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In this note we take the setting of ainfm and specialise to a set of Kosal - type

factonisations of the potential W
. We also assume the chosen homo topics are

" Kosal type
"

.

However
, everything else remains generic .

Deff Given sequences fi ,
. .

,
Fe and gy . .

.

, gein R with Sit , fig i
 = W the

associated kosudfactonisation is

{ I
, E) = ( Nk3 ,

-0 . .  . ok3e ) a KR
,

E fi 3¥ t EE
,

Sisi ) Cli )

where Kit =L
.

As our homogeneous basis we choose the product Si
,

r - . . rTip for

indices its - .  . sip ,
and thus with { I

,
IT

-_Nk3
, a .  - . a tie ) we have

as 2h - graded R - modules { I
,

E } = { E. ETGKR
.

Lemmas There is an isomorphism of matrix factors 's ations of - W

=

{ E
,

- E } - { I
,

Ed
"

C iz )

3i
,

.  - - Sip i→ ft )
" )(3i

,
.  - - Tip )* fix . . . sip )

Root seep . ③ kdmfC . D

Another way to put this is the following :

Lemuria There is an isomorphism of matrix factovisationsof -
W

Z : ( Nk 's,*o . . .ok3e* )
,

Ei gi3isc-s-Eifc.HN - I ) I I E3
"

713in . .  . isip ) = fi )
%)

( I
,

× . .  . isip I
" ' 3)
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This gives an isomorphism of complexes of R - modules
, for another sequence I 's I

'

of length e
' with Ei fi 'gI=W

Home ( If
,

I }
,

{ I 's 's
' } ) = I I E3

"

or { I
'

, I
' } 42.6 detects & adjoint paper )

= I Ese
' I or { I

,
E3

"

Citi )

= ( Nk3io . .  a late. ) KR
,

Eifi
'

's
' *

t Sigi 's ! ) HT

⑦ k ( Nk 3*0 . . -0k¥

)OkR
,

Sigi 's .  - Eif . 3¥ )

= ( NAE
'

, KI .

'

a k7* ) a KR
,

Eifi
' tEi9i' I .

'

+ Zig .

- I .

- Eifi3i* )

DEI Letz denote the isomorphism of Be - graded k - modules making

Homkl If e5
,

If 's 's 'T )okR= Hormel If El
,

If
'

E' I )

NO ' \
,

¢ , .sn ) C 1.5-2 )

Naik ! a ⑦ ik3i* ) OKR

Lemme Tora homogeneous linear map ¢ ,

401=2 till "
013in .

.ir?.p)n3iYn...n3i*p
i

,
a . .  . Lip ( 2. I )

" "
v

-  ' ( 35
,

n - . n3bia3a*,
n .  . n3a*p ) = ft ) ( Bin . .  in Big )o( 3am .  -  . Map )*

Tosin , just - projection
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Roof Under the isomorphism

~  ~  ~
~

I :{ f- i3*ok{ f-
'

d
' }→Homk( { E. 9- }

,
{ Eto '} )

I ( zoy ) ( x ) = fi )
# " lzcxjy

we have

E( Inept's
" HPCE,

-  '  .3iD*o¢(3i ,

- is
:p ))(}aii3ap . )

= (a)
P '( ' * + F) + IHHH "

)¢(3a,

... }ap , ) = ¢(3a,

" .3ap . )

the rest is clear
. D

|

Lemma_ Under the isomorphism Val of ( t 5. 2) the operator & - d{ a ,qg°d

on the left corresponds to

EE
'

,fi3i'
*

+ EE ,9i3i ( 2.3 )

while the operator da - G) Mao due} corresponds to

- % ? .fi#tEE.9i3i.

Twith 3i* multiplying on the left and 3ia(3i*)*s C- )

Roof this is a restatement of II. 5.1 )
,

but we feel it is useful to check directly as well :

V(d{±;±y° - )v" ( 3h ' . .}bj5aY. ..3*ap )

= v(d{§I}o - )( ( 3k .  -3ns
' )°(3ai .  . 3ap)* ) . ( . c)

( k)
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'm ) ° ( Ee
,

- -

Tap
)* ) . ( - I )

k )

= v { 2 ifi
'

[ F.
'

*

s ( Bi . . Bi ) ] ° ( }a
,

. .  . 3ap )*
+ Si 9i

' 3i3bi . .  -85 ° ( 3a
,

. . .

