Minimal models for MFs 28 (dnecked) 616(17

wpdaled 10]3)201¢

Our aiim in this nofe is fo write clown #he theows wre have developed in it full
geweml,,/.% namely an a model of The DG —cafegopy mF(k[=], W) extended

by the exﬁem‘ora/gebm A(k®,&- @O~ Tyis pews several component.
Fixing a pofentral (= [=], W) over a_ wmmuttdie R —algebya R, and wm’ﬁ‘ng c
for the Da—cafego:y G=wmf( k[x], W), they ave (1z]=:n) ™ (rex ainff 36

Aov why we do not
wer G v essume VlOQ']/l/\@V\\CM)

0 Puiﬁ-,,,zj thict /fiomof‘opg vebaick on CQ(X/\/)% /\(@;1‘ h@c> forall X, VEE
@ Kummiwg the minimal model conshuckon

®) Ex’rmch‘ng the Fetdnmam ules

Thevenult o His is an Aeo - s buacture o the collection of Z, - qruded l-modules
umde‘/(tding G@h[x] IQ[ﬂ/(aw)_ Nole that his Awe —cafego:y s not minimal, ali’hou\qb\
some of itz endomovjohisyn Aw’algebmﬂ will be. Nonethelens, this Am*ccﬁrego:y
s quwi—fmmovp\nfc (in feect hOWlO‘J’O’Pﬂ equn‘mlerﬁr) over R o S & N(Di2 R(Qc).

Notation + R = Ry 2]
© Iw =R/, ..., 2l ).
fo = @ RO as e Z,-groded module with [0 ]=1.
G = DG-cabegowy P finte-romk free MFs o W (nok we
do not add summands et this stage )
(€ canin fuckbe any ﬁll-JMlo—D&—cafegoMj d‘T'ﬂ mf(R, W) >

Note  We will later puhovm restrction on The f}\://)( (fer P~@> and ure Wil yee Hhaf
in oveevto form a D&—wﬁegwff we ore foveed fo make i?y’xmde/:»" A UX (s p @) )

(‘m referenceto matenal overleaf)




©)
@ S‘\'V\\C,&' ]/lDVV\O%Y)PU) \/‘&'}VO(\_S Thote - here £{ is ot nec@SSaﬁlj @ Fal/']ﬂ'av\ deviva%'m@/

sothere is aslight mismath with [Cat T, ouf we have
pard aflentionfo fhis and it i OEI

Heve we Pvimayilg vefer to ouv cut opevution paper, Mevelfy cdenotecl [Cut]. Let XY
be (faanl, free ) matvix ﬁl(bmaﬁom) and assume That

X v, X
. {7 )y Iéh IS q 17uani-vl?gu/0f sequente n R) such that (Z-l)
. R/( {I‘//i.“} {Z'K) s aﬁmi{—el% 9ewem+€d free R-module, .
¢ each 477 ach mull—homo}opically on. Homr (Y X) with null -hometopy ") (Relineor)

, Y
- the Kosaul complex over R of i) )j, 7" is ¢ Xact excep*' indegrea zewo

(pe 10-3-17 we had vemoved that R uy an noethevion, but \begoi—% add Hhis)

Sef 1= U ‘Wj : -/{*“\/n()- “The T-adic (,oVV\PULh'OV\ PA\ ad R hew ﬁ\wa/) a Czuam—me‘ﬂular
sequane ond R/(t"/") = R/(E2™) . Then by Y push forurard paper there is a stundavel Flat

v X
k-lineav connection ( uniting te=t j

~ 1
> R@h[ﬂﬂ R[E)/k (2-2)

Vo R

We vun Tb\vomﬂhmﬂ-epjdf [Cmtfﬁ},’;j) with /\F@ our new Nofadion Sm)
and. Homa X)) =YV X for VX (ees [Caby 5451 ) and R = R

ploce of +he k[¥] theve

~ 4
Frestslep vo extends o a R-linear ope wdoy \ on R@h[ﬂ JL k(t])k . Choosmg
a MOYV\O@QV\LOWJ bonis «Fof X, \/ and ‘{‘D(kingﬁ'—ﬂ/'/ldu(ﬂd banis on HOW\K(y/ X) ouvev IQ/

ancl extendling V) we gef a k-lineqrspliHv'ng howotopy

H= [dk,VJ~lv G ( K@R \_kOW‘R(V/XB@K Q ) CIK)) (p_,%)

~n Y, X
where (K) dl<) = (/\(F@)@hR/ e T &TK >; amdmi&em%'fg O with dt,.
MTE Cor\siwxc%'nﬂ V c\epev\d/)onacl/\ouo-f R-lonis {.’w R/(tw%) 3



©,

whidh cowerpond's o fhe sh/ong defovrmation vehvack (3.1)

T

(B g om99,) = ( Kox Horal 000 R, 4

Seconcl slep We now view AHom, fhe s fandavel diffevential sn Homr () X), an
a Pevbubaﬁon, and we lecyn Hhot

g, =2, (Hdun ) H (3.2)

m70

is a k-linear splitting homotopy , 4o which is associated The following ke-inear shong cleformation

6|Hom) < (3.3)
M
N

( K ®g Homr (Y, X)) &r R ) di + drom )

J 4,

rehact of complexes

(R//ﬂ*)@R Homg (%, X)

wlf\eve

b = 2 ()" (Hduan ) H, 2 =200 (Helton ) 2

(3.3.5)

%X
Tlm'ro\sl-elo Sine ecch ¥ ach mml!—homo}op;‘m/fy on Homr (V) X) we haue an igoVHovp%i&Wl

of comployes (over R, in fact) (s.4)
R exp(-§) .
( K @rHome (Y, X) @r R, det Cfuom) <___)___> (/\Fgm Home (% X) @2 R, d)'(om)
exp(g

x
Wheve & = Zg A Nole hune we do nof assurm s OtPav}?‘a(dew\mﬁ'w
of €. dy. Tisis nof necesrsaw.



®

fouth slep Thecomonical map € Homr (Y, X) —— Homp () %) @ R 15 by Remavk 7.7

ot he pushfomaud paper, a homotopy equivalenn over k (ree @nfm(3p ). Henw we have
homotopy equivalences of lk-tovplexen, wombining (3-3), (3.4) \m Reumark bolow

(/\F@ @k Homn (\//X)) clhom )

| res

(/\F@ Bk Mome (% X) @a ?A{) d}‘{om)

(4.1)
exp(-§) exP(J)

(K@P\HDW\R(V/X)®R é} C{K"'C(Hom) Q ‘?éw

(R/{ﬂ") @r Home (V) %) , CTHD—W\>

];

( R/( t\/’y) B r HovV\P\(Y,X)/ C(Hom >

Note tat Hows (¥, X) @RR/(.‘?Y’X) N 199 ou hypotheren q Z—ﬂmdgd complex 0~£
finile frea k -moclulen. Kespingin mind tatall our Dl~categorien cwe Z,~gradad,
we hove e DCt-conLegowﬁ G with ﬁ(V/X) = ([’{OVY\R(\//X)Jle\cm) cind ore

now inhoduce

Rema/lﬂ\ r@ f/f &l’)ow; f/here Is ac/eq(wma'}ion re%mc% over i!{ bQ‘H\) eon
Kelt) and RIT | and so e may apply p-OF X = Homg (X, Y )  and
fR—=R (50 W=0) +ogef & iso k-linear hamotopy equivalence.



@D

N A - A
D&—calreﬂovg B Nextwe clefive a D&—(afegozg G with B1Y, X) = Homr (V,X) @r R
The mbﬂe}y heve 75 that the fopology with rerp ectHo which we fake e wwzp/eﬁom

vaner an e pair Y, X vavies. To be move precise we now write

I\&X = ('lé/\//j..-/ i,,://x) < R

and fpv the associated wmp?eﬁon we uvile

N

Ry/x = (/Ln}r R/I;:x.

Tn order for the Di-categowy G +owoke senre we ned o have k-linear moips,
for each Mple Z,7, X of. mabix factovisations

AN

A /A
May,x R,z,\/ Bk P\Y,X 5 FLZ,X .

Fov s toexist we would need qiven (at/td/)j sequenes (QVI)J (bn) in R v the
T2 yv-adic and Lyx-adic %pbl@gieﬁ vespectively , Jo show that (Cwbn) iy (thchy
for the T2,y -adic fopology. we would show s by calcqlaﬁw\cj

Am vy\“inO?\: aw\]om—ohmbn'\‘ amloh‘amloh_
= QW\(ICJW\_IOV!> + (am‘-qv\>)o‘,\]

~ b N
amc{mingﬂ/lafffbr any N7 | fheve are a,br | with IZ;/ < T2y and Ty,x STex
But §iven 29, X ave avbi%’mﬂj is shows:

Upshot for proclacts me,y,x foexist ((ancl thus for B o exist ) wre nuact e Ly, x-adic
‘Fopo{ow on R 4o e mo[epemc(el/nL 014 X X.




