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PROPOSITION 1.3 Lef the cI:anIrawl

a p
0—>L—>M—>SN—> 0

A /‘! 1

P ey ey ey g

4 £

> O

he commutahe with exad rows. If A and 7 are wionomoplisms (reap. epivnephisms, 1someyphismsy
1lien Jo 154/'.)...

PROOF Suppose A and 7 are wonomovphisms, and let x el with (%) =0.Then 7P (=) = Fr() =0, and M aonic
aplion x€ Koy =Tmol. IF we put sc= a(g), then ' Ald) = prae(y) = plx) =0, and =" A monic imphes g =0

Suppese A and " are epivmophisims, awnd leF sceM’ Cevlennly Imm ob Yeunt tonkxins Tma’ = Kc’urﬁr st A |sejoi.
Hente suppose ﬁ’{xj #0. Lef yeN be sl "U(y) = RB(x) €N/ and z €M <. f(z)=y.Then

gl -x) =0

so el pm(z)=x+ o'(€) = 2t L A€) =2+ p=t(8). Henw m(z-af€))=x.n

PROPOSITION 2.3 IF A 15 a skew - field, hien eveny right A~module is freo .

EXAMPLES |, Direct Summands and Tdempotents © If L 15 a submedule of ¢ moclule M, then Lis a divect summanc] of M f Hhere
exiske a submodule L of 7 such that M= L@ L7 The module M 1 tnde compposable mc} Serrm g iicls
F0, M. The dwect summands of A an an 4 —module corvespornd fo idempofenf elements of A. Fov 1f 2= e, ﬂmrmmj ot

" Hod-—-_ﬁ, Em{ﬂ(ﬁ)"—':‘?;“”“@m' A = keve @hev[lae) = ¢eA
@ (l—e)A. tenivewely i A = v vight
ideals @& b, thew e dempotent A—> _R—5 A of A owerponds o ENY B e

(by Yune.:iq) to an element of | and T elerment
7 5
gL 5.4, ]——-e-i';, :rEEJ

3. Goup vings: Leb A be a vormmutahve ving ond G o guoup. We define the gioup ring AlG] +o be the ﬂez A-mivdule
on the el G, wrth multiphcaton mduced Aem the mulhpheatwn m e guoup 6. Thw

Alc] = {j{éf’\ﬁﬁ I age A and ag =0 For alrmost aﬂj}

and

7 337 bk =" ckk whee cp= 2, aghy
J ghek

h k

o Fm&z!ﬂ Q_@m+ed_Haduieo and Noethenan Module,

A module 13 ,Gnddj 3eﬂem*ecl of theve exish a finike et D{gcnema‘ws For M, or 1 ofher words, 1f fhere 1s an epimoyohum A"— M
for some n, Ih Par'hcc{far, Mg cgd!c of tlere 15 apn epumoyphiom A —> M. IF Lollows that 1T 15 cyc-’/c of and amiy L 1= 14//4 SFor
a v;ﬂhi' vdeal @ of A.



M Let L be o submodule of-a moclyle M. Thep -

(Y IL ™Mo —frmﬁzftj 3enem]‘ed) so s TYL
(i) IF L and ML ape —Fru‘lllei\j jenem{-ed, Fhen s0 15 M.

DEFINITION The wmodule M s ﬁm@y_}bmenﬁd & fhere exisk an exac) sequene

A" — A" — M —0

which wieans Yhat wet D”|3 is T finlely janem}‘ecf, but afse the module of "velatons beureen +he generzdors
nJE et (T ﬁn;,{efj jQHPVZZJ‘Pd_

PROPOSJTION 3.2 Tf M s finiely provented ancd 0 —sK—>L —5 11— 0 15 an exacksequane wih L fulely generaled,
then K s ﬁmJeJ'j 3enem}ed.

PRoOF Sine M oas Iﬁmllr—e@ pm}en}ed, fhere cxls“fs an exac! feqlehie }}m—ﬁ ﬁ”—ar‘-f—-_;@_ e 3&'} =% wmmm‘]ﬂ'}n"f ohoﬂmm
il

A A" —L sn—s o

|

Gt L——}——ar’i‘—ﬁo

wheve A 15 defined by Fvojechw%y and 1K by the voual arqument. Now con sidev

=4

K J Coher 8 = K/ Imw

L
l , Colrev A = =/ Tm A
L

Coleer ¥ » = LolzerA

e
where X 15 induced m e wual wey We claim thak & 15 an 1somovphism. Suppose F(x)=0, XK. Tnen
x(x) & IMA, fo «fx) = )\(y) for some ge A" Buf_uly) = BAY) = f=(x) < O,  y & Im™] . Wurhn
y="7%(z) RrzeA”, we get ohfz) = A [2) =M 4) = «(x) and hene x=(z), s « 1s monec. THfollows Hhal
Fep,. 4 X G monamowhﬁm- Next we show that Te Tmd Lor evels x¢ L. Lﬁ_ﬂbam/@fﬂﬁj=ﬂf")) for some
Ye AN Then x—Aly) eKeer; so > — Aly) =o(z] forsom = e <. 1But then = =(z2) = z(Z)

The module Coker X 15 fnikely generated by 2.1(i), and heng s0 15 Loker] and so by 21 se s K, sonce
T 15 ,Cmdelg genewafed. p)

TH s of couve wnot in Saneuq[*ma Mot submodules of qﬁmlehj jgwpm—}fd wiodule are .)Cm[Le}ﬂ jthgfﬂ‘!‘ed_ We call a submodule
M noethenan f evety submodule of ™ 15 jcmrleLj jcmmf‘ec/_

PROPOSITION 2.3 A snodyle 1s noethenan o and r:l\-"\lj tf evew 5a‘m+fj ewcending chain of submodules s fite.
PROOF

PROPOSITION 3.4 [of | be a submocule of M. Then M 15 vicethenan of and oy;{lry of bedh L and ™M/ are noethevan.

PROOF M noethenan obviowsl fmpff? that L 5 noethenian. T+ ako wplies that M/L v noethenan, because the submodyles
ef M/ can be wnflen as MY where | = pyie M. Suppore convenely Hat L anc/ Mf; ave noethevian. T£ M’
s a submodule of M, thew LM s o ?e{y jenemferyr as asubmoclule of L, awel

/ —~ L+m

M/;_nrf’ - /,f_

s »f:mrMﬂ Jtnem{-ec;l an o fubhr-:c:clrule O:’L H/L. o llows ﬁom Lemma 3‘[(;;) ot £1" s Aml'efg jehemi‘ed.ﬂemﬂ
M s ;*"'m:lf{y ynemf’?a’, Ia)

bEFINITION A ving A b ,_,5};1‘ vicethenan f A 1s vivethenan as o mgm‘ A-module — r.2. evey gt ideal of A 15 fﬁ



PROPOSITION 3.5 If A 1s v:gh} noethenan, fhen evewy gSn;ngj 3@.%}951 module 1 weethenan.

PROOF Tf A i nocthenan, #hen evenf ﬁmieb %nem?eo} free miodule s noethenan by Prop. 3.4, and therefore even
Anilely genevated moclule 1s a ?up%ren}'— of « noethenan module ane hevw needhenan . 1

C_XEJ@DL.L/‘}RT 3.6 1f A s ﬂB‘M ﬂoe"ﬂ’)eﬂﬂﬂj Then evew %nrfﬂfy 38“?3!13'}9& module 1s ﬂpn;}[e{tj‘ PWEH]‘{QG{_

PROPOSITION 3.7 If A is a nghi‘ neethepan ung, hen the polynomial ving AT ¥ V@H noethenan.,

PROOF 124 ¢ bhe a nght (deal m A[x]. For cach n we let Qn be #he set of ae A for which there exishr « polynomial 1n
2wl leach;r.ui1 Jevm ax", I 1s clear Thal An 15 a nght ideal of A, and that fn S An+r. The cweending cham
Mo € My S Ry € --- becormen S‘{‘E{-.Lwﬂﬂby at some No, Let {q,;,'} be a ,4:«1.':55 £ enily oﬁg@hem'}ms for the nght ieleal 4,
of A (ism),and lef fiy be a pelynomial m & with leading Ferm aj;xt. We assert ﬁmf% the polynornials JL; jemmte
n. If Hhere are polyviomials m ” which caunot be watten @0 linear zombinations of fj,'-; Fhen wiechoom one such
Po{jmmmf of smallesh degree, say 9(=)= bx™ - -, Then b e q,,, ™l f m < o Hhen we canwnte b = JZ' q"j Ig!vl
The P ol'jnormalr

36 — Z I &1y
J

in anelement of & of J»?jrtz < W\. If 1s thaedfore a lmear combincdion of £ir s, and hence s0 15 g(x), a tontradicfon
It m > na, then wwe have b = 23 q"';j‘ bj] and we [vok mstead ot Hhe Pof;har:maf : gel,

n— .
9(=) ~251 Faj ) x Y

and avgue ar before . 0

COROLLARY 2.§ If Kis a }Qe(’d, Hien the ving Kz, ;20 ] s voethenan,
If A “ﬂm noethevan, and Bis o tuo-sicled icleal of A, Hhen {he ang AJa 1 albo rght noethenan.

EXAHPLES 1. Cyclic Submodules * Lot M be « module and xe M. The element 3emevﬂ¥m a cyelie submodule = A
of I1. Theve is an epivnowphism o : A —>x A given by at—z-a and RKeva={aeh|xa=0} = Ann(z),
e avmiltifator of <. Henw =4 = A/ﬁnnﬁt),

2. SIMP]e Hodul'e:ﬂ: A nodule M 15 ;lr_’_}’?}?_ﬁ_e (or LW_MK) f;‘: H#O aﬂd the Omy JUEJMO‘CJM/S’J o}[ {"f are (O and !"f
i":“?;j simple yodule s C}QW@ tyelc. Tt s clearthat M 1s simple off. 1712 Afan where M1 15 a maximal mﬂml
deal of 4.

2. Avhnan Modules ancl Rlnss? A wodule ™M s callec| uu-ﬁrmqﬂ d
s finike. The g & 5 ight avkman of 15 arhan @ a nghf gf;i»?ufjmm excending <houn of sulonroclules

ERAMPLES Finle Preseptation of Modules « IF M s an avbivany fimlely generalec module, Yen here 1s an exack requente

O - K—mF —5SM—-20

wd;h F‘ﬁmk]ﬂ 3€nemfed free. Sinte K & e direc) limit of ks ;,'lel-elg j'enemj[cq’ submodules, and # these ave
Fabelled Ki, F/Ki s also a civect Wystem [uaing ©) of "Q’"kiy presented object whore Efmn‘-/u

iy = Tig, = “he =

s diect [imis are exac) Hene evew Jlmnlelb; genevated module s c divect [1m} of femlely PL’B&EWLﬁof —

( PROJECTIVE AND INTECTIVE MODULE

Leb A be aving. A vight A-module P s puejectwe  f e funacdor Howa (8, =) i exact  which means Ynat for eveny
epiwiciphism it M—a N and evew) . P35 Hhere extsh P P M cuch at AY =" _

s F
il lj’
1 —'F——:"N——)O

Evey free module P s Pp{:}‘ec-}-r.w.



PROPoSITION 6.1 The following pwpevhea of o module P are equivalent
(@) P s PVDJ?CJ’NQ
(L) P s a divect summand of « free module

() evew e xack sequefte o —5 L — M —F—— D ;p.’”’r‘

TL\Q conte ‘JL D} "boums” :Ir\'Df qcpe.c mcclu{&g an be ek*ended‘ += (=% uuea{e-ev we'}'wm o,f ”FVUJ'e,r_ﬁve Loorchtﬂ&f'{w 1 -FUV
pwjecﬂhve W oclulen

PROPOSITION 6.3 A wedule P s Pv?}‘ecﬁve if cwmel only o f theye exist a fwm:}g (2¢:)r o elements of P and
T howomovphisms ¥yt P——> A, such tat for each sce P one how

A = ZXJ'T](:]

wheve Y. (1) =0 fov all buF a fuile number of 7€ T

PROOF | o4 B:F——>F be anepimovphism of a free moclule F onto B lef (ei)x be a booss for . and }’“’L

x; = ple;), veX. If Pu pwj‘EHw:) £ splhs and there 11 ¥ P——= F with BFf= |p. ¥ induws homomoye Nisms
Y. P—s A with The J%qfeo"/owpey‘ﬁeﬂ, (o nvewely, 1f the ﬁmafg (7., %) exsh and one defnes fiF—s P an
e lore then fhe maps ¥; wmduw F:P—F wih BY=[p, and ro P 15 a diyectsummancd of F. g

ere,

‘When defevmining whether a module i mjechve, o suffies do consider extensions over o vewy verdncted claos of imonomwenohrsms |

PROPOSITION 6.5 A module £ s :rjec“}ME iF and om'[j {,( J%‘r’c’wij V’jh}_ ieal W of A and homdma;yﬂhﬂ‘m fin—FE
there enrsts ye £ such that S(a)=Yya fr al aen

PROOF  The sfated conclhwn means nmplj That eve

'f,- 04— £ can be e\,-\qrencfecjl o :Io"'/';-——i’ .F._:) 5ot s of LouUve g
Neceqsa

condchon. Assume that E sahsfes Jhe vondion. Leb o [ ——5 M be a mommmonplsm and ¥l —5 E
an avbhay movphwim. Conscev the seb

M= { \Jp’:L/'—-ﬂ.E_'/ L= /"< M ond :Pf’ exfencls ‘;f}

S can e pav‘}m ”j ordered Z}}j‘ declavirg F'= F" of X Y Aurthor extencls 7 TF T s adotally odered su b..r@L o M

then we define [ o e sum of all L7 T, ond dehne T 0 —=2E s that of extends all jf’é”:"—f Tnen I 15 an upper
bound for I The sef JL s 7hun induchve, and we can applﬂ Zomls Lemma 30 obizun a maxiwval Yo i [, —=E in ST,
We muok show That Lo =M. Suppose there exishxe M such that o @ Le. e wrll show #hot 4 i posible +o extend
P b P Lot x4 s E cuhich wnll give ‘he desrred contracichon. Puf

=faeA | xaeld}

which 15 a vight 1deal 0} A There s & movphism o : m—a & grven by a«fa) = )’,,(;(g)_, and h h:j?o‘f’heus
there x5tz }jeE sih & (o) = ya for all e nt. Swe o 15 g wmogohism,
bene cur notural extension Y. fotxd - > = 5 qrven ij

Hzr=xa) = Yo(z) + ya

. X were Lo we would hays j";(ac]zt] -

zels,

If z+Xa= z2"+xal, then z- 2z’

= x (a’—a) end a' —aeca. Flene
fo(z) —%(z') = j",,( x(qf_qjx

= Y (al— a)
= gja’-—ja

Henw F.(2) +Ya = % (Z') I Efq", Fuvthevmore s frm?unf! el exlendo Y. £

" An lw-ﬂm module £ 15 an _’._”L}‘.‘EM wjewgm-ﬁ:r if Homa (M, E) 20 for every non—zew meclule H') sme E s infechVe i*

ﬂf—‘l""“]!tf suffien o requive T for aer(C mctcules M =4 . The mJ'ec—}-we bcgenera}ov.r e :&:'f‘eh&o“f‘m Lecauwse +heir exirtente
(wlich ‘will be estabhshed 1 §9) guavardees thel evew mioclule can be embecleed 17 an injechve rodule.

PROPOSITION 6.7 An mjecm odule E 15 a wjﬁhém;'ﬂr o el m{y o contas an iromanphic copy =f eoch _FJM/D,/E
waclule.

PROOF If E 15 aco enerafor and S isa sunple medule, there 15 o nonzero module moohism S —> E which 1z Monie
T s iz kevnel ot be =ew. To showthat £ 1s a cogenevator, o suffies by @ previows removk Jo prve thek

there 1s g penzete mowphism  — &= for each eyclre moclule C=+ 0. Bul #4110 a conreguane of~ The JC"“{_
thal € hoan a cimple quotient imodule, or some wheat more gene rally :



LEMMB 6.§ Even non-zew fmilely generpted module M bao o maximal proper submodule.

PROOF  [of ™ bhe Hhe set of af pwper submudules of M, paw'mh‘bf orderec] uncley inclaston. If T 1s a '}m‘n}{tj ovclered subse!

of M, Let L be the yum of all e T If we can show tar T+ M, 77en L will be an uppev bound &r T S,
ancl Zown's Lemma ]l apply +o gwve a Wmaximaol poper submuclule of 1. Tf T =M, #hen L condzins 4 Hle

gevevering et {7y} for T1. Each o7 hes w some Lie o and then {=,.. 4,7 < L for some L €T which

fmeJraa L =M, a vontadichon, N

This Lemma estabhishes n parheular the existene of wmaximal vight sdleals 1 evew ring A.

EXAMPLES

1, Nm’ﬁrﬂ PW‘CL"]'WP HG‘CHM;}@Q L€,+ /q = Z/éz[ Lbj’”(,}f fd=441 .é;e ,:)’ewmpg_;gd a4 /4 == (2} o [9) The ;dggh— {2) ﬂ)’.ﬁd Kj’)

ave projetiwe wioduler That—are pot Luree.

2. Hmﬂ Rings The ving A s Z'-jh} heredibry o/ every Vfghf ideal of A is a projectwe module . £.q. the ving Z s

hevechion, More enem'ly, evewy Q@E]L)pnwca})a] clomamJ;,e_ a »ng without zemw—

WISorT un which evew) HghF=cleal s

1t>nrlr’ICiJI>::x1)J /3 r:sh'}‘ hen"d;}uvy_ For g Jeas fy;wa,f g)(qm)p.'re nf( o Hel"ecfn"mg g, See £ xewclie —24'
3. M‘H _R_*’.V’HS Tne ving A s ﬁﬁhf’ sem —hered i favs f eveLy ﬁml’e@ genevatec| ;/aghf- ieal & A 1 a Pm[/‘or_-;"zmg

y',ﬂgc] LA,](’ :

PP_DPUSITIDN é-? If\ﬂ 15wl h} J—?ml'~ hé’L’L"d{}qyy) ‘)ﬁjgw g\/@yy %n;iffg 5@;&}‘&7‘[9({ Jubmbaluie g;{ ¢(7’?‘/‘eq MCIL‘JrMIIQ iy /IDML?WG'/H(_

PROOF

o direct” sum of ﬁmfe)lbr generatec] vight ideals of A

LeF Mbe o f_f;mﬁt’fg jt-‘?em’L?d submodule of o free edule F e may assume fhat F s Farilely ;enerzﬁec{ on a basis

Py oy An e proceed b maduetrom on v, TF n=|, Fhen M 5 romogdhic o a ;ﬁ’wie}j genera
bj’ hjpo'}’hwls} f,mjgmlw_ L'ef- =7 g,g_%,fmjufamedufe of Fjewem%ed by =1,.-.,In~,, and lef w:F——5 4 éq/
e ]Jw‘)edwn Q(ZJHC‘{) =an. The ;mqge of /T under oL s a—frm/‘fe{y jewemkd szlrjri':vL cheqﬂ' of &, ancl of ™

5 kev’(!",‘———-} c{) we ohbfain

O—r' ——sM —sn-—= 0

I

O——>F —aF——aA

20

where The upper vow splifs sinte W15 puojectwe. But then also M 15 Amlely genewated, and Hhuws isomone hic fo a direct
sum of ;ﬁmldg 3éwem+ec| r‘tj’H"ldf’CJ;JS by Fhe ncluchon hypothess (/= M/a ander .s}ohHmj) Hene s0 15 M, dinte

M=Me@nr.q

EO_ROLLAR\/ If A s v;jh'} Jemi—hered'y}-qlg) evewy —ﬁmlf;f\j ?enem+gd submoclule of a frec voclule s /Dmh/',ecf—wwe_

i M- We call a moelule Mg diisible for each non—zew —dwisor sof A and ze M, Hhere cxisds

e M such that > =ur ('Fer_hmm”g s enly yeecs 4o ned be o redd zew divisov, ro That A

module B ot be divistbie, 1f2v wre can deﬁne f:5A

(5} 3 .,Cm ) )q"‘lmj 2C
awd e d,e%m—fwn of mjecﬁ\dy gwes e E s.d. z_—:js. But cinsible moduler are jewemf et ny'ec%v‘f_ (Ex,25).

PROPOSITION 610 Tf A s o wght principal domarn, Fhen a yoclule 1 mjechve . 4 is ivasible.
PROOF we know hat an mjechie muoclule s divisible Suppore E s divistble To show thed E 15 n ecture, J ruttien bj

Prop 6.5 fo consicley a horvomogohiim P afl ——> £ By dwvimrbility Jhere exists YeE 34
is fle element chmfbﬁec{ by Pwp 6.5 (0.8 A i dornamn, so no Zew ~diviers ).

e veoult appheo m pavhicular 4 7he vmg A= Z . Hena @ ond B/zz are divisible, hene ijectue Z - mocules |

®

e right lec]  of A and,

> (S)J ar—= sa fos kevnel O, 2

SE  w Ffse)==qg sine sA e,

(qj:—-yq/ and Wi



7 SEMI-SIFPLE RINGS AND MODULES (®)

Recall that a nonzewe wodule S s simple i has no submodules other Han O and 5. Move _c;mem;'a':-,r, a module i5
sewi- simple ([ L s a sum of simple submodules (4l The module (b) 15 serai-simple, a» an emplj sum of simple mocdules)
The following vesull shows thal we can even #ahe #he sum +v be dwect

PROPOSITION 71 Let § be a sum of smple submodules Si (ie1) and Jet L be an avb;%‘v submoclule f S. Then Here
exis)s 7T sl S = @.5;, & |

PROOF The direct sum 15 heve 4o he Intevprefed ¢ an mtevnal divec! sum of submodulen. By an eany applicetion of Zown's
Lemma ene _7Lmafs a maxumdl subset T of T suth fhgf fhe oum 1 = | 4 2_—,- 5, a5 divecd. We wiwst slow
thal M= 5. ancl 4o do fhus o suffrces Jo show et I contauns evew S5, But of Sip £ M, then MNSp, =0
by e Jimp)lclJy of Fig, So the sum M 4 o s divecd, which condrecdichk Hhe ymaximalidy of T

As a wnsequence we geJr The ﬁffowms{ alteynechee deccriptypns of semi-simple moclules :

PROPOSITION 7.2 The following pwpevhes of a moclule S are equivalent:

() 3 s _szzmi-—.srmp)e
(k) 5 = a dwedsum of sumple wiodel les

() Evew submodule of S u a dipeed suramand .

PROOF ()&= (2) follows fom pfzop 20 fuidh L= O)j and also (a) = (<) 15 an immecliale consegue of Peop. 7.1,
() =3 (&Y The sum of all 5.:me.'€ submedules of S 5 & direed summagnel of 5, anc e show Fhait e LDMF"C’”?@V)JZJV‘{}
summand 15 0. (Hence by Piop.7.1. +hs sum s direct, te. any semi-simple module 1s 7 chrectsum of all s simph
submudules’)  To show 5'21.& sumimand 5 zew, v suttien b dhow thef even submodyle [ confans a simple submodule.
The submpdule [ melif e well be cl_yckc) - fﬂj Levma §. & contains o moxmmal propor submuodule /M. The Jubmodule
M :PMJ: Saw S=MeK, ad then | — M@ (kL) Ffllows That KNL = &/ M 15 a smple submodule <f | o |

ot mpap oriTio
LB

COROLLARY TF S is somj ~simaple, 1+ 15 fhe dwect sum of all s J1mple submodulen, (i; phic 1:'!

»

W Led Sbe a sum of simple modules J; (i€T) TA L s o submodule of 5 thern | = @J 3 for some JEI.
P 0 =1 ¥ o ~ o~
PRODF (We have 5 L @K for some K55} and S = K@(@T_?J-) with TS T Then /_r%<_—_-@j-§-_ﬂ

(COROLLARY 7.4 E\fﬂg S Ismoc]'w'e ahcfe\.fewj ?m—frenf module o,{ ot fe'mf-_;fmp/e waodile 15 Jemi — sivwaple.

Let (L dencle 1he set of wromonphism clapres of siple vight A-medules. For every coe L and eve semi-simple
Moclule S we lef Sco denofe +he sum of ol Simple moduler of S ol someyplisim clans cw (Sew 15 Flu w — oty pic
WMPDMF a{ .S).

PROPOSITION 7.5 I;f‘ S & I—Qm;--;;m:o;rgx ‘."1{&5’? S @‘_&
_— = ; o

I L5 =515 a mophism of remi-omple modules, then cleay] (Sw) = 57, (nohe the simple submodules of S are
oll w, and a ﬁ:m‘heﬂ"} g(, a smple module 15 () or The whele ‘vag J The ei’ldomoyphm"h wng of a 74,7;# S of ;;mP/q ymodules
«@n be dencvibecl rafher h'lEG.I“j- Frot we wote -

_LEHHPi 7.6 (Schw) IF S s asmple module, then Endy (S) o a shew-feld

PROOF Tf «:S—>5 15 nenzew, Kéret =0 and Tmee= S, so X 1 1o, 3

Let

\S":‘"S];EB"‘@SM,EB' @Sg,@@jkné

.Whgng fy are J."befe MDDJL\‘.{f/J 5.4, SJ == S'rj-/ %’ '2"—.—’{/ The gnd’umo,p};um vjﬂj 3‘([ 5 5 The PW:}'MU" D]C +he
G?hdomwphum ings 0,[ each sum §; @ - -- B8 5

Emdﬂ[ﬂ = Homgs (5/5) = Homa ( Sn@ - @Sy, -, 5,@ ) jgmxfc@#)(
=TT Homa (55, 5157) = TTTT Enda(s)
Yt o '?jz

If we puF D; = Enda (57,), whidh 1s o shew ~freld, +hen

Endals) = M, (P) x - -+ X My, (D)



In d&,"}‘al}j lﬁ S: S,Ij@ "-'@5}?‘];@---@5&[@"--@5@”)‘2 s on +he Pre /oo que; we Ltw‘)w-_f-—fqujl' @
Ewnd(s) 15 bomovphic Jo the mednx ving M wih fhe woual setup -

SI[ 511 ... S]V’n S:‘l wE T j?‘n

_5“ ]_’5”}5”] [Ssz!S”] [Sml)su
3 ):.Tu)s,rzj( [512}50_

521 [S”)st;(

52(\1 [Sn) 52_},11]

wheve omposthon in Enda (s5) bevomen matnx mubhpheahon m 1. Nefzie, howevey, 7l S 5! are fwo dickinct sinple
modules 1‘1‘40‘) [5; 5’] = O. Henz M consisk of Fhe Pwducf‘ DF chayona,f blockzs o,[ the Lovm

S{" T i Siv‘ti
S-Ll [5£I)5C|] #om F [jiﬂ{‘,f-irj

54y [5&;5{‘4{1 - [5«;11;}5&»1;]

But each 53 = S‘ﬁf’; so all Hhere morphum sefs are The same — =nda (Si1) = D+ By The mma{ugumeﬂj we see That

Enda(s) = Mn (D) x - -+ x Mmz (Dh) (')

DEFINITION The ving A is semi-suvple 4 A s Jemi—simple as a rgﬁ* A —module.

A vight ideal of A which s simple ap an A~midule 15 called o wminimal vight ideal. A semi - spvple emaq 15 #hus o diveck

suon’ of ymumal aght deals, m?de:;ev? sinmple module 15 somosphic 4o a mimmmal n‘gh} deal of A (& 1 _j: Al s simple —

henee quetient of A”bq manimal vight weal M — and f A 15 emi~ simple, hence bj 7.24) A=meR an A-moculen, A mﬂjh" 1dloal
?

dhen H = a, and @ is c[eqvlj m it rial ]

M The followmg pmper'-}?ea of a ring A are egyvalent

(=) A 5 a semi-simple ring
(b) All Vlthf A-modulesr are semi-simple

() Al vaﬁhf' A-wnduyles are FL‘UIEC";'{W

f‘“ All Flah} A-moclulm are Jm’éc‘)’?w

@) Evew V:ﬁh% deal of A s o direct Jsupmand of A.

5) A= M (D) % - - - X Mng [Dk) for sonae uhew-felds Dy, ..., Dk

PROOF (aj-_—,)(b) Evey fre module s remi—smple, and hena so s an avibrhayy module I”j Prop 2.5. andl cor 7.4y,
(a) = () BY Pup 7.2. and (e) = (d) wiih The help o Poop €5
=) If 0 =R —N— O s exact, Then L ;ry‘ec&lwe wpliey The requenie J/bf,:,é—‘ Hena bj: Puwp £, ],
(4) = evew sequene ipht &= (<), bul #1e conditvon that evewy sequenwe sphir s alro eguivafent o (b) by Pop 7.2,
T—'mcxl"[j (b) = (@) Pually, so i now vemams 4o whow 112 zqurual’mm of (a) and (#) hal (@) wnplies (£) 15 ivanaechate by
applyng He foumule (1] 4o The sevni ~simple nioclule Ag, sine Enda(A) = A as vight A-modules, and rings.

L'Io'\ -Iﬁqc{‘, T s ijo‘f 7b'ilﬁf ,'mmcffq{-e Cea e neecl 'f’hs ).Cg_”b wrn\? FWPOJVJT’U"'I )(1‘{’2 o\;(;gJ



PROPOSITION  Let /i be o semi-simple ””?: then there are enly fadely many isomonphism clooses of
simple moclulen, and enly fnilely meny simple modules occtiv in any facfonsation

A= & 3i (2)
€T
.s'em{-—szmpfe v11g /}

7 RDOF As nofed before, evew simple A-imodule s :snmoqah:c—}-o some wth— sdle] of /}J and any
can, 11 Par‘i’lcufqv') e writlen oo The divect sum of all oz S tmple retbymocules, Assume (=) » Juclh a qum_ Juppese

1= 515+ ~*+5, s, e Sy
Hhied e, i _ﬂ\a'l 5[}_' i Sh ave 7 gmfj IIMP[E Jb(bml)d‘u){ag Oﬂ A Le“f' s be cll’irfﬁler one, Sle 5 EQ-‘T‘-ﬂzn

# o= L = (B F 8 Yk

= S|x.-]--,.-]—5nx

which 15 av element of Z;Z[ Si. Hene S isa Ju}:DJr'u?ci{ of @2, S; — but by tovollany L3 4 follows that &
s ove of The J1. 7

Let wo onhnue the proof ef Foposihon 7.7. (£) = (o) Nohw that dhe pwoduck TTA[ of semi-simple vings 15 semi-simple,, s mte
A= GBJH;‘,J' yTake fe adeals Ay x 0--- X0, ..., 0% Azix 0 - & O, edc. Henw 1f we show Mp (D) 15 semi—simple
when D 5 q sf'aew-ﬁe’!dz we will be dJovie. We can c«lwwg; wirie I"I.-,CD) an o divectsum ol ,;31,14- ideals R, b
wheve 0y consise of moamws with only the ith row chffevent fiom zevo. Fns tdeal s munimal e if 0 xeai, and 9

s @y other element of @i, soy
A= (xr Xy oo - Iu)

g = (8 Juers-go)

Then consider T modnx
Zqﬁlj‘ zr_r‘j)_ g RS jfi—ljn 5£ = Nﬂ (D)
0 S =g =y.

0 5 e g
{ worng ewls

Hewe @; s ;;mPie, Nehee this ek worha on e Jedt cn wel'l'), 50 Mp (D) 15 both Jef ﬂ_@ ”ﬁh% sem{.ﬂmpﬂp o

Sina the wndvhon (#) s ,re,L}-,ng symmetnc,  follows that “vight" and “Jeff ] semi —smplichy ave equive lent.
(nsidey a devomposhon of the remi-simple nng A ao given in conclibon (7] Each fadtor - M, (D;] 15 a o —sided 1elogl
w A We wsserF Fhat Fhere are no other fuo - sided ieleals m A eother than the prelucth of Fheoe factors. Sinw each ideal

in A s of the form By x--- X Rk with &; an ideal m pgn; (D;), #his will follow fiom:

PROPOSITION 7-§ “The ﬁﬁowmj pwpw'ﬁa) of a ving A are egwnafenf:

(a) A 15 a serni- simple nng and has no frosidec! icloals exept O and A.
(8) Awsa semi-somple ring and Fhars s only oe isomouphism clans of-stmple module

{c) A= Mg (D) for sorme erew-ﬁcfd’ D,

PROOF (o)=>(b) The exutene of fwo non-isomoyphic simple modules would 1mply #he exicence ef non - womonohrc winmal
HSM ideals, and s would e aise 1o fwo-sided ideals n A 1?;' Fformule Q. [0 A%2; 0 te 10gaks )

(b) = () Clear

(c) = (2) Suppose R 15 a hno ~s(clecl 1deal = O in Mn (D). As a meansfo puove that A= My (D), we show that
n wnteuns The minmal nght deal i consistng of wnatvices with only the 7 —4n row diffevent fion O. Choose q
matax Be® vath rome ponzevs enty fst- Let L €N be Fhe makix with Nqs =) and all othev eytvies o Ther

O+xferin, s OFAR < a; /) a ad a; vawnmal impleo that Gr < @y

4 ema @15 simple aa o vight A=moclule H. d-comteams no aenzeve poper vight idecils, but Thr 13 ff. 4 & a ckew - freld. Hepee thir

15 @n umnf‘efwhnj vondrvon on a ving A. Henw e clefine

DEFINITION 4 ving A s simple | d sabifeo the equivalent condibons o)- Prop. T.&.

_\‘IMPI—E IHL)MDCJP{JIQS), 'H’?er] mo!‘e evewy v ["I"]' :d?q' ﬁ[, fq 15 o sciin 57[ a

NOTE Tf r’? 15 s@rvi -'.SEMJDJIE/ so A has only ;ffr‘mib{[f wainy o
A —wmodule 1 g

fiile number =f these, Fudhe, of M= A/Q_ is cycle, = [SEERS D'EBEI:A; e =l se vy cycl{r
1 sum ol Ailely many s imple moclules



EXAMPLES

|. Commutahre vings

2.Socle IF M s @ module , the sum of all szmplre submodules o& T 15 callect Yhe socle of I and 15 denoted by s (M),
I xes(M ), then 2t A 15  dwect sum of a foute number of simple modules. From+his o 15 easy Fo sec —H—;qg

s(M) = {'xe‘l"i P Ann(x) 1s a finike infevechon of moximel n‘gh% .Jd:c:ajrj !Il

2 . Gwup Rings ’r’hf Jemi—s:mfha{y u;ﬁ fe_wjzzm 310% vings is a bisie g ilE Fov the Fhoons of oup mpmeiﬁcm[wm_ T s boved
on the followng “averaging” principle. Suppore A 15 a commutahive ving and G s o fenike group . Let Moand N be
Alc]- modules, and suppese o+ M —2 N s an A-imear mcp. ngﬂe &M —>N by

2x =7 «(237)3

gec

NOTE  Lef A bearmg. C[e_qyfj any simple A-wodule s noethenan, and hens any Swnile divect sumn of simple voclulen i
noethenan ZF Lollows ot a4 an A-module, any semi—simple ving A (o0 the Anile divect cumr oF minimal /quhi iclearls )
s voethenan an @ wgh?L (veop. left) A-mpdule. Hene any serni-S iwiple rng s beth ledt and ﬂjh! noethepngn.



@
§. Tensor Proclucts

Lel B be nng and lef there be qiven moclules La and aM. e sholl define +he tensor pwcfuwtaﬁ L and M as a kinel of
lteansahon of the pwodudt LXM. Leb G bean abehan group. A& wnap F: [ x M — G will be called bifinegr L

Platal,b) = (k)3 ¥ (a,b) Vo,aleL YheH
Y(ayb+b') = ¥ (a,b) + F(D') Yael Wb b'eM
\5(91%‘5)‘: hof?fj"“:i) Ve Ly ye i, aeh

PEFINIION A fensov product of Lp and g M 15 an abelian geeup T dogether wih a bilimear map T: LXM —> T
sucl +hat for W‘"‘z abelian grup G and bilinear map F+LxM —> G Haere exrch « uniqie homomo vphum
e

A:T—> G sa rjfymj ot T ="F
T
LxM J/a(
KJ
G

PROPOSITION 6. {Ummcr'}a) TF (7,7) and (T)1’) are fensor produdds of [ 4 and 4/, then there exiske an 1omouphuim
K- T— T 54 AT ="

PROPOSITION 6.2 (Exsteutce) A 4ynor preluct of La and 4 M exih.

Becawse of s umgueneos (upte somophiim), we will speake of +he Fepsor procluct of L ewmd M. Uje denote 1} ‘oVJ
L ®sM, with 3enem+ors T(x9)==x @Y. Evey elewment ol Lagt inshkr like Sl ni(xey;) with j%mf-e aummﬁmn,

wi il elatwns
(ot o) Y = x®Y r '@y
xX@(y+y') = x®Y + 2@Y"
Ta®Y — X g)o.j

PROPOSITION 6.3 A ®aM = M for evew s M

PRCOT Define T: AnM —> M an T(o;=) = ax.The map T s bilimeav, and evew biltneay wagp ¥i Axl — G
can be umqmly factored sver T bj oA: —2C, «(x)="F(,%x). The couple (+,7T) 15 Thus a Fensor )owz[btr:f-
U:L A+ avicl H I

It AaM i an G{"l’J[FW’J"j tensor P»uducf‘ of Aand M, then Hire romogehism Aoar—M i qven J'og a®@m = am. The

S omevphis s nedual 1w Twe sense that there s o paduiz/ efruwa."ence behween the funchor A Ba * and Fhe idenhly funchor
Tr e fubure wme will e e ferm “nedhon) 1semonohingm ¥ 5o inelicate Phe exictence of a nahural equivalene bebuveain Fundors

m Alas ocr_uvnnj vaviables

FROPOSITION &4 1/ /: (4€T) are vight A-modules and Mis a Jeff A-meclule, #hen there s a nahwal somoyphisim

(@Lz)@hﬁﬂ = @B(Li®sM)

x

PROOF (With Fhe belp of a sudable bilmear map one gets a homomoyhisim o(:((«Bz LI)® M—> B (M) such Hal
()@ Y) = (2 @y)z. Similavly ore obluins (oM~ (@rL )M such Hat

F(Cx"gjtj ")I) = 21-1 {%‘(ii) 535;)

vheve 2 15 the mclnaron map.

Alterahvel , nohe at f B s a rrgj}ﬂ’ (reop. feft) A—module — ot s, Q.’[u[nc_.—ror— A—— AL which » wnhavanant (rap. wvavian)
Yhen for any abelian gwup C, ne b adel e fundos HS He - AL —— Ak allow woo induie fae following modules -

B8 left - module & C?gg 3 r{jb;fﬂmodu}e)
G
HB=[c,8], HB=1[8 ¢l HB=[c8]a HeB=[5CTa
leB A-module njl{\'}" A—mocule r\ﬁhﬁ— A -wodule leH A -module
(af)e) = a- f) (r-a)(¥) = F(a-) (F-a)(c) = Flc)-a (a-f)(¥) = f(b a)

C!-)C= B(Q)YC oo = !8(0[} fa= B{Q)JD a-f :7(:5(‘0



Consyder The Em‘f-unr:f‘of Bif (ﬁf_ *xM,q Y ¢ Mod- A xAb — Ab. Tnis defnis a 74/1,140}%‘_{ gnee f (9L xM —3 4
\5 'bilmem’, A L—2L" g monphism of vight A—modules, and B: G — G a movdhism of abdfa”ﬁ"o“‘f’fz then ﬁ@@‘w bilineav.

PROPOS)TION There 15 an 1somoyohisim
[L®aM, Gy = Bil(LxM,e)

na’!umf in both LG”G{ G.

PROOF  7oere 1s no queohon of #his isonaophism exishng —we asmplj have Jo show i )s natural. With o, B o above, Hnys involves

Shnw'ﬂ-q Hhat Phe following alaagmms commute

[LoaM,a] Bil(LxM,a) [L' @M, 0] =——— | L'} M, )

0¥ Bil(), ) [w®i,1] ail(d)
Bt G . .

[Lear, '] Bil(L=xm, ') [L®M, G ]:_T-___________Bi][g_xm;c\)

but #hege aue both eany ronsequenes of e delyshons. n

i?tj Jhe previows page, HDM% (M, ¢.) has « canonical shucture as g riallm[‘ A—module, Hemmj,

FROPOSITION  Theve 15 cm tsomonphism

Bil( LxM,a) = Homig 51 Howgs (M,4) )

b'tw}um[ m ]JOUJVJL] f._ cme C:

PRUDF of woupe, we ;den}—,ﬁj both sides of Hhis equechon with subsels of [LXM},CJ) [, [HJ,C(TI MP_Jb;u?cymﬂ
cevkum condrons. Then uning e adjunchon

[Lx™e]l = [k [H6]]

and the fuck that under Hus 1somowphism, kilineay maps are 1denhfed precuey with those funchoms /cé :Lﬂjﬁ‘},&j
@hff—r.[ﬂ jsmeﬂ-’t ﬂlﬂ am‘"&oh a}[ /4 o 5{ Wh e rmagw are a!‘bva\er mol?gh}_r}n‘r 0}(— Cdb@;f{.‘-{ﬂ Smufar? we hq\fe H\Q ?‘%MH Q
(owve shoold check Hie rTimauning d.ehﬂrj *

Hene The funclor — @aM: Mod—A—> Ab s leff adjomt 4 the functor  Homy,( M, —) which s an D.he.hl;]ﬂ?\
gusap G o the night A —module dehined, on Homas (M, G ). Nefie hal #he nedual isomopphums above are isomoiphisms
[

of quoups, €2 Mok Fius s an aaljumc-flOn ol Ab —valued bifuncors.

We show J’Imi|0l"[:j( that | ®g5— ;C}—]‘_'M—ﬁﬁﬁ_jz is left arymn} +o HDFP'I%_L; (L}—ﬁj : Ab —— A —Mod. Heme the

Fonior pmduc.jr 15 r{'jh:'reeiad m each of dx vanablep, and presevven epis. More cavefully,

PROPOS TiOn Let L be « rtjhi’ A—mOduig, M e [oft R-module . Then theve ¢ an \somoyphism ot abelian aW“'PS

[ g M = M Dger [

which is nadural i L, 1.

PROOF The map T':LxM —=> M ®a*l, (&m)—>m @ €  atepsor puocuc] of La and g M, for gwven
tnduw kilinear ¥ - Ma» X gl — § and henw )35 M @ g L2 @ as requuree]. Henee

FrLx M —> & loi]meav;
fheve. s an 1somoyghism @HM L oM — M o4 L uilgue ma mj

LxMl —— | oM

]

ML —— M@l

Oom




D

commule. Then led o: L—5/1 7 and F-_M___.}H’ (recall |off A -moyphisms  are V{j’h)‘ H"P—mopmxmsj_ we muat show

L @M === M @p L’
X0 B ®acrod

)
L@,ﬂﬂ e M’r@)ﬁgr il
pommuk-@)‘ Buf g s +VIW&I_ a

PROPOSITION €.& Lot [yi)z be a jLam:JLJ of generahors for 4 M, and let (X:)1 be a ,émdj of elemonds of L 4 with almwe}
all =; = O. Then 2‘ :c;@tj; =0 m L ®g M f and U"[H if fheve exich a jfmple j—amn’kj (V)= o| elemenks

=L elements oL - and o farrmfﬁ‘ (%“ JT)\I of elenent of A such that

() u),‘ =0 for almess all O;’)
Elﬂlf-} ZI%‘; '
[J’i) X,

=0 fer eac['\bfe'.—j‘
— Z:‘_ tﬂ}rajf for each T

PROOF T#is dear +hat #he gwen condrkons are sufficient o ymake 2, 2; @y = O becawe ey give

Zi’par,'@jj = JZJ: uJ-QJ;Qj,' ::JZ)SL{J. o) (zl_laJ';j;} = %L‘rj-@o =

Suppom_ on the ofher hand Hmf 25 3(,‘@3; =0 Sinw y {ieT) yene vate M, there 15 an eucohc}_;pcfpwmw
= (=) P
O0—K —m AT — M ——>0

whare B maps thecanonical basis vector €; e A ) fo g {%; fenisoving wth L we gelf an exacl Sequene

o ) 1@
LoK —— La® ].__i LeM— 0O
JUJ' @0((2.\))

The hypotheas That >3 =; ®y; = O mphes Dlxj@e e Kev(l®p)=Tm(l@«), s Axrger =3
Then

v J0me v_l'eL} 20 ¢ K, Each o{(zJ'Jé ﬁ{r} can be exprassed 1 fhe canonical baais an o({zj')zz ; C\'inef-
pa=0 gvé& O =ﬁ(2 @€ ) =3 ; aj; 9, which s the desived condifon (ii). We also heve

Zéxr' D¢ =%,UJ‘®Q({2J') —_-.:2 \i‘j ® QJ']Q;

y ) Hie () )
n L@ AT Under the semovphum L& A o l—ﬁI/ This gues X; = 2 el for each 1 — eonclhwon (i), Ly

EXAMPLES

L_Eemfsofmj with ct}chc mwioclulen

Let @ be a ngﬁ? ideal of A and M a lett B -—module. Fromde exact requente 0O— U —A— Af—0 wrrje*

“an @KG‘LE.'J' [e-‘?:b(_l?ﬂdi
Ao —sF/a)p 1 —
M ™~ > o M )

e [ 5
where Imo( =1 Jaga; ) ajea, 2reMy= a M. I follows Hhat (A/a)rgom = M/aM. (o abelian gisaps
sine A may not be 4us —sided, M 15 nst _gwneraﬁ a 1ubmodule of M),



9. BIMODULES

Leli' AJB and C be vin [ R&ca“ ﬂﬂu}' JVJT Is & E*ﬂ—fg;'moofuf'e rF Mo = }e-,[f: B_mgdufe and a r{jhf- ﬂ“mGGIU)&‘_;
such that (bx)a = b(xa) fr 1798), %e M, qe A We wiife g Ma # nduale Hus sthuch0n, The B—imo dule sharcture
of a bimodule g Mg cak e descnbec o o ving homemophism F: B—s Euadg(m). Foraf e Ma 15 e bimodule , Hhen we
define ¥ as Y(b):a > hx for xc M, onvevel, £ F s green, Hen M bewmer a B ~A—himwodule by F“H_mﬂ

bx = ¥(b)(x). Let T Mod—-A —s Hod —c be an addifve Functor: Fora bimoclule 5/Mg we gef a map

B —— £ndy (M) — E£nd. (7(r1)) ()

whese Hhe sevond map, mduad by T, 5 & vieng honpmoiphism sie T s an adelitwe functor. By the previow reware it follows
that T(M) 5 « B—C- bimoclule. We now “apply These wnsicleratons 7o the functors Hom ond @ Lot L be a rght A-rmoclule
ond tonsidev the functor Floma (L, )i Mod —A —— Mod =Z . Zf ¥ 5 a B—A-bimodule, Then MHomy (L M) becomen

a lef B ~module. When one examines whial (1) meems w Hns cace, & +ums oud fhat the B-imodule shuchure s clefined wn
Lllows: let be B r:m.c] fe Hom,q (Ljﬂ]}' fhen b'¥f: [ —3 11 maps xel +o 5:7’(91) e M.