3ap )
*

} C- 1)
k )

= [
c. fit [ I '*s ( 3b

,

'

. . .3bj ) ]^3a*x .
. .^3ap*

+ [ gi
'

}
.
!3h^ . . . ^ }bj^3aF ^ . . .^3a*p

= ( Eifi
'

3.
' *

+ £9'i%'

) ( 3h . .  -36,55. ..3a*p )

which pwues 12.3 )
.

For 13 . 1) we similarly compute

at ( - 4*d°d{ f. g)

⇐
d{ § , } ) ✓

-
1 ( 3h ' . . }b 's5g . ..3a*p )

= V ( - °d{ £
,

, } ) ( ( If ' .  . 3ns ) ° ( 3ai . .3ap )* ) C- I )
( k)

= v( C- DP
"

( 3h .  -  . 3h ) . ( 3a
,

. .  .

3ap )
*

od.ge ] ) e .
DK )

= film
" ⇒

Y E. It .
. ( } ; ... } ;) .(}a

,

... ,
,,*→¥'"

"

3=97*7*4%1
"#

t { I. 9 ; ( 3h . .  . 3ns ) ° ( 3a
,

-  '  . tap )*o3i )

= ( t )
P " + k )

v( Eif . ( 3h . . . Is ) . ( E . }a
,

...?ap)*
+ Ei 9i ( Bsi '  .  . 35g) ° ( 7

*

( 3aii3ap ) )* )



(E) = 's Plp - I I ( Pt' ) =L Cpt Dp

ainfmt@gpyj.l

E) t l PT ) = ICP
'

- Pt Rtp ) =p
'

=p
④

= fly PM t l I ) ( C - l ) Ei fi 34 . .  . 31,
3i*3aY -

. Taf
+ fit

"
 

igi3b ! - .  -35g a 3- I ( Tain . .  - Matt )

= C- 1)
9

Ei fi C- . . ) t fi )
't I

Eigil .
.

. )

= ( Eifi3i* - Sigi7) ( 35 . .  - 3K¥ . .  .Taj )

as claimed . D

Ded The differential on Al Oi KT
'

a- ① ik3i* ) ① KR corresponding under Vol

of ( I -5.2 ) to the differential d Hom is denoted

Thom = E
. fits!

*

t I Eigit ! - E ! first t EE
, 9i3i

. 14.23



ainfm@sOSetupLetfbeafuHsub-DG-categoyofmHRiWJwhoseobjectsaveaHKoszul-typematnixfactorisations.G

linen Xeobl E) weunte cri )

× × elx ) × e(

DX
×

X={£×,q×}=(Nk},
-0 .

.ok}ew)akR

,E÷.fi?3i*tEi=.9i }i )

where @ ( × ) >

OdependsonX.Asinainfmf@wehaveourquasi-regulavsequenuty.i.tnandwehavetochooseahomotopyXYforti.l1xt0.Weassumethatthesehomotopieshavethefollowingfoum.Xix-EefIlEj5FtEefYGIj3fcs.z

)

whevetheFiIGFjeRsatisfyEyfFijx9fthjfjx3-tifor1eien.Buildingofftheisomophismvofp.l@weintoduaZz-gradedQ-bimodu1esZ-yxOtAFoonRktI0kNOtiYk3IoOieIYk3YTorkatDob1HE-ORktsokNotiYk3YooieIYk3Yll5tYiXEobl81TheveareZz-gradedQ-bimodu6isosinduadfwmuandfovwhichweusethesame1eHerv.x-5e.viti-EWedefinelpk3kxitobethehigherpwductson7Iinduudbyfkon7IviaVintheobviousway.s

imilavlyforft .
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the following wegive
Fe and TT the modified Q . bimodule structure of €528 ( 30.2 )

,
when

interpreting diagrams .

