Minimal models 4or Mfs 33 (VD”W') 11/%//7

Tn this note we explore 1he georm etic idean behind the gv’wng defovmation
rebact appeoing in our other noles in This senes | for instance @nimfes.

We evnploy the following veferen ces

[CQ] Cunteand Quillen, “Algebra extensionsend nonsingalavity " 1995,
[B] Buwzyln efal ”S,ob"rh‘ngﬂ‘heomm:ﬁ/ Poison and reloded stucturey " 2017
(L] Lipman “Resiclues and praces of differential fprms via. Hochschild homology "1987
[H] Hirsch “Differential hpo)ogy'_]
We begin with by wzca/l/'nj some anpects of the theow of fubular neighbovhods,
following mainly (8], Let Y <= X be asubmanifole and clencie by N

Hie novmal bundle. A4ubular neighborhood i Vin X [H, Chiy, Seckon S ]
% an ewlbeclel{ng 7(: N — X such that jC(N) s X s open and

X

commutes. The action RxN —> N which scaler the Libers han an it infinlesimal
gememjmfa vechor feld on N, Hhe Euler feld E. Tn local bundle worclinades on N,
with 1. ber'ng te woordinalen in the ﬁ'bevdirechon ancl }/5 +he wordinaler intha bw{/

E‘—‘Zg{-éa’aﬂ'.



&)
Tawr fwm puv Aubuluar ne(cj)nbolhood f we acquire a. vector field on F(N) -
F = £,(8) € TL(Fn, TX)

(2.:)

Conveniely, any vechor feld F on an open /’)eig}rbovhooc/ oA Y with Fl =0, under

some conclifions on he /—j'eIch? 7, induws a tubular neighborhood £ with &=,
e [B,923] A explained in [B], +ng vector field F incluesa J’/J/'%'Vrg of the
exact requence of vector bundles on Y

O—>TY——TX)y—>N—> O, (22)

see in /Dak#ca/a!/ [/9) Removk 2.2 (?f/)j-

Algebrnic care

Lot R be o commutativering, R a vommututice k-alge bva and 1y tn € R a
7uam"rfgu)amequema such 7%01{ w/ﬂ\ T= (fl/-—-/ £er )) the k-module R/I IS
{.9. anel projective . Lef V2 be the usvol onnection induad by a rection &,

A A 1
Vs R > R@Mz]fz)la(ﬁ/}{



ancl lef dx = Z‘L'{E@:\g be e Koszul clrﬁgeremi‘[a[

(k,d<) = (/\(k@xﬂﬁ'"@wn)@kﬁ) Zﬁg@f)_

A A '3
As waual we mhzv;ovef N k®l@"'@)2(9"‘> @k R@h[‘QQ R(2)/k. and fo Va
e xiendns o & k-lfmeov oPem‘fDV D R . Then

fa N

CIKVZ = Z;'{-L%EL- : é—‘> R

s a k-h’meqropembr. All oA s s of coune inclued by the RIL2 -Inecw rsomoyp hiam

A

> R

é* - R/Iﬂ%‘/--'/a’\q

This fuv the analogies with e manifold sifuation ave an #o/lows -

Differential /nglovafc

X R

Y R/T

N Symeyz ( 1/Il> = R/t [2]
£(N) R
YeUeN Rizfiz ]

f "

F 4 5

The an alogy is /f;oi‘/)e#eaL because dx Ve is not o diffevential opevatfor on é: but this is
tied 4o the fact thot even i R is smooth, RIT isnotasiumed smooth, as com pared o V4
which is ofoo.rme smooth.



lf,

L et ws now vecapilu!ale some madevial fom [CQ, p 2771 and discuss what
(,owmpondo% he ic\empoienjr opemjror on T X[y in (2.1) asrociaded 4o The
vector field F. Considerthe c//"agmm

in which ue have

— | &
ﬂ%flg/ij andl i,{_ dK [dK,vz’] Vo = 8T
1
Thal isto say, €= 1 —dk [dk, V) V. i kedinear, rendn T 4o 2e0, ancl fncuces on
un»o%em- 3 RjT — R Bst composing with. T': R — Rlz> 3|'vena(/z~|fvmar

T2 R —— Fx=
whichis a recion 0‘,? R/I2 — K/I, that Is, a &PIW"\hg o-:p

x'é
o

0—> /g — R SR 50

Remavke Recall that i BIT wrere a smooth alyebm en theve woulel exith a k-a/gebra
moqph/xm R/I — R/ff,2 5/07/7977)977% abone qumme  So s maihes sepse 797
ol how close T8 is o /)e/r)y a m‘ng mom%mm_ Lonsicler, fov v, S ER




T2 (F§)= s — deVa(rs)
T'6(7) T'¢(5) = [F~ch<Vz(r) }{ § —deVa(s) }

= = VdeVi(s) —Sdk () (med 1)

So inofher WDVO"?/
7(_/5 (E)_W_Z(r—)ﬁ)g/s—) — FthL(S)—l—EdKVg(r) —dKV2 (lfS’}.