G

@ DG-cateqoven "{i= W is a choie which wovls, bat pethe
i Remavk ovevlenf )

Y,

In hﬂh*f)fﬂae previous page, we iow Lix 1 g t, P be inclependent of ¥ X
and leF R denole the T= (4., 4) —adic compledion. e continue o (el A" be avbikaus,
alfhougl/lo%@ ,D@ Using the wouall R—a(ge bvar shurchure on R we define

Dfﬁh %Dﬁ—cohngy 8 = ZJO®R§J {’)Cw 8(Y;X)"'H0VVIR(\//X)@R E

As we ree in (¢1), ouv methocls chum an Aw-minimal model - G 1o+ G-
As an example of what com go wvong i we c{ff'ﬁel/\emjweqwl/tmﬁ, cve hare

Example et R e gn alg.c(ojed Leld and W=ox?-x = x (1—1)(14’\) _

/..

T

Q-

/

This is a Pole vﬂ'falJ anclin The DG —cafegovy G e vnawy consicler ol?jeC/L:

[D_I___ O x+| p=1[0 X ’ ]DI: O x—) |
x(x-1) O =1 O x(x+) O

We lenow ax W adk mw”-hbmoﬁbpl“(al‘(y on all mapp)‘yg wmp/exw, and (,owlP,eHVi?
along fine ideal (2W) womesporcs o taleing the formal schewe avound the
C\ﬂ\‘l‘Ica\ Poin% re. sina gyW: 3x- l/ af {J_lz‘/té .

A-—

Noﬁe e.a.ﬂ\af qp_, = (1“)(9*1“ Df(oc—l)@/ and 9,c (dp_,) = ﬁ*i— (21—1)&))



whidh cleadlj sa\w‘s% [dp_\) I (dp_, ﬂ = WW-1

Now 4 s Meﬂla} {"% 15 a qmmhmgu}av seqhence in R = }3[’:.( acw'—z‘nj
null-howmotopically on Homg ( Po, ), but Fhe (=) -adic JR)POI\a% on R

is e HninlU yiot eclual o Hie (91 W) -adic 7%)/9@{099 (ov the (x-1)—cclic %Po(ogy
Afovthat matler ). Wheveon we kevipw G s homoﬁ)py equ:‘m/et/ﬁ’%

8 = 6 ® !_W\FR/(gij“,

Sohis completion presewes P, B, P

Remavk  We do not wantto assume ¢ = 9x.W becayre we wan! ﬁapmem The

%adomﬁa Vep/am & by a (ub—Da—cafegoW [Jﬂyjmf @f{nb) in which
care we may be able o we q Fequente T which is nof #he peu tral devivatires

(e_ﬁ_ )(,lj..y?(l’\)-



G

Def™ The DQ—CaJregmy AFs @k G 1s e Feunsor pmdud-cre NFa viewed o a
one O\O)ed' DO\—CO\l‘nguj (wiﬂ/\z&/o c{fﬁ?wenﬁal) anc Z_?) asin P@ ecr), so

(AFsorB)( Y, X) = ( AFs @& Homa (¥, X)), (®duom)

ancl the wmpos{h‘om s (wing gracizol meps)

(AfFp ek B4 X) en (Nsor8)(2,Y)
[
NFs ox G (Y, X) @&x NFp ®k 8(2,7’) (s.1)

i @ swopo |

AFo &k Ay 6r G (%X )@x5(2.7)

lmm

NF9 @k é\(z, X)

Next we argue Hal (4.1) give astith homshopy rebactionof &t = /\ls Bk \é\\//'eweo(

ar an Ao ~COfegowy, accordlingfo p.© @.}; fhisend weignove the betfommorf
skep o (4-1) and J/'Wlpzjl J\C’el/n‘f/? RIeD) with RAe97) with Hhis in mind, ?he
ovevall content of (4.1) is oc R=linear homo}b}oy ec/ufva/emL

5

(AFs@r Home (% X) R, diom )2

U

H (s5.2)

7 ( R/( £7) Br Hovvm(\/; X), AHom )

W[ABV‘E_ (C'F f’@) (Af&l/\QU\e §l°‘§,—'=1 anc. _E;L""—i: 1— [C\Huvn/H]

d = Teexp(-§), &= exp($)edan (5.3)
lfl = exP(J)ogﬁm‘)exp(—U



Ginfmf28

Lemma The clatn (P,&> consisting ot

P\/,x = & F & A, X)
(¢.1)
Cox= H G H1X)

fovm a shck homotopy vetvack on Yhe DQ—caJregolxj S i the sonse
of p O@infcat2), with bose ving R.

Pocd Clear by wonspuction. 0

837'74@ minimal moclel Theorem /F) There ave mops {ﬂ/a}k». ma)zn/)j
the kemodules Tnn (Ryx ) o an Aoo ~afegowy ovev R . BulHhewe is an isomoyphizm

IVV\(PV,X ) = IVV\(E_\> <

R/( ﬁ\/’yj B r Hovma(\/, X) (6- 2)

3-—|

and ure infeypref The minimal model conshu don aﬂPl/(#f/l\g an Axm ~shucture on
ﬂ/leaceﬁmeo@‘eck ob(8) and Z,-greded frea k-modules Rie%x) @r Homp (7 X /

Def" Le+)3 denole the Zz—fjmded Aoo—cakgouj ower |2 with

¢ olojed-g O[o()S)T—’—Ola(G)
- BO,X) = R/(¢77) @n Homg (% X))

ancl L\f\ghev oncluc(-\ {/Jh}}o/i ) )Dvoc{uuzd by the minimal wiodel theo vem
olpph\ec\hmabow stvick Momobpg ehadon



Calculading Feynman Rules

Fo(lowmg @infea, let Q be the wimmutadive associative k-oalgela clevroked R ¢
on P.@(ainﬁm‘;), cnd lefus uvte (reca“ ‘Xf = N6 G )

H = B Howmst(V,X) = P NAFgonHom (VX @r R (7.1)

9,% €0bst Y, X e dot

witin ik Q-bimodule shuctue, with foruard swipencled O(Jemﬁ'om

B n
o 0] — 2t[]. (7.2)

Then P‘ produwo the k-linear Q-bilineqr maps
B "
/Q = Z ﬁT € Homqﬁodq(BD] °, BMB. (7.3)

TeTn

wheve Bi=Tn (P) € 78 identified with thevelevant divecks um U\szuo%ﬂemﬁ arin (62),

Def™ fov € C<n we define the odld R- lineci, @ -bilmear operutors
* * X
A0, & o= Zox ’/\Tj O = 2% O
* Y, X X
and we set 5 = Zg gil with o[( = }2 (9(‘ = ZY,X F)‘Z d)c'.

Remark Grven a wabix Fachvisatin X seb A= V(L) whtchis anodd R-linear
opertitor on X, with [dx,A; )= 1i-1x, sinae

€V1)C

t l”‘""l""‘) - [Gl“"""(*f\‘) ) ’X?'y‘j = 11(' Ix = C/Hom(x,x)( ]Z‘('XMD :[d)c, —A(X]

r’Nolef > uses the H\c\eamo\(nﬂ w@k = |w|Flal+ for we N, x € HDVY\(‘/,)Q.J



Then let w unile /\\?X fov Mz odd R-linear operator on Homg (M, X) given by

W) = N, o o

Then

2 Jx lal _Sx
[, W6 = de V() + () A (@=dy
+ ’A\L{Ix dHOW\ (O()

— d e + 0"y
+ A?dXO( — (-')M}%Ldy
= 4«

T~
v x

b2 2
HSV\LQ {de(\hﬂ) '\i ] = "I; . 1|-{DW\D’,X)/ and wmopemﬁ?w ;\L‘ QV‘CJ‘L/VJfa/)

qooa\a/) )?’X for the PuLpDseN Of Mﬁ)Vf’%b?ng_ Moveoey; this {Bpe er Momohpy iy
much hetler suited +o the calculations we ave about+odo .

Hypothesis — We have for each X a fiyed choie of mu//—homohpy }\;X X=X (odd | R-lueav )
for L‘/ thot is, with [Cfx, A?]C 4['1;(/ and fov all Y, X we we the homotopien

NG Hme(nX) A= 2\ e (£)

Nole Thisis not a conshaint = aswe hawve shown, i+ is possible do awange undev odr setup.

Def fov €€ we define the odcl ﬁJMeav/ Q -bilMear o perotors [7‘5/—] < ot
c{eanned on WL E /\F@ )N Hovm (%X) Br 7/{\ bj

[, -Tlwes) = () we | Wea-c“edl ) 2



@
[emma Tl/le,{:g\\owiwﬂ diouamm commutes
r?_
R[N o, H[') > M)
S£@I+|®éi/(95*®[ﬂc,—] 55 [‘T,()
fom (82) (1) @q R 5 > e[
3G N+ -
M Mole‘“’laf f;_<xz@1|> = (’l) Loy ylhere © is the oow/\l:)oJHTbn m 0.

