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Ouraim heve is 1o reformulate the contribubons fo the Hotal vacaum
anP)Hde afeﬁ‘m‘ng /07— (m mn p@(a:'nﬂwf/@) 'n o wey 7%0(}
i5 both ecwier o undewtond and compute. Tug fotal vacuum amplitudoy are

f%(g)”’m(ﬁ’ﬁ@ O] oot (1)
€ lon(T

with this conbibuding fo /0?( )‘A;kfg - ‘8%47) andev Hhe voval revewsals.
Eadn uonﬁ‘gumﬁom G defermings aqu operatdr, which can e undentoocl
i Tevms of Feynman diagrams. ﬂuv/ouy/oore nthis nofe isto deure these
opevatow, whichake as jnput fevmion stife

R AP Y/:é A =/1(“7*@-"@/2>5*). (12)

Now, #ie Feynman wles ave

(
% 2t w@g (1.3)

@a_ A \ aa (1W)
O¢

| 0O x. Y —infemnction Ox -interaction Y- imferaction

Ouv convemtions ave an in ) te. Risachar.0 feld, W@mg) all
W ave wnnedded with ot choren p?amav embeddl‘lng.



@

M Given locotions oY i afree T, we wiike ysu cind so 9

s aoove x i x occuw ommmm?qma PCVH/\ hrefuwrean fj ancl

the voot of e Pree. We scwy y is ﬂ’chHL\/)abo\/‘e 2, owi Hen y< A,

iy <x and U‘—‘FI. Wk sy isaloomﬁﬁuvijhi‘ (reop- left)

of x ﬂ[j <2 and on ML umgue path ﬁomy +v e oot , the

infern al veviex imrmoﬁaie(y pveceding X (which may be x ihelt)

appeaw afler the inkeunal edge o input above and fohe Ayt A e vevtex .

y | J<x and Y s above Yo Y
G‘j- (/ial/\!-o-e X (obw'o(,whﬂ Ugen
x the plamo evw\oedd\‘ng)

%’ LJ T be atree with 4 22 /npmﬁ’ and G a oomé‘ﬁumﬁ‘om,
w defined on p. (D@idm . An infernal Feynman dragram =
of ype O is o labelled oviented graph, whose sefof vevhien
wonsiss precisely o

. ﬁr each inpufl/el/kx or \nfernal edgxz X, qveujre)( aqe F
v(x]) for evew j€J (%), called o O F-vesfex.

« foreach infernal verlex x in T, avedex £ Foulx,))
forevety J€ TC(x), called a ¥O-vevkex.

° 7L0/ ec(cl/L /‘nfefmal ec{gze X in 7; a s;‘r)g/e vel/;lex W(JC) c/yg I
called oo (U -vevtex.

We sauy a vevlex v(z,)), u(a,)) orw(x) is localed at x in 7.



( alhfmﬁq )

The edger of = art Jubject #o fhe wondifions:
o Eo\%—eﬂ v—> V’or\\g connect vevhien v locnted st\cHg aloove vevfico v/

@ /)709 YO - vesfex ulj) hos one mooming edge ond m omf'got"ng ngw)
with the inuommg ec(gz ovif{mﬁﬁng in a Ox-veilex w(v) or OxY-verlex

vy, k) with y above andfofhe ighta? >, and resp- | = N E) orJ:aE(3>,

P /3

/

8

Tonunt eventull 7 (3.1)
be \inhedfo an 2x¥euna}\ ///4 6 //
-F(’/WV\QDV\ “V\!L_) 6 ///

[(A/e label such an edge (QJ]

. /}nv Ox ~vevlex w(oc) hﬂ/)ﬂ@ J‘mcown‘mg edca,e whirch ovigma\-enin a
OxY-vesex v(v,)), and one oud*ﬂofr\j edgq whith tevminater 1n a
YO-vetex u(zk), with IQ’;J :

L(\ ;N
| \
/[

\\\

(2.2)

’

“\
s
’

[W@ label the ingeming ea\ge Xy ancl Hu oufrgbim(a ed%e (Qﬂ



’ Aﬂ}j CQxV/Vf’/U’-e)\ ’\/(Izj') how no /m(/om/‘mg 86/9«6/) ancl ‘/)i/g(f) I
outy0ing edyes, one of which fominates at a. YO -vevtex and tha
vest o whichterminate at @x-vediws:

&

I : ! ra\jain/ will conrue o
| o cn extemal fermion |
\///\/7‘\ \U \\\
K // ;’ \l
{
There are v consistency constaink :

— the YO-vedex  u (9, k) involved heow Qf(m)—:k/ and

— the PV\')dMC\‘O‘«Q Ak (fov Pn lzJU\/)\' defined ) with x¢ )
@ At ranges over dll labels mssicﬂmeo\ +oHuw 'mcgdem’r
edger Ferminating at O x -vevbian, equals £ R

Thu evewy infernak Feynman diag oim hap T same vetices , but
many Pon/'ble wnﬁ‘jumﬁom d{ ed(]ed.

