HARTSHORNE

[ ALGERRAI\C GEOMETRY ]

CONVENT(ONS

All vings ave commuihve with rdenH‘lj clement (. Al homomonphisms fake | +o . Tn an ,n}ejmr -
or o feld OF [ A prime iceal (verp. vaaximal ) is an «eal [{ 1 aving A st Alp s a clomam [ vreap. freld )

Thug the ving dell F?D'iLFrflme or maxumal,

A mubhplicatwe systen w a #ng A isa subset 5, wontammg | and, closed under muf%z;olcmvtwn_ The
localisahon  57'A 1s defmed Fo be The ving formed by the eguivalepw claoseo of frackans q/s/ ach,scs

5" (s'a —sal ) =0 . Tweo special cased which are yoed asns—ﬁunﬂj

A, then S =A—p s mulhplicately closed, and fhe wmpondmj
It mu'lJn,,ohcahAre/ and

ko Yemalos ff Rs¥es sa.

i [ m
are the -Fol'lowmﬂ. Tf s & primie e i
localisathon s denoted bﬂ tﬂrp. If )Prs cin eleynent of A) S = {lhfg U{ I Iﬂ? |"lr

-f‘kmwn"eopondmg localisation 18 denoted btj ADC, (f\]ol»c £ L os mlpof-enjfj A:p is the mew ring )

). AFFINE VARIETIES

Let R be an algebrancally closed freld. we define affine n—space over k| dencted A’ +v S'W‘Pf\j A", 5 be
the se} ol n—uples of eleynevs of k. Anclement Pe A™ will be called a IDom*‘ yand £ P= (a1 --,0n) with
ajek ; Then the a; will be called the w_ of P

Let A= ﬁ[xv.,-/ffn] be Hhe POIHnomiC\l ing N v vanables over R . we will M'I‘erprc)r T T o A
(V) —FAT)C"hDﬂS fvorn the affine n-spae fo l=, b‘d c\e'f'mmﬂ )= f(a . ﬁn) b féﬁ and. Be A
Thuwo (f F€A 5 a polynomial , we con talle about fhe set of zevos of [ nowely

Z($) = { Pep” ) {l(?)=o7}
Move Sanemﬂg}) T any subse of A/ we defme the zevo set o] T o be the common =zews '-‘»[— ol e
elements of gy nw’Y)e'lL_j

Z(T) = { Pe A" ] (=0 for all ‘FET}

Cleavly f 7 15 ¥he ideal of A 3enev’a*ed by 7T, Fthen z(T) = z(n). Furthevwmore | simce A s a neethenan g,
any deal how « me’-ﬂJd—mﬁ jenem‘}ars ;C./._ .j_F—r_ Thwo Z(T) can be exprf/;_rg_cl as Fhe o mpon zewdSs

of e finte sed of polynomuals F.. - fr.
D—EM Subset Y= A" s an 9_!3€br6|lc el \f there exishr a subsel T=A sud Hhat Y — Z(T)_

PROPosITION || The union of fuo algelbmfc cets is em O]jebvmc 15 W bl ol A _qu”:j of
a‘ﬂabmlc seks s an a}ﬂebm‘( sel. The QWIP"B sef and +he whole (pae are ot'j‘ebmzc ek

PROOF TF Y, =Z(T) and Vo =2(T) flen FUY, =Z(TT2) sma if x €Y, UY, then edher xe¥, o =c Y,
x5 azewof evew elomentof TT.. Convewsely, f Pe Z(TiTo) aud P¢7, ) Hhenfersome LeT,
F(P)Fo.Henu for g€ To, (£g)(P) 0 wnbss g(P)= 0 foreach ¢ T, Hone Pe Y,

If Ya=2(T) fsq‘]fqm'lff of ﬂjfjebrp,!(f?jly then /)\/-( = Z(UT«), 50 ﬂyﬁ' 15 an a(jijﬂmrc sel.

Finally & = 2(1) and A" =2(0)



DEFINITION We define the E@MPPL"% on A” bﬂ 'h:\\thj the open subsets +o be the complements @
of e alggbraic seks. s 1z atopeleqy  becaus accorcing +othe proposthon, The ifeaccton oF
o opehn sets s open, and Fhe union of = _Pam'lf] of epen sets s °peny e,

EXAMPLE 1.1.] L(l' wo tonsider +he Zansk:! %Pohﬂf} on the a%ne hhe Jh\l. = vewy iclea| in A= ie[ﬂ S Frmcrpﬁlj
5O evew alﬂelmmc set 15 the set oL ZG‘USWC iome Polghommf‘ Sine k q(jeiova[call'a clbs?d)
evew nonzeuws ?D\Uﬂﬂmiﬂl f(oc) can be wwntten (=)= clx—ay)-- <%, —an) wih € 8y..., 0n € k.
Thew Z(£)= {ay - qb} Thwn The a[ge[omtc selsin A qvg\ju/;rj"H(]e Lintke subsets (fncfwdlnﬁ 525 )
and the whole space (£ — o) Thue Hhe spen’ sefs are the empty sef ancl #he woonple menfs of
Finike subsets Nohw in parhcdlar that fhie %upb(njj 15 ot Hawadord
(since the complement of anopen sel s fnide and so can't cordain ansthes open set )b B nfinde\

DEFINVHDN Q noﬂemr:rjrj sulojd' '\/ "'L ﬂ“‘l’bP{b]()dK.q] S\Dau’_ X 15 l.VT'Ed,\.&CL{o\,.-e I‘F ri canno{' be erf‘E/.].S‘EC{ an ‘f’he wunion
y — yiu\l(l D)C ,}w PVDP'EV {ubSE‘}:’;’/ @adﬂ ohne QP uujfl[c.lr] |5 C[D.FEC[ n Y The e,IY‘!P’Ij S€+ Eﬂql uanmcfemcl
’}'D he W\rv_d,u(lla(c.

EXAMPLE I1.1.2 /j‘\l \s lvredutltolel, becamwoe ths on{j pvoper closed subsels are qcmr{-ej jQ-l' o s H’L-Grj]-]—e,
( becaune R s a(gebmzca“j closed, henw mﬁm}-e)

EXAMPLE |.1.3 Amj nonQMPJrU open subsel O_L an wreductlle spaw s nreductble and dense

EXAMPLE \.1.4 TL Y s anireducibole sulase & of X, Ahen ds closure YV in X s also wre cdluc tole

PROF TP Y s ireducible and 2 s any subset- o X ww}m”'r‘j M, Ahe anky wiy For Z 4o be reducible s il
™ of Fle closed sets aveids Y meLeLegL meaning the other contams Z. I£ Z = F such a set cannet
b ey
=3 PWP .

