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The Curry - Howard correspondence 13131 wise

In the first talk we discussed the overall aim of the seminar
,

which is to

understand some aspects of the theory of topod .

One of the things which

makes this subject interesting is that it has connections toLogic ( e. g. classifying

topoi of first . order theories
,

which are logical concepts ) and also the theory of
computation .

the purpose of today 's talk is to clarity what this word " computation
"

means and explain why categories naturally appear in the theory of computation .

the approach will be a bit idiosyncratic ,
since in preparing this talk I found that

the strongest argument  I can give for why yod ought to care about computation
is to explain how I came to care

.

So
,

YMMV
.

What is a function ?

• Kids learn : a function is a # xtx2
,

a domain IN and range IN
.

• Grownups know better : a function IN → IN is a subset f E IN × N sit
.

FXEN ( ZYEN ( ( x.DE a ^ Hy
' em ( ( x

, y
' ) e a ⇒ y=y

' ) ) )

• The kids are right : f = { GGDEN × IN \ y=x2 }
.

The firma

F : y=x2 determines the function
f.

In a general sense the
" computational

"

outlook on mathematics distinguishes F from f

and emphasises the former :

• F is implicit and finite ,

• f is explicit and infinite
.
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To see what this has to do with computation,
let as consider two functions

f g
IN - IN - IN

f ( x ) =x2 g ( y ) = y
3

f = { ( x ,y)eN2|y=x2 } g = { (y
,⇒ e IN

2

/ z  = y3 }
J T

call this F call this S

the set - theoretic definition of function composition is

g of  = { ( x
, z ) e IN | F yen ( ( x , Def ^ ( y ,

⇒ Eg ) }

= { ( x
, ⇒ e IN | FYEN ( Y

= 't ^ Z  = Y3 ) }
z non the

= { ( xiz ) e IN I Fye IN ( y =xz^ z  = ( ⇒
3

) }
substitution

= { ( x
, ⇒ e IN | z = x6 }

• this example illustrates the general point : in many cases there is a mathematical

object ( formula
, algorithm , program ,

.
. . ) anleriortofunct.cc

,
and

there is a process ( computation , rewriting ,
reduction to normal form ,

.
.

. )
which is anterior to function composition .

the theory of computation is

the study of these anterior objects and processes .

• We will develop this idea more systematically using 7g
- calculus and categories .

T
algorithms & reduction functions &

composition
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7- calculus ( see Lambek ,
Scott ' '

Introduction To higher order )
!3!

categorical logic
" p-72

The 7- calculus ( due to Church ) is one way of formalising the concept
of an algorithm . We only have time for a very brief treatment , but teethe

earlier semester of this seminar ( ) for a more

detailed introduction .

The simply - typed 7- calculus is constructed from a set [ of atomictypes .

The set of types and pre terms is defined by :

for  

emptypywduct

types if 4J are types so are 2. → J
,

ZXT
.

There is a special type 1
.

preterm . for each type 8 there is an infinite set of vaniabl Vz

of type 8
,

write x :3 for xEV6
.

• if M : 6 → J
,

N :3 are preterm s then ( MN ) : J is a preterm

•  if M : J is a preterm and x : 8 is a variable
,

( Xx;M ) :3 + J

is a preterm .

weslay x is bound in M

• if M :b ×J is a preterm ,
Tim :b

, TKM
'

- J are preterm s

. if M : 8
,

N
'

- J are pvetevms then < M ,
N > : 8×J is a preterm .

Not There is a special variable * : 1 and all other terms of type 1

are identified with it
.
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terms • a term is an equivalence class of pielevms ,
under

dequivalenafxx
.

M )

=x
( Ay .

M[ x :  = y ] ) to

^(

replace occurrences of x by y
where every ogcuwenuofyin M is bound ( i. e.  in the scope of a Ty )

.

We also close ~x under ' ' contexts
"

i. e . ( N ( Ax . M ) ) =x ( N Hy .

MLX :  =D ) )
and soon

,
for arbitrary nesting , of to

.
From now on = means =x

.

Upshot in ( Xx .
M ) the identity of "

x
"

is irrelevant
, only

the pattern of occurrences
.

One - step f- reduction is a relation on terms generated by

and
+

( ( ×× 'M ) N ) -
p M[ x :  = N ]

fredtxs 7
I ,< M , N > - p M

\
t< M ,

N > - p N

Def A A - term is normal if  it contains no fredexes .

theorem Starting from any 7 - term M
, any sequence of choices of p - nedexes

to reduce terminates in a normal form ( strong normalisation )

and that normal form is independent of the choices ( confluence )
.

M ,
- > Mz - )  . .  -  - Mk

" " 05mi
- n :-, ...  

_€anEYYom
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Upshot A X - term is an algorithm and p - reduction is computation .

DEI =p is the equivalence relation on terms generated by msp .

To make the connection to the earlier example
, suppose we have a special

type IN and constants ( special terms ) n
'

 
- IN for new

,
and a multiplication

µ
: Nx IN → IN ( which is again a special term )

.

Then

F

:-(
7xM ( µ < x. xD ) : IN → IN ( recall f ( x ) =x2 )

9 := ( gym.

( n < ( µ < y ,y > )
, y > D: IN → IN ( recall glyky 3)

The
"

plugging
" off and F is

this is  my y
.

( XZN
.

( 9 ( F z ) ) ) xp ( Az
.

