C/assiﬁjmvc) J‘Dpoé L 5/9:9

Let us vecall #he idea of & (/)mff;‘y/'ng JLopo,r Lo the frot lecture of
This seminar. We have still not precisely clefined all the tevms involred
(vor will we resolve fiis in ﬁday’; /ecfum) but I shll think i+ is woe ful. .
Given a ?eomefw‘c theow T (e-9- Covoups, RiNGS, ... ) we call a
fopos ,’b’(T) o clascitying fopos it we have a familgof equivalemcaz)
pamvvueJM‘SeCl by cocomplete Jopor €

Hom (£, B(T)) = Med (T, € ) (1)
3€OVVIBMC moyphitms = models of T ing &

which is netural in £. Ajeomefw‘c monphism ——%,B(/_) s ovL
ad/’om% paiv of functow

*

E,< —> ﬁ(T) J['*'—/\j[;F

ﬁ(

in uhich f*/amwem/m 79/)/’/6 /m/)//‘,r

The sfmtedgoa/ A Fhese semnav wen Jo study how geom epic moyohicms
dﬁc[am’fyx‘ry Topoc can be wed Ho Drgamife mothematical hw0w|ed%1.a.
But we also cwant 1his organ/\mﬁon fo be effective - for example, implementohle
na (/o{mpuier /Ogl‘c calculun suchan Isabelle. ety begin by S(ZQ]LCI’H"")B
whythis a veanonable goal, then specify the obstacle, and then we wl|

spend e reot of- e lectuve 57’74017/’09 fhe exawmple df J/‘mp//”cfd/ sefs

which suggests This obsfacle may be suvmountable .

"Recall from Lecture 7 fhat the Jopos T(R) constmcted from aFype theowy X han
for ifs olojech closed feyms & = PA modulo x~ &' iff. ’—-O(;f(—/'_l



The exam,ale g/uem n my ﬁmL}eCﬁlVE’ wan he 74’//0“0”(7 "

Example Lot Ab, /?ng denofe the theovies of abelian goups and v’ng.s

V‘%P&Cﬁ(/ﬁlj . Sinaany ving is an abelian group, the univeval mode

U, € tod(Ang, BlRn))

(s also comodle| of abelian guoapl

Upmg € M_Od(ﬂ"o} )B(ng))

andl this model comesponds uniquely o a geomehic moyphisim
*

BlRns) ——— Plott)

ES

Wisisquﬁw?fca/e\(ample f j@omefw‘c moﬂ?h/lsm_c ((ngammng“
mathematical co mw_pf?

Question : 4p what extent canthe o bJ’ech

ﬁ (RV@) ) B(ﬁ-b> ) ‘F*\/ jC* s Sfl—a}ememjf“?]’@

JU\A}T‘FIQC\ \(ﬁe‘/
be descuibed. effectively P /

. ;B(RV‘@))}B(Jﬂ.lO) may be conspucted an codegovien S%;(C)
of sheaves on categories G which ave tyntuche e their
olojed? and mogphisms ave equivalente clasres of fevms in
the underlying lamguageo'fﬂﬂe,ﬂyeo%y.



These Jopdd are subtanonical (re. & < Shr(€) via YOMeda)

50 evew oky'ec% is c colimit of objectr in 5/ so Shr(l) is ”jenem#’c{”
by the objects anel moyphisms of G (which vecal], hawve an e flective
syntachic chavacler). This suggests that atleant thore cheaves which

ave conshucled by finik colimits fom & should be aomenable fo

a VH‘DVVI aled vreaspn l'nﬂ :

Def" Lef ﬁﬁn(frb)/ Fﬁ“(}{"@) demfe The smallest subradegonies
contaming The vepresentable sheaves (ve. 5 ) and closed under

/J[[m{f wlimits.

(Ve believe should be /Daff/ré/eﬁ) reaopn in an e fective way in o
compvﬂuﬁonaliaol about ﬁ ’%(ﬂf'é )) }”4"”(/%9).