DEFINITION An cz«FFme qiae‘oml( mnd—j (arﬁlmf:lj &EMH ) s an wredue\ble closed —— BL A
(with the indaed 'ILOPQDSE,)_ An open subsef of an affine vanef:j is calkd a qUewi — affine vqﬂeﬁj.

Nofe +he clogsed sels ave Ma(sebmlc rels . These affine and ﬁha}a?”ﬂf‘qclne vaviehen ape our Lt DL:J‘ech ol S‘-#—u\cfj.

Rk before we: Lan ﬁo-aﬂuﬁmerj n fackbefore we can even gve any m‘}e(fcu-hmj exqmpf%) we neecl +o explore +he
VEFG{'UOHSI’HP fae_w gubsz'}? OJ" Ar\ QH(:‘. ,deqlls m ﬂl move deEFld -ch-Rg( Clnt!' rubSe{' y oy /,b\h ':e‘" (2V:] de.lqﬂe a}’he
ideal of Y A by

I =1{FfeAl £r) =0 Hral PeY}

Now we have a fanchon Z. which maps subsels of A 4o algebrac sm‘s/ and a Lupchon T which maps
subseds DE A" o ideds. Thew Fmpe%{'!ao are summansed in the fof[uwﬂﬂj PWPGS&UDM.

PROPOSION -2 (o) Tf T €T, are subsel o} A, Z(R) = Z2(T)
(0) TF Y =Y, aresubsek of A, (¥ )= I(V.)
(¢) Fou any fuo subsels ¥, ¥, & A", wehave T(¥%UY.) =T(%)NT(Y.)
(d) For ang \deal k= A, T(Z(w)) =y, He vadical of @.
(e) For anqsubset ¥ < A" z(T(Y))="y, the Josure o} Y.

PROOE (a), (b), and (¢) are obviows. () « a direct conseguente of Hilbeyt!s Nullstelensat =
% prove (), we note that Y < Z(I()’))J which is « ¢ losed sef, so clearly 'y = Z(I‘()f)),
On the other hanc, et W be any clored setconfaming Y. nen = z(a) for some ideal 7.
So Y= Z() and by (&) TZ(a) < I(¥). Bt cedenly m= TZ(R) 50 by (2) we have W=2(4) z.ﬂm

)



THEOREM .34 (H‘lb@]‘-}’ls I\JU.H SJ‘Q'(@’?S‘T}Z) LQ.‘]L “Q be an qlsgbm[(_(}”% clesed _ﬁe'ld'/ lef [ be an wdeal
= k[i'J"’):("]} and let fe A beaf:olbfnomlaf which yanishes af all f:o.vm'z of Z(a)
Then ]Cré 78 for some m'f"eger’ r>o0.

CoROLLARY L4 There 15 a one-4o-one mclunion—revewin comtaponclence befween a{gefomlc sels 1 A" and
radwcal deals (re. ideals which are equaf—fv’ffoeﬁr own radieal ) in A/ guwen 5‘:/ Y — 1"(\/)
qnd i — Z(ﬁ_) EA@%Q(MQHE/ an m’jebmtc YQ{' 15 IVXEC[U.C![O{E |1C ar’)c{ On{tj \.F nts {dmf 5 a P”me
ideal.

PROOF On\tj e (oot Pavat isnew. If Yos fwaduufnlcjwvfshowﬂf!af T(Y) 5 prime. Sufopore fge]ﬁ(‘/)_’ﬂaeh
Y cz(fo)=z(F) UZ(9). Hene ¥ = (YN 2(5)) V(Y NZ(9)) where both sefs ave closed i Y.
T™un w[oﬂ Y = YﬂZ(F)/ 5o Yo Z(ﬁ) and heye jCG 2 e )
convewely, [ef g be a prime idleal, and suppose that 2(p) = Y, U2 Then p= T(¥Y)INT(Y=). Swne
(leals are {9 say TOW)=(f,..., FkJJ I(¥=)= (jy.,,jﬂsj_ Then fi9, €@ i=l.., 5 so either
K=T0k)o fep. Repeat o find =T o pflﬂz)_ Thun Z(A) =Y, er Y, ancis hente

\rrec:{\)\a[o“e.

EXAHPE .41 A" lmduclbl€} sine & comen Ponds 5 Mz 2ew tdeal n Aj which s prirne .

EXAMPLE |- 4.2 Let Ue be an wreducible Pbijncmmi m A= h[{)‘:ﬂ- Then —F j?lﬁe\ql@) a prime idea\ w A,
sine A s a UFD. Hene ¥ =Z(+) s weduciole We call b -f’heg_%ﬁw delinecl kY
the ec(u\a’}wn Jc(ij'j] = 0 I’?f hao degmdl we say Hal Y s a cave of d_e_’ﬂ‘reil'

EXAMPLE |43 More 3ememﬂ\j) £ —J? 15 anipre ducible Poldnom\a\ w A= l?[i‘/u-‘.:)(n:[ TS L—— Q'F-F;V]E

\favte\'\j \/ :Z('F)/ which 15 calle d o 5__]CLW e if n=3 ora h'j'P_eVSamﬁ.a_CE f n>3.

EXAMPLE Vb Lt ) maximal deal w of A= k[xtj..,an] conerpiinds: s |
a Mminimg

of ff\hj which must be o Pomt say reclucible closed set

= (a‘J“'Jq").%W shows Hhat evew maximal tdea)
of A s of the form m = (= —Qiy . An—Gn ) fersome Ay... anelk .

EXAMPLE |.4.5 If ks not al'jelomwc:\f(ﬂ closed], Hhepe reaulls do net held . for example, & k= =,
- He cuvre x3+3"1+_] = O In j,\?"a has mofmm‘}‘s. So (t2d) s ﬁ,(:e, Sec also Ex (12

DEFINITION If Y= A" s an affine alselorqlc se‘h we define the affine wordinale ving ACY) of Y
4o be Theving A/ T (y).