Def Consider the following decoration of AIT ) by Q - bimodules
.

~ ~

• X to each internal edge of T and K to each
-  -  -

K it K
leaf of T

, ~  ~ •- Zoo 3- 6

•Eiviav":E→5eto each input ,\•.fm#exptE's

"

Fa

. E. vtii
'

:Fe-Eto the root
,

|nie×PtE'
I

~  ~

•I
•

§•=v¢•V
"

in - x to each internal edge of T
,

k

~
~

,
•

µ expl . E) to each internal vertex

,
where we define jztobe

see.ae#ixoaieEx=.x
,

and E
'

to be [ his -500¥ where [ hi
,

-5 is

set , sina.in

-r÷Def Letevalt denote the Q - bilinear map
K$Qk → K obtained by

evaluating the above decorated tree
, without Kosurl signs . That is

,

we simply feedininpubatthetopofthetveeand evaluate each operator
in succession

.
More precisely ,

we take the branch denotation in the category
of ungraded Q - bimodules

.
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Then by p . 330 ainfw

Proposition Given Xi
,

.
. .

,
Xk E ITand a tree T as above

,

-

f ,

ye
it ) t Sig Ii Ij t Ei Ii Pi tht I

ft ( Xi
,

. . .

,
Xk ) = eval I ( Xk

, .
. .

,
X

, )

where Pi is the parity of the ith leaf ( see p . ④ ainfmfC )
.

So it remains to describe In
,

I
,

Io
, MIexp I -E ' )

.

II From ( 3. 1) of ainfm we have

I
.

= v Eav
- '

= Em ,  o
L -Dmv ( III Horn )

"

I v
- '

= Em , ,  
oh THT In

om 55

where IF = VAV - '
is given by the same formula as II

,

I : IE → I is the

obvious inclusion
,

and I Hom
= VI Hom V

-  "
is derived from the operator of (

4.21
,

I . e .

is!
*

t

get
- E

.

"

fits:*
t E

.

'

gits?n
Noi k3 'T a

'

k
37

) on R

by applying the same logic as in p .
26 ainfmf@ .

That is
,

as an operator on Tl

In on
= Eii

*

t gift-Eiti "HiFit E
.

'gift
.
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Using the notation of ainfm@ ( 26.3 ) we may while
, parroting ( 8. 2) of ainfmf29C ,

Thom = §

Ihointlatt
18.1 )

where 1 8. 2)

dIiim-EiYtEFsMtEieYekEI-EiYHE3YtEEYcgiFs3InecallingthatfovreR.rFlzil-fgnErNkB.zefk-1TheexplicitdescniptionofEogiueninll0.Dain@9appliesmutatismutandisto8o.j

list

replacing I Horn everywhere by Ittom
.

II is just the obvious projection A → E
.

HI is
, again following p . @ ainfmf@ and the above

,

§.
- Ema .

HMEIHOMTTT,

and the explicit description of ( 12.2 )
,

ainfmf@ again holds with otthfm)

replaced by Tiffin
,
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) forth .

Lemma_ Given XY ,ZEob( 8) wehavewmmutativilyof

Homkl His IT ,{ E9×5)0kHomk( { E. I25{ EY 515 )

far \go -

N0ik3i×)okA(Qik }i* ) Horn ,.( [ E ,E5 , # ET )
OKNOIKZ" )okA( Oi k3E*)

\ IQCQI

s ( 9.1 )

Naik 's
.?)akNQ

.kz?#wherecisthewntactionoperator(noIfomext@)Noik3i*)okNaik3i4)=NOik3iY*onNaik3iY-ek

( 3iYI ..az?p*)o(3iYa.n3ij)hev(ti)lIKsiYx...nip3I3iYn...a3iY )

Pwot By ( 2. 1) we have '
-

where evc 70×1=21×3

c ( vou )( ¢ ,
a %) = c(v( $ , )ov( $2 ) ) ( 9. 2)

= E ,§g,,c{ 413 .ir .

.is#)o3oYn..a3iItykli,c...cip

a offs,n
. . is ;
)o3Y,^. .

