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Minimal models for MFS 33 ( rough )
" no , "

In this note we explore the geometric ideas behind the strong deformation

retract appearing in our other notes in this series
, for instance ainfmf28C .

We employ the following references

[ CQ ] Cuntz and Quillen
,

"

Algebra extensions and non singularity
" 1995

.

[ B ] Burszyth et al
"

Splitting theorems for Poisson and related structures "
2017

( L ] Lipman
"

Residues and traces of differential forms via Hochschild homology
"

1987
.

[H] Hirsch
"

Differential topology
"

.

We begin with by recalling some aspects of the theory of tubular neighborhoods,

following mainly [ B ]
.

Let Y - X be a sub manifold and denote by N

the normal bundle . A tubular neighborhood of Yin X [ H
,

Ch 4 ,
section 5 ]

is an embedding f : N → X such that f ( N ) E X is open and

N

* /

Y - X

commutes
.

The action R×N → N which scales the fibers has as it infinitesimal

generator a vector field on N
,

the Eulerfield E
.

In local bundle coordinates on N
,

with ti being the coordinates in the fiber direction and yi the coordinates in the base
,

E = Eitifti
.
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Conversely
, anyvectorfieldfonanopen neighborhood of Ywith Fly - 0

,
under

some conditions onthetjetoftinduasatubular neighborhoods with f*E=F ,

see [13,552-3]
.

As explained in [ B ]
,

thevectorfield

Finduosaspliltingoftheexactsequenuofvectorbundlesony

0 -7 TY - TX/y → N -70
,

( 2.2 )

seein particular (B) Remark 2. Zliii ) ]
.

Algebraic

Letkbeawmmulativering , Rawmmutatioekalgebmandty . . . ,tneRa

quasi - regular sequence such that
,

with # lty . .  . itn ) ,thek- module RII is

f. g. and projectile .

Let Tbbetneusualwnnectioninduadbya section 8
,

% :B - RQH ⇒ Aidan
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) = ( Nkoio .  . aka ) -0kt
, [ iti OF ) .

As usual we interpret NKOIG '  '  ' own ) OKR as ROK # R*N⇒|k and so %

extends to ak - linear operator on K
.

Then

dies = Eitiofzi :

E
→

E
is ak - linear operator .

All of this is of course induced by the KKEA - linear isomorphism

z* : RIIAZY . . , Zntf - A
.

This far the analogies with the manifold situation areas follows :

Differential Algebraic

X R

Y Rt

N SYMRK ( III ) ± R/I[ 2=1

FIN ) A

YCUCN ||RIIAED

f 6*

F | dkB°

The analogy is not perfect because dk%° is not a differential operator on R
,

but this is

tied to the fact that even if R is smooth
,

RII is not assumed smooth
,

as compared to Y

which is of course smooth
.
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Let as now recapitulate some material from KQ
, P .

277 ]
,

and discuss what

corresponds to the idempotent operator on TXIY in ( 2. D associated to the

vector field F. Consider the diagram

r :
R = East

6 f f ,

dk

RII

in which we have

I 8 = IRK
,

and 1k - dk [ dk
,

J
' ]

"

% = 6Th

-
1

That is to say ,
e :  - 1k - dk [ dk

,
T ] % is kti near

, sends I to uw
,

and induces on

the quotient 8 : RII → R
. Post composing with IT

'
: R → RIIZ gives a k - linear

I ! 3 :
R / I -7 R/Iz

which is a section of Rttz  →MI
,

that is
,

a splitting of

Tc
' 6

O → Its  - 1412=5RK → 0
.

Remain Recall that if RII were a smooth algebra then there would exist akalgebramorphism RII → Rtz splitting the above sequence .

So it makes sense to

ask how close It is to being a ring morph ism
.

Consider , for b s E R
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' 615 ) = { F - dk% ( r ) } . { 5 - dims ) }

= RJ - Fd # ( s ) - 5dk% ( r ) ( mod I 2)

So in other words
,

I '6 ( F ) - I
'

6 (F) IT
'

815) = F dk% ( s ) + 5dkFo ( r ) - dkFo ( r s )
.

