),
L ecture |5 ¢ Abshaction and ad\jumcﬁom 27(7)8

Jn mylaotlecture T explonned the ideoi of “non-addifive fepsov products " and
howto view geomemc realisation as an exaynple. This won motiated by

the desire fo undewntand move genevally the invene image part S* p(r) = &

o 3eomefw‘c moyphism &€ —9,B(T) cowerponcling fo a mode| Z aggomejv;’c
theow T ma wwywp)e#e 7‘01005 E. This jinFurn won motivaled bfj adesive fo
unclewtand insome effective computational way how we mght wse clasrifying
fopoi fo ovganie mathematical Rrowledge.

This lectuve clirectly addreases the guestion of ovganis ng moathemadica)
kvowledge, with afocus onformalising the ideq of abshaction (ov hiding ).
Welegin with an informal example. A mathematicion S is wovkinginsome
MVldel/(ljl'Vlg lojfcql 5554-em (:ag ZF ;e+'H/1eo;/ﬂ ora i‘lﬂe %eoy n The sense a-ﬂ
Lowmbek 4 Soft, antveated in Lecture 9) associoded 4o whichis atopos €
(e.q. Sets orthe fopos T(of) asrociated 1o aiype theows ) Consider a

pfeawP hmow/edge o the ﬁallowmg Rind -

—

O M defines aset A -—{”r:::\,

@ M defines a function F- A=A, — r/w e
o funchion —A— A and O€A —

@ M puoves (A)WC) ) O) (s Omalae\fav\ﬂqu —_— T —

® M wsen some gememl%movemaloou¥gwups —{A’:,,__"V\_:

l"M~_,\

—

® M confinuerto pwove Jomething |
spec?ﬁca[\y abouttheguwup A Ll




We imagine that the abore s o oomple#ely fovnal pI/Dd‘BJ S0 that the “usage

m

shep @) actually consists of an explicit specalisation of the proof o the

geneval theoven aboutgwoups, with the generic quoup

(e veplaad eveyuuhe%f

byThe Pa/ﬁ\cu’ar guoup A . Tn actual /omcﬁce/ a#wawe, we dp not~do hi's
(or atleant we often do notdo 74is ). Insteacl the formal pvocrf how the ﬁ//owmj shape:

f
& M proves a theorerm aloout ____{/\/\/

an cths hboick guoup Co

O M defies aset A —

@ M defines a function §: A=A, —
o function —A— A and O€A

@ S proves (Ai 6, O) is an aloe\)‘angqu —H

NN

Ce

N

—_—

—_——

/
@ A invokes +he +heorem proved by M7
withh. C<— A

©® M continuerto pwve Jormething

N

—~ — /

Spechcfca[\y about theguwup A

Wheve “invocation” involres, in pavt, weu/«/’\ﬁ‘m9 the abs hract & o the

toncrede A the obshact + on CC e concrete jC

on A, and o on.

We wow pvowaed fo formalite this pictuve in fevms o adjo/ntfuncton

befuresn ‘}D,POC\} and then discuss the relationshipfo monods.




Categorien of wodels in a topos

Let T bea Type theow in thesense oL Lambek & Scolfy ascliscussed im Lecture T

of this seminar sevies, and lek € be fhe associated fopos. we vecall that the
objech of € ave “sehk” 1e. equivalenw classes of clored tevms o: PA

whewve A is atype and PA isto be undewstood ao the “ FOW@VIQJ'”rie A, and the
movphisms from o< PA to £:PB ave equivalen clasres of closed tevms
F:P(AxB) whith Fvovaloly “Gepnd” X into /8 and ave functions. The equivalente
relation says F~F"iff. - F=F " wheve the entaiilmenf F rs /pcn/f‘df

the data. o the )Lype H/reoz/g_

[ We fuke £ an the umdevfﬂimg (Dgrcod sﬂwem d‘f the mathemaiician ST . ‘

Tue language Lap has one “sort" X, vio relation symbols , fue function
symbols +: XX — X (& function symbol s given together with
an ovdeved nonemply [ist of sorks, 4o be intevpre ted as inpufs, and asingle
sovt fo be intevpreted ao e OWL/?WL) and — * X— X and one wonstont 0 X.