To chec (A7) Commuben we Moy chooie o@ec\v X, L and ducle wvmmu{uh\/ﬂnj 014

':/\F0 Ok HDW\R(Z/ b B@K @][\] ®yn [/\F@ Bk Hol/vuz(\/) X) ®n fi] [']

G .
x [/\F@ &k Homa (Z;X) D R] [1]

[/\Fo@(z HDW\R(ZI\/S@& ?&1[\] Q. [/\F@ Oh HOW(V,X) %ﬁ][q

\¢
Q\ [ AFs @ Homa (2.X) @n R | [

Totuisencllef w, wy e AT he homogeneons ond Holee X1 € How\&[\//m/ x, € Homr (2 Yj_
Then

ég@lH@&g«@f@[M,—]

‘G_(é[éﬂ+’®gi)((wl®lﬂ®(wl@3(§> = VZ( 5(((%@9(;)@ w, ®X
+ W, ® %, & L’(W,c@xl))
— WL( )i(@fwlé)xz)@wl@x, + wl@qlﬁg];(@Twl@xl ))

= "z( (~‘)WL‘H69TWZ®]5(12)@ w, ®x, + (~\)lw"”wL@7(2® O w, @ N (%))



IS
Orw, 'A[DlLNU/@?(tN-i- w, N> *
_ (_')lwzww( (w2 (1) (1 @)+ (w 1) H/u(w\ @1, ® (9,m®3£(’@>
L 1+ (wy ©7,)7 (0w ® 2 (x)) ™+ (0 @ ¢ ()7 | «
+(-,) ( ( (¥ I /\A<(D[W'®a(“(Lu)@WL@7L>
Lug 1+ 1+ (o L L B L ) (e Dl 1Y + (M1+]x.l+ﬁl+'l |2 (1wil41)
= (1) (e / (1) ( W, (DT(W,_\QQ i,c’/\;(o(z)
Lo LV ([l bl 1) 1o (] +|14l*}/{l)+((W.H—HIL(H/KI)M [, ] ([l +1)
s () (~1)
O(ww: ® A (2] o7,
1u';l‘r\yvﬂ+])t(\y(+ Lo w2 | + (W20 +\,wi\+ Lev | ¥ loai | ¥/+ o6 | {wn | + )2 o0 | + )2 ]
= (-] ’
+ |2y w~L| + ‘7(‘\
w, O, 18 7, (o)
l/w,'l+/(u«'.l+}/l\%+ [wi(\wa) +pw;\+l%l/ﬁnl F | (o |+ (2| + (X X0] + /u,lyﬁ //o/|
+ ) F lwy ¥ Lwy
[wytl W X
" Ow w2 ® A, (o) %s
+ 1l
_ (_I)lu/\l\v"zli- | X2 || wy l + l)(zHJ(lI + \7(1_\ w, @T(WJ® X, e ')(— (7(?_) ((O_!)
tuy [\wa| 4+ |22 llw, | + 19| + (2. + [ vy X
n (-|) ) k \ “11‘ l 0(((/(/()(}/2@ ;JL‘[D(‘)OI')_.

ol

\'lu‘ EN 2\lw, 2 2 [\ Wy l (
_ (~|) Wwz| 4 [ Xellw, | 4 (92| + (o] |2 ] + ( I{ () Wtw,@,*(waﬁ ® o, o r)((%)

+ OTF(W')WD_@ Do (11)03,_}

’”'LU/\ w\e 0[[50 OOVV\P(ALf

(V2@ (w, 8x,)™ + (w, @)+ |
§: o ((wexe(wex)) = (-1)

cS;/\A ( (wipo0) @ (Wz@xz])
( \)(\wl\a-\xzu—\)( N E1al Y (Wl k) 3

) (_‘>\9u\(vﬂ—\ J‘. ((/U{(N)_ @ j((o I’lj
(-1 (wluwlmwl){xmtm/{( 13 | (w4 (a0 F [ | +(¢,14|7{lf}/{

+(¢,‘+|7/|+1x(lﬁ'~.( _ (—()\WI(*’I‘}’/L(‘{/{&(.J{(WIWL)@ AL'(X/"IZ),



(6 -5

Jwz | {w) + 2 | (wil + [ [pal + [x2| +[wil

0(‘*‘(%1;(/\}7_3 & Ne (-T{ 03"-,_)

= (..])
Henw

{ Sin—n(lel e l) } ((m@n)os(w@:m))

("’l) tW)\\WZ\ N kj(luw,\ i lj(z\ ¥ (D(L“xl| L l Oi*(wl WL) & >\L' (xraxz)

‘w"a—\au\

- (’\) W @nﬁ(WaS @ o ° ]g (“(2)
— OF (w)wa ® Do)}

Bur

w| y ol

@;(W/WL>@ '/\;(%U’J(L) — (*'), wl&*(wl) @ x A, (x2)
— O (w)ws ® N (2) =2+

plad
= 0 (w)we & Vom0 (W) @ 1001y
* (")’M,wl @i*(%) ® ’/\L.XDI'UII - @c'*(W')U’z ® fA)-x/;(' ° Ay

l

(), 0 (w.) ® { N ox, — (—')’Xlalgo)?}fﬂll
— ()", 05w e [, -] (x0) e xa

So finally
{ Sir,— (ol +ie) }((wl@xl)@(w.@x\))

_ (~|) Fuy \wa| + [ 2allw, ) 4+ (2] + (o] x| w, @(*(WL) ® [f\i,'] (g(,) s Xy



(Whereas
r[\lo\-ejﬂ/\q\' (78 sign here 'HOWL

f?_ ( (9(.*$ [’/\L.j,] )( (Wz@j(z)@ (WI @il) > Wlovir\cj l:k“/,;l Pa,a\’ Wo B X, is @?ﬂ

— Q( (_|)lwzl+\nl+l OF (w, 7)) ® ;] (wlﬁox,) )

= (T (gt en e w e (2, (x) )

(W |+ 1% [+ [wn |+ )((9ck(ww\@xz)~( w® [257())Y + (wi® [2-) (1) + |

= (-()
/u( w @[3, )(u)® (95*(%)493(l 5

e L+ [+ |+ (ot (Dl )+ lw s Bal |

~|

(1)

W+ D+ L ¥+ Ll + lwsf2 4 e [(wi L+ 1ol (2] F [l + 120+ ]

R 0k 8 [ -](0)+ 2

(en)(wal41) w, OF(w:) @ [A:,-](u)exy

= (4)

(2 |+ L wil 4 [%e|(1| + [0 [ | w, 0. (w )@ [ ](x) =
1 & (Wa G174

= — (1)
- ] <§[Q—Q(l@ﬁg’r&@O}((WL@XI)CNW!@I‘))

This prves nat

S, = alesi+ el -0 1) n



@)

. X ~
Def Set ©i= O @ [7‘5/]) an R-linecir Q’biIJ'MOVOPeU'CU}DV on %[‘]@Q&Qm}

o =

and wmik = = 2 3. (nole fhe @ in S sernihe Hc\eﬂmdfvxj)

Lemma AsopemJﬂm on €L ®q L[1] we have, fo /5’1/j <

[si01, 108 |= O,
(b) [Jg@i, E\)’] =0, (\2~1)
O [Z),1e87]= 0" e [3,2]0

where (A, J] means A ,\ +’) Ae with each A¢ anin (8. ‘)
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We can cal(o{la}e %M

exp(~1®8+ E) = Z ’,,\\_\_(—ZJ'O@ M’@j) r 2.0 e [ ] )V\

N7 o

Z. Z ZJ (r'+;)l ) )*(r”) (13.1.1)

rys 7o i:é‘é..((r )_.J"<_,.£J'S

2L el Ny N, [0 DT )

b €Ssyr

wheve 3, means we awange the v+s opemvbw % ﬁ/ve ovc(er(ndlcakd bnj )
including an addifionak Koszuk sign , anel @L (9 0 cr, (57/ Q// -O;
E)reKOWYIJQM[ 6=(12) ten 8. (,/\/,\13 — '>\1.So%eovevuM slgl/\zfﬁ

)8, s Hhe sigh e sepavuk(j ordeving ¢, J_



Ded" Let TC denote Hre totdl cafegolxy of +he /}oo'mjggovv}} flom 2 @, J‘W)f cr L
is ﬁ/uhinfca’rﬁoug a’f«jf’ (rec @1)) 5o that

N = 69\/,xeolo(x) HOVH;;(\// X\. ((4'[)

Now, returning 4o thie definifion of the Olbemh‘omfn Fom (73), an o sumfor n7 2
afPT w T rangesoper valid /olane hees T€Tn with intewnal vevties of Vq(emuj 3 Otf\l‘ﬂ/ and

o= (0L,

is,upto a sign, the biancl devofation of the decwvation D A T which places

vall g 7ch)

e N7 af evewy |€a1f/ melucling he wot,
T

- ¥ o evew edge,
* the murphim 3 x(l— 9{[‘] fo cach anu}vev/ex)

