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Our aim inthis nofe is7v cI/veCkﬂ/ve/Dz/oaf & e Aoo minimal model
Theovem in ﬁ/L@ /)apers (1‘1/\9, ’ﬁ)vmev Bemg an elabomﬁoﬂ 0‘)9 the lClbler)

[L] C.Lozawin Gewemﬁ'ng 1he JuPev!Do}emﬁa/ m o D-bvane
cafegovtj)’ 2006 .

[Ksj M. Kontsevich, Y. Soibelman ((Homo|097ca| I/W!'WONHVV)TY)@W and

/}'DV{AS ]C\IOVDLJWO ns ” 2000 .

Our notation iscwr in (@infead and (L] with one excaption : we allow R +o

be any commutative ring , & =@k [ re-not necwssanily a freld, and no assumption
onthe chavadevistic). In ~@inf® and we made more respnctive
assumptions, but eveusthing sacd fheve holds i e present genevality, as obse wec|

also at the beginning of (with Vector spac” replaed by “k-moclule” )

Cohomo‘l)gg |ef X" be an Ao —cafegouj. The w(oozmologftj ca feg&y H(A) is
The (possibly non-unital) associative 3mded categowy witt the jarme olaj’ec/r

%) .Xj', and wiovplism spaces

/'/DVMHM)(Q/ l”) = H;,:,,( HWVL)&(Q/L’))

and moyphism compos/ifons

Hot/nHw)(%C) ® Homp(s {0/@ - DV”HM‘ /CB

given by [’L]* [27] = [/Mcam (xey) :) e denote by Ho(st) the fulll
Sl/ibCa{ngl/y O'f degm& 240 MO/D.\'.



Functors Givent Ao -cafegon‘ew uﬂ,ﬁ on /‘J‘m-ﬁwcfor f J&—’)/B
is o mop F- Obsf— ObJ together witi ITnear mops

Foan * Homa (95,0) @ - & Hom{(an-,9-) —> Homs| F(as), F (o))

ol degree 1=t (heren> 1) such hat #ae suspended maps

A

s — F - ~1 )
Qo " A SF(Q,,)F(Q.,‘) qu"'qh ( Sqolq( @ ® &qulah

Homet (6 ) (1@ @ Hom (a1, 0 Y[IT — Homj (Flae), Flow |\ [1]

which are homogentoun of degree zewo, ;aﬁn’y (forn 1)

(z.1)
P o S s B P

Z Z rF(C“’)'“ Flan) <,:"'°""“| “ Fqi/"'o'ig@ € FC*fp—f"%)

P=1 o<cij<Lip<n

s & o A o

- o1 ® - d” eor  eid . -
& od! >

An-an

TijeH’leV with B, Hhe wap on o%’ea‘.r mduces e (possibly non 'MW'fa’) Funchor
H(F): HA)— H(P) of qraded asociative categevies. F is called a
?ﬁaﬂl\vl'JDmo@Ohkm /'F H[F’) 5 qin I'JDW)OﬂOh/‘JM. I'} (s COIHPC/ _‘SMJL 7F quv--an = O

anless n=1. In this care (2-1) reduwn fo

P . g 5 s
rF(ﬂa)‘“F(ﬂlM) ( !:qaq{ @ F”'/aa @ & Fa,,_,cm > (2‘2)
= A4

— I o

Qo Qin Qo An



®

SQCJrDV c(@(,o M%)D;]\HDVL &msi&er the (DVMWM]‘ZZ{?‘VE aﬁocfaf?'l/f’ k—a[gebm R': Rﬂ'
or an Ao —algebia I genened by {€alncont subectfo €<€b= &b Ea.
Note #had R ir unital ff. Obtis fnik. Sinw Fhe €x arve wmmmﬁ‘ng idempofents,
we hae R = ®.cont R an associative a/gelomﬂ- Lonsider 1he k-wodule

o = 24 = D Homs(@b) (3.1)
a,\oé—O\oJA’
with The gmch‘mg
9’6”’ @ Hom;r(”‘/'o). (?‘1)
a,\on\oJa"

