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Our aim in this not is to check the proof of the A a minimal model

theorem in the

papers

( the former being an elaboration of the latter )

[ L ] C. Lazaro in
"

Generating the
superpotential on a D- brane

category
"

2006
.

[ KDM .
Kontsevich

,
Y

.

Soibelman
"

Homological mirror symmetry and

torus fibrations
"

2000
.

Our notation is as in and and [ 4
,

with one exception : we allow K to

be
any

commutative ring
,

a = Gk ( i . e. not necessarily a field
,

and no assumption

on the characteristic )
.

In aid
- and and and we made more restrictive

assumptions,
but

everything said there holds in the present generality ,
as observed

also at the beginning of ain@ ( with " vector
space

"

replaced by
"

k . module
"

)
.

Cohomology Let A be an An -

category .

The ideated Hlt ) is

the (possibly non
- an ital ) associative graded category with the same objects

as it
,

and morph ism
spaces

Homma ( a
,

b ) :  = Html Honda , b) )

and morph ism compositions

Homma ( b
,

c) Q Homma )
( a

,
b) → Homa (A)

( a
, c)

given by [ x] * [ Y ]
= [ Mba

( x a Y ) ]
.

we denote by Holt ) the full

subcategory of  degree zero maps .
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an Aa - functor F :S 'D

is a
map

F
'

- Obit →

0h43 together with linear maps

Fao . . .

an

: Homa ( 90,91 ) G.
. . a

Homsfan

- i

,

an ) →

Hompl Fla. )
,

Flan ) )

of degree I -

n ( herein 71 ) such that the suspended Maps

Fao
...

an

=

ska
. ,+µp°

Fao .
. .

an

° ( 5h
. ,a ,

•
"  '

• 5ohm
,

an

)

Homes ( aga ,
) [ DO .

. . Q Home ( ant
,

an ) [ D - Horn
,
}

( Mao )
,

Flan ) ) [D

which are homogeneous of degree zero
,

satisfy ( for nz l )

( 2.1 )

€a
oa

.,€p
.

,<nr¥aos ... Hans

° ( Faso
-

ai
,

•
Fair .

an

0
' '  '

8

ftp.i.an )

=

o
,€jn

Faso
. . ai

, g.
...

an

° ( idtaoa
,

•  "
'

• idhtnai 0 raft
.

.g
.

0 idgtg .

+ ,

-
'

i

.
.

-

a iddaman )

Together with Fab
,

the
map on objects induces a (possibly non

-

un ital ) functor

HLF ) : HIM → HID ) of graded associative categories .

F is called a

quasiisomophism
if HIF ) is an isomorphism .

It is called strict if Fao .
. .

an
= 0

unless n=l
.

In this case
( 2

.

1 ) reduces to

Ffa
. ,

.
. . Ftanj

( Fata
,

0 Fasazo
 "

' 0 FAI
,

an ) ( 2.2 )

= Fs ° rt
ao an go

. . .

an
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Sectordewmpositior Consider the commutative associative kalgebm R : - Rt

for an An -

algebra A
,

generated by { Eataeobt subject to EaEb= Sab Ea
.

Nole that Risunitulitf Obit is finite .

Since the Ea are commuting idempotent ,

we have R±

Otaeobsk

as associative algebras . Consider the k . module

A = My = Of Homslaib ) ( 3.1 )

aibeobt

with the grading

yen = Of Honig ( ais )
.

1 3.2 )

arbeobt

We let Tab

:X
→ Homola

,
b) be the projectors onto the subspace Homtlaib )

.

The binary decomposition 13.1 ) defines an R - bimodule structure on H
. Namely

,

E
a

acts on the left by the projector at of Houk

at
= Otbeobt Homt(9|b ) ( 3.3 )

and Eb acts
on

the
night by the projector Tb

His = Otaeobr Homs ( aib ) 13.4 )

Lemma_thek-modu1eH0htHQiii0RHisgivenbyje0Rn-tOHomslao.aD@Homslayad0.iQHomitlan-y9nJC3.s

'

)

Ag .

. .

