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We revisit sovne O}Dﬂ/u 5!’31/1 isruen hom which haye come up again
in @nfeal>. Tmoughout S is a wmmuttive, asociative but not Vtwmaw'/g
un'tel ing. We loegin with banic matevial onfrees.

Definitions Here a. Pree is a convected qcyc(!'c (unoviented ) 3mph. A woled $ree
is o e in which one vertex hoy been designated the ot (for ws, Fhe ot i aluways
a leof vevhex, 1 avevtex of valency 1). We make o voled tree an Mjmph ij
orienting oll edges fowards e voot (e inthe clirection of any peith o The ool ). Tu

a voled free fhe pavent of-a vevlex is the vevlex connackd fo i+-on the path o The wo?. Evew
vevlex but-the voothan a pavent. A child of avevtex v is cvevlex of whith vis the parent.
A plone free is a vooled fvee Jogether with an ordew‘ng for the childven o each verlex.
A mowhism. of plane tees is a_ moyphism of ovienfed graphs which prvewes the

voof vevtex and the ordeving on childven, e. i w<w' ave childven of v then

Fw) < F(w') as childven of £(v). A plane tree is valid i i+ has nt | leaves

(includrng e wol ) forsome N7 2 and all non-leaves hawe valemﬂ at-leant Hhnee.

We call leaver external vertiwn | non~leaves infevnal vevtiten | he eclges muﬁng

aleaf ave external edges , the othew ave infernal eclgen.

Def” Given o vevkex v i g vooted tvee T fhie deptih oP v 15 the (ength of-the unique path fiom

v fo the wot . The heiglﬂf A v is the feng% oF the Iongeof path fom~ $o o leaf.
The height of The vz js he hel‘c/h}of The wol.

an A~

EXO!I/VIL)'Q T han he?cj\/\‘? 3) Vv hew dep%\ 2 ond hx\‘?l/ﬁr 1)
while w has depth 1 end heTij 2.

Noke that guv embedcfingsm R® (=1 page) assign thr cloclkwie order- (re- thechildven

of v are, inordev, (a,05)).
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Def” Let T beaplane free and definea velation < onthe verdion an follows:
w<aw’ i thae is avedx vin T Py (heve P, B gre venpectively the paths

Fom ! o the mof) and childven ¢,c'of v with c< ' “W”“9 Yo

fhe choren ovder, and ce Py, cle .

Lemma. I weverbick < o (@) dll verFiws ot a fixed depth ov (k) non-voof leaves
then it-is atotal ovder,

Def" Lef T he avalid plane Tree with ni| leaver. The combinatorial vee
o2 T, denoled c(T), is an ordeved set defined o follows . Let
the non-wot leaver be Vi, ... Np (in order, mcwrding% < above )
ancl clefine oL (V)= <. We define & recuwiu\el\? on non-~leaf vevhicen
vevties '{\7 e condition that 1 v has orcleved chilclren wy, -y Wi

then d(v)= (W), ..., &(wn)).

Example

(1,(2/3))

Clearly the el of isomovphism clastes if valid planetress with n | lecwea isin bjjectnn with
a ret of (suitably defined ) combinatoial Pees . This sef e denole by Jy.

\ z o2 3 \ 2 =2 t 2 2
e 2o Y ) 2NNV

Nole thatthe tuo treasin T3 ave isomovphic as oviented graphs, lut not as plane Trem.
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Def" Let S be acommutative, associabive buf nojr-mwAJavi@ unifalving , and
Q a plane bee. A dewrahon of Q is the followng dota, wheve graded” mecins
either Zov 7, - gmded + (we assune & hew af leant ove edge}

(i) ngd&c\ S-module Ly foreach leaf v (inc. the VDO'U,
(i1) a graded S-module Me for evew eclge e,

(it) foreach internal vevlex v with incoming edges (imovder) ey---, €k and Ouﬁjm'wg
edge € an infeger Ny (mZoZ) anda degm No S-linear map

ﬁ/i Mel @5 ®S N\e\z 0 Me. (,3|)
(iv) fov eadn von-rootleaf vevkx € o degrer 2 el0 S~l|'marm0\p

B Le— Me

wheve e is incidentat €.