We let Tdo: 3¢ —> Homu (9,0) be the /mjec/vw onto e subspace Homs (a,)
The binaw dewmposition (3:1) defines an R—bimodule shucture on €. Namely,
Ea achon fheleft by The Pl/ojedvr N L oH b

= D, ot Hma(a,b) (3.3)
and b ach on The ight by Ahe projector T

oy, = @Mow Hom (216 ) (3.4)
Lowma The kmodule 3¢ ™" = &= @€ s gipon by

7" — D Homa{a,0)® Homa (9,52) & 6 Homet (n-1, Qh) (3.6)

Q. .- ) An

with Y obvioos R-bimodule shuchare.



Pooe The volation imposed by the Jensor puoduct js

o H = (9’(@9‘6)/(16@@3 — 1®€bH>

2,4 hoymgesmenus

jcvom which e clarm 1s clear - )

®an
We GJEﬁ'ne%e‘/vi-alpwduds o kL] — 2t via

? ' @) ()
r"‘(1m®”'®1(")) T @a"/aw Y;lo/"'/ah(lqvq} & -® xam—lq“)

Oy.-o) Un-|

(3.5)

W\ILLVQ X (J) = @a,\oeblmﬂ‘ I(i[l € a’f[’] wlim zii) E Homsﬁ'(ﬁl b)[’] 5;'/1(_(

Vo is clearty R-bilinar, we canview fn an an element of

(n € HOW\:MOG\R( g, (1] )

There maps oloeg'f’hﬁ Ao -velations (gg)
Xt 4oy
_/<_ , (’l) C,.jﬂ (1/@-"@11‘@Q’(I?ﬂ@"'@lry‘) @_‘xHJH@
-17/'0)"]7/1 _._@Xn) :O
|£n’+]sn

n Brn
Composing with The quotient (0% — 207" defines . on %[U?namd
(9—6/ ¥ Fu ) s Thuy an /‘}m—alge(ora ovey R (nof over R becoinre 2 is an
R-bimodule wifh left and vight acfions do not neconawly agree ).



@?mita l)

Minimal models (533 oF [L])

Lot o b an Ara-calogouy , andl R, 3= g cn above. (e view i o
defined on 7€ with the -H'Cleamdfnﬂ_

Det” A shic hOVWO?%pE/ rebaction afu??t s o homoﬁ)py vehad of
the R-complex (7, ) (ntie G=m) 1.eq pair (PG) with
Pc HDVHRO,MOC{R(?H’, 3'6> and (. € Homp Gurioda ( 7€, 91’["]) such that

0y P=P
(2) dpe =P = NGt Gr,

Note that by Hlom . cutode (-/-) we mean degree zevo maps; and
(2Vimplies Pr, =10 P The R~b:'/mew’ffj maoms B G amount Yo the dodn of

o Homa (b)) — Homt(a)b)
Gt~ Homa (0,L)— Homat (2,) [~1]

sudithat P =R and id —Pab = (G et Qaly + ol (F)al . T17e
submodule (9mded/ R‘bimocu,{[e>

R := ImP s £

IS 7IPV‘6VI [og @q/beob.}!' Bql;, where 801]0 = Im PqL. We lef i+ B—> %
be fhe indusion and p:2€ —> B Hhe map inclued by P, o that cep=F
Cleady 1, (B) < B, o Bisa Juboomplexof at.



6

Tmmv{‘al/lf v our tonvenfions onfrees Leg \ Tn 15 defived on P@ fheve.

Nofe on. Koszul signs Recall that for k-\ineay maps 947 Y o# clegzree a,‘o the map
515@% is defined l{’f (fe¥)(x8Yy)= (1) e $()@F(y).

