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Tn this note we fake the seing of Ceinfrmf2) and specialise To o retof Koszul ~#ype
facbmaﬁom’ dff%e ,Do#emﬁa) W. We also assume the chosen homotopien ave Ko;uklﬁﬂ;&”.
Howvevey, evevgming else yemains gemem‘c.
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Def™ Giiven sequente’ OCU'-')FQ and G-y Je in R with ZL':/ ‘f.’ﬂg =W the
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Tis gives an Jsomo:/phul/nafwmp exenof R-modules, for another requiente £,9’
of length &’ wifh S Agi=w
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Let G be a full Jub-])&—cafegovy of WHC(R/V\D whore o[@‘ec’x ave all Koszul ~Jy/ge
mathix factovisations. Giren X€ob (B) we wiile (r-1)

— {lfx, gx}: ( k? ®-okT, X))@nR Z.(T)L 3 e(x) )

wheve e(X) 2 O depends on X. Asin we have ourcruam mguloy Jequen

., B andl we havedo chipore o homofopy N for i-lay = O e assume Hhat
hesre homohpre/) have ‘i’l/lefo”owmg foum,

X (x) * e(x)
S N o (s5.2)

J
X X X .
where The ]:;j'; G:?C—R satishy Zj{ FJ 3J' + ay-fj- }= te for 1=isn.
Building oPf the isomophism ’VO]C}).@ we mhoduw Zz"ﬂmde(fl @ - bimodules

% = D Ao Rt) on \(BRT e @nk7on kIt ]

Y)Xe ob(£)
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We define %Jﬁj k71 Jo be the lf)iﬂlnef pwdud: on ’77[ incluced by /Sk on //'CA\/,\O\ Vin
e obviows wiewy , similawly for pr.
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L@?L /Q7/?_ aﬂd T€U-JQ MA/E omly/nfema V\ew‘{m d‘éva’Qma 3 In H/le-FO”Ocuma we\c].ve
% and T e modified @-bimodule shucture of - (30 2\ when

mfeypreting cliagoms.
Del"  (onsicler the ﬁ;l[owmg decovadion of A(T) by Q- bimodules

° 9/% +o eaclh |'m\evv\0t\ ec\qe d‘e N and 7/% 4 each
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v~ A[?\’] ~ Vs
%e——w{—ﬁ&e—w%
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M Let eval+ denote he Q-bilinear map 7(®Q ——> M Lbtained ‘0\11
e\raluaﬁng the alove decovated tree , without Koszuh G s That i,

we simply feed in inputtr at the top of Hhe tree and evaluoke each o pevator
in succeosion. More precisely , we faike #he branch denofation in the categowy

ot ungradwf Q -bimoclules.



Then by p.@ @infm(5)

Roposifion Given KXoy Xr € TC and o tree T ous above,

e(T)+ 25 - M+ 2 X Te + R+
) C eva(%(?(k/.../’/{,)

/ZT(X,}...)%/L) = (-I)

wheve P is the ;>aviﬁ_] A e ifh leaf (see f-@@ )
So it remains Jo desciibe 2;», 7}; 33;, /‘72_ exp(~ 3 /)~

2. ] o (1) o @D e b
da=w2av™ = >, (v (Adum ) 207

= Zmzo (-t )m< g ;(Hovn )’" Z

(

wheve H = vHV i given by the same formulo as H, 2+ 79C > R isthe

obviows mdc/w}on, ond Trom =V AHomV ™" is deuvecl flom tire O(Jemdb’f - (42,12
el X x¥ e(y x <X ely 7_7% e(v) v Y
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Ug}n(j the nototion of @infmfzs) (26.3) we may uMkJ pavmﬁ'ng (£.2) d‘f )
~ (§)
2‘lHom - Z dHom ® '(:J (8.1)
d

wheve (8.2)

~ (8) e, x¥ _x H, <¥ _x (¥ oy e(¥) qu v
dHO‘M = ZT=\({£)5 ?LX T iez\(ﬁi)J 3‘: - Z\,il(jrtJS %L*+ Zv\;":\ (31)5 ?[-

The eXP]"C}M”‘V“PﬁD"‘GP b givenin (/0-3) applier mutah's muteindrs Jo 5oa/jm/'
Vﬁp,ac,‘\’lg C/{\Hom QVQ'gW{AeVG bd gHbm,
@ ESJWJFJW'@ olpvioun ijedium 7 — T

o~

ﬁo’ s, ayamﬁ//owing p.@ and the above,
526:0 = me ("')W( ;\ gHbm \W\ g/
4 (d)

and the explicif c]e;cvipﬁbr\a}o (12.2), anfmf2D again holds with dHom
replacect by i
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Hom ,
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Lemma Civen X,Y,2€ 0b(8) we hare oomvvnuxb%fﬁv 6@

