeL o,u oblatns flu 7:art.l 
'deal lxeL/zs a| P<alty aru defiw lfie

rtolnvt o1 c^ rtlfev 
' a tubrl tr "1 L t < fo!ft1 ,/

6 l  qea ^ <t  @plpc xe F
( r )  ̂ ) beF  mryh< ' t  anbe  S

6||fi1\ Tf L hoo 1, ttaw 1 e F.

iup,z L ,s q lqlhu. 4 one ,o, "ono llno pa,hc'l o.Jerqq v, L, 'fhen onz oL>ktns o ne* lalhu, .z'lle/ :thawpotk ("" 4!91)
lakct "l L onJ 4nnolel 1"P fts n Jhe tqte oJ ,olq)oni, lhts lecrda )o ., dq"l,4 gvuuplel lcg ah rch eveul anupl "' "ea"lf

{-, l^lh,a .oklah .e)lh l- ct.Jual LD aapl 6. 'e..!lj .

If L ""d L' a* ["lhoa, 
'fhen a,vttouphrm et, L--+ L' t a vnap fnm L h L' s"h"{!tnq

<  ( * r J )  :  a ( r ) v  a ( U ) < ( t ^ Y ) : 4 ( a ) ^  d  ( ' . )  ' d z , , 1 e L

NoA,e  fha l  asb  n  L ,g .  qvb-a- tso lha l  (  a .L - - - - -n f  r  o  mo,phtcm ant  eS t ,  . ( [ " )<  a (L) .  ) . lena  ̂  vna tphrsm

,t " A^n,h, pvwrevvhq .t 'ntk trmth ,td ahmh fn lh's waj *e oblarn tla talEorl Lj . l t"*"". t+ 'r a tuLr.,fego\

oJ ltte Ga)erl16r,l d ,J"*atta or,)ey'1d rcl<, ;,lqve llu /rlouFhu',n5 ar" ihe ond"n p,Lniu,^1 r,.cryt ( v.,e ,all lhay, o,[et mohhr m )
5)nq ltu IaHa-- o pr,-ohnn5 

'o,e 
J<hned ,n levms .l lfu or"let'rng' on' "thrns

PROPA| ITI1N l- l Al | "nd L' a,e lakutr'llrn every ordev uornotT)trm l-------t L' r o loku uomo"phrn.

k lol\omorynsn L"P ----a L' u y'tan -tarl-la b< an onli-moqhum jnn LL L'. Tl Lu ololl'r.,"!:ben " tLtbl^l hq "l' L

t: .t lalcsel L' ./ L su"tn ?hal zry eL' 'u.plra lvy eL/ and x^y eL') c. r ke,,ho{ . /o!hq. h lake L r amp&
,l *e4 *thref S "l- L hot q lea.tJ- ulqeu bound, u'alten rups ". V.ss and cc,l lej 4fuio1y1 "l St ahd q q,ur]<t.l lower

bo,1el", wnt' 'en rnf 9 ., f\,ro, s and,olled+h" '"y14 J 3 an a 6v-'pbk lqll, 'a aherc ix, = a q "*,1<ol e)qfipal' 5rF,l-, 42n6lel

\ a, a,acl q t-ollol-"lamenl rnf Lr 4nnokd bj 0. uo/e lhal'we oLo hare 7-rnf f c'nd o:1uPl'

PRo?ostTtou t.z TP L oa par4elll orbred nf and eveg rqbej ,/ L hcu a leaDl uS,pav bowtd t1t L, )hen S E a ampl.k lakq.

PRa\F Fo.eochl'tbef 5 4: S Lonrclet l?v JelB olall /ouet bo,tndz o/ ,-t n L. (B r noneflply bzawo o: tup/ eL)

Lel z h lfuIeaal'uplcer boqnd ol B 'o1-.71-reS lhen {o, earh bets qe }1arc b<s, ro s:'/rLtpB:z Tf 3
rt any elemenlt. l s>,g Vret fh"n 

1eB 
ond hzno y <x.I+ kll lM 

y'lhtf z r <g'ealful /ou.,e+ l"ounel y',, ! g

Tt L 's" utmplek lal\p, tun " ,o-pl"L,:!blokg +L o " tuLlqlhu L' 4 L.ruch-lhaf SsL' ,mpheo Jhc* nup5 "tnd nfS
(k)ur, n t) t"etonJ 4 Li ,l v fu6 be a ampbk lallan.

EXh tttP LE'

I . I$ le"v6l t  L. l  L b" o 1a$a ancl  a,b elev, ,en\,4 L. , lA q<L.fuk^ p, t l : { ret1 q<t(<bt s n sublc. lhqJ L,
c",lled lhe ufeuval Lelue.u a anJ b.

2.Idealt ""4 trnlevs 77 1 ,r d lqlhu,/hen o. Lo,bz<j Z .l l- ,s an tslg! ,l '*: ahrfiaa

(i) ae 7/ / < a tmyhea >:eT

( ; ; )  a ) V e T  v . ' y > l t a  a w l >  e 1

( ; , i1  4 '  1 -  hao % fh"n  a< 'L



5 Clatutr sgslems Let lbe a wnplek lalhu-Tl C,s q tabsel .l- L, ',"/ c ,r ,la./ecf Ltn.Jer carb,h.ry rreek (u. 5e6 7n1aptrc,t

,^f ( aC\, fhen tl {allows fun P',pl.Z4hatC r a oompkk /al*e. 5uoh a ubef C.I L,' callel a "lotu,t t1';fup ,, L.

i,t n"]'+t" re"t ,n C o'lheLameaz> 'n L-, bul'ihal-4heiotn tn c " gt*' by

Eu,p.S : M{{ qPlev bounds I J n c}

2. rto>vtnntrl

t.+ 
| 

L" 
i 

lllh,: fh" opera+nns A qna Y coe tnsocrca+Ny ard -nmrhhoe. f'.tfihervno,e .nz <)eot| h"tt $. qnJ
q <b 'n  L f lb f

(2, .b)  va < (zva ) , '  b  h.  q l l  xeL

truo- x nb < )( < -).v o) "L. tnz bkq r lt lhz twer,te r'"quahl1 aGo holds, re,,

(c^ tJ  va :  (aya)  r . f ,  - lo"  . \11 o,b,1- , tA q< b

pROtuJft1N 2,t Lel a ,nnd b be "lemenk "f o ,n o4ula, lalhq. Then fllere o ct [6x$t1a ppvnotphum 
fa^b,a-!-; [b, o,,t bf .

fhe Lalhu ".[ lubmoclula IP l-'l ,s o ndule, ]hm -\fu t'abwdu/no "1, lY .t'wn ̂  *mpl"k lalhe,,-hrch ,,..,. w,ll

i*t Vo ttnl wnnn Ke L-- f-l *h",rlzvv"l LKrLJ nL(tt) t uamo-,'phK to rh^e,lokce <'l , 'bm.duJar "f L/K

-fnn lal(un el " '9h+ "ezp te(l 'deal or +11e 'ni A *'tt b" ctQnak) bJ LIA ) aha L( h)

4. bmplehnns T-l L ,: a lalh<e., -fha" an eFtr! 1etp. /e./4r ) teyd")-l "l L ,s q annpld< lalhu C, ^nlonul L oo-a:^b la lh& 
sqch th,1f  2 , :  suP (Ln [o,zJ\  ( ' -2 '  '< :  tn f (L n[ r / ) f , ) )  h(  'n '9 . "e 'C t l  C tboLh'an uPPer

al"(l o! lat/e. @tvtPlelan "l- L,'t,'on L 6 a ?!!'P)ety:: "l L ES ft\' tha,n J 'eql nurnbeo. n ^ utmpk+an "f
-i) 

, ", i*r"t nr,,,br. (hn _og ,ho* thul- evea talhta h(rD aul'w amplelnn *he to-cutled D.Jekrncl- JyacNerlle

<,ov,rplelrlxt (h, th, "*ukn,i, to 9!; #' unrcrlyt rce s"hw")l [t])-

l !99F Ouf i*  4,  fa^b,"1 - [b. ,^vbf az <( 'c) :zvb, od dp.f lne f  .Lataubf -- , :  [qnbt^J *

, 4 q )  
- - J ^ q . ' t n c n  

f 4 ( x )  :  ( x v b ) r ' a :  ( a ' ^ t a ) w 2 : 7 b ' 1  " n o l u l a r t i ^ ,  t t n &  z , < < .  D u r ' l t y ,

"p111 J (y^a) , , ,b  -  (avb) ,^y: 'J . ' rhe mop f  
,e  tua ' t !a  t "nverx af  d  As ' tnon)e"  t ro  /  o<){a l /e  la t thu t tos 4

Tns vr4ll lead"cJo o rcfin"nenl- oLy'he nohun d ,"omot|ohum beJ*een mlnnrols 4 q modtnlat tqlha Tt^u Mlevv,^li ".f L are

sinilqr t there exrsl- elemenk arbeL s,l. one -l- lh.t vlenv.tls ,on b-e t nllen ot> fa..L ral qnct +fu Alae!' 6na a)

f U-*l i*o n)ewolt a qnd J "l- L are p,ge'fiw','{ '/l7are exuh dhctn li.=:Err, ,i" -T1 'nlo""qls s.l
tTo'-, 

ori f . 4re rrrniler' Fa.leclute rnletuals ap 'l '42r'4nc BomolPht( oa lal+1QA

Lul L fu" iqiho *+h O and l. Tf aeL,lhnn a amplenen| 4 ^,n L s on nlehnnl .eL s.l.

4 ^ . C = a t  o t v c :  I

+tw kko L 6 qlnpLnen@ ,( every ulnmenf .L L ha,t a camplemenl v L .

PRDPDS ITIAN 2,2 Tl L r ct amplewe <d no.lular lalh<p, lhon every mlenval ,l L s c.-plemnrl"tr.

P<oof La+ a<b n L "nd d6[arbJ anc[ sqploJ< d h* o.,,omplemer,l coL.'lheno,te vnrft- ]hol

4 v  (  6 . ^ .  t )  :  U ^ ( a v c )

s ot oomplenenl .l d n [a1bJ r)

th" modu[an\ ol L depen/s on o, urtrrthl pep"r4y ,l ,etr/trre ampbrneng:

P ROPar rftoN 2.3 :4te- lcfie L o modqkr ,f an.[ onl.j I evey nterval T "l- L h- ]4,2 /-/kturng Tnpe/y , ,f c^el
hat h"n complemenlt a,L 'n f ;+h - <b, +tw, q- [



p1,,yf f,.f I u modula4 4hen to a eve I4J nfevvql, so{orlht nqsant\ ae may ^orqme !=L.7hen

b :  b ^ I  -  ! ^  [ a v c ) :  a  v  (  b r c ) :  o \ v . o :  q

Conveaelg, ( a,brc are.ten.nh "l L wtk a s b, theu *c hare fLe -odular nEuahli

a 1 -  ( c r . b ) v q  - <  ( c v q  ) ^ b : ' q .

Then a1" .6 :  (Cc . .u )va) r . .c  > .2  (c ta )v (cng)  - -a , . l ,  onr !  a1  <b  tmp l leD c ) t / \ c :  c , r -b .

f i l s o t  a " z ' 1 -  ( a t a ) r g n , -  : b r a ; .  F L t A h e r , a y  h a r e  a t w c :  ( c , " b ) v a v c  :  o v .  t " d  h n a l U
q z v c :  

f f ( v q \ . a b )  ' c  <  ( b v c ) n ( c ! c ) :  ^ v c )  a n d  4  3 q ,  t m P l @ A  a z v  ' : 9 r v .  T h t ' t . a t  a n d

a. o,o, *)'ylnunnb JI . 'n iu^.) a7r1r",a by hSpdhwr theX au'tf ba e1ual, 'uhrch pvtreo'ftrle

,/ho.lt4tcr(]X "f L-. n

EXAt4PLES

l.lhetalh,t o{ tubudula x! H $ a mo.rule,'thon +ht tqltu t(n) .l ,ubnoduleo ,, mnd"rlat.For lel P, LrLl

z e U . B , *be tubmodula " f  11 such lhal  L ' . :  L.  T+ z!(K+L')AL.,1hn" 7: , tJ*z w' th 3eK and

l=x-z-e, KALtso re(KlL) *L ' ,  ahrch sho,, , ts 1t<t  (K+L')  nL-:(Ff iL) i ' .

fl Lt* n) <,yals fK', K1 ond lt', f-l ," L(N) are pwiecltve , 
-lhcn J l.llows fum 1tv N oe4|rw romo,'6thsm'flnoem

(r-p z .r.s) "pptt2<) lo ec,ch ane "l lhn t,-' /", po,"! o1 'nf"ovo(s -noechtg frcr, 4l and ft" L J .' *ha+ +lre 
1v*enr

noAdeo KtKt and L/L'srcsomuphk

A n"nba, d L(l'l) ha') a ,anplenenL ,l/. * ,s o- drve4 summod, orcl ,. L(u) u ,amplemuh,l ,//. + "
tcm; - s tnpk. ( m^r t.z z1 _

2. Lohorcnl Rwlt

3. LftTtt Ces wlTH CHATNT /^^- -- JD r.r,o^/

L"-l L b< a modulor lqllq ulh o and I. Tw ,-hans

A = e o  (  C r  (  - . S a _ * b

a = t ,  s h < . _ . s  b , : t

! )

(.)

behwpn.l4u ume pav of"l*ner&./ L ",u ,c,llecl e-Uyald ,f n-n "nd *here,s a yermulalun 7T,+ 1,,'"j
sl thev'hwalt fq;-' q;1 "nd )b*.' , b,o.,-l a,e onieohx. A "ehnz.tnenl Dj a chqn (t) 6 ob'dtttzd hg tfie'+lnq

luiher elem"E n i" ri"', q j-'i[',i'rt' L1t+ u'tun'orn * n"- " sa""*, ,eJ,nnm"d *heoremtl

PROPoi moN 3. I Ar1 4* ln,k "hans b"hueon *fu rctfie pat. 4 demonl' n o, "nolular laku. hcwe eTuvalenl

teftnemenh.

r3!9F tu+ (r) and (z) b" lfu 7wn charas. Fo,et,h.i=D,....,n ancli-lr. .,/m u.-,< pul

a i :  ( a ; , . b i ) v b r - t  :  G ; v l o u - , ) , ' L r '

b 3 ;  :  ( U J t ' q ; 1 u  q i - t  :  ( b j v a ; - 1 ) t  a i



thz nlernl

f la;-r vtl-r ) r' a ; t' bi, a i t' bi1

s lhen timilzr 1o la;t4 , a51 be<-uae we h^rc

a ;- r,i A (a; r br) : (a ; _ 1 v 6r - ) r br. t. a ; zr b1 : G t _ t v bJ _t ) ^ a i /, bJ.

,uhb ait ,.bj s q; 
J,,.',

a r - ' i v  (q inb1 )  _  (q , - , ^L ; )  " l - ,  v  (q ,  nLJ )

: -  q i  

 

( f r , - , ^ 5 ) 1 5 1  v b r - t  :  ( a i ^ t ; ) v f  - r  : a ,

tt:j .tynnelur, !tut:fu:l B) 't altosimilath f5-or, bi;l So [br-u;,L1';l'' p,.tre4.y'".l.., far-r,j,ou'-], o"4

i I' ti ov's tlwf+nz ia ch e n5

Q :  Q o t  S 4 l  { . - . 5  4 r " , r  S  4 r z  S  .  S e m n : b

e :  b " ,  S  b r r  < _ _ , r < L . , _ <  6 , -  s  _ .  _ -  6 . _ : b

:1.t." ..,1,"J 
- p-abi )v b, -r : (b^bi),tLi- t : bi - ao,jrr av,cl bni -- qi -* a")irt are e'lulalen[.

yuua l j r

a - _ ! r . .  L ,  <  , .  .  <

o - -  
1 : l  

s  a r r  s  -  S  a rv r r  <  q ' z  <  <  q , -h : t
: b ; s r l

b r  ( - . s .  , ^ "  = L
l]h

0 t : 4 o  S 4 r  S ' - '  a  a ^ = b

q = b . r { L r , <  
_ < , b m r  i t , . ( - - -  _  _ <  t ^ - : t

Qo \<

i  - t )  
)= t  ;=z  j= l

to fa. jor |  a ynjec*a"e }"  f  b. , ,  [ ,  l ,  5a,, ,a,1 "  T", iec+' , ' . ] "  [b"L,b,Lf  ) 'pk [a--1, ,  an, ' ] .7ni '+ f ro*",6 '^J,r lew1
t1'ch- rhqylr orr <+lrvqknfi  \Lheva aot . te^n ,t  a ne$rvmert "[  (z\,q""1 L"' t  )b,- ts ' t  vehnevnetf "{ ( l l .  

D

A ryyrS!!A*!'hg! 
behaNen o' and b v a chatn

d : a o < q )  < "  ( a * - -  b  ( + )

,h,ct, hao no vr$nenan[, ae/ b,1 ynlm ductnl '* p"],1,r' oe oL )he 
Xrvou 

"lemer{5 a; -rhe MfPfr m s lhe \!ryfh "L ]h" c 6q't't

Fom P-p 3.1 -e tnn""hokl! |ef 1'E " Joldan- Hi'l.le," lheorem

I>R|LLARY 3 2 fn11 \^n anpox$nn chaus hluezn lhe ewepat. aL elenenh n o vuodqlo lalha ate ecrrr:olenl.

A c,odula, h#e L $ of hab lettqlh ,t lherc r o "ompnlon cha,n b"la'een o "nd l, c,n.tr by Cz e.z vue can,l"hne *he

@jh.l t t- U.n"U@.l"t"sl1 q "om7orl'on chdn PFP3/4//'wsqah">aclorde:

PRoPot lflo 7.3 Ita 4. vnoalttlar 1o111uL e/ JwL lenSlh, evety <'lrtatn (4) can benfned $ ",,n-P'tl^nthap

(a)

"rr.l



Alolhe-L a n o<jhenan (o" tsfufie" hccl ,f lhereate no mhntk sltclly ameudtnS chamt a"<,a,<-' nL, and

,s orlrn qn 7".*i- oriI ,l6i'' ^ mrn'L lo'111 
dea'etd n3."7an ooioi>-.- .'n.v- 

rhue chaq

onr.lrhnns can ako be Jorm,,tlaled ; n)ar.tr1ut4 (ntni'nun) wnd",Jtl ns. Tf 3 s atabrcl "f lr ]hen ct marrmctl

;;;;:;i '+-; ;-;, elnient aes such lhal a<). 1o, xe's onTheoz:q. Dualy one dehnzt vntn;n'pl elenenl

?KoPoJttoN 3.4 A tahu L s noulhcnan brhnan) ,fqnd only f eveV honeynplg ttbt+ "l L hae o, maxtmal (-,n^ol)

ercvnebf,

?RjWlfloN 33 A mo,)qlar laku ,' of lntk l.t6k I and enly d 'l s bok nod enan and aAtnpn.

lllgr f{ L hu $rthlenqJh m, {hen eveu4 ;'ln"Ha1 aorend'nq (azu, rdr'rg ) thqn n Llonsctof'al mod n+l
elemenE, r I r"noe)hernn ard 2 nh ntZn. Suppot2 anveuet| -thaL L 'a no.efhenan Fo'' evel! q + o '' L-

thcve cush bq Pnr 3. h a ttaxrmal elemenf b s J. b < q. Bl 
-"qQal"cl 

t'4' ol lhtr obsq '.vafi'on "F Stt, ,
dutendtrlq rio,, i r oi> q, r ' 7 | nout L 's also avhrudnr lh6 zhat'. oPt al'Je" 

.^-fi'tk 
numbev "l 't+ePt't

and ue trpL fuu oblonrd o-inparlwn chqn beLa'ue4 | cncl o L $ thLa +'fth*e kqlrh'B

PROPotlnoN 3.6 Lel a fu qn.lnrnent oL a mn[ulq{.!a{ha L--rAnn L B noe+hanan (orhna,) 'E oolh 'qferu"lt

fo1-l "ttd [artJ 
ae no"lb"non (a*ann)'

PROOFlp I r nmlhenan on orlrntan, lhen d<a 4 e\tev! tnfevvE,l ,l L t l'trzew,re. Surpae orvenely thal 'lhe ufewals

Lo) "tJ and [e7 tl "te noefusnar, orvl l"f b, < bL < 14 ,, r+n.il1 a*en]vg "han n (- Ju enlheve e *st

arr rnfeger n s.l

6 n  n q  -  b n + t A  q :  a

b n v q : b " * / v 4 : d

Y,,l;",J"m*:*.:edemenl 

a n fc,4l, weobhn bn:L*t y'lenol n,'"1 bzooelhenon. .Sim)tat1

Ex&l.1PL E5

) noddad Fmk LenVL Lel I'4 be a y,rodule. A "onnpo ,,oyt chau Le.l,"rcen {oJ ^nd PI n L(n) r o cham
ol srbm""Iulzo

l o l : H '  e  H r <  " ' 1 n n -  Y l

such lhcrt ec,*, qwh"n/ mo$b Ht/rt;-t ts stmTle. 7, y1s1r., rL lhe me a nnl 'l- Tgerhv'lg * nl"vwh 'q Ltrl) (E:E-2 1)

lfu 7o"don - tlalder']hurem 'c/.',ts

?Roaos fftON 3.7 Lof

O  -  n a  a  H / . .  - , '  c  l - l r :  M

O = N / " C M / c -  c n v h ' :  n

b./ta coapth.an chans.Then k:m anc/ /her'e eYt* q. 
fefltu&n "/ 

[t---rnj J ].

nr/n, -, - 
nn,)/ 

w/  ,  | T ( ; ) -  l

L mo.lul" l"l 's ,o,[leA nue*henatf . Gt!!!! , 4 tllLJgk ) *hen fl* lolzq L[t"t) ,r r,o"tkenqn (.k). Fwn pwp3. 6 we
oblann

P1oPottfloN r.k Lelo -t 11'---t^4-r4-)O Le att exacl reqLrztla ol mo"/u/"2 Then M u noelftenqn
[at]1n @n, ve,ap. ol rtn,k bnlt) ,{ and ,t7\ f b".th rl'aacl k1 't qrc to.



2. 6 nth Jrmenstona( veo$r gar72 h ve,lo, spc,e V ,, "f rtn'k lerylh tff *ry'n,k tlrnewlonaL ancl * leaTlh '5

3. 1n,e"luc$le da-mpotthon 4n eleyuenl a o/ lhe lalAe L ,' (meel-*) t,,-cluuble F ct: bnc ) a--L ., a:6.

A^'ry!!!!::t -rP:z'*"t "'

lhe. &nowron '{ V
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?RD?PltfltzN 5.1 Conyder a pullbach dLagran

f+ tC2

l t
lt ,  I  la,

J J
ct ---f,7 c

1lL

q xc1

then fneves an exaL+ requtnu-

o -_, p -o -, ct x aa -:---) C -------- o

Tf C' ontt c, are,tuboltcL "f (, *hon

P

cl

%l
J"

G)

*heve 
r,'L 

- altP.t-42P, s an eyimorphtsm becaute.,/it: o(t. ts.ah. eptmoryhtmt J,rppoz | | Cz- ) X
tt a motphm s.l. S-n,. : o. 