This js the Koszul sign convention.
\J

Griven avalid plane free T let E(T) dlenole the ret of.all edges, E:(T) all infernal
Edg%, and Ee (T) all exfernal edgejj- Jet e[(T) := Cavdl Ec-(T) e mmmbfrojg
infevnaledges. For each T€ T we define amoyshicm (f}/ ﬁmded R-bimoclules
L€ HO"“RMoc(R( 8%, B) as follows:

(ﬂ) assoa‘ajre e inclwaion ¢ with evew /ea#oq@ T

(©) associate the suyection p withthe ot of T. (¢o1)
() assoclate Vi with each internal vevlex of valency k+1  (woke k72)

(d) associale G with each infevnal edge o 1.

Hourever notie that dute fo Koszul signs, with ¥ of degree 4.,
and C\d‘ﬂ degv*&e ~1/ we halﬁe

pofie (Co G) - (vmn%(t‘@c‘@c‘@é) (6.2)
\'Wel‘ﬁhjf

T is theve fove :’Vmpovfuwf that we fix a convention £ which o8 the o alternatives

in (6.2) ot we will ure. Thetwo choiwa ave called in the (nel‘@?\’r and|
brownch denotadio ns. Afder some efort we ave convinud Fhe fovmer is vey cli et

fo make wovk in the context o the mimimal model #heovem, so we e bvancl |



@

To be more precire about what (6.1) means we inhoduce the nokion of qugmem}ec/ plane e,

Del"  Given avalid plane hee T The Cmgymcn)raﬁon A(T) L T is the plane tree olstined
Fom T by inevhing anew vevkex (o valevey 2) oneach infevnal edge of T,

e, K N
\\\/
I <~
,' ~

r

inferngl ECI%,({



Given 1€Jn avalid plame e, wedecovate Wamgmewka/ free A(T)
acwrd/'nﬂ ko (6.1) , ot s we define 1D o be :

¢+ weassign Ly = B[‘j} a_graded R-bimodule, for evely leaf v (inc. the voot).

* fp all edg@ e o AT) we astign Me = K] (1)

* The waps Bl1=Lv = Me =H[] ov each edge e incidentat a non-root leal v
aweall Iy and the map 2[])- Me —> L, = B[] atthe oot is P.

* o vevhiwn 0{ /4(7) wming fom an /V)fema/ealge Uf T we asiigh G
* o internal verhes of A(T) zFPVOl'eVng Rl for R22 we am‘gm Yk, of degren +1.

Def” Given T€Tn am:lMl/mVWoJropwjmivad'dabq%v\jQ on p. wedefine

(7 hownogenwu/) R-bilineav mop O BI1®*"— B[1] 4o be the deno Fahion
DY of the deovatin (€.1) of the augmented plane free AlT), multiplecl

L’j o sign fochor (ﬂl-)eL’(T)‘ Here < D% s the hyanch deviofation <D>B d—f

@rN
Lewmma P l"DMDgen&Ound'ﬂalegveQQ‘V\J and henc clegree # lan BLI) ™ — B[],

Pl"lﬁ MC[QQVEQ O’IQ/)7 (s e((T) C—l) "{- Zl‘n-].\fe,u#ex\/ #T (3 ‘VQ‘QV\@(V))J ]OM+

thisis 3Hind.verbien —)#Finl.edger — #exd.edgen. There is an injection,
{ M\.edgmﬁ — {ma\.veer{um} sending an edge Jo s source, whn‘ckomla msed one verdex
(‘H\!;omadjacwf% e voot ). Henw erT’ =3 —#QX\-C&}M = 2-h.-[)



@

M Ior n22 we define the degvea +71 wmap

/1\ = Z_, PT € HDW\RHOO\R(B[‘]@RW, B[‘]>’ (q,[)

TeTn

‘@2

am\werﬁ{'f) = P“ﬁ% (ce. ﬁ\a) NoLeHnanL: perec ‘F“‘fl\e@a.