.^3Fgt
'M}

= [ ¢(3j,^ . . .^3jg )
a ... ip

# ( 3irn3ip)o3jF'  '  ' ' ' 3¥
.

iv. cip (1)
jk . . gig t ' )



ainfm@10OGoingtheothevway.V
( &°K)=

.
,§g&(¢z(%i :3 :p ) )a3i,* .  -3¥ c- 1)

k )

= [ oh ( ¢(3iii3ip)j ,

.jo?;..3j,)a3iF..5ip*tDM

)

iic . . cip
( 10.1 )

jk.i.cjq.yFfygkl3iiii3iplji.jgkl3iii3js1a3iF-3iYc.ylElasdaimed.DNowykisdefinedonp.6OtobejeaajeIjeaaIeEjer-5e.uo.aandusingC32.4ofainfmf@wehaveCxeNak3D.x

'eNak3* ).pe/Yak3y,ptACak32*j)

jtz
.( [

waziaxax
' ]a[w'

azjapap
'

] ) no
.
})

IWYHIHWYKI
^

11

ti ) [ [Midcap
) . wnw

'
@

Zkoxap'

@ tt
12=1 S



ainfm@llOlEIisdefinedtobehii50OFwhereHi.t'

is

a t.ae#Ix-.a
.

a " ,

Here is where we use the hypothesis that XP is as in ( s
.
2)

, that is
,

Xix = [ YI, Ej3j*+£fI'GET .

( ii. 2)

Not ( ni
,

- ] is given by ( B. 2) ainfmf@ and is the same in form as CIHOM
.

So

by the analysis given above in ( 8.11
,

( 8.2 )
,

we have

[ xi
,

- ]~ = [ [ ai
,

-

It
"

a tt ( ii. 3)

8

where

[ ai
,

-5 " '
- files #3¥'i&.la#s*3I am ,

elY )www.dn
. - [ left"E5f*t§YCaiIb#3Y .

j
 

=\

Moreover ( 14 . 3) ain applies to describe jtexpl - TI
' )

, replacing
^ 's by

~ 's
.
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④

①
-

⑧

① u
r

tu
•

ri Ii
't

k ,

' (

fulke
L

KE

- • r

'

\
,

weftJet ! i
y

K "-yr•

l
v

'

Y

!
- 181J

,

,
.

⑧

e--
- ej

•
-

-

Q1 S - g- coming off ?

OJu

AFO ME) NKT *

) Alk } ) KHED

⑧
on

r

boy
ri Ii

L
k ,

' ( gu )ke
L

KE

- • r

'

\
,

weftJet ! i
y

ru
K "'yr•

er Is

.
-

-

-
- ←

-
•

- 18g
.

OJu

AFO ME) NKT *

) Alk } ) KHED
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It E t a;¥ ,

isII'tEs aI ]

= Eiti
'

Fafasf t Eje
'

aijfsj

The default choice Fiji = Iii ( ff ) , Cj = Ix i ( 9J ) makes this

= Sj ( Eaff ;
'

) Fal g j )

t Exa ( gj ) Ex
is Iff ) )

= Ej!! Ea Ex
b ( fjxgj )

= o¥a×b ( w ) - Eje
'

I *÷×b C f
" ) gjx

+ fj×z b
( 9J

×

) }
.

There is no reason to think this is zero
,

in general .
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Alternative presentation for en dos

We recheck a claim from ainfm p . ④ which asserts that for e 31 with

T = A I I

KY
i for I Yi 1=1 we have an isomorphism of Zz - graded k - modules

N
KY

, A . -
- a life) ④ kN k 3

, o . .  - aKI) End k ( AT )
.

p ( Yi
,

a .  - - A

Tir
④ Tj ,

n . .  . n }
j s

) = Yi
,

o . . .  o Yi
r Mjfo . . .  o Yjst C14 .

I )

where Yi
*

means contraction and on the RHS Yi means 4- A ( - ) as usual
.

Note

that this formula gives a well-defined degree zero map it we view it as

defined on the basis where i , s . .
. Cir

, j ,
C - -

g's
.