AN©.kE) on A(D 5 Hom, ({£, 2, {£25T7)

on AN(D:kT) e A(@:RF) /
\l@c@] v [C(,/)

/\(c-pgki.x) @k /\(@ch?f*)

where ¢ is the wontaction opem%r (nob Rom&FD)

N v X - ev
MNeoik? 7)o N ﬁ/) = N (@:k3 ) o A @ F\E'/) —— k
(TLTZ -~-/\?;\? )® (f;’v/\---/\Tq ) H ev((~l)( E) [17;}//\-"/\_52/]9? ) 7;7,\ /\?;)

Pool By (2] we hawe Cuhore ev(70%) <" [x),

c(U@u](ﬁé;@?SzB: c( V(Cﬁ,)@v[cﬁz) ) (4.2)
AN I TE YOS IS s A

'I}<...<iP \'jlc'-C\J’i

&® (;fi(fj‘/\.../\j/.c')@ _f‘;/\.../\?;; (_‘] z)}
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'|}<...4 (1_
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&oinﬁ%uz othevway ,
(%)
v(geot)= 2 4065 5)) e 5535 ()
K< <lr
(%)
Z #( 6. (5 g‘F)ﬂ 79 % /7)697 s)’ -1)
here (10.)
D& (d7
(5
- 20T ) AT es g ()
y<Sip
J1<<)g
0w daimed. (]
Nowy /a/z is defined on ,D.@Jro e
~ o o~ VF@V—, ~ A /Ml A v
HOgH —> H@g —> 3 —— a{ (10.2)

ardwing (322 of @AMED we have (<A@, EAGITT ) pen(@ks),FEN® )
/7 ( [w®a@o<®a</]® [w'e zJ'@ﬁ@ﬁ’ ]) (0.3)
wdl #(w'llet’]
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IE ‘ is defined o be [Ai/{l(v@@? where [}E,“]d
~ Nia A [?‘f)'_]'\ o~ 2% ~
H— R — — (1.1)
Heve is wheve we ure the hypotlhusis fhat N s anin (52, Hnad s,
X Ze(x) —x x* e(x)
f/\L = ; \ U J Z C( ? (U»l)
Nofe [7\5/—] is given by (13.2) @ andis He came in form an AHom . So
by the analysis given above i (£.1),(8.2), we have
~ ~($) i
[(n,-1" = 2.0-1""e t (12
d
wheve
) e(x) N e(x)
. ~({ o — X XX x1HF _ X
3 - ;w 1 Gy
2 . (1.4)

wo\&mg q—z 7*+ Z( )#7

Moveover (M,%) app}f&%? clesciibe /:1: QKP(’Q’); I/E’/J(acinj 2 by ~s.
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Remarh. We have
e(™ _x xas e(x) _x_X
[3\&’3\%_} [ - “J J + Z\j:\ GﬂJ ?j >
e(® _x x* e(x)
Z-_ 5o 2

e(X) X X e(x)  x <
= 2. o Gy +ZJ:' C”UEJ

The debaul choice 5 =35 (77), G = 35:(9]) vmotbun Hs
SN EACOEACH
EACBENS)
= Zﬁ\ axmaxb(w( )

%)
= axaam(w> - Ze {axaaw *C'X)iix
S X
xaj ax»a(qi 5}

Theve i< noveanon o think this 15 2en0, in 3@146'111-
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Altevnadive Pmﬂhm']’wn for endos

We vechech a ¢laim ﬂom f~@ which aserks thal 74,’ ez with

T= @Le:: RY: for | Y= 1 we have an isomovphism of Z, - gvaded R-modules
N Kt okt )o\(ko-okT) —— End(AT)

/ﬂ(%}A...A«,ﬁr © %5 /‘""‘?js ) = ¥ 0o oﬂé"/*o_._olﬁ* "

wlneveﬂﬁ‘*meam vonpachion ancl on the RHS \7% means F-A (=) anwinal . Nofe

Hhat this formula giren a well-defrnec a’eyr@a 2600 Meip it we viewiFan

clefined on the bonls wheve ¢j<---<cp, i< 7_&' - Buf clearly the formula

also comectly compukes The/mage ona sequence out of orcler or with repeats,
son fuct p is given by the indrcafed Brmula for any req uencs _C:,\l . The
isomorphism is stafedl in § 2.4 of the cmfsy_c%erm paper.