Exayng’e (/Uehaue(j; = { Y) \.VJ \‘/} anc thw
T To &

pr = (-u)lf:ogo (t® Gnt®), (9.2)
L= (-lJiP"Q" (Crni®%e i),
PTs = (—I)OF°G° L®3.
and «Enaﬂﬂ Pe =pntPet P
Recall eval fom F@

Lemma Fommg T€JTn and ay--,0n € Bl1] we have

Prlae-ean) = ) evaly (a6 ~@an). (23)

Roo? 95 f~@@ e diffovente 1s a sigin Z‘m:l Z)w{’d 62 | P ] whove
a; = acl+ 1, vewnsoverall verhiwrin A(T), €: means Hu Hh non-wot leaf, and
| @ |is Hudegree of flu insedion in D at v. But veriwn v> 7 in AT) can be paived
up (verbiun fom inteunal edgunin T with thaiv source vevbex ) inct way Hat mahes
iHcleav this siyn is zew - []

Ugahof We can evaluake AT /‘gnow"ng all szul%m’ \/




Theorem The maps 1P Inz1 sabishy Hie forvard swpended Aw - velotions
( (3.6 aboye or (@)J te. for n> 1
Y . @n—i—'
Z f_jﬂ" ( Wy @’fj ® ‘C{em ) ) - O. (10.1)
|7/O,J7/l
| £ f+J£V\

Nokeas  Forn=14he velation we neecl is /0,1= O which is imnudiate sine = 0.
Wm(a{—iom ]%r n=2Iis /),/2 +f,_(/0)® () +/1(I@J07) = OJ which is
viprt PQ(W@J)+ PQ(\ &V )= O  which fofllow bymul%’pbﬂﬁg
i+ R(r@)) +5 18V =0 on i left by P-

Boo? Pov > onsicler the following R-bilinear map R[N — 2e (1],
n o R ( , n-t-1)
(r)’l. = ol t Z n\"( ‘C\fe[x] e Ldii[u]l ) ((o.z)

and simi|a|/|v define (/’)ﬂi for 1he pdeChJD on BU']. The Aoo ~velations ameqmm/em}
for?=0 hgeﬂ/lev with

" ® ¢ ® (n=j-)
= - Cazivre (7 l r: ) i . .
(f>1 ';WZ;jZZ + ! <ldae”® j ® LdHﬂ > n> 2 ((o g)
i+]sn, jsn-|

Sing /0)2 =0 o completeFhe me it suffices b show for n7 2 that

" . &c (V\—'—Z)
(f)ﬂ_ - Z. fw-jw"( 'ds[n] @ﬁ-@ Ed;—i[JJ ) (0-1).
|7/O,J7/2
‘.+Jém,35v\—|

L'(T)
Now Bg definition /On. = Z TeTn (-‘)e D) whew Dr s Hu canonical
decovedion of A(T). Thes*ra+egy is o expaVJC} Hhe RHS o’f (0.4) wfmg%l}de#m’ﬁw),
“mevge™ Weﬁwﬁomﬂjﬂ and /Oj then uge ¥ 0ut Civ, = idze —P o recover the LHS .



Given € E”dkﬂodg(&e) dfo[egvet zew, [€Dnand an Tw%emaleolje e, let Dse
be the de covation of /9(7) whith puk fra%hev Mon K ot the vedex cowwpom//nﬂ
o e. We define

o= () O Dge> (1)

We also set

Z Z /DTe e Homgpeode ( BH B[’J)

Teh eeE(T)
e(T)= |

nGtaGr,

Griven e E(T)mwﬂle/ﬁm jcor/o—re_ _ Given e € Ee(T) Jet v be Hhe

leaFfo uhich e rs adJacaw [/aum ly v= r+he wot ). Defive De to be the de coration mplacfhf;
95; (which ireither 2 or p ) by 1o Py = ¢ *P1 i v ir canon-root leaf, and by
Prods =@zl F V=Y, and et