-fhen 
6: in :jr,* ,vaphq that th.erc u ' '/.c ____-X (,t+h -?/L_ 

rpz.
thD 

JN?A zat :7r i , -  Jprut :Ot  and <,  an egimotphtsm rmpl ten A=0.  B." I  *hen lFt :q  ^nA ro

J FL= o'

(i i;) W cevhrn\ haue pa2Tt2 - (Z c.tnol I l :\-----.(>s o, ma,phum t.l. f a.J- O1 +hen \ fo.$o oue,
at:ket? b,1'amovphtsm 7,\---) C, w,fh a1'7- 4Ll. Heht2 \ f""lt 'r ovev'l iv pull lr l,cL E .and,loe ro

unqw,\ tne 
"1fL 

" a m64btr1o4ohtn.

When 41 a a monornotphlim) one ma! *hnh "J the pdlkch P ao *tz 
q 

nvewe imalzt' oL cy und,ev 42, 6nA one elle4
'vntat 4L-t(c) hr P rnlf iv la4quage, (;;)) 4 P-r 5.lthl<a *hof lr-(KerF): Kerqcz. rl Loh <, ancl d, ae
mo nomorloh\mt, 'I hen ,! t Tuli r l i"tr+haf f o +tu grcalal lower boqnd o4l-(1 and Cz tn c ),.o. P '- c 1 h (, the exacl
teqtan@ tn lh\ .cae bed)me)

oa ctAc> -j q @ cu 
/ 

, C, + c. _,,___- o (4)

u,Lhete 1t,s ndv+ad bul fhl- tnclu.apons o1 Cr andCz h C (qpk ^ mtr,n s@p) T*J-ltowsthal *lnt tum C1t (7

,s JvLI tE. c, n(2 > o. A{k,'fhoe ,epanhs hle uth fv" t.- 
)rlte Nodh"r ,, o"moTchv-*hoo,em .

,n 6,n qb"han alegoyl. Then,

0) Il a, u q monaflDtPhsn, 
-then so 6 

-ll,

ti) If .<t v an cgimovphtsm,,4hen rc r 11,

t;ii) Il 4| v lhe. l<ewpl ola movphrn F'C-----4 D, then 7f" 's |he kemel of pd,

PiW t ; \  TN.{ ,  X-- - - tP , ,  a  mq/nsm t .J .  f rL t -q)hen dtT l tT -  4LTl :  Q anAdr mot , r rc  J1!r
7f11 - 6. m. unct\ o4 tl" ,tackttn)wn over P 

1w<A 5 = o.

G) F"'n }fu pwc)w! C'Kcz 6nd b+ t(, P-) .,xtL be Ker(a'p1-a.y")

?RoPat rnoN 5.2

( c ' +c . ) / c ,  a , l r , n r . )



$$ N,Nh lhe we ol Pn7 5. I (;;i) we gela oomm6j4+I^,P d45nn ,.tlh exacl aws

O --------+ Ct O Cz -----: Cr --------5 (c, + C.)/Ct ________: O

i l l l
l l l l

o- ,y  r  l )cl --r (4 +ca -) (c, +(2)/c 
r 

-) o

sv,n 4n Icft 4uare s a pullbach. tht exat*rvas ollhe uppey mtr immedslelq leqc)s 1- 4*u dearr"d ,orcturron. ,l

Anllher LDnteqtlana "{ Pac5.l 'lhqt on" cqn *nshru+ +lp p,allba.h "l a rhw} exa& teqwnL2 O ---4 ca---t ct'----t c-"') o
*,yh ,ptp"cj lo a morphum (2----4 c. For thrs we wn"idnr lLo oommr,llafuue cl,+lvom'

o--n c" -t-- r L) ct------------t o

l t l l
l l  I t  l n ,

^ . " J J
v-,  \o  __;-  c ,  

__c 
_ro

,,1": *, 
,,jlf sluav 6 a pullbach dng,an a"d Bo 's nduud by 4o ond ihe zevo mDrphlm G a tz. Alemqrnslo L<e

that f" r Yhe h'o,nd "f f Suppae I. i.------ p ,, r. l. I )-o Then "(tU | :Or t" Z!:<. 1 {or 
o,nt 

). X----c".
Now 

f"1 a"d i 1,'r +1u sqme ve4ul| when Lampotng 4*m *)A Y ", f , s.'l --f" . Hena -tfu uppzt ma r exacl.

uf, t- iz7: = l.: ILr.L+ i373r. on c4nPortni bolh 'da ok ft orl rcTlacng z1 'nih i.d, we

PziL. lP)+ lz iz l l  -  Vt izp,  *  p t - i tpzn

^f t  :  
11

stn@ Pt and p. aw b,th )he ̂ hnvnnl, ol 41, }loltsws *hal < tt an romophrml a'ncl hens Bt- Ez A

EXAIIPLESL rlodule Glegonq In 4w caleg.,y n"d A S" a,,ry A, tht g,nhoul r 4@Q/c'*Ue* ct:{(f't"),},t"\l

PRa?oJtTtDN 5.1 h"bttw L(c) r mqlular.

Pfl)f Wn nakeneJ P,op fl 2.3 h .thow th" mo"lqlonll. Sme an uterval t8,, LJ "l L(c) v romorphtc ]" *fu talhg-

L(&/e,\, J s"f{ruo'lo a,vtder:abobiat gc B'"4 ( wiha common amplcmen* ctn c Il i1 '8, -:.t C.,
LL: B, -)C aa/ i3.(-1- at i  lhe,ncluatont, fhtt  mean.t l 'Ki-+het 'e o,te ?" C ------t  B, Yz.c--)E a',cl

?3 , c'---- c' t.l. C u llu- opwdncl "l i, "nd i3 c"lh ptfleclanr Puft ond ryP. fi, 7h z7 ancl p", p/. c ----t c)

Nlten d" '. cz -----) (- 's a monomovphttyn, lhr .r'nehvtc*on shoas thsl eadl !^b"biecl c, ol a/cb ts "L 14ta ftrm
l'/6. l-,r somz sutb"blu.f P "l C | . W,th llu pretz*ng r"tulL al hand, "e rehtvn L llw loho t(c) 't r''toobieck .| an

objecl C, ard pwve: 
'

It follows thal
ha;rc

2 J>b1ec\: J r'nth Lenih Le| C be an obi<cl .l a- ob"lran calegoy Stna h. lalla C v ,no6t4lar, ltu Tonlao - H;ld"r lhgoveot
-ul,T-)ii*t 

Jo.o l" ,n thc fia"p '/",m iat,d ft, ae4ql<a (P'7-i ? 1), becaae Frcp 5 z vnptrcz lhal yi echvly "f )u'" 'nfe"uak
'^a7^ 

,^ tomotphstn1.tueeh ootte4 pb hdr.g 7v*enl 
.bjr..l! the .biort C s "{ hnk leryth { the lothQ L(c) s "{ fnt

lenqlh, and 'lhrc meansy'hcte IJ a chan 4 rubt'bJeot

O : C o  c C t  C  - - -  '  C h = = C

: ach Nnal ea.h ci/6,-, s a tmplc obiecl

gl



6 qENERRTORS CO7ENERfr

Consdev *no u6"lnn rohson*s 6 ""d A and qn addhm {unrkr T 6 -----n 2. R&all +hn T u'adh }* ktfhfq] ,f
'l-(4) 

+ O frl cveY ^ot4 -zpLD r\.o'fhttm 4 $ 6.

PR)PaJtrloN 6l An exocl funch, T,rdrrk{ul *and onl5,f tt4*ofr, eveLy t,on-Lero ob,,je.l C.

PRDOF fl Ts 4"thf,;\ ana T(c\ -r, lru T(1.):0 w1:tte.o Ic:= o on4hene C-O. Conv<net! ) suppot" T(c) =p ynplrcn
C=-o4 4jon$, lhe'., T'r.a+O c,nd n rf rynal]o_ Eul -ttru er.<ctuz *t ,r-yl,eo f(1:rna1=ihfg:
r" 1-(<)+o. n

OEFINITIAN An obiecl C.J't r ar Xeryv^b! l- ! '! from(c, -) o f-'kf.[ 
and r q c.ogener.t& ( Houn(-,1)

n F"tlhful-

PRoPaJrnoN c.2 S"1ryote V ha coproduclz. TN {) 't ^ qo,ne,alor, -lhnn 
for evsu4 ol1*r

()(=) -) C fi, rcm" ndex rcl T.
teve ,s on epim o4ahtstn

PKDPO'I I IDN I .  } A p w j a ' h t t e o b i " c l P r a l c r " - k . , f - a r ' d o n l y f l h e r c , e r r | a n o v z ' a L o m o v T o h u t n P : s c k . a n X c l o .

?R)PotltloN 6.+ 1'.,qpote f, hoo pwduck.Il V ,s a ,n1"*r7r!onr)h" f- "veu1 .bi"rJ- C lh.nu ,r a yn 6t)6morplrJ,/,

C --- Y1 {ar ent tn4ex rcl- a .

PKoP0J ITION 6 5 
1,, 

'il "."1*t 'bje.t E r o n Jnp" 
wlon t[ and only ,[ .jh*. "x,<h a non -za)Js ,norphsm c ---) F

h,  ea,h C*c>.

FROP0i /floN 1 .6 7f Y hat, q 
J4qe@.|D, 

tha' 8 u l".allJ 'mal/.

EK\HPLES l'.Generaho fit t1d -4 
A' nof''!e Yl u ^ qeneralor /i, Hod-A rt antl onl,.t tf ft r , dv.l , r.rmnand, pL

o[ <otm dtrcc] rum "l "optet "l 
\ ! $A;,* f,,- 

p^p L.z.Thrs n ot,J,oolzaLk r.na.,X u a,aql -h ihe6I <amz dt rec.f tuth af .4ptza 6l n) aa l"ll'rut li',- Pq> L.2.Thtt n ^ rcn athaLle 1,,a 4 p ClLtql 7t +h
oho,acl<n a.lnn "l a pn1""fue tnoJ'tle a,.' ^ a'rurj t unnL,?/ ./ ^ .!r,v.l ,un d ."p,.".y' ).ihs cfuatt\
h w. {Iv l-llowtnl S rrnal' *,uet1wnu '.

PROPOJ ITION 6.7 Lef 11 be awghl A-mulule t rlh endomoolohum nn1 Q: EnQ6 (rtv).-fh"n,

(;) TP flt s o 
lenevalor, *b"n r.y1 o *n'klg luemled p" 1",lwe.

0;) 4 nt r.[tnlel,1 yn"mkd pvojeeI,a.e, k* url u oryir^lo,.

YE (;l.tf flx s a Ssnerrlal 
.lhn rl^.e ft@k fir tone nkge,.nanl m,4,,le K. Appp1n,1 )h"{orckr plorut(-, n)

h lhu, w gel B- z l-1 @ Homa(K,rl) anJ he*z rt r fi'lety 4"n",alnd 
" J J



r0 roR lT4 E O uru R LFl/r4

lel A and B b" +vo .hg, T^ )htr rc "lton ,um,,".1 1eNamlne .fha tnltlraA.ns ol-an equtvalent be*"rvu, -lh" rnuduln c ol"qone"
I"lod- A anl nod-8.'va A ua tmall pcojcchaTe 

Seneyk, {"; ry!-4 -A, *.ft l loi s )mnr,),"k\! fam ft&bdl ttt t inma
J | +hLl <'^y "tn3 homono-rphttm A ----) plome( niP.'\ ftr a 6-modale M han o'an1qn ,*kri,oi 4n an ad clt lu,.e ,nltv.nl

?{a4evv\^5 ltnclor Hod- 4 -r 
lod-B Bq} flnrs v,.ro4ohrsm ol ,)ngt jva t4 

--Ih" A,u"}urc el an A-fJ-hirnodute, c nd
r.r'. ah"(d3 \areow .thr,f _ 64 pl , t1!!_A -____- n9! - B 6 c^cl^lwf ) cotlyntf pr"e,,evvt,S if-ntkr axkn 

\ 
.lku mo,phtm

oi  y  l yqe .

Dul noh,o- flwl or'4 *ltnt preteylJ! ^1J" n d- S, bd -fr ---a Nd-B (wh,.h ,r aalomahca q aadl"* ) ',o4aq.,t a mouphrcm

ol mnqs A -a" rlome ( s141, s@71. ttcn" ,f , * *nk x Ps : s(A\ I ,.na hav" Pnwn:

PRDPD j IT toN ro.  ) lhe hlkwtnt qsrerha ns are ."7 ut'mhnl fi, . .f^""L, 5' u24-A -) In!4 - B

(o) 5 hr.a a rrghl a{jornf

(bl S pru,ewta c-olrwub

(.) s = - 6a P $, "or",u A-B-bimodule P

Nohc' , ta*  I>u uu, .9w L,p 1o usmorphr tm nna r f  -  6>*p > -d+e . . lhrs  s t , , ra lenu wt l - .$  ) '  qa vamatpht . tm o(

P: A O*P -\rA Q : A o6Q . BX ou, eothpr c)t:at4,s1o,r, fhe Agh+ aAiunt 1o i ,-wr4 b. Homgl ?, -)'Np4-B-- 4"4 -A

Lt'Je q\to hc,'ue .

PRaPAJ ITlON thz -t'oltopn1 qttevlanr aru elutvalenl $' ^ fu".\o. 
-f ' f!991 -B ------) W4 - A

b\T \o ' t  I  I ' f f  ' .d 'o 'nf

[b) T pvuaev.'"a lr^rb

tc)  T = I ' )om7(A,  - )  { " .  to-"  A-B-b i "n"dt l "  Q.

eR0of F.llows tmmecl'abll f*n n,Lhell VX t 2. 
O

NoI'u fuaf Q ,r agar^ ui,r1t* ,p k game4ohfin/ a^4 
'lhn 

VJI udiotnl n,.l be - @A Q,

CO ROLLAR'I An4 odiotnl ya'' ol '/u ncko S -----t 
I s ' t14- A J f'rpU-g ha'c 'lhe 

fu,m

5 :  -  6 n P
_f  :  Hone(0  _)

!"' 'om" ,^nr7rnl1 delermtned A-B- bnadulQ P - S(A) Ln pa'hcula, an! vnJ m.ovph$m Y' A -- + B

exkndn 'inrq !"c"\q +o y"' B:/- A -) ll:! - )3 (n,khell ) wht.h P'ilev'eo altvnrE arvl 's hente

-. 6,r {J.

coRot-LftRY t0 2 -rl,e 
fullown3 oasetlwns arc equffalebf /", " -/"n.k, J \oc! 

-E ----> /ed- A

(") S s an equtvolentt
(u) lhrr, exrcl bimodulet 6Ps anLl sQa ,rfu, bimodu\n uuno,phuns a, ?&eQ --s h an"l

F , Q O r P " - B , a n d 5 - - e e Q .

1f 5 s an eyutvalena, lhere s adutwlu. T, r1o,! -A ----) Ilot!-B s.).Ti2. l/ sT=.l arr) 5 aa, J ----t 5.lleno
wt hc. tw lc ivnoch. t lu  ?. ,  Q t . t .5 : -6oeer  - f  -  -  6hp. then 1S = 1. ,  s Iz-  I  rmphez

f r=  s r (A) :  T (4)  6 '3Q :  P  @tQ.

B = 1 5 ( B ) = s g ) a a p :  e @ c p

)\tod rheoe r soyvtorphrtt ^s are ato"ph umr a.{ ,rqhf fl-nodal<o qnd nlhl $ - rnodul"n teop. g^y ,l w 
-fi^ S --j T and umh

"l , L ---t T, e Sl -----  a 1., lho unl on"\ Lun\., ""'L,"\'\ ',"it\ea +t6t fi" aeft ('J4hhed, *lh xe aa , A -----.t A\

q e r ( P  ̂ x  ) :  e  A (  s r ( q l  ( P o t ) )

.=  e f r (  IO) (P)  *  v )  :  ea  (q  to  z )  :  en{q  (pe t ) )



rm

@lnthdlq .1hetL

(i) !x7 r addrhw ( st"nd"n wnl<, 't pneadd,h.c, ) tM@ 4t|etL !,f 
,(crd) -)(c'/a') ,,, (x5.the

sum y '+f ,n! g<" l r ia  f inmembnohrp,  snc ( , t '+J)aL 6at ta:  d ,F(6)+ a ' f0) :  a , f  (4 t f  )
JM@ F E ddcltht/e . tuql- lhts maha 6, F qddth"ft $//ow: fwm.lfu h"* ]hal E r "ddr*we.

f'nle
1o showthal f,x F ha,o^pnc)ucL ,l -,,afrtrzo Jo4how *hat bn.try ywduck, t (c.a), (ctra')eBrF lhen leL

cyc/ b. Nh!, pndu+ u 6. Stn,e F r aldJ"v..,, /-yraentez fink Toodut*, ro we jel -"lt 
X,am

C  t /

4 
6"'- 

.2 
-4

I  , * t '  '  I
I  l "  I

Fk\  
"  r  Fcc ' )

\ r(. ̂ , )'--

ond rnduu 
[3. 

f kxc,1 -----n cxC/ :" ltof b&h Jn3ams ,on'tmuk. A7pl5tt1tr "nz nr'o"zhme'!u 3el

F( tr(c)) 
jra).) 

r() 1-.1 c 
o

\ \ \
r(ikrc,))n!) Tgxr(c1 -!-) c/c/

r 6r,(--.--..- r(,,{=-. ",/
F(^ ' l  6 '

and cornS lfu {atf lhcal ap7)= O ^nd,xtF(-a')--q w" jnd thal- f F(fl=a/ nlhal (ct.cr, p)e A *f
61 andutchnn +fu movphvms CxCt-- - -CtCxct- - - - jc)  a tu motphvm< n 8 xF aml  , l  (25)eExF
uilh novph'tmt f,, (o,t) ----.t gcra),I.. $r 4 

------n (cja') {heu v"t ge} a u ntg"', vnolph,t.m e n8/
t : D , n ( r c / , /  ' l  D - ) C r c / - - - ) a : y ,  q d  p - - 7 ( x c t - - c t = 9 - . 0 s n j + l u l a c * t h q +  s r n t t  Y , r f ,  c *

mo'PhKmt n 9xl:, $6 - q Fff ) ^nd lS = at F (y,) owder 
.

^ F k l
F(D\ - ---) rkxc') / i

/ r a l \ L

t 
: 

,r:,' --x'ir1.'t
, ____t.-, 

j,

! 
tquol,t @ co.nulq upon ('mp t]nnytlh-\ h;* p"21edrnnr, a,dhe c rnmnulet. Ut quLnw J g ,nBxF

{"llou -f*tn untqwn4ar th 8. Henu B xF ha -finh p,odidi.

-ta ke thql ErF haa te,*'ret, hal nJe lhttt 4 -'l l" tlo c\rtqvl- vnc.lo Fto) "4 O' v"'h<tn$oo*'6xF. 7

r+ Y.(r")---) kttq') u ̂  mopham o/ ExF and f 
't< ------t c Jt hemel ,nt, lhen wtwe

F(K) '---4 r G) --4 FC'')
r < i  |  |

,,--i-i--;- l,

0

EXERCTf''ES C\1 TY Slenthnfil

t-ef E han abelnn catgoy ancl F,8-Y on addlr,e /anrJo. D4tneanew.calego'y 9,r,F aaf llowr

4n obiecl ol cxF rairih (t.q) *hete (eY and d' F(c)----s C ts a wto''tahttm-Lulh lhaf aF(al=6

A miyhcm y ' tc"q)-+( i i " ' j  . /6" rEamo,?6'm y '  6  - ' -+c l  h  6ru 'h lhaf  the dagnn

Frl")

F(c) 
"' 

> F(c')

I I
4 l  I < '
J J
e __=-+ c,

I



t9

1o nclus 11 F(t<) ---- K, k?," lhF(t )-- 4F(a)F(F(6)) = q 'o te f nmor,, kp[b)='o ond IKrEJeE xE
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S',nilavl9 I -tcr bzconu ]!w bevnet oj c/---t e m 6xF,oncl2 tlf4tla +b how,+haf *hotup tnduqcl
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:  f (2()  ̂ + d ' (Q6)avn):  f (x1 7^,n)

s;-ila,ly, 6 f , X----t \' r d monPhsm ol Axtl mod"tha, / bzc,,smu q, nwphtsm ol- J'ra @twpondtt\ A-m"dulo
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'o ->- I

a,t t) .  s*--]-*.  
'Y -

OF(el.a(F)
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(i) End (6) = Fun(N,G) .n/ fu!(e) 
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e@
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1 t
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hatk a dahw,l e naluml4utrtnalon F-1f 
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" l ( i l=/z M,krh4
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Fb) : l.
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-- ?(-t)- 
Grb) 

_ F (aL)
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-  d " f t " ) t  " - +  q h x , " p ( " )

:  
{  
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thol I AIB ar sulo"toir"lt dan oblecl C qnd hAB -O thcn A+B p dwcl,
stn@ LonrrAeans

o

I
o --------"------- A
l l
l L  I

o ------- d -) A*+ B ---> Aru/" _-__-___ o
I

l "  I
J /

A+B J-T ----'----"> (>

I
J
o

wheve I rs a, putlbac| and vecall *hctl.lh. p,z,hoql f At'B/A ond A+ts/ts ,, A+B/X+a -a
neno bJ l3.7andl3.Zv B ---= fr+B--)E+E/A 6 a mon;tnovphtsw an"l aniyimo,phrm,
henoai awrarfiitsn:fhw A+ B ,s thz copwc[,^cl "i' A and s.

HehQ t.l'Ja pwoe<d hX vd',rc.laon eh nr h^\/tn3 .onsdnrcd alrcaclg n:2. T( ^7 2 +heh

c" n ( /1,-,'c;\ -* o

s" C"+ Zi : :C; s tJrccl  aut fo,  i<n, c i .1 (2, . ,C;\= oanl t" ,n|r . ,v,s . i  A(t : :?c.  ) .  , "  - t f i " ,

qn ra'*+,*,up.k-,, /.... '^;. ' , ' i1t, ^, ' ir^" 
'4'+J -" '

a

\ " \
cn+zci1 c

, 7 v
c  -  7^ - ' . . /

,/

1

,aflhe apodud o/ c. md @ii) C; ,s @";-, C;., to q + . . + a^ u duecl. 71

ylE If Ic,]" o o .fo^Jy .{ obia* ,n a 4^fh"ndpr| .oleg*1 8, 'thn 2c; ,s .l,rec{ ,f h,.".kin,k JE, Zr c,

s a,rr;. ff Ztt, o d,lr|, llun "leoly )o E tJz;- Fo, lhe cohvene, $""r, a d,rccJ sgslzmo,l of nr 3t c,

qnd aaofhet onl\t S6ra 5abqvne {,'),a C-lhe 15C;--- C are rnonr</ q! cl 5tn(r 4,vec} lrv^# dle etqc,

2=c '  - t  L

tt alta mont..
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NOTE (P,oduc'lt o+ movphvmt - LoPrvcluth tn ltbJ )

,.]=tr ! L oo \bJ qb.l,sn ralnwy wih uotfhxat 4, A. )il. f, 0 ---) Bl. 1hen wv,hque.

7a ,GxP) :  
a ,Ph

?e ' [ " t xP }  :  F f  e

1.8,p- 66p)i,B
i.n,a -- (aee)ie

Hena,  y* i (axp) i ^ :o<-  fu , (aa f l in .S t ia  ys ,GxFJn[ ;  f fe ia . :0 .dnd7; ,Ca@f l i s=16; ' t td ,>41
anl tinst M an frb6.ologo"y fiu movy'tsm l+,A e,---nAt ^et r mbnt., wc ll nclucl< llvral 

1<xp)it: (aop)i.x aod

nch@ 4X p: d @ B s,uu i+ P monl<.