The tevms + ther is a countaible list of vaviables %,Y,2,... of sorvt X)
which are feyms ot sort X) and O is a ferm of sort X.(Note Hhat there

is no conshucion of sorfs 1e. X*X s notasort and <% 97 : X< K 1s not
atem). If +,1 ave terms (all fevmsare of sort X!) e —f—(+()él))
wyiten 4+ 1, isaterm, and — t, is aterm.




The fovrmulas: if t, &, are tevms then t, =L is an atemic formula, and
The symbels T (twe) and L (falre) ave atomic formulas. Atomic

formulas are formulas cncl f p,9 ave formulas then so are W AT
¢ dT‘J“”CHOZ\

le\Jh\AV\C'H“"

PNg PVe, P=9, P VXGXP) Jxe X P, L\c-{t Pe Q Py
wheve x js any variable . Occuwenan o yanables ave cleclaved free and bound
n the asual way (se e.g- Lecture 7)) and we /‘c(em'ﬂ% Formulon up to
d'equilfq’el’)& (7 %) delﬁmed theve (uve do not impore X- eczuitralemm on f‘ewns/
only on formulas, in any ceve all vaviables in t, =t are free ancl so there

ave oij Nivial instances O‘ﬂ =x between ferms ) .

So far what we hawe defined is a firct-orcler [anguage Lab . The theowy
of abelian quoaps Ab clefined over L ab consish of a setof fovmulas
(called axioms). Forageneral theow tinssetewuld be emply, or infinite .

The ax/omsave :

b (x+nj)+z=x+(y+8>_
¢, - x +y =yt

?63 - X+ 0 = >*.
b x+(-x)=0.

A wodel of Mo inthe fopos € is an objectL X" g £, say the equivalenc
clase of a clojed fevm ot: PA | o pair of movphisms in £

XX — X" (repr-by F o P(A*A*A))
—Me M= X" (vepr.-by F= 2 P(A*A))
and a mogphism oMiq —s x™ (veprerented by Fo ¢ A). Twee (c3-1f),

Texercise: uwhy ot P(L=A)’ OVQ:;L;L’:%VM



such tat e axioms ave valicl , which means thatceviain waolojech In 8
assoclated caV\oml‘cc&Ukj Yo b, e, %;/ 9&{ (by The model) cve impuoper .

The def” is vecuwive, with for example fhe subobject

fug2) 14 ) e XM e X e X

loeina definecl to be the equalizer of- the fuo ways avound the wual
Oljwciaﬁvﬁy square

x 1
™ M ' ™ ™M
XM>4X x X MO x X
1»<+”1 +M
XMXXM > XM
4™

Nole thakin & this equqli‘xey is fhe su\oo\ode&

(iV\xCoo/motulj} { we XM*XV\K K ‘ <+M ° (+M7</L))(“>
(4" (TN ()

Move formally, K% X XM i He equivalena lous B the term o3 P(A%AXRK ),

o> = { e AxAXA | (E!x‘,xa,\geA)(ow<><7,<><z,><3>>
AXEKXANNEXNT;ER) S

and e equaliser of the above diagrwm is the ferm e : P( A A*A) defined
an follows (vecall +he womposihion flom Lecture 1 p. &), wheve we we
| £ an there 4o vefer o a clored tevm rﬂpmemﬁmg ][’/ Jo for example [+M = F+ )



e = {LLE-/’\XAXA ] WEKL3 A \_f[‘(u)}

Yo(u) is Vixy = GA){(X,<5,Z>>=LL
= (Ve x,<y,2 %, t> e [47 (4 |
e KX , Ky, 2W, tre Jme(iw“)l]}

