The CuwTHo ward com%poma’emca s /g{})zou?

Tn the fisHalk we discussed the ovevall aim of #he seminar, which rs fo
unclevatand some aofaea/z of the theow of 1opoc. One o the hings which
wiaker is Jubj'e(} infeverting is that i# has connections fo logic (e-g. classifying
fopou of fint-order theovies, uhich ave/qgi‘ca/com cepf ) and also +he Hieow of
wmpufuﬁbn . The puvpose d{ﬁdayﬁv falk is o c/cw@ what this wo rd (’wzm/am/uh‘on "
means and. explain why cateqones natuvally appear inthe theowy of co mputation.
The appvoach will be o bif idiosyncrat'c, sinc in pveparing 1his falk. Ifouncl that

the shumgeofazrgumen/ I can give for why you ought fo care about computation
isfo exploin how T cameto care. Jo, MM/

What is aﬁmcﬁan?

. Kids leavn : afunchion is o vule :u—axz/ ccomain N and ange N

. CWDWV\MPS know befler : Q74/1V16f7‘on N— IN /s a subset FeNxNs.L
Vxeﬂ\l( E\jen\l ( ()€ G A Vj'eN< (1/3')65\%7’_7‘>>>

+ The kids ave vfghf - f = G EN>N \ J =x* | The formula
F 1 Y=2" determinmthe function £ Tn o general rense the
ff(,ompv\bdn‘onak” outlook on mathemorhics distinguisher F feom £
and emphonies the former -

« F i imph\crf and 74)’)/}6,

]C (s explfc]f and infinife.
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Tosee what this hanto do with er)PWLa'J’[OV)/ lef un onsider fwo funclions
Ju
N SN — T LN
f=)==* g(y)=y°
f:{(p(,y)eﬂ\lzf:j%'tz} 9 ={(v,%)G/I\JZ/ Z=y?}
J 7/
coll this I call thic &
The sel-theovetic definifion of function composifion is
gof = J(2)e N? l FyeN( ) ef A (92)€9 ) }
= { (1/2—)€|N2 \ E]jen\]( y=x*N z =97 ) }
) noke e
bstution

= { (2) e | FyeN(y=x>A 2= (=) ) |
= { (’f/%)éml \ £=1G}

* This example illushales the gememi point : s many copes There is mathematcol
olo]ed (fovmula, algovithm, pwgrew, .- ) anlerior to fundhions, and
Fheve is a pwocens (computation,reuviting, reductionte novmalform, .- )
whichis anderiordo funchion composition. The theow a}ﬂwmpufaﬁon Is
the study of these anfevior objech andl procerel).

- We will develop s iclea more SchJ-PVVl aﬁ‘(a/!j whing - calculun cnd categovien

a(govﬂ’hmsg veduction fﬁmc‘ﬁ'ons £
oom]oo_r/'ﬁbl/\



/‘/\'CC{‘CMlMS (aceg Lavmb)ek, Seoff ”IerWdu&cHon "f-o l/\ll;rjl/\ercrdgr )
cofegomcal 1081 < p72

The A-calculun (cuedo Chuvch ) s one way Of{oyma]l‘sl'ﬂ\g the conpt
of on algori?%m . We only have Fme for aveny lovief-tveatment, butsee the

ga\/l,'grjemfi’[e”Ofﬁfffem"”mv ( http://therisingsea.org/post/seminar—ch/) ’ﬁ7ra move.

dedai lecl inhoduction .

The simply—typed A-calculun is conchucted from aset 2., of atomic typen
Thesefof typer and prefevms js lefined by - for emply puactuct

@}2% {f 47T ave types soare 3— T, 3xT. Thew /‘;ajlpec/a/@/be 1.

P\reTevms « for each fype 3 there is an in-(-mil-&&efoé vaviabler Vz
o fype 3, wmle x:2 fov x€Vy

. 7£M:g_»7/z\l'-3 ave PvﬁJFeva hen (M N)ijfsapvfe+€/vm

-t MT5a Pre\‘evm andk 3 oxuavialole) (Ax. M) 27
[ s bouncl in M

s & preterm. we sy X
it MExT Fvﬁevm, T M2, To™M-T ave Pm+evmy
M3, NG T avepvﬁevnm then LMyN D = 3xT isr o FVE‘\‘E\{M,

Note  Thure is ox;/)ec(al vaviable % - 1 and all othevterms G‘#ﬁﬁp{i
ave identified with it
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ferns  + adem is an equim\emm clous Ue Puejrevms, under o -eguivalene

—

(AxM) =« (?\j.M[1==a]> 53]

Creplqua occuwwuz/m-,[ x by
where evew occunwena d‘ffj in ™ is bound ((~e.m‘\4’LLJcoPe o—{“ }j ;
We also cloge ~« under “onfexts"ve. (N (Ax.™M)) =« (N (Ay-”Z"’:ﬂD
and 5o on, ﬁravbf)ﬂ’avy /\Mﬁngj o‘}g @ . hom now o — MuUoms — oK

UEJhOb rn (’/\xH> W /‘demﬁ'/y d% (rf ! I's /ms/evosz, 01/19

1he pa#em o-ﬂ occu Mence) .

