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Trees and signs for Aoo - categories ( checked ) 4 ' Mb

we revisit some of the sign issues from ainfmH4O which have come up again
in ainfcat0 . Throughout S is a commutative

,
associative but not necessarily

united ring .

We begin with basic material on trees
.

Definition Here a tree is a connected acyclic ( un oriented ) graph .

A  woledtrot

is a tree in which one vertex has been designated the not ( for us
,

the not is always
a teavertex

,
leave Hex of valency 1)

.

We make a noted tree an omenedgraph by

orienting all edges twats the not ( re .  in the direction of any path to the not )
.

In

a no led tree the patent of a vertex is the vertex connected to it on the path to the not
. Every

vedex but the not has a parent .

A child of a vertex v is a vertex of which v is the parent .

A planetary is a rooted tree together with an ordering for the children of each vertex
.

A morphine of plane trees isomorphism of oriented graphs which preserves the

root vertex and the ordering on children
,

re .  if we w
'

are children of v then

Hw ) £ f ( w ) as children of f ( v ) .

A plane tree is valid if it has ntl leaves

Cincluding the wot ) for some n 7/2 and all non - leaves have valency at least three
.

We call leaves external vertices
,

non - leaves internal vertices
,

the edges meeting
a leafare external edges ,

the other are internal edges .

D# Given a vevlexv in a holed tree T the depth of v is the length of the unique path from

v to the not
. the height of v is the length of the longest path from x to a leaf

.

The height of the tree is the height of the not
.

al Az

Examplt

\d¥/°
T has height 3

,
v has depth 2 and height 1

,

while w has depth 1 and height 2
.

Nok that our embedding sin 1122 f- the page ) assign the clockwise order ( le . the children

of v are ,
in order

, Cai ,
a D) .
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D& Let T be a plane tree and define a relation < on the vertices as follows :

w < W
'

if there is a vertex v in Pwn Pw ' ( here Pw
,

Pu ' are respectively the paths

from u , u
' to the wot ) and children qc

' of v with c < C
'

according to

the chosen order
, and CEPW

,
de Pw '

.

Lemmas If we restrict < to (a) all vertices at a fixed depth or ( b ) non - not leaves

then it is a total order
.

DEI Let T be a valid plane tree with ntl leaves
.

the combinatorial tree

of T
,

denoted C CT )
,

is an ordered set defined as follows . Let

the non - not leaves be vi
,

. . . Hk C in order
, according to < above )

and define a ( vi ) = i
. We defined recursively on non . leaf vertices

vertices by the condition that if × has ordered children wy . . .

, wn

then a 1 u ) = ( a ( wil
,

. .
.

, xlwn ) )
.

1 2 3

•  •  •Examine

\¥#
•

( 1

' ( 33 ) )

Clearly the set of isomorphism classes of valid plane trees with htl leaves is in bisection with

a set of (suitably defined ) combinatorial trees
.

Thissetwedenokbyje.ca#E=lI.h .
' - { Mom,

'

YI .

'

YI } .

Nole that the two trees in B are isomorphic as oriented graphs ,
but not as plane trees

.
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Def Let Sbeawmmutatire

,
associative but not . necessarily unitalnng ,

and

Q a plane tree

:
A death of Q is the following data

,
where

"

graded
"

means

either Zorzi graded : ( we assume Q has at least  one edge )

li) a graded S - module

Lu
for each leafy line .

the not )
,

lii ) a graded S - module Me for every edge e
,

l iii ) foreach internal vertex v with incoming edges Cin order ) ey . -

, ek and outgoing

edge e an  integer N " ( in Zora ) and a degree N " S - linear map

§,

: Me
,

Qs . . . Qs Mets - Me
. ( 3 .

' )

( iv ) for each non - wotleafvevtexl a degree zero S - linear map

¢e : Le → Me

where e is incidental C
.

