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Noter on Ae-algebras I (cheched) ®

This note confinues and we we the same. wnventions.
But ure allow k 1o be any commutative nng , evewthing in @

worhs i this 3emmh’ /:7

Recdll the d,@d%‘nfﬁon 07@ an Aeo - a/gebm: i congists d;fa Z -gvadud
kR-module A and maps [h’/inﬂal/fﬁ is im)olicif)

mnz/qgm’—‘)/q

sals fy'mj S0Mme fdeﬂm-im. Eqw‘sfalzmﬂ y with V=ﬁ(’) the tensor
walgebra (redued )is

-y = Ve Ve -

and o codifevental b TV — TV specifies exactly the same
Ol&l}U) with m,, ecoveved on _[?-/) O'f re. fhe map
b @ A1) 8 — A(1) with sig0s. We maintalnHhe glbove notedion.

AMIL For o Ao »6{/76/0711 A} is an element leA® which is
a unitfwm, and such Wat, or nt2, tThemap bn fahes 1The
value O whevigver one o€ & Curguww,m‘r equals 1. dnﬁjﬁ‘unqﬁe(%
chnet Mvﬁah’{y is nof y)rwéwed py A®~7uaﬁl‘—i&omo70hf<fm_

A hOMO/O\fﬂCa‘ unit for A is aumit for the ascociative afgebrq,
H¥A with the mulh‘/ol/‘cah‘on snduied by ", .
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A ’?Vlénfjrsl rmodulen @@
an{ 2>

et A be a homo/ogicaﬂy anifal A ~algebrat. A A -module
is Z‘gmd,w( R-mocule M with maps

on-) (2-0)
b s M® (AM))” —> 1) n>]

n—\

Uﬁdlgret 1 such thatfor n> 1, welhonwe w maps H(l)@/«}(l)@ —s 1)

2, b (1% @ by ©1%°) = O (2.2)

WW‘H\l&Mm )SDUQI’QH Y):r—i’j-]—'é (;a = lf?"l'f"é)},,e,m
devtiby in p.(9 for an foo-algdhom, plus e insist +hak

e incluwed action

H*H & HA —— H'T (2.3)

is unital.
R{/\/V)ay}z 'WVYIO\P L), . M — ™M bhon d&gvez one cmo(. ‘]43»/ n:?)
(2.2) veadn
bl( L, ) =0 - 0. \ozl :O s a diﬁwen‘ﬁ‘a(

. The map by - M) & Al) —>M(1) defines iy by

b
MM @A) —— M)

Tsm /\S
™M @A " > M

(- e. m?_(x@a,) = (_,l)’x‘bz(%@a’)
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ancl fo n=2, (2.2) readp ®

0,4 \,0

12( byed +Leb ) + b( ba) = O (3.1)

Now b,=m; on Loth A emd M so this scuys that b, is cﬁr_{_&/)/
or f-we evaluate (3-1) on x@a (in M(1)BA) <o x geh -yttt )

O = loz( m (x)ea + ("’)lgc’;{‘@VU/(a) ) + W\('OL(X$Q)

. x|+ | — )
- C")l mz( m,(sﬁ)@ a> mz_(o($l/")y(al)) + ("') yln) ), (3(@0\)
(")pc\
VL. m‘m?_(gc@ox) ;W\l(m»(%)@a—i—l@m(q)}

Hhkisij immecliale fyom r- (9 "g@)

= (M, m)) is o complox, m, M@/ —> H is cemouph s
oF- complaxen. Hente pwm%o

. M eH A —> H'M

hich is an honest rght- mectule shuctuve for 1he scime veanon
H¥A s an 530 cloive C’(IMW( .