PA Pa

f  : a . a 6 7 . 6|  -  / \  I" l  ^" (  
) r*  l

!' Pa, 
\ '/ 

PB, J
n 7,4'@8,---. 
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?R00F (,ea51lq llt2 llqgran

trtOIE Lel V be an qbehan cal.oa:loal,:*hsi1nq AbS. rf fl,---------; rl ' and N >-s N'avt tub-lcinr4, 6n',
- 

,,r, -lnrle dtecl svnt & honttt *u rion'c, lY @ N 'r '*nonooily o rubobied ol H'e

?RoPoimoNL"f n>----e n', N >-----tN'h -rubobjecls ,n o, Ab5 obulnn uhgu,y t. tl p,'. M'a N'-----. M'

6,pcl 7" , y'6 n'---- Nl a* lle p$bdnns, ken

r i ' @ ) n t u ' , . . o ) :  n e N

a--;;;I-->,,y"

I
\ J  J-,  

M ' ,  , , , , ' ' ,

"there fiq rywav @ and @ are pu))b"1clzs . lhu 4v daahed aynLNt arc rnduacl 
\ 1'4 q 1'1 :.-+ ftto Jyr

anA lfu pwiiechnnt fan M @ N. N u+,@ +haf sne E ,s frb,, we wd nol u'ua1 aboul |' lu 4(fetenuto<ht<'<n

fu>-ei') x ( x>->u') an) (n>-tn') @ (u >----- xtt).% fwte fht lqaavv

s a pulllacL, lel q-ty1r, e--a Nr mah.e, flu lqvotE aommuk. tva1nduq Q-----rfl6l Ni nk.'tht pnlucl

\ Q-27'ttr....._- N "r,rcl Q -) rltt---.-1 f-1. l/srng o,'t@ alc. ltu"fa,+ t\al t1t@N'--1.HiN' ".mo^t(/

aid ilw p"rllbartr, 6 "na lD we ahowlhts mo'Phttm Q"------ ̂t J lr; n ndeed a l'adonsaloo^ +h'n^J^ +h< pullba'h'

Uarlwrws fillow' $,om ltu anrqu.orwos el tfu fuakndwn lhwwg\4tu 2wCucl ' a.

L?HHA LzI /: A -) B ,n an abel,on ,|;Lfug"ry 8, u,rlh tubobletL fr'rn 4 and 8,,----..- B. Then

/(n'),1 B': o e+ f 
-'(8') 

/) ff'- O

? R O D F  ] " 1

n, J---> n"' = f ft,)
Y I
t i

t ---:-3
derpk.l[,e ima3t,]ack.nwltn 

! lfll nun f 
-'(s,)/)n, 

c.th< Tu\bacb. ol B,r-------.> p aJor,g ,t,>------ a J g,
o" A' . --> f  (A)r----+ B, Hcnu 1'16')44'-  j r ' (  B, nf  f t t ) \ ,whetc / ,  r  an ip imorplntm.'Iltts 

vnal,'yt /ht reztth ,leqv. n



T,^ vrew ul P"op 2.3. 'Ls lefl,male k talk aboal !-!-e '"ych.t envelopc o+ u" o\bd C (*l"en l.x's&!), or4 'a,a /ee,>le

,i u" f f,. l  Howqvn(, ole'Jho.i ld beav 'n mrnd ' lha+ Frc) Bdeh,m'ned."nly uy Jo_uomorVhtm 
Fg ."" l" 

-i nb,dd..l

,. "i,, ,r,"r+r- obpcl conlarntnq c, oul l lu ;mbedQtnq ,s "av1all, i nol untgut. Xf c hnvgn*hal euery.Antk (lverj

,u-t 1'/"1rr*^n tLieck 's nie,4ue fo" tl ectn'e pavpl6pe't one h-a'a *he lillou'tn3 rc'cutt

L!l lr4t 2.'7 1f, r. a .. '

t5 eA Sennal .

PRAVaJfftDN 2.6 16. ntonomotphtsn Ct @ --. Oc", + !(c') @.-- @ ECc^) uduan an t{omorPhsm

E (c,  a .  -  e)  c" )  = E(c, )  6_--  @ Efc\ )

^ t "h  Jhd l  an  AbS  ca f , qa ,L . t  t t  t . J .  La taon t (a l  @- - -T l  B  t 4 ton t c .LheLeve r  *he  
| n i uc l  e^ r j k  -  r h  pa t { cu }ov ,

ii.trn'h r^aurlr, u^J ,f'J"iio*" (tez tlal ct Z, rll ]hdl {,n"h J'ecLsurnr J vnDntu art vnont( rh' P''Past4'Dn /5 lhen

an inmed@le Lon seqLtzncz ol-

( ;= l r . . . rn )  q*  "n t .nha l  qanonoaphv ms,  :Jhen Cr6  .o ( . - )  C , 'a . . .e  C i

rnpo(r- 'c, nn'- ' , .-)+o

bal bX an ea/lrer Pnpotl6q, 'fht vneans Tn p n k r a Cz) +o., at pqurecl . I

!9! fX nduc'.on Lsuffiu^ k do lh" ppd {ov lhe c^te. n= 2, so un shout thaL eah "l'fhe /t',' manovnor? h6tns

d @c.'------- a/@cz --------) <ic ci tt eosenhql (aasder *le f"f unr. t"f 1T' ci @ (, ------a ct' den"kfl'te
canonrcri.l pwieclon, arnd tL4ppore 3 , I -------> ct'C Cz It ct'1 atbthau non'zc@ manvnotPhsn 'Then etlher
'11 p -- o, 

' 
,n" *hLrh ,oo" 

'i- 
p'e cL con<) henp tmpA (cr @c.) *a 

"('TP+a ,n wht'h c'orte

r r y r  l r f  n ( 1 | . O a t n c l n " r i b X ' t i t " . * a o n t t u V e v t o u o p a g r r ' l r ! ' < r O t n p l o S u < e ( 7 1 ' ' c ' ' @ ' , - ) c .

ts lhz "lhe, pgech,on, 1T' 
''C, - C/e) (z ) we ha{e

U.lryrt dryecl ltmtk rn E o,p nxd., onecan exl<nd tenw 2.7 lv arbth"ry'favnle ol -rcnhd nonomortyhrrms (te EzenueL)

DEFINITION An obj"ol "/ 6 , ,^ll"d '!dr*!!p:!gbk ,f ] cantnol be ut#en a,c ft'o .lvecl rum +Ju* non-zep
subobieck fr flabobie.l S "l- C ,' n*4"uble 'n f,,1 ,T ronnol bc wnlen az the rnfeaec'h'on ol h"'"

snctt"S bg5e. srb/b1c"h 4 C (.f .-rr-^* U z.s)

Jt,: dea, thal B ', 'wrdraohk rn c tlf c/B o a eotrrducrLl< "bie,Jr I.e. an! lu.o no.,-zew rub.I7pck sl c/6 l^'c',p

nonz<tt) ,nfene"io,t. w,+h +he upe al Pnp 2.6 w"e havy

?R}PD r n-toN 2. & 7e $llawtg pnpetheo d an uyeclue ob1ect E are qurualenl '

() E r ndenmposabk

(b) Each suboblec| ol E ts t-o'vveductLle

(c) E s lltz tniiclwe entelop "/-a t-o'ned T 'ble 'biecl

io\ e o ^ ,,i..1*. envelope 4 eo'h one 'l- 'h i'6n- Tsto 'ub"P)e& '

PR00F JIE=O qtl o{ /htae h'td ft*nllX, r upVote F +a] and.tzatlyek.Lj ' , ib"bJ..l "/, F 's oo, v,<ducr,bl. ' f/.,

! 6 @tyred,.^qbl<. Nout reccell hal on,yer\,u. ob1e.l rs o dve ct 
-s 

uvnm 6rc) a! any oblcct oon+annX i

@\ 4(b) Lef C Le qtubobqcl J E, "n4 l"f E&) bn tlv nlecl'ue enveloF ol C ("anschrcd ao o rubobjec! .[ .
Evc< Lewtma 2.2) then,Lo c" drv"cl tqmmqncl .l E, E(rJ rerher a -r E,flse d C+O. ! 's an Y.ornha,l
nrk,/.s,o n 4 q tu t nc/+ 9 fi. an1 c,* O rn F, heuq E s a 'edqctbla.

(b) )(') l"n E s an erenhal ,xlensron o/-,h"[ henu'lht rnieclr+n envel.pe ol 4, Lot rreductbh -biecl.

O+g) h[' E b< an e.osenh.al exknrrcn "l q @u"edu.,bli subobiett C ft.hch muol bu +osth"@ F- 8).

Lel  OlD< E aod o4 Dk E.  l / t /z  mwtf rhout  DnD'+o.  B, . l "  OO(+ o anA D0( /6 ,a 'd  r tnu

C..  wveclucr lo le,  (Onc)n(onc )+O.n* f l 'nn A4 fDnD,)nC -< DAD'2. , ' ,v"1vt \ . .c l .

G)46 1\u" E.s on eacethal "<hnspr, oL.n"tJ ,ont"^ .tubobiecl, :o no'hta non'zew tubobych can

h4w ze@ ,n]"oe.'lan. Aenu F- s nrlepmponbl"". fl 
'J

Ne4novt  lha l  an A-modwle f  s  n lec*wt  , f l .  horuomo1ohtsmr tu-- )Etwhzve66a' rqhl  6po1 , ' t  4 , .^"  b '

exiendec\ lo A (er"p.r.r.s) -Trri (a. be lenev^lted )o Anhendrccl'. catejona



PR OPOJ fIlON 2.1 Lel 6 be a Crnihendrecl< caleqo1 wih a finthq ol qenemkrs (t);) L. An obiect E s ,niechw ,{- ancl
".ly 'f {"' every monomovphtii a'c"---nUi anf, rmo"Tohsm Y, L-----E I Nhe"e elsk
'l'.Ui ----"-) E t J' Y'aI: lP.

fR00F 6osv)er an avblvanl monomorphtw 4\C----) C/ and a ma.1ofutm f ,C-------) E. f l C< D<c'ancl-  
Y\D----)  E vt) . - | tu dngmm

/t,
c - - r D

,ryn^ula )hon wz cqll j' dnex)ensbn o/ f ThetclJa ol oll ru,.h ealengDnt ,s parltallq ov.le"el (+o g6 arel)
we p(h vTprssadlLw> lor eak claos,fubobpch ad onl'1 nwder exJeruont 4ef'nzo( u,-'^4 'epnaeil"J',"eo.)whzn

3'='!" ,f{. Y" exlends Yl at { j l , a o,.hl,n ol .!het" &kwnn' Y; . cr-tE,'thenltu ci {-otm aclwect &mi'1

4 ub,\ '2fi "| D,ond t"nelq"airlol h,y,,l l ;m-Ci 't ct tqbobt.cl 4 b(d,s ltb1) and lhe* l i an m[wuA mo'phu4-,

y'. lir4t, -----+ E o#s^.tnq q j a J. Henu-Jeq &arn n -ti h@ an upper bouncl, anct hQnq bJ zoYnts Lamqq

h";?,": moxrmql e-xtenf ton g; 'ar':--, E. riu rtduu,> fhe vablem i /t'z 'ot" -hn* ! cannol be exknded wrlhtn

c) anol we tho@ i'haf 4 u 4^ uomotphum.

g?"f 
M. 

d, $ .no! an $0mDryhtm.'lhet1 lherc exub some qoryhum V . U; ------ c' tui t'lvJ ml 6 y16l 6dannd n (.
6As-lvl4ct fha pLtllhqcl. dr aqrayn

O -) K ----------e t-n-+TuYA C -> o

l l r t
o --.t--,1, -.-..-...-.-.-.*" -----------, o

Stne Y-'c ,s a tab obied o{ ();, fue tomporcd movphtstn

Z 
-'C 

---------+ Jml !) C ---------+ C ---+ f

-"1 k.,<lenduJ4" f l); ---s E.Stnelhe ru*n.lwn "t f +oK " zetD) f <an bz J.,.s\e*4 over :rlht )o 
Jrve

B' tmY -----) E. 'Ihe 
dro.q! avln

frnY AC ----> (

I t
I  i e
J J

JttrY *_=--+ E

F,

Nhen coyvmulco b<cavne Z'tC ------) Im.l A ( r ot\ ep;moryhsn. B'J Chcp IV (li till nr^ $ an exo,c+ rzqwh.E

O ........---)-J fnYnC -) TmY @ C -_______-) ImU + C -_-__) C)

( ' )

us*n *t* ,-ownutahv'1q ol tI)/ + .follow lhaf Gfl y) , rml (E c -)E ndw2'. a moulohrm Tqt + c---) E
*h:"h tln.l, ,xl"nds-'f . thn s llv dared adnodrc*tn n



EXAHPLE' 3. rlodulq ol Fmc*pnse ol Fmchans Lel S he a vtqhl denonrna4or sel n a arg A..Let l-1 be an S -lonton.''fuee

lrlT" ^r,l^*.nuotooe d(M) s lhzn S'k,t ron''ha, fo' olherwtc +lR llrtffi rubtn'4ttQ 6l
) flodula o.l Fmchnns Lel S he a vtqhl denomrnalor set In-^ a\ H.,Let I | 

,be 
ah s -loBton:+'*

;"drl". Al* th" njeiwe envelope dfu) s mn" S'lo't ron''lta' fo' olherwtc +lR il,qtorl  rubtn'4ttQ 6

Ftv\ anntd ,nfovt& N *'",2t[ iii *'*'"al ombv"ldti3 n'--'a Hfu:t! r "zsenhol' fr' '[
e1y) "wad,nf"rfu N, l':::l!l:
:::/,:;-;i;":;.;7t".*l + nfs!'l,mn" o+ 2:s--'' s,:z'e H' rhee{orc t1.fs-'l "rq h

E*ri".a i o. :ubmdule o{ o i1e"t*" envelryc E(n) "f 11' norc pver'uell wt h"rn '

PR oPoJlt/ON 2.ll
M[t"1 E !ueE(n) ]  useM f i ,  'own,\9E]

^ (
fB!9[ ff 1a = x! ['41 fhen uJ = zs-'. s ,nphea u=xt- t str. Ekl) n J-kuston- fu. A



3. FtNtrety Cer.'tn4re D Oettcts

L"l t b" o AalhendrecL caleqory. A" obie* C"l 6 s .fnH'1_qehealn,l ,Lthe lck- L(c) s ^mpocl t t.0.,
uhenever C: Z c; 5", ̂ 'a,iec! fu;l,! "t *b"bJ?ch c:.T2, nG-"*,* an tnd<^ do r.l. C:C;..

LEMfIA_3. I Lel O ---)<, ----)C -) Ct, ----) () be on exacl legu2nL. n E.7hen.

0) al C ,s fin'Lt.y1 qene,aLd, so ts C".
(it) Tf C' and oni Zu on tnhly 3encrchd, s" u I

PRooF (;) svtppote- C" LJ e^pt",ored a a drrccJ't4npn C" - Z C';. E^ch C'! con be urnilo, * c;/'- c;/r,

fo, .a 
un'1ut tubo(,. jel'f C .t' c ,.o.,kr n,rq ar. The fumrly (c;] rs al.so lncl, cttad staa $ r ,QL 5

. ule ha\! C : 2C;. Henu C: (;, f.>, iomq io., oncl then cx : (iy'c/ : Ci",r.
('') 

suppo C , ur,fen an o cltmcJ ,npn c : 2c;. ttrtsn c' .fnrhly jenerqf"d ,nplyo fhal C'e C;.
1o'same.io Thtt 

tt,v) c": Zi>;.(.,,/c,), ""d C', fnlelg ge r*mlet 'mpla ihaf

LEI1HA 3,3 L"l 6 L" h^llj finkly qenem)ed. tla,B-a< 's an ep)movphvm ond,C r' $",kly gnnnrg.l"rl,
'tho,e lher" u^uL o .finihly qennmlel s"b"bJecl 8'ol 13 ''.ath lhal 4 ( B'): C.

Frn\ a Aa'lhoncl'ecl'. calgo,y 6 u lorall! fin,klq fne^+.! 'l *h* o fum'\ "/ $n,b.lj gene"c^ld jene'*Sa.

* 
{:ftrf:+<cqlllJE 

's toally4nle!iene^1"4,l{. eveu! olgle*s}hzunon ol-f,arblySenemkcl

P-fxaf Tf {Q;Jnz, u 4r -for,lJ '[ {.q pnnmk,s, hen -$. 6 a E, C: U Tma, ,nh"n ol mnge' over
qll wcyphttft6 4,Q;----C 6.".tt ; Tl n"l, /hen l<lrat: C -------> ./ ()x-d b.)hn- c':hevn"l,wh'"h .
tt noLzetD oq ca tLlnT2-tw .7hen4prc 't ,/4.Czi-)C lomo i t.l. ,t"B1O. Henewe obldtn q,onkacl'c+^a

S'na all fht-Tma auo fn'klX Tcn.erakd,'lhs pw,co (41- Coru",n(y,'tnl g u a, 
Seneo<lor 

lor 
'f 

, t"

U : l)v;t l lz wnprl "{ trg ,"bob1nat



4 L ocALLY l \0ETHERtniV L nrEcroRrES

Lef g 5 q 6.*lrendprl. ,aleqoy't An obie"f 6 E cqll?A noe+henqn ( q!!Jgt) ,L llt" tnll,n L(c) "/ .''b,btr"&
s noelhenan [avhuon\.

PRaPoi maN 4 l The oLlec| 6 r noelhenan rl{ evevg ,tuLollecl o} C ,s fn,l"ly genea}ed.

rRoV zlc ,, noe qeno,tt, every sub'b1"c[ " nae+he1an anc) henu fin,l"lrt ynemhd (,/ os 6 on]

D:  ZD; ,  te l  Dk -  rn^x lb;J  Tben D1: /D; :D)  conveie ly ,  r f  D"  < Dr  < . .  r ,

an a4endtng .harn "l rtb"[iecE 'nen 
fO;],r" u a "hrcel -h'.'11 ./-t ulryu"lubt Lnlh,,,,nton

f,O;.n,t fin,kl 1c nerctL4r"s,, Dk = 2D, to-" k' "thenu +'Lu chatn sfqt'iJrsa 4 t-n

Fn^ P*p VL 9.6 ue ha\,r

il<9loJ lf ,ON42- lql O - Ct--- s c -) c //---) () he c*, "xocl seTLuno 'n 6. Th.n C ,, no"*henan
ff. bolh Ct qnd Ct, a* no"H1"non.

'lho 
,oleqry ( 's laalll noe*hnnan 'f '; hqa " h^'[/ '/ no"llknan qene@k+ 7n lhal <ea., uu.rg obinc| ,s o

drvaj uitoi ol noelhe ian subo$1ecL, a"d evet1 fi-"'klq 1enev,!e.I " bler* u noelhenah (bf 4"! (a,l-Jhaf ,tr
D r {.1 and, D -.1 M'r lo. o 

"------- j|u; hJi" 4^,ajh-son" wt). n, bcally noe}he^an "al.gov1sr on.l4tux
a ueul':ahslackl lenmpou)an lne"n1 fo' tnjecttnob1'ech

TROPDTffDN 4.3 Supyon I " laaUy fnkl,y ynemleJ and hat.enoajh 11bchv.' a$1ed'.hpe ( t hcally

nie*henan,g. evig ""vftciucl "l ry.cJ,r 
"LJ "t 

-tt,i/ie.e.

P14WF Supporc E s locallLl noe,Hvnan , ancl let f frl, t" a {z'nrlq o{ t n ie6}1x,p 6[,t"9. To thou.' lhal- @x E;

v ujecfux 'l :ffiu-"'b,1 Puop 2.1 t'o ,-rsu)e, a' rnonomo4ohisn 4i B ---- a ol ntt"lhnnan "bl*+ oncl

, xlncl ev"u,1 mo,phsi, Y B - ------> @r4 $ c. Euj snp B urtl'J"lJ 
Trctaled' 4e;magi "f ! s

*n*o,n"d,io o.pn.) ucL @te; fi, o -/r"'k ubxl- 7-/ I (veoJl ExatlCe Tvt 4) StnQ @JEt tt

c"rtlotnly ',gzcJz^re, fhae t; ho F,oblem 
e\jen.ltnJ y + C ------) @aEt -- --: @ zE;.

'Astum" anvevtely lhel evruy apwlucl oLnp.low ob1'ech r tnjechw. M wll show thal euevy {n }+[y g"n"v hd
bincl c ,s ,nkn.nar1. L.eL I < c2 a . ." b... ;-rpn"l'n4 oharn ol rubobyz<h "f a oi pi i:: E(c/c,) .

t:or each Ca anrl earA i < n ^r. '"r Y^; C, --------a e, Ja-"k fhe "omporfron o l-lhe .c,eno, tr cal mo,f httry, 
' '

Ch ----r C t c/C 
i 

-!u q ,o, ea& A, +tr* -or1oi'rm f1 ,nducc 
'fn 

(n --------e 6 a,l fu k^\ (I")
w arr,pqhble an4"lhuchre induoa f . l^C^ -> 

@e Et."fihe Ai ti ,, ,"iecLner'J 
".*k"d, 

Jo ". rno.pht,r,n

J '  
jC-)  

@ra 8, , ' j  sue 
^C 

u gnrhtg yn"mkd,  j  { " .k ;+hw,\6 " . { , r ,8  -pkdwt.E; ,6.  @Ft_.  af
-1 -  vvtax{ i , , .  . r i^J+hea.Jor  ry ;2!r l  ure haw 1*. : (<+r .  ! 'ena fhe "han s labihsen.  1

thr u,Sunenl *x"l nlh. fn/ hall "l n. pw"{ sho* mo,e gone"ally

LaRbLL.lRy 4-4 Tl $ ,' )ocally y.1oolfisnan, )\er, evevT duucl uutan .[ ,ni".]w<.jecJ" u t yec],t.t.

Shll rnore Xeneralll [,an be thown {naf c*ty chrecl ),n} I nleclrus .L1*L r trlec-lve. ', a l,:rqllJ ndh.ndn "4kffU.