( " ) a degree zew S - linear map

Or : Me - Lr

where el 's incident at r
,

which is the wot
.

in
× '

d :L ,→M ,
a

'
: Lz→ M

,

'

Enamplt

;\p.¥n•
'

p : in - N
, p

'
'

- M
'

' N

! ( 3.2 )
N N

'

0 : NON
'

→ P
,

r
P f :P → L }a
3
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D& Suppose in Q that every non . not leaf has equal depth .

the height denotation (D)
"

of D is a homogeneous flinearmap Le
,

Qs . ' ' as Len → Lr where

G. . ,ln denote the non - not leaves ( in order )
, defined as follows :

• Leth be the height of Q ( recall every non .  wotleat has depth h )
.

For Kdsh let Qd bethe set of vertices of  depth d ( so Qh is

the set of non - not leaves )
.

Make Qd a totally ordered at via ( 6.1 )
,

say Qd = ( us . . sum ) and for leiemlet ( ei
, . . .

,
eli ) be the

incoming edges at Yi
,

inner assigned order

,
and fi the outgoing

edge at vi. Define a homogeneous 5 - linear map for d< h by

Iod :-& , ,o
. . . of ,n

: ( Q
,

Mei ) as ... as ( g. Mein )
\

, 14.1 )
Mf

,
Os . -

- Os Mfm
.

using the Koszul sign convention

(
seep .@aintca@ )

.

• Define Ion separately to be Eh = Quean ¢' and Eo = & where

r is the not
.

Final

:
D?,

:= 01.010 ,
° - - -  ° #.h

( 4.2 )

Examine For the decoration of (3-2)

< D) = S ° 8 ° ( pop
' ) ° ( do 4

' ) ( 4.3 )+'

y 7 1 1

Io OI
, Ez €3

Note that there appears to be a typo in [ it fihtdisplay after Figure 1
,

which should read

idporzorsoidb .



ainf@5ODefn_LetQbeanyp1anetreeandDadewration.Le
't r be the not

and v the vertex adjacent to r
. Suppose v has valence KH ( possibly k - 0 )

.

Consider the diagram ( as usual we assume Q has at least one edge )

⇒
' Tz \ •  •  •

'

T,
\ 1 \ ,

-= Its I

I \

total
5 /

\ ÷•li \+ ' ' "

ok
. .

'

15h'

- a,'
ez⇐_ak_-

'€•ek

V

le•

r

~  ~

We define plane trees I
,

. . Th to be ( nokei  is not in 'T )

÷.
. -

IT := ( j ( 5 . 2)
-

-dietori

where ri is some new vertex

,
which we declare the wotof Fi

.

We make TT a

plane tree using the ordering from Q
,

and decorate TT. according to a decoration De

which agrees with D plus assigns Me
.

. from D to fi and also L
.

- Mei
, ¢ .

- id
,

¢a ; as in D
.

Examples (a) Q - | G.pe } so there are not
.

may :÷nY÷fmen⇐tl;t⇐l
'T

.

? }



ainf@6ODefILetQ.Dbe as above ( Q any plane tree with 71 edge) .
the

branddeli< D >
B is a homogeneous s - linear map Le

,
Qs . .  - as Len → Lr

where ly .  . An denote the non - not leaves ( in order )
, defined as follows :

•  if Q has one edge ,
so

Q = | ¥.egMe , ¢,
:L → Me

, ¢ : Me  → Lr } ( 6.  1 )

then <

D)
B

:  = cfr °¢× .

• otherwise we define recursively using 15.1 )

( D > B
:  - ¢ ° &,

° ( ( D
, 7,3 Qs .  -  . as ( Dk7,3)

.

( 6.  2)

where Di  is the decoration of IT defined above
.

Remade We may unite ( ly .
.

,
ln ) = ( ei

,
. .  . lint li

, . .

, ein ,
.

.
. ) where l ?

are Me non - not leaves in Ti
,

so that < Di ) B

: Lei as " as Left → Mei
.

Hence <DYBQ.
. . Q (DDB: Le

,
0  '  '  ' 0 Len → Me

,
Q .  " a Mek

. Again ,

the Koszul sign Mle is used to define ( 6.2 )
.

Detn Let Q be a plane tree
,

D a decoration
,

and Li
, ... ,

Ln
,

Lr the modules assigned
to the leaves so 1h at < D) B

: L
, as

- - - Os Ln → Lr
.

We define

evalp : 4 Qs . i. as Ln - Lr

to be the S - linear map associated to D as a diagram in 51701
, ignoring the grading .