Ob\/%omllji%m&%m Mn Vi
b
e A s Mo

[S@M IS
_ U
Hop®"  —>

: o s 1s AN
Then (2.2) bolds H. (2.0) on p.® holds, sothhis s

omahie def”



,EZSQJY‘_PLQ Suppose Ais a O(j/aljebm.mn Ao -rmctule u/ég/rz
wonsists of o graded 2-modute M and opevtitions kn can{>

suloj'ech conshainks (2.2) only for, given n=1, pair
(r, t) with eifher r= O ardt alihawy, or >0 and 1S5 <2,

[-0. Wwe MW
(1)
o= 2,bu(2%0 by 17F)

= S bu(be1%) + 5 bu(Z

stt=wn .
) bu( 1% °®h, & 1)

@®>0

@10;@.1)

ex, W, : M@A———)M is a momhi/m

So (M, m\) is o naompl
1do on M) @A()E*

afoomplexw) and n=3 in (2.2) yie
o = g(he1™) rk(ho1®)rb(b2)
Fb(lebel)rb(1%eh)
+ \bz(:[,_@ |92.>

b bs +b3(belel +lobel r Tleleb )

I.e.

4+ bo(b, ol 4 Tapb. ) = O

So thu OL(;&"\"OV\GZE A on M is not associahive, bat by given
by = M) @ A(1)F r¢1) a homoTopy betuean

(m @) b and m-: (q,'b)



EXamp?e Suppose A s an a(%bm, ::‘Hw‘ma in dggyee 29f2l12
g’{/h]; @

Qevo.Wﬂwmﬂ m,:Ocmd WMp=0 0=
o an Aco - Agebim (unital) . A A A-modlule

onsivh of a Z»gmoUdi ke -module 1 and

opemﬁ‘ons
by~ MDA SN N (NES

gu\ojgd'b oows%mM}S’ (4.1), \-e for N>\

0= 7 h(bsod”) S e (1% e b o 1)

srt=n

£ e wms;‘f&t‘mjﬂ b,.=© for »/17/%’”‘6!& I action

b, © M) o A — M (1)

cotishien \Ol(\cl$1+j}@l%>90ﬂ-e. M (1) T (upfvﬁgw@)

an c\q A e dale -
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DN Lot (C,0) beor Z-gradad oolgelra o2 on p-© &
clule

A G A (- ovmodle i o Z—gractad ke
M and mop (dagvee za0)

I M —>MeC

molaing The didg ram

M ——> MaC

‘OL L(@A
Meoc — MeC®C

Pe |

vommuke. A wovphism AL Jormodules 1s aclegree zero morp
M —2>N) commmuting with

Z ~3radﬂc@ wakﬁelom C

d safistying d* =0, \dl=1.

DQJN A o_{;-—aoalgelom over /Q s a
3mdu& k~co mp&xeﬁ>

equipped with a codenvation
(ie-a codlgelora i the mo noidal cat o 7Z-

(wlo anit
dule with o\MaM — M, da =% \dul= \

o Z~gmdﬂd k- vnodwle A,
s Pveciselj qlven by malkring the

By Lewimon on F'® AL@nd given
lgelova, Le.specTfying a codtHeveviial lo.

fie shucture of an A o —algelo
coaLgelom :'F/Dr(() o a dc?/aoa

7%0/1" 35/

A ar Ao —algebm & TA() & a(g-walgebm
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To undewstond Ae-modules an dg - comoduley we

nee d e full Wiovwalgdom, (ot V be a Z —gvadad.
kR-module and

TV = ke TV = DV

1770
with e coproduct A defivud oy & (0 =181 and

'y

AN@-BYm) = O (Ve 8V)e(lnd-—&Vm)

— ()® (Vg ---8Ym) + A& @)

(M ®—"@\fm]®((]

WW/V‘Q A 5 ﬁ/w uolodeck' o~ _T\/ TN s s ?C!/Dillj CMCMC\ '}‘D beo
o -ZZ’—CJWLCLQ& uoa\gebm

—f—

Leb /A be an Ao -algebim with wodiffevential b on TA,
whiich we extend Yo TA () by dedawnﬂ b= 0 onlr.This malen

TA(\) vt a C\qW’oalgebm (TAU), R, 6. The tensov prodm e

M) & TA
ZZ~3m&Q£k

‘< Yhen w TA (1] ~ comodule NI
po M) @ TAU) — M) @ AN @ TAN)

Plx® w) = xeAw.

