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This lecfuve infroclucen the booic reinforcement /mvmhj sefup of a finife

Markov clecision process (MDP), the onceph of policies oncl value funchions

the “duality” between them, and the proof that “optimal ”/oo/;'ciw and

value funchions exist Prow‘decf Future rewavtls are discounted. There (s substantial

overlap between this leckure und Lecture Iy of my class MAST30026 (e
http://therisingsea.org/post/mast30026/ ) which 30(,1 can consult -)Cor sSome CIe?LCu,J‘ OVV)I'/'ILEC[ 1’781/‘6,

The stunclavel re ferencor include -

* S.Russell, P.Novvig CAvrkificial infellrgenw_ © & modern aPPl/OOlCh‘ﬂfvd ed. §17.2.3
* R.S.Sutfon, A.C..Bark “Reinforcement-leavning’”

Def* Afinile MDFP s o finite set S o states , afinile ret A dazad—fom)
Hor each s€ S a subsel A(s) s A of allowed actionsinstate s, a
reward funchion R S — IR and fov each Pau’r SE S/ oc A(s)

apvobalafli)v cdistibution P(s"[s,a) overstales s'e S.

The interprefection is fhat an Qge_ﬂf intevach with an environment  which
how stabe space S, viaacHons which cause the environment fo undergo
fransifions according o the distibution F and in each (discrete) fimeslep
fhe agent receives rewards. The goal of the agent isfo act-in such a way +o obtain
fhe maximal reward, in asense fo be specified more carfﬁ«/{y in ot moment-.
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for simp)rcﬂwj we asiume ‘ﬁflev@l‘saspecia\ inikal state  Sinit € S and a subseF
ot ferminal states S,Le,m < S Assume R (S;ni‘{) = Q.

Def™ An episode € isa finik requence
n
‘(o/So/ 0\0/ r|)S\)QI) f;_} SZ/Qz/,,. y rn)SV\ [.e. e = {(FJ/SZ/OLd.)}(:|
SGHS{UIng The #olfowmg condifions -
(l So = Sl.hl"") S € ST‘QVWL
(i) Si€S and a; c Al Sorall 0£c<n
(i) v: = R(5c) for O Csn1,

Thesetof all episoclen is denoted & (HLmay be infinife ')

The discounted reword.  (with fixed discount fuckor 0<07< 1) of o requence
S = (5)i=o dstubenis

R(s,7) = 24 T ER(se).

The puo blem of U/Jﬁ'ma'(/onﬁo/ isto defermine how an agem should behave (#hatis,
what actions if should chowe) so owto maximise the expected valne ot the

cliscounted reward over ald episedes. Move puecrrely, with AX<R” denoting the
space of pwobabilify clishibutions on afinife set X, eiththe s ubspace fopology -

D_’&{\A/M is o funchion J(: S— AA such that for all s€ S,
Hhe dishibution TC(s)  (which we wiike an TC(a(s) := 7r(f)[0)) sativfies
T(a[s)=0 whenewr ad AE). (somefimmcalled ashochastic ’bo)icg)



Cm/ing S fhe cli&crﬁe%opolojy) let P S Ck(SAA) be tne ret of all

policies with the jubJPC{(e hpoloyy (9J'VM9 Ch (S, AH) :’@«A)S the
wmpacjr—DPeAJropologg) ov equf\/alemﬂy the onc[l/\cf' 7LOP°(O3V ).ﬂisﬁloology

is defevmined by the memic doo on A where (we canuse any Lipschit> equiv. medac on

RIS > /)ﬂ)
o (T ) = 5Up 5 50P, ey | Tl =T (els) |

For the reacler s convenience L will veder fo proots of vaviows fack below given
inmy MAST30026 class, bud #is is stunclovd matevial which can be found jn

mavy Pla(?/.\.