*
7, £+ heve the sifuation'ss lecs clear, epriord The baoicqumﬁ‘on
s WeFoHoMV)g. (onsider the reshichons

£ B > B(Rny)

fo: B (Rug) —— BlAL),

We imagine the input objects and movphisms 1o fhese funchon ave
repvesentect by tevms ingome formal language (l-e.ﬂ/\ey ave expll'cﬂ"‘y
tonshucded fromn some bocvac datex by specified wlea ). (anwve desciibe
the oudpubs on there inputs in asimilar way ?

01, more Jutccil/\cH‘y :ean ouegz'ue an a!goviﬂ/lmfc c;/e.vcw’/)ﬁbn of the
oction o £ cundl 5 on objecﬁ and moghisms? Tn the vemainder
of this lecthure we studyshis quention.




Tensor puoc[ucfs

We begin with ushat may seem Irke ovdetour. Recall 7hat #he Jenvor
procluct MEBN oA a Vf\?h} R-moclule M cuncl o Jet R-moclule N

s an abelian guup, andl theve is a funchon MxN —> M &r N

which /s +7e univewal b/'//héawna/p. Theve is an alternafrye way 074
chavaclevising tensor procuch which we will nowy explain , for clefails rea
Theovem 9.2 of ({,,a/j}-erl'l/o‘f—p 5. H/’Fc[/le/// “ Theowy O}Dcafe‘gohw ’
Thioughout vings are associative and unital but not neceasauily communrive,
MedR means the categow of vigh? R-modules and. RMod The wiegony
of left R-moduler. /7 (m[egwy 8 /s addifive i eoch C(a,b) /sanabelian
quoup andl contpe sihion is bilinear, a-funchr befween acldifive categones is
adclifice if it presewes adld)tion of movphisms.

Remavk |et PC_- _/‘@g//? bo 1he ﬁA//JubcayLegozy ww}al'm'r)gjaﬂ/’
7%1 O[fjé’UL R (aﬂ an R-module 1 the l/z/)LIOI/ Wag)_ /}//1 010[0//—741/‘6
functor F - P —— [HodS s He date of

° m‘ghf&—modu)e B:=F(R)
*a movphism of Aings

e - R= 2(RR) —— Homs (B,8)
UQJUF M LA\H()D\\’CG'}Y'OW )

o wedefine R*»B—R by (v, b)r—> FRR<r)(b) are
make Bimto an R-S-bimodule  and in the fuct e is a1 bz’)‘em‘ﬂ)r\

behuwern additive 74,(;/7@’7)10 = and such bimodules.



Theorem  Any addifive functor F: 7 —> Mod S can be exdended uniquely
(upfo natural isomouphism) o colimif presewing funchor

F+ ModR ——> ModS .

Skelth mﬁ/pwo‘ﬂ For each R-module M wre choose a PVMeYﬂZTHOVL

o F
PR — €~}J@R > M O

with T T allowed o he infinife. Obsewe #hat

u; X
X, = R =— @[5—1 R—— @J’ej R

'ﬁ«cbv) %
(QJU )J eI
R—— @jGTC A — @je:f R

Hor some Fnite J: SI wheve 0<iJ'€ R We dedine /E(N) +o he Hhe whevnel

(F)Ys, j' —
B, ez FR) —— Bjes F(R) —> F(1) =0
—~ _

S—lineav map

An R=linear map fH—M 'can be lifted fo 1he pz/z%en%aﬁbm and in 7is
woy inducy F(F): FM)— F(r1'). One chacks F_Pmem/wao//'m/ﬁ
arcdl Feinc=F by cons mcHon . )

Exercive What drep uniquenes muan? How s 7his reloded 1o e notron
Jﬂq Ka//l e)olelﬂjlbﬂ >