,
An

with the obvious R -

bimodule structure
.
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Putt The relation imposed by the tensor product is

Had = ( HOH ) / ( xeboy
- to EBY )

x ,y homogeneous

from which the claim is clear .

:
Rh

We define the totalpwducts K : AN → HCD via

K ( x

"

'o . .

. oxen
'

) : - Ota
.,a£K% .

,

an
( X !!a

,

Q .

:@

kiln
. ,

an )
ay . . .

,
An -1

( 3.5 )

where xli
)

= Gabe obit Xltah e HH with xlaih E Homrlaib )[ D
. Since

his dearly R - bilinear
,

we can view rn as an element of

he Homrtmoa
,

( MHM
,

HCD )
.

These
maps obey the Aa - relations

( 3.6 )

[ (-1 )
'T " "

+ 'T

rnj+ ,
( x

, @ .
. .

oxiorj ( title
- '

'

otitj ) Oxitjti
0

in
,j >

,
1

-
. .

@ Xn )
= 0

Ki
tj en

Composing with the quotient
HH*→ HHP

"
"

defines

Kon
MID

9h
and

( A
,

{ rn }n>, , ) is mm an
An -

algebra over K ( not over R because H is an

R - rbimodule with left and night actions do not necessarily agree )
.
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Minimalmodels ( 93.3 of [ D)

Let A be an An -

category
,

and R
,

H= Hit as above
.

We view has

defined on H with the tilde
grading .

Dee A stnithomotopyntan of A is a homolopy retract of

the R -

complex ( M
,

r
, ) (notice ri

= mi )
,

i. . e a pair
( BG ) with

P E Homrarmodr ( H
,

k ) and 6 E Homrarmodr ( H
,

HE ' ] ) such that

( i ) p2= p

(2) idoe - P = r
,

at Gr
,

Nole that by Homranyodr ( -1

-

) we mean degree zew
maps ,

and

14
implies Pr

,

= r
,

P
.

the R - bi linearity means P
,

G amount to the data of

Pab :

Homes ( a
, b) → Homes ( a

, b)

Gab
" Homa ( a

, b) → Homa ( a
, b) El ]

such that Phab = Pub and id - Pub = H ) ab Gab t Gab ( ri ) ab
, The

sub module ( graded,
R - bi module )

B : = Im P E H

is
given by Ota

,b ← obit Bab where Bab = Im Pab
.

We let  i : B → H

be the inclusion and
p

" H → B the
map

induced by P
,

so that
iop

=P
.

Clearly r
,

( B ) EB
,

so B is a sub complex of H
.
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Impov_tantForourwnventions0ntreesseeaiht@Jnisdefinedonp.z0theve.NoteonKoszulsignsRecallthatforktinearmapsohYofdegreeaibthemapcf0YisdefinedbyCcfa4KxoyJ-tybHcfHatly1ThisistheKos2ulsignconvention.Givenavalidp1anetreeTletElAdeno1ethesetofalledges.EilTlallinterna1edges.andEelHaHexternaledges.5eteilT1-CardEiHthenumberofintevnaledges.ForeachTEJnwedefineamoophismofgradedR-bimodulesPtEH0mrModplB0RYB1asfo11ows.C

a) associate theindusioniwitheveuyleafoft .

(b) associate thesujectionpwiththewotofl .

( 6 '
' )

(c) associate rkwitheachintemalvevlexofvalencyktl ( notekr )

(d) associate Gwitheachintevnaledgeoft .

i i i i

However notiuthatduetokoszulsigns ,

with rnofdegneet
,

Exampte

µ µ andaofdegree
-1

,
we have

rz k

¥ porn ( a @ a)°Kard°( iaioioi ) C 6. 2)rz|
theightof

=/
p°rz°(

G°rz°i02aG°r2°i°2 )
. ←

branch

ItisthevefoneimpovtantthatwefixawnventionfovwhichofthetuoaHernalivesinl6.2lthatwewilluse.ThetuochoicesanecaHedinainfcat@theheignIandbm_nideno1ati0ns.AftersomeeHortwearewnvinudtheformerisveuydifficulttomakeuovkinthewn1extofthemimima1mode1theorem.so

we use brand
.
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To be
more precise

about what 16.1 ) means we introduce the notion of augmented plane trees
.

