Higher-order bgic & topoc T o
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Tn Fhis fall we make the connection betueen I/ijl/)er—order /Oyff (HoL )
and fopo i, by com}mcﬁng afopos am%#any suuch logic.. The referenas are :

[l] Mac Lane 4 Moerdijr, “Sheares /nyeome@ and logic !
[2] Lambek & Scoft “ Tnhoduchiono hzgher—oro/erca/égon'ca/ logic !

To beam with we follow [2, $T.1] except that our fype theovies cmcl fopoc
dlo yiof V)eCQ.UC/l/ﬂj contain a natuval numbeix o\bjeu(- As we will s, what we
ach/\allj )Dvoduca out of mLy/;e Fheowy (whiclfm is synonymous v ws w ith HO Z_)

s an eiemm%avy fopos i the sense of Will’s previvus 7alk. By The main
theovem of hisfalk , evewy e/emem'my fopos (s afopos.

Det™ A fype theow is ﬁr'vem bﬁ Me ﬁ//owmg dofa :

(4) aclags d[i}t,&f /flC/Mc//'ﬂj specfa/ +y}9es 1T, 5 (think of gL aﬂﬁ;}ype
(k) a class of ferms o each type, including wwm'ab/ymayy #Pw}’“’ ons )
vaviables of ecch fype

() £p, eaich finite set X o vaviables a bin aw re lafion X of entailmens
befween Terms of fype S L all free vaviables of whichowe elementr o X

Thesedata are s loj'echb +he 7€//Dwiy7_9 condihons -

(@) TF A Bar Fypes so ave AxB anc PA .



(0) Asjn A-caleulun, we £t ofefv'nepvefevms and then feyms ave
o - equivalente clascen of preferms ( this is lef? impliciFin [2] )

There is o prescvi bed set of. basic /pneferm: which include (butave
nof//}m/%?clv%) the vaviables, ¥ o fype X and Tand L of +ype JL
There is o set of fesm formation operations whichinclude ( bouf-are
nof limifecl 4o ) the ﬁ//ow;'mj. We Wln'f{

f/ :A 74)( “f[:a meeym#@pe/qn

(6)) If a:A and b:B then <ab>: A*B

(+2) If a:A and X PA fhen aeot L

(63) If ¥:JL ane x 1’5avaw~ab)edﬂ@pe /]/ Then Z(JCGA ‘f} PA

(b4) If p: S and @fﬂ, then pra-Jl,, pvg:J2 am(p#risjl_

(b5) Tf $: L and x 75 avaviable of Fype A, then \f(xeA)f L, F(eA) P SL.

Finally, +he clogs of prefeyms isfreely gememfed Fom the banic vafeyms by the
feum formation vules, or move Pmec/'fel(j . Jet Jo be the banic pvefevms, and

Jiri the setot peterms whith gre eithev in T or can be fovmed from Pwv_’rewm
in T; by a fevm foumation aale Then +he set- T of prefevms is U, . Je.

To cach preferm £ we ascociale a finike set FV(E) of free variables in e woual
woy , with FV(x) =42y s jsquaiable, Fv ()= FV(1)=FV(T)= 95
and FV deﬁmed ’.V‘CLMCHVQ\j by [ e arrumie any oTher
beuic fevms hawe no

: Fv(<a,b>):FV(q)uF\/(b) freevavdables |
. Fv(aex)=FV(a)vFV(«)
CFv({xea|9}) =FvIrI NI}



. FV(prg)=FV(pve) =FVv(p=>9 ) =FV(p)vF\(¢ )

c FV( YxemF)=FV[ FeA)Y) = FV($)\ 1Y,

QU an occuwe N O‘E qvavfa‘o,e X in OLTQVM t we mean an xx w‘/\iC’/\ 18 VlDl'

{xen ¥t V(eN)F, J(xeA)? ()
- = =

An occunena Oﬁ x is free or bound. ac(,orc(l‘ng"b Hie cvual VUL\Q/ wheve
the Yhvea tevm formation wilea tn (¥) ave firore which “capture vaiiableo.

Def" Thevelation =« on the ref J of pretevms s thesmallest equivalente
relotion with fiie pvopeu)-y that it is clored under all term fomaation vules,

5 in Pavﬁcu\ar

- if s=«t then s t have the Same%y/;e

- if a=ac and b=ab’ then <qy\0>=d<ql/ Io'>

il a =« and ]2=o<ﬁ"1’ben ae{s)-’—x Q)C—Zrél

4 P =a¥ dnen [xeA|PY=x{zenl¥'].

if pe«pland g=aq then pAT= NG, pug=epvy
and p=q =« p'= ¢

e T:&T/ Then \(/)(GABD = vXC-FrjO,C(V\d axeprtf:‘*;(xe/x\f./

_.. cfd overleaf. ..



and such that

+ Hor any paiv =,y dﬁPVO\ViO\UQﬂU‘E"‘}jPQ N ond T JL

£ veplaw al(free occuwewmyyx by Y
{QCGAITE:O( {SGA‘ jD[fj/x]}
V(xeA)T =« Y (ye D) Flylx]

A (xe )Y =« T(yeA) P[y]+)

on\/ic\ec}» that no free occuwence UP = appear in J insuch a way
Hhat Y in Yhott pos ifion would be bound .