REMARK I.4.6 L Y s an affine Ua\,\g-)-fj )-fhen A(Y) s an mlegml doman . Fu%evmore/ ACF) s q—ﬁmhl-eftj
ﬂe‘ﬂem!«ea R-a'\ae‘oﬂ:\. Convewsely any —f-j. k-algebran B which ir a domam s the a»ﬁﬂmz
coovdinale ving of some adfine a/av!e'(;rj_ I_ndc’ﬁcf} wnte B ar fhe 7-WD+I€WIL of-a F"'rj"'omml Vi
A= R[x.j.ujzn:[ by e prime ieleal n, anc let Y= 2(@),

Next we will sfbudy the Jropoloaj of our vauehes To do o we ihedute an important-claes ohto pological
spates which includen ol vanehen.

PEFINITION A 'LDPDI'OTCO‘\ spaw X s calle neethenian  f 4 sathisfies 4he deocendmj chawn condidion
for closed subsels: for any sequence ) = Ny = - - -l closed sybsets, there 15 an
m{'eﬂer r such that e =Yy = - --




EXAMPLE 11477 A" s a noethenan %poluamcq\ spaw . Tndeed, f ¥, =27V, = -

. s a deocendin

chamn of closed subsets, then T(¥) = I(Ya) s - -+ isan ascendmﬂ chain of |deals

in A=R[xy...,xn]  Sine A s a noethevian g, +Hinus chain of ieleals s evenJuaHj
SJmeﬂmfj‘ Buf foreach 1, ¥, = Z(I(Y,'))} sothe chain Y 1s also si-mlwmwy_

PROPOSITION | -5 Tn @ noethenan %FCID@"LQt Bpre X cvey h°‘“elfﬂ\°+j closed suloset Y can b ex pressecl
< secl an q

finkeanon Y=v, U - . UV, of mreducible closed sulosels Y, T we f@.qu're"l’ir\al* V2
b . . 1
for 'i\[ Then fhe ¥, are u.mqwzlgj deferviined Tey are called the wreducibole omponents of \/J_

PROOF Eyot we chow the eristeme of such avepreoewﬁ%on of V. Le¥ & ke theset of nonempty closed subsets
ol X which cannot be witlen as a fuke union of reducible closed subsels. TP & « nonempty +hen s
—_— ;

X 18 noethenan, t muat contam & mummal elt’W\en"‘, say Y. Then YV s not wreducible by conshuctvon of &
Ty ware can wnte Y =Y 'UY ? where Yl and ¥ ave propev closed subsels of V. "'33 mun mal DF \])

€ach of ¥, y!' can be expressed o a #finlde union of closed reducible suhseﬁ, hene > also, »uhﬁjlcln 15
w nhredichen.

Nole\’\IZ\/,U' - UYr and Y = Y,/U- --U\fsf be fvo such W‘SFV‘%GH‘LEAWV’]S‘WQV\
v ey= Y,0--U7

st henie. Yy = U(Y,/f] YJ} But V) s weducible and hent ‘/1/9 ‘fJ‘ for sorvuzJ) say =1, Slm‘lo‘d‘j
Y, e 7.'/ some ), Then ¥, = \f}/ and hene =1 and se Y, ::\,f" Now fet

z=cl{Y=")
C'leowl'j YoU- - U Y and \lzru___uys’ are closec| sets wnhmma \f—\/|J and for 11 S 7 pok Yhat

¥, 0¥, 15 closed, and CUY=XYNY; 15 closed  and fhew umon s Y. S ¥ g Y, we see Hhat
Cl(ﬁ‘—'\f;) AW = & and So

z=%V -U¥% =Y, U---UYs.
So pvowadmrj by wnducton we find ¥ =5 (else some \/(:j) i 95) and ‘f‘rf—‘Yi’J...) Yo=Y o

OROLLARY .G EUEU\j ala@.‘br@wt sel' n /}\h can b_e e:(preored Hﬂlqwll‘j an o union o.{- VQ\{]Q"ﬁ{D) o onL
ccu\i—a.\mwa the other . (evept for )

PEFINITION Tf X 5 atop uioa\w\ spatce, wre dedine the dimension

oA X (donoled dymX Y 4o be the supremum
of all infeqen 1 such Hat Hheve exists a chatn

'Zac;zlc..,cz’n

ol dehnel wrednciole closed subsers of X We GLE—(:U‘\D_ He dimension Dﬁan affine oy qmm?-aﬁ,ﬁme
vanehy v be W divnension as adopslegical spate.

EXAMPLE 1.6.) Twvehimemnsion of .ﬂ\‘ s

. IV\d‘EQGIl) The onl% vre ducilole cesed sulosets c>1r— /}""’\r ore +he whole
spate and s MS]‘Z FW”}S

DEFINITION Th a rmg A, fhe heght of a prime 1deal p 1= Fhe supremum of all whegew N sach that Hhers

=g of dishnet prime \deals . We define the climension
prewmune of the helg*ﬂ"s of all prime (deals.

exish achain Be <= Bi1 < - < P
(or Krull dimension ) o A 7o be the su

NOTE The Zanski fDPDfojy is To —That s, lef B9 be prims of a vng, A g. Then M'Dj lef xep 5. xd q.’ﬂneﬂ’ﬂ&t tclect
T = (<) 1554 qe (1) but g ¢ o(T).



NOTE We know That fhe natural %npaloﬂlj on the spechmm of ¥ing malen it a compack To—spae, but-alo note that o this —;‘npalajy @
euch of e basic open sels X, fek, s alro wowmp ack” Find nole e ean zc{u;\/a}eme,, /

X? r— Ua(XFd —> No prime deai C{KJom}‘ﬁom 'lr.'j 1['”5?)}
contams all the [«

Then “Uh'“ﬂ X = SpecRp or woing the above, (f«)= Re and s

=R T e 1 2

Then \a\ckmj N lage, fN— R+ v m R, se api”s-—: G+ el e € (<) n R, or more
accumlely s (4,...,5=) m R. But-then f L' K, c.'earlj sorte [ oy (else ,C”"’”e:f]% ﬂe,a] so That Uf; Xo="Yp,
Henwe )(1[. 15 wwnpqd.

NOTE  Gren no | ther s o pohdwm’mal FeR[x ) wih Z(#) =R\ (©.--,0). Becawe fhen

A= (9--°) U z(f)

Sine N1 iweducible, oneof thaterets muokbe IR, & walhadichen .



PROPOSITION 1.7 Tf ¥ 1s an affine algebrarc set, fhen Hhe dimension o ¥ 1 equal fo the dimenston of rfs
affine word mate ving A(Y).