2
The incdusion = € € & induwy o movphism [e : P(A 5’)] — [« P(f)3)] = (XM)
whichis the eczua/ugr/n <

So Yo say The subobject Sng,2) 1430 impwoper s theve fore equiralent o
saying €35 equivalent o JueAXA>A | T} which meawns provability
e = {ue AXAAITE orequivalently ()

Axiom 1 holds < F Vi(uea*= Y{ (“)) n ﬁnev‘ypeﬁoeovy J

whichis whot we expect. S7’m//al//y forthe ofheraxioms. So we howve o
notion of c.podel M of Ab in £ and a natwal notion of a wowphiir
f models in £ (arin Lecture /4) encl henw ctcotfegovy f_@(/l—b/ S )
These clefinifions generalise in sﬂa;“ﬁhfﬁijard way to gene ral Hheonten,
and fo avbitauy fopoi € .

e type theorier in Lombek=S cott ave Juf’fffc(‘emHi/] vich Hnai‘ﬂﬂeg glive rire
immedialely fo fopoc (e .9.they contriin powenetfypes ). Nextare consider
a similar butdiffevent conshuction of sywiuchic cafegovies fom fint-order
logles such o Lab > which only bewme fopoi ovice we peus fo rheaves.



The sy nlachc sife

Next-we describe the c(am’ﬁj Ing o pos /B[ﬁé)/ and the geomehic moyohism
¢ —> ﬁf/%) mcluced by a model ™. (n ﬁ)/hma}e/y Maclcine 4 Moevdi/k's
Hreatment in §X.5 is hopeless :

« The definifion of the Topology on the syntachc sife is weong (avguably
atypo, but it is in o cyucial definition: 8: does not qppecu/./ )

< All theiv definitrons involve 71/101%}9614 V& ovev all fopor £ / Infhe
Philo;ornh;‘cal wnlext of conshuctive matnemat'cs ond foundations, tis
is an embarvassmen]. Nor is the 99 leaf pwvidec| on p. € sufficient.

We thevefore follow Johnstone “ Skelcherof av elephawf”;ﬂ)/.q We vetain the se %hj
of the language L (with X,1,—0) ancl theow Ab  with ifs model M in
the fopos € = T(T), wheve T is aigpeﬁ/\eomd. To the paiir (La, Ab) we
associate ocsite (G, T), the Jl;/l’?ﬁ}tc'}"t SifE, whoite cafegouy ot shecuren

(see Lecturen 6,7,10,11) denoted

B(ab) == shr(g) < Sek®"

(o the n‘ghf uw:'vwal/awpen@ fo be fhe c/anfﬁy/ng fopos of Ab. Tn /Jow/fca/ar
+he geomei\n‘cmomhz'fm e — 75[/‘\—%3 (s wmp)eie[y defeymined by a functor

OC*
(fL’%SLlT(E)_%E

which we will clescnbe in Jyzm'ucz‘fc feomns,



The chwiuch‘c site (E,.T) oF the ﬂﬂeow/ Ab hon for ik o/cy‘ec/j equivalency
dasses of 7@0me7‘vfc formulas. A fovmula of L (which vecall hacl onesovt

X, function symbols 3, — and a wonstany 0 X ) is callecl geometyic accoveling
fo +he &/Iow/’nj recqnive definition -

* The atomic fovmulan t =1t T, L are geomev‘w‘c
- TIF qé/ VY ave 3eomeﬁf1‘c fo are 75/‘% \/ieI ¢£
- If </5 s 3@0VV1€MC then so is dxeX 75 s 3@om<e+w‘c.