A ferm s an d-equivalence closs o;D}ovefeva. Tevms of +ype J2, ave called foumulas .
We inhaclua the follbwing shorthand notadion for tevms

_1\9 means p= L (FJZ>
f<=><7/ v eans (P——ﬁ%)/\(%ﬁ f) (P,%-’Q)
Leibniz
ec(\m\'ﬂj o a=a’ meons \f (U\G P/\)(qe U< Ot'eLL> (q/al : A)

{oﬂ; means %xeA \ azx} (o A)
! (zeA)F  means a(xleA)({ieAH’}:{x'})

OCSﬁ means \7Z(JLC~A>(DC€9($JCC‘/E> (cﬁﬂ?/\)



®

(<) Entailment is aref E oL fuples (P, , X) where 9,9 ave Jerms Of%ype J),
and. X is afinile sef of vaviables (pom'lo/y am]ofy) and FV (P)< X, FV(3)EX.
We wiile P X 9 for (p ‘Z,XB € T . These tuples Sqﬁ”r@f%eq%//ow)\n\g

mles :

(<) Shuctuval wiles

(cl-l) . P f—x F

(d-2) - P59 95" Afwsmeansif (7,9,%), (1,7 x)e &
P then alo (P/QX\QE.

(c1-3) - P Fx 9

\__
P XU{ﬂ cf/ VEPIQC(Wﬂ ovﬂy freg occunwenn U‘@\_‘/

(cl-4) -« 9 f'xuggyy where Y is avavable (iFmay be alveady in X))
T[blj] }}Y[H‘J] bis o term o H e Jameﬁjpe sd. FV(k) € X and we may

assume by &~ equiv ) Hhaat no free occumenca
P avavable n b bewomey bound in f[loly—] )V’fb]tﬂ .

(c2) Logica\ vulen

(c2-1) o Pt;‘/‘) 1 &P
(c2:2) - rpng . ricp and v Q

(02*33 o qu’ F € ;{'»f. Fl—x\/‘ and Zl’x(‘



0,

(28) = pqg=r it PAG (onc[ Tha=" & 0{]—;r>
(Q“S) * Pf_x \v‘(yeB)“P '\Ff. P*_XU{LJ}VJ rﬁarexamp)ef
PEx P
(@6) »  FeB)Y kp H Yo P TT  Thp=>p
Tr<p=Pp
We unile + for }? and P for TGF AN l—xf_]

Cc3> E)dmlogica( axioms

(c3-) * Compvehension: fx WV (xenr) ze fyer| P} = PL=] >
where on wual we auqu‘H/\ak n —Fovmmg jo[ilﬂ no-ﬁ»&j

appeav in o posh‘iom where. an x wwuld be bound -

* Exkensionality V(uePA)V(ve PA)( V(xeA) xewe zev)=> u=\/>

\(czfz)
- VeVt ) e t)=s=t )
~ (cB-%)
« Poduds +F V(zel)(z=x) (e3-4)

- W(zeArB)T(xe A)F(yeB) (2 =<2y > ) (3-9)
E V(e AV (x'eA)V(yeB)(y'eB)
( <xiyy=<Kxly'> = (1=x’/\‘j=j’)) (c3-C)




&

whaf we have defined above is an intuitronistec fype 7“140_067, T+ is cqlled
classical if in addition we add Hw axiom Y (teL)(€Ev™E) Puare
’ﬁjpﬁ J/hgo.y rs the nype. Weovy in which theve are no ‘rypw ov tewns ofhev thomn
Ahore defined inducth u»o,ly '0}/ e above closure vules, qiven a et ot atomrc %yp%
fheve are 1o non-havial idenhifications befueen @p% and (X is the imallest
binaw relatHon hetween Tevms sa#ffymy e sfafed axioms end deduchion wiles

Remark The veason for the subscvipt X on e enfaiilment symbo) is o
allow us o clishnguish e.g. V(xeA)Y FA(=en)Y  (whichwe
clo not UL/DH/I{‘) ﬁmf}f\ V(IC—A—)DO\:Z 3(16/3\)? (m/’/ﬁclf\ uv\?db)