5 7C[1] do he wot vevlex, X

« the moyohism &= K (1]

+ o vevhies of A(T) coming from an infemal edge of T, we assign A

* to infevnal \/evﬁw we am‘gn v; .
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[ emma /Or is equal fofhe branch devotation of the deovation asrigning

7C
2o+ Tl — 21D 4o cachimpus e s

< Tt )] — %['74'0‘/%61/00/6

. gﬁm Fo each intevnal edge G 7;

rheexp(a - 1®é)exp(1®8) 4o ecichintevwal verfex

we denole this ij W infle tres

R/ooﬂg le cu/o(hcl 'J’Meﬁa—rc I,\ wrl/b\ onlﬂ :vd—evvnal \/et/'/'luw 0}0 \/alemcg 3 . Then
by the definiton of branch denctzdion of - p-®, if

U T

Then for sometreen T, T with induwd decoradions D/, D, we hawe
dDPy = Berye ({07 Bq <DYg )
= Tewp(-8)ra (LD Ba <073 )
by (2] = TrexplS -|®§ )exp(10§)- (exp(-5) ®a exp(-4) )- (<D <Pa7;g)

= N6\ <€><P §)4D) 7 ® expl(- U<DL>‘3)



Now each Tt js either jwt a leaf, o begins with an internay edgpe, and in e

former cace
exp(—)<Di7y = exp(-6) 27 = B
while inhe laffercare
exp (-4 ){Di7p = exp () A (DL~/>B
= oxp(-¥)expld) Faexp (-6 KD/ Vs
= o exp(-4) <D g
andl 50 e <2 binduckion on n fhal the claim holds. [
Def" Justo save onvewniting , sek
Vo= exp(S-188)exp(168).

See (IE‘I.I) for exP//'c//Z ﬁymu/m .



Aside on connections

Tn the conlext of Appendix B rﬂ the pusl/;fovwayd paper, and withthe notation there,
lef Vo L:e cu,ommcf'fom mduced by amch‘om 8) §D WO{’ we 9e,f'

1
Vo R 7R®S[§]LQS[J£]/S
V= 27 et e dy
J=' Men”

~ % g
T+ follows thod, woithh S = Zz:' o (dhe) () fhe Kosaud OPGVafo DI R®s[¢7f2) SLEN/

we howe

Zj—lzmen\)“ M 8(r“)tﬂ
= ZMGN" IHLB((M)]EM

Sothat §V i He S—lineay opemivfadmg on R ij sending v e R with i
wnique representotion Z 3(rm) ™ Jo the element §V°(r) with wmpomem%

SV )y = My, Me N

EXOW\E\Q Let R’S[["]] and ke ﬁ:x‘i) sothak ]’D: Q/(f\ is Yhe 1[1/‘@1 S-modue
on 1,1,.--,Jtd/l and giwen ({orcb\) (we chooe 3 P — R, é(xf)=xi)

r= Ziori;& r<eS

S - st

Ca\\'H/\B Y,:,]
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d"(r,md+(

we see that Hhis VM = 2;—.@

SV(r) = §v( S, mt™)
O Mt

1() given the ve)euawhompomen%. Hena

|

SomWw%mbﬂﬁrfﬁzO and Os(<d

SV (" )= M x

™Md + ¢
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Pasdn,q‘fv powerselies in t

By Appendix B of the pushforward paper we have a k[[ﬁy/)'j—lmaar isomouyphim
for eadh pair 7, Xe ob( )

Ty Rie) @ WY T— (1)

A o ~ R N
which is induad by e section of R — R/{ﬁ\"*) - /[lf/’x) associated with

our chosen comnecﬁonf an explatned above. ﬁrlvwclﬂ inthe Fewtu Vbation « Fep e

howe chosen Momogemww) baser ot V) X co Haold wve may uwite

V= YerR, X =XerR (13.2)

fov Z,-gvaded free k-muoclules X, 37, in which cose

Homg (Y, X) = Home( Y, X )®r R (93)

(,ombmmg (19.1) and (17.3) we have a /Q[[f “linear isomouphism

Homn (%30 & & = Home (7, X) &6 R 65 R %ﬁ;x‘

= Home (¥, X) @ M277) @ kI[£77]

Henc ﬁnallj (’HN 71 sex (7")) 1[& T see ({Cf")) we howre fjomowoh/?z/md}ﬁ Q—Mmoduzeﬂ

o —=— @ NFo ®r R/(z‘”) @r Home (7, X) @ k[[t"7]
Y)Xeob(\ﬁ)
Q R/[i\/’x) @, Homk( Y X) (12-4)

¥, % €ob(ct)
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Denole the RHS o{ (19.4) bj . and 7€ Mp&ﬁuﬂ[y. Let 72 and T€E Jn
hawe infernal \/e(/"ice/)df va{ewaj 3 omly.

cyec(1) imes
Def" /27 's eqqual fo The bianch denotedion of the dewvutfion assiguing
: wﬂgﬂ'“jn"' 7%[’]—3 9/%[‘] o each MPM}‘) al eh) 7ch)

- Wy U w;:= 2ff[l] — 7%['7 ﬁﬂ'emof/

s Wy b, Wy Fo each internal edge ot T,

e Wyo o V o (w,z'@w%) Jo eachintevwal verfex: 2

Lomma Theve i o commutative clfaamvm
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[ — [

11 P )
PVO_V£ (/UQMCWYES




@

We deduc thalthe isomovphism of Q-bimoelulen 7€ =M identiien
the Aeo —allgelora shuctiveon 7T given by Pn = ZT LT with an Aeo shuctuve

on 7/6['] 81V9V‘ bj /0‘,\ : Z'T/O‘T

T+ remains now Fo undevstzind e opemf?)w

oo = Wpe b oo W%
A y
T = wi 7T W (2(-1)
~ .y
?S,,o = Whe séoo Wee

o W 13V (wee @w,»e)

n Medeﬁniﬁonﬂ!/gf 53 (32 3') we have (;\.o_)

gﬁ; = Wy ¢m (/Uo\e_, = ZW‘% (~l)mwﬂ ( H d Hom )""\ H u)H.:\‘ " N

Zmzo (-\)M (Uuae Hwie Woe diom Wae, ) W re Hwse
= > L@ (Adue ) H
WW pﬁ = (,Ua-e,HUUa:(\J aHom = (/Uaf_dHomUUa'E). Sfm;\oullj) w?i’h 2 = Woe éw?(j).
= D (Adum )2 (212)

| ewma T —T70 s given on componenks by Hhie R-liveaw map

NAF & M%) @r Homg ( Y, X) @r kl[t"]

K/[_t‘/%) ®p Home ( Y, i) (204)

Mdu&d% /\( 0—303 /\F&_>h and l*[f ] (£7%) =
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M This amounts v cW_chncj wvwmmhﬁvi% g{ (s (101) for T )

R/(ﬁ“)@,LkUt_\' — /% (1a.1)

whawe both vedkical mcips ave c(bwﬁ‘et/rld by the ideals genemkd loy E But T Rl éw((]
inear, so TT vanishes on The kemel of he ather 7T, and Hhuns indues o hovizonta
wap on e bothom wow, which is c|ech/ly The cavonical one cwisng Ao R— é) fivice
by vonshuction T reatickdto R/ (£7%) @k R is o section o T .

Lemma 2 ; 7:(—4 '0% Is gmm on wmponemk Ify the k»h'nwvma,v

AF, & ) @n Home (Y, X) @ k[£77] )

o) @ Home (¥, X)
which'is induwd by the inclusions k=k1l—> AFo and k —— H’fw(’].
foodd This amountsFo comm M?Lafv‘m’/y d;p

X T

R/(f’/") Y k[,t_\//' — f/{

} [@inc é

R/[é*//x) @k h T/i/(t\}/)()

R

which commules by definibion B T- [
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@D

| emma ]:{ 33— 0C€ i @\‘Ven on wmpm’)en}z Joy the R-linear oPemﬂor

(23./)

H C o A & Yerr) o Home (¥, X) @x k[[£77]

~ ~ -\ o ~ X x n 2
whichis H = [dK,vt] V{: where C|/<=2;:,*Z 0. and Vtzzz=|?—t@5.

