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In this note we study the coefficients which appear in the Feynman diagrams

computing the Aoo - products in minimal models associated to Landau . Ginzburg models
,

of the form

§na¥auia+a÷au⇒
- -  ' = '

" '
' '

at Abc , )t - - - + At (b)

At first we thought these terms should be understood in terms of the elementary
calculations of correlation functions in ID scalar field theories

,
which boil down

to integrals like

fdsdteialsletibttletdttl =

( III )
+ HIM + Iata ) .

See e. g. Timothy G. Abbott 's "

Feynman diagrams in Quantum Mechanics "

and Appendix A of this hole
.

However such integrals will not naturally give
the precise form of ( 1. 11 as far as we can tell

.

Instead the correct context appears to be soft photon amplitudes and infrared

divergences ,
Where Hu a=0 case of 11.1 ) appears explicitly in

[ w ] Weinberg
"

the Quantum theory of Fields I
"

[ Ps ] Peskin & Shroeder
' '

An introduction to QFT
"

respectively as [ W
, P .

538 ] and [ Ps
, P . 204 ]

.

The coefficients of the form ( 1.1 )

probably appear in any situation like the one described in [454-1.3]
,

where

[
if

Lazawiu
"

Stringfield theory and bmnesupevpolentials
"
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that is
,

where the propagator involves inverting a commuter [4%0] where

dk is some sort of Koszul differential and V is a connection
.

Example Set H = k[ xy . . ,×n ] QKNKO , O . .  - a KON ) and

dk = Eixi a Oi* ( Oi
*

= O ;D

E)
,

T = Ei Jxio Oi Oi  = Clint ) )

Then we have

4kt ( draw ) = did Eisilxr ) Oiw )
= Eij xjtdilxt ) 9*0 iw

Pdklxraw ) = T ( s
; xjx @ Oj*w )

= Eij Zi ( xjxr ) a OiOj*w
= Eij ( Sij

 +xj
2 i ) ( xr ) a ( Sij -Oj*Oi ) ( w )

( dk ,0]( xrow ) = [ ; ,j Sijxro tijw - Ej Sijxtooj
*

Oilw )

+ E ; j xjtilxo ) a tijw

= % xrow -

Eixroditoilw
)

+Eixiidilxr
) a W

= n . xoaw + xto ( Eiai*Oi ) ( w )

+ ( Ei xi2i ) bit ) a W

= n . xtaw - ( n - lwl ) xraw

+ lrlxsraw

= ( Htm ) Now

Hence on every
k - basis element for H other than 101

,
[ dkiy ] is invertible

.

The

homolopyHinainfmf@isH-f.dk,T ]
' '

0 and this generates the coefficients ( 1. 1)
.



!3!

To understand how ( 1.1 ) appears in the study of infrared divergences we recall some

terminology :

• The four - momentum pm of a physical particle of mass m satisfies ( with p= (po, f ) )

c- called the Einstein

p2 = p^pµ = E2 - 11212 = M ? energymomentum ( 3
.

'

)
relation

Given a fixed mass m
,

a four - momenta
p with p2=m2 is called ontremass.SI

( or simply ¥11 )
,

otherwise it is otfshdl
.

Virtual particles corresponding to

internal propagation in a Feynman diagram are allowed to be off - shell
, although

the further off . shell they are
,

the more the amplitude is suppressed.

More precisely ,
an internal line in a Feynman diagram corresponds to a

commutation of two operators,
which are labelled by precise momenta

, say q ,

and other quantum numbers
,

and represent a particular type of particle ,

a
" real

"

example of which has mass m say .
But we allow Feynman diagrams

( recall we integrate over g)in which g2< m ?

P i e- ip  ' ( x - Y )

• Recall the propagator - - - →. - - DF 1 x . D= fd¥ -

Kt ) 4
p

2- m2 t i E

fin the position space picture ) which gives in the momentum space picture
a fraction

c- ( 3. 2)

p - m2 tie

For fermions
,

we get a different factor in the numerator but the same

denominator ( this all being for internal lines )
.
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In [ Ps
,

86.5 ] inadiscussionof  infrared divergences the authors consider

photons with
"

soft
"

momenta .

Firstly
, photonsaremassless, soforarealphoton

( i. e. on . shell ) with 4- momentum K we have 132=0
. Obviously for a virtual

photonwemayhane k¥0 . Arealphotonissoftifkcee where Elis some

energy cutoff
, whileavivtualphotonissoftif k2< Ee

.

Therelevantdiagramis

p
' O

< P 'tk ,

s

yohkitkzspttkitkztk
} ( 4.1 )itttf

.