Bed Given a valid plane tree T the augmentation
At ) of T is the plane tree obtained

from T by inserting a new vertex ( of valency 2)
on each internal edge of T

,
1 .  e .

 
.

 
.

.

1.
-

"

in

"

in

;g
.¥

internal
edge
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Given TE Jn a valid plane tree
,

we decorate the augmented tree ACT )

according to 16.1 ) ,

that is weddedto be :

•

we assign ↳
:  =

B[

D
,

a graded R - bi module
,

for
every

leaf v ( in
.

the root )
.

• to all edges e of At ) we
assign

Me :  =

HE
]

.

( 8.1 )

•

The
maps

Bl
' ] = Lv → Me =

HH
] for each edge e incident at a non

- not leaf V

are all i
,

and the
map

XD
- Me → Lr =

BM
at the root is

p .

• to vertices of ACT )
coming from an internal edge of T we assign

G
.

• to internal vertices of ACT ) of valencyktl for k>R
we

assign
rk, of  degree +1

.

Def Given TEJN and the homotopy retract data for A on p .

SO we define

the
homogeneous

R - bilinear
map PT

:BHOR"

→BIDto be the denotation

< D > of the decoration ( 8. 1) of the augmented plane tree ACT )
, multiplied

by a sign factor G)
eik )

.

Here < D) is the
by

denotation (D)
B

of aintca@ .

temma Pt
is homogeneous of degree

2 -

n
,

and hence degree
+ I

as
B[ if

* "

→ B [ 1 ]
.

Roof The degree of PT
is eit ) . t ' ) + [

mtveuex , , of ,

( 3 - valences 4) )
,

but

this is 3 # int
.
vertices -3# int

. edges - text . edges .

There
is an injection

,

{ int . edges ) → { int
.
vertices

} sending an edge to its source
,

which
only misses one vertex

( the one adjacent to the not ) . Henulptl =3 - # ext
. edges

= 2
-

n . D
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Def Torn > 2 we define the degree +1  
map

Pn
:  -

,§n PT
E Homrmodr(
BMW

,

BM )
. ( g. , )

and we setp ,

:=

por ,

o i 1 i.e. KIB )
.

Not that
@

=

porzoi02-poralB@B.Example_WehaveI-lTq.Y
, Yoh , WH } and thus

IT Tz Tz

pt ,

= C-
lfporzo

( i a Grice )
,

( 9. 2)

ptz
= ( -111

porn ( arzio
 2

@ i )
,

ps
= fit pobo

i0 ?

and finally

p3tfTitPTztPTs.RecaHevalfomp.60ainf@Lemma_ForanyTEJnanday.s

an E BID we have

p , ( a ,
a

...

• an ) = C- i ) eiltevah
,

( a
, a .

.
.

aan )
.

(9. 3)

Pwof_Byp.6@ainfcatCthediHevenuisasignEiIiEneiail0vlwheveaT-laiHl.v
runs overall vertices in ACT )

,
li means the ith non

- not leaf
,

and

1/0×1 is the degree of the insertion in Datv
.

But vertices v > li  in AIT )
can he paired

up
( vertices from internal edges in Twilhlheir source vertex ) in a way

that makes

it clear this sign
is zew . D

Upshot We can evaluate pt ignoring allkoszulsigns
!
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theorem The
maps

{pn }n>n satisfy the forward suspended An - relations

( ( 3. 6)

aboveorain@l4.3D.i.e.fornz1.yFy.nynAjtilidBFi0Pj0idFaYiJ1-O.ao.p

Notes Turn ⇒ the relation we need is

p ,

?-
0

,
which is immediate since rp=0 .

The relation for n=2 is

ppztpdp ,
@ 1) tµ( lap , )=O

,

which is

Yprztprz ( rial ) tprdlori ) - 0
,

which follows by multiplying

nrztrdrial ) + Khari ) -

Oonthelettbyp .