The lattev maw be devived s

WV (xeA)Y F F(xep) P Axe AT + Jxe AT
Foem)f kT P F(xe AT
Y (xeA) S & F(xeA)F

Tf there exists a closed Tevm ac o Fype A, we mawy fuvther dedue
by the lent of Hhe shudural wiles thal

Yaer) P k F(xeh)Y
Yt ()P o e A)F

However inthe cave wheve Hheve is no closed ferm of- fype A (€9
A is the fype of MV'fCOV”5> we do nof wownt+o be able+o dedule
that there exist a unicom with howms ( $=ha horm) Foom e
fuck-Hnatall unicoms have horns-




‘ .
Henweforth we f5x an avbﬂ‘mmy Fype theow L | ®

——

De—({\j The CC&QS’DV\j T(XB how V/wuwwxma L s.t. FV(H=9¢
. o\o!'ech ave "seds" 1. cloged tevms & & type PA for anytype A
modulo the equivalente relohion K~ ! i o, o' PA and =o'

e mouohisms are “ﬂmdﬁom”/ e mophism fwom o : PA fo /?'-PB
is acloved oo T = P(AXR) suchhat

F FeaxB «—— whewe L % F means

{ze AxB | F(xeA)F(yeB)
(xednyePrz=<xy> )}

- v(xeA)(xeo(% 31(368)( dxayye ))

wmoclulo the equim[emw relation which SOy 5 F ' P(AXB) determine
e sawme movphiom if = = F' We woually anvike £ - ol — B for a
moyoh sm and | £ for ampmemﬁng closed fevm 7= (colled the gr_ﬂﬂt (rfj[’J‘

. wmposifion. of f: o — g and jﬂﬁ'f s the moyphism gof: ot — 7~
defevmined by the closed Tevm
\ﬂojﬁ | — { ueAxC l (E(xe/—\)(BzeC>< w= <{x,2> A
J(yeB) el fln <y 2> €l ) )}
Lemma  The wompoyition is well-defined, re. +he ferm |9°F | safirfies he

fue conclifions, and s /mc!epemclemf (upjro{qufvalemw) oL the
choiw of mpV\%emLuHU‘PA.



M Fat we haveto show = [9of | go(x’&j that is

v (teaxc)( te|gof= teoxq )

’Imjrm‘iﬁmslj)fms is becaure eve vgﬂA/ﬂg in [gof [is o e form £, 2>
where 5‘3 od. <oyvelflsaxp and L9220 € (9] S =T fom
whichwededule xe X and 2€7". But we havedo packaye 1Vis ar a

pwaftvea. By (2-5) it suMfieso prove

]—{chj telgef|= teoxT

and by (c2-4) it is enough fo show

t€|jo7fl| i_{{:} te O(X’O/q~

To manipulake the left hand side wewe a comprehension. Wate $ for The
’]QJV"Y\M[CL s IﬂOFJ = {[AGAXC/\JD}T)/]Q/VL

Ha tefueparc)P e Ftu]
Tt is thevefore ewoutj]/l Yo show
Y]] lf-{f} tesx?

A/Jp/gmg anothev insta M&O‘f rompre hension fo the deﬁw ihon 0’7‘? XX a/n(- su fﬁ(uw o
thUJ 'H/\Ql'

jo[f/u:J /L'[f} Ef(xc—A)?J(zc—c)(u_ dA2eY A E=<x,%>>



Bt L0 ] /Ji

Jleened £= e Flyer)| <uypelfla<nerels) )

so if sufficn fo prove

W }ﬂ . 1e dA2eY AN E=Cx 2>
T

{""Aside —
ﬁAPpOJe /ﬁ)r any fovmulas j",)‘@' Yol f] \_{x} fz—meh

f T, 7@
fF (e A)Fa :
$ o YO,V (2eR) Y,k T(en) T,
5, Fpy J(xEAE
J(xem) ) +3F (xeA) T,

Tor this it suffien +o pLove
T(5e8) (el Fl Ay, 22 els) ) by xedAzed
for uhich it sufferto puove

Cngyelfln<y2>eld] by, xeoxnzed .



Br this it suffices fo pLove je[)C?VUULQB

Ly >e) P ™y 2y FEX £9,27€l3] Fiixyey €T

But-His is eany sina. = IF1 S0P and 191 S Ex T (apply fredef™ of
< b veduu;’ha/o»ou)wg eq LKy D € oAX ﬁ f_iw} XE X which we may o
by comprehepsion appliec\wLoJﬂ/mdefN (HQO\ﬂ@).

The rent of Hhe lemma is pLoved in c i milay wawy - L]

Our aime e e xt Jecture is o prove

Theovem T(X) is a7'D/DDS_