(v) o degree 260 $~Iineav map

sﬁ,r:Me, >Lr

wheve e isincident af n whicl vs the voof.

)
KL —>M, o La— M,

i 1! /
F-\T‘Q‘N,F’H’_)N) (3_'1)

T NN — P,
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Def”  Suppure in ® that evew von-voot leaf how equal depth. The height denotation <O,
0‘2 Disa l/lomoﬂ{;mol,w S=linear map L{, ®s - Ds L—{,L — L+ where
€y deviole the novi-wot leaven (inorder) | defined asfllbos

° Let W be the heighjr of Q (vecall evewy non-voot leaf how clepth h} .
or 1S d<lilet Qu bethe el of vevties o depti d (0 Qi 7
ﬂ/mchff non-worleaves ) Make @ o fotally oveleved ref via (6- '),
say Qd = (Voo Vo) andfor 12 csmlek (i, €5%) be the
incoming edges af Vi, inﬂw’mssigned ovder, and f: the ouhdo}wﬁ
cdge at v;. De&'mahomogemww S-lineav map for d < by

&= o od. (OMy Vo. e (® Moy )
J J

L (4.1)

M{Z, @5 -~ Bs M-ﬁm

wing the Koszul sign Lonvention [sup-@).

¢ DE/{’{I/\Q %L\ sepava('elg b be ﬁk = ®\/th Sb\’ and %O = (76./ where
ris fhe wot. finally,

LDP=d 8 By (1)

Example for the dewvation d)g ( 3.2)

<D74: 5 o U o (ﬂ@ﬁ') ° (O(® 0(\> (L{’g)
J 1 [ [
£° é’l §L)_ §5

Notethat theve appears fo be o fypo in [L] fintelisploy affer Figure 1, which should veacl
"dB@rL@‘r3$ idB.
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Def” Let A be any plane free and D a decovadion . Let v be the voof

and v e verte x ac[j‘auzmHo r. Suppole V hew valenw. kit (po:;ilolv k=0).
Considlev Yhe Ch'qgmym (o wival we asiume R hov af lecutovie edae )

P AN

- EE
T \ e
( ! \ \ | - Tk |
\\ \ \147—/ 7 //
N | D ¢ / (5\')
A [ T
€ en
v
Lo,
-

To= . ) (1.2)
~ ¢ _
7|
,

wheve 1y is some new veﬂex, which we cleclgre Hhe mofuaﬂ :F: We maihe :f a
plave Huw;‘ngﬂwordew’ng Fom O, avcl decorale T acwveling to a decoration D,
which agrees with D plus assigns Me,[ 7€3m D+ £ and alwo L‘Z‘ = Mec.) ?ér(. = iti/
%ai o) in D

Example () Q= { [e % so There ove no'/z_

RN IR SN
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Def' Lot QD heas above (@ any plone vew with 7 | ecige). The branch
Q@Q@im <D>B isa ,/lOWlDﬁ{’/Iﬂwbw S=linear mayp L{, ®s - @s Lo, — Ly
wheve Ty €n devoke the novi-wot leaven (inorder) | defined as fllbuo:
o if & has one edo‘\e) do
L
o { \e Me , RiL—Me, $ille— Lr% (¢.1)
-

Then <D>@ = ¢f °¢V-
* otherine we define reCursiUelﬂ wing (51)

<D>B = §£v° }é; °(<D| 7[5 Bs - Bs <Dl0~>3). (6.2)

where D¢ s the decovation of == defined above .

Y

Ke,mg@ We may wile (f\,--‘,fﬁ = (e;J--- €[m)‘ ﬂ().., {zm/"' ) whewe ’F,'J
ave the non-wokleawes in T, so that < Di Py Lo @ @ Lt — Mee.
Hene <D,7B@.--® <DL>B" Le,@'“@ Lo — Me, & - @ Meje. /4304;71,
the Koszul 5131/\ wile is uged fo def{ne (6.2)_

Def" LeF Qlbea ploine beo , D aodecovabion, and L., Ln, Ly Hie moclules am’amd
+o Hhe leaues so that <0V L &5 - @s Lan— Lr e define

