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Tn this nofe we fﬁﬂdg the coeflicients which appecy in The F_eymm on diagrams
computing the A —pwducﬁ in minimal models asociated Fo Landan - Ginzbuvg mudels,
ofthe form

! (1-1)
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Z otoga)  Atapnt0s(2) a+Cgpy+ -+ A3(n)
beSn

At fint mmwgm Hhese Terms should be unclevitoocl in fewns of +he e/emei/lfﬂy
calculations of cowelakion funchons in 1D scalar freld #heovien, whrch boil clown

+on ‘regmls Iilae
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ff"dé e L-a’&’f’/—;uﬂe_&“-tl = (a+b)(b+) 7 (arb)[arc) " [arc)(brc) .

[

See e.g- Timoﬂﬂv G. AT s {!Fe&jmmam cliagrams in Quantum Mechanrar '’
ancl Alapendix A oA thisnofe . However such mylegm)f will not naturally give
the pvecijefom/\df (1.1) an favan we canfell

TInskead the comect context appecs to be soff photon amplitudes and infared
clivergenwy, whepe e a=0 cowe of (I1-1) appeav exp?/cff/g m

(w] Weinbery “ T Quantum Theow of. frelds "
(PS] Peshin Shroeder “An inhoduckon o OFT"

f@)pecﬁuely o) [W/F'SBXJ anc| [PS) P'ZOQ], e woefficients of the form (1.1)
P"%ab]y appear in a’)ym'/ucn‘iom Jikethe ovie descvibed in (L, 7/4‘-"37) where

(L] Lazawiu“ Shing Freld 7‘74901{/ ancd byane jupevpofenﬁbﬁ ”



That is, wheve the plopag orfor Jnvolues /nvem’v’ny e commutar [d,V | wheve
di i's some sovt of Koszul dittevenkal and 7 it o wommection
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Then we have
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Hente ov eveuy & -banis element fov 3¢ ofhev than 1®1, [d,7] is invetible e homofopy
Hin @ v H= [de, Y]V and This 3emmi@ the wefficients (I-1).



To undesstand how (11 appeais in he study of infraved divergenws we vecall some
tevminology -

* The four-momentum pﬂdlfaphgsfcal pavicle P moss m safisfries (wiﬂ\/o=(/°f,£3))

5 > . & cq”e&‘i"&E(mle\
FZ - FMF/U‘ = FE"— ”2] = wm" i‘;\k@g\d-mov\/\emjrum (B,I)
o)

Given afixecl mass m, a fouv-moventa p with p==m?ir called on the marr~rhell
(orsimply on-shell ), otherwise it is off-shell. Vivtual pavticles conenponding 1o
intevnal onpagoﬁbw na Feynmam diagram ave allowed o be AF-shell, a/ﬁ;ou\gh
the further aff-shell they ave, the move the amplitude ic suppressed.

More pvecisely, aninternal line jn a Feyrman cliagram cower pondn 7o a
commutator offuo opevaton, which ave labelled by pvecire momenta, say 2

and ofher 7{/1011/!794%4 numbeis, andlvepresent a pavticular fype o’ﬂ/JC/Vﬁc/e/

o ‘rea)" example of which has mass m say. Batwe allow Feynman ol/‘agm;fm
[ recall miﬂ#{gmk over g ) in which 7Z< m?

b e TIEY)

Recall *hepwpagm’or - - —; -- Delx-y)= jé}%% laf— m*+ (&
(in the position space picture ) which given in e momentum spaw piciure

o hoction

¢ (3.2)

sz m> F (&

For 7[mmf0m) r/wg@’fa C)f)%lff’ml ﬁcfarm f“hz nume m‘/}Dr but WJG me
denominatr  (#9is all being for infevnal lines ).