Next wee look af The wnf’mmnan{'ﬁn&ur Hom/}(-} M) s Mod—A —— Med—~7Z . If L s a B-A —bimodule, +ney Homa(L, M)

15 @ f'ﬂw— 5 — medule TP b(.—g and b }—z,‘om,}({_,MJx Then :}ob L—s M ma ps (e[ += ;P(bx)(_,; ™~ Moewe Senqmﬂﬂ] given
o bimedulen 2 La ond cMg ; regeds g (_ B — bimodule HDW{&@-;M)_ |

Finally, we- wonscder The Jensor procluct. Given bimodules el o and 4Mec, onegets a B—C— bimodule L ®4 ™M with
b(x ®y)e = (bx)@®(yc) for be B, xcl,yeM and ccC . The asso c!cuﬁu:-@ vule for denmor products can new be sfated

PROPOSITION %1 G iven mrsdules La, Az and g\, fhere v a patuval 1somoyohum

(LaﬂHj®BN£—! L@ﬂ-(”@g}\l)

PROOF We v b define the ssomoypism on fhe genevatnis of (LoaM)®aN a (= oY) o= > x &(y & =), The ‘M]j
PMHQWI is 4o show Fhat s qhves a Lﬂu"eil'—deJ—xnecf howemoplyism Forv Then "{‘jf sgmme.ﬁy fliere 11 a srvnelar ey
r fiie ppesie divachon, and the #io mcaps are invewa of each othev,

For each ZC—M wedeJ—ma g " M—= M PN o 0(2{‘3) = B, ahd’ﬂl?ﬂgﬂs'a f’lomﬂmanhUm ﬁ;—_ = [ ®cf,:
L ®aM— | ®a (M ®a ) we thendefne

t}o(i_ @AM) Y _—3L©A(H®EN)

an Fluz) = ,Q.zf“). s conly vewhed v be « biflineqr wap , sine /921-2_’(‘6 oMY = € ®dzsp (M) which
s€o (mez+z)= Ca(mazimoez)= ¢smoz]+ ea(moz') Then ¥ mduws The cdeoired
hewomorphis m. o

The next result 15 a Ve we ful foranulg rela-i‘mﬁ 1he knmr}smducf' 4o the Hom -—qfum—}or.lf_eﬂ" La, aMg and N be gien
moduley Wedetne Bijg(/L %M, N) fo wngist of tuore bilinear maps LxM ——=N (bilinear n A ) which also respectFhe
3 —shucharey se

:P(DCC?J,‘-_’])—:— jj(xf 0‘9)
tf('xiﬁ‘“) = F(x9) b,

We a]'reaciy lestopw There 15 anicomonphiem, nedwral in L oeind N

Hom (L®aM, N ) =831 LxM,N) = Homs(L, Hom gy ( 11, N) )

ancl he bi hnear vnaps on the fed+ which wowerpone Jo fhoe m Bilp( Lx™,nN) are preasely Hhowe whose imeages F+ L — Homap (M,n)
are posnhasie movphiums »f E- poclules. Hepce

PROPDSITION 9.2 (iven moclules La, aMe and NB/ Were 15 a nofural Lromoyehirm

Homg (L ®4 M, N) = Hompa (L, Home (MN))

That i, the funcior — @, M : Mod—A ——> Mod -B 15 leff adjomt Fo The functor Hﬂms(“’b —): Hod B —— Mod — 4.



PROPOSITION 4.2 “he poclule Hory (4, @/ 7 1 an mjectwe cogenerator fov Mod — .

PRODF Here we wonsider A an an A—7Z — bimopdule. Then for evew mocule L4 wwe Sg+

Homa (La, Homz (8, Bz V) &= Homy (L @4 8, R/7z) = Homz (L, ®/7)
0

PROPOSITION 9.5 pe 150”01»“!!13 propevten of a ving A are equivalenf

(o) A &« V\ah'} ]derﬂ.dtl‘mﬂ
(%) Evew submodule of a projecive module 1s Pt-g"?calwe
(¢} Evew f]rwu-he:nf of an mJ‘eL'fwe nipelule 15 ;;Lq):'edwa

PROOF (n) = (¢} Let E be an wL‘y'eanv\re meclule, and wasicler an epimoyphism a: E —5 M. Suppose f: o —s ™M 15
e homomonphism P G Wg!ﬂ;‘ elea) @, Sne 0L s o J:md'ecﬁw module, I can be Iifted fo « homomogphism
j’“’: n— E. But sime E i rrj}‘e«:alwwf, Y can be extended 4o Wi A4— &£, auncl the composec mmap a¥ exkends ) an

desived,

() =>U°) Le} l— be a Juknmc{u!’e UJ{GI ijecﬁqf mocfuj'le_ = Smppor«e 'H’iel"’- If given an e}(c‘u:';- Seguane O = K—M=aN—0
and e hemoyphism ¥: L~ N If we wnsicler M as « submoclule of ¢n :ryec}wv meclule =, we sbrain a ommudedure

r,-‘lmﬂmm

]_"g Lindwes s pop= 0.

O
T monic aning M. nelea Plll“
LEMMF b’rc_'_r

N

0 —sK——m— —_— N —s D
[~ ]
C—K —sE — S E)x— g )
/‘”'J 7
E/M E7M

sme E/K ¥ un mjec}m modufl!?; e map 77 ¥ exlenc{l/:-}'ﬂ yhp— E/k Bl sie P P"“J'QDLU"“?; ¥ com be Ifled bo
W P 5, Then V(L] & M, becawse MY =70 5 zew on the submiodule /| Then wing W far%‘%a} 7 1¢ monic,
wre see Yot N mduws L —s ™1 ex,lfmrmﬁ 2

{b)-@ [a) 15—};,4\11(11_ n

EXAMPLE (Exitension of Scglars) L[et FrA—5B he o movphism of nngs. ' Msa wg}ﬁ‘ ﬂ—mudu]ejﬂﬁem we may
L M &4 B, where B i wonsdered 2o a left A—module by veamchon =f scalaws, anel M OAB s a wghf’
B —module. £q of M v a veal vecdor spae, +nen M & C 15 the “comple xificaton " of M.



|O. FLAT MoDULE S

DEFINITION A Jobt A-module F 1s fHaf i the fanchr — @4 F 5 exact.

S the fensor poduct 15 always vigh! ex,ac,{, F s Hat 1. 4 F prevewes wiopomophisms o u{gh)’ A - modules.
PROPOSITION 10.] 7 (F)r 15 ;’umn’g of left A-modules, then @B Fr v flat off. each F 15 flat
PRODF Let L——M be a monomoyohism of erh}- A—mpelules . By Prop 6.4 Fhere i a ommudatme c}'raj}am

L& (@®:F) —— Mo @:F)

Il

Sr(LoaF) —— P, (n & F; )

ﬁaupper VoW Is o manomom{flijm Iﬁp "H‘L!Z baH—om oL 1S, GWICJ J:’h]s happehs ".ﬁ‘f- eac}‘n L AaFr 2 M@AIT_ 15 en

7
COROLLARY 10.2 Every pmd‘e't,ﬁw_’ module 1 flat

PROOF 4 A i flat sme [ ®4 A4 22 A, Henee evew firee module i Aot by Propl0.1., anclit follows fom Prop 6.1 and [0.]
“hat ijec‘h\re modules are —F’Ictf*.ﬂ
Fiom Prop 6.7 we obtamn

PRoPOosITION 0.3 Evewy direcd imit of Llat mocules 15 7f-/cuf,

The m;ocm%wljj
medulen,

relocon hetween Hom and ® ertablishes an whmale onnechon between fled modules and mJeche

PROPDSITION 104 | 1 Hor be guen moclulea 4 Fa and Eg, and assume Jhat Eg s an;yyécﬁv@ Doﬂc—'mo{m:‘}m‘.
Then 4 F 15 #lab # and enly  Hompg (F E) isan MJ'PEFW V!f!'n’-/}'—wlfdﬁfe,

BRO0E Lol e M hes e waﬁg vnonomovphism of vight A-modules . T mduces a commutatne dmgmm
Homa (N, Homs(FE)) —— | somg (1, Homg (F, E ))
Hown (=, 1)

iy

e

Hofmsfi\j ®: F g_:_) _

— HomB(M ®s F E)

Flom (X @1,1)

wih vevtcal isomonphisms furnished by Pep 9.2 IF 4 F s Flak &) M ®sF —> | @aF 15 a monombyohism,
and Eg mJedmxﬁ implieo Hhat Hom(x & 1) w an epimovphisp.

/ anc hente HDMB‘( F—; E_) woan mjec—}Wt‘ ﬂ-—modu'lﬂ
Assume npw instead fat HDMB(;’{ E) 15 an uj.iec,ﬁ/w A-wmodule. Then an C?Eou-e). Hom (< &1,1) ts an ep;‘momhum,
Lel 2 be any Novzew elementol M ® 4 F. S Eg 5 an :nJ'eo-l'xm co

qenerator, there 1s 4 B—hneay map
¥ M R®aF — E sd. F(x) F0. Sine Hom(_o(@;f} 1) 1s an epr"moupiwm/ we have j‘___-—\)p(‘q ® J) for some
V:N@sfF —>E. Fom  T(#) =0 vawstHhen followthat (x @ 1) =0, 10 X @/ 15 « onomovphism.
JHenwe g F 15 f{a} J

If e Fuke B="7_ and E = @/Z; e j&f‘— n Pav’%cufc;r the mmmhaH‘e
rﬁw A module 4 F s ﬂmL i Homz(ﬁ"j @/ZJ 15 ean va‘eﬂiWE ”f?’?’} A‘MUC{M;{_
We can we Hns reoult Jo get an analogue of Pop &5 for flat module. We dende F=tmz(F e,

m_bw{: A module 4 F s Flat 1f and om’j if the canonical map & @4 =23 F 15 a monomoyphym for
evevy ?C”’?""‘erly j@h‘e“ﬂai’ed VLSM- ieeal @ 0)( A.



®

PRO0F Suppose A & F——>F s g wionomonehisn fov ﬁmle@ ﬁenem%ecf r’ISh} ieleails . Then =15 so wlse 7[r:r citbifeer
naht 1deals @, for - 30 ®Yi € A ® F, then fhe aj fie ina rﬁmkfjf Generafed wyh} elea| B< o, and the cormpesed
map hgaF—a d®F— F v 4 monomonohism (heneso s he F— a®F~ ). Jo it ey @ Y; Ija-h Zevo

n F'_) then 2,0\]‘ @U; 15 =ew? th };j@ Fand honee 1n ‘Q@F
The ncluolon map A ——> A nduws a monomenohism . QF 5 F, and Jhere ool o et Clmamm

Hom( A, F) —— Hom(q, F)

—_}A
ner

;\ 1
uppev imap, and Shevedore & 5 mjecture ’gj Bop 4.5 Fuf

THe————

where the lower mup 15 gn ep;'mwphum_ 5o Hheralio Fhe
then F s flat by Lec 10.5.7

EXRAMPLES
]. Flat modules a're.}nmlon ]G/EQ Smppme aF x ﬂq} cmd lel s be a nonzewo dwvisor of A Dedne wteff—3 & as O((C’.J =sa,

w'mc.h T a mom::mwphum D# vljf}\'f‘ A-mo:[ua’ea. T+ S[\P@O vue'}D a wmmm’a-ﬁ/\,e ohqﬂ‘.'um

AoF -‘ﬂ’l, AeF

El l

oo o

F

where B(x) = Sx S o ® [ 15 a monormophism , so alse u (3 and hene X SO implies sx = 0. The moclule /= 15 #huo
dfonion—frez | nhe jense that z F 0 and st a zew divisoy imphes sz 0.

FROPUSITION 107 A ywisdule #F is Flat A i} sahste - 2= biXy = O fov bieh, X, €F then hoe exish Uy, Um
in Foond ajeA (’r‘:l,...,m,j:;,../m} such that

Zi_bi QU =0

and
. = - A Y
x ZJ Y

PROOF  Suppose g F 15 flal pnd S bjx; = O n F. Lef n be the nefht cleal generated by by. , bn. Then @ F
1 a wonomop hism, Jo we ymust have I bi ®x; =0 in R ®F, and we can apply Peop £.& +o obtan The

=Sl

stzted condrhon,
Suppose convenely thal £ sahshies The Londihon in queotion . Let i be an awbihan aght ideal and consider the map
heFE— £ Tf 3 by &x; ER®F qoen hy zew m F, fhen Slkix; = O, auwnd there ex st Yy and C{‘fj a{cwrdm:j

#» the coneldion. IS gives .'mmedm?’r:}g Slibi®ay :‘Z*?J' by @ ayu; = 2 i b;ﬁ\ij EMJ,‘ _ 2}_ o@ Y = O
“The map KR F—3F ﬁ;mmamc!qm} F s flat bg Pmp |9, {,,D

s chavackensen fiat modules, and wrzna!m”j shites that a module F s Slat ift. all relghons 1n Fare due 4o relorons

alp\eady emsﬁnj m A



|[. Pure SuBMODULES

A shot exacl sequence ©— M= H—M"—0 of Jeft A-odules 15 callecl pure if Lear— | ®aM 4
monomovjohisim for every nght A —wmoclule L. Since the Fensor puwduct commules with direck ks, o sufficen o reguire

turs for pnikely gewemf@d wwclules L, and since cyany fimlely generaded module is o direct lmf of fmikely preoenled moclules
( Example 5.2), one may even assume L Finilely presented. The following reralf velakeo ﬂc”[m’:ﬁﬂ””%:

PROPOSITION I1-1 e jfuﬂowmj prpeihes of-a module 4F are equivalen! -
f‘l) F 7‘%{;’"
(b) Evew exad seguene 0—M'—> M~ /== 0 15 pure

(<) Theve 15 o pure exac] requete O—M'—3 M — F—0 where I s & flot module,

PROOF (aJ=3(6) TP L 15 a aght A-module

, we chooje an exact sequente 00— K—=2H—L-—=20 with H firee. We get
S wommutafwe diagram

K M— 5 Fate———s By

L

O— s He Hr‘ _'/T"" He M

L]

L@H’T-; LeM—s| gF—— 0o

o) O O

> O . (1)

with exact wws and columns. By hypetheais we Rnow that & 15 c monomovphisim. we wil show Fhat i follows thal 3

12 & monemoye i sm, by making adiagrom chase I x e Ker B, then x can be |ifled 4o YyéH® M7, awd/u(ld )€ HaM
goote BE)=0m L& M Therefore m(y) wmenr from sorme element ze KO M, wid » maps Fo an element u
K®F. Bube(u)= f/‘*f&i) =0, 52 o mome wmplieo u=0.The element Z£K & M st Then be +he image of some

ve K& M, and v maps fo g m HeH' sine. pA 15 4 monomonohim It follows that x e Kev/3 is RS fg e

mevovrioyphisim,

() = (&) 15 cbyious (whle F a» 'fhﬁqwaﬁeﬂr‘l' of a free produle /‘1’)
(&) = (&) we et 0 — M'—M_SE—50 b

> ¢ co Pure exacl sequene with M flal, and constler any e xeack
Sequehte 00— K—>H—/ —3 0 of vight A—imocules. We then gel a dagram (1) wi;@:@ now The micldle Zﬁ{umﬂ
Nstead of the yiddle ) s o shod excict sequenu. B1s a monomovphism | so we are N a s duoron wmp/ekfy
Sjmmehcaf—bﬂm one. m fa) = (bj) and t+ Lllows Hhat = 15 a wionon NIV He e F;:/;’a}_ﬂ

A submodale Mol M s a pure submodule if Hhe oxack sequante O —3 M —s p—— M/pg!

- 20 5 pure. The -ﬁ:fﬁ'ﬁ‘wmﬁ
chavadensahon of pure submocules 1 an analequs of Pusp 167 for Flatnees.

w A submodule M’ of M s pure m M if and D”{_‘j of 1 sahshes : of Y- s are elemend 10 ) (aip)
an mxn matx of elements m A anc the system of equahons

Zxiog=g o)

i=]

hoo u soluhon (a1, ) in M, Then ifhap a ssluton 1n 17

PROOF ) sosurne fhe woncihon 1s saksted, and want 4o show Thak for evew let module L we getc vmonomonobsm
M @8l —s M &L . Clealy we may asume L fonkcly g}emm?‘ﬂ[, avel sine evew) Aniely genevaled module v cirect
limit of fmlely pveoented pmeduler, we may even assums L firukly presented. Thuo Theve s an e xad sequunc
AN s B

where of 15 vepresenied ng a matin (aj.-j by fhe ule ot (o) —> (2,*aijfﬁj)_mem reonliz o wmmm]'t&we clrmfjmm



M'® e B s Nl

.

MRA” S M eA"— s Mol —30

whiesre the Fwo verical gppws are vionomonphisms. We need fhe %oﬁuwmﬁ lemma

LEFMA 1.3 [ f ﬂudmﬂrﬂm

M gy L sy, e

} n{, J/d‘- &M
L L

J,\J/ '——--’—9 N e N”—-——;?O
7

J:’Jf_ Lﬂmmuﬁjlwf W?ﬁ'} 6Xﬂt+ YOLUE . SMPPOJE o Ud moﬂgmowh”m .Thew .Qf'” 15 o moncmbmhh”/}q
if and onlj f T ' N Img = I q/q’,

PRODE Suppore o 1s monic. Cleavly Im am' € Im7'N Ima, so suppae xeN 55 % =o(9) = 77(2). Then
O{H/u(ﬂ)j 7e(y) = 777'[2) =2, ro thal e 11 monic, pm(y)= 0 and hene by exectness of Fhodep
. jg/u‘l(i) sone g e M Heme x = « (4) = A M'(2) € Timau', o vequived. Convenely , suppare
I 'N Timet = Img(/M/ apel say a(”(m]:-o/ me M §;m¢/,; repi, let et besd m=/u(ﬂ]‘. Then
a'm(n) =0, 56 Vg fn)=0,hene x(n) e Tm 7' N Imx = Imepu by exactness of The Iouy?:m mwo.m
j’wj K (n) = o{/w(ﬂ}) xe M Then .“'.l:://\"[:f) shice A 1 monic. Hene mzﬂ(n)ﬁﬂ/uf(x}:c)} ta.extl g amonic.

(Ao M‘r” OPPI‘lj ﬂlﬁ Jemmq —_;—0 Aiﬁgmm (3) An ele'memfj“ [3‘%}__,),3{”1)6’ Mm£ M = /L}m ma’,{PJ "J"b = Z"Xr & (qu] & H [ ﬂl"\
which also 15 #he r’mage of (Y-, LJ”) eﬂmd"w+ when >, ; aj =9 The ex\stene of o ;pluton (Z‘J,,..),Zm] m M7
of s system means that . 1 Hhe imeige of an element m M'@A™= '™, o Hhe Lemma can be uped +o show Hhal
Mel —M@EL i men0MoKEhIsm.

Convewely, assume that M’ 1s pure in M and that the system (2) han a solubwn in 1. Tne matnx () detewnings @
movphism o : A" — A", ancone pukr L = A"/Tiner. One can now follow The PY‘fCQE‘d]hﬁ argument backwards
o gelIhe existenue of o goluhon in M7

O—w Let Mbea flaf module and O——=1K —> F—3M—20 an exact sequanic with F free. For any finite
famly uy. -, um of elements of K there exists a homomovphim £:F — K sd. P(uj) = i, =N,

PROOF We can wnle

(,I{J':Z'x[-ﬂi]' Ui:.‘b...)m [,}:”

whe re Ly I I 4 bapis (Mwe pwecud'j, Pﬂ_ﬂ’F D/ el br:wu) for the free ymodule fc: Sme M s f'!ah ‘fﬁeg:vﬁn exact
Sequepnte 1s pure (Pmp H.JL o The ,rg.fiem [.q) ban e roluton Zy.-, Zm N <. e can G‘!e;'{me ¥ F—3 K 5o ’ﬂ’faf'
i) =z, and ﬁomje;‘

$4) =F( Zziaj) = 3 205 = . g

A shquinﬁ vonfequente of this CowHa;y i -

COROLLARY 11-5 Eyew fimlely presented flat module 1s projechve.

PROOF Let M be fipilely presented and Flal. Choose an exact sequeme ©— K—3 F—3M =20 with F finmlly generabed
Free and K.ﬁ'@”em’iﬂd by Uy, Um. IF ¥ F— K maps vj, % uj, C“w”"lmjﬁ The worollary, then Porpid
The sequene, and hene 1M is projeciwe. 0

Ancther vew vaeful consequenee of this corollany is

PROPOSITION 1.6 Let A be « m}gymg of a ving E ot Misa %W)efy 5@;?9%!@ and fleit right A—produle, cingf
M&sgB 5a PVUJ'ecﬁwo_ B—Ynodufe), Then ™ UjD&/DJ'E.c-ﬁ)rF over A .



%QMIOY!Hj

PROOF" Choose an exad sequene 0 — K— F—M—30 with F Firdely qenerated fres. Siae M 15 Hab

with B giver an exact sequence
O— KaB—2FpB —-MaB— 0

by Prop 1.1, This sequente sphts, becoawne M@ 3 was assumed fo be G-projecwe. Tt follows that 1< & 1B 15 Fnikely

enevated over 3, say with generafors ky @), .., kn & |. By Prop 11.14 Theve exustr a homomonphism ¥ : F— K
ooy . We el show hat f(k) =k holds #or all ke K. so Hhat 5";;3!;}3 anel 11 f.rfn\ajl'pc,htrﬁ

ruch et }’KAJ-) :}lj fov |
TFRekK, we may umte k ® | = (ki @1) b wih bje 3Then

fle) @l = (Yai)(kal)
= Dlvai)(k abi)
= 2 Y(ki)ghb,
= DL kigb;
= k&)
n K®@B. But sine F and M are flal, also )< 15 Flat ( Exerase 36), and therefore K= K ®A—5 Ko B is o

monomovphisn) . Hene F(k)=k for eath ke K.g

EXAMPLE Ejr"ﬁm‘} Domams If A i« g wommutatwe mf“egm) domein  puwih field of frachons K, Hren eveny ﬁmf—efg
9enerated Flat-woclule 15 piyjectwe by Prop 11.6 sinte M @4 K 15 avedor spae over K.



EXERCISES ChI Stenshom.

|36 l Suppose 0= L——2M—"N =20 s exact and that N s flal.we claim then that L i flab . 1M s flad. Let
Ce—a D be qmcnombqph!fm o}[' YTS)'J:" F}—mut:[bll[t?ﬂ) Jo that we heave d {.ommu”'n'f-we {I{qgmm with exeaet rows |

i

7
ce > Ca M —s C@N — 3O

17

D@LTD@M > DN — 0O

©

.

sine N is {lat, by Prep 1.1 O—=L—M-—N-—>O s purt, so that ©, 0/ are both monic. So suppose L is flak. Then
A’ 15 wonic, so f o (x) =0, 7a(x) =0, o " % (x) =0, henw cinwe N 15 flat o' s vaonic, and 7I(x) = 0. This

:mph&') x ._.__,_(9{3} ]CDV some jEC o L. Flente (_9/0(4'{9} = 0{{9(1‘0‘): 0({1): 0, fo a(l’[y) = O and hEF?Lﬁy =0.Thw «
15 monic. (»on\fgwaﬁg £ ™ 1 f,"af;, SO & 15 monlc, Suppofe a(f('ﬂ_)‘—'O_ Then s C(Y) = {9"0(’(5] = D} sosinte O U

menic, j: 0. Smx ¢ — P wan avbﬁrar\j) we have showin fhe mw!i,g

Qlg) Let A be a ving and /3 Mod A > Mocl A #he idenbty funclor For ae A 1n the center of A we debine a neahual Panshrmakon
| 5 | i;j Pla)p 22 2 Xa For € M. This Jives an 1SoMoUP IS OF rings

:]o-‘ Ceﬂ/} R [l) F]

sine F(@p (1) = a, 50 F 15 wjectwe, and P(ab)y () = x-ab =(¢ - b) a = F(b)m(x)- a = F(u( (b (1)),

which s (F)Y06)) (@, and Flarb)n (x) =2 (atb)= x-arz-b = ¥ () )+ Pl () = (3] +$(6))ss (1), TToreover,
Tt s Sujed’m&’ sne 1f 5?5: | —= 1, Jet

¥ (.D)M {‘J’—) = Q= Onh {m:lI amel Flilml) =2 =jm (’-ij so ¥ g moqohfém of wry_s_
azﬁﬁ(,_](rj,‘}hen S Me fi_od/ﬁ} and sce ™, et /5_- pal 3 M be | > x. “Then b\j nq-}umchaiv .:—f—/@g

Pr(x) = Zr( L))
= p(#a(1)) = p(a) = x-a.

cnel so }5 = fla) Henw cend =1L1,1].

_[@ Let [ be an A-A-bimodule. Defne o mulhphcation onthe abelian gwup AXM as
(a),m)(]oJm‘} E= (ab} am' + mi;)

then () Axr s sving - T (a,m), (o), (c,m") e A x 11 Fhen
{a},\m)( (b_,m‘).{c}mu]) — {'c‘fmj(;oc) bim 'L m’c)
= (a (‘oc}) a( bt L n’\"c5+ m(bc))
= ((e:tk)\cJ (ab) m" + (am')c + (m{p)c]

((“Jm)[b;m')){ch“’j = (cﬂor am' + mb ) (¢, m")
= ((cll:)cj (oﬂu)m"+ (amtjl‘mbj-t)
((aY)e, («b)m" + (am)c + (mb)c )

o AxrT s m:oau:!wp. I+ s alse drr%bm% Thoce

(‘:T;V”_J(I(b_rmf)‘i_l_/cjmnjj =(qimj(b'f' ‘-’} m f-:’- m”) — (/‘q{b'fc:]/ Q(V?’E‘?‘m”)-a"' gl /b-f—c))
= (Ollb rac, am't am!'+ mb+me )
= (ab, am'4 mb )+ (ac, am' £ mc) = (a;m}('fnr“?)* (a,m)(e,m")

gl ishabahuly o flou s slm;lqvb_ Finally, (am)(L,0) = (u, o0 + m- 1) = (am), o (1 ) 159k d@ﬂ’%f



we defme a ving monphism of : A—— AxHM by «(a)= (3,0) Then o (1) = (1,0) =), afo)=( ond
% [atb) = (a+h,o) = (a)+(b)
g{[s{‘n) = (G\LJ} D) = [C{J D)[‘n/t-"\

ahof the PWJ‘QG%” jo:;:} ){_H——j)g) (am)—=a 5 a r:r?j mouphism, b_:; a‘e}'u Cfmufj ot =lg. (Tn pafhular, =
s c]t’.avl'j paomic ).

(1".) the subrelt Ox 1M S AAM 15 an addifue su"pgvouf, and 15 alse & tup sded decd, sine

(om)(a,m') = (0, o-m'+ma) = (o,ma) & OxM
(Cf,m)[o,mj = (Or, am+m-o) = (0 am] € OxM™

(Hms alee shows ‘ﬂm{"anj sub— bimodule of- MM JMO:{L{LM e Fon ¢ icdec] idea. _)J (D) e Ox M then (Omw)fom) = (0,0) p
so (oxM)r= O.

@Di Lot A B be rings ancl AMe a bimodale. Consider 1M an a bivmoclule ovev e ving AxE Lj

(9)x = ax, x(a,b) = xb

(D) We claimthe ual exdension (AxR ) x M s somoyphic Jo e generalisec watnx ving (ﬁr I;") .:,omrsvi?iﬁj of

(a m) aehybeB me M
o I

with Hhe obviows adeliion and muthphcaton
(c\ w ) a’ om _ aa’”  awm'+mb”
] b o lo" 0 Llo’ )

w Fucky s :sb:waﬂ'j obvroun whep wre ;clew%% (“; ':‘) with  ((a,k),m) € (AxB)xM.

(i) The vight ideals of (37) are
R= i( " “")
© b

where @ s g vijh?- deol of A, ame] L s a B—submodule L MeB sl aMsl

aen, (m,b)eL}

a m "'
PRODF Obwomfj ny such collechion s closed wndey addihon, IF (c b J6R and (g Vi:') 5(@ g? JJ then

(230 ) = (78 =)
. @ kb’
ahichisn R sme aale @, and of (mble L < M @B, then  (am'smb’, bb/) = (am!, O )+ (mb)b’,
whichis in L sine aM < L (that s, (am,0)e L, ae@ and me M ).{/anwdg) let R be an '
ﬂjm’ idecil D,( ('Z ;) Lok a = fqe A } (qo ':)éR jGrJUH’?E? mEe H’, be B } Then demfﬁ (‘;;){_-—Ul andl
s cloed under adddwn. I a€ 7 and A'e A then let My b he 5. (‘; ";)er{.’men (aoa' ;5 _ (o; V:)(ixg){—ﬁj
Sme R 15 o vjjl'qaL fg}e{:{jr. hene aa'e M, é0 A 5a r!fjh*‘ relect].

.'\Jowje'i' .{I__ = 5’("1,5)6 JL'I@B} SHEH.. (Gcfu.w‘ C\GA) 5‘] (g r)ER} ‘ﬂq_eh L 15 civi adch'i-u\re 5;,,{1’) wu,rj ,_—,,{
M® B and 1f ]o/éB, (MJLJ)E'L_, say (% Z‘)C—R‘,‘}hé’ﬁ (o mb/).:(o‘- V‘n)( o} o) QE; S 215 aﬂﬁh‘]‘

dedl. Finally, b aefrihan Y (QOT)C*E — then for ar:j f\i:eﬂ CEAT Y

(b "'”""’”): a wn o M’)e—R
° o o e ( R
newne (U‘m; o)el - fhat 5 M S L Hene R han fhe required fovim — o aef and (mb)el, then

B O R S M AR R PR



and s}mffcxv[j The left 1 deals o (’g EJ are

(2 ) e e

where k15 a Jeft ideal of B and @ s an A=submodules/ Me A s HMb< [

JE We clain the vmg
7T @
(% &)

is vight noethenian, but-not e noethenan. By Ex. 10 {wmdermj D owa Z—@ birmodule ) 415 madnx ving is TRA

¢vew vjath iceal 15
;Q — =} i
i 5

where U 1s an degl of Z, and L 15 a & —submoclule £ @ od, si. al = L. Sime o = (ﬂ)} some h € X,
a € L s equialent (rq, 0)el, bt‘ie @, nhich s g sarme o0 @ @O = L. Tew eifher L = @ @0, or
Jo+g'e® and ge @ sd. (2,9")e L Then ((Z%Z H1)el, and sme (F/‘LMLJC) e eo |, Hhsimples
(0, el , and hene gl L = a0 . Flenk Hhere are duo clovses o) righi- deal

Hg= (8 & A=/ @ no
o o (&) @

e ]CrmI ;.».'jverlemfsrd }Jj (ﬂ ] ) aﬂc| +he recond Ey ( no )?( — )} S0 evey nﬂfq# ;ofeaj ts—ﬁwl,Ler jgnem-iedj mvcjl

L= = = 1

wmretiueml’fj Flre Ifmj 5 rﬁw’r?oe%enan

AER, {m,kJeL}

To see Mnaf fé‘é’) is not let noethenon, ld RQa = {2_-: / mezf_‘} <@ b The subguoup of @ jewevc{kcj

]:'j 72ﬂ. Then Q. '—_Z and Qn S Qn. The seke
Z o8
|‘\1\'1. =
0 o
e et LT L mﬁmk’ Mmcimj sequente  [n < M < - -« Hene #ns s ot tef neethenan.
(:fz @
@ We clalm o ® ) s y:jh%’ ;'?ererhhy. e wae the chavadensahon of the nﬁ.ﬁ idink cobigedin X5, Gnnider

an Q;D}Imaa/x))chsm }3’: M— N e Y?Mn'-'——)f\f

M

AL e
¥
[P -

I‘ﬂﬂ_—_——”’N

#
suppose that f(;;) = aeN, aid let KM bo sl Blx)=a.D,fne

AT By =a (D) mge

| o © o o

a o = n= 0



@
In both cases A 15 a movghsm o} nﬁth (cz Q ) —modules, and FA=F Hena Mn s Ps«gy‘ecﬁw.
We handle the deals Pa for n=0 and n£0. Sepem.lel:j_ The idecal
P ( ° @
o o ®

s Pu?]er:ﬁ‘f Jne o olra_gmm

.
?\/_/
. lf 2)
M

we b a=¥(0 ) and b=T[37) Lot zyeN berh )=, §(y)=b, and dehme A by
y o 9 _ o o o 0O
Mo gl e ﬂ”(o 1’)

then A 15 a module movphism and 959\ =Y sme Hleﬂ agrez on cje'ﬁew}vr.r_ Hene P s ]'JVC_‘jEC‘{'lb?.

The Y[\(j‘r’,ijf deals B have fmgl’e 3enpm4ws (nd0), which ave (8 :) Sinite
M0 ) N T
( o} Cl_ d - ( o ) ) o 1 ; J

hent in Ha srudhon of 2) we dehne ?\(mn * ) -“—'x(m ﬁ:ﬁif whiere Jo('; ‘| )‘-‘:ﬂ T c| ?S(x):a."rhe map

0:1"

A s Ahen a mmphum o medulen awid ﬂs?'l‘:"' p) so By s P?ﬂjef—"i’v\?f(- Hevie (E,L g ) 3 rf?hi— h@r}fcfd-al:yq

I@BLI-} Lot %M be 4he dnvid entension of A io\j a bimodule M. LeF X ke arnﬂm‘ AxM module. Uslna"rhx enoipnsm
d: A—A &M, eb— [QJD)} X! bewomen o vls‘n‘r A—wiedale whih we densle bj X. Delive Jhe bilinear wiap

)\,)(XM > X {mm]}———);{-(ojm)

Jhen N weasily seen +o be bilinecy, hone mduen & X @aM — X, X@ M — X- [0y This 15 even
o vnowpmsr of ngh}- A —madules, sivice
X((Zz'xi ® m-i)' a) = %(Z«L A @ mL'ﬂ)
=2 ni (o;mivq)
= Z?-?({'{(qmi](m)o)}

. (Z;, xi (9m:) )(0,0) = S.(ZII & mi) o

fihe covmposdion "
X @&asM @Aﬁ—ﬂ—.;. X @aM ——> X

5 zew; e A(de!)( X @ w ®m’) = 7\( }\(x@m')@sm‘) — F\( 2 (om) ®@mM’) = (x.(o,m)).(u)w}

= . {q,o)= 0.



Now suppose we are gen a vight A—module X ancl N i X @4 l— X A=hnear s, A [(@))=0. e gue X
+he shruchure of an AX ™M module by defining
x-(a,m)= A+ A(x ®8M)

s = valid Sihee
% (araymimt) = z(aia) + Alx @ mim)

o ( (am)t (ahm)) =
xatxa's N (xem)+ A(xom )

= & (oym) 42 alymi)
sivai larly - (o ry)- () = x(opm) +Y (a,m)
move mi‘el'oj'hhfj 1 (x- (q,rn))-{Qf.m‘) — )‘J(O\'F A(‘I@ﬂ’i)} (a)yvn')
= {xa-f k(z&m\}g’ + )\(f:mn‘ I’q(z‘@mj}@m')
= 2x(aat)+ A(x & ma') + A(;c@ a.m‘)

Sl 95( X(?ﬂ@m}@m*) =i
= X(aa") + Ao @ (ma'+am))

= . ((q;mj(at",m'})
x- (1,0 =2, -{rvwlal?j_

Heme X 15 cnght Ax M module. Since 2-(,m) = A(x&m), flie map X®@aM —X wnduwd e n e Lk
pert of Hus guerhon comcides with )\ Sne x- (q,0) = xa, e A-module shuctures alo comcide. Gopvenely, be ginning

wth g4 ﬁx,,,f_madu,e X; producing X, e shuchure defuwd aborve 15 e ofigmm' Axr1— module t‘t’?uc-f'urtf e
x(am) = xa+ Axa m)
= x-(ay0) +x-(om) = x- (a,m)
s0 fhe Tuo pweenses are mveve and we have e deared comegpondens. (e wnte (X, N Jov these modules)

L et (xfd] and ( \’)9) be AxM-modules. A mMovalmsm o.{ Ax ™M wodules P (X,ﬂ(} -——BCY,’G) s o
2 Y 54 *10(9( (qu)J = :f(:r}- [ﬁ;\m), louf Sine (n;m} = {Q,DJ 4 {Uiml W 1s .ecfqu[en

Funichon ¥ X
That P sahsfy

Pl (0,0)) = Fx)- (2°)

- (gl = $(x)-(gym)

Ahe Fivt equahon 1s quf"-lj €Y s A-linear " and He sesond 1s ]al,.-ecudj wmmu}ni-ml-ﬁ of the chagram

X@J&M— - = X

f&[J jf

Y ®aM 3 ¥
&

J@ Lef -A}B be vings eod M an A— B-bimedule. Covisicler M1 a2 an Ax B- bymodule oo (R10

(i) We claim M Paxe M= 0. This s sbviow sing m= M- (0)1), 50
me (LIn=mao=a

m@mr_m(DJr] an



NOTE Poduds of Rirgs and hew Modules.
X An Aher pmdu‘c_ﬁ, We claim that Hheve is an equwal'enuz

et .Aij.‘--//}n he rings, and A x
> Hod = (4 x--- % An)

Mad Ay -+~ X Hod ~An-
Jroen {Dj (My...,Mn) —> Mx =X Ma. Coven ($y--Fn) - (M-, M1n) > (N -, Na ) we cledme
XNp

Xﬂn —_ Mj)('-'

o Mx
? (Jpr {M'L- iy n{"m-n'])

(Mr,---) th) b

> Nix - % Na gpel we let i 17, —N;

Thus defined, thefanchor s ceramnly Seithfl T s full s f @1y x-- A MY
<) B (mn)), e

be funchons s4. - G my, ..., mn) ——-J (@),
$o(myrm’) = gézmﬁm]) 0, 49)

- /d{m‘} D .D)f 535("“1_;‘3,-‘-)0)9
SD,; {m;} + P'(MU’)
ard similarly @ (mai) = $< (m)ar, se bisa mob:phum of Ar—module, and moreorer 925 15 cleavly image of
(P, . ) ) undev ou r functer, which 1s fue Hull.
~ X An module and  of; = the ewdomovphmh of X mn‘&pnnqu +o
i ye X Fhen

To see ﬁmf‘ i+ ;snejpvwan!‘m’ufj let X be & A%
..0) m A X% Ay Then ;K 5 an abehan ‘ubjmup nﬁ

j —_:j-fb-—-/ D) =idif3)

(0, -,
L

and s Aoy = G f i:{:j and oioy =A;, L AKX n2 ..__JJ_—h 5 nonzewo ; 50y « (%) £0 and

)= Dypi ()

+hewr on a«pp!ﬂmﬂ A; we have o« (*)=0, & contradichion

6 a;c—ﬂi{} SWe

Nohe thaf ;X i closed underfhe achwon of (0,-.., a5, -,
:() (O ;Clﬂ., J|rO)
,_,( (o 0))(® q‘:)"'JD)
"‘(7( {Oz )q,_) yome)) (8-, -+ 9)

= o(’( x(D;._-', Qi,. .),O))

and nthis way <, X beconon an A; —module. We defne
){S P K —— A X%
95(4"' (vﬁrf*‘; . 4n ()

LUh'CJ" wrfc{fnpqc[j knew s an gomomh”m g,( j[&u,,oj (T;f’ 15 cﬂ%b-:!ﬂ(ﬂ 9’(‘1‘{ X )+ -—+4 G(n(:fn}
= XAn modules sinw

- xeln X
- (’In]]\} i :-‘."i'

_ (g{,f?li]{,. =

5 o woyphism of £y x-

I

("{i(x[af;--da”ﬂ );
( x(ay-,n) (0 U--‘)'ﬂ)
( 3‘(")'-‘;&‘5:-“20)-)

( ‘?(5("“}01{.3 = §5(7Ll(0-1;---;qr\)

525( > (ay- -y Gn) )

il

0



() Let X be an b A—wodule, Y a vight B —moclule and o+ X@aM ——=Y B-lmear Then X@ Y bewsmes

a tffﬂh?‘ (gg) —module by

(M)(ﬂ V;‘)ﬁ(m,x(mm)rjb)
Sinite
(27 ) o e, (2 ) 1 o)
= (xa, o({':(@m’)#jb)-f(:m’,a-{;rgmnjfjw

= (x,w{zt V;)+ e'm)(g' f’)

((5’0:?“‘(9555’})(2 VE) b (’”’f’;‘j*’j')(‘: 'E)'; (xara'a, < (x+42’® m) +3£+yi}a)
= (%0, K (7@ m)+jb)+ [;-f"a,gc(fxv'@m)J-j‘LJ
o (37)7 (5 %)

a

/(x;\n-("; *’")}("‘; n) = {(xq,q(mmwb)}-(; )

b
= ((xa)al, <[ xa em)+ «0cOMILE (4b)b’

= (x(on'), & (x ®am') + or:(u(@nbf)+ j(WH
= (s(aa"), (% @ (om” +mb)) +Y(bb'])

- el G5 )

(XJJ)( ; ?) = (), «(x®0)+4) = (%9)

we ke (X Y« for s module.
(Pf M)
(i;7) We claim eve VISW' medule oyer o) [X yL Sorrope X, gY¥ and . X @gM—Y B-hneor.

Recall that (fg 1 ) & (Axg)xiT, T taviol extension of AxB by fhe Ax® ~biynoddle M, 5’3 @3
8 )

any Nj\(ﬂ- (A% B)xM v dule comer fom e aghi- A% & —imodule togetlier with ad AN -linear mop

x @ﬂxg m"——‘—3x such tha

X ®axe M Daxs T —— X B axgl'T —X

5 zew. Sine M®axg™ =0, Hhs J—vwm!\n sahsfec] . One can comhnue m Yhis -fzwohion, buf Fhus mohvaded

o i waab!j cleairero do i+ dlmcﬁ!’j:

Let X be a waH’ [: ;)-moc{ufe) ane| d@féﬁe

X, = {x(' 3) |xex} %= §2(59) | xex

oo

3)=y(27), on maMphig by (3] we have 2¢($3)= 0.

o

"h/ime are Sﬂbﬂwups, X ﬁX’,ﬂ: O sia nf x [

Also, Jor x&X,
==X é?) = I(é’i')—kjf(gf;)
so ap abelan goups X=X &%, N b5 a nah%-ﬂr—Vnodule; (rerp- X, 15 « (?nd’b"~mociu-'a)  underthe achwns

2y - = 2Oy 00



we. dlefine qjcmncn[wn & Xy ¥ M——X, ‘bj ’}\:('x'}m] A= (‘; ;ﬂ ) Sinwe for ceX

1o ©m\ o vy O, v =
AR = =S =0 0UET ] 0%
Fhns 15 well dehned. T+ o bilinedr — for ex.

A= (s (2250}~ = (5 5) = Ny

o
anch hene mdu@s N+ Xy @a M —— X, windis B—lmear- sipe
Alfuemib) = A (% & mb)
= aley = (5)e7)
= (ot &m)b
Then we have the ("g ’;) nodule (X, X2) A) which we claim g isomoyphicto X via

E: X— (X %)n

S CCANTS)

j(?_
we Neecl onlj show i 1s (’i g)~fmmu, Buf

=(+(20)) = (2 2),%(3 7))
= ( xa, 1,(00*;)+x1(° 7))

o b
(#ia, A= @wm) s+ =

- =:(37)

c b

(V) Let ?ﬁ: (X Y)x —> (X' 7‘)@, Mohe that s
#oo) = #((13)) = $)(13)
we seethat fhere is oc'e X! 5. B(oy0) = (al, o). Denole s aan@nm@n} by Pix —sX/,

0 =fER(5)], e = (1)
similady we define Yoy~ /)
ty={goa(c 7)),  #lo9 —(»7)

both 5, are clocuby goup meyphims and

s = { # a3 (e2) ], = {063 SN( 2] =[R2 2)f - w0a

similady Y(yb) =¥(y)b. Since Blg3) = Ho90) 1 F(o,) = (Y(a), H4)), we have §= (%) 50 orly
venmcuns +o show thot

5 @iy BB

.