Roof  Sinaw wse is R[1£-linear, Waedkwn =dk andescvibed Moveover by definihion
£ the connection Von R e diagram

~ V° A 1
R — Ry _ka/k (23.2)
T e Il Tol
Ripn B k(1€ ] —— S ) en k& ] @pger () s

ommuter, whuwe we choose ol k-bouis for R/(ﬁ 7) and we o extend Hu canoniaal
connection VDV\ k[ i‘”] I{'%[lou/a that The opem%\r V on R@k/\ Fo )

inthe definfhon «? H on is identfied uncler
R/17) @k k(i £ @k A\

12 4

@@h/\ﬁy

with the bofom vow of (23 2). The operator Vin H s gli0 extencled waing

the choren homogemoow bawis for X, Y- Thu , if we let Vt denoke the
comnechon exl—emded wing Hhere choies o e Jpace in (23 1), e howe

Wy \/ W&e = and henie

wae Hwie' = woe [de, viz"vw;
= woee [di, V] ‘Woe WﬂVwa{\

= ‘3\)V B :
(de, Ve ] Ve -

8



L—QVVWVIQ. aiV‘QV\ DUC-/\{:@ ‘7}0 (9‘G{€9V‘€2 lwlez QV‘IC‘Q PDweVJEViEA 766 kﬁt\/ﬂlﬂ
wviH—EV\ a JC: ZO(GN“:FO( to{ Wiﬁ’\ 7[&6/?) we have (as;uvnina [w] > o)

A — | l o
[de, e (wef) = we D pmfurm et e
M By Lemma &7 7 e PWthorwalrd paper
A | "
B'@Vé ](W @ Zoa {wlﬁoqfrxf >

— wollult 47 ] (Semmfet”)

|wl A l -¢
= w & [Zd\ |w] 41| ‘(o( {70( + dK(Z Zd (W|+\°‘\£°‘ O<J' t‘x ‘e (9\/ ) j{
J

(w] 4+ |l

- woe) ft° g

A

A -
M Lot [%‘U_] = Wage [7\L,‘j W clenote the @-b)linear opem%v on €.

X N

_D;(in 5&% Ei = ®L' ® ’)\D‘J/j) a k—ll‘f\eﬂ“’ Q’b;/imayopem*bv on g/'\e[l] @Q 91?[]]
and wike = = Zg:‘ja] ond \A]: @(P(S—'®§)cxp(l®’§:).

Deff Lo 4 [ T@a R[] — R (1] denok the G-bilineor operator

Wae V2 (wre @ Wi ).

T A
Lemma e V2 \/ (W"‘e @ Wre ) I's eC’lAa| o V.

/\
M UQOW.D where /S—‘—E;@);A[JOW\C}

N

PIRN defined o 0V\9U,€a4



The ing redients remaining +o be unclewtood gre

o 1, = wae a (wie @ Wik ).

* dHom = Wt dHom Ure
- [ 17 = owse (2] e !

There all l'n‘nge on the 747/}0&/?'”7 consideraitions.

Del" Lef /@/\/jxdewoleﬁw R-linear map (o)

mult. |

360 - A T
R/(;Ynf) Sk R/(tw) ——> R®&R — R — R/(L_'Y,x) ®, }aﬁ_fw/l

which we denole 0 if # will not cause onfusion. Sinw R//_z‘y’y) X a finife free
k-module e may ;‘dem%@ T o a tensor

X X
ve (M) en (Rier)) ex Vv erkliz?]
and with vespect fo a R-haoss 2y ) Zu of K/ (£77) we mouy unife

iy * * <
7T = ZU) kz’o(en\\“ra/J}{“ 2 @%'@Zh@ t (2r1.2)

where T ki€ R 5 the caeflicient of £%in T7'(8(21)2(25) ). Noje Hhat
/O’UJM = 0 k4, and hy definifion

2(2:)2(2;) = 2 02 aem~ ¥ Vha 8(20)E7 (213)
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Lemma Let re R ognd denok Iotj T e ROE £ [ - /!wealfopem{‘m*

A r-c-) - - °
R/((_f\//x) Dk ’iﬂtyﬁ’];ﬁ’—% R——T—%R/(f}’*)@k k/[i‘% i (26.1)

Wil v = Z:ﬁ_ Zdél]\)"‘ rmg(zgt“ jgr e € R, Then

*(z; 691> Z{ | e ® Z&IN [Z,Z hd@/{ﬁ]

oA+B=4 R=
Fodd Thisis a simple calculation

Ty¥(ze1) = r- 2(z)

2 Y e a E(ER)EY - 3 (20)
= Z],\ o(ﬂz,,([ 2(2r)8(20) ]‘LLOK

= Z\ux!p fm’aﬁeﬁ (2¢) toﬁ/g

= 232!1 {20(-)-(3 $ r‘l:\o(q,(]g g(i’{)t

= ZSZ({ Zkzaﬁfz d rhd@:ep }Z(ﬂ)t .

X
Thw as atensor jn (R/(éy’x)) ® R//_ty’x) & /Qﬁy”] [ﬁ?ﬂomhgmmww feney
on e left due o /)”neaﬁ@)

(Ht)[;fé ZZ M@/{{g

(26.2)
oA +B=4 R=

(_
Aside For §eN" we wilk V‘g#i R/1e) — R/[—t) for the k‘//neavmap

gEn ZZ kdme,e' £e

A +B=4 { k=1

)
50'”/'(11_ V'#(&):— ZSEN“ rg (‘2(_)6/_—l

(263



Let X be an odd R-linear oPemeom Homg (Y,%) (69 dhom ov [2,-1). We
define the k[{- l] fmea\ropemhv' = Wae A ewse' ,1e. The c,ompodﬂt

R/{{zx) @k HDW\IZ( g/ SZ) @k }igﬁ\llyﬂ

~1
Wi
\V4

f‘{OW‘/a(\,;/)sz @MA{ (27.1)

R/[f*/,x) @k HDW\h( g/ SZ) 3 k[[.t\wﬂ

Let w write {O(“l};:\ for our ,1‘[061/3;50'19 HDVVlh( q/ >~<) based on the chosen R<honis
of X, Y. Menwehave X(d) = 2, Lvuolv, with Xou € R Then

X(2i®duw1) = wae X (& 2(2:)) )
= wae (A(d) - 6(22) )
= 2\/ w}e(‘){v@ ’vaé[&‘)) (27.2)
= 5, ot & wre( Xy 3(20))
= Zvo(véé %ﬁt(%z)

Or/(/n/)iflﬂ (16.2)) fiv LN, Seﬁ\Ji

AT ¢ -~ ke
R () - 2 (R T e

(+p=4 k=1

Soan aeniorin /U")) & Hom (%)@ (%(£9%)) @ Home (5, %) & bfi£” ]

Z X M 2; 6o, @Z{@o«/@ L9 (2. 4)

[/‘A/{/V/ 5



@ B}j definition /‘f\z is 1he wmpwi/f

- —]
Wit ® Wyt

3 [ @q 211 201 B H1T — s 26(1] ——— R[]

On wmpomgvrkj say 7001( X/\/)Z 6010(0““) this is

( AFs & Me7) o Hom (2, ) &« k(™ ] )[']
Ok

(A% 0 Bg7) @x Homa (7, %) 0 k™1 )1
l e ® Ue

</\F@ )N HOW\R Z \/) Br R) ]
(YN
(/\F@ )N HDWIR {\/)X) Br 7/{\ )['] (26’.!)

(/\F@ ®h Howr (2, X) &r R )[l]

Wae

< NFo ®x R/(éz’x) & Homh(z/;) Pk H[_tz'x]] )[ﬂ

Sine £77= 15 mdepemdew g Y, X, e map (2. ) is qc-[-uqu RNVE1)- linear,
and soif- can be desciihed eam’g wing The lensov /a/ﬁom eavliev; an follows. Given
w,w' e AFg and oce Home (2, 7), A€ Homa (7, X)), and €1 ] €

I/P;( [w@ZL@vo(]@[u)'@ ZJ'@@]> (2£.2)

_ WQ( [wele)e«]e [ves(z) @FU



WU\ chmof

et Teh 1 et l
— Woe (_|> prwepr] [w’@ é(%‘)@({] . [w@'&(%z)@a(]

fooX wep+ weg 1\ WIBI ,
= () ¢ A ) Wae(ww® é(%c)?;[%-)@/% o&)
(1wl H1<[)(l? [HRIF) + w1+ ]+l 11 ) I
= (ﬂl) Z,Z_, Bjjg w’w@Zh@pIEo(@ LLJ
RS
(274)
ﬂw_;iﬁnlf;em is

ol o [ 4 Wﬁ\wn (&l + ] 2] + 1] “/'*J/ﬁf”‘%'*’/f}*/%ﬁ?)

= [eofleo' | 4 Lo+ ('] + [l + 1] + |

(29.2)
Now
ST+ ArEH = o oot (ol 4o |7 # 1667|4044
+ ld\(ﬁl+l°o(l+l/?|-}/i/+\//§]-}-/j/7t_/f
= (299 4 [«f[w!'[ +)
Lek w stole this m e Lemmar

LeVV\W\OL Wc }/l amne

6( [wez, o« |6 [we ZJ'@@]) (29.3)
olflot] + 1 !

(-1) ZKLZ&J ?(hdg 6 (ww)e Zzee (4 p)e £

where 1« (AFo)[e (M) (1— (A8 ) 1] and similovly on Hom spaes
a1 Yhe expected meaning.



