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The aim of the seminar sevies this semester is to undevstzmel how 7o oqun;ﬁre
mathematical Rnowlecge (,w/'r/g fopoc (a kind afca?‘ejovy) and aﬁy—o/-ﬁ/ Funetors .
[ef w) loegm with the b/'y F/C/UV&.

Concrele Al shact
< >
@ @
Shuctured sefs 7 Theovies > CaJFe@om'O/J of Mheovies
(z,+), (Z[1,4),... Abelian guoups

( opevations, laws)

ﬂﬂe\fﬂ 's soMe

. (ation belween
(Z/+) ')) ([R,+, ')).,- ng “{igﬁmem;ﬂ,

sine evew vi\nj
is also an alelian guoup

We ave used Fo the pvo cens (D) above of abstaction, which allocws usFo oleal
simultameowsly with many excuimples un)'t/)g concapts ke “abelion gwup "
These oonuzpﬁ are how we organiye mathem atical Rnowledge. Asuwe all

Rnow, the develolbmewfd‘fma‘//hemaﬁcal logic inthe 20t centuvy alloped wr
+o view the theovems about abelicn quoupy and 7%9#,01/0(/}% s mothemotial

Obg'ed% inTheir ocwn V/g})f,“ﬁw‘s s /“mpoﬂ‘anf/ hecauwe vre Rnow how To reanon
reliably about mothematical aéf@,cf:r and Now 7o automale (o some clegrez )
This m:a/)omfng, This seminarsenes is aboutthe ﬂeK?LJ}-e/D, maviked @) above.

QUESTION

Our theovies, theorems and pwofs are ovgamjecl in lectuve nokw) books and brains,
but is this hieravchical sgd—em A hnow/edge itself a mathematical o/yed? Ancl

{ so, what kind of ob/’eczt is it T
(UJ\ care ? To make human reanoning
more vellable , ancl eventualy fo automotk 7JC>



Our aim is 3o appLocich j%/‘fquwﬁOVi fom the Poinf of view of Lawvere,

why emphouired, he deepvvle of acy’omh%wdaw in foundatons, many
aspetr of which are vealirec wmcm}e/g in thetheow of fopoc (plualf fopos ).
We illustate the general idec with an example -

o E\/@Vlj mnﬁ is an abelion guoup, so there should e a mon/phnrm

?
J&b <« p Ryg (bMJr in which djrection 7)

But whatis the “comect" nofion Ofa mogoh/:vm of theon'en 4 Cleavly ift we
ove o make mai’hema%’\ca/ f{l/)l)w}edge a mcn%ema%(‘cq} O@'QC{/ we musk

have a goucl answarFo This c;ueoﬁom /

* Topostheon qives a beaudiful answey; of-least forso-called ”3QDMQMc”
Theovien (includes Ab, Rm\g) Finl, we wonshuctfiom a Theow a categow

Fb ————— B(Ab)

calleck the c[afyr'ofg\'v\qd "J'DPOS  Then we define

Hom (Rng, Ab) = Hom( BlRny), (AL )

—
(geometvic) functon and norurak

+avsfovmedions

* We will givea briefinpoduction fo cafegovy theow in talks # 2, %3, but
ﬁvmmow\ew[x - acategowy hon Q%je_c{z X, Y, Z,... movphiums XY, ..
and wmpositon (3Y =2, £ X=Y) = §of: X— Z . Afunchr
F:8— P befween conLegbm'e/) sench ofojedj X o obj'ec/:r (X)), movphisms

to Vﬂovphim’i! and presewes wmpo,r/'ﬁ'on,




* why does fopos theow give the Cight" cunswer for the nofion of moyphisms
of theories, avel what is i+ goocl for C In my viewthe main reanonto buy Yhe

topostheoretic answer s g febs
~.
Theorem  ( Universal plopevty a‘,gc/a;f/’z@/ng +0/90L') Fov any cocomplele fopos &
and geomefvfc %neoy:j T fheve is an equivalence a‘-ﬁaafe@on'eo

HD_L‘“( 8/ }(T)>; {moclelsdf T in g}

whed s a%pos?

Def” (\/0‘9‘4@) AJUPOJ isa “universe sPmoathematzal dircounse ”
Def” A’JLD}OOJ s a cafegog with
— Fnite limits and colimifs
— exponemﬁalf

— Suboloj'ed c{am’ﬁe r

Hom(X<Y, 2) = Hom(%, 2" )
fwb()() = HDYV‘( X, 3L >

Excamples (1) Sefs
(2) 5h(7(> X%}:olojl‘cal SPC{CQ

(%) Simplfcia\ retr (ov j;e,L:rfoF any small G )
(4) cafegovy of types | fevms in a HOL

What js athe 0;7.7 TFis o setefLaxioms (1eformulos) ina frst-ordler

[mnauage ( le. there ave Sovfs, constants, funchon and relafion 3y m(oolf)

vaviablen and formulos built fom velations R (t), eqma([ﬁ'@/i t=t' g d

e commechves AN, =2, 7,8, 3 ). T will not exploin “j@ome%vfc“ %udoy_
(eg.otb has x- AxA-A, —A>A, 0:A)




'
Example (1) Hom ( J,QJE) JB(J%) ) = {a’oehbm 3VDULPI}
(2) @( SHX)) ﬁ{f%) ) = %Jl/wa,up/) aigabgvyof. on X}

(3) Cowwpondir)g% iﬁ(r) : P(T) ——aﬁ(T) Lo S/Jecfa/( /’WOC/B/
oA Tin B(T) | fhe univepal wodel Ut e.g.