Recursively
, if Q has one edge eval D= ¢r°¢i ,

and in the case of 16.2 ) we use the same

formula but as plain S - linear maps ( tenKoszul signs )
.
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Lemma_ With the above notation

(1) 7,3 ( a , a. . . aan ) - ft )5 evdd ( a , @ .  -
. @ an ) 1 6. Ii )

where we write ly . . yln for the non - not leaves in their order
,

and

n

s = [ [ lait 14×1 ( 6. 5. 2)
i  

= I v > li

where v ranges overall vertices
, including leaves

.

Pwot By induction on the height of Q . If the height is 1 we are in the situation of 16.1 )
,

and the claim is dear
.

Otherwise

(D) B ( a , a - .  . aan ) = ¢°§×°(( D
, 7,3 as .  - . as ( Dk7,3 ) ( a , a. . . a an )

= C- i ) t¢r°§ ,
,( < DDB ( a , a. .  . aam , )

a ( D 2) B ( Am
, + 1 Q ' '  ' Q Amz )

%< DDB ( amk . ,
+ I Q . ' ' a an ) )

where (set mo=o )

t  = §y ( EFImi . ,+ , lajl ) ( Eh
 it , KDE >Bl )

By the inductive hypothesis each C Di > B ( -  -  ' ) can be written as a sign times evalpif . . ) ,

and is easy to see the signs match . D
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Comparison of height and branch denotations

LetQbeap1anetreewithatIeastoneedge.DadewrationofQsand1etly.slnbethenon-rootleaves.Suppoea11non-wotleaveshavethesamedepth.thenwehavedefinedtuohomogeneousStineavmapslD7H.tD7BiLq@s.i-osLen-Lr.whichdiHerbysigns.WewishtocakulalethesesignsiLzlEnamp1e_Recalltheexamp1efwml3.4nXpg.p

,•µ•'

N N
'

< d>µ=8°J°( pop
' )°kod ' )

y
P

g

< D) ,3= for . ( fox Qptd
' ) ↳ ( 7.1 )

= fi )
'd "P" for . ( pop

' ) . ( dad
' )

= ( -1114141<13 >µ
.

Recall the relation < onvevtiusfomp .@
.

Lemmas < 1>7,3 - ED "9DkD>+, where

JCQ ,D)= [ |$wH¢w,| ( 7.2 )
W  < W /

depth ( w
' )< depthlw)

herethesumrangesoverallpainwcw ' with win
'

any non . not vertices
.
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Root By induction on h
,

the height of Q . The base case is h =L
,

ie
.

* ftp.t

in which case the claim is trivially true
.

Now suppose h > 1 and that we

decompose Q as in ( sit )
. Then by def " of < D >B and the inductive hypothesis

< D) ,3
= ¢ .

. ¢ ...KF7,3 as . - . as (⇒ )
= &°& ,

. ( a MFKF >µ a. . . a HFTHIKFD
" ) car )

= their 't ) % . &,

° ( < F > " a . -
' O < TTDH )

where HE ) denotes the sign 17.2 ) for the induced decoration of IT
. Not

that by our hypothesis on Q
,

all the IT have height h - 1
,

and so by def
"

( E >µ =Is.Ioso- . ' °Einwhere Ioid - XQ
,
¢

, ,

for x ranging over vertices inEof depth d in Q ( hole that II = ¢ai  in Q )
.

Obsewe that I Eid I = % 1%1 where u ranges over the contributing vertices in IT
.

Hence we

calculate
+ , • . .

. a ( TI )+,
= (Ioto. . . ° En

'

) a (Ioio . . . o ET ) a. . .

: . @ (

Ekzo
. . . o Ioii , )

= It )
'

( F-
to

. . . @ Io
!

) ° ( Io
's

a. . . @
Iok) ° . - ' ( 8.3 )

. .
. ( In @ .

- . a Ehn )

where s = [
a < ↳

,
; g.

1 Ioja 11 Iob
,

/
where is a < be k and

Zsiajeh
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It follows that
, combining ( 8.2 ) and ( 8.3 )

,

< D) ,3= %H*0 "
( D >µ

.