FDVWIC(”gJ we howe

6(n(n9),2) = vl C")yw‘j“jx) z )
_ C_l)szg+j+l+ j’s’ait?*") z (y=
o)A sl 3l A AT B )

lxI!aH [yllz| +{y\ F1x\| 2

= (") s \2(31)

TS+ 2+
(=, rz(f])%)>: (")Jf - V‘Z(Z/i%ﬁi)
_ (~'53-Z+Z+l+xzj+%j+l (?lﬂ)x Jr\/é\’wa/H/]
_ (_l)\3ll%(+l;/(+l¥l+/(+y{l+/(7;r\ \q\(%Hli(HHleﬂ/{lH/fﬂ (29)=

(2 (9] %) +1y)
= (-0) (29)x

sofhal

x4+ yll2] +)

|
o (ny),2) = (-1) n(xn(yeE)) (30.1)

What the hell / Who wants to deal with that .

@M We switeh fo u/))hg Hhe woual /Dz/oducf‘/{/,_ ey than vy |

Fov this we need o vevisit e cd%ebvo\ Q. Wecon pul o diffevent Q - bimodule shucture
on 7 P M one desuribed in f.@@ wheve €. € Q ach onthe £t ay +he
fWJ‘QC‘IWOW)D How (re. how €a used o act on the M) cnd €b achr on The V_ig_hf'

o the projechy onto b (re. how iFusecl b ack on the lett ). lwhen we wiile g
we mean B wing Thi's bimodlule stuctuire on Hie fensor doctows. Hevio

~

R
# = P Hovm(%,ak-.)& Homat (9, k. ) @ 8 Homet (a1, a ) (20.2)

O, .-, Al



Cainfnf2oe)

)

Reﬁwvﬂ'f\g now fo the broadev poin*

We started a/ﬁ’hﬂﬂﬂe D(-ca )regow G=mf( k2L, W) whichwe extended To
fhe DG —categony & =CarR (s pGID) and thent K= AFs @ 8,
(fec f@> On this we cle fined o stict homotopy vebact (p- ©) and denotect @/
}5 the associoded minimal model with

)3(\//X)=E/[i) &% Homg (% X) (311)

and hn‘g%erpvoolmdx Zr/ok §k31. We avike I Fov the fotal A —a(ge bvon rr;p(ﬁt'
QMC( 76/‘][:0/ +he 7L07LC1' /4‘00 falgelam 07Q/B/ antl then in (/QL() WE 7Co(/1(/\cf fJOVV?U%ObH‘C
models of X, 2 resp.

% = D AR e ¥t) o Home (Y, X) @ k[t ]

¥) X € ob(t)
n = P K/[ﬁ)@k Home ( Y, X) (31.2)
\/)XEO‘O(dﬁ')

(We c[egned/ﬁ/\'r fo be the "lfal/lev Pwo{ucf om’i bovvf’ﬂpomo\inﬂ Jz,/Or on 7( undlev the iso
between Wand 7C, and p.@D €D hawe been analysing tu consfituents of this
[/n'glnef pwduq‘/fr . Now, %//owmg @ p-(D and P-E> we would

[ike Fo wvite the value UP (ﬂ,r TGUL)
k .
— 7 [1] (31.3)
on a fensor ¥ & @ inTevms d}pﬁ’bﬂ evaluafion of atee immlux'ng no Koszul

signs ancl witle Mz (meaning orclinawy multiplication in AFg and B) veplacing
ot all hivalent vertics.



/ Tse (30.2) 2>)
DeJ* Lef/?z devote the @ -bilineav map R B i — ot given by
A A wie' ® Wae M2 Wre
aﬁ&aa&/——%%@Q’a{——eaﬂ—e?{ (32.1)

u/laemﬂz is The ondw\L- \33 P @ we hcu/\ej ’Fo,r w)w'é /\F@ and Iil‘/j _</M and
oA /3 wowmposable monphlsms,

ﬂ([w@zmpd]as[u)@%@@])
MHW(ZJZ wrw'® Zr® aff @ £ (32.2)

Le% £72 and T€ TR hawe omly infernal vevfiten cfevalema 3. Inthe o Howma we give
22 and IC Hhe modified @-bimodule shucture of (302 when nfeypreting

cliograms.
Del”  Consider the ﬁ;[[owm‘cj decovodion of A(T) [Old Q - bimodules

. 9% 40 eaclh intevnol ec\qe &£ T and N 4o each
leaff T (wi%"/\ﬂu (20-2) bimodule J?lmd'uve) A

. Zw Y, Jveacwnpuh

© PR — 8‘% to each intevnal edge of 7;

n

+o caacl/wmfel/v)a(vet/k)(J where /= exp(é/ —Seo ‘)P«KP( i@ 13



GD

Heve we Toke

~ 7 A % N A
_D_in Set Ei = [7‘@’]@ F , a R -linear Q’bi/irwaropem']bv on o Da H

/

N A * A~ N N N
M Set 55 = r>\L(9L‘ ®1 and wvile 8/= Z‘Lgi ) Opemjromm'\ 9‘€®a’}€,

A S k A
DeJ Let evalt denote the Q-bilinear map ¥R —— obfained lo\(,/

evalucfﬁ'ng the clbbove decovated tree , without Koszuh aGs That i,

we sirnply feed: in npultr at He 4op of Hie bree and evaluake each opevartor
inguccension. More pvecisely , we feke the branch denofation in ﬁmca?tegoxy
& ungraded  Q-bimodules.

Let ’Ar be the ree obotained bv miryoring T, asin F'@'

Poogo;/ﬁon Civen Xij.-- Yn €70 gnd abree T o aboue/
&'(T)‘l’ 2,

(33.1)

A D KT R
1< ) L “
J e\/a(-r(%k,.../%)

/(/D\T(X,}...JXA) = (-1)

wheve P is the FGWH - the ith lea (see f-@@ )

M ﬁAT is e bvomch denotation of Hhe decormtion with ﬂ[ﬂ,ﬁ[ﬂ, g:oJ C/ﬁoo/ 7%
ancl 2N Fimen (_()f"(T). By definition

—~

X+l

G(X, 1) = (-/)W“L ” /?2(7(1,7(,)) (32.2)
z/‘/’;z\/\/ (7(1/7(,_)

&”,im?zu

-~ v

W\/\QV‘& W(X'/XQ’:(’\] 7(1@7(]] SD /';z =}1LW.



W= (1, 1) = ZW(@ ® [ ])(7[, . )
Z( ‘w(o 7@:)@9[%,—1(7&))

K+ (R)(Fen) v Aokl +) .
- 2.0 [T (e 67(%)
4%t |

- 2.0) T el e o)
2@)%* 1 6 (e, )

= 2'W(r ),
ond
WS %) = W% @ §(%))
= P e
= (Sol)w (X, %)
Hence

QV = rlexp( —|®S)exp 1@5)
/\ALWeXP(h—\®<§ )exp(@é}
i exp(3  SeNexplio W



GO
Lt unwile (isistenible)
V/ i= exp(‘g’)/ — g\@\ﬁexp( Je IB
LeFus now consicler an examlv)e :
(35 z)

T

W@ '/lal/\? (ming*hﬁmmvaecf“}u ‘f’lu ’V—C{egvf!l, ;_Jd;\ov amoc ) :) 2@ ﬂT ave evehn,

/0/\7(7(/,7(1.,7(3): 7%6\/}(? ('K)@(goo/?\—\//k (é\ 7(7-\@/2\@ X.?)))
—— ;JV—J
Fldedegre %, filde decpree Kt s

_ AaVv/ ($a AV (32(Je s (m)) e £, (x)
(—I) T THR) + Xt K +

X (Kot 7)) + 704 %y At ~) A N
_ (~')7()(’K *‘7(3)‘/‘7(“'7(3"'}' —l)ﬂ 7(3*_ 3 A /; ] (qgoa/w/: \/,
(%)) ® 2 )
X (% ¥ 73) 704 7 +} TRt |
= (TR evals (s, e, X

The wp shot Ts Jrl/\aH’hQ ucjm avire entively ﬁwn the W, and the Filde degvee oniving

ataninput o a 7\ js te sum of all 7( f@zdmg /n%ovbl/lahnpwl We deduce
eCm}!H /F;/OVV\ s Mlan n 36VUZWM



A Z|<7’\(Lf +Z‘,E,7?[PL'+k+I+‘e6[T)
/OT(X‘/"')%Jl> = (—’[) / 7
eval? ( Ze,, %1)

whawe P is he wumberof $mes thepath fivm The it leckin T [wum%’ny fom7he htt)
entenr o Mvatlent verkex on Fhe M‘gh#—hamd bvanch [I-e. \)/) on ik Wnyo 7he
voot, and b+ is the number of infevnal vevliasin 7- [

The nexttusk is o descvibe The F@ymmam vtles ?oveming The exp ansion of evalT,

but we leave This ﬁy@ .