A wnlest is afinile lish 2 = (2y--,20) oA distinct vaviables. The emply gonlext
is olllowed amel is denoted [ 1. A formula-in-context is c pair wnw’Jﬁng of

a formulo @ andowwnlext 2 such that FV($)E {22 ] We denole the
paiv by @(x) o {x ¢} We Jagﬁw formulon in conkext {2y, 1n - ¢} and
{4 Yn o (\f/} ave A-equivalent if ¥ can be obtained fom 525 by [PoJJ/'bfy
renaming bound vavablesin @ in the woual way, and ) weplacing evew free
occumvence of 2. in 525 by y,, forl=c<n (vead “A" an v vaviemt o “K" )

Def" The obyjech of U ave A-equivlence dlagren of geomehic formulan-in-conlext
denoted [x. ] A moyphism [8]:[=.¢]— [97%] isem equivalence
closs of 9eomafn\cﬁ)/mafa/) 3 with FV/(3)S 1%y 2y Yom } such thaf

“wemay and do ascume {xy--2-3O1 9y 7m}:55_)

by ¢ AF rsa@S{(wﬂ?:}C—-{"W}X{JW}J
"anothey wow P exprening
BAE[Z(9] Fuye 9=2 T 3 portof Lechue Tp. 2
v 2 Nole y=2 means /\;‘:.75:24‘

o
pr,de 3y =39 392 Y|

The equivalence velation is 3~ 3" iff. Btey2'and 'K, b, and ompesifion is
defined an in Leduve 9 for the fopos of cdype ﬂqeoaﬂ ‘



0,

Rewmavk Here & means onva\oi,ihj or embilmeml'w@asequen}'  con ausfoclaked logl“c/
o debived in Johnstone §DL3 (reealio Caramello “Theones, siten, _)DPQ[‘QA” 5(.2)

which includen the axroms ot the ﬁ/leomj Ab (e9. FX1y=ytX mayapper af ouleonc)_
Tisis similavdo entnilment in Lamhek-Seott with some keg diffevencen :
ot is mudh simpley owimg?o the fuck fint-order logics cve simpler thantype

theovier, and in Jolnstone = involves vilea for infinile diy“unc/fol’l!
(e-9. GPc V. g 5

Example The formula—in-conkext {(Xr y)., x = '3} which delevmines an 09‘@,"
Eof G, should be viewed asthe Jym‘acﬁc antfecedent o-the obJ'ch- in &
which Is the ect\m\l‘xero‘f the fwo anows

™M

> XM————% )<M

o

T, -
X Xt —— XM X

Def™ A banis for the fopology J is guven af an object [2.] where
4= (3'/"')3"”), by those wollechons of anows

{[?] 2] — [u.Y] }:l (lf!=m>
for which ure howe tne following entailment holds -
- Wy () = Vﬂxf,~~f,%:'5(¢é(ai)A 56@315))
=
Theovem The pair (8,T) is asie, and the aswocialed sheaf fopos

B(AY) = Shr(E)

Is acla M/ﬁj/wg 40/90: for Ab.



Moveover the scime conshuckion vovks foy any 7eomez‘yfc theowy , for insfance
the theowy of lineav-ordewn Lin , which avse in Lecture 12 gncl which we w il
revi st next lectuve. The PM)(F# of The Theovem is quite involved and T howe nof

fully understoocl i, so I won't-ty To explain it except elaborate some ot the

detauils in the Pachulaa/ (ase oL he wmoclel (XH, +H - M, 0" ) L Al in 4ne topos E

The univevsa| model  For ﬁ(/‘cb) 1o beacfarff@//)g fopos iz‘mw)fpwffm a univewal
model (U,+, - O) ufiﬂ/ueﬁveoy Ttis (allvanabler of bype X )

= [.7] o+ [xon)T]— [9.T] s [Tx%,9). +(x,%,9) |
— > [xT]— fg.T] is [{%‘J}.—(Xv‘j)]
c [yoy=o]— [>T] s [{x9]. y=0rx=y]

Geometic mpvyphisms  The univenal pwopevly o B(Ab) means the mode)
(X", 4M,0M) in € mwt induce a unique (up 1o isomophiom ) geomehi fuvctor