Proof Torn >
1 consider the following R - bilinear map

HMO
"

→ H[ if
,

( r )I :  -

horn t §jrn°( idoiecdaroidofeniij
"

) ( 10.2 )

and similarly define ( PI for the products on
B[ D. The An - relations are equivalent

to r ,2=O together with

( r )I= - [ rnj+i°( idfinorjoidh.TT
"

) n > iz
. no . } )

in
,j72

itjan , jan
-1

Since pit Otowmplelethepwof it suffices to show for n72 that

(g) I =  
- [

pnj
+ io ( idBFj

of a idFdjJ→ )
.

to -4 )
.

io
,j72

itjen , jen
- 1

Now by definition
pn

- [ tent ' )edT)< Dt > where DT is the canonical

decoration of AH )
.

the strategy is to expand the RHS of 110.4 ) using this definition
,

"

merge
"

the trees fwmpnjt , and pj
then use rihtar

,

= idx - P to recover the LHS
.
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H ) of degree zew

,

TEJN and an internal edge e
,

let Df
,

e

be the decoration of ACT) which puts f rather than a at the vevlex
corresponding

to e. We define

p¥e
:= the

#
Df

,
e > 1 ii. 1)

We also set

At
:=e¥§z,

,ee€i
,

,P§e
E Homrmodr ( BNQM

,
Ba ] )

.

Given ee Ei H ) we ante fte for ptffea
"

.

Given ee Eet ) let v be the

leaf to which e is adjacent (possibly v=r the not )
.

Define De to be the decoration replacing

$e ( which is either i or

p ) by ri ° off
=

chop ,  if v  is a non
- root leaf

,

and
by

p , ooh,
 =

#
or

, if v
- r

,
and set

ft ,e

:  - the

itk
De}on

-

Ee f. Pte .

we begin by proving

Claima For Oeien - 1

pnolidboij a pea id 93mi
" "

) = [ Fte
TEJN

where e is the edge in T adjacent to the ith leaf
.
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Pwofofdaim Fix Of ish -1
,

TEJN and let De as defined above
.

Then

( Dt means

( De > = G)
s

( Dt > ° ( 18
" '

op ,
a

Id
" "

) the standard

denotation )

where s is the sum of the degrees

Had
of insertions on A ( T ) at vertices

q
which

satisfy q
> I

according to the relation
"

>
"

of p
. @ aint

,

where I is the

ithleaf vertex in T.se . g. for  it the indicated vertices are > I

if
i i i ftp.t#totalstgn1a1tlrd=o

I
- Y@% rz ( ardip ,

a i ) a Gratia  i ) )
rz OrzHa

-|rz
11

rz ( an ( ioi ) a ahliai ) ) . ( p , @ 183 )

But now observe that the vertices
q contributing to this sum come in pain ( like the rz

,

a

in the above example ) of a vertex in ACT) originating from an internal edge in T
,

and its source vertex
.

since these
pain

cancel
,

we concludes
= 0

. D

It is obvious that

f. of
=

§
their

)pi°(
DT ) =

§fT,e ( e

adjacent

tort
.

Hence

GE =

Enfant
"  

= E §,n§¥⇐Pte
'

= ei
-

E. E.
⇒

Hear
'
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Nowusingriatar ,

- idae
-

Pwehave

= E -

E,ee§e.fr#epEe ]

= jn
-

jndntppn

that .is
,

jjn= ( p
) "±tpidT - ppn

.

( 12.1 )

Nextwecakulalefninadifferentway . ftp.T :-[ eeEHftesop^n=§fT .

Torn

>
Zandtejnwecanorganiselhesumpt

- [
eeet ) # easa

sumoverintemalverticesoft

,

ft
= [ ft ,

"

xintevnal

vertex

where ftp.thesumofpffforeveuyintemaledgeewhichisinwmingtov
,

pffrdforeveuyinternaledgeoutgoingfwmv , andfteforevayextevnaledge

incidental .

v. that 's
,

IT ,v= [ ptffe + { Path + [ ft ,e
( 12.2 )

eEEit) EEEICT ) eeeelt

eendsatv ebeginsatv eincidentatv
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Recall F¥e
,

PETE ,f5e are signed versions of < Dna
,

e)
a.

( Dan
,
e) it

,

< De ) it
nesp .