X @4 H ———

wi’ﬂVﬂMJe; 2



This dmﬁmm commulea) st consider e ﬁmf' Fhak ?55 (ﬁt g )*"”‘-’HO g0

Bleom(s b)) = 55(7033(3 )
(0, dlxom)ryb) =(Fe,19)) (3 T )
(36, P(«(xam))7F(yb)) = (F(xa), p(#=) &)+ ¥(yb))

Hene ¥( «(xem)| :ﬂ( Y(x) @m)/ mmgwfi



CHAPTER I Rmgs of Fachons

. The ng of Frachons

led A be a ving and let S be a mulhp/\mhvc.’ closec| subsef of A, le., stes imphen sEe S and |€S. We defne a ,%ﬁf
nng of frochwns of A with reopectdo S a2 aving A[s-'] Rgether with a ving homomorphism - 4 —— A[J»-']m%”cﬂmj
F1. Y(s) 1s meevhble for evewy ses
FZ. Evey element in ALS™T has the form J()9(5)™" with s
F3. Y)=0 ff. as =0 forsome 5 S

bxmxlar'hd one defnes a left ving of fractons [57']A of A with respect o S [F)_", F3') T s not Jmmed{a/‘e{j clecy thaf
the axioms F|—3 determme As'] wmqualy butthat so 15 the e fillows fiwm Hhe fact That Afs='T 15 @ soludwon of
o unive vl thlem_

MI wWhen Afs™'] exists i hao fﬁegfv/fowmg umvers af P»apei’i‘ly o for evew ving homomovplusmy ¥-A— B
such thal ¥(s) ss invevtible m B for evens S€ S, e exisds "o umigue homowaoydtiisimm & : Afs1] — B sA.

EF=¥

PROOF & s defmed ap 3( $(a)¥(s) ") = V/a) H(s) ' We have to venfy Fhat this i well-clefmed. So suppore

PEI6) = go) P4

Then fla) = j"[b) )"[Hf’f[i) = ff[{.,) £(c) Flu] ™ ,ﬁf some e and ué S, b(j’ F(z). This gives

Pla)P(«) = Fb)C)
F(s) ¥(u) = T(+)Y(c)

From which we obtain with the wee of F3 #af quv = bev and suv/=4cv’ for some v and v' n S,
S (¥) and ¥(v') are invevhble, This ymplhes

Y(a)¥(u) = Ve)Y()
Hs) V() = H(H )

and we can go backwards Yo finel Hhat W () Wis) = Y)W+ T4 remains v show that & « « movphism oatlfmﬂf)
buk 1+ 15 deav that & = ¥ oond wnlqueness is clear. Henw, lef

a=Y()F0) T b =Y (h)Y(b)"" atb= Ylc))P(ca)”
Then

$(e)3(e) = Pla)Fle) ™ 5 ¥(b)F(ba)"!

e gt il o mvenen unng Fha wbore fechmque — Ieb () g(c2) = () (ch) !
Y(e:)"9(dy) = P(R)P(R)7 Hulhplying e\.feuyﬂamg oul, we gel

Czdzv — qldl Y4

(2 ez\’r: b, e, v/

eV = d, v

DOL;’&)—')&(C?.) = .\f(@lllﬁﬂz){ Then lek

CJ! Clzf& Ve qjd!_fz— Viff+ 'l:’,’ quf; v

henu applying ¥ we go backward Jo find Hhab FCH) T = Flay )y (an) s () Vb) ! tnat s,
élatb)=23(a)13(b), Smilarly one venhresr that &(ab) =2 (a)a(b) (201) = &(FCVv)™") =¥ F'= A

WOROLLARY 1.2 ALs™'] s unique up tsomoyphtsm.

LEQ_OL*_L__W_% Tf beth ’%E‘F'[] and ES"JA 6%:5% ‘Yf'LwL’mtﬂ are cm']l!l’\lcﬂ”j lromDV};’hl:.
ma} 15, [;oﬂ iF’JFZ—; Fg} awel [FJJFZ’}’CEJ} ﬂ’WPIy “‘14-2_ HV.“]V’MG[WQMWTJV



DEFINITION A rlﬂhi' denominador sef is a mui%}:hcav‘wl'_t/ closed subset S sahsfymg

S1. TP seS and aeh, Fhen there exist F¢.5 and bel <.k
5[(_'): a&
SZ2Z. If sa=0 with s5€ S, then at=0 fr some L S.

C(eqr[\j fhepe wondihons are sahcfred bj any wulhp hcahb‘ﬁ!ﬂ dosed subsel of a commudatue ¥ing. The axioms $1,SZ are properhen of
any ¥ 4 — .ﬂ)—S’ ’j sqa‘mﬂmj 71, Fi, F3, and mﬁoduc(juml eHough aommm‘ahurl’j'ﬁ make ﬂﬂmgi wovk.

PROPOSITION -4 L eof S he amu%p/rcm"ﬂne/}j closed subsef of A. Then Al57T exists if and only If Ss avmhf‘ deviermnateor sel.
When A[57'] exisks, ihao the form

: S
pls~] = P78/
wheve ~ s the egrmval'ence veladvon (ays)~(byt) . 3 c)déA sd ac=lod and sc = Ede S.

PROOF Suppuose /}[S"J exist and fel - A —3 A7 be the caromeal map. (ye Frot vgmﬁj SL. If ac A and SES, +then
F2 g $(61Jle) = FBYFE)~ forsone be ke S. Hene $(uk) = (sb) and by 3 s means #hab ot =3bu
for some Ue S, an vequived, TP sa=0 with se s, Then Fla)=0 EJ F1, and henie theve s b€s s at =0 ‘t"j =3.

This gures wo 82,

Let wr now explain the equivalente relahon ~. Gwen cw amewphism £+ A—— A[S 7], a localisaton vealiser o frachon
(a;s) by ¥(a)f(s)™" Hence

HOMONESS {OMON

£ )

T = (o) I() = FAIHY(5)

leb (5)7(4) = Fla) M) aes b TR = P o) e es

® Y Haz) =7 ()9 (ar) o ST la) = ¥(s)fc)

° 9(0) (0} = F(a) Fla) o F(B)P(0) = Ha)¥lc=)

(tVld ﬂf\ls FW'—’:"\VC{J‘CA -Hfm dgjl,n,-}wrl c]— ~ (!\}ahr_z. %af’ .f qe= bd} yg_:qulc.s Hﬂem j"[%d] MU.V]I} = ‘Jo(‘,“h\fi’fi) u\m}j/ o T[q)f[ﬁjl";j“ﬂﬂjfﬁjj
Thes velahon reduwes $o the wnonical one in the cove of a Lommutatue ving, sme W el (gk —sfo) =0, letc=+£ and =¢ls.
Lonvewely, If Ac=ld se=ddes welet { = cd. Let W now show *hat ~ 15 an egquivalene velatwn. I# s c}eav/g

reffexuwve and Sjmme%&c —so leb (a;5)~(bjt) and (LE)~(p,2) via

ac= pd be = pf
sc = & be:%{l

Using S, lek meh, m'e s be sd. +dm = tem . Then by £2, dmn = em'n Jome neS. Then
a(emn) = bdmn = bem'n :-PFm’n = F{Fm‘n)
s(emn) = Hmn = temn= ﬁfm’n =9 (—F'mfn)

and F95; m‘eS) he S :mpheo i}‘ m‘neS} an rec,runrecl. Henw ne %D*,m A ¥ Jj/\.r anel elefiine aafc'flhvn and m“\‘]’lP]“ﬂ'i'W

i the following way. e ded wes
(ays) +(bt) = (actbd, u) wheve u=5¢=kde S Lt L

(ay5) (byt) = (ac, +u) i Bk
ac 4 _bci can be wnden as above.

His 15 mohvated Fnding o comimon denommador in 7he fawt casre, sne 4 sc = 7l then Tc +d
e J T ’ thot, once arveprene plutwe of The invelve |

In dhe second cone A Py will causl s, bu o gve ac/iy. We fint "“”Fj
Cleosen 15 chwfn} e sum dees not cfepgncf on which c)d (rerp. cju.) we choogse. (5'1 will psourd};af‘f?fw{ one panr). Suppuoe

sc =td e
sc! = bd? es

e can vedue s Yo the cme d=d! :95 Ie%nﬂ eeh, de S be 5. erezﬂ“d’e.j ancl woing 52 +o find me S s



®

dern =d'e'm. Then
s(cem) = +dem
= +d'€)m
= sg'em)

where scle s eles, meS implies all Hliepe clement are n S. And cleavly (as) ~(a¢sc) any cef), povdd sees,
50 we assume Thal d=d’ s sc = td=td'= sc’ and Jrueno:,lo:j 59 fheve s wes @l £u s=etn. Thew
(actbd)n = (ac'+bd)n
scn = sc'nes

and henie Cﬂ(i’}‘?d)fc)m[ac‘_}-jog(tjcfj_ Likewsse, f sc =bw and sc/=bw' wih b bule S, ot Ny )
bue =fu'e! Then scen= buew= buleh= sc/em Hene by T2 fhere 15 ges .l ceg =cle '5. Then
Sl mes uem = u'e'm
acler) = 05}6"1 = ac'(elq)

Fu (eq,) = +Mr(’,|1 = +ul(eq)eS

ard hene fle prduc) 15 independant of thuse choiws as well We viow show Fhak+he rum and product are well-defined on
ﬁ?u\\tq]emg clanses. Fint) ppale that (ays) '\’(a’}s!) via QC:q]d} s¢= 8 deS. Lel (b t) be anothes paiv, end suppose
3 = +r Then let ec Aj ele S be sl (gc)e — (S‘(,\E’."v Tren I::‘J 52 there s me § 5. Cem:ie’m. Henta

si(dem)= scem = 5‘12’10’1 = fre'm) e s

and hence
(ay5) + (byt) = ( didem + bre'm, s, dem) ~ ( acem + bre'm, scem)

—~ ( che'MJ— brelm, S'tLa'mB

o (aoL -f—br) SCL) = Cq]‘?)‘f (l’j&x
a smiloy methoel workn when we foc (a)5) and ensidar (b e)~(k, L) Henwe F (@5)~(ays) and (bt)~ (b,],)
(a)3) + (b/€) ~ (ay9] + (b,%) ~ (an,5,) + (b, +)

an required]. Now iuppose (a4, s)~(ay;5;) and (b, &) are pam, and < =hbw,fues, ac=ad, sc=-sd e s Let Su
j(:feitf e sl (sde = (5¢)e” Men cem=gelm some meS Then s, (dem) = scem = sqelm = bue'm, ancllue'me s.
(o 9)(bt) = & dom, Evie'ma)
~(aqem, tuem)
~ (aq ) Hu)
= ("‘!55("”1!-')

and 5o (any ) (b di) ~ (ays) (b,,1,) ~(a3)(b,) sine F (b H) ~(bF) vie be=b,d, i wkdes; ok ees; ek
be s.b. ce=uel en of sg =bw, we have bj(de) = bee = bue' = SCV': and fdee S Hemu
(a,s)(b,4) = (acLe’, Eide)
~ (aqe!, Fee)
-~ (ac[,e‘} Yue')
~ (ag  tu) = (a5)(ht).

And henie addihon and mulhpi’rmﬁun are hoth evell- defined. Adchhon 15 o{gumuwlj wmmuvariwe/ asmc,ta:’w:@ it Aol c|,,@qwu s
checle, The clovs of (o)1) sever ae an icderhly, emd (qs5) +(—oys)= (7). ,4;5oc,vaxf1wly of mu[—hphcq{wn follows sine -

(a3 (b, +) (¢, )
Sh= lov’\’ f:m-:cm’
n'es mle s

ek n'p :nfl,D" with ples. Then Fn 'f:cm’f:' and snp= Em;::'; Fé
([ﬁ;ﬂ'(hfﬂ)' (gul) = (cmﬂ-h‘) -Cc}b\) = (anIMM'P’) = (qrjj.(bmrwm‘\ = (q}s.} ([bﬁ] -(c_-,v{}\



To show lett ctrbubvity, consider frachons (4,5) (L&), (1), Suppuse

57£$bﬂ yes
sa'= cnd’ jlés
ard fhaf (Hy)d = (wg")d" with d'€S.Then (as)(bt)+ (a)5)(u) = (@x1y) +(ax),uy') = (axd’+ax'd!, afd")

ncl

() Cort) o () = (s (b, ) # (e wy')
= () byd + eyld’, uy'd!)
= (a5)( sxd + s%'d', uyld')
= (os)( a(-xd—k:c’d‘)] uﬂ‘d‘)
(a(xd +x'd') ) uyld ) (o5)(559) = (aby)
= (QDLC\ 4—0«1\41) uud'd)
= (as) () + (a95)(cyu)

right distvibuhviby s similarly veuthred. Henu ArSf~ o o vng, wieth (V1) oizwwalj being an cdm%r@ Moveover, P g A

defwed by Fla) = [(a)))] s a monphiam of vings, st for aybe A and 5t+e S
(G(«}’b;.r) = C‘?}5)7"(1'9/5)
(a 1)(by1) = (ij 1

For any S€S, (5/‘](1/")';(%), sing (aa) = | fov any ags, and

)P = (a,1)(1;5)
= (.q;‘)
ac=04 and [ =] -des, ome ¢deA Hene ac=0, ccS. Heny

alse, nehw that (9,1) = 0O =/(0,1) mples
Ax S fnr :A[g"]_ Horovey, uniquoness means _ﬁ.ﬁjl‘quUath how P form -

We. wall mow show that 57 wapliey S2 unclewcefmn cireumstanas, A ngH— daa| of-the form v(s) ={ach| 3q =-D}, B Feme

subsel S of A, 15 called o yght-cwmi hifaty

PROPOSITION /-5 Assume A sahsfes ACC on r{?hf annihilators. TE S s mwlﬁphaaﬁve[j closed and sahsfen S, then S 15 « vr:jhf—
deWDmmm%r J’e.}.

21, BYy ST one can find

PROOF Suppose SA=0 for some S€S. There exishs an mheger n 5.4. v (s=) =v(s") f all K
e S and ":le/q such m&!’ 5"‘|a=a|":,‘i‘h¢n §h+1|o = sa+:ol1~a béV{Sh')—'):g(é‘n)_ Hehw Q'}':Snb =O} whl(.l:—\

MHLJ)J}LWJ -YZ,
Ig. Commutahve f?mgs When 4 15 a commutahne ving, both S and 57 ure c{u-}umqﬁcqﬂ,j mﬁfﬁeaﬁ S0 evew

mu/hpigmig—:(oéd ser 55 a devommator sat.

2. Ore Rings The miost ;mpon‘mf example of qmulhphcorfw‘d closed seb s Hhe sef 5"‘3 okl .’E’ﬂﬂ_’lﬂ'f
A. The ving of fuhons A SHJ o Muq”y called e cloosical vz@hf‘ ving

EXAMPLE S

elemenks (1-€. nov -zevo —divise s )
E£_7M__ﬁ__'helﬂ}? (Gr somehines The: fotal U8M+r!nﬂffﬁucm”‘\_ Wwe WiH 5(-25‘101{ - foj @c—"{ (-[“}),r or more aH—en nmP‘
by . The wmpondmj left —nand notaton s @5 (h) Recall #hat when bt R (A) and @ fg () exuh, Hey

ogmade. Simce condehwn S2. 15 automatheally sesfred], we hawe -

wd% 5 Nﬁ%la(}

‘?RDPOS ITION 1.6 Q:'l(A) exists 1f-and ”*"ij 'F A sahshes the vight Ore u:hc[n['w;q: u_:z.jq:-r aand sn A
dheve exist b and by A wth b v‘egv\!ar, sudh that ot =sh.

3- Ore DOVI’\O.WIS -.'_-F H’ I’\.WJ ho ZEW——C"IV!SDV.S'r ﬂ’l@. fft{.h'!' Ove "Dndl'}lmf\ J‘ﬂﬁtﬂ ‘Hﬂa]’ qu ﬁ SH ‘_-7_/- O ‘ﬁ)r 0‘-” non —z e yo

elementy 0,5 of A, and s 1s e same an saying that @ N = 0 for all non-zew gt ideals a and k.
vight Ove wndibon i called o ;gﬁj;s_c_hu’mm,

A ving withouf zew—divisors a"d-‘ﬂhff'j.'frj
and 15 dewsteetl wjh}vmj of- quwy"feVJJJ 15 deeww—freld. Numevows e xamples of Dre dovneing are

olotained fiom-.



PROPOSITION (.7 Evew V‘ﬂh} noethevian wwﬁ without zew—divisors 1 a v{gh} Ove domain.

PROOF Lel @ and b be nonzew elemenhk of 4. Considev He vigh! ideals Rn = bA +abA+ - +a"bf. Smee A s

rreht noeﬂqenﬂﬂ/ Fheve exih a smallest n fDr which fn = An+iy ancl then Qh"'lb = bt +-- + an bC\,\ )
1\ 31\’\99

beo = af@"b—be, — -« a" b)) =0

where the m;mmm‘r{'j ol n imples that fhe byackef s FO.Thw bA N all = O, wheeh 1s e vight Ore conclihon. O

4. Bezout Domams A right Bezout domaimn 15 o ring withouf zews divisors in which evew ﬁerj 3enem}-ecf
mjlr\']* ideal 15 Pvmapafl.
PROPOJITION 1.8 Evewy njH Bezow! domam 12 e v!gh?L Owe domam .

PROOF T A does nof yahs{y The Ove condibvon, then Hheve exist mon-zew elements o and b of A such Hhat
aANbd =0. PuF aB + bA :—c/-), anclwinte b= cel Then

ab = *lannwg = 1Y = Al = Ay

omw d£0,Ths i a corradichon. |

éﬁ*_’i’?gf DG Q"E’Eflj A ving A 15 called agﬁq_gf_jupﬁenﬁ s evew hen-zeto —visor ol A s mvev%lole},\,t.j A s e own
clansieal y,ﬂhi’ and left vin of 7'/00}'???}!. E‘j evew) vegula nng 15 aving of C{M-f-(en'fz} &) one ecw;l’(j seen. Alre rings wih mimmum
condrhon on v'jh'}‘ ideals ¢ re ving/ of quedrents, in foct one how nnore 3em>m/(j

PROPOS ITION 1.9 T A sahsfies DCC on prnapel vight rdeals, then A 15 4 ving of guetents.
PRODF  See the nest Lemma .

Heve DCC standp for “cle»cencimg chan: wondthon”, 12 every sty d‘w'e“d'”j chain (o} pvncipal vight deals) 15 fodle.

LEMMA [.I10 Suppose A sahapeo DCC on principal right sdeals. The followsng pvopeml-reo of anelement g ave e?u;\n:nlem"
(a) a s mvevhble
(L) a s vegutia"
() ((a)=0

FROOF vawvwhj (=2 (B)= () Assune the eleynent o sahsfren he conchifion (o). tonsiden Hu descending choun
of 2a%p 2 - By lﬁypc‘ﬂﬂws a"A = a™™ A for some n. Thw a"= a"M'b for some be A, and then
an ( = a[c,) =0, and () nmp//w J=al. We flign glso have Olbﬂ:a, and (c) 1mplies ba=]. Henu ()= () P

Civen a ving Q of quohents, ore may be infereated i mvwv‘ryw‘[f@ Fhose subnngs of @ Ay which Q s e clansical

vight ving Dp quohends. Such subvings are cufled rgbtoden n @ .

DEFINITION | o} Q ke a ing of 70Wﬁ€m%, and R a.;ubrmj of . R s called aﬂ_j[q} ordev m @ f Jhe .ryJ‘gq}-,,m Res@®
5 a dassical ,rrjhf virg of guohents fov K.

N'od[[az ’1‘7767)L H — ﬁ[{,@*'j IS afwayf rrb,"[e(:?lixvt’/ hem& /4 s a[waﬁ: Lanonlcq”Lj ;denﬁqug’ wn% ot vlgl’ﬁ ord'er uL AIS“"E&-‘J_SD

Jauy!
“A s a rljfﬁ‘ ovdev " 1n a s/ —simple ij” 5 ef“'v"?k’”j’% ! /4[5‘,,,3"] 15 remi —simple " 1 nce any e vight vings of qm:—%ﬁ:g
are ccinonically isomogohic.



Z.0R0ERS v A SermsiMPLE Rinve

1 Yis sechon we prove ¢ theovem by Goldie which chaveictesen those s whitch hawe o semisimple clowsical ¥hef of 7“’07{7@“77‘1
Be fore :fa{ma the theorem e hoave fp make sowie clefipions .

DEFINITION A #ng A hon finge k1nR 1 theve are o mfmke direch sume of non-zew vight deals m A, re, A dves niotcontun
any wﬂH deals of Jhedovm k= 0, & A @ -- with A; 70, CEN. Euvew vnalm‘ noethevan vivg han of coupe

Anle right mnk.
"0 =0 fov some N, and 15 nil f evew elewent of @ s nilpetent. Tne ving A s

PEFINITION A wight rdeql @ 1s ailpefentf
r:mz I there cire o Non - 2€wW Fuo-sided ideals & and & suds thalf okg =0, and A s sewmi-prime J e
; ieleal {j:)f 0.

o nonzew uilpotent deals. Finally, The vight vdeal 0L 5 essethal. of wAh =+ O holds for eveny Vlghi"

LEMMA 2.1 The ving A s semi-simple [ and omy £ 1 has no proper easewhal :/.'5(»'1:;"‘ idecs.

PROOF TF A s sevni- simple | then evew proper V[Jk+:¢;{gct} of A it o divect surmmand and cannet thevefore be eosental.
Lonveuwely, suppose there are no ense nhial wsh} ideals =+ A, fa i any wgh} iceal cf A, one can wpe Zovnls lemmg
o find o v:ﬁl‘]:{' ideal b 5. B 5 vaximal with Hae pwpeua‘vj el gak = 0. Gubthen A+ H 15 an essen al
v-?h!' deal of FI, for £ Cis o wfjhzf' ideql sd. (w+ h)ﬂ C =0, then one hanr an(kb+c)= e, which 1mplies that c =0

by the mcm:ma[n}:j of b. T+ fllows thal R@h = A, oevew vight deal of A s & clirect summand. Henwe A 15

demi—sinple.

THEOREM 2.2 (gioldie ) The following propevhenof fhe ying A are equivalent :

@) A s =« vfl@""" ovder m a semi- simple ving.
(b) A ha Finile vight vanl, sohehes ACC on vight annihilofors

and 15 Jemi-;wlme ””‘j

() A nﬂh’r icleall of A s encenhal of and Df?{y of i ondains a Vtgu!ar element.

PROOF (2)=3 (b) Lef & bethe sem)-sunple vight ving of quohent of A. IF o and b are vight rdlecls of A such that wnk—= O,
then 1} ecioy Fosee Thal alse a @ NLE = 0. Now Q hew fimk right ranle (any sern)~simple ving dven) gime If
15 an wfnlle direet sumn o honzewo Tdeqls m Q) leb k&t be o wah“} ideal 5] p@p = Q. P?j eavier

R=o,® -

MWH}; hea e - = rmplies Hhat Onfg ﬁmfely many =l #e A; ave nonzers. The above e ebsevvahons

lmplj that A has finile right ranke. A4 J'mHsﬁw ACC on rgr} annihilatovs becawse va(s)= va(s) A for any S =4,
}5{ th which ving the cnnihilator s daken. Suppose va(s) e va(S2) - 6 an ap@ncin

whove. the subscnph indica .
cham cJ— frgff\’r annihilatos. If xe V@(S;],’f’hen Jet 2% =as™' ae.ﬂ} se S (et 15,5 mﬂu‘-m) Ther s;x = O b7 e&,}
or 0 =sraAs 'e=> O0=s;a and Jo a & Va(5i) < vn({}-\ whih implies Iélra(%-),ﬂp_mm rQ[J,)grQ{_;,_); i

15 alee qn ovecending chaln of r(_ghf annihilators. Noke Hhat a0 The copwduc of cfinife number of simple m'ac[ujw

(bt mont b N Sethenon ey semi=simple ang 13 right anl (e noethenan. Hene for some &, Ynz i fq(Si)=va(s).

But then XIn7 2, va(sa)= G(Sn)NA="a (5 IDA = va [5-')/ so thad A hay ACE on n&b’flf‘ cunny hilafors.

’:mauyi leF L be a mlp"}'e”f' fuo—sided deal in A. €(R) 15 ensertal an o V{?H idea| of B, becaure £ ki any non-zew
"'31/1‘— deal of A) then There 15 /qu&u‘ mf«gf‘y such that ba® + 0, and C"‘m”f'ﬂ bn ‘E(UL} = ho" +# 0. Butr JF {l(a']

s essenhal n A, then €()@ =4 Sqi5;7" | a; e€@),si m A regular |15 an eosevhal right ideal in @, This follows since
f B s anonzew trl‘jh.L deal of o, —fp,emmg = -Eiﬂfq N —— I —— A aehng--;oj
and 15 o nght ideal of A Hene (=) 0§ =0, say m helongs 4o +his mbevechon, Then T T
e b €(a)Q whnch is 4y, nonemphy. Hewe £(2)Q 1s earenthal. Byt @ s semi-simple, and hém £l)8 —a )
and we may wnte | = 2 a;s;=) uth a; €1 (n) and s5;€ A requlov. There exists aveqalar element se A s a,q'/.
5i7's €A (jeeﬁx' 2—3 Tnen s = qu—si-'S < Z QR = O} and b {uﬂows that & =0.

)

(6) = (c) Evznj Hon-zew divisor jenpm‘ll% an essenhal y,jh# sdeal

m I‘F A’ )('Wﬁn!le J"{ﬁhf' mnk and v’fi_)—_"o/ then ;H s an %IE’Y}?’?Q’ y,.j}]} .'C)'E‘Crl'l,

PRODF Tf . 15 a yon-zewo right deal such that sA Nw = O, thew dearly Hae ﬂ@hf. deals ®,5%, 52w, ... are all
Y)UY}G,VHP)&,’) and J‘HPPDJa’f,hCi} X e J’Vua_‘[\ (.SJlIR s B SJHDL) ‘ﬁr Jomne LU)J’}”/J"" aﬂgl[[-hnc{ MDh-V\QSfa”LW\e
m’ﬁ:ﬂevs. Say sVOQ = o =38Vg,+...F5Inay,, Lt h:mm{":“’/\j‘i"‘)dﬂy >0. We have

vo— = j—k o
S ("’\)1‘ g a;+--+ o hah—_-o
m = | Hewng

where jome fevm s ;¢ R and he reot (Ginc Loy )1y -y jn all distrnct) ave terms of the form smo.’j

sne sAna=90, a;=(). By induchon we may oo well arsume all aj =£ 0, hene wrbadhen unlens 2 = 0.
Hene theoum n@sa@ siue - @s'go. - s mpmkedirecd, wnbadichng e fak that p han finile nght

vavk . Henwe <4/ & #0 ane s4 15 eovertial. Ju]



@

Tf vequires more wovk 4o show that evew eosenhal ﬂghl’L deal contrins « regulay elernent. Heve we follow he proof given ‘éj/
Goldie w [T]. We need :

LEMMA 2L} TP A 15 semi-prme ancl scyfes ACC on vight el hilato v «cleals, fhen A hao no leff-o, n&ch% il ideals =+ 0.

@F If Aa i nil and béA) ba n»‘lpoieh% :mph@ Fnz=| sl (“DQ)’“: bababa.... ba = O Hene a(b“Jn b= 0,
tat s, (ab)""'=0. Henw Aa nil jmphes af nil and mnvewe{% 50 ik & enough Jo wnsider o et vl 1deal Ae. Assume
Aa = o Among the nonzeio element of Aa, chere one be Aa with maximal vight amihilator. For each ce A,
let k. be the smallest integer <. (eb)™ = . Sine v(b) < r((cb)k"’) f k= |, and by The choteof b we have Then
f(b) — rCCCb)k-\) If k=], cfequj Cbél{(b)_, avicl Wewine o }g'?’.'/ /(b) :V{(cb}ﬁ-—l) mplies cbe Y’(b]j end hepe
bAb=0p bj Hhe Wlmb—qyy hoie of ¢. Feom This we obtain (AbA)’:O, but evew Via/pafenf’ ideal 15 zero, so AbA = 0.
Feng b =0, whith is a wn%’mchr_'}ww} anc we mwof have A= 0. o]

Now lef & be an epsenhal vugh} idecl of A e hove Fo finc] a regular <lement n /. Sine A has ACC on wﬂme annihilator
and @ 15 not a nif [deal by the preceedmg levama ) Theve ex:;Zr G F0 m A sd a)=r(az2) (pickany non-nipolent acq,
we Hlon v dosee via) e rat)c - feymumales, say v(a%)=v@n) Ykzalel gy = an) if anv(a)F0, wE O
and chovse c, € B /) ((ar) suhdhat 4,0 and v (432) = v(a:) If #hen m N vio) N v(az) F O, choose aze RNV (w) N r(oz)
and so on. Af each sfep we obfan a direc) sum g A © - @ arh. Pus 15 poved by incluction : suppore @A & -+ @ Ak A s
divect and apb = b -+ Aemibe1, sweor ach i<k wehave ajap =0, wegef b, er(a;2) =v(ai), and heng
Z»;.:l A, =o. But A has fonle vight rank, so the procss munt shop at rome ge, where we have

o,

nNnvia)n-— N ok = O

7

Then r(ai)) - - NV(aR) =0 sine A 1s eosenhial  so f ¢ = a,+--+ak e A, Then vl(c) =0, sma If cbroj
abt - Farb=0

and hene  o%b 1 chazb 4 -+ ayonb= 0O, 5o Afb=0=> be v(a? =71(), so b = O. In This fuohion, wre show
ber(a)), |srsl, and hene b=0.

¢ s thw the knd of element we are Jooleing for, buk it remains o s how that also €(c) = O. Noke +hal ¢ /& s an ensenthal
vight ideal L’j Lemma 2.3. Define the g_rﬁhf' smgular idea) of A an

=z = {016/:} [ v(a) 15 an easeirhal ﬂﬁbi‘ idea) of rq}

This a rfJ/uJ“ deal, sm@ r(e) i -’«e"ﬁ(z””[y easenhal, anc| if abeZ, )et B be o nonzern ideal of A Then un *r[lo> =+ 0, hene
Y(a) N v(b) NIy £0, 52 it eontans X Then (arb)x = g+ bx =0, o that x ¢ lfﬂv(c.ﬂp)/ which 15 thuo HDWveP:{'j, Henw
atbez. IF aecZ andce (q, +hen 'V(“) 15 ensevhal and "r(Cn) e} ’V{n']j 2 ¥(ca) rmut ba %.rel'r}'wb apd hevie cae Z .

To show 2 15 a nght ideal, we T = v(a) mthe followng Lemma, sme v (oc) = {x] aex=0} =] ex e-v[a]j = (v(a): <)
(Recal for om il {rght} of & and e, (Tox) =y g €T} 5  ght e )

LEMMA If T 15 an esserthal right 1dleal of an asl 1 haw ang K, and xeR, then (I ‘3‘) s alo easenhal.

PROOF Let Hbe a nmzew Ja’f.’a}/ avid cons ider the rlghf ideal x b IF = b = O, 4hen «f ofhbeh, xb=0€eT, 50 be(I:x)
and henee B/ (T:x) F#0. otherwise kg £0 and sine T eosential, TNxh =0, say 1€ L end t=xb. Then
cigm,[y bz J:Jﬂ(j'-x), and b#0 simwe we cusume 150, Hane (Tex ) .;m;ernha\.]j

{No;‘ml thal (I-'x) s T Pu”back of the sieve T leonf,) 20 R—s E)I so the cbore Jepima vs e J‘—]—ab,fnly regu}'}) Henee Z 15 a ‘!‘VUO—SJOIGC[
tdedl, and €(c) €Z sma if zc=0, v(x) = ch, which is eosenhal sine (<) = 0. Sinw A «ortains no nilpokent iclecls =+ 0,
we may conclucle that () = Leomg -

LEMMA 2.5 TF 4 sahsher ACC on V{yh‘}‘unnihh'or;ou/ +hen the ﬂ3h+ Swgular ideal i nilpodent.

PROOF (e wil] show thal the E{/a'remCl'Mg chan r(z) < T(z%) ¢ ¥v(z3) ¢ ... would be stadly ancenching W Z were not
n.\po’renjy IF Z" 40, choose an element aeZ with =n—1g4 +o and }arjeo-}}paﬁ;b/e y]ghl- avini Wi lador. Foreach
pe 2 we have v (b)Nah = O, s v(b) x essenfial in A. So there exish cefy «). ac 0, but bac =0 . This means
dhaf v (ba) s j%mﬂy Eijjer than v/a), and bj the cholue of a we ynust therefore heve =" 'ba = O Sine beZ
is avbdan, we gek Z"a =0, and hene 7(Z2" ') 15 sn‘%cﬂj contained in v (7"). 7



&
(C)':; (ﬂ) L\j@ ﬁﬂf Ven@’ﬂﬂe th} Ove ODHC{(']‘LDY). Le‘}‘..f }9? A nfjur/qr eifmew} amcf a c«vbf}rqyﬂ n A .SI-"]LQ 5H’ lis m;enrhm',
b_Lj the Lemma  (sA:q) s also ewsermhal, and o thevefore vordzuns a vfjm’arf element & Twr af = sb for some

be A.

To prove that @ = Q4 (4) 15 semi—simple, i+ sufho bg Lemma 2.] 4o show Huab @ hm ”O)IVDPW ensenhol Wﬂm—fdeah.

If @ s any rjgh'f ideail of &, then (RN A)G = r sm even element ¢ e A can he wnften an 9=as" w

a=gse aNA. o futhevmove & 15 an eosenhal vight ideal of @, then aNA 15 ar essental vight ideal of A and thun
contoins a y-egu/av elemenf k. (ﬂ/)ﬂ is essenhal 3me f OFhinA, o =+ hQ m Qs o/ 1h@E, ray o= as”'m
R, with ae wN A and s veqular, and = 3;bis;i™" m BQ with bj e by 5; reqular. Find g vegulav 5. 579, 5,-"1 one all
i A. Then zq = as’Wfi e Zb;s,"hi e WNAN ko, and 79 =0 since g negm'ar). Sime [ is mverhble n ®,

= (an A)@ = Q. This concluder The P;«wﬁ of e Theowem.

Ns a Jpeciaf cave of Goldie!'s Theorem we obtain o charactensation of Those vings A for which (o [,4) s a simple ving.

PROPOSITION 2-6 Ty, %o”owmg propevhen of a ving A are equivalent -

(@ A 15 a mjhf ovcer in e simple v mg,
(b\ A has )Gn.r/e V{?hf" rgn/Q/ sahsheo ACC on r;gh}' cnmihiledors anel 15 o prime ving,

PROOF (a) = (b) T4 only vernains 7o show that A s a prime ung. Let & and b be o sicdec ideals of A wih aly= (. Then
hean A s Juo sided ideal of A and (5@‘1 /]g)lz 0. Sma A hos no ven—zen ni_/po}fh‘f' seleals by Fhe Theovew,
we have b[QW_r)H— = D. BuFs c/ear/j implies that ,l'g@u, = 0.



NOTE (ng ex%emlom) @

Recall for fwo rings B, B and an A-B-bimodule M, the funchor — &a M : od-A— Mod K s et adjoint o
HOMB[MJ _-) :ﬂ;_cj—-B == gid-—,q Now, [e? ¥:A—s B be a morphism of rmj_v} and define fung}org

o
Mod-A 32 Mod— B
rT I
$¥MY=M ® B (extension of scalan)
Fe(N) = N (rerhchon of scalan)
¥ (M) = Homa(g M)

Netue that Homg( B, —) : Mod-B —> Hed -A e.zmc%[j whed welre cctf/f}’}(j{ Ji . (that s, theve s « na%umie{/u;mlenw of B
wth Homg (B, —) ) Hene P* — Py . We claim that £ — Y That 15, we wonsicler Ban a B—fA-bimodule,
unel give HDIMA(BJ l"l) e canontcal shrudure an a nJH“ B —medule : (b b)(},f] = ;b(i;b) We needFo show That
there s an rsomonphum vararal in N, M
[
Homa( P (N}, M) &= Home(!\l, f'(ﬁ])
O: Homa( ™, M) = Homg (N, Homa (8, %))

This 15 defnad bj @(Qﬁ}(n)[b) = 5[5(#1 be t9~’(f)(r)) = p(n)(1). 7o chack rmnl'ulrv::n'r‘xlyJ let oc: N = T " Hgd—B/
F"M—'-ﬂM' n Mod—A ancl check that

Hompa(N), 1) =—==—=—= Homg(N', Home (8 ) )  Homs (N, M)

J i

HDY\‘I.&’(NJM) ===—=Homg(N, Homa (5, 11)] Homg (N, M) == Howg (N Homa(BM'))

Hom g (N, Homa(8,M))

c;ommml—e) which v not JIJ%LMH_G

For the fusf qdj'um-}wﬂ e nakural 1sombsphism s
W HWWB(M ®4 B, N) = HomA(MJ j’*N)

defmed bj "\//[oc)(m) = «(m @1’) ctnd ')”"(f?)(m = b) —_ p(mé) He e The umt anc counit are defrnacl a0 £ lows.

7| — KYT counl: [ e ¥ — 1
’ZM . M——> M®4B QM:N@DaB—‘ﬁN

m ——> n@| neb —— HEJ

unit :




3.MOPULES OF FRACTIONS

Lel S be a vight denovmnator set n #he nng A. For eadh Ylgh} A-moclnle M e define 5 module of ﬂuc:}wnj wath mpeC)L
yo Sew M[s-] =M ®4 A[s~] withts cancnical shucture an a nght A s~J medule. Tims 15 aveasonable defren m
view of the ful.fowmﬂ Sue resulfs

PROPOSITION 3.1 The canonical A-lnec map  Mr 2 M—> M[S "] hen +he following univewal pwpevhy: Lor cach

vight Afs=7 moduke N ancl A-linear map o : M ——N Theve exuﬁq auwnque Als~"]-linear map
3 s !"1[5"] sz ey Y sueh +hat 5}\4,\1 ==

HD'{V\H[S.\}[H ®a A[S"JJ N) = HUmA ( M) f-,’omg[;_,] (/q[["j/NJ) ~ j"[Dm.‘j(M) IUX .

PROPOSITION 2.2 M[57'] == M*5/~ where ~ 15 the e?wm/m(z velechor deofined ap (3, 5)~ (y,b) f there 15 ;e such that
xc:—-gd and sc =tdes.

PROOF The eavliey pyoof that ~ s an egul\fafenm velation applies wnita mudeurclis, The operatwons 1n M*S[~ aye clefired as
(2y8)+(4,%) = (xctyd, u)

w=sc==tdeS (wng )
(5s)-(b#) = (¢, +u)

for (bt)epls™'] vhee sc=ba and nes.

The e arler pwofs alip show 7hwe cpermhons #v be independent of #e c,d (roop. <, u) chosen, and also that afl vpemhons are
mdgpema{znfof— any represenfatwe choiled (mdudmg (b, E)éﬁ[g"] ) Addihon v w

mmuFadwe and easoctatnre, with wenh
(o,1), and (a,s)t (-oy5) = (1), Smularly all #ae module arpms are alveacly h:zhe:n cave of . Hene M¥%§)~ 15 o vight
/:L[S-‘]—module. Defme Gp:M—— M x5/~ by D (m) =(m, 1), Then -ﬁraeﬂ,/um(m-a) = (m-a,)) = (m, 1) (ay 1)
so “hal ﬁM 15 a movpf;um of A—moduler. Led N o & nght ﬁBf']—moc{w'e and of M —3N an A—lnear map.

_ﬁi_) g § S

L.

N
Then we clehne & @ HrS ] — 5 N boy & (ms) = ot(m).(1,¢). Then s r.lemfij a mowghirm o} AE;—II—MQdu]eA “anigiue
sF Qj/“m = & . Hene M[S-']g fo/m, 1

COROLLARY 3.3 The kermnel oF /4;\4 M MIs '] wonsuk of Fhose 2 M Hor which theve exict s¢ 5 with x5=0

Fvom s corolla

ot Follows that Hr) = fxeM | x5= 0 for sorme 15} s o submodule of M, called the S —Jonion submodule
M s an S-Fowion module f M= E(r), e, M5~ =0, and s S-doowon free f (M)= O,

LEMMA 2.4 T'TIELM) 15 .)r-*}ov.:wn-ﬁ/eq_

PROOE If xeM and 7€ E(ﬂ/&(ﬁ))‘men zse E(M) for some 5& S and This meuns x (54) =0 Lvbe 5 Henu = (M) arcl
=0 1

Now, lef f+ A — A5 be canonicad. We lanow Hais mduten Fwckoiy ~ ®4 Als~']: l‘j_ué-.q Mod AL and
o : Hed -Als™'] — Mod -4, with — ®a Als~'] —4 Py (This 15 shown enevally elsewhere, and 3.1 establshes if inths
pavhedlar case ) In parhelay, sine — eop A[s'] haa a left «djont (ree ouv ncles on Ring exleinsions); Afs™]1s Flat o,
o (e} A —medule . Alﬂnwmrtj :

PROPOSITION 3.5 Afs™'] 15 Flat as a left A-module

PROOF Jeb o:f —3 M be o monomonphism m J"jﬂa_(f/;. We muwrt show That the induced voyoh tsim LIS—»J —3 M=t

15 & monomoyphism. Suppue X5~ (wih xel ) s€ S) has the properdy thal a(x)s-'= (0 H[5] By Pep2.2

$1n1s mecns that afx)c = O m M for jomae ce A st sceS. Sinw of is a rmonomoyphism, 115 implian %C =
n L_} and ‘f?‘:en IS’/:O (¥ ] L[.S_}] G



We uant 4o have an intinsic  chamctensadion of those A-modules which are muodulen of Sactions |e. may be consiclered cun
ﬁ[S"]fw'ch!?D- o
DEFINITIONS (i) An A-module M s i:l"lfﬂ’l—‘—"f- W for ecch ufﬁ;hf‘fq'eal' a of A such that alls #P/ and ecch mopohisin
of: —= I, fheve exish me M such That o (a) =xa fr all ac .
(i) M« f-dvisible § M= Ms fr each se s

PROPOSITION 3.7 Assume S s a nﬁm denominator sef m 4. Thajﬁnilowmg puwpevhe of e vight A=medule 11 are equivalenf -

@ MEZMIs T (vie the canonical map )
fb) M s S-tomion - free and S—IWJ'echme
(&Y M s S-hnion-free cand S—dwnsible

PROOF (a):é(c) The WHCI'IJ'DOH (Q) means that M s an A,Is-lj_ W]OCfLI‘-@. For 5u.PPo_re ﬁ arenp)ed M urJf‘Hl an /q[J’j‘mchfe dﬁuchre

extending e A-wedult shuctve of M Then Jmq: M — A mddcen Als™] -lneav mop f M[S"‘J —3 f
P(m,1)=m and F(m,s)=m-(1,5) n . Sine M= asr A—moduler, s map f s suyectwe. If Slrmys)=Y(n1),

Then m-(f,s) = pn- (f).-f—] Let E‘,b’ be sd sbh=th” with £'c S-Then

(m' C‘:S]> (Sbﬂ) = (W%ﬂ)-@bﬁ,m)
m-(b,1) = n-(u,1)
Wb =n bk’

M OIS qn]ijOVFh”m.

Henw by def™ MIS"]} (mys)=(r,£). Tam F i an isomoiphisim of A5~ J-moduler, whence
Now, f e M and x5 = 0 for some s€S, then x = 5.5 = O, s0 Mis S—Fworon-free. [Or cach x& and se S

we canwnte x =x57'. 5 ¢ Ms, 10 Mis S-divissble.

(&)= (a) M S—tonion-free implies that M is an A—submodule of 1[5 -7 Foreach x @ s e MLS™'] we cin unle

x :US fov sorme Yert by f—d{ulﬂfo-’/f}y_ Theyy X @5 = Y ®ss! = yal, and s0 he map M —3 MfsT'] 15 an epimotphiim

also.

(<) = (®) Suppose we are gven &R — M, whewe & 5 a vight deal and seNS. Wate of (s) = x5 for some xe M.
We want Foshow that «[a) = xa helds Ar all aeq. Ry the condihen S1 we may wike at = sb for some be Sand be 4.

Then o (o)l = «(s)b = xsb =xat, and M S—~towwn—fee implies that «(a) = 2q.

(0) DY Grven xe M and se S, we define e homemophsm o sA—> M by «(s0) = x0. a o well-defined becauye

it sa=sb then af =bt for some b€ S by S2 and xal = bt mples Za=xb sme M s S-Sorston free. By hypethesis
there exists ye M such that = () =y5 and Thus 2 =ys This shows fhat M= 5. ]

Considenng the adiomts — &3 As™'] —*fif, FA—AL], —@afls7] Mad-A — Mod ~A[57'], T+ Mod-AST] = ed-A
i um’r/w.f > Pl mp A[S":f),/"’f‘f’ M— r[s~], theabore Proposion clonsifier Hhose modules M € Mod —A

Ly which/u 15 an semorphism. Now Hhe vounit €, N ®4 A[s] — N For ﬂﬁ“]fﬂ/f”d”"% N s clefued ""j ne (as)
> n-(q,5) Recall that there 15 a canonical isomouphism of ﬁ[g"]~modu!% N@eaA[s"]EN] = NXS/n,

Here ns \ NJ5-1] —3 N becomen (n;5) —> 1-5"" Henw €y 15 always an somoyphim, smee i rr/ce.niarn!j alwq?j‘
onfo, and f Hog ™ =2 m'if-; sy sa=kta,4€S, 50 p=mt's =ma’a”! w© na=ma" Flanis: by dle
(WJS)N(WU t‘:)j S0 Epy 15 also !’Q]‘u‘h’“’- Hene Lemma 4). ChIL 56 of saL 3““% (nohcmg -ﬂml— (a)é(c) SR %CJ

ﬁr q""_‘j f}[s"J'-m“d“lf ,\J/ /“:fo s an .uomov]ahum) an equwafem.i 0{' cmteﬂonm
Mod-Als~] = &

wheve S s the full Jabcq}ggog o} Mod-A consistng of §—~Jovsion-frec and S — dvisible (egur. f—wf/'ec*wc) piodules. Tis

Lllows sina (a) D (c) above canjut as well show thaf if ang A-module M s somowphican an A-module fo any Als~]-module
&, then boflt M, & are 1somouphic  fao A and Af5~\T-mudules reop-) 4o r1/s=']. Hene Mé Mod-A s somonphic fo Jie N for some

N ff. & cMDW‘“”j \somomphic 4o 11[5-\], which 7. (b) (or (c)) above hold, /Toreover, by The femma) 5 aveflectue

julacapejolﬂj vf M—A

Nole fhat= by showing & above is an somonphism, we showed S 15 full and Futhdul, which s all we veally needed.
This oot havd Yo see, then, fhat Juo ALs™T-modules are isomoypine . ﬂ"‘j arcisomoyehic on A-module, and hente o

i pvesewes dishnctneos cJ—c.QU'er.h (1.e. 15 an embeddingy.




