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E)fcsomeﬁme we ewoneomy believed that we 1eeded The bcpe M'Vlg A 7%

be noethevian 7£OVJOY2/)Q d’fgoav Peru/bQﬁ()Vl 01/7(/”’1/761’7;7 @JPEC/C! 19 ﬁr‘
the velation betweon mahix factorisakons over R, R, wheve R = k]x7
and the OOW?P/QJ%VI s I~aclic 76:/ ZT=(d=~W SERY 9)% ‘/U)- BuFhis is

nol neceasaw, coue explain in this nofe [oﬁ?mdmg £/es such an )
@ will howe beein (/D/’V?C7lfc/) butour older writen nofes may cHll have

uw—nacmm)/y noethevicnnes s hypbﬁ?weo) The ne[evemw are -

[cM] Corqmeville, Murfet r(compu-]ﬁng Klﬂo\/qmw—Rozamky homology
and defect fuoion”

(o} Dyckerhoff, Muret “Pushing forward matix fuctorisations
[AM] Atiyal, Macclonald  “Copmmutative a/gebm”

[M] Mabumwa “Commutative algebm”.

[M-Cut] Murfef, “The cutopereition on mabix factorisations
(L] Lipman “Resicluer andbaces af ditbevential fovms vim HH

qu«alnouf all vings aire commutafive, k is aving and T a /Q—q}gebm/ and 1,.. ¢

/ nw
is a qumi’mgwlanequenwm R . We unle R Fov the I-adiccomplefion, where
T=_(%. ,t-)<sR.



Levnmcc { h s qucw; Vﬁgulav N ﬁ

Recf s wzca//edm@) by [AM, Rop 10137 if Misadfq. R-module |
Wﬁecawom“ca/maf

~ S A
RerM——> M

is suyechive, and soin pavticular form{.q. itleal T< R,
I§=IM(f—%/€)_ (2.)

hoplying RO~ J 05T —R—RIT20 o coune shows that
Rew Ry & R/TR

Fakclaim The canonical map VT — VIR i ar somoghiom.

MM Wn'ﬁng elements TGFQ an = (V")W/b € E/In) deve an R-bilinear map

R x Riz > R/

(e, s) —> QS

Thisincuws an R- ineav map 55 R@RR/I — R/I, anc Thun R/IR — R/t L,ﬂ
mmpnjjendma © 4o . Now cleary RIT — R/1é —RlL \Wlo{em“:] and.
Rlte DRI = 18 Jends = 4o e vesidue clarc? (-, T, ) But in R

AN
r— (...}fljr,) = (..., r;—r,)rL—\r,/o) e L.
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Lonsider +he d iagram
¢ o T
R/I[x.,..-,:(h] - > Rre /12 ®--
« J = J &
R)1g [, L An] J > RjrR e ™ /1R ©

te, o /3 ave canonical By hypothwis % it an lro andl

where 75(%) 7'l‘/ ¢ (% )
we hopve jwﬁdhoum & is an iso - We nard fo uhow that Hu cansnical map

Tk TR/ s
5. Do s oo

A k.
15 an Jom()vphuw\aljb AV\ e’emwﬂL KGIhR I’\O{/J Vn € I (R/I ) 7/7‘3“"’7/ and Thw

b l

han L form
bt R, . .
(), O ,0,0)
Ih/ et
T by Y (7)=Vat.

with eyl € I/IM] We define ¥ - T R/I'vr\"
This is C‘Edl/lj we C{€7L)/100{ MD@M} f‘/@(r‘) =r andl anabow, (Choosmfj AVep in T ’){\/‘/l@‘")

O) —(--, '%H/V‘;QH,O,.-,O)

o OHE) = () n, o0
T
:<~' )Vrhtl—rn-\—] 0,0, D) GIH

lle/} iV‘L Ih‘)’\/lhfl

. h\
i (s o&\(-aideal/ we dodua fhix elementlienin I i R ) requwf’d

Sine T
Hene O is aniso and The me fﬂr(ua/)i’megulavi@ is complele. O
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Lewmma. Suppose hat
(i) R, RIT ave )Dvojecﬁme k—modulen
(i) the Koszul complex of € over R is exact in eonzew degreta.

Then, # 3: Rl — R s omy k-lineav rection of the C(uoﬁemf T R—R/1,
(K,dKB = (/\(k(9,@-—-(9|<®n) PR, 2. 7’;(9<'K) 's the Koszuk complex,
TCisviewed on o movphism of complexen 7: (K, diw) — (F(1, 0), theve
is adegree —| R-linea opevmtor h an in‘i’l/uc[l‘agmm

"

h G (K, dk) ? (Rl1,0)
é
suchthat
® ’/Ta_:i)
aW=1¢ — [C(K, h] (fyrucb;o\ wwmuhﬁ\r)

Rood Lot Z° = Ker(dkC S KC— KH\)) ancdt Z°= T so thatwe hawve
aclz‘agram oehiclh T ‘}DF wouw jrexact :

-2 —1

dl g
< _K,,K __:HK____gﬁll—ao

\\g// N e

Define af, bt asshown. Sine K, RIT ave all pwective, thareare k-liear
¢, d¢ anindicatecl such hat acc< =1, d*b*=1, cfats b'd =1 A all (.



We set hé = d's c<. Then

an=1¢ — [dth]

This holds sinee T = Tee — d’:{"o) anel for ¢ >0

[die,h] = df he + W

R T T
— QL\CE + d[-—\b[f-l

_ e

W=0, ha=0, Th=0.