Eoawple Thuse exish (,om{fgmm‘fom with po Feynman diagrams, e. 9.

\2/ ) o nov%)'mg Jo connect 7Lu .
/

m () =), all othw locoom o



®

M\/ Given a tvee T, ww#gwfa%‘m G and infernal Feyniman
clfagmm F an above, and an imput Yin (vhich comounts 7o
sek A; = {bonl fvlsd <9 ) a H@ﬁ/wmanﬁlfag{mm e
ekadn’nﬂ F s agmp\/\ olofeined fom = by

. aC\d[n9 one new verex fov ecch e\eW\QmJ‘ch LA(

1= |
q
e addiﬂg oV new OV\\GV\1‘Qd ec\ge {;g;/ QO(CI/L \/ c TlJ_/qé,

which owginates in tiu oomwpondm? new veke x and
Tevminates in either

° Qa Y@'Vl‘w/fK (/ff: M(J//i) with é’———Jﬁ) OR
o a Oxf-veex of [ vz k) with /ztv/r

such thal evewy ¥O-vedex ancl (Ox ¥-vevler of F is tue endpoint
of exactlyone such new edge.



®
Example  From F~@(a/mfm{/1 ), with 7=6)
1;/ Ly (3 Cy (r s
T =
(6.)

[’oca#ons (,V, e monlacc| )

The wnﬁ\yumﬁon Olsu‘?m (only giving non2e.0 vatlues )

Wl(fq):l) Vm(ié)=2) w (Vi) 2, MmNy =2

W\(Vg,): l) w\(\(q}‘—' l) m(vA:z,

/

With the comvendion blue="F* red=%*

T(&) =Tl )=T(v)=T(v=) = T(¥%) =71/ 2]}
T(va)=713, Tlvw)= 2%

= (= J (20 = \
Wid a(wmj; aj (X)IJ) /aj(X) — i (olz\ J:Z ‘ 'F”V' 0‘”3 ]OCUH‘IOV\ .
(an W:jg“*g
= x(=x) £ y-(97)
W' s

S W= Rer= 20) W) =1 for 7=(0/2)



@
The infesmal Feyvxman dlag rom comes poning 7o f-@ Is
/ / //
/// / //' //
/.'// /// // ///
7 (71)
/./ g
/ _ 5 label O
——5—— label X
—>— label @y
=777 label X
One 4otal Feynman dtagram extending Fais fov e input
6
rz{n — ( \ﬁ* ﬁ_ﬁk)@
i fhe following (4his isHhe ont on p @ @nfnfiD>)
*  x *
(7.2)




A Feynman diagram o a wnﬁﬂumﬁ‘ovx kR T and input Fin
desrwibenr o1 choie of conbrachions in the evaluation of Hiu epevator
O (T8)%) oA PO @nImfD - Forexample, wning e free from

PRGN fo n=1, W=

7= (5.1)

The wonfiquration G duscibed thare han (only nonzew enhien given )
m(x)=m(v)=m(z)= | (v Tic {17 ot all locations)

with ¥ (¥Y) = 2. Thawe is omlj one possible imnencl Fé%)nmqm dl‘aﬁmm:

1220

- (3.2)



On input Y, = %*@ e ¥ * T on(y Pom‘/gu complefion Yo oL
fuil Feynman dlaﬂmm s

\ / Ny
(r=2,w'=x*)

No(f. fe itvrevhon heve han

m‘/\f (1) 3 (™)

(0" ‘
_ (@3 12x=()x

Nole : Thso perador is Lovve ct

[Okwom\mg%
(7.2)

which tonespondnto the conbractions
O (T e)(¥4) =

2

) m ([, -7@@.*)( 6 0,9 ()'m([4 700747 ' x 0 pp,,-j(m))

i e =i o

® @

Roiorming Thasm in e |aabelled 0,doy qiies (r:2)
= () ([t e 1)(»”,*@ %m([h5 05 ) o 200 [, (WJ))
- () i 5102)(1 e mal14J000)( ¥'0 0%, T47)) )
= () T (4,014 0 m(ftJe1)(F e [?‘/,’]/%*)/)