EXAMPLES

I‘_S_“’ﬂ ~torsion  The defmihon of Sveg = Jowston elewent wan £t prepoed by Levy. Hssume Sreq 75 @ right derncminator

et m A. Inslecd of ”Sne& —ousion " aned S veq —divirrd e one wogo The shovter Tevms "dorsion” and “dmasikle " Note that
evevy Srej-trgje&rve module 15 divisible, bec cue the homomeyohsin oc:sA —s M, given by Afsa) ==xa, 1 allvays well-defined
when < 5 regular, and can be exjendec fo A. Al avew flab module 1s fovsion - free ( by he avqument wied m Exampk Z.ip.1)

MM? Suppae A has a classical Wgh} ving of—qwhenh @. Then Q 5 sem, -simple IF and cnl’y o

jn.»j ,rnJecﬁve modules are N‘U‘?C?LWE' i

PROPOSITION 3 & he [—ph'owmﬁ propevhes of ¢ ring A wth a cassical right ving of 7Mham‘r O eve e,o/qufgnf-

() E\jewj fovsion-free cnd divisible rraht A—vapdule 1s rnJ'ec-hvt
() E\Iev:j rl_cﬂl"@’mo:lu le s W?JlEC‘ZfLIL"‘f over A

(5) Eveny Sreg-mjechve rignt A-module 15 njechve

(d) & 5 a sews-simple ing.

PROOF (a) e (b) by Pop 3.7 anel also (€) = (0) follows from Fhis pwporrhon.

() =(d) Let g he any Vlgh.” rdeal m Q. Sine q, s er‘ec%wz over A, Q splils an ap A-mudule as @ = i@ K.

Now K s forsion—free and divisible, and i fhevefore o @ —module. (Camumw.flnj, (a1 @}s‘éas"fq) consteler
x o

0—175q
& i #\q cIJYt’CIL S &’[ q’ Gm&f :)OM A“‘Wlbdﬂ]e’!, 50 4o show CP 12 j‘bu_ d;‘r‘éd Jum ﬂ7( i anel Sone cH‘ler flaH IC{EC&(,
¥ suffues bo s hew §[&Qfg) s an @ ~submodule of @, Bul Kerd = ¥, s # suffiesFo show o 15 & vogphism of
0 —wnodules (F15 a moyphisrn of A—vmodulen by wnstichon ). ek yle 1 ¢ By fzd(*)f and let geq, ey
9=as”" Then, sme 9 5 a nght deal x(q)s = «(as-')s = « (as~'s) = &(a) =9 'a. Hena x() = 7"}'(I
m Qe A(a)=glq. Hene ] pe@ x(q-p) =t (ap)= 9/9p =(q'q)p = (2)p, w0 o5 amophum
of G-modules. Henwe F(8/g) 1« clojec] under G, omel o @ 15 semi-simple.

(=) Let Mbe an Sveg ~Injechwe module. (onsicler any mowphism o o — M from « nght ideal & of A.
Let h de a vighl ideal which s meaimal werd. AN = 0. o can havially be extended 4o o’-nthb —s /M,
Bub @ +h is an easential nqht fsfeaf of Alsce fhe poof of Levmpia 2. 1) ancl therefo re o ntoms « vegular elemen s
( Theorem )__,2)_ Swne M s jth fmJ-ec%bvfj &' can he extenclec +o #he whole of ,Q.U

4 TnvermsLe IpEqLs AvD HEREDITARY OrpERS

Let A be a Vlg.!n"ordef in the ving @. As waual we lef SVES denofe the set of regulor elements of A. For each fig ht A—submodule
Tof Qweput T*=fgcq]qT<Al
PROPOSITION 4.1 Tf T is a vght A-submodule of @, with T/ Sveg F &, then I*= Hom 4 (T, A).

PROOF Tf g€ I then x +— g detmen o homonsowohism I — A, Convenely, suppore ¥ T —34 s « mowvphism.
let s€ T Sven. For each ace T Hhere exth &éfwi'j with x%eﬁj ancl b\jﬂu Ore wndﬂwh there exichkr be A ahl

7/(65«(133 such Hhat sb = x4} 2. Then

b= FOh) = $050) = (b = (st b — () 1t
which lmphzo Flo) = Fls)s “'x wih Sls)s e I*_ b ak guen q,c-l’*, The meluigel raonghiueen % e G i lion
e Vi o ! for somemgular s, which s g . Likewiie gien ¥ I —34, 9 = ¥(s)s7], and cleally > +=>qx 1 F. o

DEFJI\HT]DN A vig ht A-submoclule T of Q 5£|5h-}~;nver1‘1£]e (f-there exst Ay, ,ane T and Q-4 Gn€ T such +hat

| = 2> A9
Note also That wunder Thee civcumstanes, we have for each xe I, 2 = 2 A% wth GixEA, 19 Ay an ?anemieﬂ’ha
module . Thu

PROPOSITION 4.2 Evew vight imvevhble A-submedule of & i fonkely qeneiated




PROPOSITION 4.3 4 r;ghff A-—submodule I of & s wgh‘]' muevhble . L1 5«3 FE and T 15 a projectwe moclule.

PROOF Suppose T i wghf mvesdible, 1e. | = Zarﬁj; wth a;eT and 9: I = A. Define mowohisms ¥ T—3 A
s Fi(z) = ¢;x. The -Focmi)y [J",}} 01{) deaﬂry sahshes The Pt’?urrtmen};r of Pop. 7. 6.3/ and thevefore makea
P il 7@,,”;5/}1 generated ’pt/cy'ec"uf moclule. Chooge se Sn‘ag such that all 9;5eA.Then 5 = Zlql'fﬁrrc- Iﬂfveg,
Assume convewely Thal T is a projectwe A—module with TOS F &-Let (¥, aj) 7 ke atummly of prjectwe oo rdincke)

+#or L. Each )3 T —A 5 of the form )3[2’_‘) =q5x Fov ,tuwu_jqfd'é.- Y IF se X)) 5“’9; then ¢ — Zq\jj:,(.r)
= > aj 1,5, and = reqular wplhes | = i arq ;. Hene I s rrghf inverhible . I8

A divisible we dlule has e F:]ﬁ'ow»y J‘ry‘ec}m»@ property with respect o mvevtible r;g/n’ clocils :

PROPOSITION 4.4y Suppwe A« a two-sicled ovder n Q. Let @ be avight 1avevh ble nﬁh%,de,gfo,i,ﬁ] and lef M be a
cwisible module. For each rmogohism of : & — M There exirk > e N such that = (a) =xaq for all ae

PRODE [ of Ay dn €l and G2 qn € w¥* it Zﬂ:'i; =/ Sme A s acsumed Fo be ulio o left ovdey 1n &/,
theve exists s¢ Seeq such Hhat all Icl?éf} The JI‘"lfrbfil‘)J:lj of M implies That we can unte o (a;) = x;5 with

Yy ,¥n e M. Forevewy a € & we obigin

9((4) = O((Z‘Ch'?,'a) — Zd(q;)cz;q - Z 3’:’5?[9! = xq
with x = 21;57;61“7.}3

This reyulf s woed o pwore fhe Fo)lowmj chavactevisahon of lﬂesftdf}ay ovders,
PROPOS ITION 4.5 Suppose A s a twosiclec! srder 1n « sem; —simple ving. Toe following propevhres of A are equivalent

(«) A s wﬂf"f“ hevecfri‘arj

(¢) Evewy 1ght idea| aon%zammj & vegular element 15 imvevhble

() Evew divisible vnodale u rvl?J‘edwe_

]?_RD_QF [o‘) =) (b) 5 A consequena of Phap dju2
(0) =) (¢) Evewy diwvisible module 1s Sreg —njectwe by Prop G4l and 1 Hhevefore Wjechwe by Prop 3.5
() = (a) Evey C{bu:‘her?rL module of zn mj‘ecq‘wr wedule 15 dusble, and i theve fore mjrechne by () Hene
A s night hevedlfz«yy by Prop. 7.9.5. 7

We al reacly kview thal foc PIDs, divisible <> njechve, and the above Theorem tells wo that provided A i 4 fuo - sicdgel order
I & ey srnaple NG, Jne\red\}-wﬂ = ( dwisible e j,y'ec}we)_"lhe ,Loﬂowmg » ancther imp ov ol PPDPer}jf ot orcleis in

sem)—simple riNgs.

PROPOSITION 4.6 7 A 15 o fuwo—sided order n a semi=simple ung, then even o Jely Jenerated Fowion free mvclule
15 a submedule of- ¢ free modlule .

PRODE ok 1 be & domien fee moddule sk geneiators Ty, 2. By Cor 33 there isa rmonomvphism M— M®asQ
W}jom & 5 ',\(‘h_q CIO\D-{T(C{' Vi h}' {)nﬁ 0% 7u,aj'?em'? JQ){ 4 Now ™ @A. @ wa 74/]!!6/3 33’?8(‘3}91:/ @—moc[ufej and Jinee

9
Q s semi-simple , #115 mplieo that M ®a @ s « rubmodule of @ Finikely generated frea ] -wodule F. Lef
Vi< Vn be a banis for F over @. Then =, :Z;V"'ﬁ‘,u‘ for cevian i;d'e-@»anowe Jc-frfj such thaf all
5% e A. Then Ij = IV 95, 1 Mis imbedded in the dree A —submodule o) F 3enemjred L’j V§ prr ¥ s 0

COROLLARY 4.7 Let A be a two-sidec) ovclev 1n semi-simple ang . The ﬁnHowmj properhes of A are equivalent

(a) A s ngh? remi'heredﬁarjr
() Evew finilely jcnemfed:}umm—ﬁu medufe ;rFL?/'echﬁ

(<) Euetg Fonwn -free module s Flaf
'fd) Elfﬁ’—lﬂ :/.ljr)]"‘ ideal 15 flaf
PROOF (a) =y (b) Evew finilely generated omion free module e submoclule ol fres mocfulle (Peop 4.6), and 15 thereforce

PW}'?C‘}IW (Pep T.6.9)



b . ,
(D) =2 (c) Evey wodule « the clirect fimiF of de Fonfely genazled submodule;, and The direct ltmit of projectue modules 15

Plad. (Prop T.103)
()= (d) 1shviad.
(d) = (a) follows fwm Pep I.11.6. 7

EX
M %Mf when A 15 a sommulative mhvgra.' demam, Peop 4 .S gives

PROPOS/TION 4-&
ITIoN 4 - Ty, following propevhen of a wmmudawe integral domain A ave equivalent

(0) pr 15 hevedﬁarj
(b) Evewy non-zewwo ideal 15 mvevhible

() Eveuy dwistble moclule s mjechve.

A+ vin Scrhﬁqj'”ﬂ there conclihons 1s caillec] a Deceleind domain. Evewy Dedelaind domain s o noethenan ving [by Prop 44.2), and
s 1verhble modules form an abelian gvoup under muthplicedwn. '

2. Piifer Domams A remifheve'chiwj commutaiwe wtegiz| comein 15 called a Prifer domanm.




EXERCISES CwWIL Stenshom.

@ S a T\@\\'} c\enomlnuhv IE)L) jo A——s ALS‘IJ cqnomc_a[_

D Y i Brg. Suppore £,9: A5 ] —5Q sl LY =97 Ten (£9)5) = 93(s) 5 a it Yse s, ro ot by
*he univenal on]ged»j ol AfS“'] dheve 5 & un\que movphism h_-ﬁ[‘s—;] — 5 sh hf—_—_jff-:jj’ Hena .f’.-::l'\r-j_

IO) L(/Sf Eil‘)j-“fin(e Ags(ﬁ]’) 9 77:)(6‘;;(5;})' ‘Thrn i (5;_;0 = (a3, l) ef(A) Lo siu=s,u’ wih n'e 5. Then
VB =g sy 1) (u) = (o) €AY, and 915U 1) = (o, wheve =
?’UQFWL&CI bj‘{'ndufmﬂ J_h, .frm(gghg;,af - 7 Ct [ U, ) ( U\TJ!)GDD{FH, (Ipuﬂ) (51\»\.506 39(5)
) Let A be avight Ore domaiy we cloym AlZ] 15 alo a right Ore domain. We know thaf sine A hew no 2ew—d/visern,
;:,f?:v d:ejdﬁ ;cJ—jue,bvwemL %9 € Alx] o funckons [N T f, 50 Bt P = Fp)re)x 8- *‘jﬁfdegFdeﬂjf
e m'=degf is lawgeot r./. L(m)£ 0, vap. m:dzgﬁ. Here G\g)@)*’——‘zxw g f(")ﬁ'[‘ﬁ).'ﬂ?bw

(2g)(m"+m) = F(m") g(m)
Heng ]cj':o ;mp]la _]C(mljelmj= D) n A wll-\\clﬂ fmphcw ]C(nn‘) =0 or g(m] =0. Erﬂ(]?r 5 & wn:}‘mdlc-l—bon_

Lef Q(A) denole the vight ving of quafrenk of A — 15 a skew-fidld, and 15 hene nght noethencn. Tt 4 Jfowus fiom the
Hilbe o} baots thzovemn that Q (A)[«] © likewise voethenan, lachs zew-divisors, and 1 henw a Aght- Ore vmj (doman ).

We have monics
A —— QA) — &A)[<]

(N ohie Hhat for ageneral ¥: A—R and be B ure camned mdue ? AT IR, 2 > b, becawe withoul commutedvih
Aheve 15 no qaurantec J 15 a movplism of rings) A[x] can be made omonphic Fo a cevfam mbvlnj of Cp(ﬂ}[a]/ 59
make #his idenhhcahon and suppose a,seAfx], s#0. If a=0, hen -] =5-0, s0suppoe a= O.Then sine R(A)F)
15 a ﬂﬂh} Ore clomaim, we have @'J b e QA[x] 5. at=sb m Q(ﬁ)}}]) with say ‘é’qﬁO/ and hgne B 0. Lot

b= aos b as x4 ansn '™
= et T,7c+---+zmx" Z‘ié@(ﬁ)‘
Then Ej b) let meS ke 5. TiucA,d< i<, (e ma; lcif}‘n"l-ﬁj A with AJ‘:\%Hhﬁ of Q(A] ). Then £ s & pelynomial
o} QAV[H] condamed 1nhe jubring Af] Do e same wih by say V€S s BveA[F], and let we A, wle s be 5.
Hw = yw’ (A 5 a rtjh‘} Ore c(omalh)-’ﬂ'len {:MUUJ’QVWIQ'HJ}I and|

~ ~ V)

] Euw = sbvw
sine T40, B O, both EUw) bvu' are ponzeio elements of ALT. Hene A[#] 15 @ nght Ore dornaun.

d) Lef S be a ngut demomimator seb m A Gongider the ing Mn(A), anclidenhfy A with fhe woual subning of ahogonaf meces.
Then S 1s telenhped with a vight denommator set of }"In(mj sime f 55 ‘anda= (ajj)e Tn(A) are gwen, +hen fef by' be
xl, S]:,J = QU-_I.U- JIIJ €S, We tan muc{-rﬁj The by‘s ?‘f’jd'a.,f.' the 45 % the rame — o e,;c/amPIe Jet Vv -::l—,?_\lf, +hein

prdice b= (bi;") 5. S b "= Qi € for some Ees. That s,
Qi b= O cw above.

J

sbhyv = Antyv - und .S{:)u_V": Az ha v In g w
shi= at, wih e S ao yeqwreq'_’ﬁ:chedﬂ. 52, { sa=0, (SG‘.J)::O/ fo each S& =0, n A Find e commont s

() Let $:A—AL5'T be camonial. s mduen ¥ : Muy(A) —> Mn (ﬁ[f"j]_ This drelf o mle/vmfmﬂ_ Let gﬁwﬁ}——JB

be any mophim of vings — s imduens )é*r Hod—A—— Hod—13, N }—> N @4 B. Hene 915*(&] = A®as B =8 S

p* 15 vightexact, ¥ DL ) = BIL, B, 52 f (an afunchor) nduwn & mmeiphum of the anclomophism vings M (A) = Evdla (@52 )
i an endormoyehm of Bi= A Then Uj jenem[ Yoga, ?‘F{m) __,_-[¢’F(mg) )} iz

4+ Man(B)=Endg (@2, B). Suppome m:(mﬁ") :
that v Yevms of motnces, /‘j{:./q-—-ﬁg indutes i {ﬁ)——-—a/“ﬁ'n[.[?), [qg)H [95(‘?"}}) e AW depmyrurs braloe

5; : Hn(ﬁ” e ﬁn[ﬁ[d"r])
(a) = ((ay,1})

U{cuhj for 1€, ?’[S) 15 a:mll} and 1f 55((“5)) —7—( (aij,1) ) =0 Hhen each (aif'J'): o, Fhot s, D"[QJJ-J:O g e 4565 il
Qi b = OmM A e have n* such e um'wn:/ anel vre can hecppiling on elemenhb of S urhl +U- =dre Yj, k. Thed s, Y roe Mo
Lessd (ay)e =0 Nowsuppre g=(aj sij))e Mn[ A[s™']) 45 abore, let Uje A b sf. 5= sydif Vijj  SES.

Then %:((qif'mj) ’))5’! = j}( (%'“U])?(‘SYIJ v regyived . Flene

Mo [A][s7 ] = Ha( Als™])
(ii) Now nohwe That n (i), given s¢ S and a=(a;) e UT, (A), we can clecirly find b’ clro uppev Manguov, +1ne sb'=al.
Heme S 15 e vight denominator sel in UTa(AB), also. The moyphum F abose redtnds o UTn(A) — VT, (AJsY]), ewnd fhe

vest of fhe proof camer Thwugh unchanged o s how
UTn (A)[(57] = UTa(ALs™])



Suppose & s uy’ec—]wwe %) oewjrhi ard leff A-medule. Lof q €A be o nonzewodivisor The wwpondmjj movphism of left [Vg““)
A -modules A —3 A defned by bi—> b.ov (b a-lo) & thw monic, sine O‘\f:‘ f L afl]=adg(s) Lol
(¥~ t)a=0 ( a(Pe)-¢x))=0) 0 hens P() = B(x}, $= p. Bel-fhen by mjechnaby There wwan 2 5.

AL

H—Q—JA

wheve % vonwvopends fo an element x (1) of A, and Za)(1)=1 < x(q(l]]:[ = ux=1I (7{'(;(:])_ Hene a i a unik.
_@E Lel S and T be subseh of A Then

() r(e(ris)))=r(s)
racer({(r(’s)n = Vy ee(e(s)) Yyx =0
< whenever JM«‘—O VM&([S)) U?LZO
& if ‘J%rﬂ“":f 0[ o] SGL:D) s e-5 we have j’fL—/‘O/ Hhen ngc:.‘: O
If xev(s) and jé—'ﬁ(fﬁ)\,‘”'?f“ M parhenlor Yyx=0, wxe €LAVE)) Now ol'emfj A= f(r’ﬂ])) sothat
if z¢ Pl (v(5))), ther m pavhedlar ¢ v(sb
() v (suTY=v(s)N ()
Tay dep
(i) S< T mphes v(s) Zv(T)
r@j Jei’h_j_j

]@ Nofue that also < lrle())) = €(s) and fhat S=T= €(s)2€T) TV A bhas ACL on rrﬂhf m’rﬂi%:"[a—{on;, cnel

£(5) 2€(s:)=

is o deaending chain of left annihilaters, Then (4 [(s)) < v(e(s2)) ¢ - -- Feernnales, say v (€[S =v(€()] Yk v,
Then {(ffe[;n)n = —f’(r(e(Sh\\] Wl that s, 'C(Slr-] = f[!r\) \flezn, e reguyred. The tonvewe 15 simlar.

@%) Let A beaprme g @ a hwo-sided ideal other than 0. To see L 1s easentral co arght ideal, suppore boua rngfht~idleal it
Gnh=0. Hene hr'efnh woles ha=0. Let Ak denote the hwo-sided deal {Zq; bi Jaje A biekf /anh’;mrng L. Then
Ao =0 mpler gl =0, sine A is prime. Henw y=0, and @ ir exsenhal as o viqht wcleal. Alternahvely, of b i q lef ideal,
Riscank=0andso YA =0,s0 =0 agein. Henwe evew vonzew fun-sided deaf 15 both ij” and [ef/ enserhral.

T4 15 also c!eculj essenho] w.ed, o siclecl deals, by the same argotmem'.

@ Let S be a nﬁhf denominator set in /—]J and /M,-f st M— M[s'] camowfca’. A submodule L of M5 called
S—satwated i if suhsfies : f xe M and x5EL for some s€ S, Hhen x€ L .

() Sine ALS7'] is fat w a left A-moclule, arubobJ'u} L>=— M mduws L[s~']>— 1‘1[!"]} €s™ €57 Conrenely,
cny H‘[S"] ,-;ubmocfbfje N of M[f‘j 5 1n pavﬁou!/ﬂ” an A —submpdyle ol he nrjh'i' A-vnocule H[S"7, whente
MuTIN s @ V'j'h?' A= submodule of M. Cleavly such p™N 15 staﬁlmi-cd) smee I see ™M and x5 eMTIN, so
AM(xs) = (oes,1) 15 10 Ny Then (z,0) = (25))(1,s) 15 10 N, s0 that e TN Alse, (/U“‘N)[j"] and N are the
Same )’u(aafoJ'GC']', sine (/u\"’!\l][y':{ —— 1[5 ] 15 The wiclugion of- aff (vys) wheve ne/.,t"!\I/ ov ectul‘rajenﬂj (np) €NV
But f (n1) €N so does (ny5), and wnvewely f x=(mE)eN, meM, tcS, then (m;1) eN = Me/u”/\J so that
(myE)e m™'N 5] '

&omj the other way, cevff-am!j L__C_/M”L[S"j/ and the revene inclmion holds 1. whenever (>¢71) eL[s"]} rel .
Bat (%1)eL[s] &> Jyel, beSsd (N =(yt) « Jyeltbses sd. xs =yt s=tt’ & Jre s sd. xsel .
Hene ./U«"'L[S‘”] el . L s [ —saturobed. Thuy we have aba‘gc‘fwn

Sub M SubM[s™']
L I———‘—'—PLLS'E

) S

betwezn the J— sq}urq(f&réf submodules of M and all sumodules of M[s"] (this 15 an 1somovyphisim of lathes ). Nohe
Fhat when A = M, Z“reshi' ideal o 15 S—satumbed H. + avods S, and uv-ega'}'fhemﬂmml coiveopondend .



(1) Suppose that M s J-forsion-free, ancl suppose that xas=0 f xelM, ae A and s€5. Then xue M sina
Mis an A-module, some s S—tovaren frec, Aa=0.Henw YxeM, Ann(x) 5 J-satwaled Convewely , suppore
each Ann(x) 1s S-saturalbed, and suppese xs= 0, xeM, se S.Then 0= 2-(ls), whenwe f:éﬂ'iﬂn[x)) o fihe

th(x] s S-sutwated, 1€ Am (7). Henex= 0 and M s S = bonion—free.
(i) Nohw the hijedhwn n (i) s melwion presevving, o with A =M we have an incluoon preaeyvma mmpandenm_
betureemn njha‘ ideals of Af[s~'] and S-satualed Vﬁ?\f’fﬂ’?&n’.ﬁ@l 4 IF A s rtjm voethenan cenel
N, < Ny € ---
15 4 cham o} ﬂjhhc)eulr n /‘}[5"1 Hhen Ny € TN, S -0 m A, 50/1";\/,{ :/U-If\fm SlF Yol P s
Hene Ni = (p7'NR)[5]= (/‘J‘"'Nm)ﬁ"] = Nm alllkR77m, so AJs"] s vlﬂh’r noethencin.

]@ s s trvial sine Mf57] = M o4 ﬁ[ﬁ":}/ anel we already Jenow — @a A[5s7] —1 Fx whee ¥ A—A[57]
s canoviea] . Henwe
Homﬁfﬂ( M{§), N) = Homﬁ[rj (Mas als N )
= Homa (M, Y n)
= Homa(M,N)
(1) The functoi St Mod-Als7] — Mod—A han aleft acyom} which presewes monies (A5 HCV]’J #H chji::e

bﬂ ™ wnal Yege Fe prerewen er(:Jwe/). Thws if a l’ljh}‘ ﬁff”]~mudu}e N s :nJ'ac}w%} hen i alio n)e
an a njh} A—wodule. The vonvewe 15 eany, sinte if Ne Mod-Afls™'] s njectwe an an A—mudule, and

R "

Mr—2 H’

s o dwagram in Mod A< T, i salso o chacpam m Mod = A (mones presewes sma vefleche ). Let ot mahe (1) wmmule .
Hod—f[s ] s full m Mod-A, so o 15 cmoyphum of Afs-"]-modulen, 50 N s mjectwe in fod - AJ571].

l@ () Let la={(qi,--,9n) be a(fm!}dg eneraled ”ij ideal of @, with 9i=a; 5i7! Then cleurlj aje b, 121 <n, and|
hewe 1f o = [q.,,w.jq,,) s The vight deal of A 3!ewemlecl by e o, wQ <= b Lonveuely, all the gi belonj% LR, hene

bhe @ —s0 f=ul, asrequired.

(i) Suppore A s rfgh{“ remf-heutdt}aﬁ(_ Nohe fhat )f B—H 15 anght 1dea) of A, AQ 15 the submodule
neorR — AF®aQ = Q; 8¢ fn Pav’)ll{,uﬁarj (i) SJ'C']'(‘/-) Fhot ﬂﬂj ﬁﬂl]efj‘ jenfm!{c} submicelule of & wcn ‘535@(* b’!
Hs form . Let b= 0@ be ﬁmMg jeV?EmeCi‘.Them a 18 pveJec-}weJ Sinte A s sem|— hewsd»)nr:j. Hene by 1, 6.2 we

have (¥)r, 7; e® and Y- m— A suhhat Yz er,
x = ZL Xy T:‘(Z)

Lonsider The morphams & @-moddler § = 9, 61 Q * LOKR — f Ox, that 5, ¥} :4Q —> @. Lef
j = ZJ' @ij be an element of q_@) a, e and CZ.' Q. Then wth x;e m < ©LB oo be'}nr‘e}

2 Zf?s(ﬂ = 25 j;.-(zjﬂﬂﬁ
= Z’i}jxi 501\'(“5%)
- ZLJIJD{("U'](U %
= D (Zea i)y
= 2% =

where fe sums areall fle sme §(9) = 313, (4}, anl by wasumphon 5;(3)) = 0 for all but finite i T Henie
(xi), % form @ system oFpuojectire wordinales fr a @, so x® w pwjectwe. Hene @ s’emi‘"he'msh&ag_



[@5] LeF A be a ngh] ordern . If eveny disible vight A—imodule is “’Uer‘ﬁwf Ahen A s wghl' ht’ﬂ?dlqug bﬂ T Poop 9.5
Sinte rrjecfwe = divisille, and evew 7uw—f?enf of advisible moclule 15 divisible, andl hene by hy potheor, J{Jjem"tw_

s Ahen sern/-sumple by IL, Prop 2.4



CHAPTER ILT . MopuLar LaTTicES

[. LaTrecEs

Let Phe o pmﬁaH orclered set, with 1he meflaf ordering deviotec by <, and S asubsef of F An upper bound for S0 P s
an element xe P such hat s < 2 for all se 5. An element 5o €5 15 a g reatest element 1 S.f s < 5. for all se S There
can bo 4t post one 9reafwl element in S, Swilarly one depnes lowev bound and lesot elerpent Tn pavhiculoy, @ _feio_}“
wpper bound fv S o leciot elerment m e I‘"L"J'upf)eb bounds fov 8, and s ilarly for greateot-fower bound for 5.

A lathie 15 a par-}m“ﬂ oveered sef 1n which eveny couple of eleyments 7Y hao o lecnt- upper bound (colled m\/a—u? of 7,9 and
wwiffen x v (:j), and a quealeot lowey bound (called the meet of 3 and Y, wnbren ZNnY). IF follows Hpen by wclucton

that evew vion - emphy finik set of elements har a join and a meef.

Suppose L 1s a lathe. ZF one vevenes the pavhal ordeyimg in L, 1hen one obfuins a new lathe, cafled theoppporle (or dual)
lothie of L and denoted | °F Ac ndhe cone of categones, 1his leads 4o & dua!m‘-ﬂ pvmaple, by which evew contept or vesult
for lathes covies with i o dual conepf o resul].

If L and L' are lafhey, then amophim &: L —3L7 2 a wap foom [ 4o L sahr{yuzj

% (xvy) = «(x)valy) oz ry) = (x) A x(9) Vxyel

No:ﬁr.e‘ﬁaml‘ a gb n L_:g_ a vb,—_a,, Jo'ﬂﬂ.ﬂ]" f( d:!—“—ﬂL/ 15 mw}ohirm and o< [3) O(LQ)S K(L). Flente a moqohl;r?‘)
o funchor prerevving frrle limids cod cohmite I #hs way we obtain i cahago,y Lat of |cthws. THisa Jub(aJLeg(JVj

ol the cut ory g pavhally ordered _rgk/ wheve mephums are The ovcler Preserving imaps ( we call Yhep order *’HD"P})UMI)
Sine Wl‘-&{qj?ca o})er-aj‘wns are defujed wo fevms of The orceving, one sltaing -

PROPOSITION 1.1 Tf [ and L' are lathuws, #en eveny ordev womowphium [ — L7 i a lathie Lromovphise .

A lathe wionimsm | B S o Dj;fenJa)d’szbe an anff—mowh/fm hom Lo L7 I s« IaH‘quj then a sublathe of L
15 g mb;ai‘ j_’# L S‘!—(ch":ﬂ’]qf I‘,yé“!-/ ww/ah?—’ va el ” anc{xﬂjEL"j L i thon ;Jypyqlo#?wA ﬁ/aﬂ?(g ' ITe f;gﬂ”f’ﬁl{f

f eveyy subset Sof L hoo a least uppev bound, wnlten supS or /o s and called the join of S, and a grealert lower
s ond called Hhe weef of S Tn a omplele lathe There exish a grealest element supl, densled

bOMV?c;’; wnitten |y)-FS‘ ar e
by L, and a smgllekelement mfL, dencted by O. Nofe that we alio have 1 = inf@ ond 0= sup L.

PROPOSITION .2 Tp ] g pavﬁqﬂj ordered sef and evew rubyet of L has a leant wppev bound m L, Then L i a complele lathe.

PROOF For each subset S of | ponsicer #he se# 13 of all lower boundoof S m . (B s noneriply becawe O = JMPP/ el )
Let x be fheleauf uppev bound of B m L. I s€S then for each beB we hove b<s, 5o sz supB=x TF 4
s uny element »l s>y VYse S, #hen yel3 and hmwj sx. It fellows that = i a grealst [owey pound fou £

IF | 15 & compleke f“H'“Q/ then a Mple_k ;__ubfay'ltﬂ. of L 5 a rublathe L7 of L such that S<L’ waplies That supS and nfS
(+ehun n L) belong 0 Ly 14 15 s drelf a compleke latue.

EXAMPLES

| Tntewvols [ of [ be o jathe ond b elevments of L with a<b Then E”Jb]={1@L| asxeb} 5« sublodhe ot e
called the Lm_fgu_vgn' behursen a and b.

2. Tdeals ond Fillers 17 ) o Jafhe, hon a subset T of L s ar doa) [ it sahrfres
() aed, x<o mplles xe T
(i) Q)\aeI ;m};hp/) avbeXL
(i) F L nan 0, then 0€™L.
In pavheulv for any ael oncobfains the prncipal deal frel [ x<af Paclly ore defines +he
Vietion O’La,ﬁffgr_' o subsef F of L s apler )
() aef, a <x wmpler xe F

(i) o,beF miphenr anbe F
(W) TP L bor T, Hm 1 eF




2 The Lathte of Submocules TP M s n'.'odu/e/ Hhen the submodules of 1V foum & complele fa#?m/ which we will
damole by L(M) When K€ L€ M, thembevval [K,LT] nL(M) u isomonphc 4o the lathe of submoduks of L/ K.
ﬂﬁlzﬂ’ vegp. leff ideals of +he ving A wall be depnsted by L(A.) and L(. AV

“The lathws of

4. complehons TF L is a lathe, Fhen an upper (venp. fower) complehon of L i a complele lathie [ conuning L o
a sublathe such thab o= JUP("—I‘-' [D;I]B (vwp. se=f(L N[z JZ)J forevewy xe L. TP [C 15 beth an upper
anel o lower GOVVIP/E')LDFJ of L, hen L wa copmp leton of L. E£q. t9e chan o real numbew 15 & completion of
Fre vatonal numben. Qe may show that evew lathe hos aumgue completwn, Fhe so—callecl D edelincl— MacNeille

completion (fo, the exilena, see §8; For wnicity, see Schwelf [17).

5 CJDJUV‘S‘SWJ'@‘M LeF [ be a tomplele [etfie. TF C 15 a juboset of L, and C 15 closec] ancler avbihan meets (7e. S C implies
LS ec)} then 1F follows From Prop 1.2 thal C s a wmp/'gje lathee. Sueh a subref & of | i called a M_JEI{?,{Q@ m L
Nole fat the meef m C v he same eo n L, buf fhat ’f‘ffled'om 1 C 5 gven by

SMPCS = mfff uppev bounds of 5 n C}

Z. MUDULARITY

Let L be i lathe. The operatons A and vV ave casociatwe and commudadere. Fuytherwsre one clearly hao Sor any
asbwn L that

(z~rb)va < (xvalnr b for all scel

swme x~b g g scva, ek, The [athe 1s moclular  if the revene rmquah{y alse holds, 12,

(erb)va= (cva)lrb  Sorallabec wth a<h

PROPOSITION 2.1  (ef a and b be elemrents of a modular |edhie. Then there 5 e lathw somonphism [cm!g} a]— [k, avbh].

PROOF peppe of : [arb,a] — [b,avb] an a(x) = xvh, and defme B-[bjavb]—[anb,a] a
AlY) = YAd. Ten PA(x) = (xvb)na = (anb)vi=x bY wodularty, se x < q. Pually,
ap(y) = (yra)vb = (avb)ry =y The map g s thuo e iaveneef & As anorcler o, o, Fare lathu ies.

s resull leadoo a refmement of Hre nohon of somoydhsm bepween intevvals of a modular lathe. Tuo inbervals of L are
similar if there exishelements aybe | s ). one of Ha infewals @n be wnatten an [ankb, a] and e =they one o
[b,a vb], e mhewals I and T of [ are projectwe f Fhere existr acham T =Tae, Ty, ., Tn =7 o mnfevvals s 4.

T, and Ty @4re snilar. P”‘y“’m infervals are °JL coupe 1somonphic as ledthws.
o

Lot L bea lathe with O and | TF ael, Mhen a wwplement of a m L 15 an element ce L 5.,

anc=0, avc=|

Fhe lathe L 15 @mefemeﬂ}ec/ i evew element of- L han a complement m L .

PROPOSITION £-2 7 | e o4 complemened moclular latheg, then eveny mterval .f L s complemented
PROOFE  Jof ach m L end defa,b] and suppose d has a complement < n L. Then one vevifeo thal
av(cab) = ba (avc)
s ot vomplement of d in [a,b] N

Me modulauty of L depends on o uncedy pioperty of relatwe complement :

PROPOSTION 2.3 Tue [athee [ 15 modular £ anel on-’y F evewy mtevyal I ol | has +he ﬁ://owmj /Dmper{y cifeeT
has fuo c,ompl'ememh aybin T with as b, then a=b.




pRO0F TS L 1 modulay, Fhen so s eveny mtersal, sofor dhe peeeasidy we may assume =1 Then

-

b=brl=Dhbnr(ave) = qv(bz\c): avO=qg

Lonvewely, (f a,b,c are elements of L with a < b, then we have fhe modulur mequa.’n’y

C{,—;(CAb)vq = (qu)/\b:qz

Then cyAC = (CCABJVC«)/\C = (C/\Q)VCCAb) :C—’\bj and a < b ,mPf}e/D dyng = e~ b
-“}"55’/ GAC = (cva)nbnc = brc. Furtherwe have Ve = (cab)vave =avc mnc[—fma“j
a, Ve = ((g\,a)Ab) ve < (bvc)afcva)= ave, and A< a, imples a,ve=a Ve Thus a; and
A, are WMPfemgyj}: of ¢ n [bnc,ave], ard by hy pothea s ‘f'fﬁeﬂ mugt be e?mqi, which preves the
mochulanty of L.

EXAMPLES

LMMM IF M s a moclule, then the lathe L (M) of submodules is modular: For le+ K, L, L’
be submodules of M such that L's L. Tf < (K+L')/1L, then & =Ytz with JGK and =e /. Bu}
Yy=x—z e KNL, % xe (KAL) + L7, which shows fhat (K+L') NL = (KAL)

IF '}’MJD m'}zwai_s [K'; KJ and [L: L " L(P‘!) are Pm\jecﬁv'e) ’ﬁ’laﬂ r}' _ﬁ:“oms ﬁom the NDQ'H’]Q!’ Lsomovphl.sm %eomm
(Prop T..5) app lied #o each ope o e similar pairs of intesvals wnﬁem‘mg [Kl, K] and JL) L], Hhat +he atvwhenf‘

modules K[ K and L/L’ are isomovphec,
A wemberof L(M) hao o complement #. - 15 a dived summand, ard so (M) s complemenled M. & s
semi—simple. (Pwr T.7.2).

2. toherent F?unjs

S LATTICES wiTH CusIN. Conp rrion

Let | be a modular lothe with © and |- Tiwe chams

A=A SN S - Cam=b ()

a:‘oagb,gu-g_ b,= b (2)

befwaen He same porlr of elementr of 1 e celled equivalent f m=n anc| #here 15 o permutaton 7T of -l
sd. e MJL(?P'(IG!JF [q;__qul-j and [b.?],ﬁ/_b bﬂ’(,‘):] are me/‘eo—fuff_ ﬁ'}’fjéﬂ.&mél’.'* o,L a chamn [.'_) '3 aéjlﬂfmd by )VUE’VJ‘N’:'?
Jovther elements 1 Hhe chain T, }olﬂawmj resdlt 15 known oo Hhe © Schreler refnement Hheorem 'l

PROPOS HION 3.1 Ay fuo fmife chans bebareon e sme pair of elemenlr m o1 yodular lathe hove equivalent
refinements.

PROOF [ of (1) and (2) bei%.ejllffn chams. FuyeachJ:@--/” and<el,. ., m we put

ag = (ainb,) vhiy = (ai vl -, )2 by
g = (L“’J-Aq")“q.’—ﬁ = ('bJ‘qu’i)Aﬂi



The interal

[[tx:‘»l VEJ—; )/\ ﬂ,’f\lj/ ai N LU]

(3)
is then similar fo [“""JJ ;) Qij ] becawve we have
Ai-1) e (G"Alffj') = (01,;,\/ bJ‘—f)’\ %’j'/\ AN E’-’J = (a3 —IV[?/'—I) #% By bJ
whle a,\_;AEJ'SqrjweA
Cir-n)J'\/(aj/’\bJ') (q,-_!f\]gJ‘) Vlzzj'—rV[q;/\l,')

aip A ((a;,,/\l?j)v%}') "

j?j'-} = (QI*/\BJ-)VJ:\JJ'_J :qu
By symmety, the mbewal (3) 15 alse similar Fo [bioys, bii 1. S0 [br=ts, b J o prepechwete [ar_, . ay ], and
Sl ows Mo&)—ﬁmhuochqms a ] g J vis Y
A= 0o & d € - € Qp, § A1z € < Amm=b
O|'=IDO)S..,0HE Sbnjsb‘zs slonm:b
where ami = (am~bj )V b = (brby)vb-1 = Lj Ao, jri and by = aj = aei+] are equivalenk.
\Jlsuo\ﬂj)
ﬂ’—l'JDE_La,Q*' S-L?n:b
Q:ac{\]& = = Gm = 4. £ - = Amp =b
o bO s ‘bl < - li
] = - by] T
and
Ok—"—ﬂei-_ouﬁ SGM‘—IQ
a = bo :
!0”15_[,“§ Sloml $-l::|3£‘
o - I
;zl)j:[

< ]Dm'h =bh
I\
a, o
i=2 5=l

Om = L
50 [.Clol) ﬂ]]] 13 PWJ?C"W '}'D [bcr} I}]I]‘, [Q{;) qz,] ' FW.GCM '}LJ [b“'l.; Efl]} xlpj"D [4”’!'1‘/!} ami] ,P‘IUJ"‘{"’ [Em” b"m]t ""‘I@Wu_
e hee chans are equivalent, uwheve Bey =55 By ¥ A vefinement of (2), anc) oy ) bam 15 @ vefinement of (1) A
A vomposthon chain  behween o and b

1§ a chain

a=20 < A4, <- '<qm=b

(4)
which has no vefmement, exapt 53 m}‘mclucmﬂ cepethons of the qiven elements a; e mteger m 1¢ the length of e cheon.
From Prop 3.1 we immechalely get #e « Tordan-Halder™ theorem.

CORVLLARY 3.2 Any two composifuon chams between the iame pair of element? in e modylar lathee are equrvafemﬁ.
4 vedullar lathe [ 15 of Funile fe JF theve 15 o compaihon cham betueen O and [ and by Cor2.2 we can clefine the
length of L +o be the length of such o composrkon cham. Prop 3./ allws uots conclude

PROPESITION 2.3 Tn o wnocular lathwe of furle length, evew chain (4) can be refinec) o a compasihon chain.



A lethe L i noethenan (or sahsheo ACC) f theve are vio mfile stnctly ancencing chams  ¢o<ay<--- mL, and
s arhnian (or sohspes Dec ) Hf there 150 infinile shacHy deocendling chain as >a;>- - m L These c haup '.
condrhons can also be formulated as rmetxnmium (minimum) wnditns. TF S g asubrel of L, *ﬁ/le;:; a maxima
clement of S 15 av clament ac S such that a < > for xe S imples x = q. Dually one defmer winiimal elemien),

w A Ja‘yue L s noethevan [m‘fmf&m) of-and om{y A evenf nonenply subseFof L hian a maximal [mmfmaf)

E'emeiﬂ‘.

w A modular lathe 1s of fmile length F and only f iF 15 both noethenan ond aviman,

PROOF Tf L has finjle length m, hen evey JafncP_/g avcending (cleacending) cham m L consists of af most it |
elements, so [ s noethencn and avhnian. Suppose convewely Fhat L s noefhenan. For evew) a0 m L
Theve exisfs by Prop 2 Uy a maximal elemenf bs.). b<a. By vepeated we of this obseyverfon we gel q
deocemd.'ng cham |>ea,>q, > - L7 now L 13 also avhran, This chain rhops cffer a Fmide number e/J./ep_g
and we have thus clbfamed a wmpmn‘wﬂ chawr between [ and 0. L 18 Thuo of-fnile !en\q.}—n“é; T

PROPOSITION 3.6 Let a be an element of a wioclor (athe L. Then L 15 noethenan (avhnan) JL. both infervals
[0a] avd [a,1] are noethenan (arfinian )
PR_OO[,: TF L s veethenan or cw{vmmm, then clearly evewy inteyval of L 15 leewise. Suppose convevely thetFhe mtevvals

[6)a] and [q,1] arve noethenan, andl lef by <b, < - be a shacty asendwing chain tn L. Twentheve e xistr
an mhegern 4.

bn ~a = 'bnflf\q‘—"—'C

anVQ ”——'.bn-ﬂ\/q = d
Applying Prop 2.3 +o thelement A in [c,d7], we obfain by = by Flere [ must be noethenan. d,‘mi[ng
for Hhe cuhnion cane. 7

EAAMPLES

Mnﬂ% Let M be c module . A composihon chain between {07 and M un L (M) s a chamn
of submoclules

fo}=Mo c M= - = My = M

ju(cf’l ‘Hffaf afldr’l qm),&eﬂ,ﬁmgd'u& MVMI-—I 5 SM"IP"E- T V/CWO} fﬁemgqy](@ ,;ﬁ/ap&‘eﬁ)"lwly 0/' mfowafs I L[H} (/_:x. 2 !J
e Tovdan - Helder thaorem seuys -

PROPOS(TION 327 | of

O=MsC - -+ & Mua=0»Fl

O = Ml C = o &y =H

be fwo compostfron chatns. Then n=m and tere exitk a permdaton of {1 n% 5.4,
M . = Mﬂ;’}
/”lfr /MI‘T(,'}P}

A’hmocfuk M s called noethenan (avhvian | of firile length ) when the ke LIM) s noetienan (k) From Prop 3. 6 we
ortgin I

W Ler 0 > M'— M} 20 be an exa.:/-mquewz of miodules. Then M s noethenan
(ethnian, vesp. of finle /es:;gfh] # and p;q."j £ both 1 ane) M are so,



2. ni a‘rme 510 Oﬁ{ Jecior S \feC’fD S 2 jie Vi
F:] #@ nsion ‘J‘D PCICM A rspag V 15 u'f: ﬁmﬁc/ 7] i /
‘me ! . v a ?"71 fff U‘ﬁvlc rmem/un% andl rJr feng’H" 5

_ 3 Tweducble dewmpmh’wn A 1 = = a= =
 elevient a of the lathe [ s o
A imeclucible de comp astten of (meet—) iweductble F a=bnrc = a=bora=c.