EZVO(‘D L @s & (—l« — Lr

o be fiu S~lineay map ascociaked 4o D e adiagvam in SMod, .’gworingmymdm‘?_
f?ecumm[g, fQ lnanovuledqe evalp = 95r 095\, and. jnthe cone of /6-2) we use L same
Formule but an ploin S-lineav maps (1-e.no Koszul signs ).
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Lema. With Hhe ahove nofation

dYsla®- @an> = (—!)S e\rafD(q.@---@am) (6.7:1)

where we unite ..., 4 Aor the non-voof leaves in their ovdev, and

~ 2 5 lal4| (€ 52

=1 N>t

where v vringerover all vedtiws, including leave.

Roof efj mduction on e \/uefal/ﬁ of Q. T the W(’fjm"f 1 we are inthe sifuahon of (6. /))
and Y claim is dear. OMheviwive

<D>@(q,@--~@an) = }l/?r°79v°(<D| 75 @s - s < Dh%)(a,cp---@ aus
)P g9, (<0 (a8 @ an)
& <D27g (Am ) @~ QW,ZB
& -
o <ot @en))

W‘l]ﬂ,{/‘e (564' Mp = O)
k

Z< d VV\“*H )(Zim l<D%>B|>

=

B, Yhe inductive hypothess each <D 7B () can be wiillen o a §ign Times evalp, (-+),
and iseany o ree Hhu signs match . ]



Compavison of l’)eiﬂWf ovd branch devotation s

Lef Q bealﬂame%/a with af leant one edge, D a decovation ot Q) and

lef €, ..., ¥ be the non-voot leaves. Suppose all von-voof-leaves have e tame
depth, then we have defined fuo hovmogencows S-\inear mops

<D7H) <D>E> : L-e, ®s - Ds L{,L’—> Ly

)

which d/“)%/ by 3’7’97% We wish fo ca /cm/cnle ﬂ’/eﬂe ff?n:.

Example  Recall the example from (3.2),

<oy = § 0 (Bop')e (e ')

0% = § T fra oo )
= ()N S (ge ) (de )
= (1) Ia\]l(i”\<D>H.

Recall the relation < on vertiwes ’ﬁom F'@‘

Lemma <D>B = (")T(Q}D)<D>H where

TOD) = 2 | ol P | (7.2)

w<w/

olepi’h(w') < d@,Dﬂ' (w)

hem MJUV” VW’]@«M DWVC{/’ /Dm/) w< w’ Wl’?%\ v, w! any }'nm—l/pml V@y-/jm_



Roof By inducfion on h, the herﬁhf A Q. The bave cane is h=1,1e.

1]

in which cove the claim is Pvially he. Now suppore > 1 and that we
decompore Q an fn (5.1). Then hg def™ £ D75 and fhy induchive hypothesis

<D>e = ¢r°7{v° (<:ﬁ?@, Bs - - Bs <:f:\;>33~
b fe (P e e (WY, ) e
(PT, f (<T e e < )

wheve T(T;) denofes s sigh (7.2) fov Hux induad decoration 7? Nole
%aH;y our hypothesis on &, all the T howe lae:‘g}ﬁr h=1, and so by def”™

Ty = By o Bl v By - O,

for v reinging over vertices in T of degth dl in @ (nole Hral o by Q)
Obseave Hhat | 851 =2 [$e| where v ranges over the conbibuhing certicen in T

Hena we calcalate

(TWe- Tl = (Beo & Jo(EieoB, )a -
~ e (00 F, )
= (1) (2le--eF ) (Blo-o B ) (£.3)
(2, -6 E )

wheve s = Z‘Mb/icj l%?ll@%

e (caclbsk and Z$(<Jsh




Cainfecatz ™)

TF follows thal; combining (8.2) ad (£:3),
<D\>B = Z-L (_qu(TL) " <D>H : (9.1)

Uiven e pair P verkun wew' n Q vith depth (w')<depth (w) we have we T: and
w'e/(j for Jomu L‘,J'. In fact we must have is\j. I (=] Then I?Sv.u}llfw] wm)?dlom)f/)
fo T(T) andif 1<) fhen [$ell ol comibuberto s via | 2 g Il 2 Jnun N
which ploves et TG in (9.!) agrev) with (7.2).0Q