= (-')S. \Laukw‘ld‘i“cad‘dl\gvvs'ﬁomej (9*(\?*@@,--.‘)
_ f*

because Mot s o [‘Pz, ]@(9, s Mm& WO+WW\ rﬁtu\ﬂ



Nofe thot wp o ];enu/ﬁ'mg)-fj#p) The only vole of the inpuk wan 4o

Lonhi bule o ne  soMaf moculo 57’7)43 Fhe Jame calculatzon thows
that ar afnchipnal on 4,

o (rex-) = =t e [vde [t,-]

Conhvadion on frees

We detour for & moment Ho care ]Lu”y define conbaction. Lef R e a
comm il ve m’mg ) U e monoidad cakgomﬂ u*f R-modules. Tovthrs
;m@&ecﬁ‘un/ adee T is a conrucked tvee whore o’-H leawres houre one
derignaded the 1ot and i ure ovent edaes fowavda Hhis vooF Huve
's avchosen fineav oro(ew‘ng on M inwoming edgen at ecch vevtex (this
yields a planar embedding ) e allow vevhwn y}”ang valency. LetV

be o fixed Z;jmded R-module and. suppore Hheve 75 an assignment
Iof homogeneons Jinear maps 4o ecich infevnal vevlex of T 1 e.

I(l\jg/a> e Homh(\/@mj \/)_ (01

This dafor defesmines a dving diaguam v 22 (nole: ungraded )

\Y \Y - N/

(;L/ ateachvedex v
T(v

"leawen do mo’rappmlfJ (10.2)




@
The denvtation of whidhis a lintar map V&1 —> V.

Ezample Recll that OF“(70) + AP — A s defind on p. @ GnfrfD by
ossig nmﬂ opevahm h vedien and them defin 'ng fhe mu/ﬁ'nﬁ o'oemﬁ)r‘

algovithmically - 1-e. fead ing redients Mﬂuzﬁ)}y and. compufe onthem, with no
indevferena #J;‘gm, Contast this fo applied fo Tl same inpuk

d?ZO/Qe mﬁ)w—ﬁl}« 1/\9//#60)) wh/“ch Pw(}wwﬂ 7711 Jamu ineow Wldf/g an@ 7‘—3J¢
with pou;‘L@ diffevent oS .

This “a/goyiﬂimfc” 0&4}””{ O (18) is simply The linear map G/m“gmd

fo the opevator labelled tvee viewed as qdiagmm n T ca%egoug u-f
[ungmded) vector spaces. Thaf is,

O Fom e “operator” free T with intevnal verbion of ovily
va(emcy 3, we conshuct T' with new verkias of valency 2.

nsesled afinternal ec{geA ond ar imwudiale descendants

of evew japulf vedex.

® with V= Sk Emd,a(ksmj associale fo the intevnal
verhw of 7/W0pemﬁm pmcvibcdby GinfmfT F‘@/@‘

@ Lef ﬁ-’ (S@{:. Emdk(k‘ghl’)>®7_a Sen F"’C[k{hﬂubB

be the resulting lineav mop Fom the denofation o (10-2) .
Then by clef™

O (78) = T o270 A7 — A



@

Given a gemem opemﬁrr decvortded tvee T wihore denofation js
T2 V21—V e dvow mom] Pu lations lowall ly on T udng diagvams:

oY)

For example, if o« B :ﬁa/ap mayps V—> Y,

/f ] \\ //- ;\\
(( F ! = / ( ((2.|)
ot N

WIH/L S :/\(h®|®---@ k@n}, "{G]m\a = /\(k\f) @ -0 \Q\k«) ) R= ‘2[7(’)"'/*1/\])
V= S@, Ende(R™) = A\(k0,@- @ k)
Dk Emc\h( /\(’Z‘k@---@h\ﬁ,) )
SUN }'{[Xl/--*/ xv\] (12.2)

The sfondavd opevabw on V are The homogeneows opewnfo V'

* :
C, MO, 0, [¥,~1, 2, 9, (<lsn, ek (12.3)
L) = (=)'