?RoPosfftaN 4 5 (n"+l,t) 7c ( 6 lo"all,1 nDe+te4an, y'hen e vor.y ,n1'ecl,,c ,,b1-ecl ,s n *pwr)ucl 4 ,ncler.ornpo&blq
hiec+k obi4l-

LeJ E h, on n1echw obiecl tonsvlcr all 'nJepenclenl {.n,lrco I E;f . ot ndecam7soble ,nych"- sub "!e.h -t

t ( rdeynJenl i 'nns l lu-tum,sdt,-,4) t le tha^ttht ^tl.r1-, u ninl i--pty E 
tt,o*'njlttof ^ny no^- r.-

r ROOF

tnisafive obisci E 
'n 

f i ,  r ,o atos a hDn-zeu' ' ( ,cle @mpoJ aLle ,L*cL t 'amft;uc) GtJ",r,  *, tZlrca.lX non"nykl
J ' -  J . .  .  t  t ,  L  |  - t  /  I   . . -  -  L ^ -

onln o o -af,^-7*abh tuy"Jt&) .Le.r 
c b", ̂  

:o 
n --zew 

io(:.'1' 
'"b,'bJn"/ 't 

,e 
'-*,':J/"i.7'l 'fl '^:T

t"L,q"a i; Jr e''r 
t;-i 

E' (*:*r'y ":., 
? 7*) 

Bx zodtlJmma, +o,e*hor*rth ta/1't1" anJ

n, nY4 "1-e.p ?.2,herc 6 ̂  n axtmal Juch sub"L1'ec/ E"



l l ten t ': E"@ q qncl are or2sevl lhql D o ndeampt:"SQ. For rf D -D'@ D'"rnlh D) D), sonzew) +heA

E,-- E, e D,a Or', so Dt',/) ( t" + a') : Q and henu by vttodulat'b "L S"Att

( t "+o ' )n(e '+ t : " )  :  E"  U (D"n (e  "uo ' ) )

: E '

6 n d h e n a o r , e S l n e o b p r h f ' + D ' . ' E " t D t ' J o e a 4 o l c s d a m C , * h r c h a n l v a d r c h t h e n o . x m a l t l y . t E ' . . ,
Hentz E' ,znla,ns o n"onr"*, mpc*te nc)eu.;mpo1able ruboblerl Inp d "l all {am ret 

If r3t "l , idr-^pwobl"

n ieclwe ubobpch nhc* ,vm ba, o d,*rj , i  ronu^phy. i. '1,"tq ,,1'. '=.1 unds n,l6npnr'c,ncl ,f f 's a 'han

.rf su"u' ,fon,ltS kt .F E" +lw,-qtat, ("{ otlirxb .vol*Jl h" s lhll nd.p"nd<nl a1 zi, ex 13 an| ll" "+l'u:hec)

amnenl l- lenrn 
\ 

ZornG Le.mmq/hu*uo mnx,m.lrt.h f-n\ {e;3r, 
' Ihetqm"Zr.Ei b antlJuch'c bbj eel

ua Ptap q.3, aid sa we can ,nnle

E  -  ( 2 - E ; l o E '
/

6* # E/+O jlxn tn< have ulrecrd1 sho*n+hql E'.-,il rcll,|qrn c! noAzeto ndearnponble ,i<drlo ubo!1ecl, u"L,.6,,"v/'aclrcL

tne rrtoxtmal'\ ol ttv fantj {gtl, n

I. noJvle Cc,)eJ Met lel A he <, vtn.g. Th, rdegonl !zd-A ,s lo..oll! hnHy 3"*^led rnQ t{.A---ZD;

. " ! - - L  - t . -  - t - ^ - ^ t -  J . + .  .  + , J -  . d " o n  l h " n - , r 1  , = ^  I < 1 , e n ,  l h e ^ - f t - - Z D ;  ' k " ' l ' 4  f - d o c; .k"ly f-doc,a"tl" ltn".t"-irt d,+ +,!nr 4;-eD; 
'fhek 

^tel L<I'z l<i<^)

',',:z:'!,i;*r:'i,{1":1,::t!r,i';*[:T;':7,t":l;i"in';:fil;zu(;
:,;;:!;:;;:;:;i,i!r,:*!'j'!y:"::p::tl_;*f :::;;.i:n*"'"d4aa'anrnq .  i )  "  hno*n  (  see  chcp  VT f r )  { n^ r  even l

,nf,",tn-l thal eu,,i loalll aAn'an Aafueadtech eclk1oy \t to'attt

2. Co"nmulvhce Noe*lernn nnJ: For a comvnulahvv aoelhenan r'nX tl s posn|,Je, k .taostf,1 a,ll ndtawp-o61"

vyalw- no"luleo, on4 loevebl "ll t1let'lu* v"nodqle'r-

PRAP)S l'l'JDN 4.6 ( n a,11") Lel rt bu o "on,nuLh.y" ,aelheran rv,g. 
-Ihee 

6 a h;'ec*t arneaponclenq bzlueen
pnmsde6ls el- A and Bo/no'phnm ctc'zsen ./ idenrnp.tobf" ,"[eduo ruadatu, 

1,uen 
ij

F r--+ E(n/F\

?R00F Evet,t ptme ,Jeal ,r,vr"ducrblnr, E(h/p) s tndetomVntable ( cnp z-e ) af F and 7 
ove Trrm< tdeals

- 
,.J 

"E(A/p)= 
E/A/q\,+he^ vn ww4 ar,stderb6+h A/h dnd Af s a,, submodutn 4 tlA/p) tuen

A4t  A a/n + atbut  A 'n i1. ; :  p  f f i "veu.1 nonzeuo xg 'A/p "a, ,a-An4/ l ) :  ?L&'" 'nYnonzew ye^/1,

so',,u* ,r,,f;1 h",e fr 
-- 

1 F'n^l\ *' vn'Jj t!o! lhc't \( 
F, ts an rndeampoi6le tll ichn< rnodu!<'rhen

+ h z w e r t s h : L " E s . . t . A n n / z ) u ' o p n m e d e o l . T e 4 - m ' l y 4 ' d e < l s A n n ( y ) . , f i , o + y e E r h a / , a w l ^ ^ t m a l

nemher Annh) stn<.2 fi t nodhenon. a< otle'++hql frnn(t) ,s < Trwte deal Suppie ar.be *nh abe Am(')

b^t blqnnt4.1-v,en b>c j tc -h,l< abz =' O. So a e Ann (bt). Bul Ann [x) s Ann (az), rc bg maxnl"al'\

u'/e hdve fraab)- /Inn(w\, henu ae Annft) 61

By Ex7 (f,avt nrLhe)l p7a, bql)fu rq ull r tl"""t""d\ v Ab: Nd Z 4" rnjeclrare anvelope "l A : LkZ o

)n*.r- n>o ( e(z)'= Q) H"nn orj 1.1 iu")'o, g-up*l* on,ry eiw. ewdap< aL lh. 1-r^ (mtn3 Pv.vz.t)

@ ; ,7 , -  o  Q"

qnr) L1 ?,np4.b l-, p>a a pnme, Vo- von 'nde"on,po,obl< rn1ecftw cbelran 1o''V "nd I D r a drvsxtbl< obelon

1*"yirhnn \ Pny 4'.s the,e's o (ptrd\ ,n inle ) ..lleclan ol p' 'rnin IFilt '1. 
"

slawwgh D a. D9!!- A

fr ts i vtql'f 6,+1ntan
H o*"v"lt d ,t noL ]tue

D  =  @ i Z r , *



l(ruv - ft E ra 6 p - 5c H n or - fl zvpt ny1 Tu toaer'l

L*6 b" o, 6urthendv"t< (wtlh enonqh 'r1ecl,'u).ln.thardtat w proE he. r4ntlralLp4l, ddtydJuu- dqaqppllaos
Ct e . - . a Cr., u,hon each C; hq o local2ndomorphltm nn7:. fro| nnt ,",otdc 6n /o.^l lnJtt'

DE1.N!T!II) A nay r local * all lhe non-qwr4H" ehmerh S,ta o, proper deal. ( non' ,nvrvhkb -- 
*M 

* 
\

.&bd uy ihu lntt peae! on" mannml /61, whrcl1 also o he ungw nnz,mal nght 'rleal.

PR,PorfftoN 5.1 trf..Els a, ,ndeanpotabb njec.br obieel "f t, .lh"n tloun( Enr) " a lvalarg.

$!yf n s*fhukshoa +a*f "< an,l Bon noa-tnverhLh evdornoryharru .t f, +fu, ak" a+f s non-nus rH".



EXERC)SES ch\,/ slensfum

@lGq n'Lhett)

'lhe 
abehan qnup @ ,s d<ovl,.l dustdel henu npc*m. tF x-qlbe @ lh"^ 6 rr- qeZ, b @ E on

'niecltn* .n"lh p" fi. Z. Lnl f S. ",y posiwi ,nfuger.,.lhen nole 'lhett ZF 6 rsono,phrc 1" -the tbSwup

Z r - { Y p t z e c / z l ^ . 2 }

Y 
, 

- 
ay'p. t"l Zr*. \+he rcl* ,o-'d, ol @/v ,l lt",{",m Yf &, sone n!V_) s> ). r,tle.lq;m-lha+

Zra s dpxllal<.7hs 
,i ' l, l, it/low 

,{ un ca.n thoc,, +hal, 
1\ven :t:yri^ .nd n> O -thee 

,1 : 
s/pa+- s.}.

"J--e V. ET tatual<n't1'1, tue neel po;;l,rnu nkgew s,i ..nA b r.L'

n ,  :  fo ( t+ tp^)

yal n, be)hL pwduc[ *all lhe pnmz p*tu 1:t o(Lutn\q 61tu'f"dontaht'^ "[ n *']h 7;ly n.n un *"

molro .lln,r1"1r, 
.k 

larg" .,u,a7hto +hat n,l iu. ften anu," n/a, anA f^ thae no 7 nrm'o (ach'r, the v 
Xcl r I an4

he'r,o vn ao Snd s, L e Z s l

fts t t;^-- I
-+ spl y' + l l^l '=Fn

A 1  
'

4  
f  4 i ^  -Y " ( t+ ( - t ) r * )

ao reyn'el. l-lene, Zp- r m,1bc-her.b",l1 arrlans Zy mA n an.cs.nltal s kpn6n ol Zy

Tl 7f'e Zp* lhen vte taa')..^Dtume plnlJhewue ta1 ,:n'gt'., I Nnt, orA the:"t.erlher s _< s 
' 

n *hr.h "otte

l ' l n  and " / /=o  'n  @/Z,or  .s )s r .and Ypt - -  i ' 7 r " -u  -  27-  then ps-s ' - t  - '% ' -1  :  n / ,  ^h ,e l

s nlhzuo rJn@ p+h/ qncl G an elenei' *Zp l l ino V" a,-4* ts "tt errhol., to '

E (4 ) :  V -p^

@tr tnl o h an,v,,edu,thle , ghi .,deal 
.l A, ond te+ b(s Ne,la:ntl"qt.E(4/"),- flA/g'41 ztn"l^fhat [q b) 's ueduub]e

5 eF-.s !"18(1uubte, n1,--,, *,iirrbt",,, o1 ri))'t E I A/q\ ,' ,nd" ̂mp*oLl. Ii,w,ansho* 'thd t (l/q)=iln/h'v))

I wll lhen 6>llo* /wo' Pn7 2 8 1b) llwl A/@ b) 'r l'a'ft!dAabk'' hen" tatb) u tt"e{luLtae

oneei onl,1 :how lhal fi, b 4a- n" 17c\. tubnoclvle (b+o) 4 |la-, *hGh r De,vio-phtc anoate,lly 1- 
A IG q.,

,s qn ere'Flal abobtecl -l E/4/4) uri lp+ a)-> Ala --: E(4/a) tel oS l-l k a submodule 4 ElAl",)'\heh

fl]A/q ra non,</to tabnlo&tle.1 A1o 
-Stnu 

Afat s <n,r, ucrble q.v'cl (b'1 a)4o (b4a.\,we rnuol haw

enr1or , ,1 t+n14o*henu Hf i  (ba)  {o and (o+a)  so*ret*o l  u  F l+/^) .  Hen,z e(+f  6,u1)=E:(+ lo. ) tc ' i
,tc1uurd.

@D tel a be an endomoVhrsn alan ob1e.f c .[ E. (q awl$ cal. *lh"houXh tTec)wea).

(i) Xl G "'" ftdA -5" '"'r" 'rng A, )n,7*"lvwulclg. |'Ml'6u : lel Kn-  Kev,f,".1y21, Kn < kn+r $, ec""r, r ^n<)
to,uen*ual l1  l (n- -  Knt+t  tun m. ' Ihs meqw fhql -4 ' f tu) :  g  4 1^bc)- -Oro,  d (d,^(^) )  -09 o( , .O() - -o.

l3,, t t  ecuh ai s 'h tqi* lw't  r tn..  i  z:eC,/ t t4ea(ttePi) z=d(v).Balthen j  = 4 (t l ,  r" zz -a >(1, eh.

. 
Fo, ' lhe 

Tenemlcee, up2@c d 6 qh eptmoryhsn awcl pal Ka--lQv4n. Ftol,  ezch d", n>. lu<p; 5ry1a by vctuc.l :aoq

( *  u z  , (  2 a i  = o r z 4 " <  = O  ) a  2 d ,  =  o  h z n < a  z = 0 ) 6 6 ' z a z e , > z  ' 1  2 4 i + r  -  o  + h e A  z d i d - o  J o  2 4 i ' o  o n e t h < n Q
' 

bj *r"nVlia 7 = o. fl[ro Kn < Kn+t tta@ tl k,L: ]<--) C onr) 4t, ' Kn+r -J l qvp lLw ft'ol kemal, +het\

q h+t kn : 4 a< ̂ l7n : O, ro Kn < l<Art.



6nu C $ noelhenan, y'here ,s sone m wth K*dn: Ker*.^tl. To fuowlTql d.6 vnp 4c l r,atfroh (t'n@. fi hat a

qein"rakt U) + ttioi, lhal rt. aA 7: l -----s C ,L qx : o 'lhen z.-- A. Lel z be tuch a mo,phttvn a,A ttrm

lhe pullbarlz 
v _ i_,"> 0

, /  I ,, v t r
C 

*;--r> 
C

'lhcn/ dx=o, 47t=o -so qa^1= O ancl so o^*\1-- O Henu,1 {aclop fho,nl, K,yyr-Kr,.r'.
q-| = O BvJ )fher\ zt:o anA sritt c,a'|fu pallbctck 4"q^ la" ey; rio,phm) o "p=', yl,tt tmPlt<.t *halt=o

HenL a r ef i and noatt c'nc| v -lltw an LtomDVhGm.

Ui) Nq,. .sttppop +hfr C s a,lnan end lhrl a s o.qonoyplum . uJ" orl.vt..ll,a ddn'l y?ed+ L,oe flry oenedt tn ( ,
w lhr follows\ d,.tqlrb. Exrt'cil!,\lu nmn ayqumub a.. bdo,. 4^ u v"mi, eo.th n'>,- I <aA J cJ= aIr*a",+lB+
ah..*kev"eb Jb.,1 (i >z (nrtt i ir| 'o.th"', 1"fi75 a"d -thu by avhnvn -nas, Cm --Cm+t rowe-m sg.r.fa{4hdl
zd = o/ dnd{a)_m lhe pu,thouf 

c 
^ 

r c
r l

. .  I  lL '
J J
D - E

SnvB s abelo4rn anl am.t monLc, ttt monrc TherL z<= o wPlte) E zd,=othenrp bk\=O. SUa C*= Cqx,

thr mpltao Ead : O anl heno tz -- O. Sne t r monc,, z: = D ct^o rEqutred'

l;i i) Tl Cr bolL a,lnanand nocihenan and d,c->Ctlhetfor n>,, I Keranfl = Keu"\" qnd

trv4nrt <:- frn41 UsrS llu pwperha .l C1 )ef k be an nle3er .:o/haF '

Tvndb --Tman rt>k

lTev dE -- Kev an n >. k

(nuht lhal Tyn4^t' e amot^ smq aa n (it), (*ker a" 2 Loke, d ntJ., heoe tnq
vtlt<lcumlhaf

tm4" : Kev Colzerd., *.F)lows).

o tu (atlr*"1

,t*\ :^n\ |
/  \ '  - , , '  \ J- 

L---) c ----.-> C
\ < - 4 n 7

\=_ 
_--__--l

4F

ihr mahu *clerv |hat Im (q )y,q l=zn(a*):fmak.hlens- rmaL-=- TrrldL lnd{te!) b1 4t r:ept.
' U t,) ' l rn4h r nodhenan l'-lt,"n'li "tnn C r noelhenan) and ih$ movphvm r ePi tl t t{o

1f o' moA.ulo lhts u lv ual swtz 'f ! 'e lvnarr =Im*&.,aq .t'=a2u[x)=dt kh(4)), to 4hltwL- u o,]" Tnd,'*)
7hi 

,,.tpr!ql d ctl lhs o y'h^f 
ddlt^n, o -on,..thi,ipNu lhalJ:yy14a 6 Kerd|'= O, sna r{ we}op fhe

pullback .

anl we lfu{atl)hof fl," A"ku wt}r )t wanK, *"<, t<a-thql Tlyta| n Ke"qL -a Tyno<L s zew . traa .l rs qlro nonrc
(a'rltw pvltbo&|" of h),fhrs fiows lhal t/y1aq,1KevaL= A.

Jmdhh Keua,L , y*ot

I I
l / k
J .  L  an

I W L - C  - )  C



iemaris k rhout )hqt Tn4kr Ker4e : c/ sM@ lte hayi:''I *aln rharilz rawr_' 
!:*l-fu:.!v,: 38\;

-7inl'.1 
rematis )i;houl )tnf Tn4Rf Ker4b:Cl sM@ uvc nAIE, JIAr 

snwn 14qr.7M Jun IJ a'Er, (ke Lv, Lltt).

(f-*,ioduto,let c/Keuah - c/rep be at Kevqk -+ dE(X) + Kero(h *hth s.montc s ttr@' llerd2k- Kev4h

llene rntz L76"n4x o ioelhrnon, lhrt vyap r dlJo eH and ro.t'o. can| x!c./ t:2-+dE(q)'ftrlowu aec ^nd' z el<ev4t
'tutv 

owslhal rmo&+ Kerat'- c1.

. we]\ t tn jt44l ralu"l pn,r- 11abq9cv lh*[ rm4h >-------> c----+> rwfi H rs Eg qe htuy Plolen ]hlt

p ---+ (aYdk -; g --j J-n4h -; I

r spli exa$ anr)hettqfiot.c: Xer4ho lma4 ftgA,l Vll a,notrcal IuML >-'---a Cnal gel m oolotjv.Aon, b,l
stu eve\!+hr! v 0cwendevtl o( Lhotgz^ "l- aYt'J. subobjah) dastn'+ m.iter). Q

mzD-] lt LJ fl be an obel,an qvt,tp, thal s udeonposabl< an.l qieclwe. h)<'qko atone t hal A+o- :..; .
i Le+ s{xeA. Eiher (Nl o i{r1k, or,f ''$n'}e. 7" Iwfiniu, aae A ha,q V at " ubXw,tp., Tn rhe,tdtt:r 

9e/
sl?Dorc t ho,a ordr m ind lef o'b. apuie dlvtor oI rtt.'7her- A hat q cyelrc t,'tbat"ouP'-l eM P, netu zl at

"'s"b9lo,ty fl 
p"'p2.s G) on/.th" rndud.4 Ex..fan rl Lhetl r|&llo{ifhq} ft-= @ ,r ft1 E(V.?)-Z.-

lt t  )



C]} ' .TERU, roRSroN THEoRY

No have seen n chayJf J. each rnq of fueluns ,l o ,'ng fl *herc rs dosoctaled o nol-n "'! krlon 4" A-moA"la.
'fbe tavne wll be.lu,te' vvhen *" qelk"pnid"r qnqs6l ,,n;s "l yherrh "/ A, bul leve we -t.l 'f-llow a .'onvene trrt\\c< .
Lt)e 5laavl- lota a*tofi o.hsra +he"*rwo} ol -lo-,oA, and +rle'nk ";h koton'fheoa4 Ne +ArEIale a"n1 '/ 7u''hert'
ths .hople"' ,, de, oled fo 

ro ,nnp,rhehstve sfudq 
',[ 

lh" yqaal acyc4' "y' h,r.ro i.'ThQ, baoK rsull *'l[ be ]hat *ho

par}rrilo. nehnn "I -1o,,'srcn.'-"d tn fhe +heig 't "ly "l 
7"-herb, 

on be d*rnbe4 n lhvu'e e1uvalent uuat s

) BJ lrp cloat 'l '|"o1sn rnodule.o

z) 
$ ?he vrghf rdea! whvh serve ut annih;lakrs oI'loapn elevnewh

3) BJilp 4^4". ,trsrgmrn3 L eac'h mo*ule tL /o,o,on tubnod' 1"'

L Pee.p.norc4ts

arc waq o[ nhoAuc.tnq o 4o.rton ,ov,cp] l',. A-vnoAulu s 1o prc'xnV " hrr.h. on lJor!- A *h,ch ]" ea.h mod\ h
a.tJo.tdl; d k'tpn subilrodule. Tn ordevk vnrake fo,m^l .\tqit'a ar.q.vncv)j availeble, u,,'e wrl\ owlh tn alr abeltdn
<etey], dltollh all ovrappl'rqlpns d<ol *,lh module ,"11"i"a 

-

tef 6 h art abel@n ,ohqo,q, uhvh we oatume'lo b" rcmfl"le, c<>complek arc) lo.qlq "ttto;1. A ptewLdrcal 
'r

"l E ansryrch cdch C a- rLtL.biec+ r(c) n rucha way lhaLe\/euj lnD"Phtm^C :---" ft ndue.s r(s\-?f D)
bl reolnlio. z^ -lhcr u,ordt o lwarlr|al ,s a t ubdun.*o. "l lh-,denhl'1 &rrk, ." 6 th< clo''ts,>l all

pk,adrcals o{ 8 ,s o a,r'plnL )a)h,2, b..ou,112 taerc r a paital o devmS ''i. ""hrch r' 5 f, means 4 (c) -< r, f c)
.h, ^ll .biec4s C, anA an'1.fumlq (r ) aL p'etaclta,ls na o, le.'/)l LtPPet bound -1'vt and "t q,'eo'leal lo*=, bun.l

nTt d:.l,ned,n'+hnobvria *"lat. lita f <{. ,f{ rt ------t 7 frc[". th,vu3h 1-L) h7s,

f ttnee li, f4'l,ci --------:8, Ker(f- gJ -< c
tl ,F f 1., - Jl.; .r'h t, c,. < Ker (.1_ J),vpt"a

Zc; < Ker(I-g) t "" fl.; --gl. ""'h i ,4.

l = t  t

:  Or ; (c) f .1"" e"ch i, ()'t;1c\ --=riG) + r', (D) -----+D

: 
lt {;G) "--'t C-'---e D.t anol rc f1{; (\ '-"- D

"not fuc|"" i1n'r>"1h O r; ( o)1

we.have fhz zlD_.^AL l t ftJ -- O oncl ltv tmplr,d?v radrcal .L . U- /t't a:nd lz aft Pveadvok) ono .!"l.net pv.mdt,alt

, 6  ^ n d  4  ' ( ;  M

\ t z ( c ) :  C ( " . ( c ) )

(1. /")(c) I i l.) : ' 6k / d.)\

11a6r 15, gtm*u:ub"h,".l r,(c) -t C.Thntr $tp Jo"sron tub.blecl t (c)r,tc\).* </v,lc) ".,napndt )o a nbaljccl

(n,,t, )(.) "L ( anlinry 4lc). Thw 'r f, 6 clehned up'lo o nalural e1'tt\t4tenQ

A Tru,z1dtcal  r . t t  r&y,pfuf i . ' f  ( ,  =I  ond,,  col lecl  ondtal  ' f  r t .=r, te ' t l  v ' (c)v(c)) :  a ' f "  evcuX obied c.
(nok tlal lt11t yy1pq65 'v(4c))Z r(c) dstubobJe.h)

LeNt't ft l.l Tl r cs a rad{t.ql anJ D -< y(c) nen r(c1p): r(c)/p

(2" , )g :  / r 'sc1

ar'o)

( nn,)ct



?R00F 7h< canonrcol moqohFm C----- c/o ndrctt r(c)------- T(c/D) ,n^hnJ

D -) , ------> t/D

? \  I  I
I  \ /  ly(D) , r(c) _, 1((/D)

anmule. He,a r(c)/p: Tm(zftl --- c------.t./a) , ^n $nd 
(lre.il10 

< t(rh) on jhe olhev han{t
'o,1 lfu hnl IBomotyhtsm Theoren -41st s, +1, 4 L"-ma apph*t-}"

o -'-1 D
r l l
t t t

o -) y(c) + C s'/r(c) '-+ o

J
o

I

J I
^ 1.LCt ae - - J  

6  
- ' T

t l
\ ) o

ll
-'--'- </ t(c) -----; o

j
o

I
) --) .(./,c.)\

@ mnula, r(Vo) <r9p H^r',,e hq,re ?tr Jgar"!d .1*a\b.a

rl t ,, o prcv aoltal 'f !, )1*, ov,B tan d"hn" o pe"adual o-' ol !n fu ,"|hnq r'(ni : H/r(u). 1 ,, 4o,

fhol.r ,r' ,d"mp"lrnl (ap. o a,lval) al 6 ,{ 7't n a mdrcal (,*1, "i "l"rp.i}el ye,-drtal) "l 61 ThttSnm
nteha u'eitl A"al\ pnnctple. N"hw yhal 'v'' rr only del",mned vp*o a ndu"al egur\'alen{'('

fr rcl"nlpoftnl 'ff. r-' adrcall Suppote rs dempohnl orrl )ef Ce-?.nen r't n lfu Jual ol lrcme

C- c/, 6 o[ .rc -t C i"n. w" ,an hh.. rG) ----1 C ts duo] at the ahevnel

th" bolh.ln ftw )s er.acl. Buf flh@ -{(c)r@) = O an"l l1a t7narc

.> c/rG)

( ,n

T''C --> C > T n g + '

henn 'r' ' 
'/u-, 

kl : Q. Gnveweltq r-' raAttql ,^yhen thal ,t (c) = C, to rr iT

r ,s ,adxal ,ff. r!' s dznp"l:,nl ,i o, Ltmtla, wa1 Mohe lhaL (r't)' 'z r.