This is a measure of dktz 's failure to actually be a derivation on
R^

. well ,
see p .

!8!

f

Upshot The ktinear idempotent e = 6 't on R
, as the difference 1k - d Ni

,

is analogous to the vector field 1 - F on f ( N )
,

and it projects onto

RII
, just as 1- F gives rise to an idempotent on TXIY which

projects onto TY
.

Thus the vector field 1 - F is analogous to the strong deformation retract

of ( k
,

dk ) onto ( R II
,

0 )
,

and ultimately of ( K
,

dk ) QEE onto 80J acw
.

The idempotent arising on AFO is of a different nature
,

with no dear

analogue in the differential picture ,
since it depends on co homologicalsupport .

Moreover
,

as we have discussed above
,

in the case RII is not smooth we

cannot necessarily choose % to be such that  dk%° is an actual derivation
,

so this is an analogy only .
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Splitting with the notation of p .
 @ we revisit the description from [ B

, CQ ]

of how the vector field gives rise to a splitting of ( 2 . 2)
.

Recall that TX ly

is the bundle whose fiber over YEY is the vector space Ty X
,

and a splitting
of ( 2.21 means a bundle map e : T Xly → TX ly with e2=e and e ( T Y ) = 0

,

with the induced map E : N → TXIY satisfying N €TX ly → N = In
.

If UEY is an open word in ale neighborhood,
we need an Oy ( U ) - linear idempotent

eu : To ( U
,

TX ly ) - To ( U
,

TX ly )
.

##
U

Say U = YAV
,

V a coordinate neighborhood in X
.

Let yy . . .

, yk , xy .  . .

, xn

be the coordinates in V
,

with the yi being the coordinates in V. Then any

Ye To 1 U
,

TXIY ) may be written as

Y = El
,

9

!
⇒ Fyi + §,

h

,

.lH÷x
;

with g ,
h smooth

. Viewing 9 ,
has smooth on V by extension by zero ,

we may
view 4 as a section of TX

.
Then [ F

,
4 ] E To ( V

,
TX )

.

In formulas
,

( tee Boothby p .
152 )

,

[ F
,

4 ] = §[ xj
' ¥ ,

,
4 ]

-

§g
,

[ g. . II. ,

9¥y
... ] + [ 1 x ;

 ' ¥ ,
h

; Z
,

]
jj

'

= ;§,

l - 9 " k¥'
taxi . + ,§,

th ;Tt÷h÷ ,
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So

[ F. 4) =
- G. hj ¥ .

:
. [ Y

, F ] = Ej hj ¥ .

So the Lie derivative with F picks out the normal part of 4
.

we can

read [ 4
, FI as a section of TXIY

,
and so we have an idempotent operator

f ,
F ] : TX ly → TXIY

.

One way to make this more precise is  given in [ B ]
.

Remaik Let i : Y → X bethe inclusion
,

it
' ( TX ) the sheaf on Y induced in

the usual way ,
via direct limits

,
and FXIY the estate space over Y

defined as I yey
T

 '

( TX )y
,

with its obvious manifold structure
.

Since

Ty X = I
'

( TX )y QQ
, ,

KG )

we have a m orphism of bundles

K

TXIY - Fxly

¥
and it  is an isomorphism .

So in this way
,

" extending
" 4 to a section on U

is not ill - defined .
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We also note that F acting as a derivation on To ( 0 ) is not idempotent :

⇐ a i
Ex

; ) ( fix ;
' ¥. , ) ( f )

= E
; ;

. xj Ix
,

. ( '
g-

 ' If. . )

= I ; ,j
 i xj Sj -

- j
' III ,

t Ej
, ;

. as
- '

g-
' Fifa

xj
 i

= Ejxj It
;

t Eiji ajxjiaxpxj

So while I - IF ] is an idempotent on vector fields
,

it needs correction to get an

idempotent on smooth functions .

This corresponds to the fact that

diet
' ( Smarm ) TM) = Em IM 13 Crm ) t

"

which is clearly not idempotent .

But with H = Cdk
,

T
' J

- '

73
,

d KH ( Smb Crm It
" ) = Into 6 Crm ) t

"

which is idempotent