CHAPTER’ E ' ABELIAN CATEGORIES




PROPOSITION 5.1 Comsider o pullback dmgmm

T
P—o
T &4

¢ — C

m an abelan cq?@gcgj. Then :

() IF &, 15 o monomoyphism, then so 15 T,
(i) If «, 15 an eijovphmm) Then so 5 T

i) If o, 1 the kevnel of- a vowphisim pic 2D, Fhen T, 15 the kemel of fot,

PROOF (i) T £:X—P s moqa}m‘m sd M E=0 #en o, THF = ATEF = 0O, and o, monic guwea
5 = 0. The wncrlﬂ of the fuchonsaton over P e F=0

(i) Form 'fhclayodud' G XCG and let i P—— ;% (2 be Ker(ﬂﬁF, _O/ZPZ)

T
P - > Gy
NI
it

G XG 4,

Pi

Y

C[ “———'—)C
Ay

Anen theve 15 an exack fequenc
1<

/LA.
O—P > OXRCG—>2C —— 0O (3)

whem/u,= S\ Py —oly Py 1S an epimorphism becawe %)= o 1s an epimohum syposse & ¢ ¢, — X
s a monphitm 5. 3, = 0. Then 0= T = Fp.K mpher thatthere 1s 7:c —5 X it "Im = 5Pz
’ﬂaujlm Ty = TM 1, = }Pzil =0, and « an ep:hﬂOtPhUm ’mP)’% 7= 0. But +hen Fﬁ =0, apel so

im=o0.
(7)) we ceveuply have BT = O, and FE:X—G s amophism s f5=0, then 3 Jfuchr over
41 = kerB by o wioiphism 7: X—2C, wnth o7 = o, §. Henie ¥ fuctors ovev the pullback F and doens so

umqml,j e This a movbenonohifm.

When =) 5 a monomonphism, one rmay think of the pullback [ as the “ynveve image " of €, under oy, ancl one ofben
WD of () for P T s fenguade, (i) of Puop 5.1 stabes that o, (kerf) = Kevfar, . TP both o and o are
mMenomonohisims, thenit is quile clear that P s Mjrealw* lower bound of € and G m ¢,1e. P=C; /¢ The exack

sequenic n his come becormen

o——=2¢Ng¢, ¥ 6 O3 £ )

3C|@C1

whem/u\ i indued by Yhe mcluoions of ¢, and G mn C (upFo & Minus srjn)_ THLollows that Hhe sum C + Co
15 diveck . G NG = ©. Affer thase remeawles tve wn prove the Noether somogphismtheavem .

PROPOS fTION 5.2 IPC,amﬂCZGMJuh@RﬁofC}#wW

(et CLs/CJ = % (C, Al Cz.)



PROOF With the woe of Prop 5.1 (1) wege}‘a commbdate dfadrum with exad-vows

O—— GNC, — 5> Cqy

(C+a)/c,—— O

(o)

)

2 G+

2O

o) (c. -l-Cl}/C‘

s e he ie{'} Square 1s a pMULJacJ?. The exattnws of 7he upper row j'mmedlo.;elj leacls Jo Hu deared concluoion. 8

Avcther consequente of Fop 5.1 hat one can conshuct #he pullback of a shev) exadt sequente 0 — 66— c— O
with veopect fo a momphism ¢, — C. For this we consider the commutature cliagram

A
SRDY JPELAT N 2% Y
O— Co—c¢ ¢ 50
oAy ol

where Fhe ﬂg:’ﬂ" squave s a Pui/ch)? d!agmm avel 3y 15 mcluud by of and the zevo monphism ¢, 53¢, T+ remainsto see
'ﬁ’laf'/}p 5 ehmﬂe}o,(ﬁ_ Swppofe F:X—a P s b A 3=0. Then of,‘{? =0, 5o Y§:0fo>\ for some P\~ X—3 Co,
Now 1801 and ¥ gie the same vesutls when composing Fpepn with Y or /?J 5o F=pfo Henc the upper row 15 2x acl.

When o, Co ——= C 15 a monomoyphiam, s wnshuchon shows that each IMbOlO;)';eC[' G of C/¢e 15 of the form
F/C. for some subobjeck P of C, With the preceding verubs at hand, we retuvn fo the lathe L(c) of subvbjects of an
o(c:jed’ ¢ and pwve:

W_ The. lafhue L(c) i modular.

PROOF W make we of Prop L 2.3 o show he mocfufon{y. Sinie an mfevval [B, B] of L(C) 15 somorphic Fo the lathe
L(B:/g, ), * suthus o consider ;mbobj'eczﬁ' B ¢ B, o C witha common complement C'm C If 7,: 8, — C,
0 : B, 5 C and 13 C'——= € ave Hhe mcluaions, this means At there ave pPr i c — B, p:cC ;B andl

PsiCe—c’ s C 15 the copodudt of ) and <3 with pigjectons pupy andd mp. for Gy 7o anel pa, ps c— ¢

f
B, é;_)c
[P
B, c/

T+ follows that 4w P+ ﬁf’; =le = Tapat 13Ps” On composing both sideo with p, and replacing % with 7,e, e
hawve

PrlakPi+ Polaps = pypiap + Prtiaps”

A= Pa

stne p, and pz are both Hhe whevnels of 43, & follows thal & 15 an womopohism, ancl hene B, =5,

EXAMFPLES . Moclule Ca}e{jgn;ca Tn the cq}egoy Med A for a ving A, 4he thou} 5 G @ G/ where ! rf(ﬂ:("),j%(:)}

?-Dbj'ge‘z'*_’:_"’l”—‘i‘?-”ﬁ Let C be an obd‘gcy‘ of an abelian category. Since he leathe C 15 mecular, the Tovdan - Hileley theowem
‘;;id.r- sincl 1f does so n The shavp form vahd for wiodulen (Frep T0 ?.7J/ becawse Frop S-Z implies that ,uhy'echudy of Fuee ,rm‘eyya/:
induces an isomoyphism between comes poncling guwhent a‘beéC‘}]'_ The o{:j@c!‘ C s of finile /fmﬁllﬁ # the lathe L(c) s of fimfe

feng’”"?, and Thic ymeans here 11 a cham of J'Hbo{ﬁjledx

O=Cocc c--- &€ n=C

such Yhat each Cf/f,-,, 15 d simple olg'ecv'.



(.GENERATORS AND COGENERATDRS

2 2 Rewd! thiat T &= J’arc/}b he ﬁ%ﬁ-{)‘ fyf‘

Consider fwo abelian CO‘J"ejvﬂ@ﬂ 5 and D and an addibwe funchor T &
T() = O for evew nol-zelo mogphism % in
Wﬂ 4\0 EJ{GC”'#HC‘}OF 7 e q%l#"ﬁﬂ' ijf—a‘y)c! only /F TTCJ 75076,, gvely non-ZeLo OL’U‘ECIL C.

PRODF TIf T s fadhful and T(c\= D, then T:) =0 wnplies le = 0 and hene C=0. Convenely, suppose T(C) = 0 ymplies
C=0 If =0 é: then I F 0 and ro T[Imp() # 0. Buf 1w exachness c;L T rmj)/.'w T[Ima() :IVVWT(‘*J

s T(=x)#0.

DEFINITION An object Cof € 15 a genevador fov € f Hom(c, =) s farthful, and i a cogenevador f Hom(—,¢)
s feuth ful.

PROPasITION €.2 Suppose & han wpmdumfz. TF s a 5anemf-mg, then for ovew ou.‘eciL theve 15 an ep,'mpwhum

JB—C for soMe ndex ret L.

PRDPD!ITM A pv%iecﬁﬂlf olj‘ec% Psa ﬂfﬂ?miior i~ and om'j If there exish a novnzew moyphism P— C for any C0

PROPOS | TION é»Lf Suppore E has pwducf:_ Ir Vs« f,ojenom-f-o.c, ’ﬂ?emjﬁy evew ulﬂ‘ed' C Fhere 15 « im enooyolism
B W far some inclex sef T

w An rry'er;fwf oJ'ecf E sa &ogewem}c\r 1F and onhj o Hhere exich a non-zeve mowphism C—— =
for each C# 0.

PROPOSITION C.6 TF € hap « ynem{or) Hen B s /oca/fj small.

15 & gepevator for }“/u«:f—f} ,'I['GIV]G{ Omfy ,,C‘ A s a divect summand oﬂ

EXAMPLES /. Generafor for ITod=A p module M
15 dqq! 'Th %Q

a‘f <onle cf,'.fEC:JL Jum d} cop]ez) o/— H} an ﬁfluwﬁam PVDP & 2 This 1n o i\emaikab/e w
characten ahon of « V‘U‘ec}uﬂ: module cp a direct spmmand of o diecd rum of copian of Al This g[ual’l;'lj

Yo the 7(0”0W1ﬂj' formal consequanc

PROPOSITION 6.7 Lef M be a ng A-moclule with endomonehom nng B=Enda (M) Then:
() IF Ma s « jenem-br/ Then oM™ s —}:rm}e"j 3ev1emf-ed pwjec}we_
(.;j) If Mg s ,mejleij ﬂenemlecl ijgc—,l-wej then g 7 . aggnema‘or_

M (,) IF J\fﬁ 15 a genem-forj Then Hmr_"—" H‘@/’( ﬁ';r Jome m;[cger J'/ngmg{ mo(;['ufq K HPPJffmj *}hp,'cunc-,(-gr }’fl}f]/m-[—'—/ M)

+v this, e 8ef BTz M @ Homa(KM) and hene M 1s ﬁnu’efy jenemn('eaf



10. MOR [TA EQUINRLENCE

Let A and B be hwo ¥ngs, Tn Hus sechon we will ex amirne +he JVWP}}CQ-)Lgan; of eqmva:’emc& betureen Hre imedule mlreameg
Mod~ A and Mod —R. Sine A 1 a small pwjechwe generccor for Mod — A, W+ follows inmedialely fiom Mikhell IV Lemma
5.1 fhat eny ving homomorphiom A4 > Homg( M,M) for & B—moclule M han aunigue exension 1o an adehihure coltimtb
presevving netor Motl— 4 ——; Mod —R. Bu¥ this wiovphism of ymj?/;alm M the shucture of an A-13 = loimodule, eind

5 [Tod - B 5 acdditwe, coltmt prenevuing (ﬁmdw ex.lmclmg s morphirm

e a'.wemr_\tj 2now thet — R4 M I‘iOfd-A
o} lelSs.

Rut nohie that any colimit prevening Junchr S: Mod-A —— Mod~R (which lrau%mq-hcm’}g addrhwe ) weluws o movphlsm
vk vngs A —— Homg (s(4),s(A)]. Hlene of we wwle 4 Pp = 5(B), we have proven:

> Mod- B

PROPOSITION (0-) The %o!fawmj assevhons are equndlent £y o functor S: Mod-A
(=) S how anight adjernt
(0) S presewes colivls

() S — ®y P frsome A-B-bimodule P

No"‘luz,:ﬂm’} P ¥ oungWe wp :(-o Uamomhrfm e !l e @V%P == — ®pa Q, s E?Lq-fa],gnu; y‘c/)-ilylc_-h + an .,_rommfph”m o(
P= A &P ik & = A®a®. By our eavlier discuwssion, the gt adjomnt Jo § mast be Homg( P —):Mod -B —> Meod -4.

We also have -

PRoPOSIT/ON The -J['O”Dwmj asserdons ave ec,uava[en} for a ﬁmc}or T Moel —B—— Mod — A

(5‘3 T han o IEH' ar{]‘omi’
(b) T pvesewes limils
(<) T = HDVYIB(@) —) Jor some A-B-bimodule ;.

PROOF Follows Jmmedrale/j from  Midehel] VI 52.5

Nohw that @ s again unique up o isomoyhiem, and Yhe bt mﬁjom} mwat be — ®4 Q,
(OROLLARY A”fj acjjmml pan of ﬁ"”‘ﬂc"’f S — 7: S Mod—A :!‘_@E{-B has Fhe Jform
§= —@zFP
T = HDMB[P/ '—J

For some mnru?ue/j detevmined A—-B-bimodule P=5(A4) In pavheular any ving Moyphism f:hA— B
ex tendo mmc[uw.'lj Yo ¥V Mod- A 5 Med =13 (Michell ) whieh presewen colimts anel 15 hente

— ®4 B.

COROLLARY 102 Tre following ansevhons are equivalenf for a Sunctor I Mod —F—> [Hod-A

(ﬁ) S 5 oan ecfwvafeﬂf-@
(0) Theype e x5t bimodules aPe and g@4 wih bimodule isemonchisms of: P®aQ —3 A and
B Q@ﬁpﬂgf. and S = — ®BQ-

PRODF  Tf S is an equivalence, there 1s a duncho~ T: Mod-A— Mod-R s). TS 1, sT=1 gl 5 — T, T —i 5. Hene
we have bimeclules P Q sd. § = — g @, T=—@®aP Then TS=1, sT= | imphes

A= STIA)= T(A) ®8Q = Porl.
B=Ts(B)=5(B)@P = Q ®a P

Now these 1sopoiphtsshs are movphisms of Hgﬁ” A-modules and rrth' B—modules reop. But if we iz 55— T and unle
R — TS, € ST — i —};v the cmt ancl bovmﬂ-) na-}-mmh}y wnplieo that £, aefr (Ldemhﬁedw,fh x— A% '-A—}H}

aca(pog) = €al ST (PaL))
=ca( TP og) =calarer)=cala(per))



EXERCISES Ch T Sfenshom

[Q1] LeT € be an abelian caltf.iqoﬁ and F:€— € an adddwe Fnclor: Defure o new co.fego CxF aoAfollows
An oject of CXF 5 a couple (¢,«) where C€ € and d : Flc) — C 15 a moyphism such that « /= (<) = 0.
A m(_,,}oh._rm by chqaj_j,(ch,p) a/ 5?“: oo mo;?:h”m P+ L —> c” om C,’_mch that +he c.’mgmm

Fre) —2 s )

C——= ¢/

¥

commula Then

(i) E~F 5 addifwe ( Stenshiom wules “preadditwe”) since given Y ¢i(ca)l— (cha') 4, ExF, #e
sum p4¥in € 7p¢ahf}m for memberhip, sme ($rflo = $d+Fd = A'F(p)+ &' F(F) = «'F($+¥)
S s adelive . That this maken Sx F addiwe £llows from e fact that G s addthwe.

f;\nlf‘e
To show that [ x F hao pwduchs i suffes o show Fhao Binawy pwdudls < 1f (¢,=), (Cl=')e BxF= fhen lef
CxC’ be the produck n E. Sine F s aqfc{u‘zug, - prejewes finide chiu@'s, ro we 3ej~ a chugram

e

/

C

=
Fee) A
™ F(cxc')/

and ieluce /J’ Flcxc!) — CxC’ so fhat both c{raﬂmms commulk. APP‘jl“j E one immave fime o 3&*

(e

=) )) Fe) 5 &

N N\ N

F(F(cxc) H) F-('c)xF(C') ___I—B—-——J C e/

/

—_—
ﬁf

F[ Flc')) — F()
F(#)

anel cwin

¢ fack thed £E(<)=0 and x'F (o) =0, we fincl fhat BF(E)=0, sofhat (Cxcl, ﬁ)e € =

By tonshuchon fhe movphisms Cxcl ¢, Cx ¢! —c’! ave mophsms n B x F arcl if- (DE) e ExF
with mohisms Y, :(D,&)—-)[c)o()} (D 8)— (Cjaf’) Then W‘ege} a upigue mowphiem £ in T,i
ED——>0cxc) o) pocxcisco ¥ and P—rCx/—C = L. Vsing fhe fact that sinee ¥, %, are
moylhiems in 8 x , :gé = o F(%) and BS= oV F(%), wnsader

F(p) Flexc /"Ff

l @ J] » C

D I S gt ) Fct)
\)C‘{

Juo squave (@) commules upon compurn with Hie o puojechons and hene commules. Uniguenessof € 10 B xF
Follows flom uniguenens m & Henw & X F han finike produds.

T see ot € x F han hemel, frst note that O, with Ha unigue meo F(0) =0, scermmly o O for ExF. [
T ¥ (¢, «)— (chl) i & mophism of ExF and ?"—K—.’JC s hewmel n G, then we we
Flk) —— F(c) ——= F(cV)
Iz ;’ _L ‘L

K—c ——

o



RF(R) = «F() F(F(8)) = g s0 11ne # smonic RE(k)=0 and (K k)e @ xF.

o 1nclute RJF(KJ‘—gK/ Then g
XFIFYATE) — (¢, «) 52l ¥ =0, then there i unique T—s K st

CTeaVIj c;ﬁ i flien a movphism m

T— Ko =T m’rcjc!gcrmumﬁj e fad Hhat & i monic of i em:‘fy shown that T— 1< ¥ a moyphism of G*F.

Hente € han kewnels.

(i) Suppose F presemes cokernels. Weshowthat 5 x F 15 abehen bg showing 1t hav coleevnels, « nomal avcl winomal, ancl
has epi —ono fachonscaons.

Goleernels Let f (G ) — (cla') amd @:C'——D #’s okewnd m C. Swnie F 1s vght exact, we have e diagram
w M exack rows

& 2 Flc”] 2F(D) —> O

[ 1

¢ —5— ¢ ——Db-—0

" TR

and we then mdue S n The obvious way. € xtending this d!qgmwf\‘lc

F(F()) — F{FE)) — FIF(D))

P(“JK F@“ﬁ le

Fe) — F') —— F(D) —— 0

> O

and waing e fack-that F(F(c)) — FIF(DY) « epi, we see thet §F(d]=0. Hene (0,8) € CXF,
and ¢ 1c a moghisim of ExF As with hemds/ﬁ 15 then eaaﬁ/_lj seer) 4o be #he cokemel m G xF

Nevmal and Lotﬂo_ﬁfij If f+ C——= s momec in GXE et gﬁz [«— C be its kevael m € anel hena w
g . Sme ExXF s ac[ch"f'wf} follows fhal 525 = O BxF ancl enme m & —s0 s clee imormic in G
TF 15 Haus the kevnel of i cokernel c’ 3 @, which is cilso the cokernel o Fom B xF. Again, sine g
i« The keynd of ¢'—3Q B, ok akothe kevnel m GXF. Henw B s novmal (coriocmaliy fllows similavly )

Epi=Hope Fachonsahons Lo ¥+ C 5 ¢’ howe dhe fackorsahon C—s1 T >—— ¢' Tahe frewnels and whevnels
4 0 G and ff fhem T ExlF a above,

]

o K —3C

JC"m———JQ

2 O

N

I'|

Siee C——=7 T 15 he woleavnel of kK—= C, 1} also s 40 Bx F (jwmj VT — sl (Ti)el xF)
S‘;milav[lj T — ¢’ bevommes the kevnel of c/— 6 m ExF, and ' suffuan Fo show Fhaf the tuwe inclucecl
Maps F(T)— T aredhe raime T P sufficn o show Hhat n the Aollowing diagram

K > C > T 5> O
b1 | C 7
] [ )
F(~) 5> Fle) —— F(T) —30
Y AC)

dne squave @ ommules. Bufwlnj%eqéqcf’fhuf' C——T wepi ancl €’ 15w yrioYphm in G X} hs
5 eoss. HMenw G x I haw- epi-imons factorsatwns.

Thu, B X s mL;e/mu}, wn req wweg



That The forgebful fonchw &XF——§ 15 exact 4> llows immedially fom aur conshwichion of dhe kewnels and cwokewels m
ExF
(i) of B =Mod-A and F=— ®aM for a bimodale M. T AxM 15 the hovial extession of /4 by 17, we cladmthat

Ahere is ein 1somionphtsm
&£ §XF

> Mod —(AxH)

we have al'ﬂ:'ac{y Jefmed Heactwn of B on obiects, ancl shown Fsehs ap a bijecdion, n Eox 34 of Ch. T, 504t
on lg remains % checle the behaviour of moyainims, Let (¢,%) and (¢,x') € EXF ancl /d (C) — (Choxt), We

mahe ¢, c’ mbo Ax M miodules via

K-(am) = xyq + x(x @ m) c

x" (q,mJ‘—“x’qaLoH(yc’@m) !

r:mq'/é 15 then o morphiﬂfﬂ ol AxM —vmodulen since

ﬁf(x'(a,m)) = P(xat «(xam))

= @)+ F((xam))
= @(x) a + </ F(p)(x ®m)
= g at < (F)am) = #x) (aym)

Similady, f F:X—aX ',; a mophisim of AxM mnda‘@, i becomes a mogphism of Hhe wwpoﬂdlﬂg A—mt?du{eb
( T jut reclired ae have also chedhed Hhe mowphims in @31y, ch.T), Hepte we have e regywed womophlsm,

IF B s a small addifwe ca+880vg) B and F are adddwe gnd S8 ——F o Ieﬂ—a:qj‘omf-}o T7: P — ¥, we caim hat

e mdued Funcfors
S¥ B
Ty
Hom(Be) ™ Hom(gp) // \
T* /"_S“\>
e &
avesd S¥— 7% T
Dr(e),al®
For each BE B, /¢ [ s(F(B)), G(B)] 2 [F(SL T(a(8T be the nodura! 1somophism ansing From the feut

that s—— T For F€ Hom (B ) and Ge Hom (B, ) we define

0:[s*(F),a]—= [F T%(4)]
I )
[sF al [F, 767

byletng  O(F)e = S ) ey (Po). T ree thot E(F):F——Th 5 natwel, let 4 B——5"im &, dher

F(8) J@Jﬁ——> TG(B)

F(d()j/ } TG(=)

F(8') > TG(8")

CICES

O B)s F(=) = ér@,a{éws‘j Fl«) = D ga), ace ( 955’;’:[”"))
- éF(BLa(e')(q"‘)J’SB) = Tals) Se (¢s) = T616(Hs

wing nadualily c'f'}?f wnd . Henw O is well-defmed -\ repains 4o show Hhat s bijechwe and narural



T s mjechve e ()= B(g') thn for Be B, Bris) qrey($5) = O(9)s = 8P )e = Brmyars) ($5), and
henie sime 2 1s bijechr, b = £ We detne or each- . = T5 4 hanchormaton 07(F): sE— G woing
the same fechnigue oo before — s shous 9 s bj"éulwe.

T see Hat - s natural, suppae Fhal g F—=F " Hom(B,8 ). Then we have Jo show that Hhe dlagram

Gr:jq

[s¥tF) a]

(41 J o
[s#(F), 67

> [F) T |

1 EaY

Ba

commula. This o lows smie or ff SF—

(95(;[5%?51 '](i)rs: @f-f&( isw}é)??
= :éF(B),CL[S)( {7‘5*95}3)

= @.:{s))afsj( ‘15(955])

- ?55 _@Ffs)ja[x?)[i)

= {55(966(9]}3

w required. Similarly, #o show ma}wa-’)-}zj m G, l B:G ==y Hom(B, ). we hare #o show +hat The diagvam
(s, &) —=—[F, T¥]
[1,6] l LT

' ¥

[s*F, '] o —[FTa"]

(,ommwlfﬂ . Hgmh/ rfor 7\:5F‘F_, G}

Oro [LE)(3)e = Osc (P3)5
= Seyae)( {895s)
= §F(E)}G’[8)( B 9s)
= T(Bs) Bep),aiz) (98)
—{ TP O5a ()]s

As vequived. ]



EXERCISES Ch IV Stenstom

1822 ] Let & be an abelian ca*e\c]mﬁ. The endomaphim cad‘eg_o_ry End(8) of & 15 cetmed an follows. An object
of @_qffﬁ) s d wulpie (C}o()j wheve C 1 an al:.-:]‘ed- of G and £:C—2C. A morphism f: (C,o{)-—-—){[ ;41)

m =nd [6) 5 a mOVF""’Um F-C —c’ such that fhe chagmm
b
c c’
ol J J <’

—
Ty c

~

commufes Similavly one dehner Hhe aufornaphum cotegory Aul(E) ao The full jubcqfegmy of End(E)
wns::ﬁ‘mg of (C/Df] with = an autonaogehisim. Then

() Fnd (5) = Fun(N, 6] and Aub(5) = Fun(Z,5),

@OF We cje‘!""lﬁ'— o [W/&J—a Eﬂd(@] @ @(F} = (F(ﬂ\])/ F(')) awc| fér %!F__)F:
O(F): ( AN, F())— (Fwl, Fi1)), s OF) = d + F(N)— FTN), ard

F(IN) _f(f)_){:'(n\s)

20 1 j F()

F (N) = F'(N)

o«lawomlj commules_ T see €2 i full, leh of: F(IN) — F'(N) be any other movphim of €& quail "F'Jlng &
[~} WUVP%UM (F'(R\))) F{ﬂj’)-—é (F!(N}/ F:-"(,))‘Thm‘l’ JS/ o F({) — F'({)p‘ ’1'7’18”1%'“ ij HP;O n H\J)

of Y sl B T B b fomee )
= « FO)F(1)- - ()
= FlyaF()----F()

= .lF'(f)'- - i)«

= o Y
== F'(M)O{

ez & debwenr a natural hanspprmaton F——=F' (sme 170)=| and Fllo)=), cleally JF(s)= F’/u)x]_
Hene @ 15 full, ancl s pavially fdhyl. Mow leb (c,a)e Bnd(g) We dene F: pjj— 8 by

F(Nn) = C

F(e)= e
F(1)= « { hene F(H)=a{“)_

then (C, )= (F(N), F(1]). Here 9 & onto objects, and presewes dhishrd-objeds sine \f F(N)= F ((IN) and
F(1)= F'(1), then #avially F(0) = F/fo), and F(ry= £(1)"=F(1)"=F(n), » F=F/ Hena (9 ir an

1somoyphism o f ce fegoweﬂ.

Similarly, we defrna Y[z 6] —=Ht(8) by '“\,J/[,u:).,—(;:(zj/ F()), end V)= Pz, Mot that,
comhaw 4o Hu wual setup of Hhe cachzguuj Z | wheve the eidcliture shauchure s Hhe addwe shuckare of Z, and multhpliceduon

)
1scompoirkon, here both IN and Z denote cetegenes with lolg‘m&, vesp. INJ 1 Z] endos, s.d. N={o, T, and
a;be Z

abe N

4-bh=a+h

(12 e Hueacldbve moinud Jhuc—/uyeJ



Tne ded™ of V wicthes sense, sme F(-1): F(Z) —3 F(Z) and FUIF(-1) = F(0) = F(1)F(1), and F(2) =] req)
(evew movphism m Z 15 an avtomonolhiom ) . By fe above puof for N, Y is also full and cevzunly farbhul. Fenally, of

(c,x)€ Aut(B), dene F: Z — & by F(Z)=(,
F(O) = Jc
F() =«
F(ﬂ): 0<n

that 15, for N >0, F(n) = FCi]") and for n< o, =(n)= F(—ij"_ “he on!y ywontrival cove fo chedz s o< o, b> o,
with ]a.’?’b."ﬂfl?ﬂ F(g_b)= F:(—i)'[a+b)_ Buf
—-q o
Fl)F() = F(-1) F(1) ]
= E(-)F(-D---FEYFO) - £ ()

TR F()
— e
—a=Y
_ (:[r—lJ—(a-}b):_ F[&L})
cind HE) = ( F{Z), F(1))={(c, o), [Torsover, of HF) = M=) then F(2)=F'(z) and F(G)ZF//D)/ anc]
F(t] = F'() wmplies that for n 70, F(n) =F()" = Fl()"= Fi(n) and fr n<o, n=(1"n Z, s
Fo) = F((-)") = pe=0""= { p) P = { prp™ )" = F(-1)""=F (), 22 F= =/ Heno F 15 an

\somowphism of categenes.

(i) TF B = Mod A, #en End ()= 1od Al] and Aut(g) = Hod Al%x™']

PROF %o (¢, o) ¢ g@[@ﬁ) we ewsociale et ving mowphum  f: A s End pi (C), where 7rx= TN, for
e, xeC. Then X € Endp, (C) ineluer 3. A[#] ) Endgy (¢) debinac by

5°(a.,+o,x bt ") (c)
- { P(a 4 Plag &t -+ Fan) £ ()
= a,C + o &+ o+ x()

this waler Cnto an Af]-modde. IF /@’ (C,o) — (chect) 5 cx mogphismn End (ted B), then
s a ymoyplhism ¢ —3¢’ aih the HZ;{?_ModulQ shuckuve, sine If Le H[:L]}
BlFc) = B acc - +an(e))
= 5?5(‘\0’5)‘}‘" ) ‘i—¢[qnﬂ(n(c)\
= o () F--- + an @)
auﬂscﬁ)f = 7 & tho("r'ﬁ(c} }éo(:: o(//é
= favrarets+ anaJ{ 43)

= £ -4

|

this depnen a_Aunch X End (i) — MHod AEL s funche 15 full since of € c’eMed k[<] are X(c, %) ar}

X(CjA’) re1p. and $:¢ 5 ¢! 15 a moyphum of A [x]-modules, then & 1r e moyphiem of A—wmodules, and
by dehnihon of the A [x]- modle shuduve, dot=o!f 1o F-(¢x)— ('), In addwn, X s afecu’[jl
Sfarttful X dishned on u{fj'em‘? sme tf X &) =x(cl«1) Hen C and C* are the samme ret varth Hu Jame

. ! To sec thal X is onto

A -1module shucture, and Jor x e A[¥] and ceC=c) alc)= x-c =ot'(e) s x =2
Ofgr'ec-h; Jakee an ﬁ[xffmudufe D, #hen D 15 canontcally an A-module, and x detevmines an A-wacdule endvorniogohism

d1—s x-d sinee by def” xa=ax for ach v Pr[x]j call this endomovphism of . Then X( Do) s the abelian
quoup D with A [z]—medule shuctuve
Jactanci - +anx"J-d
= QO'C'H - 4 ans ‘;‘(n(d)
fo-dd - - 4+ an " (2(x-(---x-d))
Godt+ - +anx"-d
= (aut-+anx")-d

—_

so X(0,x) 15 D Hene Xis an somoyphism u[cal-ggoweg_

Do



Gii) Let A be an R-algebra. e want fo clehpe a ving hopiomovphisim R 5 [1,1], where | :140dA 5 Mod A .
But the shuchwal mophism AR —= A, Alx)=17r hoa B image m cenA, whieh 15 1somoyphie 3o [1,1],
Henw ﬂ_cg_ff/} hew an R—mfegonj shwcture, wheve for /é--M———JM’, and v€&R,
()= (330 )= = B(x- (1))
= #=) (1)



Similarly we define X+ Aul(€) —— Hod Alxx™'] for (c,=) € Aut(g) by notng Fhat Alxn"'] = Al<],,
and| the mduwed i ﬂ[sc:( — Endy, () sends oc+o o, a unin He vng of encomuyohiums. Flenw there s unigie

¥ Almx~] — Endp (c) sd.
S anx ™+ + Got =4 ama™) ()
= ﬁ P (enx™) 4 4 P (amx) Jc)

= Gon & ()4 F Ao+~ 4+ am XM

where  "(c) dendder (o=)" (<) This defings the Afaa”']-mudule A(c,x). T B:(c,a) — (cha') n Aub(B), Hren
}50{: OU?S implies a('.l"?g e pc—; so Al addrhon +o gf(qf) _— q-;ﬁ(c)} Q,(IH'C)‘:—I"-(’?SfC}, heZ . HP,;ICQ.
Bu—a” & n meipbin 2 melutee] Afza J-medules. Thus N s farthful, and by the sama reanening cu bedfore
[ jCMH) awnd dichinct on r)bJ'Eq&_ Tv show 4 15 prn‘D) lef D be a ﬁ[sz—fjfmodule} ard dehne o : D—p j’ﬂ

oA(d) = x-d. This 1s an A -nodule endomomohism of D, and x-' induces «’ (d) s:c,'-’d/ A =, o

I5 an aulmoep hism. Jgun X(B,=) ha he same wbehan guup stwchure an D, ancl simee A™(c) = 2™ ¢ and

AT () = C?L'I)'\(‘} =x e, X (D)= D as H‘[:’,}kf}-mudq}fy)! s N IS an |_romoto;afmfm_ e

l@ 2] Lef R ke a ommudahwe m;j_ The ecbelian cafegog & s an R—cafegoy f/eac/a_gc-uu,a Homg(c,ct) har an R-module

shudhve .. cornposhon of moyohlims 15 R—bilnear, re.
o<(ﬁ-r+ ¥-5 )ﬁ ABr + x5
(pv+¥s)x=pr+ Yd-s
s s cJear-'j equivalent +o vEqUIing hat g} = G and (P-t’Ja( = Bd-r frvieR dBY B

(1) Lef C&€€.Then Homyg (¢)c) s arng, an R-moclule and for o,Be HDWi@CC/C)/

(£-r)p= «(pv)=xpr

50 by defN Homp(c,c) forms an R -algebia. (wios# fihely womcommudatue )

(i) Suppose & 1s an abelian R-caﬁyo% and deprne Y R— [L)] J:j
f{q)ﬁ'—"- ],;‘0\

then F(ab)w =] -(ab) = (l-a)-b={(ra)i). b = (-a)(I-b) = F(InF(b)u = (F(a)F(b)]m, and
Ya+b)m= |@+b) = J-a+)-b = Pla)u +F(bI= (FLa)rF BN, Ao $(1)y = 1] =] = Iy, 50 F 15 & moyhism

of nngs, and for aeR, YFla) s natural s of bic—c’m B,
_)O(q)cg/af = (fc.' ’ ﬂ)¢
= ([Cf¢).q = (/aﬁ[‘,_) q
L /é("c"‘)
= }f:f(“.]c
Lonvenely, qwen a momwhism of rings PR —=L1T, we get an A’*anrgebrq huchire on eveny endomonoh iim vng

Ehclst),jwen 'm_-j
ol-a = «F(a),

+his defines an R—module sfwichure -By Afmemn]% of composthon ard sz ¥ ir a yophism of mgs. Furher,
(#p) -a = ABY(a). = « S(a) A
=d(pe) = («-a) 3

sine 3(0) 1 nabwsl. For G,¢e & and (¢ ¢! we depne - — Felef (= FFE).), and Hs makes
& b an R—categon Sine for MEG dwe have Iy~ o0 = P(a)y, e huoprocesres are inveve, o required. 17




].(_Pl?) | ef Clj' , Cn be SUbo{DjéC'{ﬁG’L C i 2 We daimthat the sum € F-- + G, s chirect "f?

G0N (ZCJ-) =0 al IsTsn.

%

PROOF Suppose the sum s ditect, and hene ¢ @ ec, va Jbﬂbbged of C. dn +hesubo !:J'em‘ iw‘hﬁm of
@, frltsn f D and DSZ,-__'E-CJ > @B,
with Hhe Pv\zf{fc:}wn onby C; # find D G = g (e @i#\j. C\J uﬁ'u/wm). Hene since
P— @i & = p—oci— @17__‘](1-} D=1,

then we can compose D

@ﬂVc*wely) ecall thef £ 4B mt’;ub.;[?jemls of- an o‘ffed' C and ANB =0 then A+ s d”’ff){;

Sivie wmlclenns

> O

where T 1s a pullback and vecall thet the pushout of A+B/4 and AB/g A+Blare = O

Hewne loj 3.2 and '3.2%¥ B —5 /4B —~>A'+E'/ is & monemovphisi and an efm'mouloh/rm/
henig an somoghism. Thue A+ B 15 Hhe wpwdud-of él' and B

Hene ne proceed bj mduchon on 0, havmj considered aimac}y n=2 T n>2 then
S A (Z’ns.:r C”-’} =

1‘.‘) Cn+ Z'J;,;:C't. s CifVE'f'/f— Bwaf{’%\’j<n} 50 (Z,'JLJ('L):OQV]J mh’}c:lllfri C;Jﬁ(él::t:;cx), :o'ﬂqcrf
ﬁ‘ﬁu' inelichve hjpofﬁ% Is ZI:: Ci s diecd

G

YN

Cn +Z,C"-—J C
7
G =) Z;l— &
¢
but#he wprodud of Cn and @l c; s A, Ci,t0 G dCn s direct. []

NOTE IF {Glsisa %m-nfj of ol’.y’ec% ma Gwthendiecl mfegmj E fen TCi is dweek df for each e Te L, Jq C;
i€ dipef. TF 221G 5 direct, tier1 clearly so 15 S 5C- Foc bhe convene, Forimn e chred !?j.r}-tmoq'} of Hie 23 cr
anel another on the Same schevne fromn C_The 3,5 C; — C are monic, anc sk dect s ae exach)

2 G ¢

is alse monic,
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NOTE (Pmcluclz of mowphisms = Coproducts n ,ﬁ}bﬁ)

Let T be an 4bS abelian caft«gﬂvj with movphisms o : A S, B s B Then we have

A Pa
AL—T—,A@B\—};——ﬁ FH’(‘*xﬁ‘); APA

ps' (xxp) = gps

ol AP «x3 B 7"6’{3 _ ("($19) e
X = (xep)ip

A ’ PA’ 7 PBJ
e AR e g
Lo Lgs

Heva, Pa'(AxpB)ia= & = Pa’(« ®p)ts. Sme pPg (4xp)ia = Brata =20 and P (d®R)is= Piatol =0,
and s m an Bbs Ca{-@ﬁo’ﬂ The movphism Ao — AR 8! 15 wonlc we conclucle Haak (qxﬁ){,ﬁ = (o{ @-‘BJ‘LA- and
l"lﬁh(f O{X)@: d@ﬁ snte ’g,q. I movic.



NOTE Let ¥ be an abelian categony, sor}u-ﬁj:ng AbS. TF Mo>—3 M and NS e JMbUIU'QC’b, iy
S Fnike divect sums ‘3 monics ove moric, Mg N s canonieally a mbo}jed ol M'&N/

M L&{— MHM: N‘z' —"3]‘\/,& Jwbob‘j.em% 1 an gbj szha” chauy ﬁ T‘F P| . M/® N"'——_% M/
ancl 7, N'g H'— N’ are the puyjechons, then

Pl (M N P(N) = HMeN

PROOF Lonsider the dlagmm

M Mo Ne=———N
\MU*‘-’/ \\AN”/’
9 @
HJA:—'_?*__?L—*—MIGBN, fe NJ

2

where fhe squoves @ and @ ore pullbacks. Then the danhed anows are induced b‘j MeN>— May
anel the ijecﬁpn; fom M@ N. Nehw that sine € s Ab5, we neecl not worny about e diffelenu betureen
(My>— M) X (N>—aN') and (M>—M') @ (N>— 1) To prove fie square

—_—

& M@ N B N

._.\\
.

o
o [ L Y

55 a pullback, /ef ¢ — M, o—3 N” mahe the square commule. We mcue Q@ — Me N o The prduct

bﬂ CP—-—-;?N”-__J N ocwel @ N R— o f/J’mg o aaam ’)‘hz{-a&mal- M'e N — %A oas menic,

and e pullbachs @ and @ we show tis movohism @ —sMe N mdeed a factonsatwh J’hmujh the pullback
Uniquenens follows fvem Fhe uniqueness of The fachnseyon Tvough He pwelud. 7,

Mﬂ lef f: A— B mn an abelan cuk*gonﬂ 8, wrih JMbofcg@m& Bl il s, B i
f(ANNB'=0 == £ (B)NA'=0O

PRODF | ot
£ )

A/ 5> H fre — f()q’

denole the image Fectonsatwon of FI4).Then £-8)1) A" s the pullback of B'>— B o A /}hf—}g)

ov /ﬁ",w___))'f,[g’)’ —> B, He ne "[Bl)/')ﬂf_.: g B;n’e A4l whenfjﬁ/ 15 an epinbyemam,
”FL']'.( makﬂﬂ ﬂumuh‘-—deqtﬂ j: Jf [ [ -}) J P .IP



Tnview of Pop 2.3 f 15 legitimate 4o talk about #he mjechwe envelope of an oloject C (when # exisk!), and we denste
E(c) However, one should beaw n mind Fhat E(C) 1sdetermmed only up Fo womovphisim. E () can be embeddec
c, butthe imbedding 15 waually not unigue. T s knounthat eveny Fnie clireck

W laj
For I}’y'echVVf envelopes one haas the Sollowing reoult :

m any ercjlwe olq'eu‘ containin
sum of injectwe obfects 15 mjectuve.

PROPOSITION 2.6 The VVIDHDH’?DPP[/HJV’] G&--- oy, — E(GJ D --- P E(Cn) Indu@s an p.romopphasm

E(ce - @t =EC)®--- ® E(v)

Nole thal an AbS cafegory 15 sd. camonical @ —— T 15 monic whenever the produck erish —in pa\’-]-lcm]mg
wonic. The fn-)po.rr}/on is then

Fov e pwducks, cnd iffollows (sez rhard ChTL , 1) Hhat farrde chrect-surs of wonics are

an immediate consequent o
,
@G —— 0@ - ® (n

LEMMAZ.7 If ¢, ——= ¢ (i=1,..,n) are esenhal monomoyehisms, Hhen € @ -
15 easevhal.

PROOF By induchon A $UfhienFo do the proof for Hhe care n= 2. 5o we show thal ecch of the fo monowm oy hisins

LB, — e — e i esserrhal. ©nsider 4e fint-one. Let 7T C7 @ (, —2C,7 dencle The
camonteell ijer:iwn and suppase piB—s a@®G M avbﬁ'?my vion-zew Monymoyeh\sim. Then either

MB =0, mwhithcme Tmp'ec, and hene ImB/ (¢ @ ¢) £0, o TBFO n which cane

Im TR 1) &) 5= O and hene iag Fhe Lemma on The previows page, 717'c, () Imf_?:f: 0.Sme f TG ®G—3¢,

15 e other projectwon, T 7'C, = ¢//@ ¢, , we have
Tmp (TG NG ) +0

Tout bﬂ an ealier Pwoposifuy, 75 weans Imp 1) (c,@6)+0, required. g

When divect [imils 1 2 are eXack, one cam extend Lemma 2.7 o avlmjnabj Familier of essenhal monomoyphirms (1@ Exeeie 6)

DEFINITION An okject of & 1 called mdewomposaple o & cannot be watlen on the clired) sum o+hwo non-zero
subobiects. # subobiect B of C 15 sveducble 1n (2.1 - cannot be wnflen as e infewectron of frco

J
stcﬁj bnﬁger mbo[ﬂ‘ec}: of C (of. Exampl II ?-5’)

T+t dear that B 1s weduable m C ff. ©/B 5 a comeducible p%}‘edj Le.. anj-f'w) nov -zelo Iubal@br_ﬁ“ of /B hore
nonzew mtenechon. With the we of Frop 2.6 we have

PROPOSITION 2.& 3, ﬁﬂwwwg propew’zeﬂ of an ;yygcm On'zr'Qd— E are equivalent :
@) E 1s ndecomposable
(b) Each subokﬂ'ec—} of E s corweducthle
(c) Eisthe uy‘ecM enelope of-a comeducible QIU-QCJ,' |
(d) E 15 an njectwe envelope of each one of ifs non-zew subobjects.

PRODOF If E=0 all of fhee hold fvially, so suppose £ #0, and clearly eveny mbc{;jeo‘ of £ 15 eorweducible .
E 15 copreducible. Now recall That an ”j“‘}m obJ‘sac{— 15 a dweck supmand of any °l?j‘?CF W”'}W”mﬂ ih.

@ =2(b) Lef C be o subobjec of E, and let E(C) be the mjechwe envelope of C (consickred o a .ruboizjeci of
E v Lemma 2.2) Then, an o divect summand of E, E(cfu etther O or E. Henewe of c+#0, £ 15 an &oserha)

exfension of C, so CNc/=HO FHor any ¢'=0mE, havie E 5 comeducible.

(8) (<) Men E s an easenha| extension o :Jre/fj hene The mJecﬁw envelope of a wormeducibly olf/‘ecﬁ.
() = (d) LeF E be an eosenhal extension of a comeducible subobiect C (ahich muot be 0 sma E ).
Let OFD< E and O Dis £, We muskshow DNp'#o. Buf DNC = 0 ond DOC 0, and sine

C s vomeducble, (DACYN (BN )=+ 0. Buf fhen oL (pND’)nc < DNAD, awrequired].
(c[)=)[a) Thwwi E s an escenthal extension of evews nonzeiw Jubol::jer}/ 50 o fwn non-—zew mboiad'ed: can
Nawve 2ew0 mtewechon . Hene £ s rncfewmpomlafe.ﬂ

We kinow that an A-modlule £ 15 mpectwe 1ff. howiomoyphisms R— E, where o 15 a wgh# ideal of A, can be
extendecl o A (Prop. T.6.5) .THIS can be 3enemiared Y Cwihendiecle mjrejcneo.



&j@”em"to” (0:)z. An O(‘fjed E s .'}"le’C'{'IV\? of and

PROPOSITION 2.9 Lef & be a Gwihendieck canegO‘ti with ﬂfﬂmf’ﬁ °
O e movohism . ¢ heve exishs

only i for evew] vnonomorphism o :C—>U; an
‘JP‘.. U‘. ——jE S'.J. :‘f"o(‘:: JD

PROOF Cowsicler an avbihan) wionomenohisim & ¢ —— ¢/ and a wowhism F: ¢ —— E,. T C< D<c’ and

¥ip—> E 15 5. “the diagram
=

7
D

C——

commules then we call P an extension of Y The set M of oll such extensions is pavhally ovclere] (o 3e+ a set,

we pick mp@emhﬂ% For each class of- rubsbiects and onlj eonsicler extensions defmecl on sl vepvesertfatwe.) wheye
5 E, then The ] form D\Chmc;}‘jcum!fj

<" . P exdends P IF {x }J 5 a cha of Fhese exdensions, - C;
of rMbol%"gd: ot D, and henethe direck it !f_m)Cr- 15 o Subo L»J'ccl of ]é(t? s AbS) wndl theve 1s an mduwd mophim
P limy ¢; —— £ exfendmg all he 5 Henw evevy chain in M. hao an upper bound, and hepe by Zown's Lemma
+heve 15 @ maximal extension ¥ g'—— [F. This reduws The pwblem 4o #he ccue where ¥ capnot be extencled within

<!, ancl we show Fhal K 15 an 1somopphise.