-/D

I
I
I

u(c/D

aVr"nc l
.r(dt - ^

V 
'/.rr(c\- "

/  
- '

/ ic

1
, l''f/""c,)\

e-_- rfc )

1
rr(c) - r&)

s idemFol"n). on,- Trovv )hat



Tolhu ptewrJrco,l T olte (an aascr'tale 'l"a clutsett of .\jtth "t !., n"nel'7

7  - -  { r  l .@:  c }

V" - {, l'(4 -' o}

)1ore pvecrsel , lhz b7'ec*on v b"h.ueen r romotphrm c.laotet "[ 'dewpoknl p"v,.drcaft J G on \ Tnka'on
.t^ateD. Tcr}ie I y*Jua a.. A, ce!, t(c) eJ. n'eons r(t(c)\=t(c) Srna

t (c\ -s 6-
r 4

l r /
'('r&\) -, "G)

tmnnu!"t, ancl r(c) < y1c1 bu d&* .l Q so t(c)= r(c) oD tubbbjech and henu EEry' ()tu!rt a fvdoYtton

clo.t J aret )lu ndutpd L 
-(dsld 

o.lJ uplt n.e), C.?lt tff. tk): C ,//. Ce'J. 6

(''')'".

u,hur ulu"lr$ h"re 's unde-kod a elualily { ubobje"b u.k+hal !- nf, 6 py,aalk 
J-. n 6T Ab" * = n-,

PR1Poi rT)oN 1.2 A- u "Jot d ,^nder 7 uolrcnh sal agwclucb *hk T, s dote.d andey tubobjed, ancl y.dwL.

Il '$ ca)y h.tee.lhaf a.- s,lorcd,ndq y-henl 4VcAs hy Lenmal.l. Let (c,)- h an atbl,arl hn,lj ,/
obieck i J.. Sne r(C;) = C;, llw inarle 4 eoih ,aro'n6ol molofusm C; -: @t C; t, *i1atn"e) n

'y ( @r1i) , a"d, tl ftl lows {nm-ttu de*nr}an "l ""yodrrcls +hal r( Ot Ci) : @y 6,- .fue penatpoadr6S

ra r,r$r fi' T. {ullo. bJ dsalt! n

'")ar 
{',1 ! dor"J und", ,ubod;;;{-ond p-Ju- +. Lel 6 Le a pn}r,l"on dau.-If C 's an a'b'l,ay "li"d 4 e ""d

e@ a"r.t lty ran dall lhe" rubofia* d C btng,Y ]. !,, 14".n deo,ly ak' t1'\r! (p*u -1 6 ,r nono*p1
Hena eveni obierl C ^nlans alarluF nbobiecl b(c) b"lonqrng t 9.Xnlhtswa,4 tl 9,vw rrzloq T.eto.dtal t 4 f

anrJ L o ia,(t denpdenl. ( *, oirn-, OZ!)(E 't ^ fui,#, slnq{ot c ---i D, rm("t (c)---,c--1'D\ rs n $.,hene

t vre obtqtn:

PRoPotmoNl'4 .'Ihere 6 q biier.lue nnepondena beht een ,clenpoknl prerachcalr "1 6 ond pv"],>,,son otoaseo

"l .li"rit "L E. Duallyrlheve u a b;i"chre ,oner'V"ndenu b.lw<em ro.eltcalt oI ! and

j"-5!'s r uo -{'^e. e duzse.o f "bJ.d' "f e

FROOF

(,}R)LLAR/ 1.3 T+ CeT", and D eT, then Hom(c,o):O.

h dan ol obitb;ecls E s called q pre+otsoa "to"": rl 'l "lorcd unde' q"*"nl "bied' and c'>pwd,uc*, and " prc+o1tl*

! .l^,-A t,^,r., '"L"vl-"* ^"a ."lud'. L"l E L" o ' n/-i'on dau.-If C 's an a'b'*rary obi"cj "l E and

6 noncmF! ) .
wq! e J,NA 

rrzlol /,r-tedra.l t "{ E-

+""U^ n*rtn 4oi). L"mi,ntnj lht y'o*cluiu wrfu 'ftu ptevrow'' ̂'sgnmenl r F----: 7-, 'uahol<d X olewpoknl

Pr<)aF



PROPotITIDN 1.7 ltu hllowtnl qonerhDnt arE eguualevtt 't6Y a pveradttal r

PRODF

.a
... \

4 ( c )  ' D

\ L
(b)1G\ BJ apyljtnl UJ )" t(c) --- C ona1ze4+hq+ r u ,drmpol"nl :rl r obwou'o*hal at s clotecl

nndev sub"brcds.

Q+$) n) mcluaton, r@) <t(c)nD1D aw \vtval .1nlht o*het hanl, v(c)OD belonqslo J- oa
a subobiecl .1. t(c), and r rclewpokol mphut r(c)Afi --w(D), tme .r(rft) OD) < 4r G) n4o)
: a A ' r ( D ) : r ( o ) . f l

4 ordorston clans v ca)lerJ hevecllary [ ] s clored unler nbobiec]'.

LoRoLLiRl t .3
lae ,a,a 

b.iiedvle ateapondena beheen ramo4hsm <lqnra "l J"fl- exod preradrcdt and
h e re d low 

"olehrsrco claz"tea .

EXA1?LES 2. 5-h'sron arJ 5-.I"tribilr lu Ld S be a n7hf clenom,nah" se] ln ̂  vtnl A. Fo, nv"r,.t mud,rl. t4

^n tel t(M) bz *1u J -|oaron s,.abmod,ala .f t-1/ *kle 4 ( M) &eo"ter lhz l61e'tF S - 4'i:;bl. 'ubmodqle

ol- l-1 (whrcho<aai,qr"enlorx,sf) Bofh t " d are ,dempol"nl mdrta|s. Furlhe'move E s lefl<xc,cl,
whrcho6nol +he ,aaZ *;h /. X*lhua qppea"s d' 'f *he. pte'i,d''als oonnecl"d h+he calomaul la tron

tonep* should be le{t zxac} .^dtr..rls ir-hEh an +h",/eln* "l}euqllecl t'}owbn taclkqb")

3.The P"e*orston acleal . L{ ,r. s a.yveadrcal o/ I1ocl-A1 lhen r(&) 6 ,^ +r,.r skJe.J d<ctl (,1 x \ a4N argfr rAeal,

anA <acl, 66 6 deletnw.o lhe q.td"mor?hvm 4:. A ----a A) t t-) 4x/ orn.\ rrvra-

^ , |

nlPl -"------;'rA

tnyn^ufen, "t-(*) r "lored un{er lq avtd tsh"no c.lso o lek decJ.

(a),r s q left e xacl.f"nc$.
(b) TP D < c 'thu .r(s): a(() n D aD )$rtje.b .l D

() r s dempolenl "nA 7, r doted unde. '.'rLolnct.

(")!(b). |nol|rc lz*nel ol lhe mo,phtw r(c) n r(c/o) ,n"lued L1 C-c/p " "qaal)o

T(c)A D, tl$ clea,r4tal (t") v erlnvalenl'|. the \e{-J evac}rss "( G)t auidewj



/. loRstoN /hEoRtEs

DEFllv,Tl0N n +-:U-nt! fw 8 s a patr ("JrY) .4 ,lootet "l "bi".+ .f Z t,^rh lhol

( ;J Hom(-DF):O l- ,  a l l  f  67, FcT

(; i )  r f  Honn(c,  c)  -  O 1",  ̂ t t  F e Vr. then c! A
(iii) :'P fhm(a c) -- o t " q Tea, thtn Ce /.

1 ,, ,olluc.l " h,r!!!-4-J ond t* obiech r re katon oblech,

,l-+:l:!:[,""j,bJ.d'. ^tk" Xf) l: loJ. 
--' *hrb T r c^ h'son-fre- ck*ct coruvhnl

frn5 glen clans ( "l- ohtrett" 92-q7fu 
-lo'"'o"1heoa1 nfhe$llotunJ w^u l

F :  f  r lHom(c, r ) :o  1 . ,  c t l

J  =  { ,  I  Hon(771--o f i ,  " r r

clealylhts 7av (arV) r qk,tror,Nh"onj, q""l "J 's+lu tma "t k,ston "lats c-nlathtng G.'1" ".4h lbu, tet (!',f ')be

qoolhe, k,sron +teontr "^ ( ^'k 6< J'.men clea 
l 7'eT dndfunu J9l'. Nole thal n leneral fit lun'lor.ttott

iheonu (lV) rld- (7J V ), 
'J 

+ a "ff. T'c f , so znhuXtncl 71u)or.no n objedt. th'nht th" .h';*^-'fre .y,Jr* ""d 
, ,. -

\te. -ve ri.d. Duqlly, ttk2W, C iilr-+g ^ ku,o'n n*ry (7 l=) '*t, th"t / r l*u tmalleol- k,'pn-fu. .ld"t Lontq4lry

f,. Er<phol'lq

"J : { t l  
Ho ln ( - r )c \ :e  f . ,a t t  ceE}

T: Ir l Hom(z r) - o g-^tt tel J

PR)PoflTtoN 2.1 the.f.llo*tn3 y-yerJta "f a cloos J f "bieds d" "ltaNahnl,

(o\ 7 ,s o, ]orrron c1ap5 $':omalo.ton theo"rj

(b) t ,t "J"td under Tn"henf QJedl copw4wis ancl ex+enstons

?R00f rt cbrE ," nrc!4bu 
(t61pL11 

anQsr grlensrons",f /o, cvzrg eracl seqwnrz o -----tct,,--+ c -----t c" -----> O
,u,4h ct "nJ c t 'n  61 a la ce6.

Suppo:e (97) s o )nrtton.lheory. a r obvtoudg )orcd undev clu.chen! oblecls, oul icrlorc/ unde,,op*clucL
bscctnx l-!s2{@7,, r )= TTHin[f,,p). t"l O --,--.-J c'----s 6-rc',-JO be "xa.l uJtth ctqnd .r n A.
t P F s l o q o n - . | + e z . n d t h " r e t , o ) . , p i , ' " - o , c - - - - l ' l h e n 4 t s z e w o n c ' , s u . 1  f u c k , r  t h n r y h  c " . l f u l
abo l)crn ( 6u, F): O, to 4 =o. Henu Ce J.

tonveoely, ^nsume lho\l J s clorcd under qa,oheni ol1"ch, ,.prdur* ancl exlpntnns. L"l tJ: f ) L" *h" Joopn
lheo'y  yneva,hc l  4J l  Nn won* k  'ho" , t ,h" , f  a i  ? ; ,  to t ryywu Hom(crr )=6 h,aI  FeT. t ,nq iEa
p,-kTsion )aoq )here rra largezl Lut"Qlecl T"/ C behry,nj .la' 7. T" 'ho,; 4^t C=1 , n ufAuzh'how+haf
c/74 / (m", "nu J r "lored under rus, Ce J). s"7pwe "n laove 4: f"-----+ c/r /i, 

'r"e 
J Tht image dl-<r,'lt"

belptus 1o J andIaJo ttuenwt uoatdqe* a tub"b1'ecl "l c *h',tt tlucl\ tot)ant T ana belo*pi J rtn.. J
v clal2tr urJa, ," xlenpns 

'fhts utuld a",!,il'tt fl" ma,itn"ltlS "f T dn"t tJ,'- mtat hqve u-_  9,-o^.1 c/ fe T E

By Juah{y "ne ol.ro haa

PRoPos)TtoN z.z tbe {,>llowr5 papedet ol^rlws 
'F 

ol oLi"c* ar'- n1urvobnl.

_  e . l
'  " ' . t

(a) 7 r q korcn-{tee da'ts &n rcme huspr,lheoy

(b) V s cloed under ru bob,1ecJ.y, paducb and exknsrcns.



tF(J.Tl 6 a +ot san lheot| , lhen A,s n wrhcnlor o ptdp,,rton ,!uts1 rc eveul objed C ,antatnt a tarqot) nbotrpl

5k) Llonqt ltnqhJ1 , oll"rl lhe hrston sgbeblg) "1 6 fraoQie<t-C,'lo,t,ir-|fi-' '4 LG)=ot bJ,ouo" ce"7 'g.

Hon(ac)":"g"f*.tt fe J. 
-the pletnp,ko+ f*^dtrc.l t s ac*ually a tadttal, a.\ $ earty seen .fwm lhL hr'l- +hot

-.J r ,losetl under exlerylons'

t(c) -) C --r

\ 1
\ t' (t'uxc) -,

'/aG)

I
I

E( . /LQ)

X t - f  c l t ( c ) - -  c ] . ,  F  :1 . tE (c \ :  o j

Lq kno,tihaf Ho,n(li r) --o 
,L, TeJy, Fetst 4 ?at 1.3. Tl CeE ana tlon(c, r ) : o .ft, all Fe/6,ihzn

t,^ ?^lh.t^lou tn@.t s rcdrel, Hoa(c1 c/s61)= Ol su t(.J--C ancl <eat. hNevr?hj tl rlnn(Ac)-- O far o.rt -71Js,
rher' svtsl t' s dempolenl, H"^(t(e)rc) :6, '" L31 =o atre ceTt l-fu (J;n) E o]"'s bn +heo'"l

?R0?0J ITION 2.3 
'lhete 

E a biiez+rrc Looupon&rct behaaen 1>won iheonea and sorytot1chttn .L'uet "t- d em poknl
fc drcav. 

'

PROOFP',zF 2.1 shou lhal any lo,.tton 1lteoy can be vecovercd $nm 4*u dat o[ )vvlron.btre$, (snte J=X' e T =T')

and bJ ?,op l. I are an clo ru . q

PRW}JtTtoN 2.5 Lef 6 k ctclaat "l "blecE "loted und* qu'>he* c,loj cch. The+otrcA olas geneakd bg E ,t nul,

,tl all obj<L C s!'ch itMf each non -"eLo 
fct 

henl ofu4t * C hor a '4on-zel.o s*bobjecl n 6.

hexu an b,1 def{ t@\ < f0,r)(c) a l sna t'(c) r Jlw tolenl 'ubo6led n A, k' a)(c) < 9(c), ', t(c) -(L't)(c)
(wzhqv<.h vaz-Jh+.lacl lnqt J 6 cluedqnder e'xletu ront lo rhoov G:()LcJe'J).6nueoely, 'f t,r an AenyoEnl ra|rto,l
* 6 rhen aru "blatnt a lorson jlepU (at,/) *ih

f E g Y ' L e + ( Z f ) f " + t t k t f i o n r t a a q e n e , a k d b q E . s n t z E , r c l w e c l u n d e , T , , * , h e n b , a n o b l ' e c t b e t o n X s l - F
H. ,t hoa v,o noh-zetp subobieik n G. mi,*{.n lhe aor..hon B l4tqt an objec+ c bel"nqr l- J ,E c
hd. no no.-zete 7*hrrt "b12"$^ F) and'lhts Lt an obvtoLtt f*F'| + o lortut +9n0, tZ f) a

3. Dtvts\b)e objeck Lal K be an obicct of !. 
-rhe horston jhe",V ( g,%) 

ts "^t Aby K .ag
lze dencnbed bX '"'erns ol P'ep 2.5 aa

f r : { r ) H o n ( r c , c ) : o }

-the obi.ab n p a* c'tlled tjj!!l!!., onrl lhoro ,n fl ,,*
K-dljtde'ofuccf 4(). dn noy qk" cle+ru a prcra,l,tal 

1 
by

JG) - 2 tma 4 rdnlng ov.* Hu rt (t<,c)

clea{X 
1 

v 'dempoknl.

o{ par}rrrlan yll"etl s ltre ca* u,heve t(: E(il 'n Ilod-A-Euen1 nieciure module 6 f{A)-duuibh,

ancl rn {acl +tu E/&)-dvtribh medul<,t ton.rh)tte *lulotan c/as"qe"r"roft4 u1 4a niec*te wodulea.

tl (J,7;) clenokt fht k,'oa *lnoy,.teqr\ 7= 9 ly l luyv.vrch ammenf", *4o iho* J--P *^.

,,taal onlq .thow F C,n. Bul lh': shtvtatsna E 1.4 ) r3 r9"c+t! 'e

9 : 
{ .l flom(Kl c') + o {.'evevg no4-zeu) Tu.oAenf c'"L c}

K-reduad- Eah "biecl C edqns o,largeal

EXAMPLES



3. lleq nn*f lonsiol TnroBrrs

Al lhr tkqew"e havc h yt pote on3 ,andthon' "hvh ave nol ul- ,,, sell-duql nolure " <.c )haf 6 s ," 6-lhen"\ech
r "lqol *'$ enou3h tnlechuwt. f6,,llu tahe d sm/oly ,,,e henu.TS,lh c^nt"tme ! Lo 

'b" 
a"moclule co,t3o"1 rlod-A -fr

^, ' iq-A. * +o,srcit lpin.t : '  called hercdtbnl ' l  J r-hn|dtlay.l, ' .p. J s <lorc4 unde, tubmoduls; /nn pnp l./

,.^, tf,atl thal lhr o,cri* #. thz aalouabd "adttql t u l,l/1xorl. tovnbvnl [a l-& ond frolz 2.3 ut<:qe]

f R)P)J lTl ON 3 l fusrc s a b/sch"e *,reopordence Mneen he,ed'kr1 lo.rpv |heone,a and lefl exaal a14sq15.

?RAPA'T7IDM E 2 A -lorsnn fheonl (1, T) " herccllav,l ,lrnd on[t/ [ 7 p clote,l crncler tybo-]we envelop(a.

lM f t Ls t..ft exa,J and Fe,E rheh t(E(n)nF - HF): O, uhth npltu |hat E(r)6Tanu F r ".cwnqof
h Ef F) Svpore ,.onvenell +hal T t clatel uncle" niechue enu"lopeo. 

-tl 
Te'J onJ C < 

-f -/hen *here E a

,l loqphttm 
i ' '  f ------ t =(t/qc)) rutch thctl

C _,__--__a T

" l  F
i  i L

J J
c,/t(r) n F(c/tG))

c^>mnuJa. Bul E(c/ tG)) ,s k"'-n-$"e., so 
f 

=O.jh|mpha4 = o and hene C--t(c)e:1 O

PrloPo) {ftDN J.3 LzlY be atlans ol "bi<"ts .lorccl unAer tub.bledt and y^the,* e\'e."ls .7"lo,s1on lheo\

lereroled b5 E r h.ved'\a3.

?!9f We how'lhal )ke dws ef krttor-fi.n objec*s ,r rloted under nieclwe envelopu. SuppoLe Fs)orsronfuz on.)
' the,e " r rsh q non-ze@ q.C+E(f )  * '1h Ce!. ' lhen fn"<eE anr)  FOTma $ anonzem subobiect
'+ F beloryhJ la E, a ,onhadtc4,on. g

PRotoJ rlDN 3.6 A he,ed'knl k aon 'lheo,y 
fo, Ed-A ,' yen"akdby the./aml! oIthae,gcltc vnocl u

A./V *hlnci qw krsron iodule,t.

P-!!9F 4 '',r.1'',{1. H rs Jor,rron ,5. euery <"1,1t< t^bwodule,, Jo,.r,o,1 . ckaLL4 4 J d."tJ- lhc k,s,on dwrs 1"n"-b'l
6y +lt <g"ircl"rrr"n ^"dula, ll i 1' ="J uherc J ', kvorgn) l6,n,on dans nql rl 1"1!i ulootoo, 

-rhen

i, ltro tin 4 "ll 'k .yclr. +D,4r on ubmodule42 Ne J'., c,,t n'=cluiv<d. n
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L -) E/ callt l- a/-+hen a( 4knd.t ,1n 

q morP h)rt4 11 -J E/ dhch t( t t'n Pbtr t6l<.

Heh@ L eJt anA 1l'tt lowron ll'e"ty taSannvaled bj E s heue4htuy

Convevuly, **am"lhol Q,f ) u a he,e,)tlaat lotron )lrcon4 Pn E : Ilf 1t1"1 wih lhn pwclucl ]a;en orn-
all rrqhf rcl.als fr- s'a"h +la6l 4/0.eF.lhen E s a 4o,tron -4r"2 rnod$lz, ro l ' |om( n, 6:) = o {-t dll MeJ Dnlhe

olhn,'handl ,f nl '7, henlh"o* e<rtt a ogclc .:ubmoclule C -t- 4 "'t+h a\ non-zetD mo"Phtsm d,c---lF{o-
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fne tff rl s a Mlv.Emodrtle "l i dticl prr,dutl { ^p'J' -1 e.
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grcimron clat,*(turvwlel T he)'\e Anmtl'1 4,gHAe"\' ^{2, ^hrch A/x aG.lhts.lnmrl'4 T soh"[- f i
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.A/a, x + [a a) ,-) ar .t A, .h,ch ,i deo,\ ̂" ̂ , 
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ior,slon clazs-

)n lhp olttet hand, ,f 1s a hercdthq |onnn .laps , then.lhe cr,nrlz,ponAtnq 4apotoq,1 V:f al 4/veJ j t"+vh.1+
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"( .faclwns t1[S-,] A flp .'there $ a @wvponAMS eahn l't"pr,to61

T p -  I d ' l  F t v ( r ) }

-'hu pllo,s burrr,w. fi. anghl p|"o1 n, A/v r s -)orston tf,. l+aeAf q i s -1orspn, uLhwl-, s rp. nns+ f \
u'ht4-, rt rff. a- j- p. the 

fi 
- hr"ron moduJeo I't dtv .ha"zrc+nwted uy +he Troa..''li1 +t"+ flF : o

fiore gevrer,all3, l"f ? bn a subrcl rl SyuA. r" ? * -rcrrol" a CrabrclkpcloX,l

7"  - -  {* lvb)n ?:  f }
:  NT,

F E F  
'

the a netpondnj lorsron dans oorcs* of all molulet rl "4h )-\tr: 9 4, atl pe f

(onveoolg, h"erh Qabnul |opolql F "" A "n aosocrale

De):  {pe spaa I  n4T}e sv,A

tu-  f * r t  -  [n l  v@)nD@ - lJ : {w lv (n)eT} .h t * ,  D( "F?)2}  f " , "ny  lesye ,A.
(Frof clqpn ,nplrco Tr(v) ? F sm,z rl qiT., n*rly v(n) =z].