Ciiven our pveviow) remavk , we know F is \\vea“j"m;iahﬂ”—a bimodule B .
Thefuncor

e @ 1By * Mod R — [od S

is colimit pm/)fm/fnj and R@rB=B = F[’Q), S0 by uvigneness
we mwt howve F = (=) @rB. Toree this move intuitively, recall how
we wnshuct M @rB furavigh%/?ﬂﬂooll,de M-

* MerB s fhe quoh‘emLU{i#wWabeliam group on the ret M*RB
byi’l/u;wlotﬁon:

(mtm)b) = (M) (), b)
(0 b)) = (mb)+ (mb')

(mv,b) = (m, rb) reR.
The exactrequence
<@ g
(@CGIR)@RB — (@JQTR)@RB —> MgrB — O
12 2
@L’GI B > @JE{FB

(¢)b) |——>ZJ. (4,24 by = ZJ dy(\bb)

?me%ﬂwmme abelian guoup e Thae C(woﬁemjr crqg the free R—module
on ng\uo\s (J)‘O) )J"C—J', be R by Hha velodions

(J.;EHD’): (ob)+ (J\)L’)
()= (9, rbj
th’h(k,b) :Zﬁf{ (€,b) whenoer S ko= Serelein I



Upshol” The b)‘/J'neaij relations we think.of. an chamdevising the Jensor puwdinct
anse vio Pwmemhﬁons by ex%ewch'ry aunctor == P —> 19 S +4»
a wlimif prsrewing fanchor F: ModR—> Mod S

A ﬁniﬁepmewﬂaﬁon o an R-module M (1-e. T, T above finik )

s an algorithm for conshucting M fiom copien o R, wing finile
o i its. Thedensor Jowc[uc’r — @B renckr this o an Q\@oflﬂ!m

fov wnstucting M@rB fom wpies o B aning finite wolinai’r.

Next-we fuvn o the non- addifive analogue , and explain u/ﬁ'ma#e/y how
geomebic redlisation of simplicial sefs is analogows o o fensor product

Non-addifive fensors

The analogy is an fo llowws -

Addifive

N on -add#re

Ring R, an addifine cat. P (n’ngo'yd’,)
left R-module, 1.2, aclditive f—> Ab
Aght- R-module, e addifive PP— 4b
RMed
Mod R .
R-S-bimodule, 1-e.additve P — Mod S

Tensor ondu\cjr (=) ®rB: MdR—Mud §

Swall cafegowy &

Functor G > Jets
unclor B —= febs
Sk
E

A o
Fndor & —> @‘P

o °r
7 e s e ¥

(frink. £ B(A2) — B(Rng) )



Theovem. Let G be a Jma//cafegovy cnd & o cocomplefe categouy
A+ C — & afunctor. Theve is a unique (up 7o natural iso )
exlension o A fo a 6o//’M/'/L/Dz/weWi/’)9 Fonctor

A I_ebgop——% £,

Remark  Heve by “exdension” we mean commutativiry up o natural iso. of

A

G > &

Yareda l /
‘, i
Jets®"

foof We shefch the puoof from Mowclane & MoerdijR Covo llawy & in $7.5 (p.43)
One definen for a pmheaﬁ P

A
AlP) = ao(/'m<féf° > C AE)
o‘e)ed-x we porina (d/) _
(c.x),xe P(c) (Jf/V;)H C Mmﬁ)afevetgpmhmﬁ

iy, EEF ansimi st
ave omws f;c—%c/ ]omheav&_/

sd.PCE)y) =x.

ancl checks all the o/eﬂ/'rffdpwpel/ﬁw~ J

o

op p
EQ(GH’VIE’@ E:Si'}‘s-? y SO Ai C — @? iS ocC {(EI'MUC{WZQH/ and
we think of A a “%emorpwduc/’”wiﬂ\ A.