Heve M 35 any Z—gmdﬂd k-module
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We begin with o weful dechnical Guct Lot My N ke ®
Zpgmd,m R -imoduuln .-

Levnmo. Thewe is o bijection befveen dagree 9, movphisms
& TA(O) —emodul)

£ M)@TA) —> N8 TA()

cndk SQC(V\Q,VILQ/) (E 0(19)"@1 6]’—-me)

S H(')@ﬂr(f)@"’i_—» N (1) n |

Proof To e map £ we associak  (fn)n= defingd kY

e A es M) @ TAN (2.2)

j f

N g T —2 N(U

and o a se QUL (Fa) ot WE associole

(7 ’%)

f= S5 (5,01°°)

sz |
t7o

£ is a movphism 4 comocule) we 7L1m+ chech

To prove this
(Fe ,)/a(x@/) hich iseany, and Hhen

pef (<o) =
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LHS = /DZ(%@JL@JC)(%@\/)

m+\

= IOZJ 4, (x&V 1 & (@ Vs-1)BYs @ @ Ym

x\ —~
B} 2@_}5 (xe® ~®Vei) @ A (V&0 Vim )

s = (F @t)(oc@ﬁ\/) .

- (fe))(xeleV xave\t D, X®
=

(v &--@Y )@ (Yer @-—-@vm)>

m )

= § eV + D ks (xon @@ Ve Yolis® “eNmO )

=\
v 50 f(xe VooV ) @irt @ BVm)

3 =\

) ‘ (x@\/lw_,_@\[_r,,\gibls ® - & Vrvﬁ@@‘

= f-(()c\@\/i'
s=1
, }"j( alne V) )
- (x@\h)@k 8- BN)
n @@;®"'@Vm)
i

'Fgﬂ( x &N @ @\ )ell

e

( (\)@(Vs@"‘@\lm)
v (V@ BV o (1)

- ,
_ 2:){1; (1@\[|®“'®\/J‘\) ®
c =\

-\
fon £y (BB Y)
1=\ 4 - | @(\/Cﬂ@-"@\/m)
+ L (I@Vl@—'-@chv\)@(Vé)

+ L svlee) LM



IF vemains fo show evewy mogphism i comodules ZS)C%ZM
£ s detevmindl in This waw by s componant £ - (7.2)
We pvoced oy induction wimg

(Pe1)p=pf

o 1 2

Jo pwve Hnot £ rnever increanes exienor digre M) e MDeA0)s - - -

Mot (7-3) holehh. We \aeqm with

ﬁeﬂ_&fzgmz@ (fe)p(r@)) = pf(xe)
(x@) )

== ({@l)(i@l@l) = /010
n

f(x@l)@?

¥ Fhegl) e N() @ N @A) & -- -
is (POJF‘)PZJ"‘ )
IDG(X@‘) = (PPOJ {DP‘JPP"J" )

e N @ NeRaA) @ e A eAl) @

e N(OBAN) G @ M\)@/ﬂrm@‘(ﬁh
S S e @ AP

wherea
Flxer) e

e NG)a(NO) an(ek)®(Ne A ok)6 -

R vt be oo
_ Z‘:JC@\@G‘L“-&J:@QC@(

Rul sinwe.q. f V=S yieas LT
) g F(x@\)GN(')/

we vonclude Mot n F(AC{' pe =9, R AV
pwouing botln cloams Stn@ fen

f(xe\)= f(x) @
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Induahm_fkd Sup,ama e claims hold for &l ®

A&V E M(:)@f}(,)@n‘?‘ .Then ’ﬂv V/G/—}(l)

(fe1)p(xe (vov)) = ]a{’(r@(v@vz)) (to-0)
But n A" TAQ)
/D(:(@(\/@V/)) — “@Z(V@\/')

= x@()e (vov')

e (veY)e(l)
)6 (Yo OV-a® V')

+ oo (Vi
4o+ x®m (W@ ® vn-2 )& V)
-\
(‘F@ l)]”(x @(\/@\/‘]):—: ,F(X@_\)@ (V@\/') N ® h@/}(‘)’@;?\
¢ f(xovevt)el) N @ #0)° ok
r HxoN)® (Na g ®¥') rentf o~
+ - «F(’X@V(®~-$VV\—‘¥) ® \/’
NU)@PrU)@ém@ -
Aagin we rex that, wing M inductive hyp.
@un-!
flxe (vev)) e N aNMeAMN O & N BA)
Le. £ nwer increanes exlenor dagret To s that (7:2) holds ©9