Suppose that & 1s not an somowhm. Then there exists some mophism ¥+ U — 7 such Hhal Tm Y e notcoramed m C.
(onstuct the pullback diagram

O 5 K > ¥ (©) >IMYNC —> O
o > K Vi " 356

Sine ¥C s a mbol?jeo} of U, Hhe omposec! nmovphisi

¥ C > ImYN(C ——>C—>E

may be extencled 4o B Ui—— E.Sme the reotnctwn ot B4 K 15 zew, B can be fuctored over Tm¥ Jo give
B ImY — E. The diagam

ImY NC —m

c
\j:’
F

A e N
[31

then commules becae N 7\C —— Tm¥ NC s an epinnogphism. By Chap TV (55 (4)) #here 15 an exad sequonce

> O

) TIm?NC Y IMY B C — 3 TITm¥ + C

O

U;mj Hhe wmmu&u-ﬁm{v of (1), # follows that (~B.Y) Im¥ & c—E nducer a mioyphism Im?+ C —E
which sotno"g extends™SF s s Hhe desired cophadichon. a



EXAMPLES 3 Module of Frackons (e § he o nght denommator set in a ni}g A. Let M be an  §—torsion ~firee
(M) 15 then S~dowsion—free, for ctherwie the tosion ubmedule of
> MJ:_Y"] 5 easendal, fov of

module. Also the injectwe envelope E
E(M) ewuled infewect ™ HNJQ{I} The canonical embea)’dm_g ™
s =x € M. mer’efam H)—S—‘] moy be

x¢—! 15 a nonzew element of M[s=], then 0 =£ acs
considerd as a submodule of an :ry’ec%we envelope E(M) of 1. I1ore precisely we have -

PROPOSITION 2.1 -
ON M[S (=2 Z‘MeE(h‘)) us e ™ for some JGS}

[°PRODF — _
R 1 s —:?(GMJ +then WS =xg g rmphe,g f/[-—'_—'x&‘—] T—-— E[M) " f-‘-)'-oy;,lon—#ge,ﬂ



3. FnzTeLYy CenerATep ORIECTS

e} B be a Gwihendieck cal'egory, An c.kﬂ'ed' Cof G 1s ﬁ_m_lefj_jeneva.%eq’ e lathe L(C) i vompact Lo,
wheviever C = 2, Ci for a dweck family of JubokJ'eC‘}z € of C, There exisk an indlex 2, 5. C=Cx,,

M L€§ O — C’.—__;C I Ca'/-—jo })g =14 e)(ch- fg?mnm n E -ﬂ—]en .

6) IF C s ﬁnr»'-e;:y enevafed, so1s C”
(i) TP C and and C" are ﬁmfefﬂ 3en9rc|f-pa'/ sous
PROOF (i) Suppose C" i expressed an a clmechupion C''= 21CY. Each €7 coanbe wnllen ao ;"= Cife
ﬁ :“::,qéj-——{qg?ﬁ:’ei “é i c/Dr‘r’mrn'ﬂj el ‘71’!& ;%?V;;;]y CC;',]_ff qC{-&.D :'Inrer,_i'jr amc”[ sihe B 5 AbS
N = Cy, for some <o, ancl Hhen ¢’ = Cip, = ;7.
() Suppore C 1s waten ap a divect wnion C = 2, C;. Then C’ﬁm}efj genevated impliesthat C'S Cs,
Forsome 3, This gier = 2. (¢ jct), and C" Frilely ﬁeﬂém]‘ed nphes that

LEMMA 32 [of B be Jocall ﬁmie/g 3@nem}ed_ If ot: B——=C 1 anepimovphum and C s Fnkely 39nem7(ec]/
there there ex:.sg a jém,[c/j 3enemfec/ fu}.’:olcaf'ec-;L B of 5 such that x(B')=C,

Fird, a Gwthenclech. C“"L‘?j"@ G s focally finlely 9enerated £ Hhao a Fam ly 4*;%1/%{7 3gngmled geheradors,

LEMMA 4 Gwihendredk m%ejog g s fochﬂ ﬁ’m/efj jenemi‘ed 4 evew objectis fhe unton o//g‘;m/\e{y jeriem#ec/
S\Abofcy'ec%.

P ROOF Trf fQ'}/'eI 15 the ﬁ(mr/j of fj. jgn@rmbr); then for Ce &, C= UIMc{, where o ranges over
all mcyphlfmg A G ——(C for all ©. TF )’ID'}J then f-ef"/u: [ T C/Ul—md be Hhe cohevnel, Whlch
s nonzeo bj m:umﬁmnv Then Hieve 15 /Q:Cf,' —3C some z s, /S’q& 0. Henwe we obfziin g conhraclichon |
SN all the Tmet ave fnibely generated, fhs proves (=27, Con\lgweg'j’e{’ U be a Se_nervdvrqfor €, s

U = U\/;} f'Fzz wunion ijl;j _ruf)obé'@&.



. Locary NoetheriAN CATECORIES

Lef 8 be a (rothendleck caz{eﬁoy_ An obect & 15 called noethenan ( avhmian ) o the lathee L(c) of Juboéécﬁ
is noethenan (qv—'hmah)_
PROPRSMON 4.1 7p, ofafed G s noethenan 1. evew mbol?j‘ec} of C s ﬁmle/jjenem}ed.

PROOF zf s noe%enan} even subm’ad‘ec% is noethenan ancl hene finilely genevated (1f D< ¢ el
D = 5.,Di, Je¢ D = MaxyD;}Then Dp=3'D;=p) Convevely, D B e
an cw(end:nj chain cf subob 'ar:}r +hen [rD;}‘;_?c, wa 6/"”’351" ;fnmr/j O{'J“bmvclujeﬂ with uhion
2D This ﬁmkfyjenemkd) sv Dk = D) D; some k, whenwe He cham stabilises ol )o . n

From PVOP I 26 we hove

PROPOSITION 4.2 Lek O — ¢/'—5 ¢ 5
ff. both C' and C" ave noethenan.

5 be am exact Sequehe 1 G Then C s noethenan

The caf'egmy g s l'ocot”j noethenan if 1+ hag a a%m:/j{ of nwiﬁenwewzm}vq Tn that cone, eveny olfj'e.:# 5 a
divect union of neetherian Jujgofe/-ec&j and evewy ﬁm:fe'ty geneiw og‘ecJ—r_r nodﬁenah_@'iﬂj ﬂm{ad’v%af‘ o
Disfq and D= N5, |5: D — N; Acoior.rv‘fﬂmuljh some Nj). For .fou:cﬂ_lj noethenan cavLeHOVIeo onehan

A vew sa-J—zsﬁ(d-orj decornposidon theeny for ,,?},-ec-h\re objects.

PROPOSITION 4.3 Suppose B u/mjl'j fmlel yngm}ec/' and hap enoﬂgh H’Jfbc-j'zw objects. Then & s locall
voethenan - evew wpv:?duc% of ﬂfﬂfécm Dé('eaﬁ' Is H{y‘?c‘ﬁw’. b J

PROOF  Suppose & 1s locaif(j noethenan, and let JE: % be a f—mmn'j of ;ry'e’m'wv objects. To show that Pr E.
I3 r;rU‘ed'm  suffreeo by Prop 2.9 Fo consicler  monomeyphism =: 3 — C of noethenan aé:femh- anc/
exLendl even wiowphism F: B —— PrE Ho C. Bukl sime Buﬁmle,’jr janemfecf, the image of F s
contamed m e ocfpmducr{' @IEi Sfor qﬁmﬁe;ubﬁf’ Tof T (vcm“ Exa?npfe IV‘E-LPJ. Sine @J‘Ef 5
ce uf}-amlj (V\tjecﬁv@ Theve is i?o/;vmb/em é.’)derzc.‘fn:y P o C— PalEr — &5 Ex

Assume wnvevely that evevy coproduct of mjectwe objects s injechve. We will show that evewy Finfely 3enem%ed
sbjeck C 15 noethenan. |ef G, < G <--- bean Mcendlnj chamn o{-.rqbiz;ecb of C, and pur [£; = E(C/C,-)
For each C, ondl each [ < we le¥ Yo « Cy — EJ denole The composrfion of-#he_canentcal mowphisms ’
Ch—C— C/CJ- > £ For each n, these movphisms f’fj’ incluwe P, Cn — I=2) 5 The ﬁmrfj (¥n)

)3 compahble ond Heefore induwy £ 37, Cn —s @ Ef. S B E mJ'ec}we, 'f exlends Jo o mevphnsm
T e . Ey. But sme Cs fndely 3enemi'-ed, F dactos :H’?muah 47£mtri copwduct E;, @ @Fy,,. If

£ = qu{-{,.j. ,.jim} then for M= €+ we have Con = Ces (. Henw the chamn stubilisen. El

The uvjwmeﬂ{' wyc mthe vt hall of +he PVOUJ[ shows more 3@?}9:@;,’13

COROLLARY 4-4 T £ is locally noethenan,, then evew clireck unen of mjechue olg‘er-}: 1 H[ljft)ltb‘e.
S ore 3enemﬂj # can bhe shown 4hal evtW clirect Jmit of uy'et/ww c{-fec% 5 uy'pc-[me_ m a [Dca.'{y noethenan chﬂcy,

PROPOSITION .5 (Maths) 1 G 15 locally noethenian, fhen eveny mfechve object s a copwduct of inclecom pesable
Ir:jecf;'rue D{.jec/_s'

rf/'ee:v‘ww sub aJecJ-: of

f@r’ et E be an frfj'em‘we ofojecf Consicler all mdfpemcfen} Femihen {Ei}l ot mdecomporable
“nNy non - ze o

£ [ ircfependent means Hie sum -'Icirn-c})_ We show 15 wllecton i ron—emply bﬂ shawmj e
Injechve ob et E 'in 2 contains a nor-zew mdewmpr:.rqjofe cltvect J‘u;mrmhtl (o}'— cauoe, f:"ffcafheac/gj WUH”"”F"‘_‘/

sme O s mdewmlz?o.rq.’bfe " 'ﬂ;;,‘—w\g)_ lef C be anon-zew noethengn J’M.bD{?j'c—’D?l ol E7 Consiclerall H:.l/'ecﬁVE

Smbc%ﬂ?@'x El S E ) cd EY (nenemphy sihc O works). By Zomls | emmo, ’Lz’ﬂe%"rw’#' Corlyly anel

1he ,mop,ﬁ of Pup 3.2, there 15 a0 wiaxime/ such SMbD!-Z/'?CJL Ef.f



Then E'=E"@ D, and we avsevk that D s indewmposeble. Fox f D =D’e@ D"with D! D nonzevo, Hhen
—_ F'eD'e Dh/ so DY) (E”-f p1=0 and henwe by Wlociu!om{y of Jubfi

(Eff+D.)n(Eir+_Jer} = g U(Dﬂn (EI!UDJ))
= E”

and Wene one of-he o{a/'ecrfs E'+D'or E"+ D" does not cordan C, which contradicts he max:maidy of EY

Henwe E'contains « vonzero, mjectwe inclewnposable 5u\oo|¢a‘ed_ The set of all Fumilies {Egjl of indevompusable
mectwe mbobd'edx whee sum STE; s diveck 15 nonevnply, pavhally orderec] under mclusion, ancl f & 15 a chamw
aijmch amilies, let J~ be he union (of aulltheseb mvolved ). This 1s Shil independent by TV, Ex (2 and fhe atrached
comiment Henwe by Zorn's Lemma Here s a maximal such %W\lij {Ei}z. The sum S, E{ b on injechve c.Jg,‘em‘-
L) Prwp 4.3, aid so we can wnie '

E = (Z,‘IEI-)@Ef

But F E'=£O fhen we have air‘eadlj shownthat E* will contain e« vonzelo indewomporable wjec%we fubbyéf}l which ovtraclicls
e maximality of the family {E]- T3

EXAMPLES | Modvle CC!‘J’E\?DYJG/J Let A be « ving. The catego Itod-A s locally ﬁm'efg 3enera+€d s of 4—21D;
seleck he element dp4--- +ch , & € D; Then Jeb i<k J<Tsn, ten A —25D; Cl'emr%j fadors
Tough Dk. Mod - /A 15 Jocally noethenon Wf. Asa nﬁhf noethenan +119, ancl s Jocally avkmon 1ff.

A 15 a vight avhnian ving. T+ kinown (see Chap VT II) thal evew w?;; avhnien ring 1s ma'm\n enan.
w15 nok Pne in geneval fhat evew Jocally avhmian Cirsthencheck categqory  locally eethenan.

Howevey,

2. Commutotwe Noetienan rings For a commudutwe noethenan nng o s possible o cloasify all mdecornposable
imjectwe moclules, and Membj all lvy'ec%w modules.

PROPOS)TIOMN 4'6 (N%HISJ Le} /'}’ be a Lommufu}w? vvetheran ymg_ There Is & bijechae mm‘@pPOnCleY]C& betureen
prime deals o A and isemonphism cleasen of mdetomposable :rU’ec:‘we niedules, guen by

& nonzew
}ﬂ — E[H/p)

PROOF Every prime ideal 1s veducible, o E(A/k) 15 indecompasable (Prop2.6) £ 1 and g are prime iclecils
s E/f‘}/ﬁ)&' E/A/i]l-ﬂwm we maoiy consicler b eth A/fg and Pr/{m submoduley of £ (A/p). Then
A A/FL # O, but Ann(x) = K11 for evew nonzew X e A/A and Ann (1) = 5 foreveny nonzew Y& A,
50 we muat have o= 9. Froally we mwet show that 1 E 15 an inclecemposible mjechie module, then
There exishs xe E 5. Aan(=) s a pame ideal. The family of deals Ann(y), for oFyeE, har a manimel
membey Ann(x) sme A s noedhenan. We assevdthat Ann(x) 1s « prime ideal. Suppose q/be with abe Arn (=)
but b é Ann(x) . Then bx 3 © while abx = O. S0 a & Amn(bx). But Ann(z) < Ann(bx), 50 by max wraly

we have Ann(x)= Anmn(x), henw ae Amn(x).

85 Ex7 (fom Hﬁci’)ef{P‘?Uj but e reg ol s J'Fzmdam]}/ wm Ab= }_‘LO__d 7 the :rljedwe erwelope of 4n = Z/nZ s
Z o, For n>0. ( E:—(Z} = @) Henwe any J’.g abelian group how an nU'Lc-hme envelope af e form [wamj Prop 2 4)

@;I Znu” & @b

and Lj Propif.b for p>0 « prime, Zp= san indecomposable mjechie ab&hq"?jt@u{’ and 1f D s a dwisible abelan
greupy Then by Prop 1.8 here 15 o (pesstbly infnife) cellecdoon 6f primes {pitc .

D= @T;ZPCQD



3. THE KrulL —Remak~ScHMipT —Azumaya THEOREM

Let & be a GuwthendliecR (wih enough n:!j'edweo). Tn this sechwon we prove #he unigueness ofelired] s deconpocirhwns
G @ - BdCh when each C; hap o chql encl'omu@ohum me. Fiwt some words on focal vIngs :

PEFINITION 4 nng 1s local 1 all the non-inverhble elerments fomm o properideal ( non- mnverhble = Wje’fjacfcuﬁi“ e )
co

A loeal ring g hoo ,,m’cue;_’g one maximal icleal, which also s the umgue wonsmal nghaL P

PROPOSITION 5.1 If £ 5 4 inde composalole z?}'ec«}we obJ'Qm‘ of &) then Homg (E E) 5 a local ng

PROOF T suffen Jo show that ) o and Bare non—inverhble endlomonphisins of E, then ako o + B 1s non - mvevhble



EXERCISES ch\/ Stenstrom

[©7](p 7t Milchelt)

The abelian group D s c}ewfj divisible, hene imjechve. IF x = be B then b-ac=0aeZ, o R 3 an

njectwe envelope for Z. Let p ke any posihwe mteger, then note thaf Zp 15 isomorphic 4o +he ;ubjw»cp
ZF%{%*ZGG/ZZ} meZ}

via X f—> ’r//?_ Let Z‘ow be the set of cosedr of @/Z ol Fhe form L"/Ps for some neZ, sz ). We claim that
Zp"" s divigible. 7his will follow if we can show +hat, guwen x="1/pm and N> there ss Y= 'S/Ph+m s
ny—x € Z. Equialently, we neec postwe mtegers 5 15 qnd b s ).

ns = FR(H Ee™)

Let ny bethe puduch of- all the prime powers i‘:% vccumng m e fuctonsatvon of 2 with 9; [P, Then we e

make the integer k2 large enough so et n| P'R, Then sinee “Y/n, and i:»"“ shave no primae factrs, their jcc[ s | eme
hene we an find st eZ sd.

—275 & E]a'“—:l
5 |3 + |: m Lz_

= PﬁTm PP =P

m

= fiff}n = f’h(H('f)F )

il

3

an m_ciurVECI. Hlene Zpe s wy'@c-}we, c!@av/j confans 7, anel 15 an essenhal exfension of Zp

I,D ’yf:.s € Z},w then we W\dj cansume F»}’HJ stherwise mj w=ans’/_ P ¥ n’) cmcl 'Hﬂfiﬂ erthev s<s  muhich cane
Ps}ﬂ anf h/fﬂ:o n @/Z;°r5>5‘ "-nd "Vf::z”’/j,sﬁs/ n ZF“:'. Then Ps_s_l' H//fs—.r' == ﬂyF whlc}\
s nonzew sinwe pA4-n’ and i an eleynen) of Zp. Hene B ton me s easenrhal, Jo

E(%) = Zp=

1 ‘. - o 3 a }e.
7 be anmeducible right ideal of A, and leF b @. We cloim that E(#/a) = E[ A/ (r:b)) and That (2:) s mecuab
[@ éi:a::m 'jfﬁdibi/rlgﬁfﬁez oomffd;::bfe, J'fj Pm,:z'g' E[Afa) mde wmposable. Tf we canshow Fhat E/A/RJ:EM/(“:H}

H will then Follow fromm Pop 2.8 (6] that Af(a:b) » conreclacible, hene (@b) u wreclucible.

We need only show that for bcf:vt fhe cyclic submoclule (b+#) of “ﬂf/a,j which s oo phic cammcaHy Jo A/(q ‘b),
15 weﬂ;emgaffubobec} of EfA7) via. (bt a)—> Ao — EfA)a), Let OFM be a supmoclule of E[ﬁ/q]_’mgn
F1 A 5anonzéw sabmoddle <k Al Sine Afa 1s comreducible and (o+w) o (b4 ) we muothave

Mnﬁ/g_(][bf}a}“%r)*heﬂa M) (b+2) 0 and (b+a) sesrevhal n F(A]q) Hene E(H/(a:b))= F("’f}q,), ou

.»rqucq’.

Lef « be an endomoyphisi of an object € of £ (a Cudth. cad. wn‘ﬁanvajh H’il/‘m[wea)

(i-) prA (f ware [edA ﬁr.rarvleuma /fj) e PWD{- M,auidgn lihe Hhis + [et Kn = Reva". Then e Bams Joregch a\wd
S0 eventually <= K1 some m. Tis means fhat o (%) = 0 = o™ () =0, 0r o (&™(x)) =0=) «™(x)=0-
[But ecach o T 15 shll suyechwe sinee if zec, smse i epi, z=o(v). Batthen y=x(z], o2 =t 2(x), et

For fhe qeneralcase , suppare & 15 ay eprmonohism. end pat Kn = Kerq". Fiok, each o, nz | vepi sine by mcluchon
(Fi=2 f za* =0, 2= =0 50 Zck = 0 hena = =0)forease i>2 f 2 ™! = 0 fen 2 of " =0 o 27 =0 amel henwe
bj worumptwn z=0. Al Kn < K+t 5112 F Ryt IKn— C and oy P Knyy— C ave Hhe reop. kemels, Hhen

Mt ke, = Xex "z, = 0, e Kn < k).



Sine C 1s voethenan, here is sorme m with Kerot™ = Ker™ " To show that o 5 mowme if suthan [sma & has «
%emm—lnr V) 4o ”"OWMO‘Pﬁ?"G‘Vﬂ 2:U—=2C f o =0 then z=0. Let x be such a mophism and form

Jbadk -
e pu a v [ U

T

C — C
a(m

Thend =0, Azt=0 5o xx™Y=0 and so o™ y=0. Hene factoss through Kmyr = K, 7o
a™y =0 Bub then at=0 and sine o The pullback of- o™ (un e}?l'mﬂ'r’hm") K5 epi, fhis wmples Fhal o= 0.
Henee o 5 epr and monic, anc s thwd an somoiphisim.

(i) Now scppose thak C 1s avhman and Fhed 15 a monomonphsm . we ackually didn'} vieed 4 we e generabor in (i),
so s follows by dualily. Explicitly, by the same agumeﬂ‘hﬂﬂ before o™ 15 pronic each nz) aad if Cy = Loher &, Ther
the whkernels sbey Cq = Cat), hewe spthels hemals are Mua oy avholan -nes, Cpy = Cmr) some m, Suppore Hat
=X =0, ando2rm fhe pushouf
C
2 k
D

/ m .
Sine & 1s abelian and o™ 15 monic, £1s monic. Then: zo¢= O wiphed bz x =0, hene ELX=0. Sine Cm = Cmyl,
This wnplies Lo = 0 and hene ez = O Stne £ s monic, =z =0 as ﬂ‘-’qwﬂ’\fﬂ'-

C?\m

gl

me—0n

_—

t

() IF Cis both avhman and noethenan and o : c— C, then for nz| Kewt " o Kewd" and
Tmant' = ImA" Using T propevres of C, Jet ke be an mfeger o that-

Tnak = Im™ nzk
Keva®? = Reva™ nz R

(nohe that TmaAn'e Tyma " sime an n (i), Cokerat » Lokeed 11 heowe since Tmet™ = Kev Cokerd ", follows).
We cdaim that |

am (dklfmg(ﬁ_)

B
Tind Tmat [

ya \ A '\
C P E: —>

2R

C

Shus mahes tclear that T (o | 2ma )= Zm (42®) = Tma’” Flene Tma*____ Timd*™ ndued bj ok 15 €pi.
T B (1) f Tmah s noethenan [wcn'ls sine € 15 noethenan ) ancl fs movphlerm ir epi 1+ s ¥$o .
( For modules Hs 15 frivial s !,f Ye Imdh — Tm 0(2;1/ B4 =] ﬁ—z}a(x) —‘—dh(ﬂhf’d)j foﬂll/Im"" Is oo Imdk}

Tm”:/?fof df all s is #hat 4 | o= 15 monic. This iaplies thatf Tma = () Keva == O, sne # weform the
pullback:

I 2/) Keve h__., Keval®

k.

s

Tma®

> C 2D C

and woe The fackHhat fhe bobom vow s monic, we see that Td N Keva ™ — Tma® s zew. Sine s also monic
(an the pullbach of k), this shows that Tma =N Keva k=0



IF only remains fo show Hat TmaR 4 Kero® = C, sme we have ol shown that the sum 15 divect (10¢ TV, Q13)

(!:or mvd(f{[w, lef C/ngh — Coyah be  ct Kevg® —> o(h(O\}*KeVo{h which 1§ monic singe  1Sero 2= Kero t
Hene sipce C/Kwdh 15 nue*hmm‘f/ his ppap 15 alfe epj gndfojlg.— any JCEC/ oz = z—}-o(h(ﬂ) Proome ae C and = & Kevark,

Mis showsfhat ImoR+ Kevo = C).
e, IIWJW’LRZQ'U“' onie we know Hhat TndR >—s c—> Tm4™ 15 w0, we hawe pioven Fhot

0 — Kerel® 2C—s IMth—5 0O

I exadh, and heme. b C = Kerct™ @ T (Togel | sl canonical Tina*>—> Cimay ge an o fochad on, bk

55p
Siice euebgﬂmﬁ is mclependent of changes «f e,f/ul\/r_fbibobjed?) doesn4 Mq‘H‘ed' 0

@ (i) Lt A be an abelian woup, 1‘116:[— Is mdaompo;ab)g anc[ ;VUgC%Wy_ (e ylso assuine that A =|L o.
Lef 0fxeh. Efhier (%) s mfinik, or iF s frute. Intheformer cave A han Z as a subguoup. In the latter cane,
suppose x hosorder m andl Jef P be a prime divior af m.Then A has q cyclic Jubﬁmqp of evder p, hene Zp an
a Subjwuf-gj Puwp 2.8 (d) and the mduded Ex.from Tichell, + followsthat A2 ® or A= E(zf)-*‘zfm

(ii)



CHAPTER /T = TorsioNy THEORY

We have seen m ChaPI% each ving of fractwns of a ring H Hhere 15 ag_mcm%ec/ a nohon ogt fovaion o A-muodules.
The same will be tute Lhen we g&i’“"}n consider 5enem] vings of guotentr of A, bt heve we will follow a convene wouve
We stavt by axiom ahsing the conepl of Jooion, and then fo each fooion theoy we ausscciate a ring of 7"""’%2"&
This chapfer s devoted fo "a coniprehenstve .S':Ludg of #Jejenem,’ anpect of Jors10n. The baotc reyulf will be that the
parhcular nehon of Hfovisicet. woed 1n the *heory of rngs Df?wj‘]eni?j can be descvibed 10 theee e7w(rafem4 way's

) By the claos of Jojon modules
2) By Fhe vlslr\hc!eals which sewe cw annihilators of 4omon elerments
3) By +he Funclor ansigning o ecich module s fowon subimedule,

|. PRERADICALS

One way of ynhoducng aorsion woncept for A-imodules 1s fo prescnbe a functor on Mod~A which fo each meodlule
awosoclates a fovsion submodule. Tn ovdevto make fomel sluq[,Jj argumentr available, we will woirkin an abelian
Cai‘ejo\«j, although all ewr applicachons deal with wmeclule categenies.

Let § be an abelian cateqo , which we assume o be com lete, wcomplek andl loeglly small. A preradical ¥
o B Mngnsa‘u each C o fubc?'eczft r{c) m ruch a wa That evewy mophiam ¢ —> D mdues v(c) — (D)
by veonchon. Zn other words a prevadical 15 a ;ubfzm:f—or a?"gt_e zc{em-l-r-/y Funcdor on 5. The clons of el
vevadicals of S5 a wmplele Jq'le.Q/ because #here 1s o parhal orceving in which v, S 1, means r, (€) = 1 (<)
forall objects C, and any family (v;) }Pmmdmafs has & leant uppeyv bound 51 and = jmmieanLJOWEV bound]

77, defned in the obvivas ways. (N8B v s Ve H. 71— 1 facdoa though ¢ — 1) Thdlis,

(Z f,»)(c) = 2, ri(©) rsrme for :F,j:ZCi — B, Keilf~g)=€
56 f jflc‘. = :”Ci exch ¢, ¢; < Ker(.f~ g), implea
2.6 < Ke($—9) ) 50 Fle; =Pe; cath .

=3

amGJ
(N = Nt [ pranh o, [IRHEY ——sitlE) — Vily s
= Vi) —c—D, amel 5o 1 (c)—3 D

st —][C(C‘i'\)' Hﬂr\)ufjh Nv; (D)—\

we have the zew radlcaj v’(c) — O anel the nmpropey vadical 1, P and 1 oare Pn“mcflra]s, e clegl-m@g Py’emc{]cql_\'
Vo and v o
e (c) = v (%))
(6:r)(e) /a(c) = G(c/a())

Thot 15, form M subobiect ¥ (<) 3 C . Then 1he Jorston Julga]ojed' v (C‘,] n(€)) F < (c) w;mpondr do o JMbﬁb'g(}
(v,:v2)(€) of C coﬂk«mmg vifc) Thw 7 7, 15 clefinec! up o a natural equivalene.

Aprevadical r is Jdempgfﬂl} L rr v and s called a vadical [ vir = Yy 18 if v(C)vlc)) =0 for even o.bfe ot <
(noke that this means (r(c)) = v(c) q.f_(‘ubDbJ'em‘:r)

LEMMA .| I/ v ts aradical and D < v(c) then r(¢/p) = T(c) D




PROOF  The canonical monphism & —— C/p indacen () s v(S/p) wnaking

D )C-———‘—)C/D

IN] ]

10) 2 4(E) — o(ch)

commule. Henn Q) /p=Im(rlc) —s5c— C/D), e finel (fCJ/D & Y(C/D)_ On Hhe othev haﬂd,
by the Fint Tisomorphism Theorem —4hod-1s, He 4 Lemma apphec +o

@]
l
0—D o
l I
© — ¥(C) 3 5 f(CJ — 0

|

S ) J—.

l

0

l

O{-_v]%g_
Ox—gnt—0 ¢—7p %

The bothm rww 1s exacd. But sinte (@)= 0 and the square

Sy e o)

“(9p) > V()

Ocmmv\kw) "’(C/D) < T(CJ/D_ Hene we have The desired ?cr\ka\l)vg_]j

I v s an"vachca,' of ©, Hhen ove can defme @ Javes'alc[lca‘ + ' ET L _rebtmj r7(r1) = M/v(M), T4 s dear

That 4 1< lclcerv\prﬁ'emL (reop. @ mdl(qf) of & . v i avadical (reap. an ;cjempo}en} Pyemd(ﬂaj) of g Th}:jm%
vise dv q woeful Clualr—lj Pvmctple. Noha thet " 1s onlﬂ detevimmed up +o a nadural equ’ale\’lu.

[T ldempofﬂ’* ff ! md!cc\lj Suppose 7 1 pdempo%enF and Jef CeC.hen v C & the dual of some woleevnel

C— S/ ¢ o} ¥C —— C hene we an toke (@) — s dual an the whkevnel '\/(C) -
A / =0
v (c)
e ¢
- </ -
e 2C——/7'C S ey & €. e THE)
- — v(C
T (% "CC)X (€)= v(©)
hene v~ C/-V'*[C) = 0. Convewely v~ radial mphes fhat vy (€Y =C, 10 v EV 1S i.-:{em}ob"]‘en-l, One proves That

Y15 vadial f, v~ s dempotent i a amilar way. Nofie that (v7') '= ¥



To the pveradual r one con ansociate fwo closses of alﬂ‘eo«l—j of G, namelj
?.r = {C/’Y(C).—_- C}
F ={c)x)=0} (F=°F)

(‘r")”—""-
where equa.’@ here 15 unclewdooel awe7uqh-}y oqubolﬂ'edr_ Vofe that S m & 1 g?b{q/.l,, o n GF Ao L = o

FR DPDJ/T}ON /2 c.j‘r 15 OJD}EG/ und@;— ?VUDJ’JE}']?‘? Qy}c[ wpwducﬁ; Wh}fq (?/Y I5 CJOf@d !zrncf(?if jubo@'et—h anc! JPVDG,HLJ‘T'

PROOF T4, eay o see thot o 15 clored wnder q[,uu-;?eri} Déa/‘ec—zls by Lemmal.l. Let (C)x beom b ﬁfrmfg o
crlU'ecJ—: n Tr. Sine ¥v(Ci)=C,, Wimarje of each caponical movphism G —— @z C; i condeumed
7 (@), # folloms fosmihe desinthon of voprocluds +hat 7( @5 (i) =&z Tre wmf/JPOnchhj
reouls for - follow by dualdy. 7

CoROLLARY 1.3 T Ce %y and De T, then Hom(c,D)=0.

A claos of objects g 5 called a preforsion claes 1f if closed undev quohent o J’EC}? andl eoproducts, and a pretorrion—free
clans 1[ o+ 5 clored wnder subobiectr and F:odu@‘:r, Let & be o E\ve‘}'ur.fron dows. IF C s 01:1\ arb;‘]‘?’wfy G%J'G’f—'j' of & and
‘;E)—Jem[@ e som of all e subokject o C 50/0”3/@75 B, fhen CJE’ﬂflj alse t(CAJE G . (Prfoumma € 15 honem
Henwe e vew object C vontams a }agwﬁj‘mloolf/lecf &(c) beivﬂjrnﬁ Jo . In this way g gies rrre-_h)q preradical Eof B,
and t 1 deav{j ,Cje,mym’en%_ (we ansuime O € f)(L— is @ funcher since for C—= D, Im( E(c)—C—D) 1sm &, hen

Frchon H’""“‘j}‘ £H(D)). Combmmg this prececlure with the previoun as:;gmmem‘ 7 —> -, resincled 4o (c]empolem}—
T we obtzin

PROPOSITION - Y  rorg 15 4 bijectwe commpondence between iclempotent prevadicals o B and preforsion claosen

of o{:j'ec:l's of £ Dually, theve is o bijectwe comes p ondernte betureen raclcals of & and
pretorsion-free classes of objech of

PROOF Mope |:=vzec15€lg) The bitecton 15 between 1somonphirm closses of ndeywpok’nl' P.esmcllcalr ot G and pﬂ‘}oﬁ’w”
clonsed. Take 7, fyaé(ucg T For C€ B, E(C) € T means v(fc)) = t(c). Sine

E(c) > C

[ [

ay(f(c)) > 7(c)

wmmu[ef.’/ andl fr(C_) < K(e) bﬂ det™ of &, s0 L’[c.j—_: v(t) aambbkgjﬂ’d?’ and hene |2 a7 Coven o Fvc:f'omon
cloos F anel the nduced £ (depmecl only upton.e), CeTh ff. t(c)=C #. CeT. ]



W? The —FDHUWII’lj asserfions are unlb’at,ﬁ;‘f,' for a Pvemdlr_a;' '
() v 15 q left exadfunctor
(6) TP D < C Hhen v(p) = 7()ND dosubsbjech of D
() ris rcfempo;“ewl' and Ty is closed uncler mfoolﬂemﬂ'.

PROOF (a) & (b). Smee Hie kernel of Hhe movphism r(c) — Y(/b) inelued by C—S/p s ecrw.x! +o
TN D, tis deavthat () 15 equivalent-+o the lefi ex actnuns of (a), consideving

fr(c}/c \

) D
\ N 7]
YAND = /o)

(b)=3 (). By qppijrnj () 7(c)——= C one seerthat T s rofempaf-eml. T4 s obviows thal I 1s closed

nndev suboprecds.
() = (b) The mclwoions v(0) s v(C)ND < D are tvial o, the other hand, +(c)D be!'onajr}a P o
o subolyect of 7(c), and o dempotent implles YEIND = (D), e (+(e) ND) < 77(c) N 7(o)

= c n ¥(0) =¥(D).[]
4 Prdvrslon clans 15 called hevecl:}arj £ 4 1 cloged under fuimlil‘ec/x.

CORODLLARY 1.5 There is o bjjectwe comespondlene between isomophism clapses cf Jett-exach prevadicals and
hwecl:h:uy Fvebmundcwra_).

EXAMPLES 2. S-torsion and S-dwisibiliyy (o S be avight clenopinator set ma ving A. For evely moclule M
we et £(M) be the § —fowion submodule of /7, while (M) dencte) the largest 5 — divisible submocule
of M (which 5 canily seen Foexist). Both £ and o are chempof'en/' raclicals . Furthermore & is [eft -EXDlC{";

which 1s not e cove with d. TF hws appeciss aa i the vevacicalls connected fo he coptom au o rston
wnepk should be Joff exact rachcals (which ave theyefore obten callecl “Jorsion vachicals”),

3. The Pretorsion Lcleal If v s a prevacheal of Mod-A, Ten Y(A) s a two sided deal (it s by defn 4 rignt deal,

and each ae A defevmine e enclomcaqohum Ao A—A, x}—> o, eine sinw

Ao

A ) A
I 7
v(A) ) V(A)

wmmdi'm, v () 15 closed under ofs and s hene ulso a leff icleal.



2. Tor sioN_THECRIES

DEF”\”TIDI\j /q 1LUY.TI0H ﬁ’lEDg j%y ?3’ 15 {APQW’ (;:L 9:) m[ ¢|C,\p_f@3 D.J nk\)j’er_-JJ of \C !Mrh'}'f‘]ai'

(i) Hom(T,F)=0 Sferall Te %, FeF

(i) P Hom (¢, F) = O for all Fe S5, hen Ce

(i) IF Hom( T ¢) =0 fr all Te J, then Ce <&
T i callec] a dorsion claos  and v c{?jer}r are forgion ﬂbp'_e__Céj while T 15 o forsion—free clovos aomhﬁl’ﬂﬂ
of-Forsion - free °l€fﬂ:‘.k' Nehe 7] F = 2’0}

Any qwen cons T of o\bjr'ecfx generates o torsion fheony in the folfo wing way :
F = fF:] Hom(6,F) = O for all ceg}
7 = { T/Ham('j;;:f)«;o for all ;:63:}

Clem-‘yi’hls pasr (T, 57) 15 a forsion theony, and T s the smalleaf forsion class confaining 5 To um{-j s, let (J,F ") be
anv}’hw%ﬂlum ‘MEDVU on G with 2e e Then Gfeah’g e ?: dnd henw ‘3'9_ ‘j/ Nofree thot 1n jeneml for P Forsion
theovies (T, F) and (i E), Je<1' g e o enlavging TheJorsion olf}fed; shvinks Jhe dorsin-free obiects and

Vice -versa. Dually, e clons 8 o_ggewerﬂ'}eﬂ o Forsion theony (T =) such thak F 15 Hesmalleot Forsion—free clevs "’0”}5"””1?
T EKPhc\Hj
T={T] Hm(Tc)=0 fcal ceB}

TF={F Hom(3F)=0 fral TeT |

PROPOSITION 2.] The fellowing properhes of a clonos I of okJ'ech are equvalent :

() T 15 A Jorsion clans for some Forsion Fheowy
(b) T 15 clored wncler 7lLO+TEﬂ|— ol?jed!) Loproducts andl exdensions

PROOF A clans T 15 said 4o be “closed under extenstans™ o Jor cvews exach sequene 0 —c’'—c—c'—0
wth Cland ¢” m G, ale ce B,

Suppose (I F) 15 arsion ﬁ;@my, 7 s obvioudy closed under quotient objech, and # is closed under wprecluck
becawe Hom(@T, F )22 TT Hom(Ti, £) Let 0 ——=¢'—5 c—ac"—50 be exact with ¢ and c' 1 T
TIF Fis borsion—free and there 15 a menphism «:C— F then ! 1s zew on C/, 30 ot factors fapugh ¢ . f3ul

aso Hem (¢" F)=0, 5o 4 =0. Henw Ce T,

Convevely, ansume that T s closed undler quotient objedh, coproducts and extensions. Let () F) be +he dorsion
feo qeneratec| by T’ We want o show thed T = =7 o suppose Hom (¢, F) =0 for all Fe F Sine Tisa
predorsion class, here ica /alfgem“./wbol{y'ed‘ Tof C belanjmj ‘o T To show Hhat ¢ =T, 4 ruffies foshow thaf
Slre F (+hen sine T 15 doed under 1505, Ce ?’) . Suppere we hove of : T "—3 Cf for T7¢ T The image st o erlso
belongs o T ard iF & F£ O fhen we muidgefq Jubo%}‘eci of C whih I}Hc}"j tontains T and b@/ﬂnﬂ:-}o T since N

13 aL;?ea' under ¢ xtensions. This wwould contvadict fie moxxrmo«/f@ of T, and sowe Mt have o= 0, ancl cfre F -

Bj Jl-mlllj one also han
PROPOSITION 2.2 fhe ,Q)mej properhen of e cloos F of g%jem’r are equivalent -
(2) T 15 o forrion-Jree class for sorme Housion ﬂ‘heoy
(©) F s clogecl undler su bollojedjj product and extensions,



I_!: (C‘j:' ?’J 15 Q;Dhﬂﬂh —meo,'jj’ 'fhen (‘j 15 PQY}\CU‘IIOV aPIA“:j‘UG{DYJ C‘/GDJ') S0 ?\/6’% a{’jed C wm’ﬁ:‘ﬁf a IQJ@%J‘ JMI?D?J!'ECJ’
5(c) Ioelonsmjmj-f-o T, called the forsion subbfgn;q:{ of C. AnobjecC i orsion—free F. E(C]) =0, becamwe CeF .
Hom(Tjc) = O for all Te . The idempotent preradical € s actually o mdical, a1 eanlly seen from the fuct thot

< 15 dosed uncler extensions.

Ece) ) C > </xe)
\ (b6)) — L(</b@) )

hene oo b_'ﬂ de](,ﬂ' L’(C)S_ (Ei:')(:c) and sinte H<) }S'H’ULIQVS@’J{' AH‘JD%}EC‘] m 'D; (F: E’J(C]S t(C)) £ {’(C} ﬁ(ﬁf)(c)
(we havedy woe Fhedfuck Yhat T s clased under exlensivnsto show (¢:¢)(c)e T ). Convewely, i s an idempolent radical
o U, then one obtams a tosion teory (Te, Ty ) with

Te=] /&) =}, Fe={cl)=0}
we kenow that Hom (T F) =0 for TeTe, Fe Ty by Cor 1.3. Tf C€ € and Hom(c, F) =0 Afor all Fe T, then

N pavheular smnce & s radieal, Hom (S, i) = O, 50 £(c)=C anel ce Ts. 60“”"’9’3 F Hom(TG¢)=0 forall 76:76,
then s £ 5 Wdempotent, Hom(t(e),c) =0, so t(c) =0 and CeF, . Hena (Te, T2) s atorsion Hheow.

FROPOSITION 2.2 There s o b‘fj‘em’m consopondence betuween Torsion theones and isornoyohisin clawres of 1l emn polent
radieals.

! !
PROOF Frop 2.1 shows that any Horsion heony can be recoveved from the class of Fovsion cky'ec-lx, (sine =" &= F=F")
and bfj Prop |44 e are clone. g

PROPOSITION 2.5 Lef & be a claos of D{.‘jed: closed under qw:’?em" okaied:. The Forsion elass 5ehera4€d by B wonsir
of all oé\:fedz C such thal each non-zeo fLw‘f"e‘mlG’f_’,"@C‘f’ o C how a vion-zelo _-.—uboé‘:lj’ec-l m 5.

PROOF Lot (T F) he the dovsion class genemkd b}j %. Sine ¥ s closecl under qu—bﬁenh, an object belongs + F
. F hao vo non-zew spbobiects W 5. Thevefore Yhe woserhon 15 that an objecdt C belongs += T K C
hews no won-zerv 7m=‘1en} ohjech m F | andthis 1s an obvious preperly of o dorrion Theowy (7 F).q

EXAMPLES 3. Divisible Objects /ot K Lo ap object of E The +orsion Heosy (P, R) generaled by K may
be_ descvibec) bﬂ megns of Prop 2.5 as

D = { c/ Hom[kl ¢') =0 ﬁrevc:»y non-zelw ?wO-f"rem" clof C}
% ?fC]Hom(!gcJ-_-o}

e objeck i P ave called K—divisible, and Hhose 1n R ove K=vreduted Each ol%-'ed C wrjams alargeof
K-—dw:sibie‘olgjeca" dec). we may alse dlefine e preracical g by
j(c):Z Imd (=4 ranging ovex HUM(K,(‘)

Clearl:j 108 1chmPoJ‘CVJ:}.

of pqwhculav interest s He case wheve K= E(A) n Hod)-A. Eveny mJ'eg‘wv module s E(A)-divisible,
and 1n fact the EIA)=dirsible medules conshiwe #he tomwn claos Senem-llcc[ by the fry'ecm ynedulea.
If (S, F) denoles thiis forsion Fhaory, clearly T o P by e previows comment, seo sthow T =P we
naed] only show Ec R But theishivial sine =(4) s jechie. - f g



3 Herep17ARY TorsioN THEORIES

At this f"ﬂfzem have impese on 5 conclibons which ave not ol a self-dual nature, ¢.g. Hhat § is o Gwthencheck
Co.{‘esuny wi enuwjh rry'e(}wes. For +he salke of J‘Imluhc@ we hevefrth onsume £ + be a meclule ca/feﬂog Mod—4 B
a rmﬂ A. & forston theony = cqﬁed’ hemd,kzrfj 2 T s qumed.'f?:ryj re. s closec/ widet submodules. From Prp 1.7
we peeall Piak #his occvivs . the awsodaled vadical & s Jeff exacl. éomlammj Cov |-& and FPop 2.3 ww gef

PROPOSITION 3.1 Thore is a bj‘,‘ecﬁve corrsapondence betuween heredffq@ forsiun theoniea and left exack vedicals.

PROPOSITION 2.2 A Jorsion f?;gu;y 6, ‘)‘-’) 5 herfclffavy tf end anfy £ F s closed vinder /V(J/ém‘me envelopes.

PROOF T4 L5 left exad and Fe F Then E(E(F))NF = HF)=0, which implies that E(F)e F since F 15 eosential
in E(F). Suppese wnvewefﬂ that F 15 clored unclev nﬂ‘em‘we envelopes. Tf Te T and C < T Fhen there 15 a

moyphism B T —— E(S/efe)) such thaf
C — T

2 f
e(c) — E(c/e(0))

commuler. But E(C/e()) 15 fosen—frez, so f=0. T mplies of = 0 and hene C =Hc)e T g

PIROPOS(TION 3.3 Let B be a clans of obJ“ed's closed under JMbcbdeS and qUL,U]LIQV)‘;' oloJ'ac:J's . The forsion Theory
jewerw{’ed i:?j C s hewdn‘uﬁ.

PROOF  We show thal the claos of forsion—free objects s closed uncler ﬂy'ecv‘we envelopes. Suppose Fisorsion free ancl
thete exists a non-zew o -C— E(F) with Ce¥. Then Imxe § and FN I 1s a nonzew subebjeck

of F beiurgmj d oo wmﬁacfrmtu)rl.g

PRoPOSITION 3.6 4 henscfd‘aiy Forsion ’ﬂ'ieonj for Mod -A s g enerated by the family of fhore cyclic woclules
Al which are forsion modules.