( a. , )

Given a pair of vertices w< w
'

in Q with depth ( w
' ) < depth ( w ) we have we Ti and

w
'

ETJ for some iij .

In fact we must have iej .

If i=j then 1 ¢wH¢u ' I contributes

to J( E) and if Icj then 1441 ¢w' I contributes to s via I Etideptn ( w ) II Ioidepthcwi )
I

,

which proves that the sign in 19.1 ) agrees with ( 7.2 )
. D
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Edgewnttn ( while VH ) for the vertex set )

Def Let T be a plane tree and e an internal edge of T
,

which connect vertices

v and v ! Suppose v
'

is closer to the root and that v has children Cy . .
.

, Cn

( nolen >, 1 since e is internal ) while v
' has children by .  ybm with bj  tv

.

Cn"

My .

•
y

b '#↳•bm " 0 " )

: '

We define the plane tree Tse to have vertices VH ) \{ " }
.

We connect G. .

, cnlov '

and order the children of y
'

as follows : by . . .

, bj - i
, Cy .

- ,
Cn

, bjti ,
. . .

, bm
.

9
• .  

-
.  -

,  •

( "

bi¥€•bm ( 10.2 )

:'
'

Clearly Tse is a plane tree with the same not as T and one less internal edge .

Edgeinsevtiond

I Let T be a plane tree and v an internal vertex
,

with children ty . . . ,tk .

Given integers it 0 and jal with

itjfk
we define theedgeinsehtonins

( T
,

v
, iij ) to belhe plane tree with vertices VH ) U { * } .

The parent1 child

relations ( which dearly determine the edges ) between vertices in VH )

are preserved in ins ( T
,

i ,j ) with Me exception of tits . .

, titj which

now have parent * . The parent of * is v
, and it has tits . , titj as

its only children
.

Denote the * - u edge by e .
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, . , ,• *t.IT.tn -
+

.

.¥Iµ÷+n
•

The ordering on children is as in T
,

with the exception of  y and * where ( 11.1 )

gives the ordering . Clearly ins IT, 's iij ) is a plane tree with one more internal edge than T
.

Lemma_ If T is a valid plane tree and e an internal edge then Tse is valid
.

If Q is a valid plane tree
, v an internal vertex with K children

,
and

2 a- j< K - I then ins ( Q
,

v
, i. j ) is valid

.

Pwot Not that in ins ( Q
, v

, iij ) the vertex v has kjtl children
,

so for the

tree to be valid we need both j 72 and je K - 1
. !1!

Let Con be the category of valid plane trees with ntl leaves
,

so that Jn is the set

of isomorphism classes of objects of En
.

We can write Jn =He>,oTn' " where Jnc ' '

denotes trees with c internal edges ,
i.e. ei ( T ) = c

.

D# Jnt is the set of pain ( T
,

e) where TEJN and e is an internal edge of T
.

1 hole that  It = of since I = { not } )
.

Let us while KI for the valency of v ( so if v has k children
,

KKKH )
.

/
FALSE

Lemmoi For n > 2 the map Jn
+ IsJn

,
I ( Te ) = Tse is suijective ,

and

I
- ' ( Q ) = { ( ins CQ

, v
, cij )

, e) I v an internal vevkx
,

izo
, itje KI - 1

,

2 ej £ H - 2 }
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Pwot If QEJN then since n >2 there is at least one internal vertex
. clearly

ins ( Q
, vii. j ) Je = Q so IT is suijective . Suppose that T ] e = Q .

In the situation of ( 10.1 )
,

110.2 ) we have

T = ins ( Q
,

v
'

, j - I
,

n )

proving the second statement . D

this implies there is abjection between pain ( Tie ) c Jn+ and tuples
( Q

, vii. j ) with QEJN
,

v an internal vertex
,

i70 , itj< KI - I

, zeje hit -2

for any n > 2 . More precisely : (noting 1×1=12+1 )

Lemmci For n > 2 and C > 0 there is abjection

( JFY" # { ( Q ,v , i. j )IQEJNH
,

v an internal venex
,

112.1 )

izo ,

itjelvl
-

1,2
eje hit -2 }

.

Note We restrict ton > 2 because Jz+= ¢
.