A e TAN —> HYe A0 e A
(V= Nn-1 naedad ) ;479

s

S WR a(&p\kﬂ '\/\M_ PWJ'QC\‘}LOV\ 7(?“1 NOYST
by (10:4) ;@;ﬁfWLHS i < renAlls i
Voo @Naa® V')

'TP( f(x® \/(@—f'@\{ﬂ,ﬁ_,))fg ( -

— (%@Mt)(x@vl@-~@vm,q,.\@(vh_q03»~-A
@ @V)
£ g cipprpiate ;¢ o (ard N ehO e potrl, s+t(= n;q
g = n-q-le!

f_,/\-ci..{ai-(
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0~ RHS W‘eJWNL %+’F(K®(V$v’)>f,¢c[ with
odakbmdwﬁnc] Over all p,9 we @
7 we gel (7.3). 0] Ginte

Mow we VE"&'\AWL % m JMEJ@C]L 0’@ P@/ nawmw OOdel/\l\fC{“]'l\DV)S
on M (‘)@Tﬁ(l), M a Z7~<3vadlﬂo\ k ~modmle .

L@W’W\O; Thaee 15 o bU‘ed—‘non between dﬂgvﬁl \ maps

b. M) e TAl) — M) @TA()

sa\ﬁ\s{\j‘mﬁ WLOV!O\\('HD” /—/qu A
p(br el )= (bo\+lgbol+ @) (i)
N hom

and. Sequere, d’\? MW |-map

by - M(\\@A(!\Mﬁ‘———% M (1) A

A To a4 Mmawy o e asseciake

M(t)@ﬁr(l)wwc——a (N e TAV)

L b
M) @ TA — M)
and o (bn)pm e associate
b= st@iL@t
s\
t2o

(1.2)
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Fiut we prove fhaF, given (londuzy, The b defined 1n
on (V@ R,

Wﬁ;wmj SOﬁ’\S’ﬁ?/) (U.r]_ We. hane angLQl/lP Muicuuy
and Aor N @ ovme A()ET, M7

s Lriob)(xev) = p 2o (100 b @1%°) (xev)

= p2, (s 2127 )(xev)
2 (17 el e 170

®V )

wing @ = Z(hs®ﬂ‘9t®1)ﬁ(%$V)

g (o e ke 1990))

= Z(bs@ﬂ@f@i)ﬂmfv)
r(-\]'”'xqo Zila(\’) L on A()
N__

b s o vodenvation

on TA(D) - _ Z(\os@’ﬂ/®t@ _’E)(DC@Z\VVD

mc\x @ (et \@VAK\/
- ZUM@{[L&%‘@ ﬁl}(o@@ Z\’)

b+ \l&w) AV
KW\ TA(l)

+ (-1)
+ (“\)MD( ® (

= (b@\)(mﬁvh(\@%)(x@%/)

= RMS
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Now i\LovxlAj remains v show Yhat if we Eegin with (3
o 50‘%&%5“‘7 ((H] anal exﬂvaol T+ (/OmpDMVﬂLK ]on/

Fen b com be re vovered o2 ClL-2).

We again call  “exlevior dugree "t decomposttio n
' 2

MO e TAN) = M) @ M@ A(l) @ rean” e

We prove '07 ‘ndwcion that b only lowes ext-degree (t-e.

sench exy-degree n o 2w) and sahsfien (L12).

[ext-dugree 2w
L\ o\ob

pol(x@)) = (a1t lpbyp (@)
= (\p@\:—\l@é%Caﬁ@K@\)
= (b@l)@(@l@l) = b(xe!)®

Y = bi(xet)a |

So lp\jmJamavguwwnq o F'®> b(xer)e M(1) and (1.2 heldn.

i Tndmctive slep E Smppogem c\laim holdn for al »ev GM(‘)@A—(;)@I\_?—
Then for \v(_‘ePr(\)
F(bﬂ@b) (15.3)

(’l@‘o’r\@\a@m%@yb),/J(X@(‘«@v.\,n)) = (x& (veva-))