But clearly the formula

also correctly computes the image on a sequence out of order or with repeat ,

so in fact p is given by the indicated formula for any sequencesI
, I .

The

isomorphism is stated in f 2.4 of the cut systems paper .

By induction on the length any product of creation and annihilation operators
can be put into the form on the RHS of 44 .

I ) and since these span ,
I 14 .

I )

is surjective . To see that l 14 .
I ) is injective notice that we can include the LHS

into the Clifford algebra C of  4€ ( via Yi as Oi
,

3
.

- es dit )
,

so  it suffices

to prove the Oi
,

. . . Oi r Oji - . . Off in C form a k - basis of that algebra .

But this

is implicit in the proof  of the lemma on p .
 ② of dif⑦ . So actually p is the

isomorphism of 22 - graded k - modules underlying an isomorphism of
the Clifford algebra C with End k I AT )

,
as Zz - graded algebras .
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④

In particular,
with Fy=⑦iEk4i and F=⑦Eik3i the diagram

( NI NJ ) ( AFYONF )

y

pop
> End KMT ) 0 Enda HT )

m

I
. o .

.

t
.

AFy0RF3 > Endk I AT )
P

commutes where mis multiplication in the Clifford algebra C
, identifying

this with AFYON 's in the natural way ( i . e. Yi
,

-
- - Kir -03g ;

- -
- J 's is

identified with Xi
,

-  .  ' fir Yjst - - - Yjst )
.

For example

m( 43 ,
6- KI ) =

4,3
, K } ( Clifford algebra product)

=  
-

4,423,32wherein this calculation 3i stands for a generator of the Clifford algebra ,
and

ml 4,3 , -04,32 ) = 43,432
= 4 ( I -4,3 , )3
= 4,32 - Y

, -3,32
= 4,32

In ainfm we state thats identifies

I ① 3¥ s C- I with [ Yi
,

- ]
( 15.2 )

Yiu - totwith [ 4¥
,

-7
.

whereon the RHS we have graded commutators with 4in H
,

Yi 'T t )
,

that is
,

the graded commutator in End HAT ) as a Is - graded algebra .
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But since p is an isomorphism of algebras ,
this means that on

C - A Fy 0 NJ

we have

I ⑦ 3¥ s C - ) = [ Yi
,

- ] ( graded commutator of C )

( 16 . I )

Yi
*

I C- I ① I = ( 3 i
,

- ] (graded commutator of C )

and in particular these operators are both graded derivations ( see Lemma 4.18

of the cut -systems paper ) with respect to the Clifford multiplication on C
. We

present Feynman diagrams by commuting annihilation operators upwards in

trees
,

and so the fact that the operators in I I 6
- t ) are derivations means we

simply have two summa nds : one where a 3¥C resp .YE ) annihilates with

creation operators on the left branch and one where it annihilates on the right .

The effect ofMz in the I 9. 1) picture is similar
,

but there is a boundary condition

( no 3T 's after the vertex ) and an effective interaction

exp ( Ei ( 37*1*043? Y ) C 16 . z )
-

both contraction  operators

With respect to the 37
,

3 ? contractions this Mz is a derivation
,

so the Feynman
diagrams have the same interpretation . We make this precise in the following way .
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= ⑦ i 1237 and similarly for other spaces , e.g .

F. z .

In the context of p .
⑨ let P denote the operator which projects onto the subspace

Afs
,

x 0115,7 E A Fax -0 NEI a AF
,

y
0 A Fest

.

Then if we write

Yi 3 ?
*

for the generator in BFI ( ie . not contraction with 3T E B
,

y )

Lemme The following diagram commutes
y

from Ca )
,

local there

A ( Frs
,

x
a Fs,*x a F

,
y

a Fest ) Is A ( E
,

×
A

Fst
)

-
. xiz :* ) µ in . Dexplode I

*jp
( NF " ×

⑤ ⇐ ¥ ⑦F " ⑦ F " ^ ( F " ⑦ Fs¥ )

where Yi
*

means Xi 's t ) and I
"

means 3.7*1 C - I
,

as in

tapdated 1413119
A ( B

,
x

⑦ Fs,*y 0 IF
,

>
A Fs,*z )

n

to fix this signs / (
3¥

means contractionYi
*

means contraction

with respect to (37*1
*

with respect to the dual

of a generator here

Proof We just have to check both ways around the diagram agree on the k - basis

3 YI 3¥ 3¥ but we have already calculated that under c this maps to

fight 81=13 I 3¥
.