Sine (1/1? )i = l’\i_lv\i = C{C—'Cﬁ_'c["c‘l =0, W=0.
Clealy W3 =0 and Th=0.D



Rewavks on [D“]

Fiotly, in the wonkext of [oM, §7] Suppose X s wofmcwmm'/y finte vank
(but skl free ). Then all Fhe argumenfmfﬁabfcﬁom goﬂ’lvoug%) with The possu’b}e
excephion of Remavk 7.5 (I did ol check ) Moveover Remark 7.7 Fheve holls
under weaker hypothuses: on in [DM, 57 ] Jef F: S — R be e ing moyh i,
we S and (X,d) amahix fuctovisation 0"7‘” W over R (nofnec. £nite mﬂk),
1yt a7um1’~zft’gu1arje7mmw n R with € - [x =~ O, with homotopjes N
We assuime theve is a deformation reback (4 Z—jmdeo( cpxs ) over S

T

(Rep, o) < = (kele) dx), h (c.1)

8

satisfying h*=0, hé =0, Th=0, where T isthe canonical map

Let 0<=H—’>Rlbeam'nﬂ movphism such that
(1) (¢, ot lhn) is quini-reqular in R, (weasike 4 for alt))
(i) the induwd moap Neg — EI/@Q’ (s o isomovphism |

(i) theve is cidedormadtion repract (of Z-grudec « pxs over 5)

T.I

(R(+r 0)° = (ke (), de ), W (62)

2 I4

Sa‘l-iﬁ[lj)'ncj '/|’z= O, L]Z’—P—O} T'h' =0.

Roposition The camonical waouphism of finear factonsotions o Wover S,
X — (“f)*“"x s an S—Ilineav /’)OVV?O{'DP% equ)\fﬁl/@lf?d.



Rood As exp}al'ned in [PM) Remavk 77], the reoulhs theve show Hhat we hore
homotopy equivatl entes (X'= X&rR') pver S

T Xe@rkelt) —— XEX

' X @pr Ker(b) —— 7/t X

ovel the cannical R-Iineav map KX — XX s an lsomovphism,
by hypothusis (). Tt is cleav that the camonical R-linearmap
X — X' induwn & commutzive dragmm ot lineav factosisodions

X @r Ke (L)

l Je

Henw o homotopy omutotive dl“angw (V= e ¥i= (T

7T

X[t x , XeaKe (k)

* | X, l

Xt X! > X@r KeelL) —Z—’X/[”]

(Tl')—'

If we pwdua W L2 woing A and A= N Br R then it is also
cleav that the ﬂaHOwing d)‘agmm Lommuie -



X [] > XEx
'Lm > Xifex!
X' [] I N,

~

X eX > X (] > X'[EX

b}
B
>
—
17

Now ¥H+=1, fju’l—“—/ 1, and e abowve chows [icfet/)%?')%)“nj X(ﬁX/X’/f X/)
Fhot 22 =~ 22" Sine they splif the scume idempofent, X, X" runk
be isomoyphte m HE( W), cnd e miclel e column is o homvtopy equivalena . J



Remavks on [M—(uﬂ

Tnthe cawent vewion O’f‘f’lfle CM"POlP-E’VUL/f’ assurme the ﬁwunc} nng R s moe%evfam}
P"”’fhﬂ sothat R[2]— RIST will be Hat which allows wo 7o uze [ D71, Remonh

7.7 o infev that Hhe canonical map
A

R hOVV10+OP\7 e?u[va'em&, n SocHron 4 S Us "”9 7‘14@ qbow, we exp/afm
uhy eve ujﬁ/n'ng in [M=Cut] holds 1%ra_mj commutntive Q-clgebrz |
* Set 'h‘ = aj; \/»ﬁw |€Scsm. /?y hprWLM/rﬂw"s i, Vumr—mgularﬂzqwen&

in R=R[L] and RIER tsafg. projective k-module, and Kr(E) iy exact
oulsicle clegm zew. Let T=(£) ancl é e T-adrc wmp]eﬁ‘on,

" Byp@,1 s C/mmi—fe%)c:vim é, ancl RlER — R/fk\ Then [ DM, Appendix il
cpplies o the Juple (R,R)E) give an isomoyhism af k[27-moclules  (P= Rere)

2 Pexklz] —> R

Obsewre that P @k K}aﬂ;n(i) Kﬁ(ﬁ) an complexen of R(2)-modules,
anclin Pavﬁcmlar Kelt) is exadt outside clegree zeto . Moveover WIiNg Lov necfrovs
(ervecallectin [M=Cutihelf) we mow) prodiu « deformation rehaek

(NS

of-the fovmn (6.2),

By 1-@) since R, RIT awe Pw]'qc/iuxe k-moclulen anc| Ke(€)isexactoutsicle C(Qf‘jm

2010, we howe & defovmation vebact (6.1).



Henc the Poposifion on 7- © applies fo the datn  (notaition of (M~Cut] )

§
h[%,%’__1~——*, k{zn‘ﬂ,i—j) (Y@Hﬂx) C[y@l*‘l@dx)
< N
Rlxs,2] = klzz] g k(] — kizE]ex k]
and we conclnde Thatin HF( k(%21 U= W) 1he camonical mop 15 an i50moyphiom

A
Y@us] X —— @) kISl @R[ X .

This omplefes the vemoval of the noethevian hypothuses from [M=Cul].