M (A/e,callamopevaJrov—c{eoomEd?‘V&mM (10-2) standmd if (\/cw alooue)
(i) oll non-leaf vevhiws have valenty 2 o 3,

(i) the opemﬁm ateach va lency 2 vevtex ave J%Emdard
[u/) The opemforaf each \/a|ewC(j 3 Verlex s m, : \/ —V



®
/?n W rense of @

M &"U\EV‘ n W T(/U"ﬁ/\ wm?q\fjum‘,’iOVl ‘Z?) ,DT/B rs Hf)e oljembr-dewmkd
free defined abore ahose denototion £ D78y i velaked o OP(T,8) vin

0" (7e) = 7(°<D7;z:>° 5697. (13-1)
Def" We nowdefine o stundard opevator-decorcted frea S78 such thalt
<Sgs> =< D75, (13.2)

This vonshuction is hased on e following  calcalarion, with m=/T1

TN(E51067) = () TT(%Ae) TT(1067) 053

jC*T jeT JEI

We depine ST 8 wing a method similov fo p-@). Beginmng with T we

® given om m,ouf vedfex assigneol m, TeA{l--on] by G we rnserf
in ijwucﬁ'akly helow f’hxmpl/l/' e fDNDwMg deovtiled vevhie,

(-~

. . . > (13.4)
JjeT W) %) O [,

whare Y Pwo\,vtd means we wonnect thee :egmemﬁ (ovientudion ca
shown towavds The voot S) and. Ja; (2™) shands fov numenwao Z-hype
vevhws with single vomiablen, and o A-type vevkex Lith the woedf.



@ To an mﬁrevna\ e_d\gf. W@aswsh in fhe same ‘chl/lfon ((4.1)

jeT o W) % (W) O [

(® Toan infernal vevlex ae assign i deco vaded subtvee (wing (‘3-3))

(_\)W\Gm

TT 167 (1:2)

JeT jJ—"W &J;k

€J
! \ ﬂhs stando fW

VA
~

* "«
9" - Of

I SO MR O\rde r.

whare Tiw ]m/od/md? are in any orclev (o longaﬂ%\.ﬂy VV\C{}ZM,

Lemma STe i o standavd opemh)/«dew oed fvee and <JTE>:<DT,G7.
?ﬁo;ﬂ Cleav. )

Lemma. et K be astandard U,Deme-dewra#d e, o LKV VET— V.
(/Uejay K s vacuum—Mu:‘al IT: To {KYe é‘” =0,




Fom now on K denotes a sfandavd 0/9€V07LD/‘C/€(/DW7[€C{ free. Zocoz/fy

in such ahree we have an obviow reladion

Q¢ ',' ) '
\ (17.)
My = .
O:¢

ABRV> 048 @ B> OrXf

and sme O anbrommules with eveuj?‘%'ng i V=9 @}zEMR(hJM)} alo

. . L
h f (15.2)
M2
¢

|

o«@@}——> o(@[ﬁ X@lr—> Q; (")Moﬁg
= ()Mo, 4/5
I.3)
And %’ha”g 3
Q >
* 0;
= (QL My +
My Mo

(W

() = 07 (p + )"0 (e)



Lemma.  IF thewe are distinet vevkicen in K labellec (95, ond P
paﬂft befuwreen these vevliws doeg pﬁ/ Lonton o vevkx labelled
(9('41 hen <K,=0.

Aoo? (e can commute e fuo @ s Jowadpy the uniq re vevlex whepe
the paths meet,via the velafions (9., (15:2), where gy
annihilake J

Lemmac SHPPOE fhat K is h_of vacuum - tivial and let ® he the
set of all vertin o I, D € O ¥ et o all vevtins labelled O,
and @ € D e verdins labelled O, T Fanciion

fr @ — & (16.1)
JS(V) = Flu fintvevlex v! on the poth v— wot with v'e @Z*

is well-de frned ancl loi[@dq'mg _

_Pﬁu_ﬂ Smp}mje the path v —> voot comfains no 60;*. Then sine @ (ant) yomma fes
with I other opemﬁm}\n (2.3) wecanuse (151), (11.2) b see that
Kois vacuum-diviel, conhzdicting our hypothesis. So o is well-defined.
Tf heve s a,oaﬂ/L
O Oc

v'\ /"/
™~ ,°

2
@K

i

(16.2)



@
with feo Aistined J; verfis hawing Jf(\/)-‘/ 7%(\”) =9 and with =
densting e fint common veviex of fhe o paths, Then by e

veviows lemma are mot have 2+9. But then (11.1), (17-2) allpw
wr to anmihflate e @[r; behweein 9,2 . This proves Lo s injeckve.