Nele. (4 ]11209) We somected ot sevions enor SJrGWIWH'ng fwm a mistaken calculation
of [gi)l@ SJ] (se2 f’"l) , which ure aned o Hink wewy zewo |



G?
Tmnsferd‘f Cl:Ford olpevaltovs
We fake 4y 0W57lm/7%3 point the homohpy equiva lence o (5.2) over R
A 3 ~
(/\F@L@kHOMR (Y, X)ﬁg\ R, dHom ) < ’ ( R/( ) B Hovvm(\/;x)/ AHom )
e

which is devived fiom (4.1). Recall & = 7o exp(-$§), F = exp(d) 3 . Set Iz(t\;x)
ancl ke £77= (4 tn) Tthe Cufa,ael/aﬁon paper [¢ut] we studiec] the
Hansferred opembm 305 %" 4nd BO; 27" cnd herve we mcap/ﬁ/a}e #hat
discovsion. This IS necessaw becciuse th some fe/evamfpcwﬁd}ﬂ [CM}:];% i3

assumed to = 9x; W and we are not }mpos/ﬂj such a hypotheis hel/P.A It is

worth mret/ﬁ‘ng 0 topy Jf (4.1) heve (m aRing fhe identification R/T = R/Iﬁ) :

N

o, 0] S (/\Fa@hHOVnR(V/X)@P\F\) Ihon )

exp(-&)‘\ /[exp ()

ep-)0exp(5) O (KenHomeW ) or R, ditduom ) (37)

exp (“5)(95*@([)(6)

ZE@L@_\: 7(€%p(~3)(9»’6ﬁp($)éw c, (R/I@P»HDW\R(\// x), CTHZm)
50,3 "= T(QXP(’M@L‘*@(P(J)&O

Now (Gl 54-2] handles the hranster fiom the £t line fo the second, and [Cul, 367
(ulhimalely fhre pushforward Papev\ handler the hawsfer Hom the second Jo the third.



N ow E&,d/ Lemma 4,17] ﬂ‘,m exP(—J)@i*e_x]p(cf) = (9£‘K and [Cut, Theovem Z;.Z?] says

€XP(’3) @iexP(&) = ZZ (f)-)—l [’A P/[’ALP' : [A )] t,

R (90,,

l

(3¢.1)

I

0: — de — 122,207+
J

Next e Py elements O#ﬂ/]e P;,o(y}@ U‘f [Cuf, PI/O/D ZL.SS]”]‘WS is the 74#77L firve [(m'fj
]gag;{/;mfng 1= 9 W but we are nof, 5o we munt now tzike cave. The ﬁ‘ofﬁﬂinj fo note
s thot (Cud, Lemma 4.367] il holda, that is, theve is a k-linear homotopy

O™ O 3n =~ Af - AL (33.2)

in veference to the second and third rows of  (37.1). Heve an wsual /46- means

= [ dtom, DfJ,] G R)1 G Home (Y, X)

w defined jn [Puohforward, §77 with verpect oo R[t]—> R . The prodf o (38:2)
n the cuwwemfgememb'@ is the same oo in [lat], as indeed there we cite the

pmhﬁ)rwarc{ papev which s wor/z/‘ny n The pmemfﬁanem/i# Thotis, wn th
T /For [dk, AY) ] N

= Z (")m (H dHOW\)W‘g

mz e

2 () (77" Vdtom ) - (77T drom )

m7¢ o

Now VT =TV and 50 on inpuﬁ of nonzew O-degree, VI™'= 7'V, hence



= 2 ()57 [V, drom | T [V dbon ]+ T [V clhem ]2

™ I ” (39.1)
2 {7 [Veduom] ]2
oo © £ D)
By The same calculation, incidentally,

P = 2,0 (Hahn JH (39.2)

m70 ha) wl:'uw

-
= ZJ("\)MU‘—[VC{HDM - j—\VdHom (\T—)v

- 2 (T [Vdhen] - T (Vo) 77V
- z(—\)mg T [V, dbom | }mT—'V “Ob)

Note that as an operator on NFe® R/T @ ’Qﬂﬂ) we have modulo (£)  (see (24.1))

T (weze f)= If—w\ wezel

Sine [V, O‘Hom] is R(t])-linear # Lollows thal
T8 0 e = 2, () 7(@, O {7 [Ydhon ] 8

J
m7,0

— 2 () :{Z Ok [Em,C\HwUB

v\ 7,0

_ Z(—t)“ﬁmﬁ“@ﬁiﬁ:f@k(’Am}mg
_ \)PF ‘7((9 .. Q));{Z[@JU i [@Jg Jg[:l}é

ZéS}o



*
T 0 0 2 16, A, 1 00 My 1

36)9

N, ®q
f! TUD\JJ B UF{ KZS;(_') Ju JrﬁrAtﬂ’ “-/LJLLJ?P}

= TG i%’C ) Aljsy Abjay |
i 412
= F!%m A, -~ Atj,,

Soqlavﬂnij han been %ﬂy of()o,oemﬁ)w on ( R/I @P»HDVV\R(y/ X) ) C\Hom)/ hut

now we can apply he fact that e Anyah classes anti-lommule up to homotopy
(#ee Theorem 311 of [Cuﬂ) or vathev ik Pubof,wheve nobie we are wing Mrok
[BU) /’HC] S H-ﬂ’“mealr so that it Paneaer’l’l/le clwoh'em and sevires an a
k-linear homotopy there) fv see thal theve is ahomotopy (3€.2). So fv‘nallj

Lemma. We have for [<cswn

*

TO B = MO; 2w = Al
(3’ meaning k-linear lnﬁy)

3O, 37 2 -
~;Z) (]D-)-l [AP/[FA‘F" [?\ }] jAf
by-vtp

M prpplg'lan (3¢€.2) % (2€.1) we hove

<

03 = MO,

—Z;Z:w [, [y, (26,000 7 0% 05 ¢

p7 © Gy - vCtp
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Appendix A ¢ alfernative homoﬁ)pﬂ

%X
Nofe The §;= (AL@E*: Zv',x A (9(* ave defined waing e convenhioneul
l’lomoh‘)’py

(=) =N e

Suppofe inskead we ure cg 3 @f - Zv,xf‘\c" (9; where
() = (0o

Then he a bove calculation y/‘e/c/:

r(dielt l@gg)((w1®12]®(wl@ac§)

pcl N

_ (-|) \'w,\\Wz\ + l)(?.llwl\ + (%2 | + [D(LIIXll + [ wy |{ (,_ )'W‘ w, (9| (WZS ® o, F)(. (9(1>
+ O (w)wa @ Dn)e T }

52 , ((w,_@ X @ (w, @‘J(%)

Jwz | (wi] + 2o | (wil + |2 (o0l + 22|+ [wil

@(‘*L(WDW’-S @’:;\c (I( °3’1)

= (,|)

{ K/[Q - G(|@<§t‘ J’3[@ I> } ((un@h)@(wl@:c\))

= (o) Ml Bl el Bl e | 9 (wws) @ 2 (02

‘W!‘+\ 1

- (- Wr& (Wax ® 9(("3/5 (9(2)
— O (w)wa. @ ’Ar’(’f‘)JL}



l*d‘

&g*(W/WL)@N’/\i(DLl"J(L) - (“) W(@ (L/U?_) @ X ° ’A /2(2)
_ @L‘*(w. Ul/)_ &® ';\L (’3L|>o;(1

4[*”]#2.)

* . S
— Gile)wme () e — ) 0w e (0 ),
+ (_])1W|’W) @?(W;)/@(~])]ml.wxﬂjlo)(zo;\t - (" ) '75\ CQC ((»J\)W}.@X{,)\( 17_

[l )
B —(#\) &Z*(W))WL@){X'OfAic’XL_(q)'r ]Iqoxlo;\;}

— = 0w e () e [0, ()

{ <§/EQ — G(l(ﬁi 4’:{[@ l> } ((wl@xl)@(wl@:n)>

— (~|) tu, |\wz| + | el | 4 (2] + (9{,_“xl| + [ w l + |

O twlme & (-1 5o [3]) (%)

Wl/lel/ﬂa/J

£} ([>\f, "]@ (9:{: >( (Wz@xz) & (W 6911) >

_ (-[ )(wll’r\au.(H(z( [’XCJ’-] (w1® X"} & (9?(00' @ 1 3 B

i\

Wz %2l 2 Ay
(~l)\ A Vz( (")(W \wl® { fx\éxl—(—')\ \JL\L@ & (9L~*(w,)$ 3(,3

\’Xz\ +\

- ) o wee N e 05 (whex )
+ rl( Wy ® LA 8 (95*(“"567“ B



N (Wl Floa(+ 1+ N wls i) F1) + Qwil Flaxd+1) + ) "
" (+1+ ( ¢ /w(&' (w,)gx,@rwz(g)p(z)
((WL|WL\H+\)(|+(w,|+(m|+1) + (IlwilF ) # 1) +)

+ () /A(@L'*(W@@if@wz@h%}

[\ 1+ (w2l +1a DUw ) + (w1l v
— C_,| (9£ (Wﬁwl@i,‘)\[xz

A+l Vw1 + (wn L+ + al(we | + )
‘I’ (-—l)(lw x @L:F(W')Wl ® I(‘)(lﬂ>\£

)IXLH'{-F lWLHW‘\ "‘lw%x"‘\’l?(L![W)\'\' ])(‘,_Hﬁ(ll -\—lW\l"‘\’XI\yﬁ -}-]1\‘[)/67_]