Eo\gre wnbaction (while V(T) fov the vevlex JeJr)

Def” Let T hea plave Ivee and e an infermal edge of T, which wonnechs vevhie
v and V' Suppose V' is closer 4o the roof and that v hay childven cy)..-) Cn

(noke N2\ sine e m'm’revvwfl) while V' has children loy. .., bm with bJ' —

(&) Cn

(lo.l)

(Ve defive the plane fvee T - e Jo have vertices V(T) \ V). We connedt ¢y cn o v
OW’C[ ovder the C!/I;IC‘VGV\ O-B\/l o) -&”DU\IJ: \Ou- --) d-_\) Cy--vy Cn) IOJ’.H)...) bh/l

G Cwn

(lo.’)_)

C(eavly Tde is a planetree with The some woran T and one less mbernal edge.

Edge insevkion

Ded” Let T be aplonedver and v an mtemal vevlex ) with childven ty - k.
Given snlegers (70 and le with {l+\)’$k we define the edggm&el/ﬁ‘on
ins(T, v, &) ) Fo bethe plane tree with verticws V(T U T The parent] child
relodion s (which cleavly detesmine e edgen ) betuwean vevhies in V/(T)
ave presewed in ins(7,i,) ) with the exception of tir,..., tiyj which

nowhave pavent X The pevent of * is N, and it hay 1i41,..,ir] as
s only childven. Devoke fhe x—V edge by .
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The ordevmg on children is anin T, withthe excqpl—:‘onuf v and ¥ where (I1.1)
gives the ordeving. Cleatly ins(T, v, ) is a plane free with one wore internal edge thon .

L emma IF T 5 avlid Plamﬁa and e an internal edge Hien T2 € isvalid.
If Q isavalid planetrer, v aninternal verfex with R childven, anc
2 éj <SR- then ins(8, v, c'/j) is valid.

M NoFmLhaf In iV')S(Q)V)O\zj) the vevlex v how k—}{-l c(/|i[c{n9m/ © /ﬁ)x/'ﬂﬁe
freado be valid we need both |72 and IE k=1.1

Let Gn be #he categouy of valid plane free aith n#1 leaves, so that Tn s the sef
Ofiwmono'hlirm cfafmcegoljecﬁﬁﬁ. We can wrile Jn = M_CWT«(C) where Tvxm
denotes trees with ¢ intewnal ec[ﬂ@/ e 65(7) = cC.

Det” J:f ic the rd‘ogpam (T,e) wheve T€Tn and e is an infevnal ec{tyed;@ T
( vote tat 7t = 75 sme o = {Y} )

Let wy wiile V[ fov the va)encg v (0 Fyhark childven, Jv|=k+ j / FALUZ
Lemma For vy 2 the map I F —I—’ 7;\, T (_CQ> = Tae j J(Ag‘ac?ti(/\e/ and

1@ = { (8,529, 2) | v anronalveses, 0, 47201,
2 sj < M—Z}



Foot  TF Qe T then sine n v 2 thereis al lequt one infevna | vevlex. C(eav(g
'IV’S(@) \Z ‘rzj' ) Je = Q so Tis mgecﬁw. Suppos—e Hrat [2e = .
Tn ¥ situation of ((0.1), (10-2) we howe
1= mg(Q) V’/ J— 1 ”)

P vr‘ng the JeéO/’lC/ Jllarlel/}?@ﬂ/' [

+
Thisimplies there is a bi/\ecﬁ'on bebween pair (T/e) e Jn and fuplen
(8,v,¢, ) with Q€Tn, v aninfevnal vertex, 70, ity < M-l 2] < -2
for any n>2. . Move pvea’&elj: (nofing WVI= ’<+|>

Lewwn& For w2 and c=20 thewr is a by‘ecﬁm

( j\(c+0)+ — () ‘
n - {(QJV/(’/J) \er‘,\ , NV a\/\m}rema\ve\/\fx) (121)

(>0, '\+:J$ lv]—l} 2 sjs |\/}—2}

+
Note We verhvick o> 2. hecaure 'j-l = 47