To puove fis Juy'ecﬁwz let WE_@L'* be given. e may without loss d‘£

generalify asume all w'e ®;F above v are inthe image of £ [po&si(o{g

Hhere are nosudn oo ). Suppore w ¢ f(®:). e begin commufing the

O;F at w up thetvee waing (14.3) In each summand we mwk
en vouvler either an input or another O;F before a O, (by hypothesis ).
But 0;'¢=0 and 0;¥0.%= 0O, sowewould have 7= <E>-3%1 = 0,
a covodiction. Henc Wéﬂ’(@é), and 4 i3 a Lg"ecﬁor) ]

Qﬂ’i Now let T, G be atree (a0 in @nfnf?) with wmﬁ’guraﬁ‘ow, feike
K= 3876, othat O (16) = M= LS787=8%7 Wecan com pufe
OP"(7,8) anfollows. FinHy, we may arsume 4 O — 5 s
bijecive foreach ¢ (otherwire OFP"(T8)=0 by e lemma ).

(D Sef K'=K.
@) Rrlcisn DO unklno d?g*—vehlmw in K/i
e Choore a @z*»\/e/}ex w n K" whichis Cmoxima)” in the rense Hhat
theve i's no other @fﬁvevkx befween our choren one and the wol.
Let v bethe mafching O;-vevlex in K' via 4, . Then

'ﬁoW\ V. . N
(15:1) E . '
(15.2) 0; % / (9?

LK = L) o=

/ w ¢0;

(/'C-(/OMIMMR 0; + (9[*) call this K"

(7.0)



@

Sinte w wan choeen maximal

[\‘K”

((b.1)
jTo<K‘>oz®q = WC’ ozgq

whave K isanin (17.1) . We now reploe K'= K" and wnhnue. Jo at
each fep M= <K> 589 unchanged, but parn (v, fi(v) ) ave
vemoved (conpacted ) and some G5 Fom (1£.2) ave inhoduud.

(® Sina all £ are bjjeckve shkep @ Fewminates with a standard - o perafor
~decworated tree K such that

(1) K' wontains o Or or CO/*— vevhw)
(i) QOP(7,8) = T-KK'7=2°%T.

Similaly we apply all Iy s b fhe % s, and the vt ireifher 2000 o
a standavd opemfbf-c/ewra%ed free  Kp with

() Kr contins wo O, 0% 2, i vevtices
(l.e.onhj A, Ci and [‘ﬁ',”] V@VHUZ/))
(i) 9P°(T6) = ML Ke>»=2%7.

Call The above the conbackion als,oyiﬁvm .



@
Example  (onsicley #he Jree/ confiquration pair 1,6 presented on p.©). We

conshuc! tue stundavel operator-decormded free K= S7e defined on
p.@. The operator we needyo insevtaf vy is

JETJ ;_’OI'TIWJ(%B (aqj(i?%) (9“‘}' E’Y« ’1 >

J

(W=y*-%, w'=-&, w*=y*)

< o

(1q.1)
DP?/ ’] - E+L /’]

And e same of 6. At Vi, Vo we have the insevfons

(c2=id)

(19.2)

while at e, for example we jnsert (- tle) =) )

5

o (19.3)
P2
The Lnal reoult s shown ovel/lca][-'



®
(fomp-7)
7 /// //// g
> / ’/// (20 -|)
[\{’1,"]
g\ ‘ [‘{’Z,’]
Y
. Oy
’ DF’/-] j
O ¢
[\h/—] x E "’]
@:‘ E,p’_’_] \ @
[‘l’,,-] 0'# xX
DP';_'] ®;<
-G ?x &l%
[%,~] %
J (20.2)
33
0, 0,
['{/1. _]
_ / &;‘
Ox
o, =
.1 o < S”ﬂ

4, oF




The W)appinas j(\,fz are shown below [(/mp. in blue and IdeJ

g [%.,_]

o
N Sor o /
J
P)
Yo, 0, (21.1)
VA NY40,;
Ox
9
[\{}’-;:} o
L] g maximal (5

& maximal (1)

/4a/ouc(|‘n9 Yo our vonbadtion algoithm , the coviractions ave pevformed in
the order (howm) gie\dfmg (voke the view C's and S/"gm)_ Nole sometimen
there are mulkiple maximal 0. vedtiar and we have aybi/vmi/ychaﬁem one .



