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For sometime we erroneously believed that we needed the base ring k to

be noethenian for some of our perturbation arguments , especially for

the relation between matrix factorisation over R
,

R , where R = He ]

and the completion is Iadic for I - ( 2 x. W
,

.
. ,2xnW )

.
But this is

not necessary ,
as we explain in this note (offending files such as ainfmf@ ,

ainfmf2@ will have been connected
,

but our older written holes may still have

unnecessary noethevidnness hypotheses )
.

The references are :

KM ] Carqueville ,
Murfet "

Computing Khovanov - Rozansky homology

and defect fusion "

[ DM ] Dyckevhuff ,
Murfet "

Pushing forward matrix factorisation s
"

[ AM Aliyah ,
Macdonald " Commutative algebra

"

[ M ] Matsumura " Commutative algebra
"

.

[ M - Cut ] Murfet
,

"

The cut operation on matrix factorisation s

"

[ L ] Lipman
' '

Residues and traces of differential forms via HH
"

.

Throughout all rings are commutative
,

K is a ring and R a k - algebra ,
and ty . . .

,
tn

is a quasi - regular sequence in R
.

We unite A for the I - adr completion ,
Where

I = ( ty .
. .

,
tn ) E R

.
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Lemma_ ty .  . .

,
this quasi - regular in R^

.

Roof As recalled in 1dg , by [ AM
, Pwp 10.13 ] if M is a f. g. R - module

,

the canonical map

dorm-8Fiis sujective,
and so in particular forafg . ideal JER

,

J Pi = Im ( F - Pi )
.

( 2. i )

Applying Pier - to 0 → JTRTRH → 0 of course shows that

pion Rts ± piste
.

Erstclaimn the canonical map
RII → RTIE

is an isomorphism .

Proofofdaim Writing elements red as r= ( rn )
n >d

,
rn E RIIN

, define an R - bilinear map

pix RII - RII

( r
,

s ) 1- r
, s

This induces an R - linear map 4 : RQRRII → MI
, and thus RYIPI - RII by

simply sending F to F
.

Now clearly RII → RYIE - RII is the identity ,
and

RYIE  → RIITRYIR '

sends F to the residue class of ( . . .

,
ri

, ri )
.

But in R^
,

r - ( .  . .

,
r .

,
r

, ) = ( . . .

, r3 - r ,
,

rrr ,
,

0 ) E I
.

since IMII t R ) =  IR
,

we're done . D
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Consider the diagram

RII [ x.
,

. .  .

, xn ] # Rto II # a - - .

=

a f. ± 1
,

P

RYIRN [ x .
,

.  .
.

,
xn ] #

Qtr a IRYI sea . .

where ¢( xitti , of
' Ki ) = tis dip are canonical

. By hypothesis ¢ is an isu and

we have just shown a is an iso . We need to show that the canonical map

a : IYIKH -
# RYIKH A

is an isomorphism also .

An element REIKR has rn E I
" ( Rl In ) formal ,

and thus

has the form
ktl K

. .
. . 2 I

( . . .

,
rnti

,

0
,

.
.

.

,
0

,
0 )

with rk+ ,
E IYIKH

.

We define Y : IKRYIKT ' a - ±4Ih "

by Y ( r ) = rk+|
.

this is clearly well-defined .
Moreover

,
TO ( F ) = F and as above

,
( choosing a vep in Ihfrrnn )

r - OY ( r )= ( .
. .

, rntz
,

rrti
,

0
,

. . p ) - ( - .

,
rrti

,
rkti , Q .  .

,
0 )

= ( .
. .

, rrtz - rnn
, 0,0 ,

. .  .

,
0 ) E IT"

÷
 in IHY Iktz

Since IN '

is a f. g. ideal
, we deduce this element lies in IN 'R^

,
as required .

Hence 0 is an iso and the proof of quasi - regularity is complete . D
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Lemma_ Suppose that

( i ) R
,

RII are projective K - modules

C ii ) the Kosud complex of t over R is exact in on onzew degrees .

Then
,

if 8 : RII → R is any k - linear section of the quotient I : R → RH
,

( k
,

dk ) = ( NKO
, a - - - ok On ) OKR

,
Eiti Oit ) is the Koszul complex ,

IT is viewed as a m orphism of complexes IT : ( Kidk ) → ( RII ,
0 )

,
there

is a degree - I k - linear operator has in the diagram
IT

h G ( k
,

dk ) <

> ( RII
,

0 )
6

such that

• TLZ = 1
,

• Z I = 1k - [ dk
,

h ] ( graded wmmutatov )
• h2 = 0

,
HZ = 0

,
I h = 0

.

Roof Let Zi = Kev ( dki : Ki → Kit ' )
,

and 20 = I so that we have

a diagram in  which the top now is exact :

... it ¥2
, k

- ' ¥
, Ko a- RII → 0

h¥j¥hKYHao
a-

Z

Define ai
,

bi as shown
.

since ki
,

RII are all projective ,
there are k - linear

ci
,

di as indicated such that aici = 1
,

di bi - 1
,

ciaitbidi = 1 for all i .
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We set hi :  = dioci
.

Then

• Z IT = 1k - [ dk
,

h ]

This holds since 6Th = 1k° - DE
'

h°
,

and for i > 0

[ dk
, hit

'
'

-  dii
'

hi + hitdki

= aibidici +  di
-  '

(
i - I aiti bit I

= aici + di '  ' bit '
= 1ki

.