By incluction on the length any chlucﬁof creahon and annihilation o/oemfow
can be put info Hae form on the RHS of- (4 1) and since Hhere span, ((4.1)
issuyjective. Tosee that (16-1) is /'njecﬁwe nohice thal are can inclucdle e LHS

into the Clifforel algebr E of qHD (vie bess T =07 ), so it sutbian
Yo prove the O Cur Q) =G5 in C form a R=banls of thatalgebra. Sut Hhis
is implicitinThe Pw0£ of The lemma on p-® £ EifFY) . Jo actually pis the
isomophism of Z,-9graded R-modules undevlying con isomovphisim o

the C(rffovd alfjebm\ C with Endg (A T)) on 2, - cjmdecl algelova/l.



Tn pardiculor, with: i = B2 kY and = Bi RS, e ol Imgrem

Ao AR ) e (Ao AR )

ap > Endk(NT) & Ende (NT)

/\Fuy@/\,:?

p s Ende (AT)
commules where M is mulﬁp)f(ah‘on in the Clifford a(g@bm CJ io[ev\#\ﬁg;’ng
thiswith AF¢ @ ANFz in the natuwal wa

n way (re Vo —lor@ 55 " )5
idenhfied with %, S 55‘, 7;3 ). For example

m(%f,@ﬁi)——' AR

(cliffod algebrer prociuch)
= - ’\f/ %L?| _El_

wheve n this calenlation 5 stands ﬁ)rqggmemﬁvr e Clifford alyebro., and
W‘(\Fl 5 ® 7b/ ?13 - %3)%3L

- ’Ll/{ 5?2_ - \f/yo_-}] ?)_
= \71/' ?L
In we stale fhaf/o fa’eVlJfﬁw
1® ?L-*J -) with [“/’L, -
. ‘ B (1= 2)
Yoi-) el wifh [¥: J”].

where on the RHS e have qruded commutzdon with YA Q) F 3G ot is,
the gmc[ed commutator n Emdk(/\T) an e Zl—gmdecl afge bhva.
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Buf since P is cn isomovphism aﬁalgelomn) Hhis neams thaton

C=NFroNFx

we hawve

Ig?;kJ(‘) = [YC,~] (gmdldcommwl'(ﬁoraf C)
(16-1)

e | = [3e,—1  (gredel commuderer of C)
omd in Pam"ic ular these o/0€m+0w ave both 3mo(zd devivations (4 Lermma 4. 18
A the cutsystems paper ) with respect-to the Clifford mulfiplication on C. We
proant Feynman diagrams loy wmmmﬁng annihilation operaton upwavts jn
trees , and so the fuctthat the oPevm"Dw in ( ‘6 1) are devvations mecins we
SIVVIPIK] have fwo summancls - one where a ? ("t"/i/’ \f ) amihilodes with
creation opevatov on the [eft bawch and one where i+ annihilotes onthe mylfﬂl-

The effect ff/wl n the ["l"/)/o/b/?/wf’ 5 omilav, but there s o baamc/ag condrhon
(no ?57/5 offes the Ve/lex) df)é(arl ef,gec#me inferaction

exp( 2. (7] el37)")

both conPz cFion ofe fZULOIO

((¢.2)

With respect fo the f)j 7. sontyachions This My is a devivation, sothe Feynman
diagrams have the same intevprefation. We make This precise in the ﬁ//owr'rﬂ way.



Wewite 5% = D3, and similovly for other spaces, e g 2.
Tn the wn{g,&gﬂ 2 @ et P clencfe the opem%or which }ovoled: onto the IMIOJPCQ(Q
/\’:?x@/\F?z —/\ 8/\\;\/@/\’ 7®/\FEZ.7}IQVL l—(wﬁmefe

Vo= T fo the gememﬁv in r;,y (1< net conbackon with T,/ € 5y )
Lemma The following diagram commutes /ﬁom (1), l&ce | theve
ANFoFyeRyeRt) —— A(F.0 R
exp(-2; V57 ) (17.0)
MRxoFyefyeRz) —— Ao R2)
where %* means Y3 ) and ?gy* means E'Y*J (), an in

* — *
rq\%\a’w{ 1| 3119 /\( F?;X ® F?ﬂ’ ® (—7,7 @ FT;Z )

. . . /\
Yo Gx¥is Sign | / \ .