/\_’;Q _ (_l)e('(7)< D37

2.0, Pre

TeIn ecE(T)
We [oegin loy ]OVO\/I‘V\j
Claim A Fr Oscsn-|
B vd@(n—hl) ) - Z A
P’ (7dszy ® P& (g — = fTe
Tedn

wheve e isthe edge n Tac{jaceylf'bﬁu it leaf.



ng@g@ claim Fix 0¢csn—1, Tedn and let De an defined aloove. Then

-1)4D< Y+ (176 p, & 1°777

<De> -

(DT eans
T standavd
denoteion )

wheve S is The sum o degrees ‘Si’aLl o tnsevtions on A(T) at vevfiws 9 whidh
sqﬁs{j ‘l>(\7 acwr’dl‘nyi'o the velofion " 0{ }o.@(au’n{roﬁr? ), wlhere ¥ s Yhe
I leafverlex in T, e.q. for =1 fuindicaled verkior are > ¥

(P

4

C

I

+fotal Mgn [c|+|l=0

& LI T §

w(an(ipede anlie))

Y
7

G(Gr(ie)e Gnlied)).(

el )

But now obsewe Hhat the verfias g conbibuding to hissum come in paiv (file the 72,0
ttie aloove exotmple ) of ot vevkex in A(7) ovginating hom an infemal edge in T,

ancl it source verdex . Sinw these pain canel, we conclude $=0. 0

T4 15 olyviows that

pi = Zp0r = T e et

Henwe

(ﬁ)ﬂ_

ZZJOM—/D Zl/é\ﬁe

TeTn ecEe(T)

ZZ

TeTn eeE (T

TeTn ecE- (T)
v,G+ G\Y'|



Nlrwum'nﬂ (Ot Grp = idee — P we have

-5, 2 [ pl—pre ]

TET eeE(T)

lda-e

e gl

Thak )\5)

}n = (f)l +/J;i9e —/OE (12-1)

Nextuwe caleylale /‘5:« in ad(?ﬁewm’rwa%. &f/OAT = ZeeE(T) ﬁT/Q 53\/5\'1= ZTJ/BT

v n2 and T€Jw mcamorgowiseﬂ/wjum /Dﬂr= eeE(T)ﬁT/& an a
sum ovev inferal vedian T,

=2, P

Y inlevnal
vevieXx

nh
where PAT,\I s e sum of Pre for evew intemal edge e which ingoming o v,
Gy

PTe for evew \'vﬂwmaledge ou\going —Fvom \7 ond /3T,o. ‘Foxrev% extesnal edgg
incidentat v. That is,

Z)JDT&JFZJ/DM Z)A (@2)

e cE (T e e E(T) e cE(7)
e endn mjr v e \oe(aW\S at v e mudemf‘af \%



\3

v Gvi A
Recall f’r)i) /Df,e)/oCe are Ji@hecl vewsions af < Doge T, <D01v,,e->1-]) <De>,_| resy
Suppose that v ha valency k| with incidentedgen (in 1)

2

ke

\\]/ (13.1)
(some O\/Od\U‘P_ whida may

be ex’remol\ec{grw\

k.
The idea iS*omwﬁmee (f),,_ ql;ayweaV('ieV‘ on the RHJS 0‘2 ({2./)) aPP(ﬂ (10.3))
ancl then the vesulf on p. @ f@infeald.