• h2 = 0
,

hz = 0
,

Tlh = 0
.

since ( hi )i= hi
.  ' hi = di '  ' ci '  ' dici = 0

, h2=o
.

Clearly h 8=0 and IT h=O
. D
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Remarks on [ DM ]

Firstly ,
in the context of ( DM

, 57 ] suppose X is not necessarily finite rank

I but still free )
.

Then all the arguments of that section go through,
with the possible

exception of Remark 7.5 ( I did not check )
.

Moreover Remark 7.7 there holds

under weaker hypotheses : as in [ DM ,
97 ] let Y : S → R bearing morphism ,

WES and ( X , d) a matrix factors 's a tin of W over R ( not nee . finite rank )
,

ty .  th a quasi - regular sequence in R with ti . Ix - O

,
with homo to pies Ii .

We assume there is a deformation retract Cof 2. graded cpxs ) over S

TL

( HER
,

o ) ( Kr It )
,

die ) ,
h 16.1 )

6

satisfying he O
,

h 6=0
,

Th = O
, where IT is the canonical map .

Let a : R -7 R
'

bearing morphism such that

Ii ) at til
,

. . .

,
a Itn ) is quasi - regular in R! ( we  unite ti for a Hi ) )

Iii ) the induced map HER → RYER '

is an isomorphism
,

Ciii ) there is a deformation retract ( of I - graded cpxs over S )

IT
'

( R
'

It R '

,

O ) ( Kr . ( t )
,

die )
,

h
'

16.2 )
Z

'

satisfying h
' 2=0

,
h

'

61=0
,

IT
' h

'
= O .

Proposition The canonical morphism of linear facto n' satins of W over S
,

9*X → lay ) *

I
X is an S - linear homotopy equivalence .
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Proof As explained in [ DM , Remak 7-7 ]
,

the results there show that we have

homotopy equivalences ( X
'

: - Xor R ' ) over s

I : XQRKRIE ) - YIX

t
'

: X
'

ar , Krill ) - Xltx '

and the canonical R - linear map
×l±X → MIX '

is an isomorphism ,

by hypothesis Iii )
.

It is clear that the canonical Rtineamap
X → X

'
induces a commutative diagram of linear factorisation

I

XQRKRII ) - ×1±×

1 1 ±

. a Kr ' It ) # XYIX '

Hence a homotopy commutative diagram ( 4 : - EE
'

,
Y

'

i - e. 1 t
'

)
" )

Xltx #
, Xarkrlt ) E- X Ln ]

±
1 1 1

× \ ,
x

XIEX '
- Xarikrilt ) - X

' [ n ]
( Ti ' )

- 1 E

If we pwdua U
,

U
'

using Xi and ti
'

:  = XIQRR
'

then it is also

clear that the following diagram commutes :
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D= C- 1)
"

It . .
' Xn

X[n] > Ytx

! ¥
Xfn ] > XYEX

V '=fynI 'd
,

'
.

. .tn
'

Soinsummaiybothsquaresrnthe following diagram commute in HFIGW )

x a

xltx > ×[n] > Xltx

=\
,

can | ¥±

×

XIEX > Xln ] > XIEX
'

Y ' a
1

Now Yde1,
HU 'e1,

and the above shows ( identifying XIIXMYIX ' )thatUYEUY ! Sinatheysplitthesameidempoknt , X. X
' must

be isomorphic MHFH ,W )
,

and the middle column isahomotopy equivalence . D
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Remarks on [ M - Cut ]

In the current version of the cut paper we assume the ground ring k is no ethentn
,

purely so that KK ] - k[ 17
"

will be flat
,

which allows as to use
1 DM , Remark

7.7 ] to infer that the canonical map

E : Y Quy X - YQH ⇒
KTAQ

km X

is a homotopy equivalence ,

in section 4. 3
. Using the above

, we explain

why everything in [ M - Cut ] holds for any commutative Q - algebra .

• set ti  = Try : V for If  is M
. By hypothesis this is a quasi

- regular sequence

in R = k[ I ]
,

and RLTR is a f. g. projective k - module
,

and KRIE ) is exact

outside degree zew .
Let  I = It ) and R the I - adic completion .

• By p . @
, ± is quasi - regular in Pi

,
and RIER ±→ #tR

. Then [ DM , Appendix B ]

applies to the tuple ( k
,

R
, E) to give an isomorphism of k[ 2=7 - modules ( P - RYIR )

z* : Pak Kaz if →

th
.

Observe that Pak Kka±n ( E) ¥ Kklt
) as complexes of 1212=7 - modules

,

and in particular KEIE ) is exact outside degree zero
.

Moreover using connections

( as recalled in [ M - Cut 7 ihelf ) we may produce a deformation retract

of the form 16.2 )
.

• By p .
!4! since R

,
RII are projective k - modules and KRIE ) is exact outside degree

zero
,

we have a deformation retract 16.1 )
.
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Hence the Proposition on p . ⑥ applies to the data ( notation of CM - Cut ] )

KLEE ] -97k¥, 1,2=7
,

( Yokley X
, dy ltlodx )

.

klaie.H-klx.zfqkHI-kfx.EEHEI
"

and we conclude that in HFC HIEI
,

U - W ) the canonical map is an isomorphism

YOHN X → Yokel KID okay X
.

This completes the removal of the noetherian hypotheses fwm CM - Cut ]
.