Def™ Given an eP;'Jode e = {( re,se, ‘7‘63}{21 ond Folfcj Te P +ne /leoalo)'/l%-?
o e occuwing iFthe agemf actr aceoreling fo 7C is

Po(e) =TT (e |so) - Ty Psin | si,00)

L=0

The expected dli's counted veward of 7T /s

E(Re) =0 Pele) R(s5,7)

e=(r,L£a

— =)=

[ emma. There exfa%m/)olicy 7T which is optimal, in the sense that for all /062
E(Rr)> E(R).

_P[oa_—f E (Q(,,\ cP— R wnﬁnuouﬂ/ and we cloim P (,omloac%/ Jo thaF
e cloim follows from the e xtreme value theorem (Govollowy LT -4). Nole
That (AA}S = —“—3‘63 AA i aﬁ‘nﬂepwcluo‘ A compact spaces (AA € R

is clored and bounded ) hewne compact.
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Poreach s€ S, A(s)SA means AAG) is acloed subet of AA, hence

—

;D - / I:es DAls) < —/Tsed DA

is auclored yubset, hence compadt - []

OF wune there may be move than one ophimal /JO/ny . However, the above argument
is niof conshuchive, so it is nof cleav how Yo find such a/ool\'cy. However thele is
ageneral Mck : if you wanf Fo optimire a funchion f rephrave fﬁeopﬁmifaﬁon
walem o a fixed Po;‘nf‘}ovo blem ﬁ)rad/'fﬁelremf‘ﬁmcﬁbnﬁ (ree Lectuve 14

for examplw of Hhis ) This leads uns Fo value %Amcﬁ‘om.

Vimax

D@»’FL Sef' Fmox = SUPJGS lR(‘S) l 01V)C‘ /’-/ = | — 7

Def™ The space of value funclions is V=ck(S [-H,H] )= [-H,H ] 5 with the
compact-open fopology (1-e-the sup mehic ). Thisis a omplefe mebicspace,

which is also comlpac%.
Lemma. Lef 7C€ P keapoh’cy.‘ﬁ?en §;,T D — U C{E/é‘nedéj

E(VE) = RO+ T2 D T(als) p(s']5,0) vis)

ste § aeA(s)

is a conbrachon mapping, with conpachion factor T~

M Jet & =8 Fint we should check this is weﬂ‘c\e,ﬁmod/ e if |v(s)|< H for all s€ S
then @M < H for all s€S. But

| B()6) | € Voox + TH = H



To prove b i< a wnhachon obsewe that

[ BOO -3 | = 7|5 S Tl P(s']s,al(v(s')—w(lr'))‘

S'ES ae A(5)

< 72,20, T(als)Pslse) | vis) o (o) |

s'eS acAls)

< Tdo(viw) 0O

Recall that by the Banach fixed point theovem any condaction mapping V-V
ona complefe mehic space U has aunigue fixed point Fix(8) which may
be computed from any inihal Vo€2J by ilermting £ - Tn e sifuation of

e Iemwxa/ Beginm'hg with Vo = O we obtain Vo, V, =C£7(VD), Yy = inl(\/b))--

= Pr(v)(s) = R(s)

Vi) = B (v)) = RE)+ T2 2D (el P(s!|s,a) R [5)

S’eS aeAl)

G(5) = Bx (Vo)) = RES) + T2 2 () P(s'14e) R

s'eS aeAlr)

+ 7250 D7 wlals)P(ssa) -

gl '
s's 6—5;{:;:}((;?) n(a/,gl)F(J‘u“;/q/)R(S’)

Def” LetVr €V denote the unique £ xed pomfo{ Pr. We call Vit #he
evaluation of the PDII\(y TT.

The above shows that Va (s) wontains conbibutions from all paths in stale space
begmwincj af s.



©

I e & ir asequenie of ondaction mappings with the same conbrachon facky 9
converging uniformly 1o 2 Hrep Jf;x(in\ — fix (&) since (witing un= Fiel @)
and u=Fic(E))

dy(tn,u) = o ( B (), E04) )

dy (& (un), B () )+ o (Fn(w), B(u))
XAU(UW;U‘) Al dm(in,§5

N TN

.—] _ _
ancl hence dv(u”/“)é((’a’) d‘”(i"‘zé)

Remark Since U wmpad/ The LomPaOL— open Jfopology on Ch(D,V) agree)
with 'H/l,(’}'o})olbﬁtj associoled fo the sup ~mepc doo.