" pside Recall hat we conshuct e wolimit of ocliagvam J—

wing oopwcluc% and wequalijen: an The coeq ualiser o

l__r( ()‘“4 J_Lr()

L posk
P T
L')(f-)/j o

F F(i')
S—

To stengthen fhis analogy let wa vecall that Pirelis Yhe colimil o

h

fr; P > G > SQ'GQF

which means that P is the ooec/t/ta//‘Jer‘

Pre
11 he || he , P
c,cleB P Ceb’
JLG-P(C) UGP(C‘) xeP(C)
- | [ Thinkeof hc o0 R
N y) =X .
T veviieam inHw additive ca/)eJ

mdl’agmm
Anows i nThx df&amm

But obsewe thal maps he — he/ dmf"”a%’%v?@ma/)f in G, s we
may apply A fothem, and define A(P) an the coequalicer of

D/\(P) —in T

LAy —/—= | [ A®E)
’Jt/y C,x

which is precirely what $he clefinifion onfhe previows page say.s.



Obsewe that

_LI_ Al(C) = {(C)x)a) | Cel, e P(8), oxePr(C)}_

)¢
ancl The ooequa//'ferj /nﬁtiﬁvefg speaking, fm/JDfEAMm/OL#Or,) Lorevew §:C—C '
in G and yeP(C')
(C, PN, 2) ~ () 9, A(H(q))

B CRSORICRED

In cakegovies like C=3eb or £=Top , wheve the oequaliser is obtoi ped by
?mﬁevﬂir\ﬂ loy an eq uivalena VE'C{HM/ This is o wmp]ekde\rcﬁﬁ‘bﬂ U—fe /Z/lb)
and nov"\/'mfan intuifion,

Example [ef €= Top, e cafegow Ofﬁpo/ogi’ca/spaaw ancl contin wowo map-.
This is a cocomplele cafegog. Let G =/ be the simplex cafegowy,
whoye olojecﬁ are n €N =10,1..} ancl wheve € (n,m) is Hhe Jet

ot all VVlol/;Ol/i/'Jmfa}D/jo/ffs

[n] = {o<i< . <)

>Josl< ._-sm}‘: [m]

We c(eﬁne /\(”)=l§n‘ {(10)‘_,/jh)ep“+‘ ] A7 O
s, =%

S =[] AR K — 2T
- 1

~ 1
/ﬁ](%)(ed) 0<isn TRV‘+\~—3[R

A(F)
= €10)

A A —Tp



@

By the theovem /) extendo (esrentially aniquely) Fo a colimit presrewing funchor

AeosebB 5 Top

i
The cafegony sSefs = Sebhi® clled the category ef;gJ/’m‘p/fc[a/fe/z. what
is this funchor 7

Recall H/\a{'jt Jimph’cl\a] (/OW\p]ex is oot Kof mowevﬁp}g 74';/77'}& Jybsefr cr%
sovhe yet K) sA 9k XeKand Y X i monemp}y) o Ve K. HDVQKQVHP’Q/

’!‘C\fza E = {O)l[lﬁ andl L/-{Z}
9,2y — — {72}
Kmanﬂle - {{O’\)Z}) T } ~ A\ U
Yo\ 12

fo,l,z}

{o,}

Kiwe = $903,102Y, fo,21, . ]

The g){’,omeztn‘c rei]ivation o K s JK/: Ugc—K Oo(g)) where C/O(&Bdé’ml*ef)
the convex hull in IRK . We moay genervde froma simplicial complex
K, mfuvwmg K Pavﬁq“y ovclerecl/ aJ)M/J/thOl/ate]L

So DT> tek

— nt1

SK(W) = { (CLDJ.__/CM)G K
and {Ow/-thje K}

l Qo € - < 4u



The moyphisms in JANPYS 3ewemaled by

£ ][] 7 ] — ]
O | --- (-1 ¢ (+l--"n o | ---+ ¢ ttl---n n+)
NN N T S

so v clefine Sk = NP — Jeb e nudl only give

= Sk(59) : Sk(]) —— Sx([n-1)  (fuceopeahr)

(ao,.._/an) —> (qoj___)é\t./___/ q”)

s; = Sk(7¢) - SK([”]) > Sk (([a+] ) (clegeneracy operahor )

(ao)._./O(h ) — (QD/._)ﬁ:.'/olﬁ/q(:fl/.--)ah)

Lemma. Sk is a s;‘m/)//’cfa/Jef.