'

#kz

kz
124 htlalotnphotonski ,

... ,kn

whenethewavylinesaresoftvirtual photons and p
'

the 4- momentum of an

external fermionline
.

The propagator at 0 has denominator

( p 'tk , )2 - m2+ie= ( p
' )2t2p '

- K
,

+ KT - m2tie
.

( 4. 2)

Now
,

if plison . shell
,

so ( P
' )2=M2

, andweignorekisinuitisbelowour
cutoff ( i. e. thephotonissoft ) this is Zp

'
. K

, . Ignoring alsotheie factor ,

theamplitudetor ( 4. 1) involves the ratio

1
1

- .
1-

.  . . .

 . -

( 4.3 )

P
'

.

K
, p

' .( kitkz ) pl . ( kit .  .  . then )
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Moreover wehavetosum overall permutations , yielding

§np¥a,
.pt#tbM . ' '

 
'

pl.ua#tksins )

( 5.1 )
= 1-

. .  . .

1-
r sometimes called the

pl . kba ) Plikbcu )

eikonalidentity.neP.9ofavXivilS07.By1hecaku1ationofp.5Oainfmf@swhichisthea-Ocaseofll.D

.

02167
-1

Upshot Ifwenow consider the case where the photons are still soft
,

but p
'

is not necessarily on . shell
,

and set

a = ( pit . m2

ai  

=

ZP
'

. Ki

then instead of 1 4. 3) were

= . = ...

( p
' )2t2p '

. 14 - m2 ( p
' )2t2p

'
. lkitkz ) - mz

=

1 1 1

- - ...

-

at a , ataitaz atait . .  . + an

then inplaaof ( 5. 1) the amplitude involves ( 1.1 )
.

Question Is this case ( P
' off . shell ) discussed somewhere inlhephysics literature ?

Are there any non - obvious things tobesaidaboutthiskindofsucn along
the lines of ( 5. 1) inthea -- 0 case ?



Appendix

Lemm= fafetkldx - 2
.

tbyachangeofranable ,fora > o

a

Root fIEHdx= for "dx+gpe→d , ,

fatal'4d×=E
,

=laima(
fine "dx+fie→d× )

= all;y( leg :a+fe→y9o )

= lain,y( 1 - Eat C- eiati ) ) = 2. D

e- b×+gcX -
bt

- ex

-

For 7>0
,

faiebktck

'

×ld×= - + e-
Lemma b) C

,
btc c- b

Root We have

fgebkt.ch#dx=f0aebx'

 4 '  '  . × )
dx

+ tote
' bxtck - X)d×+fxaetbx

- ccx - X)d×=foaelbtck-  a ×
d× +speak- ax

oh,

+

fxaetbtcbctcxdx
= all,m.[ ⇐db" " ' ' '

fatalism.l
bttetb

" ' " ' '

] ;

+ [

Tea
. bbc.ci ]o×

- CX
- BX - BX

-
et

= e + e + e - e⇒
- C btc c- b c -

b.
D



temma For b) c > QXEO
,

BX

fsoebktckxldx

- ¥ + beg + be÷ -

e±
b- C

'

Boot We have

faiebkl
' '

kHd×=f!ebxtc(x
- x )

dx

+1×0ebx' 4 ' '  
'Hdx+fine- bx - clx - X)d××

( btc )x - c X
°

( b - c ) ]( + CX
= f. e dx + / e dx

+ f- e-( btc )x + c X
×

o
dx

= all,m.[ ⇐eh" ' " ' "

Iitahjmafbttetbtekta

];
1 ( b - c) x+cX 0

+ [

Ee]×=e÷+s÷+¥i¥

.

lamina Torb ,c > 0 and any XHR ,

f.ae#Hik*dx=btz(ebM+ed
" )

+ ⇐ ( ECM - e-
blxl )



Lemina With a ,b,c > 0

fdsfdtealslibltkck "
=

( aha,
+

( aha + Cafe

Root We have by the above

fdtebltletktl = ¥ ( [
bl "

+ e-
4 "

)
+ # ( e-

451
- e-

blsl )

.

.

. fdsfdte- alsljbltle . cktl
= bf=fds( e-

latb )H+ e-
late ) Isl

)
+ # fds ( e-

( at ' ) Isl
- e-

( at b) Isl
)

= ¥ ( IT + =) + b±( at - IT )

=

"  "

+ # Yahata )
=

2 2

CAFE
+ 2- + -

( at c) ( btc ) ( at b) late ) . D