I -
But i ure pwject G (YA e TAN = M) @ AT e R e RHS I

(sl @@Q(X@(V@vn,.)}m & (1)

while the LHS 7s
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T (bel .)(x@ (l)@(\/@\/nd)

{V@be ) +x@ (Yovn-1) & ()

rleleb
+ XQ(VI)@(VL@"'@Vn—a@V“”)
+

b (V@ @ s ) @ (Vnr) )

ohich vanishen for m>wn, pmu}mgﬂ/be Lot cloim . Alse

-

?:7_(.[ b(X@‘)@V@Va\vl ,‘,7(((@(0@”)(9(@(\/@\[,\_;)
-\'\o(X®V@-Vn~\)@(‘) @(())
+ b(xeVvi)® Vo ® --
b -+ lp(x@\[l@——f@\fnfz)@\(l’\'—\]

Now loy 1l Yo indunckive. hypothests this Qq\w&g 2 1%'% by @ﬂ@ie

L an Aaimed,) o adrleant e M) @ AL ®
wmpommjtd\gsouol ’rl/‘k‘}lwsfd@/)o-'ﬂ (WL2) agwee, ov mﬂ/tw)
we howe wed (13.2) fo dudme Inat

oqopthO\ 40 x&VYOVu-

btl@b = ZQOS@IL@W* el

= Z'O‘ @ﬂ.®t ﬂwclairv&d‘ﬂ



Heve is an alfernahive wowy Fo stale e Lemma @
Hewre is a b\U\QC‘\‘TOV\ lbe tureen obua(\e,q, | maes

bt MW@ TAW) —> M (1) @TA()

sahsfying
pby = (bro! ylolob)p (15-1)
and requznmm? Aogree |~imaps

M) e AWE" T H(l)

e wmpommq?
((f.z)

b 7t
M) o A" s M (1) @ TA() — (1) @TA) = M (1)

Given by sending b o

anol aSSocTO&H/\ﬂ% (bm Inz | flie moap

t
el Q@DMA.

+t7o
- 5 1° @bs@i

(Thg velodion heng that b on p-U (D s (@b) The point i's

that the pWJeoﬁom m (IS, 2) feills @L)
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Lemma. Wit the same notation, by =O

el Oﬂl\j fﬁ 'MQ%C[M@V]& Ucm)n;,a m#«ﬁw (2.2))
e - c@/{ﬂyw) an A ~module shucfure.

bock  The map (15.1) is a codenvation,  so

/bﬁ = (lo;w@/f/@b)/@vz
= (buo|r(6b) buei+ebl)
= (LAl + (@b
= (br@l ¥l

ts o inoyphiem “"TD TA(Y) 'OOWPOOUACO/);LJr e
Now thot ‘OM =0 Tf(

V. €. (OMZ
dleg ree tu, but- p. ) applien 104
ﬂulbxompomn%
on -\ bt
M) @A) = A (1) & TAW — ™) & TA(

M ()

all vanish. But Thwe uom?vomvﬁswve exaoHAj e things in (22) . (3
M) e A1) o 1_> /V((l) M‘m‘nj

U[osho{‘ A sevien C’# maps b
an /}00 -—t’V)OaUA(,Q (s QCIMIU'MUWI‘“ o WJP’QCT%\CCFH\OVI 07£ a
M) @ TAQ) ovew TA), pler

a{g-wmocw(ﬁ shacfuve on
e condfion (2.2)

i e. /Lo"VWOOUA(M e 6{5]’7/4(/)”00”400(/0(%



]Vlovphi(sms o£ modoules @j&’/(gﬂg

We also howe Hareg ey s Yo donmbe imoyphisms cré
Aga ‘WIOOWU’/)- Ld’ MJI\) he /Aroo ’VV)DdMLQ/). A mo@h}lﬁ’n

£: M— N
15 a Seqw@wazo‘fcugm 2e0 Maps

£ M eA) " —s N(J o |

§6{'3‘:S'g!jiﬂj) an I CAPS M(\) & A (\)@V‘“___; N (l)

S 1% b 0 1% - 2 bl 1%)

(1.1)