P,loporflDN 6.13 the {.llowtnl ywVrhu '/ a aobnel )op"loj1 T on o- *m-ulohue nnj h ar. ngu.alenl

0) J- " Fz S. somn 7 -- sp..A

L" )  j _ :  f p (F )

(") fo, eu"y ajhl deal ry u,rh nt'l. +herc r yev(a.) '.!. p 4T

PRo|f b):>(b). sappor" F=7",7f neTr,o, then v(*)eF-T?. sappot< lev(*)/17. Iv"n

L"T/ , *  l f  /  aan*a f i , {w , , .  Henw- ' i i r )o7- f  a " ,J  a"e t ' ,
(b) -) (') Svypor T -To(rl. l! w47: /hr r-& /p7p1 and be,"e l/[d)] T, :. tture "FeV(^)
,ath h 4V

G)aft\ hJn,.lowT-77-tu?--dd. tr l  q-eFoet !h^ v(r)eT fu(").,thsms,ha a.eT.

Lavnft 6'l+ tal T L" o f.qbnel l,,poloy on A.'Ihen..

(i) If a 6 on tAoql whri't 't m6;^tvno.l -...1. L +T., )hen a- r pntme

(t;) Tl T h@ obc.as r.ennthnS ol $n'l"lg golevaled rcleqls qn.l a{ F, )4'en fl1a1p

e x r : L , z e r / I a )  t l  P 4 T ,

PnooF ft Supote arbeA\cL.lhen R + Aa and n+ Ab mual k memben "l G-, nn"l  ̂ t^ (a-a- ftd)(a+ Ab)eT- 
bq Lzmmo' 5.3. B"t (a-+ Aa)(h+ Ab) -' z+ AaV, anct +hete'loe abf a '

(t i) stno a,f \, anecdn we Zornk Lenma k Snd a" rcleql bza- -hrh $ md,Arhal w.r.l. h('E

tThs {-l l"u {y,,n ltu {.q bc-n tu'cthplonl) tna $ fu; t ^<harn and Ub; e7 tben tlun u [.1. 76V
2 ! U l i . l l e l t t  z< 'n '  s "n ' j  thw 

\ 'eT ,  o  -n t 'a , { r ' ' } ,unJ-  b , ,op , , r r lo  '  iaq t  ty  t , ; .



FXERCISES CLE Sdvrs[orvr

idr.l t-"+ (tf) Uoksp,lhyy t,rh al,radyhnow ( rq" z r,z.z) lhaf 0\,b\,E) h"ld (tl h"lAstua.lwl'1

Dean.F and anutoelg rl CeJnY then Enclc - O) ro (-o) For (41, 1"y C be on"bjncl, anAt--fhe

tdenpolenf radttal. al/q?ondtqg i" (a'f ).aen eG)eJ, s!,1u t $ tadrtal t.(c/4q) -sr"- c/ a{e e'F and

1lnei u /he exQ* ftquena

o _> tG) ___= c _) c/ecc) ____) o

?ry3k're; 
Jlandootot ol .$<&"/E *h,h:ah:S [,J -4).nq*"clvd.]heaxoms

0 L"+Te-J anA Fe! qnd lela'T-lF.7hen Tu< ,'aqw*.n[d'1, hene bX P) b"longs$J/

ancl* ra lso a rabobjed o!T anl  hent t  be lohS'  +"T BX ( t ) ,  Tt1<=O r"  4 'o . I+ l tL l lom(t r7)=6 '

(ii)t (ii'l fi X ! 8 anl Hon |X, F) =o V FeT (,e.07. Hom(-D x) = o oll TeJ) f nd 7ei o,rJ Fe-F

de'mtnX an exdcl telwn&

O --1 1---4 X ---a F ----- O

b,t (q).men X-----F-o (rvry T=-X-o).o f-'-r X veyi ('ary' 4--1f tsmonc\ sobJ @)rP)

i+-hllows +n"l \e"J (,vp XeF)

JErA Ld 3 toe o Joos J "t71n + n .6. LuI T@) b" "Iao t -t rt1eds T wrlh lh. ynprrJy lholeath non'zen Tunhenl- 
+ 7- hqz a nonz:ew iabobJed rn P. lrzh

(il T(9) s a loapn zlaos

Pi!!f Bl Pnp2.l,l'r{truahshow'hal TP) r ,/w"d ,nde, t'nl'enl ,.pnduch atd e xlel:rrols

h+ Xe TP) "ha lel X- '>V be a qu'bhcn! o/ X. zf Y hat a n,oh2eQ 
Tu'>nenF 

| -->z

dVun rl taboa oonz,u |wha,l 
of X" tzna hat a nonzeto lqbobJad n ;f

s.rppon X;eT(o) fi, ieT ancl lherc u a nonao 1u.olren/ @tx; 
j'' 

Y'oun tone

57; jo z.t;' Xi""'4 @Xi. frvtn ttu Ei-mono'fuckntalan

@X;----------'2 Y

T I
t t
1  r ,
Xi >t Y

'fuen y/+o1h.t (.lrti+o hent4 Yt hoa anonzew subobi"* tn pt u'*t rh r 'lha4 '\ tub6lcJ&l "fy

tl fi*llu \XteT(?) and o--)x--)c-)x/.-+o > exacl, {o,^ llu- pullbad' "l anul

nonzei y.oheni c----))-/ alonJ X--4c "

o-, 
1)-, 

C ---'aX'---) o

,,-t
,f Yl= O lhen c..._t,l fuch^ lhmugh q----t>x'. AanaY ranonzew qunh.nl + X/, arcJlhut hM
anonzarc rub obiecl u F. Tf yt15'ncnlhat sucha LrtbofiacJ, uhrch 'i)l"en anb&jed *Y



6;) Suppue lhal 7 ,, okarcn .lans ardatntnj E ancl let X!T(A). s"fF,'P /hol X41 rc 717q1- A'e harc on exacl

selwta

o --. tU) ----1 X ------. x/ 21a1 -' 6

',ken. x/t1x1 lo s,nn XeT(g)) x/t6) hat ot nonzen srb,b# n F e.l/. lul'Jhu u n*arkl' lfu/qd |hof ;rm t r

a vadtal, y(\11y1)= o.Heae Xel qp,equ'rcd



CHRTTFK -[ . KIN6] AND I1ODULE3 Of QUOT/FN7S

l.(oNslAucTreN oF 1ODULqs oF Qoo-TtENTs ( A)l Gobn"l )'pdyr"t ,w 'lhts p clwn re nwo^/1)

Le4 T b. q Gabnel kpoloq.l oL nqhl deals o6lhennqA. Fo" eqck nqhlrnoclule 11 we *,l l  4e-!ne ,lr nrcclul-
of Twhenk o'lh verperf .r- f ,tn,t,tLa" n 44,o "f"ps. rh; f,Dt slep ,^,e'la"he. 's h Jthue-

Mes:  t \H ,yuo(Lpt )  LeT

(,n a-pa",w,4o )4n nonqddltn caa, Y. qT---, Ab 's o p,:lzheaf, fiv astew v-ef fle66(n,11) r ltw <-lecllrr.
"l ^ohtr'tnl ia$tl@.the above del,r,oz H+) ,"w,e 4fu drc.f lmrl s Jahen over ]he downwards duecd funrlq T .[

" '1hl dealsl E"ey elemenf n tlG) ,, tha' reptwenlecl b"1 a horwmorphstn J a"--"t t-1 rt, ,otro a-ef., w,rh lhe

,ai A".fund'^q +i'ol ' t Z. b -----: m, 1=T 'P. t onA i .u,n,de 04 toqe EeT u,n cae6fo. ulc waql 1o

grc fty4 +1ni slv,clun ol a nng o^d,'nfrl l ttc1l "f a t 'Xhf ft171-uno.l,; le. F"( +hB we (Ped'

LEP| HA l. l. I l  arheF anJ a , q-a A ,r a hortumo,phsm, lno" '<-'[b) eF

?RooF Fot ! .J1 ae L t , re haue (a- ' (u),  a\ :  {blalab)eb}:{b 'a(c))  eT fu 13, ,o . r- ' (h)eV bt T4 a

U)e dehne apavtnl t11.,1 u fi6,- I '1et *> {o!lo*s, sr4ppos":r6f-116;,aeA.a;) au< epvtoenled b3

3 , b ----t n ay,f,'a ' X ------e A 1 le )4ten deloe za! 111ry1 -Jo be. vt p;entee b'.1 ,bQ atnpoted, tnap

d, 
- 

h -> ls ----- rl

v.orn3 Lunroa Il.A,u t ' t,rcll- /,ehned,, ttne,f J', h'-) 11 dnd 4t;4t-'--t,\ arc elemenk 4 I1t.rJ,,4Gt ,-p. ., t

J ' . ; l  b j  r eT )  ce  l z4 . t t ' s . l . . t l " -  j l r )  a ,d .< :4 , ( ' I  d .eF ,  d .=^ r tq '  s . l .  a !4 - -  < , l t \ , + t , en
tLA d' 'e A 4' ' 'g cT anJ lne.4Lagca,,'

, ------'H \
U  \ b ,

t 1
n-16 al,,b,

\ /
d 6 a-'g ga:'6.

anmola . ,  so t tu  tame e lemcn l& 11 to1  ts  p tduu) .  Now la l  i : l j - ; f leY61 ond Y,  b ' - - :11  eH61,6 .q- - -  f te f i l t - i .

l .t+ " "lehryd.l. be +he hornvnoryhrcm lXolx'-)n1 x r-a 3()t.fG). ?hen (3*^{,) .d. t )he compor}e

.t,-'(b^h') ---t fon6,)!:-1 s1

wh<rzan lq+la ,s lha onpon[e <''(h)O d,"'(b,) ----------t t-t. s,na a-'(boh'): 4-'fu) n 4-(h'I and

(y t t) a (t) - J Gtq + ̂ l( a(')\
- (l4t'S + (*a)(")

we have ( l t ! )a=r4+-Y4.5 i /^  or ' lu ,  J( . t+pl - -F4+rF b '  lhecate l1e) :Aet  fh 's  d"{ 'wz mul f iP l 'coh 'on

lone onlyhsed che.lz'a,os oclahnt\ on{ i,ul i.A--,+'" AJn*l'1). tle"" ft{r1 o ^ rrn3. Tnhu yan"va\ cwe, Y11v1 's

hw> dn A 1o1- noclale. (one n<ed a^lJ eaIL JGf)= (gp)



thpn u a <anonrcal homomotPhtst'rt

Yu. rl= Honra{R,rr) -) _g Homj(xrn\: Ylsrl

In parhculat, YA ,s d an! homwnovl4h6n. Rg pallbaclz alonl la ax mag uonsrcler eah N py1 * o.n fi-module,

\- s fhen A - ltaea(.'rhe-arr'tqnhenf 11 l'---) l'1G) s a. {unikr nod -4 -----z l1!d -Ael . 4 "nouphttn, y' n ----1 N

J A -rrd^|, 'n |uat ^ v'er;h6m ol chal'ams

4sy,a aft, n)-----n Homa(arN), each qeT., anl khrnq lfud',u<l lmtl- we gel ftrl. Hrn------a Ne). mv v untlvt s.l.

A, J,a,------er|, \eG)- JJ.cleathl 16.-l ail (f"f)crt - Jc.t*rl .1he lun,k. s a,ctdhxe and pruer,rea
kernels srla llom n lell -e<acl and d'ril nvntl's ore <xc,,cl n hb N2 dewl< b\ L, Hp{-A ---) l1a:4 - t +htt

d.rnc-for {o llowcd V'a )Ia {yet{ut4urc}or lp1! - A61 -, !"A-A (rv B. ,tLlow ,r"hr-Jo *u6^ Y121 .-e',,p, rrr."d

lo.hecJBrfu: r obo a iovnun-"f Apa-mdula ) Lel E d"n/,. +1re lorsron ,a,l,ol a.otodqlel -lh+he 6o,bnel kp"t"1g T

LEnHh 1.2 Kerf, : flH)

z e l ( e v f p , f r . f h e r e ' s q . e f w , | h x . t ( : o : " ' . f l . t h o e u ^ e ' F ' ! . a , + * n n ( ' l t u h r h s ' f / A n n ( ) e T , q

Leflnft 1.3 n o on "7 -'1v,stcn moduh 'fl. t1r+t - O.

PRODFLf Ilbt=o,lhent(r1):Kerfa:fl 6j Lemna l.2.Suppate oo l4te ottr?r'hand +halM,s ahrspn wtodule.

Lel xetlr,rt bc rcpnaenled b,1 I 'h--tn *,lh heF Tf ',ve can show +hal KetSe/ *wtt follow *1aaf

4=o For  each beh therc  ex isk  A .g6 /  s . l .7&)a t :o .  nS g  ' l6 ,hbu,b . - fhen c=  l (e r? t  ayd

hr  eorhbeh umhaue (C,  b )=x t rs "  (C.b)eT onc l  f  /o l lows l la l -SeF L j  T+ HehaKerJ  eT.g

ENYA ).+ Il zce IlrH 6 'ppreospfel by t , vr ------> 11 w,l'h 4rV, *hen 4he {ragmm

, L  _ ) A

l l
t  I  l F
J , L
'" -; ''')

ommulco, *herc p(") -- za

If ae\,)hen xa '' ftpv\4enleA b,.t jrwLompot<d wto4ohwa A - (u,,") ------z a--> Yl gwen b1
br- - ;  J fqb)  =! [c)6 '  H+ntz xX:  yrJb)  

n

Aninwpdnh oorje{(.ien(. u4'ltrr ts :

LEFM.A t.5 Gkor!, ,, ctn V -hrs,on m1,dul<.

PRoDF

GLe'f- r t1?H nnoclulo lltd equtvoleno <\uet 4 m.6-.tr? {"'netl. Lel 7 ' n "'---t I-1 be ctvep.

of tovne ,otel. fUen rr [obain,

Ann(y \ - l " J1 "enJ  =  la l  (0 , .a ) - -  6J  :  r -  eT

PR ODF

Hevw Lol+at l- r j -'hvstbn - 71



Ihe leLand, rlgp,n ou, cansfuufi,o4 ol modula "[ qvahen)t ,tJo appl4 fhe oondwdun onu more 4o fre) "nd f1r-t.
'IInl 

6,^n opyry+no 4""5" L 1o -lhe A-no<)uleo 
'A1r1 

an1 (-t r.rl 
"+ 

"6A'n A'vnod''tlu A7 and l'lo

LEt1t1fr I.b L camet )tu tl)onomowhtsfn n/t(r) ---'-- tlht ,rk dn romoyhbn ( n/Un)crt - Hr-

PR)>F frwty lfu lel| e"q,I .f"wkr L Jo l.tw- d\jron

O =+ Yf r,1,t)- -"> l-L(ry1 ------+ col<etfn a o

ancl ae Lerwot l-5t1.3.1\e ,romo,phtsm ,d"nl'$oo a motphn 4 ------a n/\n) ,nlh )fu wmpo',le

W-)t ' /L(n) -  f r5).A

Ne haw)ha "6loned the .ftrrn.rlo,

Pl"p : [*1Hon ̂  (n,,/ttnl\ ney

stno) eonsdqnj *tw dtqlron

lher, J nc)ua

6 rcpre'rnleA by

, Col<crJrt

1
I

x(-)

1,
I----: x/E61

ara! R -------i t-|/t(H\ 's n^pped h a--) r1/e!) -JnnA b1 4tu tsono,4hnn o[ Levnma' 1.4.'rhe

ovine d'*&-n *akz-o 
'h 

--------> n 1.s.; and soyr )hal stn<z cokn,Yn;V -hnrcn" 4<,,z.rr Ee,\ c<b,r')

L-)h----.nF) -----+ Lol'.e, Jn r o The-n 
I -tlra:h----n1-1 n, 

ryV , lttct:tnceduz 
teqvllnu/r Q^a[,

t ---: nf*l {otcku th-yt' I --fhu ,fachtsh'on 
Jr\t<^ +ht rhle-aae drusc+Lpn J f. S" 16e totmula

A

/t:,
o '  |  \

l - | ! ' "
w '  -  . .

ny : L'uHonr(orr/H"l) q-!T

.gtw*'l* A-ndule Hy c"'lh 4ie.):r,ns Hortta(n, f-'tttt) a l1y gtvn bl o -Ylrd - un\\u! E-)nJehp-)
i.). C -----+ n/ttn) " et-ttr)"- q ---- rE. W.,.lehn"' Hf x'Ai -------o- l1r h!

Iel xe Yr L" I' b --z n/b(t't)

qe A.; h a,. a"_-_____+ t+1p1p,1

h/t1A1 -- nTyyy) .rd h/ql") r a rubnodule of n/E@ by thp te4* exq&,ua "f t i z.ae Y.7:-

q-'( b/ttq\\ ------ h/LU\ ]----- n/ntnt

M ne"Ak v.nrltha| 
\ 
t;;;i,"^I"Ly;I"7,[::,tri'-]:,;'1 

" romoryh)(+

(i) fla15 s ppy6hnn 't ' F-ll - dehned

(i;) i/' r aosecu*w, b'Asr,l"b'n!tu", eh

() Sqpltoft 2L B alro ep\.oenl<d L, i ': h'-H/t1n1 ond o A 4'' cr'.-,------ ft/t{4.*hrn 
l< bnh' an.l

Cvt a n w' ore s { l }' 4r*.'" ct ",na 4t d r agrn o'' d' Then $'m ltu deal

q ' ( thni  n d



LEIlllA Tl albef anl 4'n-----A/tfi) u at homamo,'Pht'm2 *nn q-'(h/t(*))eT

P!9]r k, ea,h a eft rN haw (4-' ( k I t(t) ), ") - [b] 4 lab) e h / t(il] - 
[ L I 4 lq b e h / qB)]

= 
{b I  cb e b+v(t)}  where a1q) -  c+t(n) Bul  - lhts "  (  tuEh\,  c)e 7 snq heF. Hente

a- '  (a/P61) ef  o

:,i:r:iJ!*f 
A tI e T, an hu *,* ,.,,wposrho,, on .qual *hen ralwkd )o tnt, deql. tbna tho orerdnn r<

Ne.n[ .,r che"h rhqt -{". }, h -,---. t '/err) ad3'. h'-------+.H/t(F), d., rL-.-.) n/In\, +o+ (f+}'.) "r:}<+}/a.

N"1. j+l', hnb'-'----> n/4d and to

G,it^, o-'(#) --u b&'----..------- nls,n1

J a + \'a . "''(+Jn *' (#\ ------- n /t(n)

ar+ a (a\ ++ (: 13')(a1"1)

a c-- (lal(") r (i'"1(")

. .  .  
t , " :  

. . - ' (+A')  = "- ' (  b/uot)n"- ' (h ' / rn) ,  te l  q2wbe : - t  a(a\ :  bt 'E(hJu hnr l ,  {*" t  ' , ,
' i , ,0; i :h)^ l :  

[ ' t -^ru-  o ' -2b+En\r- ' - ->J(L)+J' (b)  seconJ,naT' tdv ' t  a]"  l$) ] ] (b) , -

rJe'* lol J' h--'---tn/e{n1 and 4' R--eA/t{*)., "(,, q'---ftl t(n). thpn d*dt, nna,-----> A/t(A\, -ru<,

f (,r+a') ' 6ra,1-'(h/ual --------+ a/t(^\ --'----- A/t(a\ "S 
;(ltii;?^\

anA 
7 ' a-'(b/ua\ --'----',hhft\ --- Altth)

3 &' : d;' (v/ tffi)\------ h /4t\ -> a'lqi)

hena , l  a(a):  br. t t r t ) ,  < ' [q):  b '+t(Ai ,  tutz a ' ' (a/ t {n1\ l \ar ' (d/ tm)=@'t a ' \ ' (bnht) ,  {o,  a,  nt<nert
a ol ths 'nlo,seAa" 

[ 3(o,1-')l1b) - Jfu\r]g') = (l"at\*,)(a), ao rcqwred.

v,Je Jqi,n lhal .\fu' oyr.+lpn fl,r xA7 -------t Av nqho, A+ ,4L o ,ng JJn h..w shown ltu opeu-t,.wn u /eft, nqhl
J rr t"rlc r.th,w. b)e rhow ct, odcrh.' '\.1 ftt 'e p.4 "korhows )'nal I kFl--(t").P h' nr). t"t xr9,z- e Ar'ber
rcpuaenled.b l  t .a- t rys1r1,2.  h  - t  A/ t ( * )  ond I , r - - - -s  A/ t1*S. tnnn 10.  o. (b26)_7h1s141 -  A/ t1t1

*d t (lo\ |

J no\. \o| ( "/trcfl -. "/ttn) - e/ey1)
' 

C 
[rye''(t'1nn71 11s\11\aq/4n)l

-- 
{ f t I e (t\u h/461 o,a 1oh\ e ̂ /unl

"ko Jl , 7''(/a4i--tL/t(rt1 
---:h/g6.', and

(rt)rp o^ (Z' t/eyl) - 
"L''f/r(n\ -.- A/ttnJ

r 
4at e(Al

I y c I o (r) e "L-'(./un)161j

N*e.rhat 'L' 'e/t i l t )eb,," "L' ' ( tu/Etfr)) l tG) t  blt f t \  5q! tec and o(t"\--b+b1n1.m"n rogle'L- '("/unt)7n^
Q { . t h e n s t e t ( t + ) s . ! . b - s e 7 - ' ( L / c ( s \ 1 , , . e . a ( b - s ) e i [ e @ . T Y b - s e h , . " s e E ( h ) a n d h n n p " I 6 e t U \ . .
Taw | [$E t/g61. tlerto-1'lu-tu" ,4iol5 a rclt< tavte . Tl 7e c +tu h.'* m'aPr 

I # A* qA ,^^e )hen )" | 7t) e a/t1tl 
.,''nct llaen4z 7 ( t@l\ - * '+ v 3(Z (eh,))). I r 4/'e reand nnaP



LErltlA If aef lhen n+th)eF fDuht *r tlil z EJ

7R00F 'lh6 
$+h< pevpur'\ lernm a"rk a,4-'-: h/tbl cctnlnrco,l. fi

11

j
N

.!^ .,.,t'1/4rt)
/ ' \ - 3 1

i-'.- L .-
\ l
L' "'tJ/ttr't)

'7h. canon(Al morphum fl -tA/14a1 u llu denl,l,.,t. Henu Ar- E o,rnq.Jhe aborc aLo6how, lhaL

f,ly s an A,r -nodule. For eo,ch homomo'lohtsm /,un-+ N ,o ]p=d -n 
"on" 

1o1" lhe ndutzd noqohtn

f It ,s "*y f" r.e fl1of
-f.x 's ,,i"-'ovphtsm "l

Av - rnod,"l-1

*hah ure derrok bl !, , lir - N7 'rhere arc cqnolt trc4l homophtsnt ln, Iul - t'4 7 o[ A -moduleo ,
whQre 'y'n 

(^) u i"hned'!o be f ------+ n1s14 Aelne d b1 b r-----+ rh+ t(dJ ,

T"?\(b\ -- zb + r[n\

hs s oblaned {am lhe rcmoyhtst'n, and moLph\unt,o{

[,1 4 HonA (A/h) --> 
@ Hon*(v,ln) - f1g4 = Honn(At tl et) --___-__t

@ l lona [4, rr-r)

 l
, t T

l l

ly Hom,,U,n/ttnl)

lhe b,fuLl{, y "p* lJg, hrrnn (qtt'tnt ).1hen noh,z -fhcf b r-t Jy (rt) Ghoal h* b imqg2 ,, +1a2 imay ol fn.,
hsn@ fi ----)-.a t1(H ----+ toke, f- = O, and ,".r.1o"k, )hnuqh H/y17a) ,.o h r_,-> xb+ ltY).Hen,et $nqlly,
:t s lahnlp A ----->n1p61 dehed by by---:  zb+ t(tu\,"5 y"k)G) - xb+ ltr-r),, ca daivnel. Yn s,l"oly
a..\ o,,ph1svn oF 

J,o"pst a^a ,f xenlqeftrthen ala (.x), A ------; n/ 9171 ,ancl ,[ 4. A ---a fr.lenoieo bF.) ab., *'hen
^fn(.).q s the wmpol'1. rt ----s A -----s n/t(n\, br-.- ab r->1/n(zc) (ab1 : 1, gct)+ g1n):(x.q)b+t(n)
= *r, [ar)(b) - Hene /rt ralp a no4oht,trn "/ A-wodulu.