Suppose that
vhasvalency KH with incident edges ( in T )

' : K

.

.

 
, ,

.
 

"

( 13.1 )

£e¥
( some  wall of which MAY

be  external edges )

The idea is to
recognise

( rtf
from earlier on the RHS of ( 13.1 )

, apply ( 10,3 )
,

and then the result on
p

. @ ofainf.ca# .

the contribution of ( 13.1 ) to LDT > is via the operator

rko ( Ti A  .  . .

Q Tk ) ( 13.2 )

where

Tj
is the denotation of the ith subtree ( of At ) )

.

Let us write (A) somewhat

ambiguously to reflect denotations of decorations of ACT) where are only describe

the deviation from DT heavy ( and since we are in the branch denotation
,

not height ,

it is genuinely safe to do so )
.

Then
,

< DT > = K rko ( Ti Q .
.  -

a Th ) D ( 13.3 )

< Dna ,e
;) - K rn ° ( Tia

.  .  ' or
,

Ti a
.  - .

a Th ) D

( Dan
,

e) = K G norm ( Tia
.  

.
-

a Tn ) D

For the same reason elaborated above
,

I Tj 1=0 for all j ,

since insertions on edges

and internal vertices precisely cancel
. Thus
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;) = K rn ° ( Tia

.  .  ' or
,

Tia .  . .

a Th ) ) )

= Krk . ( 110k
' 7

or
, •

10k
"

) . ( Ta .  .
.

a Th ) 7)

Hence from 112.2 )
,

we conclude by 110.3 )
,

eitl

kyz
png , ,

= ( - i ) K ( r )
, ,

,
, , -

meaning (NT is inserted atvin At )

= Heim - [ r

;+ ,
. (

idnoinorjoidieeinti
'

)
i > 0

,j>2

k

it j< k
,

jek
- I

Iv
( 14,1 )

eitltl
= t "

;¥§;;¥mK
Kitto(idroinorjoidiediipii

'

) D
, .

ClaimB_ Given TEJN
,

an internal vertex v
,

and integers i7aj72 with itjak ,

j<
K - I where v has valencyktl ,

let T
'

= ins ( Ts 's iij ) as defined on
p

.
@

of ainfcat@andlete1bethecnea1ededge.Dtidoe.e ' the decoration of ACT
'

)

obtained from the standard one ( i.e.

p
. @ ) by insertingidae rather than Gate !

We claim that

Krnjt,
° ( idroinorjoidMint

"

) ))±
, ,

= ( Didn
,e

' )
.

( 14.1 )

Pwofofdaim with the vicinity of vas in 113 .

' ) and the notation Tj as above
,

LHS of 114.1 ) = ¢ rnjt ,

° ( idarj aid ) ° ( Ti 0
.  '  '

a Tk ) D

= K rnjt ,

° ( T
,

@
. .

.

a
rj Tja

.
.

.

@ Tk ) 7)

= RHS of 114.1 ) . D
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From Claim B and ( 14.1 ) we obtain

ft ,
, ,

= the
# +1

[ ( Dian
,

e
, 7

in .tn , i. j )
is 0

,j72
it j< k

, jekt

We can partition
Jn

by the number of internal edges , uniting

Jn
= Ho ,oJi

"

where TEJNC
"

iff .

eilt ) -
c .

By the Lemma on
p

.

@ fainted there is abjection for n > 2 and c >
, 0

( Jln
" "

# { ( Q ,x ,
i. j )IQEJNH

,
v an internal vertex

,

izo
, itjelvl

- 1

,
2 eje HI - 2 }

.

where ( Jnk
" '

)
+

denotes the set of pairs
( Ie ) where TE Jn

' ' " )

and ee Eilt )
.

Hence
, assuming

n > 2

JI=

¥
I Tnk

" '

)+±¥o{
( Qninj ) IQEJI

"

,
... }

which shows

eit ) +1

A

=§n§f"
"

=

Ek §
, +

ifeng.in?
,

< "
me

' >
in # " " is

=

§E§=r
the

"

#
Dianne

. >

it
'

)
\

in T

'

= pidreh
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we conclude for n > Zlhat

p

( p )I =

pn .