One —erep lﬁ—mducﬁon 's a relation on Terms jemevv&c& loy

(O=M)IN) > M[x=N]
collack
fredee TS LM, N > M

T <M, N N

Dfﬁ'ﬂ A N\ -ferm is normod o i+ contains no ﬁ—v&c}exw.

Theovem  Staking from any A-fevm I, any sequence o choiws of. £ -redexe
Joveduce Tevminates in o novmal fovm ((shong novmaliration )

and 1hat novm a/fﬁrnﬂ /s /mde/)emcfeﬂlémff%g choreen [com[/u@mz)_

T My~ My =2 o0 M the novmal foum

M:Mo “
. RS
M‘ ’\/\"‘)Ml f'\-/\—) < e ) ’ ?{
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l/gshot A N-Tevmn is an g_lggmj”m_m and ﬁzmowo%ion v compuUtation.

Det” =¢ is the eqmmfema relochon on fevms generoded by ~p.
To make the connmection fothe eavlier examp(e/ suppose we howve aJpecia(
type N anel constants (specialterns) n:IN for ne N, avd o mulh'plicohion
M- NN -—N (which again aSP€c1\al+€Vm)_777@n
F o= (A (p Laz>)) N — N (reall £(x)=27)
4 = (" (/A < (m<97), y>)) N — N (el glv<y )

The (((o]ugcjlmf]“ 0'1@ ? and F T3

’ﬂ’ll‘ﬁiswwj

(=" (9 (7))~ (12.(5 (p <zz>)) &

W
notion mposiHon ov
?luaainaofﬁliﬁfew’m ~p (A2 (/< (M< (), (nca2) >>/

(pr Z2>) > ))

—~o ( N2 g:>\ enwdid appwlm‘q{e(% anck
o~ ' wHAN some Uk donel" awamg,ewllﬂf
Otffociokﬁvl'*y cr]f%/k,x Is a‘—\o-j,\lj and byackehs
a “speciol” velation oA
A Rind refevreddp intia Noke belowo

Nok Thewe mag be O‘HAGV wm}am%} Teum {:ormmg apevaﬁons amoL
CG{L(CH‘TOI’)S on ‘f"eWT)S fnf%zjyﬂemj so Hhewve aye In 7%1C/LW’IC!V)7 »—(G/CM [z".
The 0ne without ”anyexfrw)” is called puve A-caleulun




U e define

C(m, 1N> = gclmec(?\—f‘evmscﬂg%ype NHN}/zﬁ

then P(mgg[%g of ) ~fermsinduws a (,ompou’ﬁon

¢ GIN,N)=C(N,N) > E(N, M)
([@;ﬂ;) — s [(=. (57 z)))]ﬁ

- [ ],

which more 9enemwj defines compo sition in the categowy & of fyper (=object:)
and closed Tevms (—: momh:'sms) n 5/'m/D/y—/7j/]edl //)—-(a/c(/l/(/w. Thix cafegoy

55 The /Jw'nc//ﬂ/ec( way o mwabﬁmg functions e.q. 9 im’)’f/wdh‘cxgjmm
([£7,)

G, IN) > T+ IN)
Ul Ul
N g > N 3(3:)‘:)(3

4o algow’mm;} ‘nthis caneFhe fevm G in A—calalan. This S{V@ an
QXp)l'cffrcomLeXTl in which algorf'f”l/vms ave anterior hﬁwc%bm/ and.
antevior to function wmpog;-)—fon s he ?vocxzofcrf “pluggfng andthen
reclucing o novmal form .

UEJhof Theve is move shwictuve i N-caleulun than in Wca;t@gov\f/ 'S
This cliffevence s what-1he theow uy_ﬂc@m/pufa#’om ir about/
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LS| This conshuchion ascociales a Cavtesion clpredl categony C( ) 4o

qvnj /\—calculuﬁ (5€J and all CCCs qvise ﬂ/u\r wcud .

Theovem (Lambek-fcoﬂ.) There is an equ\[\fa[eV\(,O_ Of CanQgOVl(Q/J

categow of types omd Tevms
C _
- cL=1
N-Calc Covtny LC=1
\___/
T cafegovq of The cakgow O-E
A-calculc and L cakenian dosed
Fromsladions, irfrevnal lanquage Cofeqovien witln
wih vadfuvud weak natuval numbe v
numben objed' O(lijec’r and. cavfesian

closec functovs gres - IN.