The conbihufion P (13:1) Ho DT is viathe opevator

\fb\o(‘ﬁ® - ® Th> (3-2)

where T; is the denotation of #a ith subivee (o AT)). Letws anile &) somewhat
amb?guowalg 1o refleck-denstations o decvations of A(T) whive are only descihe
the deviation fiom DT neary (o simw weareinthe branch desofation, mot height,

i i;gemumely safe o do uo ). Then,
Dy =& n(T@---8 T ) > (13.3)
Dygei ) =L e (1@ @4 T 08 TW)))

<Dar,}e> = << Grievee (Ti®- 6 T\n-) >>

For the same vreowon elahovated aboue, ( Tj 1=0 fHrall j, sine insevlions on ecdloe)

cnd internal vehies pvec(Jelj cantel. Thus



@,
Do)y =& e (10 04T 50 L))
<<r ( &t l) ‘ ﬂ@(k—t))n (‘rl@@ Tk_) >>
Hena fom (12-2), we conclude by (10-3),
/OATV = )Qi(ﬂ<< (r) ‘ >>_rv _— eaning (\")L< it insevied ab v in /’r(T)
)
— k —_*(
= ()" Z Co-ipr o (dw[q@r‘@cdaﬁq )
120, 72 J /
i+ <k, )<h1 7w ()
e:(T) +1 &(k —j-)
-l) ) Z’ << Q—j+| ° < daem ® rj ® Cda—e[.‘] ) >>'Cv
'.70422
i+ )<k, sk

Cloim B Given T€ T, an intesnal vevkx v, and integers 70,72 with ;+J'é)g

J‘s\z | wheve Vv hew Va\emcg Rt1, let T = ns(T, v ¢ J)M definecl on p- ©

o (amgca 3) and let e’ be the cveakdedﬂe D’ idoe, e the decovationof A(T')
obtuined from Hu stanclavd. one (1-¢- f@) by insevting idoe rather than (i ot e/,

We clginn that

k——¢ /
& Gojre dwm@r@cqu )>>>‘Cv = {Die,er ) (1)

J

. o clgim with the v;‘cin%‘y ofv o (131) gnd P nofzdion 7; o above,

LS (15.) = & Ve (deoid)o (T8 6 T) )
= K rn-@\"(—ﬂ@“'@gﬁ@—”@ﬁ)»

= RHS o (14.1).




Rom Claim B ancd (11.1) cwe oblain

A T) 1
YN ¥ Z <D,clgf, >/m(TV, )

17/OJ72
I+J<k )<k 1

We can pavhhon Tr byt number of mfernoll edges, witing

Tv\ = _\J—c»ol‘_\r\CC) U/t”m TG Thca ]—F}D' eL.(T):C'

Bljm Lemma on ;z@ Theve s a bkijecﬁ"on for N> 2 and ¢ 7/ O

+
(3.7)—— {(anej) 18T, v an vakemal e,

n

(>0, '\-y:JS lv’—l/ 2 sjs l\/l—Z}

whore (T, >+afemo{w Yhe sef of- par» (Te) where TE I(CH) and ee E:(T)

Hew&,aﬁuvmmﬂ nr2

T: _l__l_ 7(cm> = _J_{ &)V)L)jy \ er-(c) }

c7o ¢7”0o
which shows
N eir)tL
ST P = S5 T b
Te€Tn V TeETN V ‘-ZO/J.?/Z
i+ | £k, jsk-
(
Z Z_» (-1 ! T)<Dd?re)e>
T'e T eeE( ) S~ T

idre
= /On



&Jmpavl'ng with (121) wre conclude for n>2 ot
(pla = pu (16.1)
Recall P= 60/3- To show (10-4%) amc(wmp]ekﬂupmcrfj i is Yhevefore emoqgkb checl

(n-]-¢)
. P _ {d & & d@, J
Claim C /n .22);’22 /O J*" 5[_1 JOJ td re(i] B
|+J$V\;J<V\ |

Fvo(re 010— claim : ch de-)cmiﬁoh

= ). 7 )¢, e ) (1b.2)

TeTn  eeEi(T)

for n fixed there is o b\/’/‘ccf‘or\

¥ L T XTJ, x{oj...,n-J'}—A,« fﬁf (16-3)

Zstw-l h—JH

which1s defined on (@)Q'/ i) by MHuching R o Q ot (st |ea7ﬁ, Via o new
tnteunal edge whidh 1s imavhed, <.