116.1 )

Recall P=i°p .

To show ( 10 . 4) andwmplelethepwof
,

it  is therefore enough to check

Claire pk=
 

- [ pnj+i°( idkijopjaidfdjJ.is )
.

in
,j>2

itjen , jen
- 1

Pwofofdaimn : By definition

pnP= §ae⇐§
,

,t'
led "< DBE ) ( 16.2 )

Fornfixedtheneisabijection

8 : I J
xJj ×{ 0

,
... ,nj ) → Tnt ( 16.3 )

Zejen
. ,

hjti

which is defined on
( QQ

's
: ) by attaching Q

'

to

Qatthelittst
leaf

,
via a new

internal edge which is marked
,

i.e.

•  .
• .  

- -

y
.i.I.iy.si4k¥51 , '¥¥, ¥ ,I" !.it#Eky.n*No1ethatHQiQlsi)haseilQHeilQDt1inlevnaledges

.

|

•



ainfca@l7OHenull6.4mayberewnHenasPnPsILn.qEnynoEnjtteiMteiHt1CDa7oCid.a

( Doe , > aidan 's
"

"

)

= [ Hit { Ea
an ;+,t

's "kkDa > }
i20 ,j>2

itjenjen
. l

o ( id•ia{ [
a ,←,;< Da , > } aid anti )

)

=
- [ pnj+i°(

idBFj opjaidndjiti
'

)
.

in
,j72

itjen , jen
- I

as claimed .D

which completes thepwofof the Theorem . D



Appendix
( Height vs .

Branch denotation )

Given TEJN we have defined

pt
= Heit

"

4TH
.

Now
, by

( 7. 2) of aintca@ we have

JLAKIP )

(D)
B

( D >
+,

= C- I )

where J( At )
, D) = {

w< wi
, depth ( w ) < depth( w )

|¢wH¢w ' I
and ¢w

is the morph ism assigned
to W by

D
.

The
only decorations of nonzero degree

in Dave rk
's ( degree t 1) on internal vertices and a 's ( degree

- 1) on vertices

created on midpoint of edges of T
.

Note the depth is computed MAIT)
.

Lemmoi JIAH
, D)

= [
d > 1

( NL ) where Nd is the number of internal vertices

at depth d in T
.

tasubual (E) = ( D=  

g

Pw# If rn decorates a
vertex adjacent to the not it  does not contribute to J ( Atl

, D)
.

Let v be an internal vertex of T
,

viewed as a vertex in At )
,

and
suppose

v is not adjacent to the not
,

so in T the edge emanating from v
acquires

of y

-

not  adjacent
b

the not

a midpoint vertex Wu .

As v varies overall internal vertices the v
,

Wu

enumerated
the

contributing vertices to J( At )
,

D ) . Moreover all the v
's have

odd depth in AIT )
,

as  depth at ,
( " ) = 1 + 2 ( depth T

' ' - ' )
,

and
consequently

depth AH ( Wv ) = Zldepthtv
-

1) is always even .

Let V denote the setof

internal vertices of T not adjacent to the not
. Then ( v< v

'
in T or AH is the same )

given v.v

'

EV with KV
'

there are three possible relationships between ( v. Wu ) and 114 win )

indicated in the following diagram



you
'

:
,

•

Wy ,

AO depth Tv
< depth Tv

'
'

i
'

v •
-

-
- .  -

- - .  -
-

,t
.  -

- - . .  . odd depth in ACT )

\•
.  

.
- -

-

 t'

-
- - - -

even depth in Alt )
wv

:

@ depth #
= depth

'

'

IM...
,

;•j¥
'

@ depth > depth TV

'

"

ID. ;

:
'

;
i

9
"

•  Wv
'

:

Now a pair in configuration @ does not contribute to HAITI ,
D )

,
a pair in config .

@

contributes
-1 and a pair

in config . @ oontibuteszew .

so we have

HAITI
,
D) = [ - 1

VNIEV

van

depthtvkdepthtlv
'

)

Among the vertices at a fixed depth < is a total order
,

some conclude that

HAITI
,

D) =

@
( NI )

as claimed
. D