This is qo mmeayure d;,D OIKVZ'S {u?’uve%) acﬁa/@ be o cle ivation on ﬁ C el e f-@

J

Ugshof The k-livear idempo/enf e = &7 on RA) cvr the diffevene 18 — dl<V&bj

(s analocjocwﬁ tha vector field 1 — F on FIN), and i+ Pwd‘gm“ onto

R/I, J‘W+cu) 1-F jim% w‘fe'fbamfdempo#nf on Tx/y which
Jowjecﬁ onto T7.

T Huvector felel (— F is analogow)% e shong deformadtion repact

A (K,de) onto (R/T,0), andulbimalely of (K,dk)@cG o E& Jaw.
The l’alemPoFenvL avising on NFs i of o diffevent nature, with no clear

analogue inthe a/'%VPnHOLI}O/‘CJLW‘e/ sinw 71Ldelbendﬂ on cohomo/oyica/fuppoz/ﬂ

Moreorer, ar ure have discugred above | i e cone RIT is nof smootth wre
cannot mcwmmy choore Vs fo be sudnthat dic V2 s an actual dlevivatio n,

sothis is an analo 0”9’.
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M with the no fafion o2 f@ we revisi F the c{efcz/fp)‘l‘om ﬁpm [ ca]
of how the vector field gives vire 1o a s/u/z'%'mg of (z-2). Recall Thal TX [y
is he bundle whose fibev over ch is The vector spac T X, amdl a spli ’Hfmg
A (2 2) means o bundle mop € : T)(/ — TX 1y with e —eamc/ e(TY)=0,
with The inducecl map e:N— TX/y SQﬁS,év,ng N — TKly — N = Ty

T O<Y san open toovelinale nelgh}oo/hooc/ we nead an C% (V) linear /c/empo len

oo Too (U, TXly) — Tow (0, TX)y ).
V
/_\@/U\ Y
Say U =01V, V a wordinatk neighborhooel in X. Let o) Yo, =y o,

bethe covrelinaten in V, wifh the y, be/‘nj the voovelinates in \J . Thein omy
Ye T (U/7X/Y)ma,y he cwillen ow

¥ = Zs( ) +Z%(ﬁ)%-

with 9, h smooth. Viewing 9, h ow 1mooth on V/ by exfension Lyw/o) we mad

view Vo o recliond TX. Then [97, ﬂZD] €TL(V, TX). In formulan,
(et Bootby . 152 ),

[?/Y]: Z‘[XJ’I’E%’) 470]
-2 [X"%> 32y ] Z[I'DX” J”}
%/ 2
= 2. (- L/% 59*’ t ,Z( 3 ax )ab'/

lfj \/l/j



So
[:Jrkl/l— Z. Jax

- L2
[WFl=2k3

So the Lie dewvahme with F chk; ourthe normal ga.,#df }& We can
re gl [“P ?) an J{C'}'lohd]{) TXIY, and So we hawve an :cfemn Jo{-enf‘oloem{‘o"

[-F] TXly

> 71,

Om@wmj}o make This imove pU‘chfe s 7iuem n [5_7

Remark Lef o+ Y — X bethe inclusion, & ( TX ) the sheaf on Y incluceol i
Wuoualwaxj \llﬂd)f/@d‘[lm% and TX /\/ Me e?LaLz j/Jaw ouev \/
defned o J@\/f (TX)j it b obviows manild shuctare. Sine

T, X = T'(7x), ®s,. k()

wre hawe a movphism o bund (o)

TX|

~

GHC{ + s an iSD/’WDqOA/lfm- So in 7‘7][1 way, Cfex%nd{'ﬂy" 7& 4o aféCiéé/l on (J
is vot ﬁ['C[equeo[_



(e also ok hat ?acﬁngcw w de vivation on 7_‘00(()) is @_Holev'/\pdeﬂfr

(27555 )( Sy 703 )(F)
= Z Jaax (’9’%97{

J
2%
b Z},j'” J=J 577/ “LZ G 2% "J?Xj’
' 7
= Z:J;(Jﬁ) + Z'J;ZJ( / 9§9X

Sowhile [1F [ isan iclempolent on vechor freldls, it nerdn conection Tzfan

dempolent on svnouth functions. Tis corvesponoin fohe fuct that
AV (Saa(m)t™) = 2 Iz (5] t"

which is dleaily nol idempotent. But with H= Lde, V] V°
deH{Srdlm )t )= S Lo &) "

which s ic/empo)—ewF