PROOF Lef Y be a closed subset of IN' 7hen tre closed imeducible subsets of Y comespond 1o prime
ideals contening I (Y], which are e prame eals of A(Y). Henw a chain of length v m Y exists .
achain of privies of Iewg*ﬁ nexis#t i A(Y). Hena dimAlY) = dmY (loth may be mfinife ). 0

T we agree. that dim@ =~ | anel Ha climension of e zew g s — 1 7 helds for V= !
By Ex IO o Yis any dordd subset of A Then dim ¥ < 1o amel c{rmair’z‘rﬂr. A \;:,C;\r:\ ' sliror ¥ 9‘ Epam
This Puposihon allows w o apply veaulls From #he dimension theony o noethienan rings o algebmaic qeomety,

THEORE I.84 Let R bea field, and lef B be anintegral domain which is « ﬁnf,ielj -generated k-algebva. Then

@ The dimension of B i equal # fhe franscendence degree of the guokent feld
K(B) of * B ovor R (which 15 < of 1B 15 qenerated ovevle by r elements )

(%) Rwainy prime idedl 91 m B, we have

htg + dun Bly = dimB

PRODF See our /H,yah £ rtacdonald Nole. i

FROPOSITION /.9 The dimengion of A" s n.
PROOF Bw}'@ r!.?) dlm/f‘\n: q’;mk[?’r, --/Ir.t] = . ’g

PROPOSITION .10 TF Y 15 a quasi- affine vavety, then dimY = dim¥.  (closure 1n A")

NOTE If Yisan opensubsef of cin affaint vanety Z, fhen rince Z 15 inneducible, Z—Y, ¥ closed we have
(z _Vng:Z so PWVMGCI y#? y=Z. Bufb bjpw_lump'f’wn Wmi—afﬁm = Wﬂﬂvmp{y.

PRODF 1If ZoC -+ C Zn 15 a requen@ of clirfinct clored imreducible subselof ¥, fhen Zec Z c...c Zu 15
a sequene oA dishnctclosed treducible mbfdi'_tf Y. (closumin Z =9, dshncksme f 2z; =y Nz, each
2 clored in 2, andl Z; = Z5y, then 2, = Y024, = TNz, = Yng!' =20, « wnﬁ'adrcﬁph)]_ Jo pve ficive

dimYe dim Y.

sine 3 is en affine VQWe'@, dmT=wn i Snie. SufPPO-fﬁ‘ﬁ’fQ tontradicton 4hat 1> dim. T‘f’f’” prek “04
point Pe Y and lek 141 be 1ir avsociated aximal 1deal. By (164 b) sme A(Y) /=R (ree Gors. 24 BRM)

W= dmY =n>dm) (heghr m A(Y))

Lef Mocp c--- P =T be a cham a,fffrFmM, Hren there 15 a chain of dutmetcfosed imeducible sulosels
oA ¥, P=z(m)c Zac) c-rr € Bo= Y- SN Pe 7 each of these sefs infeinech Y. sime Y 15 open in Y
und e 2i avemveducible, Z.NY, ..., 2oNY “™ wreducible closed subsels of 7 (cuch 217 15 demsein Z: ),

The sets are disiinct sine f 2. Y =2i1 0 Y (osi=n=)

Smee Y0 2r0 < 204 4zl cosures in Zigwea YN2i = Zim . But Y N2

4 . ; ‘ = Cawl SRUE WAz PV E ey 250
s dense in Zi. This conbadicks ~ 24 € Z;. Henw we have produced o chamn eklength n =dpnY in Y whm’l\/
¥ a vontachchon . Hene diynY = dim Y. 0 ’



THEOREM [.114 (Kvul)’s Hauptideolsalz) Let A be a Noefienan ving, and let fe A be an element
whch 15nether a zew divirer or aunit.Then eveny minimal privne ideal v

wn-}amﬁﬂj £ han h?n’gm 1

PRDOF see F}ZMAH

PROPOSITION [.J2A A Noethenan mfeym! domain A-1s o OFD off. evew prime rdeal of height 1 o prmcipal.

PROOF Suppose A 1sa WD, and et H beaprime deal of height 1. Say 0 aeH (0 = 0) and let
A = up,".. py™ beu prime fachnsaton. Then some p; e whene

(N (Ns(p)e ¥

Sine ity =I, p=(pi) and we ar done. Forthe wonvewve, 1} suffier 4o show thak evew nonzevo (by ThT Kapslawsky)

Prime contains a prmedeiment (1.e. 0, pnonuat plab =2 pla v plb) Here s where we we he Noefienan
A 15 o Noefhenan a‘omam, f xa nen zew-divisor,

hypothenss and (1.113).Let = © and 04 fep. Fine
Apﬂ[y;nj Thio Ka,nfiqnflé'y?;jL’P 1€ be a mr:ﬁmq‘ prime wntaining (£). By (1-11A) q haa height 1. By
assumphon ¢ =(3) 15 principal, chence q i a prime corrained in P, wmplehing the proof . g

PROPUS/TION /.13 An affine vanety Y<  hon cdimension n—| if and only if s the zew seb Z(F)
of asmgle vonconstant ireclucible polynormal in 4= KkJty. 0]

def™ £ 15 not consfant, and (£) s prime 5o Z(f) 5 an affne vamly. Tk 1deal
s p=(F) and?y (1.114) 7 hao height |, by (1.94) Z(f) hap climension  ~ 1. Lonvenely "a vanedy

ol chimension n— | cowerponda +o & prome 1deal of hewght | Now a pelynimial ”:r] Aus o YFD, Jo
by (1.124) B 15 principal, mcwmn‘ggengmkd 175 an riveducible polynomial [ Hene Y=z ¢r) a

PRODF 5F f is iveduci ble then

mwhich ponts are dosed| (fe.Te)

NOTE If Y s a clered rabret of « Noethen an spoe X then dim¥=0 . . Y5 « Anile s llechon of poink.

PROOE Since ¥ #¢ (cim@=—1) by (15) Y=Y U -O¥n withench ¥, closed and yweducible. (hevee + 3 ).Lek
W e Then ”J‘j ansamphon {x;}s i 15 clored and mreddcible, implying ¥ = {x} si@ lim¥=0.
Convevdy (f Y ={x,,... X0} then any subget of Vs clored, so deurly amY=0. 1]

Onie may expect-fhat for an affine vanety Y< N aznz) dmY=n-2 . T(Y) an be genevalec! by fue

lements. Fx .11 shows fhis 15 not sp.