( S ( µ cz
, z > ) ) )

TO

.
notion of composition or

plugging off . terms
→

p ( 7 Z . ( µ ( ( µ < ( ncziz > )
, ( mcz ,⇒ ) > )

,

( n czi⇒ ) ) ))

~ > ( Az
.

ZTT encoded appropriately ,
and

-
with some " standard

"

arrangement
associability of µ is ofµ 's and brackets
a "

special
" relation of

the kind vetewedto  in the Nok below

Note There maybe other constant
,

term forming operations and

equations on terms in the system ,
so there are in fact many Atari

.

The one without "

any extras
"

is called pure X - calculus
.
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If we define

E ( IN
,

IN ) :  = { clued t terms of type IN → IN ) / =p

then plugging of 7- terms induces a composition

c : 8 ( IN
,

IN ) × TIN , IN ) - 8( IN
,

IN )
( [ S ?,

[ FIP) 1- [ ( at . ( s I F z ) ) ) ]
p

= [ ( Xz .z6 ) ]p

which more generally defines composition in the category E of types F objects)
and closed terms f- mophisms ) in simply - typed 7 - calculus

.
This category

is the principled way of associating functions ,
e. g. g in the diagram

c( [ S ]
,

- )
Colt ,

IN ) - a *
,

IN )
UI UI

IN g- IN
g ( x ) =x3

to algorithms ,
in this case the term 9 in X - calculus

. This gives an

explicit context in which algorithms are anterior to functions ,
and

anterior to function composition is the process of "

plugging and then

reducing
to normal form "

.

Upshot There is more structure in 7- calculus Man in the category 8
.

This difference is what the theory of computation is about !
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( Ccc )

LS Misconstruction associates acavtesiandosedcalegoy CCL ) to
.

any 7- calculus Randall Cccsarisethisway :

Then ( Lambek . Scott
.
)

Thereisanequivalenaof

categories

categoyoftypesandtevms
C

-
CLEI

XD

Catt
,N

LC±1

Thecategongof
- Thecategomof

X . calculi and L cavtesiandosed

translations ,
internallanguage categories with

with natural weaknatuvalnumbeb
numbers object objectandcavtsian

closedfunctobpves . IN
.

Inlightofour previous discussion
, onemightsay :X - calculus provides a

computational enrichment 4J ) foranycanesiandosedcategoiyj.

To summarise : thetheoyofwmputationisabout algorithms and plugging .

Categouytheoyisanabstracttheoyof functions and composition .

since algorithms determine functions
,

itisnaturalthatpartofthestmctureofoomputationcanbeorganisedusingcakgouy

theory .

Butthisisthe "

boring
"

part !

(^
Nonetheless categontheooyisveuy

useful
, asasouruof concepts which

canbeusedtoorganisethemore mysterious
anterior would of algorithms .
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BHK

According to Stanford 's philosophy encyclopedia ( see the entry on the

development of intuitionis tic '

logic ) the standard explanation of intuition is tic

logic today is the BHK ( Brouwer - Heyting - Kolmogoov ) interpretation :

• A proof of A ^ B is given by presenting a proof of A and a proof of B

. A pwof of Ax B is given by presenting either a proof of A or a

proof of B
.

• A pwof of A  → B is a construction which permits as to transform

any proof of A into a proof of B
.

To appreciate the truly radical nature of this last point ,
it  is useful to

know that there are
,

in general , proofs of A  → B which give rise to

different transformations of proofs of A into proofs of B
.

the computational

perspective on intuition is tic logic de . emphasises the question of whether

A  → B ispwvable and emphasises the structure of the collection of

proofs ( viewed as transformations
.

of proofs into other proofs )
.

This point of view is made precise by the Cuny - Howard correspondence .
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CH For a more detailed discussion of the Cuny - Howard correspondence

qithdetailed references seg
.

last semester 's lecture holes at

We only have time for a sketch
.

The

correspondence relates intuition istic logic and A- calculus
.

For simplicity
we consider only the → connective on the logical side ( to not ^

,
x )

and the X - calculus side ( so not x )
.

- Intuitionist 'c logic ( more precisely ,
natural deduction ) has

propositional variables p , q ,
r

,
. . . and formulas Y

,
¢

,
... built from

these variables using →
,

e. g. ( P  → 9) → ( 9 → P )
.

A sequent is

xi :S
, , . . .

,
Xn :L t X

where the xi are some labels
,

used to distinguish multiple copies

of a formula .
Read the sequent as : from hypotheses I . . ,Yn we

may deduce 4. A puff of a sequent is a derivation of it from

axioms via deduction rules

T
,

x : Y t T ( Axiom ,T arbitrary )

T
,

x : 9 t 4 T t T → Y TH
- ( → ⇒ -

( → E)
T : T - Y T tt

h modus ponens

We identify proofs that are
"

X - equivalent
"

.

Neun ( Carry
'

58
,

Howard'

69 ) For any formula Hype Y there is a

bijection between pioof of + T and closed 7- terms of type I
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Technically this is very shallow
,

but it is nonetheless important,
as it gives a

foundation to BHK (pwohas programs / algorithms / transformations ) and

thereby has the potential to more computation from the periphery of a mathematician 's

worldview ( " I don't care about programs
" ) to somewhere near the center ( " Oh

,

but every intuition isticpwofis an example of a program . . .

" )
.

This happened to me
.

Conclusion

{
Intuitionist logic

formulas , proofs }
proofs as programs |± BHK

,
CH

{
7- calculus

types , temslpwgrams
)

extract functions ↳ LS

{
Cartesian closed categories

object ,
mophisms

}