(QL*(WJXWz @I,de,\

(W \ Wi+ |we ) + | Zallwa| + 2l 2) 3 [w)] + )] + l’('MzH ‘ *
' - ' O (W)wa @3\,

+ (=)

[wollwn ] 4 [ [[wr] + [t (1] 4 o ) ol %

= (4) (Q;K(w/)wz 69{ X Ac Ay — (”l)lXIL(IWLXL'}

_ (a\)Iwzllw.]HxLllw,\+lo<Lllx\\ Fou] +lwl &i*(Wl)Wz ® (*\)1"49(’ ) [NJ—](%}
~ ~ o~ *
This proves girz—rz(l(‘ﬁ&)rﬁ[@lj = — ([, 0 ) o wrillen differently

[emma WQ\CD‘\DWW\E\ dfo&gmm commuten

R[N @, #[) > R

~ ~ *
cgi@l"' l®d; — D‘lz_—tl® 0;

[a

®(N @ KL > ¢[1)

that is,

~S

(= rz([@ 54'5:'@\— [ACJ—]@@C*)~

(0%}



Appemdix B : Noleson commutoton

Lewma Leb ¥,77 be omogeneows k/\fmeavoPelrmLDva on N\ ancdd A
mhow\ogemeouw k-\ineavr oPem{-or on @\/,x Homg (Y, X) sucn
Wk [TIH12[ =1, 50

T o NL GRlleg 2]

is Momo%emeom.Wen

L
[Zj,5en?] = (1) 0/5e [(% 1A 17

RU_OE We calcdlafe

[SJ‘} 69/\_7]((»\ ® o, @ Wa @::(L)

| —

(w4 [ F) + LA ((wal 41720)
< - il E(WU@O(\@”Z(sz@A(VL}\)

fuo |3 (o |4 1 |z

- (—\)‘?((? & /\_“2)( (=)

( |>l?llwll+lTHdl\+J/{l+| Awal ELA L]+ 1w 8] 61 4 (wa |2

O ()@ @ wa @ [, %) )

@fﬁ (w)es % @ 7 (w2)® [, A(“L\l

el [ ) (s |

+ 13](\&\l+(of..]+/+/)
Al (Twad #1200

+ (-1 70 @) o0 7w e ALY, 4,])

>\§\\W|\+\f\\dl\+ Aol Azl eV (ol + )4 (wa | +172
= - 2[4+ +12 |

07 % () o ® 7(w) 03 [V, I (-1) A1)



wherean
10756 [ ,N]7 J(meotewer)
_ (_w((wllﬂd.w)( |3\+1\+(I/\-l+‘)(lwbl’r|“ll()9;§(w') i@ 7y o5 In] ()

( l)hHWI'+ '?(.(dll 3 +(u;l|+(d-([+"‘)-|/§_|(w7_“_ (WzH‘Pz\‘lA-\*‘I"ZI

OJ.*f(u),B@ 0(\8"’(((/"7—3@ [[.’\j)’] )/\'](O(’J - DO

Lemma. With the scme setup an Fhe previous levmay,

I

Al
[tos;, Ten2]= () 3o (3 AT67 ()

froof  We wompule

[104,Te N (0 @d 6w 6 )

(51 (twl + [V F1 )+ ] AL (Gl +721)

— (’l@ §J) ( (_0 f(w;)@o(\ @7(“’23 & f\_(°/13>

_ (E@/m)((—u)‘

el £ 1A 1T F ] ATl A
- (~,) lwa |+ 172 ] +) ?(wl)@dl@®\j’k’?(wi_\@f)\)’/\-(o(l)

wa | +(
w, @ A ® (9}?0\),_3@ ’)J*ohB

(wal 4131 (vl ol 1Y)
+ (-1

*k
. . ? wi @o( ® X /Z W, /\_’A o5
+ l!\.\(lw;wlﬂ“z() + 172 ( \ | QJ ( )® J ( )

(T N\ HUSI L+ 304 (A wa VAL |4 [we ) + 12 (+]

F(Wn\@dl@9@J-*“Z(wL) @% NA(d) _(\t)mlﬂ_xj(xi\”;



ginfmfze
;

wh eveas

(5o [, 7167 Jwoxewsd)

_ (ot + 1l F ) TEL+ (AL F)(we] +[201) ]
= (’l) ?(W\\@OM@@J7(WL3@[’AJ‘}/\__1(O(Z)

- D)

Now we can for exa mp}e calculate that

(183)(108) 2 = (1e8)] Z0168) + [186,2] |
= (188)2(185) — (1®8) 2. 6 o [3,2]6
= {E(\@g)+[l®&,z]}(\®g)J
- %(@}“@Li\;,m&*)(m)

— Z{\@&,@T@ {Aj,fr\zl ®g+]
U

— C(lgs)— 2 %(@f@[%ﬂzwﬂ(r@&)
_ % 6" e [2e[% 2] 0k 67
- Tle )+ 2 %,’J@f@‘? [, ] 0.0
. %(@f@[%a,ﬁﬂﬂ]@f@i

= Sles) + 2 6e) Ml¥]+ (25,37 F 670K
5



(194 22= Z(ed)2 + [1685212
= ={ 2068+ o3 2]]+ (1047573
- (‘“2(|®<S ) + ):r’“ [ Sqrﬂ.—-(]

1l

Shest) O [By O; Yo W] VD] OF ok ]

CJI‘R,

Ses) - Z, 04 (9j® [ Do), W AT+I30  ] 0; Ok

\1,

I\

Sre8™) = D 0:0T e [, W[ AT+ [B AT T0068

R

Lemmcx L@‘\' /\_. loe ahomogeweowx Dpem*or on @\/)X \“\Dmg (\/f X) {,—'Q %Me fO/M

A(L) = N= oL for some family {7\" 157 oA o the same degree. Then
an cpevatom on %€,

[[ i, /\—] [, ] (16.1)

where ¥e RHS means Poj#-wmpml’#bn with [3\]/ N

Fo We calculate

[[Ajj—]/ A () = [%,-1( 2 o() — )™ A [%,27)
_ %L_(_{) MEEY el
_ )"L\’/\}JO( (e \)\MH“\AoC,\J'
- {xﬂ—c—l)'”‘mj}om 0



Ih Semem\—ﬁ)v 011102) we l’lOW‘e b‘j e CMf Jﬂjf*em.r PC!PGV/ s/ce I:'/Q ] e

a 3mc\ed devivation

[(le8),2"] = Z(m [1ed, 2] (16 ¢)

-z -)

ol

b

—__(,02:70;*@[%&,‘])
= ZL@"“@U\‘—J)»-- (ne[21)
- Z (- )U 08 @ [N T [,

R AN

Hence by (14-1)

(2)+

*

*
(9¢, "'@dto @

[, Do, Je(Xur]) 6]

[les, 2° (=27, <)
Jrtyy il
where [\j) D‘ v, [?\ug —T_\ sends o € I“om;z(\f X) Fo
3\]0 A, (e, 0 [, ]
(Nl, L'/\;»,, /)}/0 oL] ]

Nobe-tnat s 1s mot (,-Je [y 1o = <L~ ] oplied o o

k|

— (_(>



i QCC\O() sine 7%@ (/OVVWVHA}_C(}'OV (s a Tfuclec[ o\iﬁgtVEVI‘HaI

[Aj, [ ey _A\lo---o['}\('la;—]:) = _Z‘ (~r)°' [x;,}—]o.,. . [X'q)—“_]
" ° £>‘J/ E'X;w\}—-jj
° [f\icﬁz,’] °t T [>\51=)—j.

ij he eavh‘er (aIculaﬁom, fee (l(g.l)) we lenow [’A‘)-/ L;\z‘clﬂ) ’]t\ etc:h Eﬂ
Per -(/omPosf%me with [ ) PAZHI_], and o avoid confuion ue will
wike that operatoran [2), Digrr [ So

(2>+b * *

[les, 2° =21 ) " & Oue
Jily)th b
Z (_,)"L (A, -Te o [Peq,~]o ['r\jﬂ\z“,].
o]:O
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@ML/ <
/ (7, 7%) = Z(&*Q@ (2,3 (7 %)

Z( 76!)@9[3\ :J(Xz)

Henw

~ 7(, \ - 2- N
E ,’Xz>' Z(l (X )t--+ (Xt l) *x)
& [“{)—Fj [A,,j(7b,>

anol so

).

L2t (x, %) — Z( il o007 (1), [ T- (m))

Yy =1L

: ){7”(,“+(2)+ (A +2)(Ft 1)+ (R4e) + ]
? —\
vt e DT 1), 005 (n))
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- Z:‘ (J\) 3 1% |+ (Il F) 1 -+ [ [Tl 4= ’) N
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