The other way ,
it maps to

PC exp l - Eiti 3 :* ) ( TITI 3¥ 3 :* ) )

= 3 . PC exp ( - Ei # IT *

) ( TIBI ) ) . 3 It



ainfmf@i80-3E.P( exp ( - Ei YEE " ) ( 413,5
'

) ) . 3 It

and
, supposing I = j

,
s - - . a j n

PC exp ( - Eiti
* 3ft ) ( 413 iz

'

) )

= sik 'T
. Es

.

ttisiiisiiii ) .
. . His iii. THIS i -5

= Sikri
. ⇐ Hirsi 't I . . . Nitti '

'The 's I
' ) - t IT

H r

= Sie k tht ) 3¥ .  - - 3
,

YI . .  - Tj ! ( 413 ) . I - it

= HI "
SEK

as claimed . D

The upshot is that when I E
,

E) FEE
,

'

I } we stick with the isomorphism V

of I I
- 5. 2) as a means of presenting the stale space as a tensor product of

exterior algebras and operators in terms of creation and annihilation operators .

This  means we have to include special interaction vertices 116 . 2) at internal

vertices
. When I I

, of } = I I 's f
' ) we may choose instead to present the

state spaces using p of C 14 . l ) .

This has the advantage that D8 involves

[ ti
,

- I
,

I 4i*,
- T which by C 15.2 ) are expressed directly as annihilation

operators .

In this case 116 . D tells us how to understand internal vertices
.
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The mixed cases

There are also mixed cases , where we want to use Cl . 5. 2) and u to present
one of the Homs coming into a composition ,

and 114 .
l ) and p to present the

other
. Graphically ,

this looks like

End ( AT ) End CAT )

x x x y

m
.

on :

" "

The notation is a bit of a mess .
We want AT = LET IT which means in our

earlier notation T = ⑦ it ,
1235

.
But this conflicts with p . ④ where T is

spanned by Yi 's
,

the duad of  which are named 7
.

For simplicity we restate p

as an isomorphism of 2h - graded k - modules

p
: Nfs

,
× ) ON Est ) → End , all Ex

,
E 'T )

p ( 37
,

n .  - - a 3 Fr a 3 ; ,* a - - - a } :* ) = Zito. . .) . 3,7 o - - . 3
,
:*

.

We use v as defined earlier
.

The F notation is from the top of p . ⑦ .
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-  O -

Hom k ( I ET IT
,

HI
,

E' ' 5) Ok Endk ( I ET E' 5) → Homie ( HYE 'T
,

Itt
,

I 'T )

rap
- '

/

I

" F. x
o A E. ¥

! "

HI AF
,

y 0 A Fix 0 A Fs
,

y 0 A Fs,*x
'

- Ei Yi 35*1 I I torn

- I

nfhiesign AF
,

y 0 A Fix -0 A Fs
,

x
0 A Fs,*xp-shfs.to/lFs.*xo-NFz*x--

commutes
,

where P projects out the AF
,

x indicated
,

and m is multiplication

in the exterior algebra ,
and Yi

't
means (7*5) C - ) as in ( 17 .

I )
.

Root Let us begin with 3¥ XI 3¥ 3 I
*

in the middle left Ctx )
,

which is by ( 2. I )

given in the top left by I set r = III )

v
- ' ( SETI ) op ( 353 Et )

*

= C- 1)
K )

3 I
'

o ( 3E ) ① 3,5 o . . .

*

o - - -

melanin
g projection

onto this basis vector

Then this is mapped by composition and v to

+
,

th
"⇒ HI "

( 7917743,5 .  - - . o o . - . 313 E) a 3¥
*

( 20 .
z )
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For a summand indexed by t to be non zero we must have 1 Et ( as sets ) and

EE I with Ilk = I 11 .