PROOF A moclule ™ s Jorsion 1ff, evew cyelic subimodule is orsion . Cleavhy f T densler e Horion clans 3@“95‘01@[
by the eyclicorsion modules, then 77 = T where T s HK’-OHSM’I@" torsron dans. Bub of MeT isdorsion, hen
as the um of all i ayclic Jowmon submodules, e iy Mveqw\“ed. i

6‘ he'recHHYj‘)LDﬁ’JiUn theony 15 thua urmqwzlj detevmined by the %amxlg of v;ghf- deals & forwhich AR o edivtiiin Al
(nohiethat “the L of :d-ecf?s (s ot unquely defermined, sime we oy have Ak but Aln = Al ) These famdien of
rrj“’l+ ideals will be chavackensed m & 5. A leind of dual safement Jo Prop 3.6 s

W A Hoesion ’J‘heo»ﬂ s hevedr#mﬁ f ancl only if i can be wgenem‘l‘ecj LH an mJ'ec:!'we mudule.

PROOF led E he an inedwe module and Puf T = [N/Hum[M/E):O_}. T MeT and L 15 q submodule o+ M
with avionzew mowhism L — E, coll ik o, Jhen o exkends to a mowphish 11— E, which is 11mpossible.

Hene L e, and Fhe fovion Mow togeneraled by E s hcsmch}mg

Conveweiy/ assame that (7, F) isa homdn‘my Fovsion ‘ffIGOLPM' E= TIE(/’L/“-) with the Pmcla& Jaken over
all v-.rj'n!- ideals @ such thet AJa & F Then E 15 a forsion - module | o Hom( 17, E) =0 #or all Me T Onthe
othey hand, 1f MéE 7, then theve ex sk a cyche Ju bmodule € oL M with e non-zeto MOVphIsM o i c 5 F o)

some F e 7= The image of & Is cjchc-bmorr-ﬁec, soo( Inclues « mor phism C — E which com be extended]
4o @ nonzewo map M— E. We have Haup shown thot M € T f. Hom(m,E) =0, and T means that =

m::;ewemfw the forzion ﬂmofj.



W hen applying +his reoult o an mjechwe module of the form E(M), # 5 weful fo hare avaijlable #he 1Lo”|}wlnﬂ
eanly venhed fact

LEMMA 2.8 TP | and M are modules, then Hom(L, E(M)) = O f. Hom(¢,M) =0 for even cychie submaodule
Ceot L.

PROPOSITION 3.9 (onsider a heredﬁrmﬁ[ "}m:rom*heory oogenemf&l bj The :ru’echue moclule £. A4 module M 15 forsnon
free 1ff. i€ a submodule of o ciréct product o{‘w‘p;a:: =

PRODF E—Veﬂ submoclule of o PmduH E* is of coune Horsion-free. Lonvewely, 1f M (s forson—pee and o =xe ™, hen
% A 1s not atorsion moclule, so Hom (A, E ) O. Sine E is uy'edij s means that for evewj ron -2ewo
sce M Hhere 15/\4,‘. M — = such ﬁa;'/\fl[x)?i o E-F' omde}!m ? M—2 E:: where I:HDM(W;EJ, ab

76 = O‘f“})zel , then C 15 amonomonphinm. 0

EXAMPLES

Linj'ec—}wg &Jj'ehgm-}gr An ;nJ'ecM wjenem“h)r for Mod -A s Jhe same an an mJec')‘Wf module w‘genemﬁns
the Horsion ’f‘heovj (o, F) with F ,:omir-frrig of alf A—wneclulen.

2.3 ~Jorsion S—Jorston If S sa vight denominator set i A, hen the S—towcion and S=towin-Free modules, an defined 1n
Chap I, form a heveclifany Forsion ‘M?en:j.

2 Commujmjrw\e Localisaton Let A be. a tommudzine ving cinel K a prime 1ceal ef A.Then &= fﬂé/q/a @L/ﬂ};
Shen the S —Forsion 5”/49013 15 aczgane;fa.f'ed bg E(;‘I'/FJ_ Infad, 0= xeﬂ/p rnpliea that Ann /x):]’ﬂ, jo A—/p
Is S—dorsion-fvee- On 1he othev hand, Hom(n, E(#p))=0, then Amn (a) & A holcls for evew nopzele
xe M, 5o M s an S—fowsion —mochule.




By Corollaw |- & there WWGOPD!'JO"J‘JD F a lett exacd PWPJ’C{C‘JILG\I L—J defined ow {'(MJ= anion ofall the F= diserete
submodules of M Clearly

E() = {xer | Amniye 7}
which 15 a submodule sin@  Ann(x+y) 2 Ann()0) Bin(y) and for aeh, Annfx-a) = (Am(x):a). TF wll be

convenientb call t (M) the F— ovebomion submodule of M We will also woe al*ema%nd(g The v O odisorete
!r‘nodbtle " and ”J:’ PYY*DVF-!C‘"\ mcdl’l'e " CDW“GWJ L& O VW b wmfl‘efed 1‘1:)'.

PRDPOJ]T)ON 72 %9)’@ s a Llj(’C‘}'MfE wymjmnde’,m IOG+WE€H

() R\j;’ﬂ" lmecir kpo}o&!!ﬁa on A
() Hew:cm-mj pvetomion clanses ol A-meodules
(3) Isemevphism clooses of Jeft exact prevadicals of !‘_‘10_4—4

PROOF ( We fend tdenh@ o rght fineay '}‘Dpca)cﬁj wih 5 collechon F +f open njiﬂ-.ldea\ls) . To each hnear Fopology
T we have associated a pretorsion class &= [ M| Ann(z)eF YaxeMf. lonvenely, o T s a heveditay
preforsion class, then we let 7 be the Family of ght \deals for which A/ € §. This ocmmlﬂ F sahsfer T4
becawe [ 1s closect tander ?“ﬂhe‘”h/ T2 becawe A/wnly s5 a submodule of A/a @ AJl , and sahsfes
T3 becawe f ReT and aeA, then left mulhplicahon by & inclues cm exact sequen @

> A

rere precisely, indues A —— A by x—2 axX+ T, W?‘:Ch hae lj:me." (a:ot), and s indue A/(“"q)__)
Aln, o+ g-a) —> ax + A, which is clearly monic, Therefore J= clefines o nghi— Imear +opele 9 =,
3 § ) A L‘j T s shows Fhat PI}(R:G) g Ala, /

0—>(n:a) — A

T3 vemams o venfy Hhat we have obtuinecl a biechve comespondene (1) = (2). S’Laf'!"”ﬂ with a Inear fopology
with the seb J= of open right icleals, we ek €= M/ Am(x) € F for all z¢ M}, and fhen {n|Ajne€} =
fPL} (R:a) € F Sfor all aeﬁ} =F by T3 On the othey hand, i we sterd with The clewss ‘81 we find 395-

] g -[ n|Alpe'g ) and then obfain § »| Annfx) e F For ol xe M} = M| each dyehic submodule e B }

= T becaue of the closure pwpedhes of &

If Ais an a({g)}my nng and T is a set of right ideals of /A saﬁ:@mg T1-3, we will by abuoe of language call F 4
(ﬂjkﬂ')iuf,_i:ﬂjﬂe wrﬂwponc}mg Iinear "J""’PDID&J on A 1 called The F_j"_,’bﬂbjj an A/ i accordance with J‘eVMIV]o[:EHj
alread lﬂ'ﬁbdﬂ(@[}! Eﬂ «@ [‘JWD]S )43( ‘me_";ﬁpoiojj "F' we yvean G‘-rbfbfejl' 73 uf 7: SMCJ’I ,an}- e‘/elﬂ v’fjhé'lc'jaﬂl n ,]:

centains some e 75

MPL_ES_ L%pﬂaie_c{_vfoﬁl_o‘g@ A‘[DPD}DjIEQ.[ guoup 15 called sepavated # evew point is closed. A Hopelogy =k
vight \deals ir ;eParafecf A /7,157:’5?, = (). For, £ Fus Iepam*ed and O ae ﬂne}: ", then
AN\ {q} canpnot be open, becawe there s no Ae Fsl. 6+ < A\ 7o), Hevie /)@ = 0. Cenvenely, i
Nger ®=0 ane x = y then heve )s some @ € F awith Ty ¢ R Hena x¢ y+ m andse
ytr<e Pr\{;(&,'fh)s shows that for all xe A, MJ=G 6 epen. Henwe A 15 s:zpavojed.
7
2. The Q-ade topeloyy [of A be a Fus -sided 1deal 1 a nng A. The pousers &" form o baois for & hnear J“PC"D\‘IU .
A — thatis, F = fﬁsﬁ} "<k forsome n= ;7L is pvialy, and sme TS RN U™, 50 s Tz, If
Q"< b ond aehA, dhen (P:a)={xeA|loxek] = jzeAlaxer”} 2 a his Fopelogy s voually called]
Hhe f";'_a&i‘_(i"’}?f’i_‘?gj e -adic —}opofoaj 15 seperated 1.

o

Na'=o

n=



5. GABRIEL ToroLoGIES

A heredl}‘a\g Forston fheony wrmsoponds o a linear fopelogy or which the claos of discrete modules 15 clored under
extensions. “In ordev Ho chevackevse Iﬂth?‘vpofoj!% we mhoduw a forther axiom:

T4 If misa ngﬁ ideal and there s BeF 54 [R:b)e F Sr evely be ki, then meF.

A Fﬂmdj Fﬂr[ fljhi‘ ieals of A scrfw%@mlg axioms T1—4 15 a (rjjh}) Gabmefvlnﬂﬁjj on A We can mow state
the man veoult'of this chapter:

THEOREM 5.0 Theve 15 « by'ecﬁu-g aorreopondemz between

(1) f?:ah? Cabnel 4opologieo on A
(2) Hemdﬂnuj Horsion Hheones for A
(3) Left exact vaclicals of A (et s, %o. lazses)

PROOF We have an’h?ac.ry ertablished he wmpoﬂdeﬁ&e. (2)e> (3) m Prop 3. 1. Suppose F s a Gvabnel 4op, and
let O —L — M —anN— 0 be an exact Jeqt{ﬁf’m- of modufes s.4. L and N are = —cisevete. For each
zeM, put b=pann(x), where T s Meimage of = in N. Then be 7, and for each belg we howe acbe L

so Ann( zb) € . S Avnn (ab) = (Ann(x) : b) , Phe arom TZy then impliea that Ann (x)e F. Hene M s

T _discrete. The claos of F=cliswele wmodules 1s Phuo closed uncler extensions, and wnseqmevrl’l‘j s a he\nedvfmﬂ
fovsion clows.

On Ahe ofher hand, £ T 5 a hemdﬁa@ torsion claos, Then the wmponclmj -fnpo:‘ogj F= fR/ Alne 7} sahster TY.
Forf M isa nth—m’eal’ ond (@:b)e F +for all bek for some e, we tonsider the exact sequence

c— Bankh — s A —— A wilp—=a '3
where A/ﬁd’b €7 smu l'}'iSCleWD'f'Jen'}' of A/ﬁf T und alse h/ﬁtﬁh e J smw bel mplies

’ _ il b l:I/ 15 F-fowion , and use
((anb): b) = (:b)e F~ e sy » Foby w0t
Sine T 15 ¢ fosec| under extensions, it b llows Fhat Afﬁ_e’] ancl henie AEF g

T f F s a Gabel fopslogy o A, fhe worreoponding hered thawy 4omsion dass consists af* ll modules which are discrete

n ther 7:"'47390/033J or equivalently, Jor which all elenTents have annihilaters i T These modules will be celled F~foxaon
modules. The fask of checking axioms T1 —4 s simiplified by the Fuct that TL and 2 achually llgw flom T3, TY.

LEMMAS2 I F 5 a nonemﬁy set o rn'jitinL idedls o/ A saﬁn{yuy T3 and T4, then 7 also sathisfres TI and T2

PRODE T : e frot note that T3, 'f‘vjeﬁler worth o‘“heq%d'}’ha} F s npn-empw‘y) ymplies that Ae F Then Suppore
neF and H= Q. Foreach aen wehave (h:a)=AeTF, o he F L’j s
T2: Suppuse M cind béaiory*}u T i be b, 4hen ((anh):b) = (ﬁ.-“o}ﬂ(b’:b) = (a:b)eF Lj Hrsh
o RN )'167‘_:;3‘3 T4U

We also remavk that a Gabrel -J-opolojd s closec) unclev proclucts :

LEMMA 5.3 Lef F be a Qabnelvlopniw_ I A and A be.'cmﬂ + F, then whe F.
PROOF foreach ae® we have (kb : )= hl o e F Ej T) and T4 . o

If F and F, are }vpofojlw on A, wequy-i'haf F 15 weaker than F (and T is shonger than 33 o= E

S 1 is clear that any intevechon D}?LD‘PD/DJJPJ.’J 5 o }opoloj‘j,#w%upon’cj/@ on A fopm a mmp}ele lathe ‘er}}.
Sinee also evew \nfewecton of Cabnel topologies 1s & Galone | ﬁpologj)



We vecall That eveny 'hereddmj Jorsion ‘Hﬂeorj may be oogenam+ed by an nry'echme module ( Prop 3.7). TF This
mjectwe module s given as Hie fry‘ecfum envelope of sonme miodule M, 1he ww&‘pamhnj Gabnel fopslegy can

be descnbed an follows:

PROPOSITION 5. > Let F be e Gabrel Fopslogy womeoponding o the Forsion +heory wogenerated by E(M)
Then aeF ;,E anel on‘fy £ x(m: Gi]:,/:Oﬁr eveny a e/ and nonzew e /M.

PROOF Fom Lemma. 3§ we obdan thal @ e F o andomfy £ Hom (1) =0 4, evewy clyclie submodwle € of Ala.
I?Mf*#ze cﬂ&n’tf rwkmodu/ea 07{ A’/FL hare ﬂmﬁrm /‘f/(q -.q) ;er aé/q‘, sinwe :E c+m € A/m,) consicler

A—éA/UL [— Cc+ W

whore Reme| 15 (w:c), Flene A/[UL:(_) = (cr n) ao A-moduler . A—miodule mowphisms HOWM'[A/[R:C)/M)
are n by‘ec:h»n with movphisms /é; A 5 M Jaking (m.c) 4o O, which are precirely elements xe I with (r:c)=o0.
Hence weF prP Hom((',,f"l} =0 C cgclrr rubimedule Ala ;dcf Hcm(A/(q_-.,:),”) =20} E‘Ue!’v ceh ,aCf
x(m:q)sFo forx$Om M, aech.q

PROPOSITION 5.6 Gabnel fopelogy wwwpomhng—hm-}omon Hheory cogeneraled by E(M) » the shronges! Galbviel
«]—nglogj For which 1 15 Jovrion=free.

PROOF 17 F, R are agbngf—}opologfeg and T, 75 Hu copesponding hevec(t!—mﬂ toaton ¢ laases, then F =R =
T, € T, sinee uncler Fo d- s Eavier Jor an elemant=te betewsiwn. Sine enlavgn +he foaion claps shrnka he
dprrion—dvee class, # mahio serse Fo say a Galanel fopoleg tﬁff?bﬂjea* . s Forson —free. Indeed - [ef
T be #he Cabnel Fopology cogenevaled by (£ (M). Clearly sirke E(1M) isdomion-fr=e, M5 also. Suppore
Fer and s shil-Forson—free i F7 Sina fhe foesion—free clons of F' s closed under injeciive
envelopes, E(™) i F'—forsion free —implyin F=TF' Alewnahvely, § acF' but a ¢ T, then dofxer
and ek win (@:a)e Ann(x). Hena Ann(e 7 contradichng fiae fackthal M 15 F'—togon-free. 13




6 EXAMPLES oF GABRIEL TeroLociEs

nnﬂGmPH
(1= opologies A Iopology on A 1sa Gabrel Jopolgy wih et banys wnrm‘mg of prncipal nght deals.
Thed s, fov @ eF there s xEA with (x)eF and xe . A J—Jmloo!ojj 15 detevimined bj the set
J(F) = { seh| sH’é’F}

PROPUSITION 6.1 Tre map T 1—> 31(F) defnor a bjechve compondone. behueen I—topelogis = an A and
mu]-}-rr]:l\cc}we,j closed subseds of A saﬁ&?jlﬂﬁ-‘

So. If abes, then ae S
S1. If s S and aeA,then J&.g—;} beA sd sh=at

PROOF Suppu.re F rsa /—-—}o}om'o Y. Then 2(‘7:) 15 mUH’P}fCﬂJ‘W/’j CJ’DI@C/’ For of- & te 2[¢J/ Fhen
(sth:sa) = (#A 1a) for evew aeA (and AEF sine F is nonempty) , and [th:e)e’F la.j 1%
so i AerE k’j Ty W?WPH‘% SO0 Jor S(F) 1simmediale fom T1, and alse 51 s cleav,
becamre T3 impler (sh:a) = +A4 for some ke F.

£onvewe|3J lel S be amulhplicahvely closed sef Sa.'!'l.ij%jng 51, and put F = fﬂ-} a/)S+ ?5} To chech T3,
Suppase Qe F, with S& aNS. Let Aza and find tes,beA sl sh=al. Then ate sA <, and
hene te(m:a) —s0 (K:q)ﬂjig‘ and (@ :a) € F. For T4, suppove e F and 4 15 a vight icleal 5.1,
(-0)eF for ae . Lef s€a /1S — thws in pavhcular (b:s)eF —o there 15t e 5 with steh. Sina

stke S, e F. Hene T 15 a Cabrel Jopu!ujj_

C‘E.a(ilj T )_r Fcf n ) I3\(F) :JEFS}, so this ansignment F F=325(F) s JW'BC'}WE- T will be L’fjedu*'-
ovided ure restnct Ha codomatn o muhplicatively cloied sebr sahifyng 96,31, sine f S s such a sel,

T e anspeiaed Fopolegy
S|P =] ke LANS+¢]
:{ tchA| Eae S for some ae /4_}
=S (by S0)

For a i*%?ol“ﬁj F, The F —torsion modules [7] are those s.f. VxeM, Ann()e’F, sef. xS= O for some re (7).



(,'ombmmj 613(c) and 6.)4 (i) we cbtam:

(OROLLARY 615 72 F s & Gabnel Fopology and F hap a baois of fmikely generaled idecls, Then
T = '7:'], For cevlamn 75- ﬁpeCA.

So fora wmmudahve noethenan ving A, all Cobnel Jopolegieo are of +he form 9:}3 with 7 e Spech.

NOTE £y g prime deal g, Fp s Ifopelogy with 2 (Fu) = A\p. For P Specd, FP hap
2[7:?)= {seﬁ( V(A NP = 55}
=3seh | sdpforall pe P§

Bua‘—moweheﬂefb’) Fp gy not be a f”:lopo!bﬂj) becawse that reguires adtf all HeP Ho fm,p/? Iseh,
5¢ Up, which 15 net necwfdﬂfg e ccwe. (see E=x. 23). (uuwh_{_ﬁr _,énnie 2 sinee [ < U;‘-_F‘i =) A < Wi, seme 7))



¢ . CommuraTIVE RINGS

Let A be a commdadwe ving. Dencte by Spec A dhe set of all prime ideals of A. For each ideal @, pu}
V=gl wep]

F 15 a prime ld@q[i ds wmpfemeW}‘ m A oa mm‘]—‘phm']’wef closed ret. For a module M ope densles +he yroclule
of frachons H[_r"] ]Dj M- There s a uowwzpomdmﬂ Gabrel 'I"apmlngj

Fo=1nlpéviE)}

“is follows becawse for a nghi" rcleal @, Ala s 5 —Forsion 17 H'U(.G’q/a. s S-torsion, whidh s 1 . an S+;!§,
whidh s ff. et 1. The 5"; - forsion modules M are chammctenced by Fhe propevhy thed: Mp=o0.

Hbmjwemllg, JQ{' P be o J’L)ILU&BJ’@/t Spec A To JDW cosoclate a Cabwel ','OPbI‘BJIj
F ={elvn-p)

e P
The wweapondfnj Fouion clans consists of all modules M with Mu =0 +or all pe P

whvewefy_', Jeach Gobrel ’}DPO,Dj'ﬂ F on A we ansociate
p(F] = {/:1 e Spxh | pd F < Specd

Mo Frioy = (R M@ DF) = $) ={a] v(e) e ] Aoy DT3)2 P forony P spech
(Aot claim imphes Forp) 2 F sinedf AeF, cevlamly V(o)< F).

PROPOSITION 6.3 4, —ﬂzﬂnwm? properhes of a Gabrel fopology F on a commutatne nng A are equivalent

(a) F 7:} for some Pe Spech
(B F = Forsy
() Forevey njhhcfea! g, wth @ F there s p1 e V(r) sd g F

PROOF  (a)=s (b). Suppose F =T, If qe%(¢J then V(=) g?ﬂ‘]—}_ Suppore 7{6\}('1)/]]9_ Then
g e Fp, 5 1€ 7 awnbadichon. Hepe v ()0 P=¢ and ne ¥,
() = (c) Supposre T = Fprr). 1f nd F then né Fore) and  hene V[DL)CTL 7}— so there 55 eV (n]
arth p ¢
(A=) We clam F= 7:;7: with 77'—‘/1’7—). If e Forry dhen V{r)<F By (&), ths implies WeF

m Lef F be a Gabyiel -]-apcfugj an A Then -

G) IF @ s anadeal whieh s manimal w.rd it ¢ F, Hen oL s prime
(i o F hos a baois (,on:rs-ﬁhﬁ oyc—;qnifelcnjjenemjr?d ideals anel v g ?i, then +Hhere
exists geN(a)sd. pd 7

PROOF (i) Suppore a}bgﬂ\ﬁ.. Then m+ Aa and A+ Al mut be membens of o, and alw (n+fa)(+ AL)EF
b\lj Lemma 5.3, But (a+Aa)(i+ Ab)= a+ Aab, ancl therefore ab¢ @.

(U) Sin ﬁ.%(?-: one carl e Zorn's Lemapag fv ’ﬁnd ciM IC,EGI 52 [r 8 uvl/]fch 15 maximal wrd. hér—}:
(This ﬁ:ﬂow;rﬁ»m%\z 'f'f] baoir Aascimmpheon, sine # by s 2 chain and Uh{E"}‘j then e s .fj zeF
z< Ulj Henwe z < Efj ;omeJ'. Thun E{{‘e?, a conbrodicdm ). & s a prime icleal by (i).



EXERCISES CWIIL Skashom

@ Let (U}CFJ) be a fosjon #?eory_ we alveady know (F,qos 2., 2.2) taaf (\,(2), (2) hold ((,) holds s cfeaffj
De U/)(}V ane wnvc’we]y h[ CETTF then Endc = O, 5o c:o)‘ For (4)1‘ et C be . Dfo‘QUl, and & Fhe

d at radiial comeapending +e (77, 5 -
”fhir:]cpie#herz:cqil Jeguefm 9 +o (T, F). Men &(c)eTy, sme ks redical (/) =0, ey €F and

00— ) —C—<rc)—0

ﬁiﬁ’:ﬁ% ﬁi@e T, F are clavres of objecks o € whih sathsty (1) — (4) Thew we check Hhe axioms

(i) Lot T€T and FET and lef o- T— F. Then Ime s a ?u.o:henf-a{ T, hena by (2) belongste T,
ancl 115 also aJubDbJ'erJ of F and hentz bzfon(j.r +o OF. f?j (), Tmx =0 so a=0.Hena Hom(7 F)=0.

Gi), Gi) TF Xe 8 and Hom (X, F) =0 YFeF (resp Hom( T X) =0 all Te V) find TET and FETF
Forming an exa c} requence

0— T—X—)F—0

by (). Then X——F = O (re T—X=0) s T—X vepi (mp. X—7F 1mome) soby (2) (3)
+ follows that XeT (rep Xe?j =

= a " [} e 148

(i) T() & a fowion claos.

PROOE By Prop 2.1 o sutbes 4» shows #hat T(P) is closed under guohents, topiwduds and extensions.
Lot Xe T(P) and b X——>Y be a quaoten! of X Zf Y hao a nonzew c/t/wﬁenf- ¥ —>2
Then i i alre a Nonzew 7wohem‘- of X hene has a nonzew subobject m

4
Sugpore X; € T( D) for 36 T and fhere 15 a vonzew quohent @i X —> Y Then some
Yy 0 Hg: X; — @ Xy . Fovm dhe epi—mone factonsatwn

PNy —s> Y

[

i ===y
Then Y/ O aine g 46 henw Y hoo a nonzelw Jubol?j'euL m S, which ir then a ;ubobjed of Y

Iacﬁna“_lf X’,X’E— T(P) and 0— X—C—3 X3 2 ysexdch, ﬁwm Mpu”bad'l- of D‘Vllj
non zewo pwhent ¢—=2Y  alony X—aC

> x'—— O

0 — Xo— &

l

~

Yoy

F Y =0 then C—>Y factors thiough c—>3/. Hane ¥ ir a nonzew qlwﬁenf ok X7 ancl Hras has
anenzeio sulobjectin P Tf Y "4+ O e ¢ how suche subokyack, which i Then a;mbb@'eol of Y



(:) Suppose thal T s ctoston claos containng 20 and let XeT(F). Suppor hat X ¢ so that we hare an exact
se(fbwﬂfﬁ’
0 — HX) — X — X/ ix)

5 O

where X/E(x) 0. Sime XET(F), X/E(X) han a novizeto su,&néjerf n P < 7. But s conbvadichs Hheadt That sime Eis

avad@l, H{(Xix)=0. Hene X€ ) aw reguire



CHAPTER TX : RINGS AND MODULES 6F QUOTIENTS

|. ConsTRUCTION OF MODULES oF QUOTIENTS (Al Gabnel vao]ojm w Yhis sechon are nommFJy)

Lel T be o Gabrel hpuluﬂﬂ of ”9‘”'}"‘:'9“'5 on The ving A. Foveach mgh%muduf-e M we will define 1k moclule
of quotients with vespectto F. This wedo inHuo steps. The fat step wetake 1s o defme

M = lim Homa(r,d)  meZ

(in wonpanron Ho Hhe nonaddihwe cane, M+ R™— Ab s a prechieaf] for asieve R T Homa(a, 1) is the collechon
of matthmg famihes. Te albove defines M*), vhere #he direct limif s 4aken over the cownwanrds directed feamily F of
vight ideals. Evewy element v M) 1s thus re presentec| by a homomerphism §: R — M for some ReF, with Fhe
undewfanding ot f 7:lbb—sM, F-7 f F and "1 comncde on some Ce T wih C=r0l wWe want fo
give frr) e shuchure of ving and M) that of a vight Ar) —weclule. Feq Hus we need -

EM- I’f ﬁjhé¢dﬂd C’i:F‘l——JA 5 oa ha/}f]ym(}‘j@hij—m/ Hen ofhl{bje{)‘:
PROODF Foreach a€ i we have («7'(k): a) = [b[=(ab)eb} ={b:«(@)) € F by 13, 50 a”(W)eF by T4.

We cefme a paiving M) X Ay — Mgy o0 Kollows: suppese x e M(z), A& Arr) ave represented Py
B i M and o —s A j we Hen defme xa e M(F) o [aevrpmeni-e& bj 11e mmpo;ed\ map

& 'h

> hh—— M

woing Lemma [.] 7ms 15 well- dehned, sinee if 3 b~ ™M and «’: 0/ — A ave elemenks of Mr), Arr) reop. with
F=F [:a\j teF, cehng’'sd F =}’/E) and X =o' (say e, denan’ ). «[q = *’JL{L‘WM
lad'cn 01’—‘5 e F and “he sl!agmm

M
3/ \br

T

D{""lj a("l}jl

\ J

dn«tn

commue, so the scume element-of M (7 15 medutecj. Now let Filg—sMEM(g and Wi b '— Me M, & »m— KEAm),
f'f ¥ cleﬁn@d-,lc o W hormmomhum i:]nlgf_) MJ X f—3 }’(?)1'5“(3‘). Then (?'f"}’) B S ) the oon’fparf%e

& (bak') — J;m)g‘_ii) ™~

wherear ¥ o i the wmposie (b)) a-(y) —— M Sme «~'(bob)= « (b)) a(k"), and

(F+ V) dle) = 3 («(2)) + V(<))
= ()6 + (F4))
we have (F1V) & =3+ For, Similarly, F(«+p8) =R + 57 In the cane M(z) = Ay Yis dehivs mulhplication

(one or\lj need check cw.soc[a-}wﬁy and that [:A—A s ;den-h%)_ [Henwe H{;zr) 55 @ ving. In e ﬂeﬂem'l cane, MF) 15
thws an A () —module. (ene need on{j chech }[:-;lgj = (3)§8 ]



There 1s a cavonical Iwmomwphrsm

Y M 2= Homa (A1) — Im Homa (m,M) = Mix)

In Payﬁco{[arj Ja s amng homomouphism. Ry pullback m’onj Ya we may consider euch Mip) an an A-module,
15 then A-linear. The ansi nment M M=) 15 a functor Hod - A — Mod -A ey 4 wiogphism P 11— N

of A-modules 1 clues a wonshism of chagrams

M
¥

}-{omﬁ[qjh')——a Homa ([2/ N’),. each GeF, and 'I‘akrnju e direct Ik wee ge} Tim « Mo — Neep, This s uniquwe 5.
At Fra—M, My [j) - ff?.Cleavfj [tz =1 and (F¥)er = j(’,l:)"'{/(r—') The funchor s acleibwe and presewes
leevnels s Hom 15 et ~exack and dieck limtls are exact in Ab, We deviole by L Mod-A — Mod- A s
Functor Lo llowed \o:j ange{:]lfuf Functor Mod —Apy — Mod - A, (VB above defines o mophsm Sepy of quups Need
o chedk ths 15 also @ mogphism of Az -medules ) Lot & denste the forsion racal ansociated with #he Golmel -J—opolujy F

LEMMA |.2 KerfM — E(H)
FROOF  xe KevJfyy off fhere 15 Re T wth 1-R =0 s0 ff. thare isaeF =l. m=hnn(x), which s ff. Ann (€T, 7

LENHA 1.3 M an T= =Fersicn module 1#. Mex) = O.

PROCF Zf Miz =0, #hen t(r1) = KetPu =11 by Lemma l.2. Suppese cn the sthevhand that- M 15 a Forsion modlule.
Let xe Mg be represented by 5: |j—— M with ie 7. IF we can show #hat Kerd € 7, dwill follow that
% =0. For each belr Mere enists Rp € F sd. 3oy =0. Put £=2"p, pbab. Then £ = ISer 7, and
for each beh we have (C: b)_’—'—_“ ﬂLL.} 56 (C [’D)(—T-’ ﬂnC[’j_jz;D//DWJJ%CRJ' [‘67:1[13 Tk Henee K‘e”E ej:.ﬂ

LEMMA 14 IF e lMer) 15 vepresented by §:a——= M with aeF, hen the diagram

=4 5 A
f\J Jﬁ
I~ T > Mg

co mmules, whepe ﬁ(GfJ =xq,

PROYF If aem, then xa s vepretented by The omposed moyphism A = (n:a) — & —> M given by
bl——)E(CEb) :}(q)b. Fene o = Fr }(QJD

An immiedate consequent of Hhis 1s

L’i‘”‘_"ﬁﬁ Coker o1 15 an F —orsion emodule -
PROVE  (skevfi 15 M) modulo the equivalens clansenr of m: A——M formae M. Leb F:a—> 1M be arep.
of some wsef. Then \n (elear Tr,

Amn(3) ={a]|FaeM} = fal (ara)=p}) =~ eF

Hene Colaer fu is F —ovsion.



The setond erep in our constuuction of naodules of cru,o%remjr wHo apply the constuction one wore o Aeey and Mery
%Fu/vwalpp!j the functor | o the A—wnodules A=) and (M (g) o oblain A-moduler Ap and M=

LEMMA Lb L cames the wonomonohism "VE(M) ——> Mz)  wnbo an somonhism (”/HHJ)(fF} = My
PROOF fdfpfofy the leff exad functor L +o the dta\?mm

0— M/[—[N) o H['F} —— Cokerfry —> ©

andl we Lemproo 1.5,1.3 The isomorphism 1denhfres a moyphap A —— Mer)  wndn Y UamlDb:tJ'e
w— "t (n) — M(p. O

We I’MW/ %ﬂm olahlf’lec[ 'Hf]e ﬁ,rmuiq

M = lim Homg (8, "V neF
sing, aomrdgrmj mdiajmm
A Coket fu
R\‘/k\h ilV]("FJ
e ]
- s
Ve

any A——> M/t{m) s mapped Jo @ ——3 /(M) —Lﬂ(g }’j Jhae 150imo hism of Lewmima [ €. The
revene direchon dakes bh—— M(w) and says Jhat since fofg, o iz - ~Forsion, Fere 15 LEF, € < ki,
Lt— h—s MrF) -—9&3&6‘3"1\4 s O.Then ¢ — M =L — M M M"F’; anel f{ﬂcﬁ.a‘hefeqmm,z s @xa(,[_l
C— M(p) fuctos fhough ¥ — s ﬁﬁ“‘m”j«\m fhe e dwechon of £ So fhe formula

Mj; = MHDY}’}A(KJ 'V"/é[}“]j) weF

qures Fhe A-medule Mo curth mJ'ec-}wns Homa(m, Miz) — Hg Geen bj‘ n—> M —= vique —— T/ (m)
sl t— ) L, = a—s M. We dehne My x Ag > Mg by

let xe Mg be F:b—s ML)
ae AT be x: 0— A/LR)
then 3 mcues By ——>M/pm) and B/ely 15 asubmodule of A/k(a) by the lefk exacknens of 5 xae Map
k veprexented by
i/ h 4

(i) — By —— Weer

( s means Thal B/elp) = f b+ t(4) jbeh} 15 Irovnonphic 4o
e '/'I(ZE—C{ ‘!’\? \fQ"le —rhﬂ'} bf&[h), and we de}me f/(b-l"lf(ﬁ]) =}(b)

(i) This o peverhon ' we)-defmed
(i) 2# 5 anseclatve, ordishbuhve, efe.

() Suppose s s also epresented sz Y — M/g—(n) and a bj g — A/!;—{ﬁ})v wheire f_"g_bﬂlq' ancl
fleann are s 3 ageeon( ond of ' agree on o, Then fim e 1deal ?

() N d



LEMMA T a,beT and of - - —— YHa) 15 a homomophiom, then «\(b Je(a)) e T
PROOF For cach ate® we have (<7'(ka{¢(#)) - ) = {b]  [ab) € b/E(A)f = [ b x(2)be 4/e(p)]
= { b/ chebri(a)] where «(a) = cHefa), Buthis s brb(A) ¢ )eF, sme heF. Henw
o' (/i) € F

~ifC
Hene &' Vo) Nl e F, anc tre fwo composrhons are equal when resncted Ho s ieal. Heme fhe operahan (s
We”vd‘eqqnecl_

Neal we chedr That Jor F: h—TVe(H) and 37 k'
New JF+¥" ANk’ > I/ and €0

SMUER), o o —— VD), anet (F+F) o = Fet 2 F/A.

(e «7(B08) S By e o) (543 (40
Fat Yoo " (EmN () — Ve ar— (7)) + (3'4) (%)

Sinwe w"(%r ) = o("’( h/&m])ﬂ d”( h'/ém))} e aqer be 5. (o) = brE(A) e .}3%};{ (et 15,

led be hab ’)A The -ﬁm‘t W ko B == bk tHA) —> _)Z fE) ; }l[b) Setond map tehes a o F(b) ¥ ‘El(b‘); JU
i prope by holds.

Nextlef Fo b—="VHH) and o a—s MHY), 47: a4/ LAY . Than dFa’: TR '—— VEH), Then

+d\ . nfh b ER—_ a > 4@+ ()
Flar ) frray” () —> Yormy el > F (A(s) £ )

i So = ol (9fem) — “eta) — Yei)

5o o (O kA)) — By — A/H#)

heaie o (@)= bt EA), () = b+ t(A), sme ()N (Yem) < (o 5 <Y (Do), for an clemedt
a of this m{'ﬁymd-wn f;(s(.;_p(\')}(qj = f(b)?‘}[b') = (fﬂ( +-}O(‘)(Cl), mmgwred'.

We ¢ laim That Hhs opmdzan Ar xAr —> A% mahen A+ o a ving We hawe shown Hhe opercchion s /eff, nj&u“
distnlouhwe. We show a,owcmﬁwﬁj (+he pwef alsco shows #at  F-(ag) = (3«)-B for ME), Let %Y,z € AF be
rpresented by S0 — Afqh), 7 b — Ya) and £:L—— Ay Tren 10 07 ( bua)) — BJe) — YVem)
and 7 (70)

_5;[ 6) - (7@)—'(ﬁ'/£{ﬂ]) - %{ﬁ] =t A/HH)
( [ qe O (Wam)| (10)(8)e Verm}
=1 qec | ola)e h/t—(ﬂ] and 70(¢) e YHA)]

also 37 : 77 (Y/ tia) — Y —— Hlrry and

(e o (7 (Fe) —> T (/) —; Hepn)
F Efa) &4l

Jqec | 0(2) € T'[Q/Hfflj/fm) )

Noe that %L (*eta)) = bty so LTUR/em) HA) < Bfeqm), Say qeC and O(1) = b+t(a). Ther @ra)e L (%eim g
ff . tere s seb(@) sl b—s ¢ ?'{R/fmj]J re. “7(b-s) € %/¢(n). MW b—seh, 5o se t(k) and hene 7(s)e E(4).

Thw 7 [b)e & @) Hene hetuo icfogls are the sqme  Tf 7ecC T Fuot maps g F= bt €(4) and thenh 7(b)e FL/HA])

and thendo F [ 7(b)) — 50 o &5 f[’?[@(g)}}_ So 15 e recond wnap-



LEMIMA T @ eF then G+ A eF [Duh./ n+ E’[ﬁ);zj

PROOF s 1s fhe previows Jemmawdh o: A—— A/LA) canpnical, .

The canonical movphism A — AHA) e identry, Hene Ar s a nng. The cibove also shows thaf
Mg 1s an Ax-module. For each howomoyohism f.“}— 3 N 1n Hod-A one jeh the indued movphism

/'A M/L’(M) ™ FIt 15 eany bo see Thak
R \ A -ff'p fsc\muvphl«fm of
/\(‘\ b Ax wmod,uieoJ

- ) N

whh we dendle by Sx: Mz —— N There are canonical homophisms Y, + M —— My of A-modules ,
wheve %(ﬂ) 5 dehined b be 4 — /) dehned bl] br— o+ L’[M_) :

Va(=)E) = %0+ Elr)

s 15 obtamed fom the ifommohifm:, and moyohsms, 01[

7 kk—;” Homﬁ([;‘/”) = Mz = HDM,&(A; iW(’FJ) —3 ,‘_'._WJ}HDFHA (Ft, ?'1(,:])
n

M 2% Homg (4 M)

A=l A—> M H',':
@) ar—— xa ces e D b’_—%:ﬁg(xb)jj'hmt!f ; 1§ - H/[T
d—s x(bd) lim Homa (7, "/EM))

Fhe bubbles 9o up+o Lt Homp (4, M%) ) Then notie that b= Yo (xb) (learly) how A image m fie image of 4,
hene A——M(z) — (loleer foy = 0, and we. factor -quwdh M) @ br—> xb + E(r1) . Hene, nally,

X 15 fahento A ——>M/Lm) defmed by br— xb+ &(M), o Vo ()(b) = xb+ M), w daivned. Vi 1s ckar{y
@ monpism of quoups, and f xe /7, aehy then Yra(x): A —— M), and of of: A— A denclea o+ ab, then
Fra(x)-a 5 the omposte 44— M/E(H), b abi—s W (x)(ab) = x- (ab)+ £(r7) =(xq) btt(H)
= Y (ax)(b) - Heme oy 15 alo amoyohism of A-modules

Tn parheulay, V4 A——Ax 15 « moyphsm of groups, and1f a,lbe A Hhen
Valab): A—— Al cr—s (o) + HA)

and Ta(a): A ——Meth), Yo (b) : A—— Ae(a), then Vi (a) Y4 (b) 15

s Ya(t)(e) = et E(A) > Ya(a) (k)
= A(be) A
= (@b)c+HA)

e — 44/{_(;}) — ep

and 50 Y 1 a naonphism of rngs (cf@ﬂw’j Y l1)(b) = b+ H(#) 1 e ldenﬁ-;b).

f-’lenmwehuveq —,Q(mc*br Mod - A > Mod -4+ debnecl bj’ i[ﬁ-f}f—‘/“/¢ and Z.[ﬂa}':f?, T4 s cleav Hhat
Cull-—_'—. J, and Hhat Z(fjj _:-z[f)z/?} 5o cL- 15 indeed a func—}or‘. Mole Fhaf ﬁr 7[-6 Hﬁmﬁ( n)r\l)} and x : a——3H/eA) €M’T—,

7+ Mty — M (n)

Lo V) L (D) = Flx(@)

Nole alsothal 7= 1s a mogphism of T A—imodule shuctures, sina

S () (b) = F( (W) = Fx(ob))
= (2(x)- a)(b)



Bl jfe Howma (@NJ Here 15 o wommuithve dragmm

£
M—2 N (%)@ = L (%))
= f(’%(ﬂ(b)ﬁ
I3 "t = J(b+t(n))
= f(xb) +E(V)
My — M = Fl)b+ (V)
= Y (#1=)) (b)

7f
= (Y F](H)
which means that ¥: 1 —> %—i & natural, where ¥ : Mod-Ar — Hed-4 s %nge%/u}'.

LEMOA  Focan A-module M, KeeViy = E(M).
_PEQ.F SMPPUJE ym{x) =B — then ﬁr all b&A/ xbé &(H) In PGV—J‘.‘CHIQY b:f j:m xe[-(h')_ Ome?WF—!y; ,F

s & E(M) then Annfx)e F. Sine [or beA
(an(;():ln) —_ {QEA( bae/’rnn(z)}

= fﬁE—pf! suba=0} = Ann(xb)

for each be A, Ann (xh)eE and henwe xbe E(M) —thw Ye(x) =0 .

LEMMA LY I xe Py 15 reprsente | blj 3 —> M) with 2 eF Hhen the éw«gram

n—sA

;l lp

~M ——3 M¥
Hry Yy

commula, where ﬁ(a]: xq and ¥y : M— Mg mduces 5 "D'j 7he prexiows [ emma

PROOF | o4 AER, and suppose F(a)=m+E(H). Then %(?(a]): A——T/tM), br—s mb+ (M) = F(o)b-
Also, g is e wmipunle (a:a) — r— M/é—(f'l)) bf—a?("b):j[“)b-ﬁe’%’z the fuwo are f?qm'-ﬂ

LEMMALS (oker¥q 1s an F-Horsion moclule (00 an A-wnoclule)

PROOF Obviow, becawe Coker ¥ = N”Vmwﬁ, and f xeHxz s represented b'j &0 — YE(M), then
for aeA, Ta: (a-a) —™Mem), b3 F(a)b s '}VH(::)[(R:GJ where §/a) = s 4 Hr) Fleaz n Loker Y,

Fa=0 — 5o Aun(3)=AeF and Goher ¥ 10 F ~horson.

LEMMA Hs F—hwon . Mg = 0.

PROOF Recall that ao an A-module, TH= 15 somoyphic fo [”/é—[n))(;n:)J so Mz =0 . [M/f/”J)(FJ =0, s uff.
s F-Jorsion. But €15 a radical; so f(ﬁ/ﬁ"f”}) =0. Hene I'7= M) H. (F"-’/H,—,)J;; T = foesion .

ey
g F-forson . HE= =00

Hene 1 1s



We wish o ave @ chavactensedion of those A—miodulen which may be wnsiclered an vvdules of auohends
with vespecs o 7 (similar 4o e chamdensaton of modules of fractons n Fop I - 37). Fou s puipare. we

intwduce : .
DEFINITION  An A-module M s F=closed (reap F=mjechve ) of he camvnical homomoyolusims

1M 2= Homa(41r1) ——> Hom , (a, M) MO :

(s }_F,A!Jj.fn_‘. A |

are ssomoyphisms  (vegp. epimoyphisms) or all A€

Sime  Homp (4 H)—= Homa (a,M) s a monomoyphum S HotxeM, aentr— xa is not e zero .
moyohism, which s .ﬂ g Ani) dxeM\D, a module M 15 F - clojed ﬁ Ay F—dorsion—free and jC-m/ecﬁVE.
Inths cane, Yiq: H—— MF s an isopmoyphism of A—wnodules : we lenow Hhal Y 1s he composthon of e

canenical morphisivs
™ > M(m -—")MHDWIA[Q/H('FJl ——”—‘——‘-”7:

£ s F —closed, Hien TM—— Mz) 15 aer 1somoypohism (1F1s ”’j”’tWE Ste Tfogion—vee = HM) = Ker I —3T7 71 =0

and s nbwow»lj suvfechive ).

No. Tuot do f mqﬁqaf{(f: of V()= 0, they Yaed, % (x)(a) = xa + HH) = ©. _‘Inpqrﬁcw'ar a=| gwen
EM)=0C,s0x=0. T see Fn i5 an efv‘movphnmj ko= —s H/{’[’“\') be

xet(r). Bﬂfiyao.mmpa‘wn
Mm ME. Sine Io:j onsumphon L—(N):O) we can find A—— M exdencling «, as rec!uwed_ Convewely, evey mudule
of qwuhemh M+ s Fclosed (avic 15 therefore s own sodule of c[%;#en}r)

w Mz s an F-elosed A'mﬂq'ule jq:vre\reuj Aemuodule M.