*

Jl
& > P(Ab)

IS
with £5(U,+,-0) 2 (X7, 47,0™). Datis, anobjecs #5(0)= X"

‘hosulh a woy that all re evawf'claymrm commule . Now consider the cO/VI/JOJ'/l[E

*

e F
G e« Shy(g) =p(A) —> &

This funclor sends formulon —in-context [z. ‘751 1o objedj m E/ which are
Themselves equivalenc clases of fevms. We next consider these oloje cfs
f* [z. 95] inaconcrele eXaWIfa/e) which will also Sewe fo refurn w

Fo the context at the beguming of the falle. (#e. jnvocation of a theovem

about abelian guoups ).



Def® Anelement x in an abeliqn 3wupA is forsion if nx=0 £y some n> |.

Define the following formulon in LAb:

0 v

(I()‘> g \/ nx=0. (wx = m )

n=|

This is ageomeic formula and in the syntactic cafegouny G theve is a movphism

¥
Upy = [4700)] —— [T [=U

wheve ¥ s the geomepc formula T(Y) N X=Y . This is e :ubokjecﬁ (sec Tohnstone
D|~L(-Lf(fv)) in G and thw also in /B(Ab), o G > [E°F Jets | presene)
Jimits, and Sh=(8) js closed under limits.

Theovem Let A be cu abelian qwup, Ao, © X e retof fowion elements. Then
Ao 1 ou"ulogz/ou(:.

e infevnalised vewion oBthis theorem is the statement that in G (hence ia ,@(Ab))

theve exist ymovphisms 7(;,7[; mc«lz/nj the d;’agmms below commuie

¥ xF 0
U—)—ov) X Uty —— UXU 1 U
! AN Y (1.1)
£ t N T
\‘, J %7_ D U-h“o
Ukovs —
b Y U

Remavk  [3:9=03 =T in B(Ab) sine i [2]e TCL=-¢17, 09.9201) #hen
3 is onx/ala\j ectu[v‘aievd‘{'o j‘;O



mevelh’nﬁ fne definitions, the existence o f) is equimlem'r J-o#’m,puovaloili@ (fomn
Yhe axioms of Ab) of the quuemf

T(VJ)ATHD_) ‘_yu‘/z 7(3)"”/7-)‘ (12.!)

SLLC'/IOLPVOO‘? ertob\ishes that [7)] - [{3:,97_’}( .7(%)/\7(‘/2_)] — {37(3)] g;'men

bg ‘|'a\f¢in(j 2 4o be e formulo j =Yty A Tly,) ~Tl92) sakisfesr the Fnt axlom

of amophivm (re- 3+ ¢ N ), cnd is thevefove an anow Join * Ut —2 Utows

ancl it is then immed;ate hat the dl\aamm commules. Nofe hat the pwcﬂé 2 (2. 1)
involves the vules for a‘mﬁ'wf/‘e c{/&jumcﬁ()m- Similav o brevvabivns apply o the other
diagram . Theup;hof s that

o The provabihhy of the theorem “fovion elements form o tubgroup " s e weodled
J J

inthe exislence of fuchovisations £, & in the categow B(AL).

The model of Abin E rncluces f* which rendn there comm mHng cligyams
to wmmuﬁﬂﬂ diacyams r'n E (o £* cendo U o X and prevewen finife
[imiks ) and picksoat e subobjeck Yoo o= F (Vo) = F(V) = sz o in

+

F
G« Shy(g) =p(A) ——> &

tx ¥
Uﬁvn XU*’VW — UX U




Moreover when we unvave| the cafegon’cal shuchure o Us, S U 4, 7B/Ab)
we fee that cn fubo‘ojecb it iraunion (a colimit) of

u#'zm = Umzl [X.VIJL:O]

ond hence  (since 7(% prerewen finike [imits and all colimH-.v)
X:M = JC*( Utow ) - UV\?/\ £ [:{.mx:()l