U, Eﬁ(T) is the “univenal " abelian group
Uﬂnj € ﬁ[T) o - ng -

Buf any w‘na s ain abelian 3wmp_/ So

Hom (P (erg), B(AL)) = § modds of Abin Flrs) |
W {

U

JC = — URV\j

Theve is some special geomdvicﬁmdbr +: B(Rng) — ;B(LRH)/
infact i+ haa leff aclfoimf F* aod F7(Vato )guﬂmj.

Remark. /4 9000{ J‘econdayy veanNON 1§ %@fﬂere c[ofr/'7[7fn9 9'0/301' ave V\Ot‘}um(y
ansing (ovjfegox/)‘cw oF infever} intheir own Viy}\f Forexample

+ B( SocRag ) is the Zaviski fopos Sh(T, (Fomings) )

T’OCal v{ncdS T}r\c\mde/a SCMBVVIQA /Z
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Swmmany  The logical relation befveentheoiies Ab, Rng is promoled +o
a cjeomeJm'c mowphisim (aCU’oim paiv of funchos ) befrveen Fopoc'.

Ab B (Ab)

2| TJL

Rng B (Rn9)

Our airm , more Iowsc/;e{y stated,, is #v unclewtonol how 7o organise mathematrcal
kinowledge wingthe 2-categovy of clafjh[ying Jopoc and geomebic movphirms
(that is, this is the "avena” in which we proposeto ook for Hhe mathematical o?xy'eq‘?
which fonmalie our jnformal hieravchical syshem of mothematical knowledge )
This haw vaviows avpecht

o )03(‘(0(( ('i”he ﬁ(T) are ‘(Jymf—&tcﬁ\c" >

. Ca‘f@gomta/

. wmpuﬁtﬁona/ (vm (kaj—Howard/ ao L will now ex’alaim)

. hﬂeomwﬁﬁ‘c\\ ( P(T) is o cafegoMj oA sheaves on o Gwﬂ’heﬂoh‘ech:ik)



Now, why should a omputter scientist care about-his 7

Because )oz/ogmvns ave mathematical o@’eo’T) which we want o reano n
ﬂéomf (pevhaps fo velﬂ'@ our soffwave is Jaf‘e) n an auformated Way

[50 that our abz'/fw%/ o M@ soffware scales with our calpczchly fo creode €&
for example waing ma chine /eam/'nj mefh ocfr).

Curey= Howard

This seminar
(,ovmpomc\ev\&
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i (ve.ahype o ﬁopoé?‘fn‘otxm)

{irﬂuihonisﬁ‘c 'DTC } oot Tep — { \n\'ahev—ordev 108 Ic }
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add\ recwoning

{ S\Y'Y\\QH‘HPQC\ f>\' CQ\CM\W} } _ {’G"V]CHDHC!JL \waﬂmms
(v-e-funchionak + cqua%‘ona’ reaoom‘wg }

progproms [

\
l
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(12

add sm\oolﬁec\‘ dass
T i
_9 O PO L

{ Cavlemnan -closed cafegon'u}

From a_programming [anﬁuc\gg (PLY) Pom‘rd:f View, the onb em of fincling
mathematical OIOJGULI Fo fovmalite “hievavchical syshemss o ineth . /{mowlche

s The PVDHGW\ cﬁlrﬂfﬁmcmga Pvmupled PL appvoac\/\')Lo “hievarcihhical szjﬁem;

oA libmvies oF prograims and equa%‘onwl kinowledge” 5/ nce undev Cury- Howard.
we can (perhaps) make e analogy

logie cafe'cjon‘e/) memﬁuﬁon
“H'leo@ ~ c\asﬁwttjing‘k'o?os ~ i bvuvﬂ
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From the%,oos theovedic Foiﬂ)l U}ﬂ view

cnivevale

Jr.* L/aloel\'an geoup
)3(/7””9)< ,P(AUEUM

Qur }zmowfedge about abelian ﬁ[/oupgcom)sﬁ OTZ theorems (zew is unfque)
their pwaks, exampler, addtionod clefinitions (Ujdfc SWMP;) et ...

Hheorems  Aomulaninthe languogeo? b, e-g.
95: Ver&b({Vge—Uu&(lﬂj:xﬁé1:@)

gi\/es a mom%im 1 i% SO )3(%’5)} and ik Pﬁ_cqg is
an argument fhat ¢ =twe, where dme : L — S 2 is rome

Speda\ mow/pb\ism_) e
Hrue

L7 |t UL

N~ A
?

geometic movphisms ot on kviowledqe

£ (we)
/—\ x
5*(*#) wnina £ Ub= URng and ’]CKLOVVWV) Les
(\ e : / withh \7’) %Ul

VxeUpg (1 ¥5€Usg (x+y=x)j>x=0)

‘ \ . pT
Ufgal/m‘ Evel/y eorem Olloolﬂ'abe/fah 7LO£AIDS 9/!/‘6% a theovem abowtnvﬁﬂ/ \//G\JC .