T^ pa,lhculag 9t ' A ----"- Aq ,5 o motyhum of 
1*"pt, 

ancl tf arb e A 4,en

ta("b),A----+Al1nir  c p_+ (ul , )c+ f /AJ

a"d l*1o1 . X' -4 k/AU,yo 1t1 , A....-..- A/4t), ahen 4/'F 1<1yu [b) u

A -----------+ t1rto, --------. A/t{D , r-+1,00)() = bc+ t(A) P'f'(")(u)
_ a(u,\rflA\
= g$\c+ftA I

onA ,o 
^l* r q. o,phsm "l nngs ( a*,11 7" (t6 : L+ P(D p 4e den]fu)

Plene,^rchave q fr.arck, q.t1od-A -- -----> r:-4-Ar d.+'ntd bl 7tn):/1r and 7ft): {7 7} " <[ea" ]hqf

l(rl--), ona +[',at 
7(ftJ LyUltlil, ," 7 ,, ,ndn",J o f'tn<ht r't'i +i^t 6' 4t Honn1i,rt), a^d x ta""aH/1ft)efln'

foft), a-----''tp/t1r1 f,r 0)b) -- i(*t"l\ I' 
t1/v(n\ ---'N/e6r)

Nok qlsolhcl- {1= rs a mouloh,rm .l flu A-n"dulc slra.h'e't, totz

fr64$\- i( t""tt'.t\: 7(.7..u11
:  ( { r k ) - ^ ) (b )

A--+ 11

b- f,r(r.L) rnol u
:-- d r-> x(bd.)



Fo, ea<It f e Hovna @, ttt) 
lhere c a wmtnulqltue dognn

Ta,ry (f,x)aot : l,(y^ut)t)
y"l l" = f[!:fli?),

J  J  = f Q b ) + L ( ^ t )
Y+ ---;-----+ Nr = 4Hb + L(N)

i7 -- 
ltGpDtu)

=  ( f ^ ' f  ) ( ) (L )

ufu,.h means lhal Y' 1------> Y* | x naluml, wherc f* , |p!-Ar ----; t1"d'A " S"g.l/.1

Lf flft A Fo, an A-module f1t Ket!. = l(tt)

?Ro9.f Sugwn Yn [') =O -Jhn 
rtr alt g6/, xbe t(t1). rn y,hcular lo--1 yvt xet(tt). (p,v.only,,f

z e L(Hl tltevt Ann [x) e T. Srne l-' baa

( Annli 'L'\ - 
1ae Alb"ehnnb)\

- -  
J  a e  h l  ' c b q : o 7  =  A n n Q L )

{or each b6A, Ann (xfi1sq antl l4ena zbeL(H) -thw 
!-G)--O . n

LtnnA).4 
-Ilreflr 

r repmenlecl b1 l, s------> M/t(H) .'+t" qeF lh"ntfu Aog.am

ft ----------+ A

l t
] l  l P
J J
lY ------2 M.s

th\ Yn

rowwu\a, wl'"re f G\ : xq anJ /n ' 4 t nt ,duo'o 7n b"1 the pertou'o lenma

Le* aen, arwt ,uypote | ft) - u+ f(v). 'Ihen 
9r(i,oil\' A'---'+ H/ |fi|, b r----+ rn['l'1-161 - Jb)b'

rtbo., xo s$e antpotl. (q-,d)--m-----t M/g1p),1"r---71au)- j(o)to. Tlseap |lahw ore e1ual g

LFggggggggggggggg fltiA 1|.5 k kerYn r ar 
'F ' *,rltoh nod,A" (ao an A-vr'od"l")

PR00F oLvroua, E<qr*u CoherTn - flo/tryr, 
and ,f x111, y rcpraenleA b1 f , a -'tr/fld1 lhen

- 
S' aeA, la . (q. o\ twJttu), b *-- Jb)b . Yn(,)l a.q 

.h"'' '7.(q) = zr Hn). Pt.]16. t a"t'e.1fh)

I  a-o -  s .  Ann (? l=A eF an. l  /o le '  Yn tV-h ' tor t . ta

LEHHA n o f-k'r,on d. tlr : O

Pl99f R"..tt lhal oo on A-modqle, I1'e ts ,tomo,,phrc | lfl/Urirrt,,o rhz -o ntr'1 f/tld)et = o, ,o .lf
f,/ gnt u T- hlpn. 8,/t 

't 
6 o ratlrcal, rc t(H/iftt) = o:.';t?nu rl = 4H) ,.ll . (n/ tlnl) " T- +b,JtDn .

ller' i4 or-k"'0" ql n- - o a



Ne wshl qwe ̂  chard.clcnsqlbn o/ lhorc A-tnodrlu *htth naq be anstdcnd ao ndtlu 4 Tunhtnlt
wtth {vrpelcl .lo 7 (stmilav-1"}h. chandenra+bn ol nodub "y'.f'at'hnnt n fop A 31) Fo'+htt FuPata
n+ndLtcz 

71 il,te .,[

DEFIN)NONA" A -vuodul" M t 
'F-dorccl 

1,-rp T-1)echs) d ilc ,anuncal homotno,phrms

n - Hont(A/n) -------> l-lonafurn)

are rotno"phtsmr (my. ep;nouphumr) fi. 4ll a,eT.

i l ,9 o
rr krula\l -{ T -clo\qJ/

, , r t  Honx(hH)-- - - ->Homt(qtn)  ,s  a monomovphvm 4.  Vo+/en)  qt^  r - - - - - )  xa s  not 'nnzew

i',1,rtn,t-', 
'*ilrv, 

" ,ft ct 4 Anr6"1 V.reM\0, a notlul< H r T-Jated / r.u F ku,n-4,<n and T-Mfch@'

tn llt,s u,ne , Tn , ft- - nr " o7 ,toiitpi,i- ol A-moAule,t ' ^n r.nol* lhol Y- t lluutwpotrln^ "l +h"

aanontCal  yaotph$ms

P1------'--> H trt -------'-> \3Howa/arH1v1i - fl..

4 11 t F-clotedr rhen, f1-j t11o., ts a", tsomot4ohrsm ('l- 's yje.lwe lna F-ldflon-{{q 1 HI.t): kerM ---+net = o
Ct no\ s obvouah4 su"lechW)"

!: t* do,l menqalfi], 'f Tx&)'- o., 'tha 
Vae$ P,&)h) : za + t(r't) = b. zn parttulor a- | f,tvt,)

xee(d).8u+bqooumplunJt6r. t l -orr .a=o.7'  see*u u an ep)mophrm, ht  a--  i - - ----> H/g1al ie
'a.l1V..Stnra b"y c,.st r"phon b(rl)=6, ",...on hnd A------s n e*indn1 4,, ao relwre( Co"vo".\yroi"J ^'a"lz

"f qr^,ohentr r1-r 's T-.lw"J ( auct s tl1sft$,p h own qodqk "l 1,n.lienk\

l1r r an F-"lor.d A- mr4al" fo, e'ej A-nudu| M.PR0p0 s t f loN L  t

!39F fo show 11 r lo'lu-fiee, i cuffiu.'i h rhon|hal ,f f1 s )z*ton-fvee, thtn to 6 akc 111r.;. Suppor< .t(e n&)

",nd rb:64" bef .Lsl I be reprt4tnled 4 t . ^-t 
'-1. Ej Lemnct t. l*here r a r.anm,.rHtrc dtaTrum

f(a) 
-1o

q_ --.-) A

t l,J  
JP

n -a7Hta

so lnJ s z"* wh"n,"tlnc\ed lv wnhe 
^F. 

Aul fn ts a vwnunno@tnn t tw, b1 aa'nfat, M rhwron-.f.e,
and hwe SI a^b = a Hene x - o

Ne<|, ux slnut lhol t1* ', T-rrin.hr". Suppore 6,e are qtvch l. L- 11+ wlh qeF- Apn stnu-

loLzo'rYn r a lortto,moclule Ly Lemma 1.5) &E tr*q@ 
3,ll----nnlt(n) , beT, naLv1 l4.< dngaro

bnnub. Stn&bj Lemma l.Q )fu ch<|'am

h -'-""-: A

31 l, 
hglr: ia

n/tt")Vnr

awvntl<t,, we see lhal h wzlnch 4. 
1wt { wry w /.1!o-n1 Lemma'.

b_-) ra
l l

5 \  l +
J .,1-

O ---+ n/y61 - tlr ------------ 6kqYn -----: (>



LE|JIAJJ Let heq b" rqhl tdeals uV and n a lorr to n -f1ee ttodub. Juypor" J o,4 
3 

ave l4ssomorphtrms

a--> r-1 su.h"lhaf f lb: elb.Thenf =j.

P-[!f Suu{ a,to1 an eluol <,n 11 1h",, rltfftnno /-1 ,, .uu on h. r+ *17"oP pn"elho] ,[ h a.--tt11 
.

h l h - - o , + " ( V , = 6 .  T o  p r o u e  * h s ,  l e l  a e a . i e " - ( b , a ) e T ,  , a n d  h [ a ) ( l i a ) - o '  s m u $ r  t e ( f u ' a \

h1a)t -- h1az.): o) ttwaateb- Henu- A"n(t,1"11 z (h'ai')e7,n hn 1i1a1leV at4.rtna fi 's

tv'stoa-ju*, h (.,)--o. A

5o r,^re h qve s hopn ,

o al Y1 n T -clorcd, +h^ yn . n >fl,r )r r,,'1 uomo1lhBm o1n-vtotlula

o f-o, anq A-mod,tle fl, t19 r d" T-.\olecJ A-m"cluh.
J

AJo[e qlro lfiar th, A-vyod,uh :hnrc),trc an H+ (*hnh,, b,t  ldF lhe A-moAqh,1u"truve on 
(H/etnl\ 

t"t\ ts lhq s^Me

a*\e A-modpi.t sh^.,dule jlw by !*, A-------+ A+, t'n'",i asfrr'lh" Sol melhod grva .for f,t q ------:: n/E(n1 th. tttu\l

( r. . " ) ------) w -----'. nkf-1\ l, r-; j(q) b

andlh< rcand, wh,ch s ! Y"(a), ,'

y"k)-' f/@fti) - 'n/rttl -i'- n/'(nl b '"""' a6+t'o\ --+ i( 'b+ t(tl)

now, c fu6r t9 P,o)  
e Tahf ' (n /  ) ,  o ,a{o,  be(a:a) ,  i (aurh ln) \ - } {c t )= J(c; ,b .  t+n,L lhe ,A-yn &t lq

rlr^^ci.ir- arc. Yhe Jam< ,

!e tnrNtu, 'F- .hndtaalnTporc/eHow*{ t l rn) .1tan; f r , t l r - -+Nr b L lnt?aa n Homqr(r t r ,  WrJ - ,h
'fhe 

pnpe*\ tlat

+

f * |
Y" =l l= 1*

flr --;+ N1

6^yn6l<t (aa a dtagnn o( A-nd'fua "rl A-hrca' m"ryhrw )- ttt" t ohuw tnu ^t o$,n")wn, ft : Tnl Tnn.
l\os, )ef 1, H7 -------r N7 be a movyhvm "l fi7 -moduhs. L+ 

1': !^t' ' 3"ln,H;..; y 
- *hen 

3'eHoma(yrrtt),
1ul'slntJri -- Y,,t J'!y-' 

- ' l^Ta' 

J!.*n-'- 3, 
,l hllo*s +fot g = 

X', 
. Henc"lh" hnc'h'

j ,n2j.-(A,'H + ryed-Ar j@:t1r 1F)={r.

lan ke.lult subcalrg."4 tlod- (A,T) "t nA-A *ns1shry ol ltu T-1q.4 m"4,tlea, J.4:9-Ar/ 's {ull rlsalso

fuftt',{',^|, sme rF [.p-:\p, y*S y^-': t-r-t-'\ '" J --3 (1ne e.ov,ld alknpt h claim:tha,l i ,s "lo dr#rl o" ol4"ctr.
Srncnihts,,rll deye"cl,n W clasw -L ctupJ lim-lz al'laiE J1-,"n,n1 e7u' elaa"+a, eL. J'snor -"r1$ r.i.'eahr"1J. 

"

\gp"n flefu!-fi ond hene rl7 e rlg!-,4r. Ry Pwpr.f fl? E an -F-.[oted 
rt-ruo/,'|le. Hena t1.> e t4- (eT)

ttl. .loittr j f frF) = flr. vJ' lznow ynT 
|; 

n |'t)r -- 
i(#l ;r a^ tsor'tnorafhttm "l A -tnoclu,bt. 14 s

M somotpbtsm oI A7'modvtreo lka nert pago).



Lel 
^Pn+ , I7.r ------a (rl4r ond xpfl.7, aeAl b" rcpveoenl"d hy ?, h---_tH/961 ^nd a. a"__.t Alet*)

"9.rrechvelJ. Th en

."q'. o-'(h/b@)-=-) h/Hn-J-n/uo e 11+

U *-' i( "r(r))

Ynr(u), A -----t nr/eln,J- fl,

c >----i (x<) c

]t

( "-' ( t/qn), .) .-.------- n-' ( h/tn) -- ----+ 11 I n x)

d r--+ cA F--+ ?( d(.dJ)

anol qlro

Yn=61 .A------+t1.r

a t-------) 2CC

i l
(b , .1  ,h=-- ->n1g1n1

cl v------+ cd i____- 
J("a)

T x r f u )  a :  R _ \  A t , , ^ , , G \ _ . .---> /blftl- t-t-y

br_,_+ a{h) r___+ fr'.-Elt"ol)

We thow !,sr ba) = 1/a-e fu).q f il*ua3 tTuy agtee on e-. Fir., |d cea.-Ih.n rl 4k) = !+ l(f), arc1
+uat (.b,5) -- ("-'(u/r{n);.),im" ,l-JJe'h, a(cs)= a (c)1 - X.tr+-t[t) e-b/att). wi m*t sho,,
Ynv (c')(4 - (y"* 7.1 a)H .

(x.a)c. 
(q-, (b/atnt). .)  -  r / t tn\

fr*>l ?pt) : Tn=F\b): ry , (b,il ------.-,1/LtH).

r *  ze(b , i l /  {  bq4p) :  l ( " ( " . ) ) :  } (  y+ f l t t1 ) :  j l r )

I  q l r " \ :  j (g . )

heno we have sho*n'thqI 
nlqn 

n o morftltm o/ fl.r - ryodul-. lleno

PRoPotftDN 'tue ./.undo. j, /19_{ - (e,r) ------t tttl-4- JnJ*"a b,t

ih):n, Jff)-fr
,s 1-flr{^r+t }"1 , an l h u,an ,Jq,hho an " Vw")len.* 

u"'h" ilu /ull rubtak7*y af fl"d ' At

tpn s]1r11 "t- l1r {," fle Hod-.A.



Nelet lHod-(Af) duole the /nl ubcdlaty of xp-d-A .o,1suln7 "{ T4oal ,nod;u,,and 
call * lltt Su, +Qn}:hgtNele+ t1o4-lAil,J d ote uQ t't4 

 

)uo(fieqa1l ot.!_!gl-n ansunn1 ot /- -qoat ynoctutea ) ana.qttrw qw:!!,:g

"t nad-,4 *k 'eop"d 1" T 7^ p,aii un sll uzually .no)1nahe 
ary ) dnclwn bcAtteen'fhr cokq"g "nd -lh"

t 
-lll 

r A* - t""^-t,,L^ "l ./1,1 f^, tn n- ll ,< wn.'huf 1o naho *hal 
't'tlh 

+hu aofl,Enfwr QWt4 ft- lrneat ynaP
"t flad-A wlh Etfecl 1o t. 7+. p,achu un u l t'uuotttl Aot tnake ahll dttinc

<AfeFry 4 4F 'th,c)lb2 "/, tle{*k 
,nF, U,,s t1"p"/"'r$;l!:!t ":YtI I eveg.A-lrnaay a gp

T:f#":i; ;;;Z;,nl*'' "*,:.t;'ttJ )itr<'" thn'")rc'o'nu'tue'''/ '"terwhrytunzk's

6 |he /.7e,tfu| t|rn}b.

', l-f Y-) M 6a A7

,s n =-> YtT

,, hu ncluaon {,mckr

s *he {u,nctr.,. |1 }---+ H"

s aa det'neA eatlter.

dl

yr

r
1

i

a,

j

.L'Js ,atrc+dg Lno* ll,,al 
'l'* --. T*. hte haue ja 1 

X Uhtstlp v"rtknl ol +it pve.ltow page) and i = 'y* 
3 

?

(0" th" "thiv ho"{ iaa LL -"t^L 'r") ur./" i,,"e "(r,e,+1,1+h"t 
7 

u )ell "xac!. tef

O -----+ rV -l-; r,; 
n 

> t1'

be. ev,a<l n l!or!-A T+ rs v,o{hovdtore{tral Tlol=O and,7 pnoewmantcr.Le omr$e4 nenlpnry',, i l to,lt"., b"l

Lr
AJ -------------) Nt+)

I I
<  I  l l r d l

:, _!
tt --_-------a t t(-F\

I
J YI'

*^^^\-. llene ,nwtden 'Jlqt 
fll o^'nq doqn,n, wher )(! NF ir veyaeokclbj J' h-'-)N/t(N).

n/d,l) -=--.. ;r,-)

, i  I
h -  ?  I  J

'u/r1u, --, t,-,,I I
n,/4n,1 __ rt,31

Snrz q(dt)= q,b)=D/ ancl X(l) r vhontc, 'aE naacl onlq rhu.u ihal q$)Q)-9 tmy)ta x eTmg$) tl

? H6: o,'/nen'rtuw $ l!T) re b.tt ) lcqE, 7J("i--O wm{*toz,$'|'lnal L s l"y') exa<tr,,i' 
,

i;::,2:::'i,yiJi|;;:i;i"lf !iJ:!,r.^;:;r#in74",ff 9J::x::,
rhtr t tn l the,t thqt d-----+"/r l* , ) ' '5; ; ; ; " : la ' -J ' t - --b- 'n ' ' t t t ) t  Henu xernxp) 'arAX s

IeP{ crac} .



9e hne q maPPnJ ,4'n 
" Ar +t1z l"r ea,h A-nNlub t1 b1

7(t v) :  %ft)t

On ' n @a Ar. --s 117 On (- a Z) :'Y- 1,) ?-.'rh1t tt a moqahum ol A'r-modulet,

@v( (zan\a): 
f:iirli)(v ,P | t ) ' a

11- ,suppoe 4: H -----)N Eo mofhrm ol- A-m"c)utbt.

11 @4 Ar 
t" 

, ,r1"

'" j

a,a 
1Q)On(teg) 

o 7, ------> 9W) ------a n/t(n) a N/t 
14 o"m" othenhand

(9,GtuJ ox) = Y,  t (a(" \ r
= 4"p"t^l),t
= XU)(- tn6r)

on *q,"twd. Tn,nanu rmponJanf rant tl.h,u "ul fhal O u q,to*-rnl clutvaluu @,Tv--'+ 1 , au'1t then u,qhl
u*o,lr-r.d 

7 Dtluft i^ 1!a lXhl exac*not ol 'Y*. (1h,, *,tt o" rlrtcvqtect n tha2- xz). r, ai1 ,ar, +lerc u hlwaS;
q Loalmetwv* dwn

,- - ' * ,^At
14 -"/- I' \  

l @ "-.-----, 
J
t t t

thr u b;ltneqr M A srn@ 
7kat,z)= 

t/rlt+x')7: T, H,7+./'.t",)2t similaig 
7 

{r,l4') -- y7dtV {","r,)r",4

,yk ^,r): fatua)x:(frU o).X:AH (nal4: y,G) (a.e.)_-7@a 7)

dhrch +hw> ,n4u-
s lh@

T* p dn nolurn) n

J^"
N 61 Az ---________+ Nr

@rv

f1r x6lel- l@tAr,  @n ("oq,J=l"F)L.Tl  1,  
a---- t  A/t{at ,  

7,P,) '  A ="> n/ t [A] '+ 'eh ' /n(")L o

Q|t't
R -------) 

n/flA\ ) ' '/tlnl

l ,  RopoxrtpN l. t t  a 6obffa(iunldi.

PR@!= L"l .f4e1d-ft and N a F:ctot"d Forany 4 ' f7--1N e Hdn*(ryN) +kz "ftgart

ta--J-_-.rl,
' l-  |  1 , 6 )

N l - - ,
.1P.



and he$tL hterc r flr. ------sM s-|. 11 -: I1z ----- N: tl-' N. Tt2 rhDw Antlwnots., nurdev|fu "xacf r.apance

O - -- I1/tttl) -) t-lr ,--------> bLayf. -2 6

*hch ndae,t

o --) iloa(ab",t , N) -----> I4on(rlv N) - - --> no'"(fl/Uxl., t:)

,4",c the f,ol l",rn 6 zero tmte toher!, n ah'aon-moduk. au@ l-toft:(H/t{N ) , U I - Hon ( n, N ), Jhu thwzr'lfiaf

l'to^tnnN)- r'lon (Xrr,t ) r n*,r. arnu /,r l'frn,^n,l of on "t 1i*i^ 
" ----' i + sh,o-',t i a- '." thou *1^'"1 /o"

< , ,r'1--r^f 1t^!- dtalrcm

M=------iM

t t
i"---r.- ft,

a \ ^  l

wmmula Bul fhv u hnoun . 11

7-t ut,lt be ho*n v -fhe lpllestnq "haVb, kaL * q,*"henl ,"4"pq A - (A,T) o veg "ntl- khaved, n {^a} ,l ,' a

C,nfhendreck ,alqoy, ^tfhatgl, the nchtrcn -/ttuck' i o nl ixql n1ewd

E At-ltLEs

z futJ.. fuJwp- L.f s. l" c, ulnu|,,yluoh*ly Jated rubrc| ol .4,.ontrrtoj y' non-zew- dtvuon'. \s,otmn
S ".h'fica 'llw genevalred 0. andrlin s L ' 

"

SL;  g:en se S arrJ  aeA,  + l 'v< s  teS. ,  LeA " .1.  sb:  a, t

1\ae nnq o{ fiztclww hLs-'1 lh"n ex'st (chqp 4 P,V t.+) an"l ttt< {qn,\ T "/ "'*l df,s nleaethn3 5 o "'

C"tonl lrcpotnl (tza,n/. vf.L.t) Ld t1 hz anodde -,x.2 u" l she\,1) fi^ r17 * rtfu-'f Defivc

l ,n t " ' J - - - -> f l r

bq :e(tnq fr(t,s) , s A -------> H/t(H). sq. |----) zca'+ L(n).tuc ma7 a utell- dehna6l lazcauoe s /5 a non-zeta

i , . ro r /  ona ' ,1 '  i t , s ) : ( .5 t ) ,  t ^ j  
' i ,aeA 

t . ) .  qc :  / . ) ' " .n4  s r ' :  s tde  S, lhen on  sc  A  - -  s lh  e  sA A s 'A ,

z'Ga.1 + v(raj : (id). q + b(n)
'=  ( *< \ .  a t  V(n)
-  r ( c ^ ) + L ( n )

btte aqct(t ,totrtq +l/q hJlh"f S,.onstdt 4 rr;y..-zevo d,vloE+ t@llql,! be s,4.,lo.eft A. t-scaondb-s'dq..