NOTE (Pwmay wmponents ) LeF ¥ bea nonemply closed subsef-of A, @= Z(Y). S le [#y--4%a] 15 Noethenan
anel o is eadical, a primay dewmposren. @ =q,1 - N g, bewmes g= v(a)= \7fi) = Wi 0 Vi where
Pop-or Bion are fige witnma) pariiedea]s WmLﬂlnmj . Ther

Y = z(a) = Z( >0 NHim)
= z(mw)u-- L Z (M)

Anel Hhis dewmpoﬂfzm 55/ 2(@;-) ‘Z(‘p; )J+k ;o#h;rmumgw dewmpordum of Vb &5
nveducible Lovpsnevts. So4h, twﬁjd- %Dmpu:;vdr of \/jaue Z of the mipima| prenesst (7]

NUTE Ar q conseqlani of Hie Nok o dimension, o Y s an affme uane%j of dimension © s & pomb. Stnce

¢ conveye vobNnwwd  affme vanefy of dimension © e powl.



Conics in A? and P?

Daniel Murfet
June 7, 2004

Let k be a field with characteristic # 2 (we will make comments on the
chark = 2 case at the end). A conic in A? is the locus of an irreducible quadratic
polynomial f(z,y) € klz,y]. Any such polynomial has the form

f(x,y) = ax® + 2bzy + cy® + dx + ey + g (1)
where not all of a, b, ¢ are zero. The discriminant D(f) of f is b* — ac.

We claim that every conic in A2 is isomorphic as a variety to either y — 2
or xy — 1. Since affine varieties are isomorphic if and only if their coordinate
rings are isomorphic, it suffices to show for any irreducible quadratic f(z,y)
that k[x,y]/(f) is isomorphic as a k-algebra to one of the following;:

kle,yl/(y =) Klz,yl/(xy = 1)

The technique is to study automorphisms ¢ of the k-algebra k[x,y], since a
polynomial g is irreducible iff. ¢(g) is irreducible and k[z,y]/(g) is isomorphic
as a k-algebra to k[z,y]/(¢(g)). So to prove our claim for some irreducible
quadratic f, it would suffice to produce an automorphism of k[z,y] mapping f
to either y — z2 or zy — 1.

We now introduce the three classes of maps we will need:

1. For 0 # u € k, the map k[z,y] — k[z,y] defined by h(z,y) — uh(z,y) is
not an automorphism, but clearly k[x,y]/(g) = k[z,y]/(ug).

2. For I,m € k, the automorphism defined by z +— = 4+ [,y — y + m;

3. For an invertible matrix

<““ "12) € Ma(k)

az1  a22
the automorphism defined by

T a1 + ay

Y a21T + a2y

Note that D(uf) = u?D(f), D(f(z + 1,y +m)) = D(f) and if ¢ is an auto-
morphism of the third type defined by a matrix A, then D(¢(f)) = D(f)(detA)?.
All of these are easily checked by expanding the determinants by hand. Hence
the property of the discriminant being zero is invariant under these maps.



1 Case D(f)=0

Let f(x,y) be an irreducible quadratic polynomial. First we deal with the case
D(f) = b®> — ac = 0. By assumption k is algebraically closed, so there are
solutions in k to the equations z? = a, 2% = ¢ and 22 = —1. Pick solutions and
call them +/a, \/c,i. Since b is a solution to the equation z? = (y/a+/c)? we must
have either b = v/a\/c or b = —/a\/c. In the latter case we may replace y/c by

—4/¢, so we assume henceforth that b = \/a/c. Then we can write

flz,y) = (Vaz +Vey)? +da+ey+g

Let us consider what restrictions are placed on the coefficients by requiring that
f be irreducible.

Firstly we claim that e, d cannot both be zero. Suppose otherwise, so that
f(z,y) = (Vax + /cy)? + g. Since not all of a,b,c are zero, we cannot have
both @ = 0 and ¢ = 0. Assume for the moment that a # 0 (the case ¢ # 0 is
similar) and consider the automorphism determined by = — /az + /cy,y — v,
which is of the third type above since the associated matrix has determinant
va # 0. Applying the inverse of this automorphism to f we would find that
the polynomial 22 + g is irreducible in k[z,y]. This is clearly impossible since k
is algebraically closed. Hence one of e, d must be nonzero.

We assume e # 0 (the case d # 0 is similar) with no other assumptions
about the coefficients. Consider the automorphism determined by z +— z,y —
—gac + éy Applying the inverse of this automorphism to f we discover that the
following polynomial is irreducible

2
(it Y

Suppose ey/a — d+/c = 0. Then since a quadratic in y cannot be irreducible in
k[z,y], we would have ¢ = 0. But then e\/a = dy/c = 0 would imply a = 0
(since e # 0). But of course a, ¢ cannot both be zero, so this is a contradiction.
Hence for any irreducible quadratic f(x,y) with zero determinant, we must have
eva —dy/e # 0.
This is fortunate, since it is implies that the morphism of k-algebras deter-

mined by

T @x + ﬁy

i i
y—dxr + ey

is an automorphism. Applying the inverse of this automorphism to f and using
another automorphism to exchange y and y 4+ g we end up with y — 2, as
required. Hence any conic in A? defined by a polynomial with zero discriminant

is isomorphic as a variety to y — z2.



2 Case D(f)#0

Let f(z,y) be an irreducible quadratic polynomial, D(f) = > — ac # 0. We
claim that there is an automorphism of k[x,y] mapping f to a polynomial of
the following form

xy+dx+ey+g d,e, ¢ ck

If @ = ¢ = 0 then this is trivial, since then b # 0 and therefore we can simply
apply the map f — %bf. So we assume that a # 0 (the case ¢ # 0 is similar).
One then checks the authenticity of the following algebraic manipulation:

flz,y) = ar?® +2bxy + ey’ +dr +ey+g

b ,]* e, B,
allz+-y"| +-y — 5y | +tdet+ey+g
a a a

b \> ac—0b? 9
alz+-y| + y +dr+tey+yg

a a

b\’ ac — b? ’
Var+—=y | + 1/ y| +de+ey+g

Va a

—p2 2

(s (G ) (o (57

+dr+ey+yg

Since b — ac # 0 the following defines an automorphism of the third type:

T — Vaxr + <;5+\/acgb2i>y
y— Vaz + <\/b5\/acab2i>y

Applying the inverse of this automorphism to the expression for f(x,y) obtained
above, we see that f is mapped to a polynomial of the form zy + d'z + €'y + ¢’
for coefficients d’, €', g’ € k, as claimed.