LeF Chv, (7, V) < Ch(V, V) denote the setof U —conhachion ma/}/)/}nj_r
with the SMIOJ)Jace pro/egj_

Def" Tolicy evaluation 1s the continuowo Ffunction

XS Fix
P —— Chr (V) —> U

T —— 2 —— fix ()

which sends apolicy T fo the unigue solution in L/ of the ecluaﬁon
(s) = R+ T D, D T(als) P(s]s,0) vis')

s'e S acA(s)

Tt is tradifional +o dencle #his value funchon by Y .



Remark Tosee oy is onfinuow, nole thot

doo(§7t/ _@_-[o ) = SU\P d‘u ( %7(-(\/)) ’EED(V)>

veV
= su smp | (V) — (\,)(;))

ve

< sup sup D, 0 | lels) —plals)| P Lsa) |wi) |

%V €S $'c S ac Al)

< sup sup D2 | Tals) —plals) | P(s7)s) H

VeV JES S neAlr)

= sup Sup 2 doo(ﬁzf)'H

vel SES g eAl)

< AL H - deo(Tp)

To bviefly summavise : associatedto any finife MDP we hawe a compact space
?Uﬁ policles , a wmpact space U o value %unu‘v‘om, a wnfinuous funciion

E(Ro) : P— R asigningdo each policy The expected discounted veward

ond & tonh nuow PM evaluation P— Jendmj 7T+ V.




Theovem  Theve (s a unigue solufivn Ve U of the Bellmon e?uaﬁon

R(s) + T sup Z P(s]s,@) v(s!), (%)

aew‘}(f) s'e S

\(s) =

This V¥ 75 the evaluafion of an upﬁh/)a//mhtj 7?'4: and

wecall v¥the optimal value funchion.

oot The Rellman eC((AOI‘JﬂM giver o conpaction map ¢ — 2 which has
auniquefixed point, ve.aunique selution o () exists. TF we define

TUS o be the detevminishic Fohcj

TH(s) = avgmax_ . 40 ZS P(s'[s,0) v¥(s")
AN

_ .
fhen if I‘Jeaﬁyfoc//zeck Vet =V , Jo H*onlg remaini fo Jbow A
fSOPHYVlOil. Let V he oo va(Megﬁmncﬁon and suppoJe v(s)< vE( )

forall s€S. Then for any policy 7T

E(\/)(S) = RSN+ 7 Z T(als) Z_, P(s’]s,a)v (s!)

ae/}(f) sle §

< R+ 7 2 Tlels) wp {5 PGl vis) )
acA(s) ac\/}(f) ‘€S

= R(S) + 7 sup ZF(J‘SO\)VLT)
aeAls) s1€S

R() + sup 2L P(s'5,0) 1) = vE(s)
acAS) sies

Hence vev* implien Srl(v) s V™ BuH—alafng’]%Llimil‘wﬂolofuin

hal V7t £ v* (Sl‘wce we may stovFwith v=-M )1 ancl In POW?L'CMIQV

E( th) _ \/T( (Sinib) < *(S;'n/}) = E(RT(*‘) so that 7(\’(/‘/ op?v'mal, fj



Remark A policy is Spplic/t" ih the sevre thal if dicfales the immediafe
behaviour in agiven slate, wheveas a value functonis “e xplicit !
inthe sense that it vontziins j)oba/ )nforma)%n aboutthe /Dny—run
Lonsequene) of o behaviour. It reems reasonable fo Lompare
the policy T Yo an glgm and Vo 1o the function that
this algow'/’hm ompules, with the fixed point Jlertifion beinf/
amaloynmﬁ) The procss of wm/au/aﬁon ielf.