H"n" 
7 ,t "n1i-de{ned Tt tt a no',phtrm af A- vnodulu, tna .$, (z,s) e t1!,s-'] *1, z-e A,

(x1) k, t) : ( lct") *he,e s( = z't 'L , lLe S

herra /(czrs).2)-- /(z<ru) | u4 -)n/L1nl, ua ?--. (d.)a + t(fl Wttena,t /(r,s).2 u )h" tr-y-,I"

(A ' z) -s t4 ---' -' n/e')

b,^l 7r -s(e sA1 so ztfi <: (sl>7\, aad Pftrs) z klat aq + ?uq : scq ts+ x(co)+tfu) = 1tc)att(n).
Hcn,. 

fbf).2 
-- 6(ki..)t auA / r' < norfhum ol A-+ntdub.

h rcelhal f ts qje,Irrc, sup:on f(r,s1 =qfu,t)zhen Nfur< " zA e sA 0LA',, sal z-- 1a-- tat., s.).

{ " ,  ̂ l l  beA' . ,  a(abl+b(n)  - -  z(orb)+tb) . fn  Tathcula ' ;  tq 'xa/e- t [n) ) - lhot  t  t res w*h

z (arr \ :  t (q tu) .  ?* t  l fuq ah.  sq l  - la t t4ranol  tqqes -  s"  b j  de lP @/t ) - lyr t ) .

4 zerlr u ,epwnrlel b,a J , h"'--->n/ept, lct "^e 1rth, t" * : J l",q (uAef L'vrallq\ and

7l"a'uA---n/{a) r'e|ual k /(n,u) *betu l(") =mittn) Heno / 's <n ,r",v1o4p1'167,7 4 4-nduleo.



u\hen Fl = A, f ' n7s''1 ------2 Ar be ,m- o vu,ouphtsm ol nrgs (,'h$ v an .uomovphsm suu tl 6lplecln).
' rherdcvrl \  

in/67r-11 o-1r,r\ ,napped.l" l0, l .n-tAp16iar--->ro+bf)r*hrchuJeAr.Fo.
{r,sl,g,/a'ii{-'3i t* 

'ti- 
L1t ,' \)es.'rhen' (ns)(u,+) - (xq+Q na f Q91u) ' luA--'-+ A/t(*) r 

Sven 
b1

]^o r---> (zc)'o,+ t'b).6nve"ilg, fktt)f(v,t) 's'Ifu t *zpottlan

P\,a"('%h) -- +'Ttht '------.A/q4

b,* tuAe f(v,U-'(tl2,rS, at $r aeAtluabouewupuknaps'li'ca.r-) JAq+ b?l- sca+E(A)r-'--> x(<a)+t(t\.

Hs,ru f r annS ni'phrw.



1.7 - TniecAvs Fn{elopet

Tn Examgle "1. 2.3 wu taw lnqi +he m"dula "f $aelwns ol aloyr,on -4*e mod,ab fl (an L" .qnontLallq znb"jlql
ao sbmodule ol fhe nlechve envelope E[n) 4 H, rnnd4 t't|s-'I : { xeE/n) | (n,-)n S 1 b/. W"
rull aow tee |hal ltu tdme lfung holdt/or modulea "f 7o" >hinh *'lh,e4p.;l!- . eablel +V"lqg.t i, "r2 n"J
tJp$r an T-./o,ton ,4e -,"J"le M.c2n u11n+evpdtl aa ̂ n a,7-13i,7,. "nvetope't.+ n 

-ie,"it+haf 
Hpt)

denobt ltw hller of "pn tqbmodqlot "l fi rt 14' 'i:- lq,sly.1, '.e.ifu ruLn"Aula L "l n f", *h,ch r'f L s on
7-brnoo module (chap VA .5+).

PnoPori1l oN z.l 7he ftllowrriy Trrfnr)tr, 
ol a madde E ar. gwvalenl .

(o)  b ,5 |  _t / 'Jecntre

(b) T+ r1,rs,i -:{jt 
^i1i--l 

e'F(N)r lhon e.tay (notphglm L-t E maXbe
exlended *o 4 motPhlsm 11----s E

l:E99F (")+ (b) LLf LeF|l) onJ p.. -----aF-q be lven. Tnfhturunl utatl (+. Pry 1.6.s) r^.,o, mqy arruhe
-l11allheyz 6 ^m ,,lt ctlex+enlon f,,t '-tL ,[ g*W* 2eyicA.Thenalro L, e.F[ 81 m1.
sltpu< thete ex uj's, ze.f1 tu"hlhal'xQt'.fa.t *J= U',t) e.F and kl d, .a---lE b. )ln bohomo,phtsm
<(a):13'(xa) Bj (") *e tan exlend < -|o 6,'.e. fherc exvh LleE ,aah fhaf .<ft):go. Ne mc\! then
dehhe Z , L/1zA -----> E aa t(z+ za): [3'b)+Jq.'i}is 

x unll-l,huc\ unczl( z.ftA-= zt+ Xr^(

1 : '  : - , ^ ' -  1 (a , ' - ,a ) , ' "  f ' ( . : . -p t1z '1  - 'p ' ( . ( ' i ' -o , \ ) :  a (a ' ) -  a (4 , :1a ' -Xatueatnxkna5
fl whrch u o upfiray'tclwn.

(b)+ ta) t opu,o* ttnce F(,4) :-F. n

t leT [e |

4n G-1je"hn wvelope oy' l'1 u antlutuplo romotphv m

P 1 o P o t l n a N z . 3 ' f P q t c - ) E a n d 4 ' . 6 - - , - - > E / a * T - n i e c l u r e r n v e l y " o o / C ) + h e n t h e r e r a n u o m a ' F h r t n

Z . , E  - - - ' - 1  E ' s ' 1 .  Y 4 : 4 t .  
'

DEFIN?DN ,ln F -tgechve cnvelap. "y' fl u an euenhal mononovPhtswr n->E sl. E " T-tnjechve and

?ROOF Smu CeF(E)r\ nnp2.l +ht,vtouphtsm o{t <an he < xkndec( 4o Y,E-----zg' 3-l la--'</, ancl'? s

*enhal  \  Lr -  i2 .1 . l  cho1 v.  ( ' t t t -on, , t tne KevYA Tma -  Ku ' (a.  - -  Kerat :  o ,hev '@116sd'  t ;

,r"r+,^t, t/. ' y -o,1 
-it^. 

i^"'.iG') anl'TnY2,:.t^<1) rhY eT(E). flauc t"5 'ltr'" ',oui( argwne nl,

bul ntnl gogz. '1, Z -,pl# c'nd hena tt4cz a tt  <zenhql, ImYt :  El ancl \2 t t  c, l- \rcmo'f htm t

ldo wr\\ dende l'te 7 -urieclrr.e gnuelop. oL l'1 fu Er(n\. Ll an of qaoz be ,,nbeddecl n E(H), anol ^o q rdbrn,i-tle
"t F-(Y) ,1- can be deiubecl nlh.ela/lowrnq ,ncnner ('-hvh alto *ioblulnLt flt< extsbtta.e "/ Er0't))

PRoPos rrr|oN 2.2 EFU): { xe r(nj 1 (1,t) e.F}

t l 6 ! !E  5 ro  (n ' x rg \  z  (n . x )A (n . ! \  o@c l  ( r r . x .q \ :  ( t n , x ) .q ) ,  E  :  { xeeH)  I  (n , ' ) e 'F }

tt a nalomqd)le o( e(n), qna rt eV(E').fu. t+.luton fl -> E' tt c,tbe +/4a J a4Jenhql,
s t.ara 11 ,5.n5ea\a\ v Elnlltoht- ( qeE(n) ,s'F-huston, t" ftv'n(,aj ! (n:' j) c., A nnb)eT,|hea.1eE'). Zl "nl1
rtr,n4rns-io.lhoa; )J4 of f ,,s +-tnlirh*. SLrFPole ureorr g\veh o(1q->E' wi4r q7n. a-,na,,1 rn c^nJ.64e
bpexton"lecl'lo o r,'tovtshuru f ll -- r(n),.ro '.x 

1el"a ^.-"Ldw '1,c1g*trt

o -) R --------> A ------------ fi/o- -----. O

-  |  e l
\ v I

YJ
o ----. E'+!(n\-EH)lE'--=- o

I r l t
J I ] ]

o ------- E1/n ---. e(n)fH - E(n\ lr' ------+ o



I{ Y*O fr,ey E(ft)l6ta,latns c nonzeur -+o.':!to^ tubmdule., ""d fr"^ h." lowo,rl "ow u"n rc.lh,qll4,s

oo"lvadrc| +he {,,.cl +hc\i Et s.ltw maxrno,l ubmodrle o/- E [n) wn4qtntnl n a' aA F -aP<v'' tubmoC,ul<

f lor< pFec\ te lq r  (  Ve e(n)  f  E ' ,s  non:- rut -k6 ior ,  tq .q q-- - (E ' . t \ -e 'F th"n {o"  <t l !  aewt  aa,eEl

wuans (11" i " !e i  - ' f " l  
fn  xQ:( r t . r t1 .a) ' ,on i .h"r r \ r4 ,  ( f t ' .x )eF and reEt-  ^  ^v loadtc l r . t  n

Henu Y = A, and f) atfuatly nap, ,4 Ink E /. 
1



3 R a{rn noi Ll\"{tpld,o.r

'rt 
o qtwn moJ,ute M utl- trl 

'F; 
det,,k th" th nqeol 1abael kpobql on ,4 .h, ^t,h ty t.s loa,on.{"*o

(r ro l l ' ,  V1.b.A) fJ u4v C,qbael hp",ogJ *i-p"ndtn9 k ru" lr i*a,l_g lo,rton lheat1 ̂1en.^krl by eln)



1+. the c anmtra,l -lopo/oqt1

t Fe)r a jtvek nod e N q" l"l,T; 
,fienok lfu Aabuel loToloXy 'ottwrylrallty h$rc heredla4 hrton )hor1

-1enen{ed by e(n) a f(e(n)/U) (rhts s n--tn er "*pl"- vz.A,4). 
"

PRDPOJNON 2.15 Tn E 14, r+-ng& Aabnel kpolotl ? f", *tonk 11 x T4oted,

W t+ H n 'F-,n)ecgye, vhen .evlatnlg neT{n) an/ ln veaenhal, ro th& la P,"f z.z !y[n) F qrdrhg,
'F -t jec+we "iv.bpet um ful 

qn uoruotphLrm Y ,t1------> E7fi) tl.

n --> d--=- E(n)

\ /
11

rcnmulu l'1rn,2 H= EF(t1) n E/Nl a,v! hene E(rt),/rl " T-JDston fie. Convenelg, { E(t1)/,1 ti T-li,sroi
t\.t_[. zeET(n) ]hen (4.a)6.y, ,teve x+r1 ,r Jorlon m n(n)/rt, yzen.flenstl c F Jnieclt^'t. .
Tl Tt r q 6,o,bnel .lopolw4a S, whtclt A v T-cloted. eeutv. 

-F -1zr!rDn-/ree ond 
'E -v,leclq,e, J+ttevt e (n)

ov'd E(nl hl arc b"lh i-,i*''-ge, hen" ,o ,, E1,9 ;1 6tQh) /r,,\. Hena 7'< TA . H4n,l ,f "AIJ vernqfis .
h 'how ]hal t-l r ff - clorccl - bil su.l1  l!,2]s6pn-,lyp" it ot i /taod "nder svbobje.h, bo+ e(Ml'E(n)h

arvhupn -fuv, s. 4 6'V)-alorel.13

In pathc,'rlat, lhzlopol"l4 Ti a catled lia cqnonrrrrl jopJeqq o. .4, and,,l,fhu,t .lh" clnnqnal Qabnel +ro-loou on A
tot wntctl /+ ,. ir awn,nhg 4 ?u,Dherr.lr.



NOTE L.i tskoAaLnel. lop"loq.1 on A. T. l  ne'f i  w"lhnk "{ aeqcrqn ovv$w q:4-1A :: :- : : :-a '

Heve oqt pteohuvet "i.{-\".lort f , Aq ----- & (ra. r,3hl A- modvler)

Reatlt hol $7 Senenl ".!l *l"qv 
,E 

"J 
,,C1Iu, 

o, {ig!y on c p q rubobje"} ol lJ. ,n j&8", ,AAl"ft
ln hLA-', l-14 ts ttrr rrg A r-onstdered a " ,tJilr li-t'rodr^ls a47:t b.ot" i:Lh "[ "Ha- 

ere ,qi* rdeiil * L-flrendJn At,1* 
' 
A4'rs l1v,,g A ̂ ',',Jn,Id ^ " ,,yr +-r",'"a"15 *y"b.ii;;;:lv;;; ;'l;fiff * t,Iil""-ni,"rh

4ooloq,r on 6:A u 1ny Prctuell ^ Aabael'lofdo,yl. L41 a'Q l- (lWaf La- 6 d,.DlleYhn..l ar,t,arc rkr4
^ ,^ . . /n "  ̂ \  A  ' '  ^kh tan  f , , * ' r lu  " (  q -  - l *  ^  modr i i  F  oont rh  a {  ze .Ht1 :  M -Arean l , ' -6 .  s r rdn ' l to l"**/i n) rt m".LhnX-F"-rA "ia--ln 

,^umodrii 
F oontrh 4 z^eF{A): n -for eollr 4.eR, itrd^.+ftqf

fu. ̂ J h, A, ,ro.t I 7"r" .fu -"!' ki 
i,- r,*,tfl ,-"aytimotyhams 

,,"!tQr), An.ama!6amdnnlo. al be A, Xo. h : Z _. . tU wr^q) 1wu< ctvp PrcLttetl mo4qle vnorYhums n04i (d,/ H). kn amqtlqmdwl

" ,'r:"r4 il: ,7-i =r", ?il. "1^;.,tYlT'2':-'-,7!',:"''Sliptl;'E.f):!::"!'l ;"1:f" 
-

y,,l+un,,"tt;Ji- 
-,j,1 

.i.'- i,t'l-----A, /G^)="^'o,,"ht',if /o-! t*'*'i*grl*:) Hen1 tF ,
A o ",, T -tlttaf (uT-duel ) / 

O?. "" 
,"^?lJ"\"b: 

s'e H 
,tJ., 

s'(so) 
7 2t 

"u.1. 
ln 

pau*.,cula\ s's '- I ./ 
.

5o  herc r aconne,lwn *rlh no/mal lo.altcthin.'wu- pl,u" - conshuchan can b" *ipughl *att 
""!.ntnj tnveata"

Reail lh* $na geneml sma



' lA?TiR Y rHE cnTEGaRl or HoDULES oF ouortENr:
r . _ ,  l l l  l l  r L l \  / \

PR0Por rr loN 1.4 tpJ 6 be a 
.Qt'ouan 

subcalegory "l ,.d. Ah 'bie& C -l E ,s (ud*^t r/{.

i(c ) u rnle cire tn ,-xr'

@! Stntz .i, P,a"*u rnonrcc, I ,s "lea" *haf { C u u1?c'}we tt '4, )Ue" c s tg ec.hrc al". n d

SLtppole q>hveozlq thal C B niecfu'e n E L"t lh"* be g've4 a tttonovnorychutn /,g-----aB/ n -,t
o'r! f,. B-----."c. rAen J ,nZuat a(B) -) C uhih ,ne,4 be < vkndu1 m 

'$'+o 
o vno4oht,sm

q(5,) ----) C.1he cnnpoted ho,?hom 9'---> a(B') --2 lhxh e cncto f. a

Il Y oo Avau| subta*eqo,4 "{ r.4., ond A,6---),1 r thz IelL ay'ionl k}fu vclwtoa, Tlasn ule cDnrrcle, +he
.lcns T 4 ,b1ec+t B d !1. *t', it', a(B)= a., an.l ctl,. 41o ,ltat' 

"5r 
"l "bjech 84 ,tt 4, -hrch ttw reflecfiin

fi-7;o6 ,l o r'no-o,yho- (N"h"i a -- r1etr-n,'6 -rtL,d -GrT) )hen 
"^h)=H7 

,o$ n, T-|a'u, onc)

n----i<\n:^fi 't ts nonrc# nu T-k'.nonfret).

Fam 1l4e exqc]twt "{ o 't l,,tlows i,nmedtaklq lllqJ a 's <lorcd uny'er nb"bier*,, qvnhe"l 'biodt

and exlacsb6,ns. Srnu c. ha a rtahF adlonf, A pteootueo 'ogw duc*, ancl hine J r zlotecl incler
covnducls. lJ " +n"r.t " hercr)rlaa l&srun"claat

tleo'\ Hoyn (I c):c: .1", Tea ctncl CeG) anc( rl {.-l lows 
-lhaf Hom(\F) = O{ot Tej "nd FeT.

conulneltl, '( B r an oblecl tuch.fhaf How(-r1p):-a i6r "/1 Te a, ahe" 8eF &cauqn +h2 hetn"l al-

B -, ig L-lonE -l'o-J. (tne ,^re ma! casqyne Jo' Ce 6, aC : C) a^,J C ----r e-a C ', /c . ) 6

Lel 
^,.1 

now speualre Jn 4u raoe whpn d u llu rolg.l ol- ,t1hl mo,lula ave' q n1 A Le*'tr L. a G"bnel Lp.l"11

'Il,EaFE\ 
t_6 nad - (S,F) ' ' a At.aud subral"oo,y 4 tlod-A

J J

Pl?00F J+ wat pwvutr 4, Pvq> IX.l Il +hqt y!! - U,H r a yey'/ed"v" t uL.,alao,.,1 + Aod-A (zr- rol'o
,,eplxls) .1 onl,1 r,ern4tnr h nhowthd q pntqwe! l<evnels.7ut q, nod:A'-Nod-io u le{l exa.clt

- ' t 7*, r1,4:A- - jp_d- p. Sua ia = !* X, t lotlovts |hft+ [

PKopor,rno/v i.J (2,.V1 " a hxdlar.1 kunn.lheool $, ,tt.

F ROOF

O --) tn '--- N -'----1 11'

B exqL+ n A,/ 'lheh

o ------t a-l'l ---- aN ---- al1'

r s.l. h image unler ) 6 "xorJ. l-lenu a ptt elva l?enels. E

EIL (A,TI F lhu a ^nlhnnd'ech ,aleg"U., ond lhn ./urckt q- , Jjp.,l-A -> /r! - UrT ) u e 4a,,1. F1 P*p t.q .

PR)P7J |rtoN t.7 An F-ctorc{ moctlb u,rn tiecAw obiu*, lpd 
-/e,n ,{ and anj / 11 r 

1t'du" tn 1J.e!-4.

PRA PO' NDN 1,1 Loltfu ul ec*ne voclule E ootlenua/" y'hz4rao6 theo'y aatouakd L j. E s /lr.n an rSbclu"e

@4entdlor fi, rlod - (4'r).

pRc45 5,n* niecirr 4 7: -ryie"h1e aod E t F - 1o<sron -?ze i Ee nod-(4/T) ,n"l pniecfane lhen. l! u- 
a,og.iu*br:uu Hofi74-1a,71th, E) - Homatn,,e)f o '4,."eg F-clu.{ na64a1. n1u.



2. Gabnel Topolntet ancl Atraucl SwbcaleqoAv)

'fo each Aabnel kpotryy'F "^ d,,n3 A ^o hone urroaaled iLr. Atmud uk.akc1o,r1 HoA-(A.ftt .l !d_4
I, eull nowsho* tlat eiery At,au,l 

"ru 
bze,ley,1 4 49d-A awln n *hrwaj.

: HE-'!!9!Z 
1"3 o, o,b :J",\ r.o twayond uu bdween 6afuel hpologra * 4 qnd ,vpl"le Gvaud ,n&afegonu

-'l-
ol- tlod- A,"c\en 4

Gat,rel fp"l=* 
<----' httaud nb<nkg*z ttel -A

I

TGI -- rlocl- (A, ,F)

@(p. ,  a,4e: t_A __- e) :  t  wl  a(*15__oy

ble hav nenlhol f lo4 -(Ar^F) v^6',aucl ubrolqor4.l lo4-A o4vrcphk bnveDel1 qven d and

G v"plek q'q,,^d tubcqk4",t 4 ,.* , "x ,ryal r<i.'t frat' J : { g I q.( B) --D I u a herc)ia4 )sqon claol

whkt,pwdqc,../, +u tp"^i"i Gov^,i+"pl r"g9 bJ Pte w, l.z ut.-h)',1"u.nf1 +hal +'ttit" +wo maPt
qll rhveDe.

T 7 's a a.ob,el )opolsgy lhen 6T (Fl --T ttnu

ET ( r l -  [w l a ( , + /a ) - oJ
-- 

f wl */a- 1s 'P'k'non]

:  
f  w lVbeA,  (o" 'a \e+ l

: 7 .

T - 6 @ ) - { n l a ' e 1 " 1 - - s 1

and lel i.l1o4-UtF) -n.d-A ancl q -1 i. Weho.E)ro shw hql 9:HA-G,T) Fv|Iu we thow
rhal p,e no{- y4,E) LX hou'ng ihal D e 2r T- ctoted. f,:n&ec), I o"q ii o' 1i1^)= O lnc) rnu a,

o --) 9- ----- A'-----2 A/q-> o

O -,-4qt'-: q/A -----r O -) o

arc fu"l a'n: atA. R.llh"n, u,nstdennl

""e eatlq xe lhal D a t.l. Howa ( fiO) = H1mA (q./ D), 6otlc.l lh' utnquenqr pwp'Aet .t )*z u'r'l ol a'---.ri'.
Hena oi Nod - (A'r). T. rczthof E4 -t,+,r) E?, ^, '4"1 iuzd h fiow )hal 'f r l 6cn A -rno"lule.7 L{r) :

K1'4t1--.;6'H) tel $. Fl ------ i,a,n b" snonrcql - l ir 27qfl let A --)f ' l  b. q=_+xq and lel
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