Tn [PS, §6.51 i . cliscussion of infraved c(/VergeMwA the authow consider
F]/uﬂLDVU with "J'(ﬁet” momentg. H“MJJ ]DI’IO+DI/]J aire VV)OIJJ/MJ’, 50 ﬁr a veal phof‘on
[re- on-shell) with l-momentum R we have K> = O. Obviowly for a vivtual

pheton we may have k*<+0. Areal phofon is soft i k< Ee whave £¢ is some
enengy cutaff, while aviviual photon is soft - k* < Ex.

The velevant diagmm IS

(4.1)

ky N ek o Plﬂbﬁms TEI/---/ R,

wheve fire woy fing ave soft vivtual phofons and p' the L{'I/VIOVV)eV'}'MVVl(/'Z an
external fexmion Iine . The propogator at- (D hios denominator

(f'+h F—m>rie = (p)+2p R, +Ry —m*+ (g (4.2)

Now, if p'ison~rhell, so (p') = m°, and we g nove k. sine it is beloow ouv
b (e the photonis seft ) this is 2 p'- R, Ignoving also the 18 factor,
the amplitucle for (4 1) involves tne ratio

L o | (4.3)
]0'. lQ, rl-(klf‘kz) f/-(’l\*”"’_kh)




Moveover ure hawe Fo sum over all permutations, Hieldfny
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Csowetimes called the
eikonal identity, see

Pl avYiv: 507,
By Thecalculafion o }’-@) whichis the a= 0O case o (I-1). 02167

f"bé(l\ F”éé(m)

Upshot Tf we now consider the case wheve the photons ave sfifl saft, but p'

is ot memfal/llﬂ on-shell; and sef

a = (p)—m"
a; = 2p-k;

then instead of (4.3) we see

( l

(p)+ 2p' kj-m2 ()" + 2F'~(k|1—lep.)—ynl

_ 1 1 |

o+ o at+atQy o+t 1 On

then in plac of (1-1) the amplitude involves (1.1).

Wuerion  Ls this case (/31 ﬂgf—dhem discused somewhere n ‘/7/)elphyJ/‘(J lifevature /
Are there any non-obviows ﬂ/l}ngm‘o be soicl aboutthis kind o surn a/omg
the v of (1.1) infheda= 0 care?
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Lemma Fov b,c20, A<O

bX A A N
o x|~ clxxo(__Q L e L et _ e
- & X b+ C b +cC b— C L—C -
Roc  We have
® _plel-cla-X A bhxrclx—x
Lmelo*l | \dx____ " e x+c(x=X) s

: j,\ bx— ¢(x) d«
' [m —bx c(x- )\)CRX

X )
(btc)x —c X b-c + >\
(e +¢)x dx + f) 6( Vi + ¢ I
o —(b+dx + )\
+L, e dx
: ! (brch—cX A ~(btc )+ e
a— 0 a— oo
| (b=c)e+ cX °

o e L
— L A A WX
— e + ec, _l__ ec o

b+ C b +C b— C L—C . D

Lowmma Tov b, > O and any AeR,

o _Ljx|—clx-A ( ~u><l _c|x\
o © dx = b +C ‘>
( —cl>\l bix
 bL-—c )



Lemma Withab,c 7O

/ ~b/t] _c[s-¢] 2 2 2
cls dt - — +
l f e € (atb)(b+<)  (a+c)(br<) " (a+b) [ art)

M We hawe L)y Y aboove

fdf e’_«\olfle/—ch‘f\ _ b,-l-C< /L,m —c'_l.s] )

+ b‘—c<€,—q \‘ )

fdsfdt C—a(ﬂe/——‘o/i"e_ c[s-t| _ b+ = fd( —(atb))s] e— (a+))s) >

4 b— c fclJ( "(‘”‘)M —(0\+\°)|5\ )
( < 2 > | 5 >
= b +C o+ b + o+ C + lo—-C<OL—\—Q S Q—‘%_\a)
I o 2 ( atb — (a+c)
- vob-c (ot )(at b)

(a+b)( b+<) (a+c)(btc) T (a+L)|atc) - D