@2
[‘f’z,—]
Y[, ]
" J
-1
E(P'/-] _ j
[V’-/-] x | E\P'I’]
-1 4 _] )
[‘h,:l i “ x
D{/Ud] -l
-G x -1
1 (22.1)
%
93
E{/’-/—]
0x
[‘{'L,'] v |
%) -1

The next skep is fo apply S, 95) which sc\/mmq\ﬁca\lj wimen down 4o e -J%Uomrﬂ
count  (blue manles 1—degvee Flowing clong an edgre, ved v—degm)

(22.2)




(We condude that vonbhadi @
n '}/h ¢ 9[ ‘N c .
any constants. Pevformin 37‘%9 W }m/o‘a/m lves not cont bule
We\cls g These (O ttions and. Cawaz”fng :igm
(23.)

Henwe we conclude

OP(T8) = To4Ked-2%°
= () [, %17 L%, 6%, 6] - [, 1%,
R Ny Tk R - )

O-)ﬁ(/ouwe ﬁ“'\j ma - .
y be simplified fuvther (Fhe [4] in fhe
can be MDM‘{D MPU‘_" 23) ’}UO‘O”}'U!iVL ( X\Pﬂ,/’] = [\F)/[\Fz ’ée’]a))nd Rvm

O (18)= [Yo-]-[%, [¥, ]
'z 2 e[ [, GEY e
117 04 [t - DT
= — LF[Z,"I' [%1/—7"[%’2/ C\(—) '[%z Q(-)
. [Lhz, _]0 [k/’,l/—]' ] ) ]



As explained on p-(D @nfrFID The pweliuct o the F- factor, (v
the coe feicients i (201) of GIfmFD ) inhis cane is /. o we

tonclide

O(78) = "7 [t [t ] [fe, O] [f2, 6]
° [%., ’]’ [k/’/z,‘]_

Obsevverdions about enum ewdion

We have now shown that fm ony T, G the opgm/m/ Al(7E8) is, up

P <calan and G's, conshmdled Fom [‘h‘/'] intevtions on the ng,wd£ h
both mfevnal and external. The possible /Daﬂems oF Fhese inseviions
ave heavily Lonshained, sinw for example

- O (24.1)

Wa alempt fodescribe these conshainds wing boolean {5 mulon, and
Thun eqmah‘om over ZZ[?«) : --/ﬁzvl +ov some N. Lef E be the sef

ot locotions in T (mwmimg : impu’r vevhwn, intevnal vevticwn and

(’n’femaledgw)- We inhoduw aqﬁami(y 07,0 boolean vaviablen

Q = {C?L(XB }(s (en, xe E (26.2)

where 9:(0 =1 means “[¥:, -] isinsevied at [ocertion I\l or move

Pv'ecrke[j ce T(x).



@9
The tet E s Paﬁfa”y ovdered by 7he relation Y < x (fj is above x). The

eats that Q dependr on T, and we unite down a ret F of boolecn

fovmulanover Q. Any confguration G derevmines valuer of all he
vovigbly §i(x)€Z. , Ihd we design F= sothaf

JfeF with f(5)=0 = O(78)=0. ).

where £(15) han the obvious ruaning - f evaluoked with the §0(x) o wesp-fo G
(5o 71‘5()‘) =3 IE’(X)) -

(D The 7@Vw(/afi}aﬁ‘am af (241) s the following - 4 7(‘(34 =1 then theve
mut exist some path fom x Jo an input (faking the left branch at x,

il x 15 gn infevnal \/gl/yl-e)() with ﬁm.pw[)e;iyﬁnaf 7{[&) =0 fovall y#=x

J
onMpa?’h. Othevwiee, waing (11.3) for [f:,=] we will hewe somewheve
(t:,~1*=0. For each location z

@ > is an MPWI © ho wmﬁfainf

@ x s an 1nfevnal vevlex : ch ,
/L

R N Y N

; pe P(v) zep
VU s an in}.edge x 7 (‘J> = { JGFO'Q POd/VU ﬁom I"V\Pl/\h to Y, incuive
or an 'MPUGU

given an sec,lw\wmfl loaﬁq\om, excduding
it .veriien we entev fomilne vight }

NETE 01;(%)3(<v /\"ﬁ,;(z-))

peplyr) zep
o JR
Y

rJR,ﬂL - 3 % (‘nq;{‘d) /\\/ /\_'76{2])
be int. edgen

pe Plyr) 2zep
or 1'nPquIJ

@ 2L IS an iv\\-evna\ ng,e :




Nole For x an inderval vevlex,

9i(x)=1 <> (e T(x) = in e ondard O(Jeva*v“dewmkd.
e we have [~ on He edgz shown below -

Ces] ’
}'/ (26.!)