( n-jJ—l ( L J -7 —_\\ j
oy NS e, m TN
rO/ < \ - ro . ! Q’ f

S ¢ Q { C = = s
( s N AR - —

L T (‘\ ! TH

\\/V\U
( |



(@
Henw (16.2) may be rewitien as
eL et( ‘) 1 =) ¢
ﬁf= >, 2, 0. (erecten Dy Yo (1d%% (Dave d® V)
éji — | QEJ:\JH 0<L<V\J
G&eT
1 @)
- Z(—l) {Z'ernjﬂ(') (D&>}

iZo,j7/1

Mg jen-] o (d * & {ZQ(GT)- <{Deay } gd@hl_ﬁ))

@ (n-j-¢ ))

= Z, F1° 'ds[j ® e cd}e[q
P

1720, 72
|+JEV\/ J<V\ |

w daimed. (]

which uomp)elm ﬁquu’Pgﬂ the Theovem . []



Apgendix (Heiﬂhjr vs Branch dewoﬁd?on)
Civen 1€ Jn we have defined
i(7)
PT - (”')Q T<D7H.

Now, by (7.2) o we hare
<D>H - (”')

T(AT),D)

{o7s

where T(A(M, D) = Zw<w’,dzp¢ww‘)<mph,\(w) | ‘?5‘““99‘“' ancl ¢w
is Ylw wionphism assfgmd b w bﬂ D. The omlj de wrations of novizewo deguee
n D ave Q’S (dQEjVEQ 7‘13 on intewnal vedion and G (deaw ‘1) on vevhi@s
crealed on midpoink A edger o T. Nolethe depth 1s compuled in AT).
Nd
Lemma T(A(),D) = Zc{?l ( > > wheve Nd is the number of infevnal vevtios
at depﬂ/\ dm T et (2)=(D)=0,
Roc Tf vk dewvales o verkex adjacent fo the wot it-duves not conbviloule o T(AT), D).
Let v be an infernal verdex 0“,9 T, viewed o) arveilex m A (T), and) suppote

- adjoant bo
v 1< nob adjacemHvﬂle wol, soin T the ecge emanating fom v acquires qmo%&‘ﬂwfﬁ

7 m:‘dpo)nf\/eﬂw W, - As v vares overall internal revhies dme\,
enumente all the coydvibu%‘ng verhwr o T(A(T), D). Movesver allHae v s have

odd C{epﬂ'\in /’t(T)) an dePH\A(T) (V) = 1+ 2(depthrv —’), ancl wrequn
dep\/hﬁ(ﬂ(w\/) = 2(depthrV=1) i alwoys even. Lef \/ denvle the sef of
intevnal verhan of T notadjacent o the wob. Then  (vev!in T or A(T) st rame)
given v,v'e\[uithv<V' fheve ane fhree possible velationchips befween (v.w) and (v W)

indicated in the 7%//01/0//73 din gram
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@ C’@PH’[TV<C{€PY}1T\/) VR o —/7/- —— - -~ - odf c(ePn/\ir\ /‘}(T)
w\/\\_ - - - - -.Z/— - - ——= eyein dePhﬂ|ﬂA(T)
A\ /
v v/
©® dephrv = dephhey’ \ /
Wy s /, (VINY4

@ C[epﬂ\rv > depﬁ/tr\// WV\

Now apair in oomﬂ‘gum#or\ @ dver notconbibude o T(A(T), D), a pair in confrg. ®
wnhibuter =1 and o pairin config. © .onbibuter zewo. So ave have

T(Am,Dy =) -1

Vv,Vlev
vev!

depthr(v) =dephr (v )

Amomgf’m verbws af o Fixec\ OlepW\ £ s o total oycler/ sowe conclude Yhat

i) =2 (%)
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