+"
() Equalier ( XM 1 — X" X =N gl X" >

n>\

which if ure (0ol inside The 9@/76 f’heoy umo{eyly/nj ¢ says what we expec/’
(wronp. (D). Sothe functorial appwach is conspucting the “ight thing ’
from a logfeal pointof view, and the exislence of the fuctorisattons £¥(£,),
7‘3*({1) say precisely Yhat in the Pa{chlar wmodel o Ab within the Jype ﬂ/\emj
($hinke? X as o concrele set ) the tounion elements fovm a Jubg wup.

In summawy , we have vealised the onmzlrecl formalisakion of abshaction via adjunction :

* We pwve a theovem in the Hheow) Ab of cioelion guoups
© We wnshuct an abelian guup in “ek”, re. o model of Ab in £
* This induwns ageomefw‘c oyphIsM f= & — ﬁ(ﬁb) wns/:y’ﬂng o an

adjoimi”pair (10'*, F’F) whose invevse image Pavf jf* - ﬁ("”’) — &

sends that gevieval heovem (ex;om;eo} n Cafegovfcal Tevms) o a

theovem about our pa»/ﬁulaz/ model .



Actually, if ure define the 1’14@0@ TovsAb o have the same language an Ab bult

e addiional axiom T(x) Ve p X = O, Hhen TowAb is geometic ancl
the same conshuchpn producen B(TonAL), and Uswwn€ B(AL) inducs a
9eomea‘w"c movphism j: BlAL) — B (TonAb) with j*(\/ ) = Utous,
whae V| € P(TonAL) is the univewal fowion abelian guoup. So we aducd/j
have tonshucled o chain of adjuyzcﬁbm

£ 9
£ ° BlAb) SE (TouAl) — (141)

¥

Z‘ ‘Jr,k j
asfocial 0$ c thurin o =
w[LerUpe/ﬂneoY/ﬂ) cssifgny opos

obieck are V. * ~ U

) ’ el equIV (\/) %
objedty are equiv. closren o qeometvic j
cdlaser of closed

‘f‘D/muLO/)
tovms (1.0.Creh")

wheve the functow Ua*/ ‘j* telee objech (formulon ) and Cincavnate " Hhem
i The ﬁ'a\nad' \C{V\ij\aﬂe. T the cape o )[7* we view £ and ib @pe ﬁieovy an
being move expreasive and Low-level, and the fint-ovder theowy Ab and B(AL)
o being a reshicted and move abbshack domain of mathematical kvowledge .

At lecnt for geomehvic theonien, classifying fopoc and geomepic movphisms

(whore left adj'omf pavk have a sﬁong algoyiﬂ)mfcc//lamclfr) seem fo be an
effective means of fmrmalfsing abshachion on avelation hetweein Iog)'cs. U’HmaJ—eB
this is o formalisation o abshaction in Yevms of addfoz'/)f',pafn.

A related but dishinct wncepk is Mal o a monad. However monads are c
wavsev notion than adfunchons, and atleant fronn the fopos —theoretic

perpective fuere is no veason Jo believe in a fundamental onnection befween

monads and abshackon.




To make this point toncredely, wonsicler the moneds and comonads avising
nocurelly fom (14 1)
Me =L f ls.1)
F* () 9
G-91G € BlAb) < B (Towab) Dty =509
fu U Jx
C. =q*
SIS AN
TANAS
where C indicabes amoncd (o3, Cp = —> F 4T =CeCe ) 4,0
M a monad. Nowy the deep connections between hr‘gher—order [ogic and Fopoc
(0w developed i Loumbelr- Seotf and e xposited in Lecture 9 of this fewu'l/?an/)
together with fhe deep theovems about the existence of c(am@mg hlpoi ancl
heir S‘jvﬁ‘ad-ic onshuchon (sketched atleast inone examplethis lectyre)
means (i1 seems o we) that any credible 3ewem' SvLomj fvrmalf'ﬂnﬂ ahshaction