PROOF 75 show /M is forsion-free, i+ cufhies Fo show that £ 1M s doron-free, fhen so s alie M. Suapore o € MrE)
ciel rh=0 —f;r {jé'? Let x be mpf@?ﬂf?d I'Dj £ o—> M. Ej Lemma . Ly +here 15 a wmmm’b’f"lvf dt ajyum

> A

"
?J lp’ }9(4]—*10\
M

S
I (

50 ij 55 zew whenreomcred v aNbe T Bl Frisa Monvvnogohisi, sine by mumj’hﬂ“ M s fouston~free,,

and hene Fanb=0. Hene x =0

> M wih aeF Then sine

Next, we shpw that Mo s 7-_~lrj‘ec'fue. Suppese we aire given f’- a
loberVWia 15 a Forsiomaciule Lj/ Lemma 1.5, we mdun g: b—M/t(m) , beF, ma}amff He d'tlgmm

5 A

Tk

0 — Me(r) — Mg ——— Cokar ¥g —— ©

tommule. Sinw by Lemma 1.4 Hhe chagam

5 [
9 J' l)" l"(q):-' jq
”/Hr'r)')iv: Mr

tormmaled, we cee Haalk b resck +ojwe 7[ waing The %//ow,uy Lemma



LEIMTA L (et hcm be vght 1deals w F and 77 a forsion—free wiodule. Suppose f ancl g are homomorphisms
R — M such that f/b:g[lg, Tnemf:j,

fﬁ_@f SM"'E?(“Wd are ECIUGIUH b/ their clifference fﬁj /s Zew oh b 74 st fo prove that f h a— M,

]/l}h'r—"-O,‘l’hGV\ h=o0.To PLove -f’.’msj led aem. Then (b:q)&"-}:i and h(q) (b=ﬂ)‘—'0,. st for 16(13-'51)/
h{a)a = h(ax) = 0, sin= axel. Hene Ann(h(a)) = (h:a)eF 0 Am (hla)leF, and sy I s
Fovsion—free, h(a)=0. (]

So wre hau"@ Shown:

o If M '?:—Cforec},, then % : M ——5 & s an isomowphism of A-woclules
o Far anj A-wiodule T, x5 an T = clorec) A—mochile.

Nofe also that fe A-miodule shuckiwe on Mo (\»}nch Is Ej def™ 4he A-module sruchure on {H/‘:{”)j [’.EIE is the same
an the A—modlule sMc-#qu:wﬂ bj Va:A— A%, srne f ae A, The Frotmethod guer for ¥t i — ™/e(r1) the reoult

(w-a)— & — My lo —> F(a)bo

and'l"hfjé'condj whieh i I'%("Oi Is

s

e — ? abe E(#)
B () — Y — ey b brER) > S (cbetR)

now, clearly ([1:6\) < T’A{qj“'('&/ﬁﬂ)), and for be(a:a), ?(ab}r&[ﬁ\\ = Flab) = F/a)b. Hone Fhe A-wodule

chuchuve, are Hhe same.

Lef NJN be F-closed, and supporse fe HDM#(H,N)- Then 7 [MTr ——= NF 5 wmgue in Hom gz(117, Nz) wih

£
>N

M —
YN g\z = W

Ihp ——=—<% Ng
T

ommutes (@ dﬁajmm of A—modules ancl A- hvear mw;ahunu)_ This 5 obveoww sinie an aﬁtna—}wn} fq: = ’}‘j\,j‘ ’ny——r_
Nowj lef q:M% INF be a moyphiym of Ar —modules. Let g/ = ’)VN"S’}DH M —a N *'H’JGV}J ‘e Homea (M) |
Bt sine j’q.- = "ff\;j"‘/’ﬂ" = ')f\,%"j”}/',_,')(',r"—_: 9, H follows that 9= 9'z- Henw the funchor

e Mod - (AF) > Mod-Ar  J(M) =M% j(#)=1z

fWWI %ed&"” 5(41765449500’\:’ rjld"' (.fq'J'F) of H_ELCI“A wn:lj‘f?y] Df The T-—:,,l'a—_rec! mgd,,(}eg} o M,—Aj:/ 5 76.” I+'I5 a{sb
Feedirful, s 1F L= =9F, Yaf Yn~'=Yag ¥ sof = G (One could aflempt +o claim thal | s alo chehinct on ul?}‘ac{s,
Sine this wall depewcf en the chore =f diyeet [rm,»}—/ delails =’f’fﬁ"mlﬂjl equiv. clanes, ede. L s ot e fy 1ys+tve4)-'-1h¢j )

Suppose MHe f_@g’—ﬂ and hene T+ € Mod- A~ 93 Prop 1.8 FF Is an F~closed A—wmodule. Hene M= & Hed - (AF).

We claim J(H‘F)% M‘F We hhow V”'F o i P— (f‘(-p)q: -—_‘7“\{7—;) o oan [jgmt)'/;ahlrm of A—moclul{yjl s
AN isomoyplism of A -modules (See next Paaa),



Lef Votn + [T (Te)z and xe e, acAr be mprosented by F:bi— M /i) and
r&lpechw!j.'meﬂ

xa: o' () > 5fuga
br—— F( (b))

A o— A/ e(A)

~

Yrrp (n0) : g — "% ei11e) = TIE

< — (aa)c

J
(%7 ¥egm) - C) R of"'(”/em)) s P

dt—> cd — ?(G{[cd))

and also
me,:(fl - A ) M7
¢ ——s xc
i}
(h:‘:) ] k —_— f\'f/e,[ﬁ]
d — cd — 3 (ed)
7;‘1‘?(1]'0( é m

a—s AL —

bi—— (o) 7/’;:};3 (b))

We show ’}UM'-;:()MJ = V= (x)-a éy JhMI{ﬂj ﬂuy agree on L For, let ce ®. Then f o (c) = J& E(A), we ree
+nat [}J'-'j) = (”‘"['&/P(AJ) . 5), e f jjeh? dlcy)= af(f.)j == jjd’i’[ﬂ-] 6-):5/}:(4), e must s how

Yoz (xa) () = (¥r= =)-a)() -
(ji_q)c'. (e{—} (h/Hfﬂ) :c.) SRS H/HH)
m (o({c)> = Yo (0 = 29+ (h:9) — "/em),

For 2e(6:9), [ (a)cf(2) = F(4(c2)) = 3( gereid)) =5l
§ 29 1(=) = 3g2)
hene we have shown+hat Wz 15 a movphism of Ax —modules, Penw
PROPOSTTION T77e _fumcv[vvj: Mod - (4,F) — NMod=Ax Jefmed by
J =nx  jif)=f

15 full ) Fourthdu] and heue defnes an equnalence with the full subcalegony of IMod - A=
bonn.n('mj of Mg for Me Mod-4.



We let Hodﬂmﬂ-”) dlencle e ful Jubmﬁ:go;y of Hod-A consishng of Ficloec) modlalen, and call d the qu,oﬁenf Cm(?j%(
of [",’ac‘f_:/_] wih respecl o F. IV'FVCIC:"!L& we will wanally ot inake any dishncton befupeen #4is m#ﬁow and e

cateqory of AF ~toclukes of Hhe forin M. TH s importal +o_nohie that wuith Hus conventon, evew A-lineay mop

Jaevg/een A ~closed modules 1 am‘wrm‘ua//y Az Aneav. There are a aumber of nferesting fun cors
1

R e —— Y L

\\______/ =
\ > /
2 tod - J

#*
(47)
Y. s the 7%*39%/ Sunclor
Y}k s M— M S4 H‘T:
(7/ 15 M — Mg
v s e mclwion Functor
A s e functor Mir— M
g e defned eavher.

We "’Lfmcdﬂ know Hhat V¥ — Vi, we have jq% (PrisHhe vonlent ot He preiw page) and © = %j
(Om e othev hond, 1a = LL =V, q...no) We pwre clmech Hhat g left exad. Lef

5
[omeip a3}

o

=
> M

be exad m Mod-A. T+ s nothavd o see Hhot g(0)=0 and g preseve MOopLLs. We omiled Mewﬁon}hj li‘eqi;ljev:, but

N
N ——— Ni#)

oL J( J L (=)

HI ———— Hfﬁ;)
M/

wmmuler. Hene considev Tne fuﬂowmj dtaﬁmm, where oce N 15 vepresented by 3+ b—— N,

<

4
M) ——— Mem)

X

A
\E/h \§5 [\f/’&[”)
7

!

d’ y
A

MVE[H’] = ju]f('r»)

I Nir)

Singe i("w‘) = 4(o)=0, and g (A) s monic, ewe neecl only show Fhat (5)(z) =0 impher x & Tmg (). If
2 (x)(x) = 0, then +heve 1s [€F, rckh, 1. Yeel, &F(c)=0. Wing -r"w;b{m;%a}’l_; /eﬁ;xm}, ._;07% .
: s C SR sen it h I7er). As woual, 775 Means
0 —3 My — MiF) 2 ') wexack,  — b yN/e(v) — Mg Factos ey
Fhere 15 ¢i& csl dd—or— I’f(f;):ﬁmcbrs ‘fhwajh M/E(H) — H ). Using e fact that Mie(w) —ﬁN/'F—J‘iIJ nf?;m(/
fhus implies that o —> M/EH ) - ANy = d —> [ — by oy A Henee Xe:fm‘z (7'}/ ahel 9,
feff exacl.



Petine a mapping //L ‘M X Ae —> T2 for each A-madule 11 Ej
M) = Yax)e

s s bilipear m A sine /,«(:cﬁt’jg): %,{x;»:cf)ri =1 (2)-9 + W (2)g ) simglmlj /A (%, 9+9) ——:/.&[xﬂ)}/u [gr/e[c)jm,d

M(x-ayq) = Y (xa)q :(7?7[")"‘)'1 :,}V”[x)"{qw’("”) = 'ﬁf(‘)'fﬂ“?f):/”(’(/‘f"ﬂ

which tave indyes Dy« M ®@4 A —— M, GOml(ze 2) = Y (x) g. Tms 15 a moyhism of Ax—medule),
S hee

@ ( (“@%\q)—; Om (% @ch}
= Yy (x) (12)
=(“}’M(’CJ-‘Z)’“

T4 15 dso wa‘iuml m M= Juppw oM >N 5 a moy;r)hljm of A—moclvlks -
j ®
M @4 Az " ot

L & | 9 )

N @shAr — 5 Ny
B

For x@rief’f@g Ar, ®Bm (@)l T ‘1'—"\”“’%(3’, Fe): A——3/Em) e Yylx)g ¥

——~—

¥ (2]

> Vi) > e (n)

78

and 9]/(*)@?«[1 ®1) ¥ @ —> Fffem} — ) — N/ﬁ-[;v), On the othewv hancl

KJ{"‘(”‘)) %
Oﬂocf% (")) q
= 4 («)( Palx] ’L)

OplC) @)

I

an reduured. In many JMPoVJ‘nnf cones - Fus ot hat @ 15 a nataral equrvalene @YY — 9, and Fhen The nghf
ex ceringns of 9 follous Aom fhe wah*equ—m; of ¥ . (Hhis will e discwared 1 Chap. XT) 14, cny care there (s alwoys

a commm(m(w? Cffqy"‘?m
M ®asAr

M/
el /®”

M=

w a s a leff ag]’om}nf <.
@.’C LJ-M@@.—A‘ aiﬂ]d N be /zz:doféd, J%f&”y W'ﬂ—ﬁ/\le HWA[@N) e cf{C{?}’ﬂm

M—T" ot

< | l-a)

N_———'-'.—__
¥, Nz




and heute ere 5 flg — N sd. H—Me —5 N=M—S N To show nnIgUenes, conridev-the exach requence

0 —>Mt(n) — Mp —— loka'Yy —> O

which mdues

0 —> Hom({ toleer Y, N) —— Hom (Mg N) — Hom[”/g[ﬁj) N)

where thie fint ferm 5 zevo sinte Coker W, 15 cdorsion-module. Se Hom["’/f(h’}j NJ = Horn(ﬂj N ) s shows~haf

HDM[I'I';J N)— Hom (M~ ) 15 ponic. Heng Y s e wnit of anclpunchon 7 — 1 Jo show ;:) a we show thal for

N — N, The d""jmm

BT
V|

My —— nE
a () N

Lo ks But fais sknawn.g

T+ will be shown w Fhe followwmq chapler that He qu,m%emL ::a'}e"jovj Mod - (4,F) 1s vew wfl'.'—behﬂv\?q; mfack 4 s«
GroThendiecle ‘a"ej‘wy. alﬂnmﬁ the nclugign Functor s pot e xack mj'é‘h@l@d_

EAAMPLES

2. &‘jﬂiﬁ@lé Lel § he at mal-h}:'hcahwy closed subret of A aomfrf?wj of men—zew- divisors. Assitvne
S sahshies Mﬁenemhrea’ Ore conclifon 51

§4 = gen se S and ac A, there 5tes, beA ol sb—at

The “nng of Frachons ALs™") then exisk (Chap I, Prop 1-4 ) and the family F of vght idedls mteveching S = 4
Galovel hpulo&jf&'zamp/e VT.6.1) Let M be amedue —we will show that Mz = M[e-'] . Define

/é: HZS"J — 1z

by sefhn /é(:f 5)sA—> M) s > ok Hr). s me i well—defmed becae s s « non—zewo
q j 4 ¢4 ﬂ !
divisor, and f (7s) _—-(:555")) say gdeh ] 2c=x'd and sc =s'de S, then on schA =sdBH < sAM A,

() (M) = (£d)-ax E(n)
= (xc)- a4 E(R)
= % (ca) +t(r1)

o agar unikg e fact-that S consich of non—zews dvsors To ree that F be scA, JaeA sd b=sca and b-s'da.
Heneo /é u well-defined. TF 15 a monphsm of A-modules, e for (3) € M[ =] and Ze A,

(z5)-(21) = (xc,u) uwhere SC=Zu, Ues

hence  F(Cxs)-2)= dlxze,u) - ua

> kM), ua i—> (xe)a+ () Wheveas g (xs)-2 1s The compante
(38:2) ——> sA — i)

but zu=sce sd, 50 uh< (5/3"2), cund D(x)s5) z taher 4a —> 240 = sca > x(ea)+E(M) = (oc)a+{).
Hevie, ?(R’;SJ'Z — 9{{(1;5}~2)). auael /Gf Ir a woyphum of A—odules.

To see Thal }?5 is m\j“‘}”"é’, supPore ﬁ/:r,;]ﬂgf/y, L) Then there 15 zA < sANLA, say == 50= Eal, 54,
For all be 4, x(ab)+ (1) = x (atb) +Hn ) In pavheylary xa ««xqu,,{-[mj)ﬂrﬁ/;% 5 e S with
Z (an) = x(a'u). fuf fhenalie  squ = o', anel saq e S — so by def™ (x,5) = (4 t).

IF zeME i vepreseriled by §: B——=TVef, leb ne SNk, sox =TF)s (aAeF mvally ) ancl
Floa: ub— H/&[M} 15 equatd 7o B m,u) where F(u)=wm+ (1) Hente ;25 15 an 1semoyphsm of A-modules.



When M= A, /¢5~‘ A5 5 A be comes ot mophism of riigs (which s an 1somoyphism swmee i 1s faU'e(waJ.
The ey | Af5~] s (1), mapped o B(41) - A—— AJeld), br—>lot E(#], which s | e Ag. For
(7«',5]) (y,€)e /}[g-’]J Jef sc=yu, ues.Then (;(),SJ(U/}') = (¢, fu
o —> (zc)a+ E(A). lonvenely, Bla;s)Ployt) e LompogHon

=) g 5}4—
Plut) ( A/&m) — ) i Jeta)

) artel 55(191%{) s A —> AJE(A) s Ul\feﬂ ]Dj

bt EuA e GlyH) | 54/&[,4))} and for aeA e aboye vomposte waps A f—> yuat E(Al = scar E(A) > x(ca) +E(R).
Hence }ﬁ 5o Hnj moqoh.'.m?.



2. - Ivjecrhm Envelopes

In Example V.2.3 we saw that the module of frachwons of q dorrion—free module Il can be canonually embedded

@ a submodule of the mjechve envelope E(M) of /M, namely M = {:M’&E[H} ] (M:=x)NS # ;5] e
will now see ot the same ‘}1‘?!6’]3 holdsor wiodules of guohents with respectfo o Gabnel topelegy F, and hat
ITE ﬁr an F —forsion free mocdule M can be 1n+eyp,,g}cd aa an UF - miechire envelope v of M Kecall that HMJ
dencks the filfer- of-open submodulen =f 17 in #he F—topology, re- the submodules L of M for which /L 15 an
F—torsion module (Chap VI . §54).

FROPOSTTION 2.1 - following onpe?)’lcﬁ of & module E are equivalent -

(=) E T—:rjec%w_

() I M 15 & module and L e (M), then evew imorphism L—E may be
extended o o mMoyphism M5 =

IPROOF ()= (b) Let LeF(H) and ﬂ:/_'ﬂE Iaejwﬁn Tn the woual way (ef. Prop T. £.5) we wiay assume
HhatHhere s amaximal extension BiL'—E of fwhere [ < ’c M Then also L'eF (M) b .
Suppose there exists xe M such thot x& 1" Puta = (17x) € F and let of 0t —3E be Hhe hamomovph)sm
«(a) :fgf(xq) _Bj (a) we can e xtend o o 4, Le. thers exisk ye E such That o (a) =ya. We may Hoen
define 7. 174 x4 5 E a Ufz+xa)= B'z)+Ya. This is well=defned sine f z+xa=2'+xa’
Fhen R~z2'= zfa’- a‘)J S0 /g'[z} = g(=21) ;F’(x(q!_a}) = A(a')~ ,,;(q)):_jp.'._jq"ﬂnen Y exlends
;‘gj which 5 a vonhadichuon .

[k’)-——)[ca) i oleviows since FlA) =T n

DEFINITION An ’?:jlrlyecﬁve envelope of /1 ¥ ap easenhal monomorphism M——>E sd. E i Trmj'ec-hue and

MeF/E).
An f,}:'—IijeﬁLLUe envelope of 177 15 unigue upto 1somonphism - .

PROPOSITION 2.3 T &:C——E and of.c — 5/ are T~ injectwe envelopes of C, then Fhere 1s an tromoneh
V:E—E st VY=o

P_@o_F Smte CG'T‘[EJ/ )33 PVDP 2 e mopmsm o« can be exlencled 4o ?_/!E—B‘E/s.l- \Zg(':o{") and ¥ 15
escental bj Lermima 2.1 of Chap V. (Y 15 monic s Kev' /] Ima = Rer d = Kevet!= 0, heng sine & 15 \
eysenthal, Kevf =0) . Sine Ima'e F(E') and TMY 2 Im« I:nq‘(gf]/—'(sf), Hen (oy ¥e wucl argwment,
but wing Prop2.l, ¥ sphfs and hena simce Y 15 eenhal, ImY'=E’ and ¥ ¢ anremoiphiem.

We wi\l dence the rF-lvjec-]wxwe envelope oF M by Ex(M). TH am of coube be imbedeled in ElH), and os a subimodule

of E(M) & can he Jeocmbec! mm%a//uwmj wicmner (which also eotublishes the existenie of fF(M)J
PROPOS TN 2.2 Ep (1) = { xe £(M) | (r:x)eF]

PROOE Sip (M +y) = (r12x)N (1Y) and (M:x-a)= ((M:x):0) g7 = {xeE(M) | (M:x)eF}
5o submodule of E(), and Me F(E7). T1e tncluoien I—> £7 15 alo Frally essenthal,
S 1 (s enserrhal E(”J.(Nc'f'ltu 4 EE(M) s fF”‘*"—"VJ‘m"; 30 FW\W("J] = (Hfj) ae| A"W\(‘-})é'ﬁ, ’hﬂ&\jeE j). I+ un[lﬂ
remains o show that £/5 Finjechve. Supposre we are gven o :a—> E/ with Qe F . o may n any «tae
be extencled 4o a nioiyehism /?,»A—u——a E(!TJ,, So we jﬂ‘a rommutorhve A\C\g\rﬂm

() 5y & > A s — 0
Lo

0— E'—gM)——EMIE— 0o

Lo

O — EfH — ey — EM ' —0



f Y40 #hen E(M)/E' contams « nonzewo ~forsion submedule, and fum the lowert vow we see that +his
conhradicks fhe fuck that E 15 the maximal submodule of E (1) vordaining Maran F-vpen sulopmodule.

More pv‘ec\sel\\j) [ e EfM) /B s no/]zew~"}br3‘{aﬂ) say @ =(g"x)eF then ’fbr all aeQ@, xae e’
veens (P"i. 7 R_G\)ET — bl.d' [["ln‘ . xg) ::gﬂ‘._jc) :q)f and hene (Oj _nb [r’f-'xj (:’(}: and xekE I a UDWMCI!CJ‘LD"?_
Henw ¥ = 0, and £ achully maps A Ik £/,



3. Rahonal complehon

For a gven module M we lel "F,: devole the fhongeﬁ Gabnel fopolo y on A for whieh ™M is Jorsion -foee
(Example VI. 6.4) TF s the liabnel +opelogy conmpending +o fhe Zemd:hgﬂj Fori0n Meoy wjenemled hy E(r),



4. The canonical fopology

For a quen module M we et TMJ' dencte the Gabuel —}—ojﬂoloﬁj wmponchnﬂ o the heredifary Fowion ‘}fneortf
woenerated by E(M) @ E(E(M)/y) (s s n=1m Example VI.6.4)

PROPOSITION 2.15 ?:fjr 15 e J%ngwf Gabrel +opology F for which 171 )s F—losed.

@F TF M s Q“—‘»njecﬁwe, then cevtanly ITEF(M) and In 1 epsenhal, so sine faj Prop 2.2 E (M) 15 anether
?'”:Ijedwe envelope, we gef an 1somonphisn Y :M——> Ex(M) s 4.

[ —— E'—— E(M)

\/

commules. Hene H= E&(M) m E(M), ancl henwe E(r1) f1 15 F-Fossion free. Convenely, \f 5[”)/‘// 15 F —foision
Free, | ze Ex(r) then (r?:x)c—q-j whene o+ 1 1s Jorsion m E(”)/M) So 2EM. Hepe M 15 T —injectwe.

It F isa Gabnel %po!bgj{—“or winch M s F—closed, equi V. F —erswon -free and ’?i»ng]‘ecjfwe; Hhen = (M)
and E(M) /M are both Yorion—free, henwe so 15 £(r) SUEM) ). Hene F'< Fly . Hend if enly remains

o show Hab ™k Fh —clored — bub sine the Jorsion —fvee dows 15 clard uncler subobjech, both E(M), E(M)4n
are forgio n ‘f\fq’; o 7 nr’F,,’,— clored . I

fr] quhcu[qyg Mhpo]ojj {FJ}, 5 Cd”fd ‘H& Cq“"”*‘al’f'of’ﬂ’gfj on Jq, aﬂd ﬁ’u—H’lLV) 'ﬂ‘\e .ﬂlmngwjl' aa[&mef'}‘t‘pmfo on A
for whidh A ¢ e oum vihg of guohent. "



NOTE lof F be a Cuabrel %opu]ogn on A T ae (]—j we hink of aE® avan amdw  q: A —3A
Heve our PVEOI’JEQUI% am_jcuwc}ors r::ﬂﬂf’_% ﬂL-’ (1-9- l’{jH‘ A- muduiu). -

Recull fhat fora general small cq}Ejog G and Ce8, a gleve on € s a subobjec of He m _Te:};eui acldbue
B P_ﬂo_ﬁvp Ha s e ving A wnsidered an a r1ght A—Vnudvlj. and subebieds of Ha- are gt ideals. A Gwthendiech

/

J".PD"“j on E=A ,;—fmopmwejj a Gabwgl'*r'npofo:ﬁ, Lel meF (fiak 15, @ 15 a collezhonod awons which

cover® /). A'mm‘i'l'.hi\’\a 1[:6'“’"3:[ on OL for et imodule = sonsish of e FA)=M preah aenr, suh that

for ang be A, x,bo = x,, . As waual, Hluse ave precisely module monehums Homy (a, 1), An amq{jama}wn
5 e M sd o :'_{q) all ae™. Tn Par:}'zw[[mo led be & //—/o}go/?gj l:F 5'62 (7—')) Then (S} s T (AVEY —
ek A ncdule” A — e cloim §:6) —>A, B (sq) =@ 5 mafdng famly (acume s reqular ). Hlence F

A v an T-shef [1c F-cloed ) @& heo o amﬂfjamaﬁon s‘e A s, s’ (sa)= q, ae . In povheulay, 55 1
So dhere 15 aconnechon coth novmal loc alsateon. T plws - consfichon can be thought o an "“f[fom”n‘j imveres”.



CHHWERX . THE CATEGORY OF MODULES OF QUOTIENTS

PROPOSITION 1.4 [ef G be a Guivaud Subcafegond of . An on'ﬁecl" Cot & i aﬂ'ec}we H.
{[C) 1 IYU'\‘ECJ'IW in A

PROOF  Since © presewed mionics, it 1s cleavthat f C s mjectwe in o, then C s mufe:c%u“e alem G

Suppore oonvwe(jr thaf C 1 Hg[@cfwe m G Let there bé‘j’l"ﬁ’” a vonowio yohisi) V& B—33"'m &
and ¥: B——>C. Then ¥ induwr a(B) 5 C which way be exdendec in B +o c mogphism

a(R!) — C. The conppased wophism B'—s a(B') —'C Fhen extencls ¥, n

I—f g 15 a CﬂVﬁMC' _subcg-{'efjonj :),L lﬁ'} qan Q- g—ﬁu@" K ‘ﬂz,q_ }QJL;“ a@'gmil -}QMMJWJ‘DH}. ﬂqen l,uewn.rid?.lf Mf.?e
clons T of nl‘U‘e(_% Bof & for which a(B) =0, anel alss the clans 5 of DbJ‘?ch 5of ﬁ—ﬁr which the r’l:jpffc%wh
B — 1aB 15 a monomoyshism. (Nahe { o =ned-4,7 =1vd _(AJ?) Hen e(F)=Mp w0 f. i Ftonon, and

H— iarM =Wy 15 monic i 1715 F—Jougontree ).

PROPOSTION /.3 (<7 F) i « hen'ch}arj orscion 'fheory Jor .

PROOF  Erom fhe exadngss of @ i Lollows inmmediakely thad T s desed under Mboly‘ec—hj qushent Dl'-:!'ach

ane extensions. Stne a has a rlghl-afy'om}, z,orwew& ropwduck, and hene 15 closed ancler
coproducts. T i #hun a hemdﬁay Jorsion tlaos.

L’fear/j Hom (7; (=0 Soc T and CGE} anel 1F ';3”0\405 that Hom (T, F) = O for TeJ and FeF.
Convenely, f B i an objec] such #hat Hom (T, B) = O for all Te T, thery BE'F became e kemel of

B— 1aR belongs +o J. (51me we may aosume for CeB, aC = ¢, and C—szaC s lc.). O

Lot wl iow J’PECMIIUE o the cape e hen lﬁls e ca*eﬂafy of ﬂj]ﬂ" meclules over « ””ﬂ A Let F be a aabnei—.’npulogj
on A,

THEOREM -6 [od - (4,F) 15 a Ciraud mbca%egmj of Mod-A

PROOF  Tf was pwved in P IX. ) || #hat Mod = (4,F) 15 a reflechve !uécqﬁﬁo of Mod-A (TF i alro
veplete). T4 only vemains fo show that o presenes kevnels. But g Mod-A ——5 Mod -Ax 5 left exad,

anis Yo : 170 =Ax — Mod - A. Smce za = Vi 9, 1 follows that of
O—aM——N—17

i exact in A, Then
0 —saM——saN—alM’

15 st image undev 2 15 exad. Henw o presewes kemels. 1

Mod-(4,F| 1 s a Grothendied- ccrf'egm«j , and the funcfor a i Mod-A — {od - (4,F) i exack. E’j Prop I-4 -
PROPOSITION 17 Ay T ~closed medle 15 am ;w'eflmr_: object i 1od ~(4,F) 1f and only f 1T 5 mjectwe 15 [Tod-4.

PROPOSITION -9 [ f o, wjechwe 1nodule E cogenerale theosion Iheony cwasocicded 4o F. £ 15 Then an inechwe
&Ojenrpﬂ'l(or‘ﬁr M'/A;’F .

PROOF Sine Mjec"’we = T —ipjechpe and E 5 F~ocson—free, E € Iod~(4F) pyac] 15 /;Laj'.ecﬁm*e thers. Th i
—  a coj‘emem’bfﬂﬁw Homﬂod—m,r) (M, E) = Homallr1, E)# 0 #r evewy F—clored module M% 0.



7. Gabriel Toﬂo:jmn anc] Givaud| Subccﬁea@

To each Gabuel Fopology F on d \ing A we have ortociated e Coraud subcategory Mod —(A,F) of Mod - A.
We will piew show that evey (nroud rmeerjoM o Hod-A avisey in this way.

THEDREM 2.] Theve. 15 ¢ bijectuse wwpoﬂdeﬁm betueen Galwel %Poluglm on A and /\cp/eii? Givaud Jubcafegon‘w
af’ﬂgd'/}l qiven b‘j
'7-'

Gidonel opelogyen C) Ciraud subeakgomns Hod -4

[t

T(F) = Eg_cl:[/f, FJ
B(P, a:Mod-A —P)= Z‘ m/a[A/ﬁ,J.—_D}

PROOF We have seenfhat Mod = (A, F) salivand subea ow) of fod-A and s replefe. Lonvenely, i o and
& replele Greriue J’Ml’éﬂblﬁjoy of A, uued'vw} saw how ’j:{B} a(B) aD} sa hemain"ay Jousion claas,
Wh{;kpwg}qm e jpe.cqued Clalw:e_l—)opalow f:vj Prp YT, 4.2, We h ave o uemfj that there fuo mepes

dre 1InVene.
HF 15 Gabrel Jopology then &T'(F] =T gnee
BT (F) = ] a(#a) =0}
= 2; w | Al s ’]:—-}-omon}
= {n| Ybeh, (n:b)eF]
=F

Convenely, Jef P be o replele, Curaud subcategony of Hod-A with mcluawn 77 and a’—1 77, Lef
F= B(®) - { = | a’(Ha)=0]

and lef v:Mod=(4,F) —1od-A and a—+ 1. We hare o show that & = Mod~ (4 F) Fuotly we show
that & < Mod - (4, F) bj' showning that De P F-closed. Indeed, REF, +hen a' (Afa)=0 and sin a’
" exact,

> Ala

>0 —>0

o—un—A >0

0—ia'n=— a4

wefue a'n = a'A But Hen, wnsicleving

e > A
1;/(4'5(. i;'af/j ™~

we ealy see that D i 1. Homa( 4 0) EHOW}A(F{/D)J wing fhe uniquenes /awpevha: of Mo umb of '—i<”
Henw D¢ Mod~(4,F). Toseethaf Mod —(4,7) ¢ TP, we fiut need fo show that f F 15 an A—mociule, (1) =
Ke{M —siam) Lef ¢« 1 314’ M be canonical — for xel let A ——11 be a+——xa and lef

@ = Annfx) be the Kermel of #is map.Taen ib'a —15/A i the kemel of 1a/A ——ia'M Gnsider The

dlcxgmm

6 —siala —sil A ——1a'(Afa)
=

ial
? O

PP QU Dol

2



If Px)=0 Hhen A—ia'A faches unquely though +a'a — 2/a’A. This mdue /A —sa'n s4.

510’
(]
i’a’A

and # followsHhat 1’2’ w— T0'A i dio u rehachon — fhene an wompyPhisp. This implies al(#/a) =0, 50 neF and
% & Jorsion. Lonvenely f LeTF “hen o' (Afn) = O, hene a'n — alf 15 an somoyphism . Hene ;/alg — </a’A s w0,

and since. tF1s the leeriel of o/l — <la’ M, this monphim 15 0. Hente ¢x) =0, savequired. Thw ¢ (x)=0 ff. ace H{M).

Consicler the exac] sequence

P

O—= Kevfopy —> 11 > 27a’ (M) —— coker oy —> O

for an B-medule M. S a'lfm) 1s the tclevihy a’Kevdy cnd q 'Coh.ergﬁr-l are O.Hena, fhey are ’t—-}msmnj and

i+ o (lows thaf aKeviy and a loleer Br are 0. Flene cfpn): a1 —> az’a’(M) 15 an comonphism. If M s F- closed,
then aff=M and nine P <= Mod-(4,F), aio ai‘a’(m) = 7a’(M). Hene a(Pm) = B 1s hen an somerphism of.

M wth i/ (M)e P —hene Sinte 5 15 veplele, MeD . Henz Mod-(A/F) < I, vequed . g




(if) We know that e hemdlfaty Fouston Fheony wjmemfed bj E(T(c)) @ g( E(TE) /T{d) s the _m‘mﬁjw% one for
hnch Tc) 15 closed. TF :imilqv!j follows that f we leF F be e QaIOVTEHDPo((;S‘j

T ﬂceb ?*r;!c) - {qg_ﬂl neF, al CeBt

then F = Frpy ead) C€6, so F pg—towwnree => F—fouwon—free , Hene T(c) 15 F-clesed For each ceB.
(TCe) s F—closed . E(T()) & E(1(c)) /r1c) E —Jorqon - free ) T 1s1he shongest Goabnel fopelogy for which

all He TL<) are closed, siie 53 15 another such Galbonel Fopology, then T(c) being ~closed implies § < ’FT’CC) }
Hene each ae 5 befongﬁo each '}:TI{S-]I Ce®, henwe Jo F, 5o ScF sme evew module TC) s 'T:vfd‘o(ed; Hiere

resulks a dlqamm of funectors -
[ \
T Mod-A
. _(_’%
Mod- (A/F) i

vith T=177, Wewant 4o show +hat T’ 15 an equivalepe. Sine 37'=T 15 full and feuthbul Lg (), also T’
s full and fadhful, and we only have 2 shous #hat evew F-dosed module 15 iromoypme #o a module of the
Sorm T{C). For ecch A-module” /M we choose an exact sequerce (maruime ™ af-j-” Jos {""Le}

AP 2 460 q 56 (copedds kb Hod —HF))

(we pay o well ansume M is F—closed), S A 15 The endomogohum ving of U, ot mduw@s 1n a-haturl way
pjrv—> U sd. T(fy) = i We define T8 by 1he exad—_re?ucmz

5 O (2)

s & y 5

(we can farn B sine T s ik, hene VP bi}:mfua‘]. e now E&pP‘j ﬁ'-'—‘]cuf\c}‘ﬂf T/ 4o (2). If we keview Hagy T
presened mhmr}g/ we would then 5{2{» A commutmiwe a’rqgram n Mod—(4,F).

R .

(7)
> AT ——— >0

A(I\ A (9
Tp)==

> 7' ()——> ©

with exact yews (e xach m Mod ~(4,7F), nof i Mod-A /), and hene M= T'(G). For geneal M (not £.9) m Mod-14,F)
we kvow that M1 ik e direch kb Oﬁ:‘l’:’ﬁm’efg 3enem+ad subimodules 1n Mod-A. suppere that M s alse F - closed, '
then WH?.(.‘*‘MJ all these [ g. Iubc[::jed: Mo Med-(4,77) we have M anHu wlimit of a(aJ'ECh all fsomotfghlc-}n some TY(A)
and smce T 15 Fully and (by assumphon) presenes colimity we have M == T'(z) forrome Ze TG oo wel| To wnclude ’
e P"c"”(,' 1= Hhus reMains ZD s

LEMMA 4.2 The Junclor T "8 — Hod (4, F) s exact and presewes clirect sums.

PROOF 7= aT  fcftexact ( T= Homy (U)-IJ, so o puoire excctpoor 1t sutbiws fo show that T~ preoewsd epimovahimms.
Tms means #hat of Fic/—5 " 15 qn epirmonphum in &, then we should show that Coleer T(¥) v a T —fomion

nrodule. Stnie T oo coienemal-ecf bj e clans

E(T(c))@E(f[T(‘J)/T[CJ) ceG

a wodule Z m flﬂ_gr-/] 5 T ~prsion /ﬁ’ HDVm}(Z, E(T{c))® E(E(T(Cn/—f(c})) =0, al CeB. Butsine @is
& biprodud,



k. Repreoeﬂ'|’a’lﬂ0ﬂ of Ciothendieck. Ca*eSO_[l_eg

The Theorem of Gabnel and Popeocy reduws (aF least m pyncipal) the theony of Guwihencheck categonen fo
study of module ca{“ejonw and their 7um‘1€n+s.

THEOREM 4. [ (Popescu and Gabrel ) Let & be g Grothendieck cﬂjfgﬂmj with a gemem}or U. Pt A=Homye (U, U)/
and let T: & — [Tod—A be the functor T(C) = Homg (V,C) . Then

) T s fall and fathful

(1) T indutes an éf(btl\/a"e““’— between (2 and the caJ’ego@ @—(A;?J where
F s The Jﬁongeai' Gabnel%poiosj on A for which all ‘modules T(C) ave F—closed.

PROOF (1) Sine U 5 a Seﬂem%q the functor Hom (U, =) 5 futhful. To see that dis full, we wauot show that if C and
Dare o'OJ'EC'}j in B and @‘-HDWI@(U)C) —_— Homt-(U)D) 15 A-limear, then B 5 of the form

E (£)=TF

Sor some f:C >D. Lef T he the sef of all wicwahisings U——> C. [or each K € T wre et T4 U— U

clenofe 1he wmpondm\j frjec—}wn.ﬂem 15 A unigue moqa/’llfm AT 5 € sd Aig =K for T,

and N s an epimonehim sinte U isa ﬂenem{'or Sfmilqlflg Yhere 15 a unigue mophism w- ) Fl__5 D

such ‘}’fm{'/u To = F() Poreach ae T Leb 1T: K—( () he e kewe| of A. I we can show +hat
/Ml'\' =0 ‘ﬂnen/M -FUC'J','DU aA/vi =FA /F?r some y:C——? D) C&Y‘Idwq:reotd'\ U —3 C we 36*

E(%) = sl = FAq = St
and our asserthon would be poved.
Jo we set about proving *fhaf/ukr: O. For each foule subsed T of T and each x €T Hhere are canonical

movphisms . ()@ VU, Ve U— U@ gud iy 9T y UT) Lot iy Ky U@ e
the. kevnel of e composed moyphism Ay » YTI_, ¢ .

W (1) 214
Ky L —
T -
/o{
0 —>K——0 y® E— 5o

Sine K 1s e diveck it of #he kevnels Ky for all fnle subsele T of T, (405 s sirple consequenc of
dmeck hmils bemg exact) |t suffuodo showthat aisity = O (sine Kev(u)= 2, KQV(/“W) NKky=o,
sine Kev (M)A hy = Ker[/M irrz) =©). Now Jor eanch BV — Ky we have, wing +He A'l"”édfiJH of
& +hat

st = i Z i) op
/j’_}/}id‘n;/wjﬂ =D BT

i

ded ael
= 0% B Tk 58) = Q.—E(D%mﬂﬂmfﬁ)

= B(Nipfap) = 0

sthe My iy =0. S f&nghaldﬂﬁr all B:—> K, ,%ﬁﬂom’ﬂ%a}/w%lrfj =0,



PROPOSITION Lef M bean A-module and Tl the shongeat fopolegy for which 11 5 7 - closed —Inat 15
F oo wﬂerremfed by E(M) Then me ElL fF. « — A ndues

Homa(AM) = Homa (% M) (1)

PROOF Lot F= 'F,; S 1718 F ~closed, e wondrhwon i cleculy neceasany. To pove suffrctency, vicle that F L, s
Foro sy ) %0 by Pop 5.5 RETF . x(1:a)5 0 for every acA and o xeM @ EM/y. O,

by me{-’"fm show that for © FxeMdnd ge A, x (a:a)= 0. Let ae ancl conside— e exadt sequence .
o A-modles .

O )(wa)—-}ﬂ———:"or/u ~

aPP'b””fJ HDW\A(“} M) we have the exacd sequen e

Homa( (% Q),H)e— Huma(AJ M) < Homﬁ(‘qjvtjl‘/l)

sifg Homﬁ[ﬂ/a/f’() consish of x €M sd = O/ and by (1) for z€el] x=0.ff xa=g, we Fnd
Hovw,,,{ﬂ/q, M) = 0. Hewee HDmﬁ[Ajﬂ)"——_) Hwﬁ[(q;qbﬂj s monic. Thak s, for xe™,
x=0 ,ﬁf_ x (q:q)_—zo_Henm if Z?EO n P-/{; x(ﬁ:q) ':,L“O/ c,_gyequw?d_

seondly, we have o show Fhat f jﬂ'E(MJ and j#” then for any aeh, j(qf"") g M.



Z_ s F—Forsen }f[ Homﬁ(z) E(T()))=0 (e?w\f. Homa (¢, Tl)) =0, eadn cjc\\c submodule C of Z, [ amma 3.5,
cmvzj) and Homa(Z, E(e(r(c))/ﬂc])] =0, equiv Homﬂ(c}a('r(cn/ﬂo]] =0 each ¢felic submedule Cez .



THEDREM (C(abﬂel sl PDPESCH) Le{- 6 be a CHOJ"f’iEFIC{i@CJE C(&@goy wifth jemem}vr U Put A= HDW]B[UJU)
ane let T: G —— Mod-A be T(c) = Homg (U, c), Then Tis fully feuthful and has an exack
le H de'om{

PROOF Sinee UV Js‘aﬂeﬂ?i@b[b! T s A«/#’hﬁ(/) anel J'J"fs’c,!éalflﬂ dishnct on C‘:’.:JJE’CJLS. To /:«Y,DV‘QOQHWS e e
f’heﬁ:”uwmﬁ Lemme:

LEMMA Conslder a 4m3mm o,[ A—moduleo

M

/|

Homeg (U, )

> Home(V, B)

wheve e Jop anow s The mcjusion of a submodule. Consider also e mdued cha&mm n G

¢

e

C

where, cfehbﬁnjrj%z [,olw;ucluai Jg‘fcﬁons hJ U, we have
VYot =1m,  Pm =Ffm)
Then we claim ¢ factor Through ImF

E‘@f LQJ DK — |wlU bz Jﬁ.t. EGWLQ; D_'/'}I/ ‘ﬂ”u’. MJ(—.’hLlO,f? 13 e?b”\fﬁ'@ﬂ"'{'v éu___o_ Iﬁ !’:gﬂ
5o '{;{n;k rqbfe:fj Lovim ﬂ’l&PMHback

K/ M FU
)\J lZF'Hum
K "U

wharw pm dencles mth projechonAfor the Fnfe wpreeluch. By AbS i sutbyiesto show /é/“)‘ =g, i for I
smee U s qie.l’)ela';?)fj i suffues $o show PrMAd =0 Jor all e Hompg (U, K1), Bul we have
Frda = ﬁZﬁMPm/w’Of = Z AN (prpla) = S f(m- ponpr'sc)
= F(Zmpmpm') = (2 Vot o1/t ) =V uret) =f(0)=0.

To see Ts fu“) pub M= Home (V) B), then ¥ 1 epi so }5 Suictors ﬂqmb!g}; Y o required.

This also shows that T presewes mjectwes, sinte 1 C s mjechwe hen waing fhe Lema ancl myechv

o C, agan 95 Jackors Though ¥ Then faking B ={ we sec that evew) homomoyhsm from a nght 1déal

M4 T70)=A exlendo+e #d whole ving. Ty T(C) 15 .YU-edwe.Smcq T has a leff 4{)'/'0110)‘ (ree Milehell nolea)/
ancl B han enouﬁl«\ mjechwer, the fack fhat T presewes ny'ec%m maplies that the Jeft adjomt ir exach

a0 vryull\ed'_ E



bu'e, haove fhejfn”uwfng Sfoh/loth,pn :

s Tidn

Usin )

T, icerkfy & with e fy/| ;uloca]-c gouy o) Mod-A consishng of The vight A- ch[Jea HDW?'g(U»C) cet
Then ’f?nfmbcqlfgoﬂjs meclusion how an exact left adjorn : fhe v’tﬂe;w

nof cm A-module s e A- W?od'vt(é‘

Homyg (U, M @4 U)

Fogedlec with Ty 1 > Homg (U, M ®a ) given by

74 () = xth wordinate of he comonial epi () —— H ®a U,

Now lef & be ”ler\e;?fde closure of his abafeqons e leviow k15 vefledwe, witere the e fechon o Mod-A —> &7

LY jnat fhe veflechon o & < rted-A followed by Fhe MCJMJDH E <587 T show it 15 Giread, nohe that 1f ﬁf =1’
‘5 monic in Mod - A, then s /&%Cjwﬂ fv G (whidh s TSB 15 wonic. Mewme b 15 wonic n G, w08 r Graad One

can alo dragy .

wheve 5—T, € — 15 an romiogehigm, hene hao an adl ot 17 and AF—— A7 5 an equivalena, hene hay on
adJuer e L—ii’, [ —i |7, anel hene 75 — T\'J wh i’ = <5 Hod-A, ]15—f DJJNi S,
A5 a Grand ;ubcalejo% Fois Hod ~(4F) wheve T 15 He Gabrel Fopelogy

F=qr| alhls) =Dj

where @ : Med - ) — A 7 s The iefleckon. Buf a[/}/p:)u#hzvra‘.».}-ﬂ—lmodule Homg (U, Al G U, and sine the zew olgylect
v Mod — (4 7=) 15 Hie rame o5 e 2eu01n Med- A A}v\}—ao . e on'lj wiophism i Homyg (U, A ®a ) 1 e zew
movphism. But U s a geneva? so s 15 . A/R ®&U—D n Q. S

= {WL ] ﬁ/m ®a U =O}
Also nohte "]’haf’,ﬁr any VIHH‘ICJ‘ECI‘ A of A} SNe —@a() s ekﬂd-, we have an exw:rfiecruunm m B
0D —ba®asl— Adal— A ®sU— 0
5o Alr ®al=0 . n@rU— A&asllrs an romovphism. Sinee Tcev}am{y gure an equq!emp 4 B wih
Mod - (A7), we have

THEOREM [ ¢f G ke a Giothe nheck Caﬁgjovg’ with c geverahr U. Let A= Homys (WU) and H": € — Med- A
— opU {Td-A— & and

F= {RI A’/cr_ ®AU=:O}
e § uecfuwal'enf'ain Mod - (4,F)