In lfﬁhjrr/fow previous dircwosion , one ml‘gh’mm\,] . A-calculus pww‘o@w a
memfuthA enichment L(T) ﬁfcmy Callesian closed mfegoy J.

To summavire - 1he fheouy d}”&ompw%cﬁbn irabout algoithms andl plugging.
Cafegoby Mvemﬂ is an abshact Theony of funchions ancl Lompos/#ron.
Sinw algovithms defermine funchons, i+is natural thot pavt
e shancture of oompbzﬁfﬁam ccin be Ozfganifeol w2ing ca}egcwj
Fheowy. But-this is the [%(Dn}’)ﬁ U]aq;/z‘_/

/‘/\/Dne/%e/@f cateqony Theows is vewus
uretud , an a souree of concep® which

can he wecl o organive the more mysteipw)
anfeviov wor el Uf afgozfﬁ%ms.



BHK]

Accorolmg o Stomford's plm‘}o;op)vj encajclo]peolfa (#eethe enhy on the
c!ewlopmemfaf :n%uz/’for)/‘;r#c"/{)gfc) +he standlard. exp)amm'iom o intuifronmvh'c
Jogic Jroday is the BHK  (Brouwer- Heﬁ‘ng—l@{mogomv) infevpretation:

- A on(fec]g//} NI given loy p\/*e/)ewh'nq a Fm&@o{ A and o PUOU1ﬂ—01Q 3

A pvovﬁ o AV isjimem ]031 pn%et/\ﬁ'ng either a PVOU‘IZ of Aor o
ond'f-o‘\e B.

* A Pwqu o A—B is o conshucton winch ]oeym/;é woto bramrform
any PUOU?Q o A infpa ,PI/Ode'fOB_

To appveciate the h/utly wdical nofure B /s /a/)}/pomfj i+ 15 ureful 1o
know that theve are, in generad, prodfs of A—>B which give vire fo
diffevent frans formations of pwdfs of A my‘v/pbOa% of B. The wompatuhionod
Fevj/geo‘iue on intuifionistic /ogfc de-emphcunires The qu estion of whether
A— B s pwvable and emphavices the shucture of #he colleckon of
pl/odf! (\z/ewed ) meﬁfma%m, d‘f/a uocff% info other onoﬂr)

This poini of view is macle precie by e Cuwy~Howavc( comespondents .




| CH | framoredetailed discussion of the Cuny-Howaid cowerponden
with defailed referenen see lont remeoter's lecture noten at
( http://therisingsea.org/post/seminar—ch/)' We 0)’\'3 hawve fime 7%/0 Séﬁjth . The

(/om%pondewaz relajes intuitipnishc Ioc]fc and A-calcalwn . Tor :/’mP(fc?y

we condider onlj The — connective omtihe logica\s(‘de (#0 et N\, V)
and the A—calculus side (fo not X).

— Tuduitionishe loglc (move precisely , naturak dec\udioy\) hews
propesitional veriables p,q,1,... andformulaes ¥ &, bult from
Thare vavigbles up{r)3 —, e-9. (]3“) C])ﬁ( eI%P> i A Jegruem’r v

j["f -y x., 70‘1*_%

l).

wheve iu 7, ave joma labels wed o dishinguish multiple copien
c/f mﬁ)/mu’a. Reacl ﬂfu}equenjra/): ’{;om hypothusen jo'/-— NN
may cleclue ¥ /4/_9_1/_03? of o sequent is ade vvatton o it from

axioms via deducionvwlesn
T} X - UD - jD (/4)(('0}’)’))7/‘ Oq(/[m{}lmy)

T, 2:F }_\//C—?I) T+F=F 7'1”]0(45)

TEr =7 T =7

N wmodw ponens

Ue icle nh’@ ono% tat cve “X - equ,‘m/enf”~

Theorem (vaj 58, Howard ’6‘7) For any ﬁrmw/a/@/ve Y Theve /s a
bijection between pwcyﬁ o +F and clored Mdevms of Fype r




Technically his is vew shallow, but # is nonethelear impovtant, as ¥t gives a

Aoundaton o BHK (prod as programs /algorthms ) handformedions ) gnd

%eveby has W/Doﬁ‘cn'h'a/ Fo move wmpmf‘&dim fomthe Peﬁploery a;/a, mathematician's
worldview ( “T don ?L(OVEaboaf/bijWU //) Jo somewhere near the contev- (“o[,\)
buf evew imuifonishe Jovo#fx an example d}DoLP vogvam. .. ") This happened o me .

Conclusion

Tnhuitionishic logic

Lormulay, proofs

proofs ar pograms | = BHK, CH

A~ calclun

Fypes, Feumspugrams

extact fundions LS

2

Cavenion cloged cajregom‘@

o\ﬂ'ech, moyphisms