\//- meamwm%mo%zm ?5\/ means conpactron
it ropectto (37)° withreapecto i duak
Ao 3en/quﬂ‘oy ore

Fost (/UerHr howe fo check loofhh wolys avound The cliagram agvee on the R—lbcwis
3% Y 7 75* bul we hauve alvweadg calculated that ander ¢ this maps fo

(—\\(h\ éJ =h ?L_ ?3_;*. The ofhev way , yf MoLps To

Pl exp(-2. %57 ) (705 )

— ?; ' P(Q*F(_ Za\(f‘*i% >(\Q?’i\/)) ' ?g*\
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and, SMP)Josinj ‘i :J) <"’<Jw
PCexp(= S 1757 )( ¥ 30))

0j-k f[’ Z’( J:) EL: ) ( J2e) 11: ) (Yi' El\/) '(—\)f

- eSSy
e ;w ) ) O
_ gJ___E (ﬁ) r+l) ?y* \P* f\/jl*( yg'?j ) (—I r
(%)

oo claimed. )

The upshsf is that when (£,3)#{£,9 } we skick with +5e isomonohism v
A(1.1.2) ar a wmeans crf /wmemﬁr\a the stale spate an a,%amorpwow#a%
exfevformlgelonw and| o/Detmeon in fevrns of creation and annihilation opemﬁm.
Tis means we hove fo inclucle spec/a/ intevackion vevticos (16.2) af internal
vevhiws. Wwhen [£,37=12,93"} we may choose (nstead fo prerentihe
stole spaces uAmﬂJo of (14 1) This han the advamf-aye that dr involres
[% ] [%* -] which L)y (152) are e xpve;ec CII/\OCHj an conm ladion
o,geerw- Tnthiscane (16-1) Jells wo how o undentand jntevnal vevtiws.



The mixed cases

Theve ave olso mixed canes, where we wantfouce (1-52) cnd v ﬁapmemf
one of the Homs coming into acomposition, and  (14.1) amd/o fo/WP/)eVz/'fhe
other. &mphfcallg) this looks | ke

Emd(/\T) End (/\T)
¥ N x x X x X 7
y U /U (2.1
) j/(wuzm‘c
goronie Cifoet Clffov

The nofahion is a bif d‘ﬂ amens. We went NT = {fT ZX}th;'ch meons in our
eavlier notation T = @i, k?;, But this corlich with P (9 where T is
spannecl by Y.'s, the cluak of which ave named 5 o simplicify we restate P
a» an isomonphism of Z—gmcled k-modules

o NEDoNRL) — Ende((£72737)

X x x* X*\ X X i X%
f(?':’/\-”/\ ?ir/\?.), A—”A’%’s )_ E{ym-w?[ro}j\ O'”Ej’s :

We use v an defined eavilier. The [~ nofafion is fuom Hhe 7LOP 07’4/9 @.
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Lemma The cl!'agmm

(20.1)

Homi({8° 9 Y {87977 ) @ Ende({€73*]) — Home ({72715 {8,277)

V@IO“' v

. _ % x
W ARy NFxe NG xe AT x Ay @ A

m"zglﬁk?;(*) l T l& m

; * — X X x
W ARy @ NFx e A xe A5 x —P—>/\F?,7@/\F;,x@/\ﬁ§,x

(,ovwmwh’/)) where P \ovoJo_d‘s outthe /\FB,X fﬂc\fCO\\‘ecj, and m is vauljﬁpln\cm%'on

£\ K
in The extevior algelava , and ¥ means (57°) 1 (5) anin (17.1).

FRoof Lef us begin with ?;'y ’%i 7; 7£*;nfmmddle Jeff (*>/ whichis by (2-1)
311/?//\ in W-}op leH—bj (ot r= [:[' )

1//’( 71_7)2 )@/O(Fg 7‘;*)

; Y x * X xX
= («I)(z)fé 0 (?J_ ) ® ?klo-..?£’ o---
T

meanin9 Pw'é’tﬁor\

oo s bons vechor
Then this is mapped by vomposifion anol v Fo
2y (5) *
> D [T A3 YA T

-h<---<t3
(20)
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for o summand indexed loy L 4o be nonzewo we muat have £ < t (0w seh) and
k< J with J\IQ\ = t\’ﬂ But then either R &j n which core alk summands
are zew or B<J and the O”j nonzewo conibulion s hom =21 J\k (#
£ I\ % ¢ e sum | isagain zew ). Thw

(|£|+lJ;I lbl)+('i‘)+('§)+c+cl J _ X%

2

(20.2) = (-) §i Te
X C X X c‘
where ?_f =) T ?J‘_\E and ?J - (_) J\lz .

Goimg e other way avound The fc,um/é’ﬁfl/w (wr’dihj s= ]E\)

(1om) Pexp( = S 7)( TL ¥ 705
- (lw)[;g PexP(—S;Y;*?”)(“f‘ T ) e ]
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