So to complete the proof, we need to show how to map any polynomial of
the form xy+d'x + €'y + ¢’ to zy — 1 under an automorphism of k[z,y|. Firstly,
write

zy+daetey+g =@+e)y+d)+g—ed

And replace x + ¢’ by x and y + d’ by y to reduce to the case zy + g — €'d’.
Since this polynomial is irreducible, g — e’d’ # 0. Let u € k be such that
u(g —e’d") = —1. Then we apply the map h — uh and consider the polynomial
(uz)y—1. Using the automorphism of the third type = — %x, y — 1y we complete
the chain of automorphisms and arrive at zy — 1. Hence any conic in A2 defined
by a polynomial with nonzero discriminant is isomorphic as a variety to zy — 1.



3 Conics in P?

Let k be any field (the following works fine in characteristic 2). A conic C in
P2 is the locus of an irreducible quadratic homogenous polynomial f(z,y,z) €
klx,y, z] which has the form

f(z,y,2) = ax® + by* + c2® + doy + eyz + gaz (2)

where not all of a, b, ¢ are zero. We claim that every such conic C' is isomorphic
as a variety to P!,

By Exercise 2.8 the locus Y = Z(f) has dimension 1 and is therefore an
infinite set. Pick any two distinct points P,@ € Y and let L be the unique line
passing through these two points (see our Section 2 solutions for more detail).
Pick a point T € Y not on L (the polynomial defining L is linear so its locus
cannot contain Y). Recall that points P,Q,T are collinear in P? if there is
a nonzero linear polynomial mx + ny + pz which admits P, Q,T as solutions.
Writing

P = (p1,p2,13), Q@ = (q1,q2,q3), T = (t1,t2,13)

the points P,Q, T are collinear if and only if the matrix

p1 q1
A=|p2 g t2
p3 q3 t3

has row rank < 3 which is iff. it has column rank < 3 which is iff. the tuples
P,Q,T are linearly dependent in A3. Since L is the unique line passing through
P,Q and T ¢ L, we conclude that the tuples P,Q,T are linearly independent
in A% and so the matrix A is invertible.

The automorphism ¢ : P2 — P2 determined by A~! has the following

property:
‘P(P) = (17070)7 @(Q) = (07 170)7 o(T) = (070’ 1)

The morphism ¢ maps conics to conics, so C is isomorphic to a conic in P2
containing (1,0,0),(0,1,0),(0,0,1). Considering Equation 2 we see that any
such conic is defined by a polynomial of the form

dzy+e'yz+grz

We can use another automorphism to absorb the coefficients d’, ¢’, ¢’ into z,y, 2
respectively, and so every conic in P2 is isomorphic to the variety zy + yz + xz.
To complete the proof it suffices to show that one particular conic is isomorphic
to PL.

The 2-uple embedding p : P! — P? gives an isomorphism of P! with the
variety Imp. We claim that Imp is equal to the conic xz — y%. Since p(a,b) =
(a?,ab,b?) one inclusion is clear. In the other direction, suppose (e, f,g) €
Z(zz —y?). Then eg = f? and if f = 0 either e = 0 or g = 0. In either case
p(Ve, \/g) = (e’ f:9).

If f # 0 then we can assume f = 1, and eg = 1 implies both e and g are
nonzero. Let /e, /g be such that \/e\/g = 1. Then once again p(y/e,/g) =
(e, f,g). Hence Imp = Z(xz — y?), which shows that xz — y? is isomorphic to
P!. Hence any conic in P? is isomorphic to P!.



4 Affine Conics in Characteristic 2

Let k be a field with chark = 2 and let f(x,y) € k[z,y] be an irreducible
quadratic polynomial

f(z,y) = ax® +bey + ey’ +de+ ey + g

If b = 0 then we can write f(z,y) = (vVaz++/cy)®+dz +ey+ g and the proof in
the section for affine conics with D(f) = 0 carries through unchanged to show
that the conic defined by f is isomorphic to y — 2.

Whereas if b # 0 then.... WHAT?



NOTE Infersectun of Affine Conics and Lines

Let C =/ Yeacwmeand L s [Pta line
C: ax?+ 2bay + c&l—r dy#-em'. +9

L: ax+b5+c

Lef i J\*—s \* be an cuforionohism cavying C o g —22 or af—1. By wnshuchon f conoponds o a fequence
of aufprmwphisms whose aasocioted maps kefx,y]— k[nj] ave At 1hy X — xb€ § =TI, o X F QNN Aiay
Y Ay + A2 Y. All these operahons presewe linear polynomials, so P(L) 15 aling. rHoveover

COAL = (5N Y (f1))
= 7 7(10 NPy

So fo wunt CNL o suffuesto look af xy - anel j-—;c?_

“The infenechon a{— —xtand o [ne cax+b s xTpoaxthb =0 which hay Pvt’crrdy +uw selubons in = {"\13~C\01€4J
St we inay haye ¢ double naof, in the care wheve D(cy= ©, )

el = §12}
The adengchon of xf—1 and y—ax-b v z(actb)=1 = ax*+ bx =| which agan tmphies for D(c) = O



EXERUSES ch.l Hawlhome.

(@) Leb Y= V(y=2*). We claimthat A(Y) 2= R[] . But sine 4 (Y) = '*ﬁ"fﬂ/m we map X —s ¢, Y2, 4hen
this 15 well-definec and onto. Cons:clevmﬁ R{x,9]=k [x][4] andthe woual yoga, any £o) € kxy] can be roritl e
Ham) = 9(94)(4 —x2) + £z, 2>) sothak fthe map 15 aleo mjecture,

) L 2= V(%4 =1) Then A(2) s k[“JUj/(iH,;) 2 R[x2"] Tf there were an 150 morphisim

ACV) =R[=],
W would seind 2, %" both %umh’, and hence into k2 Rut Fhen the imadge of the map vould ke m R

) Lt £yy) €le[19] be anineducible quadm}[c pelynomial. s s a randard result — this proof 15 [argely fiom some
nolen on the web. Suppose

Fluy) = axt+ beﬂ 4—1‘;33-} dot Fey+ g

with afl weffrcents n R, and nok all of ajbc zewo. We clefne DIF)= b>—oce k. we find puove that D(f)=0 or
D(f‘) + 0O s }aredewtd 53 +he ﬁﬁowmj opem‘}wm on the pw(ynoquf/’ :

() f—uf ugdomk
(i F9) —> f(x+ 4, yim) Cmek
(31) Flx9) —> F(A(F)), thak 15 undler
(’g ],-—;; H(‘;} for any invevhble mehx 4= @a;: c;,;) over .