,s2,t20

WW e I@#Jum 1S talen over all G\ELDVWpDJ(I'HDnS‘ n=r fJ-i—'!é
and we pul- = +1 +1 andthe ﬁg%} hand sum is Teilen over all

w=v+ts, r»l, SO and L= 115

£ e reuite Yhis in Jevms "E I maps Mn dﬂéﬂming A Aoo‘SWdUV\e
on M, N and. maps 9w MV&C\ kﬂj Wd(dgraW\

Aol A
Mg AN ———s N

r $@n fs
ugA® " —— N
NG
Mg (11) reads (we chachud Fht signs) (4.2)

r-H)S
Mu (9’@ 1@5).
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Wjﬁmem{a‘{'iDm n=\ Scuds
@‘ ,

$iby = b § or M=)
(10-1)

l.e. jG 13 a VV)OWO};;‘JM 072 (/OWIPZ@X%.WJ@OOHG( no 2 qujs/
N M APS M) eA(l) — N(() Thal

((o.?,J

floo 1)+ £ () = b(ho1) 4 B(E)

Now bs - M(1)&A(l) — M (1) giU\%Mac-)Lion. oL we wvite b, (x& o)

ano - o then (lO-Z) scnhs

f( e ) —bi b (xea)
== ’(—’\(3‘3'(1, — 'C(("’C‘a“)

e 4\ dwen not ommute with Y ackion of A, lou- 1 dwer Up

Fo lhomvtopy) given by .



Acwroﬁna-]-o ?'@ e Ao - imodules M//\) Aokermine zé’{cg//z

Afj—(,ocm&dwhz/) M) @ TAD), N()@ TA(L) over TA()
Wit cocliloventtals br, b

L@w\ma, The 'DEJ\QUHOV\ d’e' P@ Toe*ure/w dﬁzgv‘ee 2040 mol/)oh(‘,/m_f

f. M) e TAQ) — NUe TAU

7B TA()-omoedules and requene)

fniﬂ(’]®ﬁ({/®m~j——a N (1)

bn £ = Flm with

»\demH‘RQA IMCp s 18 sahsﬁjing
VS o Ao ookt

SJ&ZW‘/’CQ/) (fn ) ;a}w‘fﬁjﬂny (?./)/ (-2. vn0o

Puomp W@l/lON\e-;
/019,\, - (w@lﬂ@\o)(o
>e ob) P f
P - (w@lkl@lo)(#@l)ﬁ
= (bufe +feblp
pllom = (fe&1)pln
= (fo)bmB\ T Vg L) P

—

- (fbmeld fer)f

So P(ENG‘@L)M> = {lons§ ) e \JP

e brf—Fbm isa rnovphisin of comeclules



Henw EN?”WCIOM N Y Pmd% e L 2e(i2(l2
wWomn(’s do, by j’-@. Thee wm(pommh &)

M0 A1) s M) TA)
j brf = £om

N() @ TAC) —> N
ave pvedée&)j e equations (9-1) (A

That s

_modulleny = mogphisms d}p dg

MOV}O)’P}JWU d'? /4'00
TA(1) - Lomocu .

—comoduls form a coegony |
anol ‘j N— L of

Dbviowly dgq TAW)
£ M= N Aoo-moculen
' The moyphiam comenponeling Jo The
/%N(l)@’(/’r[l)fﬁ L(/)@T/Hl) d{

) —L,OI’VIOGUJ&Q/).TV\UVJ

Dejt  Citven movphisrrs
e Lo posiFe jo{f
composite ()& TA(
mW/ﬂhwmrd’f cg 7A(

(g-0), = 2 9-f- @ 1

~ stt=n, s7Lt7O ond we set w=1

@é)

WWMJ(AM?;M@ +t.
WI&LV\E% [M:M/—>M Lorrea pondna To Mm@ TAL) e

(), M@ AN — M(1)

s Ly for nel onol 261 otherwise.
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with e definifions the A -modiles form o
a COAngvg A-Mod_, andthere 75 o W‘QT%AM

functor
A-Mod —> TA(1)~dg—comod

(M, bn) > (MO TA), p, be)
Role of the Momdlogical unit  wre howre not uned e unit

so eveugthing said so for will s#il botd it we duoptnis from
e definition of o vnocule .