inteyms o wonads houw to 3mPPIe with the simple example prerented b ove -

T Ab TonAb (1. 2)

wheve T is a typetheony (higher-order logic) vich enough o contain a mode]
oA Ab  (whidh it C[Ofdj) an won owt heu a noturad viumben olo\}\acjr )} and since
Z, /‘B(F\\o)) )3(7‘009/\\03 are conshuctec out of the Sﬁlﬂ*ﬂx) any monadic
picture of (15.2) muat intermct withe (1H-1) in some way (e.3.theonly
ohviows way o ombine “monad" and “l’\f‘ghev—o\rcler logfc“ s (w) monad on T,

a1 in Mogge's oviginal papcrjj and the only obviows candidates are 1he

() monads in (1S.1). But these obviono candidales contain less information

than (IHJ)I e wi/)exp/aih.



For coal‘jelova/) over a omoncd ree Maclone £ HoerclU'VL (heviceforth [MM] )
Ch.V. Seckon &. Given e monad (womonad ) T on a COd'CCJm/j G e wovile
7 for the categow of algelbron Cwq\gelom/JB ovee T and &1 for the ccd-eao\/j

of free (cofre) algebron (o alaebva/)) Often & iscalled e Eilenloerg-[Moore
CQ‘regoV«J o (8T) and GT the Kleisli cafo@ovj . By Puop.4.2.| of Bovceux's
“Hand book mﬂca’regonca\ alaeme” any adjoint pair giving vise o T, which

let wanow fix to be a Lomonad, say

(.

T=L-R

—— X
R

induwn a pair ot I, K makingthe diagram

K T -
CTé/ZEéC

N A

RE

wmube up to natwal isomovphism wheve U,V ave forgetful functow, with JoK
the 'ﬁ&“ﬂ Fthful incluwion CT =€ 7 and J s flh while K is full and faithfud.
Inthe situcdion of (1521) Fhis means that we have a diagaum (gef T= Ce)

K T -
S — BlAL) —— ¢

I
Y

3



anc the information d‘e ‘ﬂf\egeomehf?c movphism jC ts recoveyalble from
the paiv (E/T) (re. “he monadic stowy gbout abskadion subsumes the
adjuncfion erthj”) it andonly if either Tt =B(Ab) or B(Ab)= e
Noco \o\j [MM) Levmma\/!l.3] we ave

)E(Ab): &roor ﬁ(/\b)=£T = f* is fuithful  (on U is feithhul )

= foreach E € B(AL) the map
Sub(E) — Sub( $F¥E ) is injective |

Now n /3(/*‘”) we have he PVOPerJu‘ooleecf Ut, == U (3@ non-tonion
groups exist? ) but if the model X ' i & happens 1o hewe X:OV, = X" (-For

example if the fype theow how anatuval numben oloject and M= Z/uz )
Then jC*U7LDV) = X = X 2 £FU 50 the map

Sub( L) — Sub( X™)

is ot injechive | hence ]C*(X_YLQ'IL fuitnduel and so P (AL FET, B(AL) el

In thisprecire sense the cl)aqmmo-f ac(j'umcﬁom (14.1) cannct be vecovered
fom (w)monads alone .

Since adjunctions have (viathe theow of clasiying Fopoi ) a stong claim +o

the role of “orgami:/ng mathematical hmowleclgg Y ca’regon‘callg) #his wountev-example

raisen doubt albout any funclamental connection between ymonads and ol cha chion.
Instead , the 2-cafeqow of Guothendieck fopoc, an developed in Johnstone 's
“Jredchen of aneleph ant"” and Cavamel/lo's //Weow'e/;, Siten, o pores " seewmns hike

e “comect” realisation of the unde://y/nﬁ idecun (pevhapr even in the
)Dvogmmww'ry context discusred by /1oggc ]