Anel fuvthermore The a ffine voo relinale ving IQ}:XM_]/(,C) s prfoew-ed (up to :Jomonh.u.rm) bj these apem:twn_r. The ,owu/c_r-.
(i) D(wf) = (bu)*— acu? _ D(F)u?

(i)) When ca[cu!a}lmj O(f), urslj flu wefhcrenh of &2 7y mm{j2 malter. Bub +he
subshiuton x — x+ ¢, yiaytm does nof change these coefficients.

(iii) s s the subshbuhon > — ayx + Gy, § F auX + a2y, A mn (i), the bt
enacled on the lower degree tevms (54 1) will have no effect-on #he valus st D . Henw, asrume
Flz9) = “lzf-bxj " C\'f‘ T
rom cop chece —and T have — Hhat
a b T i
b < )(d) D)= D(F)dt R

\Dj hand i

ax 2bay + ey’ = (x g)(

tnd D[F): -—-def'[‘f,l;) So undev ('}( g]i—% A(x fjJ‘} Ure obf'auq
)
b ¢ J

and hena D(,,(“/J — d€+ﬁt D(F)def/] Bul A Is mvwhble, Je D[ff) If o monzewo constant muf‘;?pft «71 D(-f)
[Fﬁbe“’lﬂ fhe ‘f‘lrﬂms"ﬁ)l/VﬂE:{PD[jhumrqf)

Now, K[I;d]/( wf) = h['x"ﬂ/(ﬂ} so the woydmale ving s clearly stble under (i). Uader (i), we have an 1somonhism

Mt nole  x—2x+#
R [y7] - —y RImy] sl
/( F("""&'j*"‘” (¢) 15 an o i’:[x”?_) ‘E[’(’ﬁ_]__]
j(oq\ﬂ + (F(ii"f,’j‘f?""]) 3 j(i—‘?/j-w\] + ().

a ltneav frunsformehon of +he form (i), (?j( ) = ﬁ[;) Jiven an (romuephiim

TSk note
R [5] L wlud] e sriden
[ D A X+ Gnas
/( f[ A[;) J) /[f\) \vae?ﬂﬁ*c wing B=pa"". Thw get
. awromophsmel 2 [x,97]
90 + (FIAG)) — 3( A" (§)) + &) =

Now +s finich the peoof e show thaf any vrecluc, bole quad‘m-hc [ con be hamsformecl pto one of fhe foﬂowmﬂ casen woing
W‘llj opem‘fwnr (i}, (ii) and (ii1) *

(=) ¥ —x2 f DIF)=0
(©) xj—-—f f D(f) 0

.SMP-Pn;e D(f) = p2—ac = 0. Then F('x}b‘J: 5(’3(1'}'2;)7ij‘:’21‘ d’(f-e‘j 1—3 = (.fq'x-f-fc_g)1+ do(fej-j-ﬂ ,w'ﬂeﬁ,ﬂe the



Square voofs exist SN b s algebratcally closec|. /—]PP{y the hansformatons (W“‘\j‘ both (ii) and /M)

[ One means Fhe mvene of
vef;

Ja/i x + ‘rz/iﬂl——)x x> TR ¥ ek
This needs Jo be chechad Yo be nverhble.
da f 5 # 4 see Adddwovial @

Under 1his hansformaton, clealy £ — Y —x2. Now suppose D(f)=b*ac # O.Then
Floy) = ax_L%Zb.zj %cyz & £ e+ 9
- a(["*ab“j__[zif %jz——f—;jz) +dx+—ea1—j
= a(x+ ), (ac —b?) =
) — Y * dx tey+9
— b 2 2 +
(EI+F33+( ‘”-_;by) fc[x#e:j-g—\j

= {J‘ax +( é+{.‘?ﬁ§i)‘j}[ﬁx+(%—*ﬁ'§i)‘j} *d’(“’j"j

Tale »fhg Mn_pﬁ;ym [J'fi) 5.4. (One c[agclmﬂw)e ’ltvanr-fwmqﬁon: qre ihvevh l::]e"u/hlch #”ow: rnw bz——ac:f‘-O\ B
Vax + (= ‘i.‘;_”lz')j —> x
Jax + (% = ‘M;bli)'j —Y

wWhich fahe £ +o 1y + d'x + ely +q forsome dlyel i R. Butthir can be wnben (xie)(yrd') +g—e'd’ ,o tahe
he fansform x4 e! A, y+d Y whichis (N). Then £ has be conre xy g —eld’ Sine [ i mreduchle (and this
is presewed by opevachons sma kx4 UFD rrred &= prime ancl wre pawe shown R[Xy7/(f) & presewed upFo 150) 4 _eld”

1s not zew, so fhere o 2 m Jes.d. a[j~efd') = —[.Then by (;) F bewmes (u"JH — | and by (i) with

Ux 1, f F2 Y we have f =y —I Jo we have shown y‘ﬂm‘-nny tneclieilble ?u_cugfm‘hc Ffekf{hy] v 54

}2[9(13]/({_-) I5 UDTWDW/?H 4o ;&}:x] —_ ﬁ(\,r) or k[I,"jJ/('xj fI) = ﬂ[Z) 0

Q2] The Twished Cubie [of Yo A2 |, v = {(:1343) [Hek], Clealy Ye V(2-2%y—a2), aud fhe convere 15 cleov cua
well. (Ve now show thal (2 ~«3, j—xi) 1w prime by m;mec—hng an rwomoysh s

RJax 9,2 — RLU
f“i]/( lefu]

Z—)(g/j = %)

Lot T k[x9 2] —R[%] be x> u, yr—u?, 2 F3ud. Cloarly Pur onto and (z-x%y—x") ¢ Ker'f. Suppose

P, 2) e Kery Divide y—a e P oo Pe.fjnomcql.r ny to find P(59,2) = Q(y—x2) + R(2x,2). Then P(P)=0 mphes
¥(R)=0, ro lef w dride z —x3 we R a» pelynomals 1n z, e R= Q'(2-x3)t R'(*). Then ‘y(g")
Jo that P= 6?(‘)”7})* ®Yz-x%)e (7'121;*’(3)"[’{8”& (4=2% z-x3) s pune, o Y 15 an affrne VG“M@

whore dimension is e Krull dumension of AlY) = lef2] ehech o5 1.