But then either k¥1 in which case all summand

are zero or KEI and the only nonzero contribution is from I =L It Ilk I if

In Ilk to the sum is again zero )
.

Thus

( let that- IH ) t (
' If ) t (

' I I t

Ctd 3 z ex
*

( 20.2 ) = ( - I )

d

where 3¥ = I - II
'

313 Iie and 3I = ft ) 3 E3 Iik .

Going the other
way around the square gives ( writing s -4kt )

( I am ) P exp ( - Ei Yi * 35*1 ( 31%3,531*1

= ( I am ) I 3 ! Pexpl - EiYi*3i×* ) (4135 ) 3 If ]
C- If

= 3! m Pl ¥ E. ( Eiti37*32-1413E) 3e* ]
( - It

the I

= 3 ! m Pl Eli E

(44*317)

.
. . ( th 35*114135 ) 3 It ]

ZE 51kt

= 3 ! (His 3¥ ) . .
. (Thi 3nF ) ( TIBI ) 3e* ] . C - D

' "

I KH It t (
"I'

) t e HH
= ft ) 3 ! twist . Sizes

where Ya ! . .  - Ya! ( YI ) = C- 1) EYE ik .

Now note that e = d so

= µ ,
Hell I Itdt C III - HI )Httl '¥ l Hk '

size *

Seitz . Sized

= c. , jkll It t d t C III - tht ) HI t c t l "I'
) t tht

z It . g ⇐
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So the problem is to show that ( mod 2)
t 1kt

( ' et that- HI ) t (
' it I t (

' E) t¢td/=IKKI Hoyt( III - tht ) 111

toft
(

I ¥ )

Now the LHS is ( a
-

- 111
, y

= III
,

E- IKI )

I ( x ty - z ) ( xty - z - I ) t 's y ly - I ) tEx ( x - I )

0 O 9 @ o • 0 G O

•

= If set  x.y - x.Z - It

.

yxtyz -

y z - y - Zx - z y t ZZ t z

+ y
'

-

y t x
'

- x ]

= If 2 ( x
'

- a ) t 2 ( y
'

- y ) t 2x y - 2x z - 2

yet
It -2 ]

=  K2 - x t y
'

- y txy - x Z - yz t I Z ( Ztt )

= xytxz t y z t Iz ( Z t I )

whereas the RHS is yztyxtzx t Z t IZ I Z
- t )

,
which matches

. D
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note multiplication in the Clifford algebra C = A Fy Ok At

.

Lemma Yi  • C- ) = Yi at - I ① 1nF
,

and 3 i
 • f) = Yi 'S C- I ① It 103in C- I

.

Proof It suffices to compare the left and right on basis vectors
. Then

Yi . ( Yi
,

n .  -
. a Yin ① 3 ; a . .

. n3j , ]

= Xi . Yi
,

•  . . . a Yin . 3J ,

.  - -
- a 3g's

= ( Yin Yi
,

a - - - a Yin ] ⑦ ( 3- ,
a . .  - a Jj , ]

,

and

I .  • ( Yi
,

a - - - a Yi
r 3J ,

a .  - - A3js ]

= I . . Yi
,

•  . . . a Yin . 3J ,

.  - -
- a 3g's

= ( 3 i
,

Yi
,

.  . . . . Tir ]
.

• Tj ,
. . . . . 3J s

+ C- 1)
r

Yi
,

•  . . . a Yi
r

a 3
c

. . 3J ,
. .  - - . 3g 's

= Ej ,
C - if "

Yi
,

. . . . . ( 3 i
,

Yi ;] .

. .  - - . Yi
r

. 3J ,

. .  - - a 3
,

-

s

+ f 1)
r

Yi
,

•  . . . a Yi
r

a 3
c

. . 3J ,
. .  - - . 3g 's

= if 'S ( Yi
,

a - .  . a Yir ) ① 3J in
. .  . x3js

+ C- IT Yi
,

a . .  . a Tir 0 Ti Mj ,
a .  -

- A 3
,
's

. D
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