This is why PlY) exdudes inf.verkien we enter fom Y v?gH- A patinin T s
determined by i stating point, fo we coud wike Pl7)= { iopubs e od. hure
sapath a— yin T} and an vesich

Exaw\]g]e T = with n=l, so we have varably
° ) (@), q (L), -, T(#).

The conshaints are

10> 790) (26.2)
= (790 v O 4 ~9()
@ Q(f)D \/ /\—70{(2’) 7(@)‘{ q—ae}\o_ae}

pePe) zcp

= (0> [ (~aeanginnale) )v (7g(0a gl

nole 1o "7@1)*&”)
o exp]amﬁd aloDL/E



Com'?'nuing fhis example, we convevt thye conshraints fo Pb{&MDmfaA e,c{(mcliom
n 2, {"6("3};s(gm, zee | an follows. Given a boolean fovmulon - ure.

dofine e set of polynomials R via the recuvive ded™ given below, such
that Yuve is a bijection for any 5

{ solutionsef Fr n Z, } A { Scr}ﬁr]@ing assignments of 7:}
DefN We define (assume only afoms ave negated in F)

"we alio upile P(F) fo PFJ
B = @1 for geion xeE

13ﬂ‘iz(x) - {rf(’()} For 1€Csn, xe B

* Py:/\a: P,:U Fe..

- Poo= 149 féPF,gqu}_

]:/xamgle In e sifucion of (26-2) we have

Pq(dpﬂo,(a) - E

9 v 79 (2)

fe@) (@]

P(‘?(@) = ("7“0 v (7 9(d) 2 ﬂcz(a))))

—_—

173 Tgep(= 4 v () 4 "9(4))

{ r(?/) r(b)g }36 P(q) A 71qla) )
{ (&) r(d), vie)r(b)r(=)}



EJ F( () > [( c{(ou)/\"'f?d)/\—'cf ) b)Aj? )])
_ { (£)9 . 36P((~vc{(a) Aﬂq(d)’\ﬂ?(e))V(ﬂ‘?("’)"ﬁ‘?/d)) }

z{’(ﬂc)ﬁx‘ﬁ\ 916 P(~q@A—ql6) Aqle) )
9,€ P(q(b)~ 9le) )

= {r)g5 | 9efr, o), @Y, goef () @)} ]

Using e mapping v(m) <= r(D,..., r(fle> (6) we can findl
tihe Gusbwer banis of e above conshainds, ogether with: () +r(¢),

in 2 [r(D, .., v(6)] Tt s
,:GL b ¢ d e C]
> ving vr=2)(r(\~.é)))c{p) oE T
> icleal T = r(L})r(l)) r(S)v(2)r(4), r(S)r(Z)r(l))
r(6)v(1)r(2), r(6)r(1Dv(S),
r(6)ru)v(), r(6)r(4)r(S),

() () (2, (&) v(5)e(S),
f(l')2+ ((\)) ey ((6)2+\f(€])

The Cuobney bosis of T covkains [ in addifion o oe)10(c)),

L ASI6), r(1)e(), v@IAD)(E), r(1)r(2)¥(6),
() ()e(r), () r(2)e(r) %

So v(5)=0, (V=0 => either r(2) or v(6) =
($)=0, r(N=] = v(4)=0, el ¢(2)or 7(6)=0 —r
(D)=1,()=0 = v(€)=0, eilior(2)or ((4)=0 -
(N)=1, r()=1 = ,@)=v(6)=0, ard r(2)=0.



Without additonal conshaints his is nofvevy asetul .

Summ avy

Aloove , we made pLogreas on the onvewion o‘ﬂ The operaror

dewrated frees uf into Cnormal forms™ involving only [ -]
o)oemhm (and G, and oom‘mf?), We left unvesolved Fha Jsqps , and

also the S_ﬂwme)m ficdon  (both T FHx) ﬁom and The

Hfacton fom Ix, 2 annikilabion v the conpackon-to-nomal Form_)