Let wonmvw cavefully anolyse 1he value of 1he funclor ﬁ-‘ sdets —> Top
onthis ﬂ'mp/z‘ciafje/' Sk A% — Jefr . By whatwesaid eavlier

C = =«

P//T](_SS = {(n)ac)a> | n>0, xe Sk(n), ae /N }/N

wheve The ve(ations were CC) P(vc)(ﬂ) 0\3 ~ (C// g, A(#)(‘ﬂ) e
(n=1, (xonw, %, - xn), ae/& ) (n (xe)---, 10 ), Al (@)

CHNCTZE 2 A Y ae/AnH)"’(' oy (Zoy-oam), A("Z(’)M)



Example L et wr fake Kﬁanglej Keirele fom above :

Aegenemie simpliws
‘ K - Kcirdej SK(O): {(O))(\\) (2}? — L ~
. sk()=1(00,(1,2),(0,2), (0,0),(1,1),(2,2)}

Sk (V\\ oml\\j vontains G\Qqenemk sivm@\iuw ’ILZ‘V n> |

%}’(SK): i—l—’q(c)/"’ /Aw9mdel/w+ed (V‘ﬁ‘;@

i

- A(n\ /N

n70, xeSk(H)
O[egehemk&h(ﬁ{i.

= (/‘](O)Jl/}(o)u/}(o) /
. A()w AO0) s AL - )/w

(o) cn (2)

’;Miﬂ—ﬁo“—/& 3fbin%

U_/Zl‘iL/A\J-L//SL““J/N 3 )lines
(o1) (1 2) (0 2)

wheve the velations are

(0, (), Mﬁ) ~ (1, (&), AlE)(2) e—@') /,/':' C

(o, (W), ae )~ (1,00, AlE)eN) . J ..
A0 Doy

(0, Y,aens) ~(1,002), AE)@DenN) N
, ING ‘s
(o, (), ae )~ (), (0,2), ALEYWenS)  ~Lr7 >

efe. . Everise : undeufand Wl/lgﬂ/la degemevuk simphen can be iywov&d.._




Upshot  Ona we choose ac “stomdard model' A: A —Top #f all the
POl

n-simplexea, “densoring” with A gives o wolimit presewing functor

A SebAT— Top

whicl is nothing else thom geomeﬂc reallsation. Witing Aas IN
and The 3eomeﬁ\\c reqll\xa%'on oo = we mew summande Mis by

IS\; S@Ad (Zf:& is !i)aeouv;/irw R)

Obsewe that a s/“mplr’cfal wmplex K on a finite sef K isan algovﬁ%m
for oom%mcﬁ‘ng aﬁ/oo/oyfca/ spac | K[| (indeed a K si. |K]=X
s ca”edaﬁc«ng;u[or)fon aﬁ X) 77'1€74/H’7C7/'Df /Z(SF) Tahanthis a)\?olﬁf%m

and “execalen F uningthe datn o AN, N, X, - and how Fhey
£t 4‘0967%91// o defmed by A=\

This analogy will be macle precise waing he equivalenu

sSefs = /B( LJ{)—\‘W\UNJ & linear o e

sin olod'edx on Y ﬁﬁh’r hond side are sheawenr on a Jyn-lucﬁc cqlregmg) and.
the representable sheaves ave closed fevms in some fovmal language (#he
language of Lin). These tevms fovmalie thuiclea dfsimplitial complexe)
7% a\govﬁhw\s/ an we will er . Finally ) inthe nextLecture we will refuvn o

(onsidev f* : ]5 (Ab) — B(RN9) ar atknsor pwduct, analegousto
(YOp N = BLin)=slels —— Top

I-e. jc* =" (_) ®A—b ul)\nj