=0 implies R'=0,

QL3 | Let Y=IA® be V(a*—y2z,72-X). Ten (wv,w)e Y wmphen u(w—1)=0, s
(i) u=0, re that vw =0, s v=10 or w=0, henu all hple (0, V,b}}(o,o),w)
(r'iJ w=1, so thak bfz-‘-‘—V/Jo 4”#’14}0/'90 (M;WQ}.']‘

Hene Y= V(Irz’) UV[II‘.’J) U[/(HQPJ(I 2 —I')_HZV!E fz[’/y/?'}/[xf z) = h}fg]] k["-'/‘?/"’}/[xfj): Je 2] C?H(J
]Q'):xf%'zj/{jz-xj 2-1) = kIE] via ‘Q):"M!l]"ﬁ)h[q) X+ by Y tY 22 L Clealy onto with (y2-x,2 -1)
N fhe kemel, and F FPOGY2)) =0, et P= G?[j-—)(l]—’r R(x2z), then F(R)=0, say R = R/(z-1) + R!(x). Then
R'=0 s that P=@(y—2x2)3 Qll=~1) e—’(jz-zr/z—r], and 10 we ncluce flu cleoned vomonslusm. Hente all of these
relr are afFine vanehes of dimension |

Qrél The N‘-”L V[I":j) = {("7” } {'G )2} 5 c,fo_)ed m /ik?_ wdh ’”’Lc ZGWJ!zi }DPDIOW‘ bt f}' canmf‘ b( clored 7’1?? PWd“CJ' ‘/[Of()’lojj
becaqwe to nclude the diagona) & puoduck of Fun closed sets would hawe o contain all of 3.

61.5] If Bise afone coordinale vng For some algebraic set m A say B =A(Y), then 8= SEDR -,Inj/r(y) | where
T (%) 15 vadeal, and hene 13 1 £ k —algebro. with ne nilpotents, @WV@WI% | k]%] 15 a genewedor for ke —alg, o any

ﬁm_‘l{@ 7enem¢fcd’bb'ec1‘ ra ?L.boﬁen}- a/ Sohe }Z[I]Cﬂ’r—' @,‘:f k[F] = @)i";_)l'a[x} = hj:t:,- ; ‘J‘T"]; and i 3 5 recluwd Huen
the benel mawstalso be vadical , so that o u)wwfoﬂd/a‘f‘o Jome algebmi seb 0 /KT, for which B = hf’—‘f'r-vx”]/I(y) munt

be He coovelmale ung.



)Q]-G Lel X be an wveducrble Jpae, ZeX nonem;ﬁy and opes. Then X = EU(X\ZB 5o onne 7o HOJ’]EW)pr, 15 dense.
S;milaﬂ'ﬂ W z=Y U‘/'J yandy'rfujech ? (Jaj ‘/:Z(]?J Y'=2N3) G and §' closed 1n X ) +hen wre have
X = (x\2)U(¥ US'), s that X = F U7 and hene wlog X =9 T yimphes Z = Y. Heme Z s 1vecucible and clense.

SMPPOJC YeXas srreclucible vnder e mducecl T[t’f D/"jj [)( e Vmufav’bfhwj)_ Let V he the ¢lesure of Y/ and suppote
V= 2, 0 24 for hne clored sulelz 2y 2, of Y. Then an Z, N Y and 2_—,»__/‘,‘/ ave clored s Y and Vs 'Wt'ff“ﬂbfe) v l’)"\W}}L
be contaned m (vwleg) Z). Baf by def™ of clojure, we have z, =Y.

@ (t’*] {f) = (I'] Lef j be a nomelmplﬁd »{qmﬂj a-l' closecl mfg;e-}s = [e}‘ @éj If ® i V?UJ mm,mq] " J} say Q'c CQ- Then EIWE’V
chom Q2R ' >QR" > --- which muat feymmate cf o minmimal ele ment

Qs minimal, efe. We prwduce a descerichn
2};@0! subsek procutes Hhe increasing chain of cpen complemments, vhich halk iff .

of . (i Y& i) An:’ c]e(ré’aolng chain o<

+he onﬁma[ chaindoes. [ii)e (iv) A clored ﬁm:fb( s e‘fu.'vaf@ﬂ'f 4o the open fﬁ;lmnfj of mmpkmeh,ﬁ} ane e fevmew hew
a mumenal glement 1. Fhe lader han o maximal. (i Y= [i). Let @> Q2 - ke c{chendlncj cham of closecl Jubsef
The {—mm,lﬂ {52;'3 owat have a Mimimal element @n, and hene Qrp = Qn Ve z 1.

() Let U have av open cover Juilies. Sine any Jerc-Hy mereaning chain of open sulrel of- X muot Jevmimale,
i e pick %’o 6'f[),-}] v, C-{U‘-} efe ancl £orm [L)}." b [j-o U L,Lle < - of -{U;} wndams no fanile rubeover, we can
form d’ncﬁj mereaaing, mbnie sequene of thirform, whidn 15 o contadichon.

(c) LeF Y€ X be a Jubfpaa and suppoie o> @12 15 e deaending chein of closed subselz in )J/, with say
Q =¥/ P, Pr & Xclojed. Then f we ansume F 15 Hue intesechon’ of all thoe cloed subseb of X which meet
T Qi) wehavre FPo > B2 - -- ., Ste (PP YN = @iy N R = @, o that Pi)Pr—y= [7 ; and hene
pr e Picy. Tf wewere fo have £ = Py j then G = YNP; =Y Pioy = Qi-), whichus false Rut X 15 poethenan, so
Mdham Po 2 B2 - - ;"evﬂ’llﬂq}!ﬁ/ ray Fr= Py VhznTunake Bn=0n Yhzn, o Y 15 nue thenan.

(d) Let X be Noethenan apd /"[amcfwﬁ, IF V< X 15 wreducible cleed] wifh 0y eV, then Jeb U, U € X e open and
rd3 UJ} :jE.’UJ_ UJﬂUz,—-———ﬂ,f.ﬂ’?fn X = U]C U'Uz': and fo V = (Ulcn\fJ U(US“\}E an ﬂqz Union Dl fJVOp,gy c.!ﬂj.ed J“ble}r‘
Hena V i a singleton se}. But by Prop 1S thir implies that X s fuile. Sina a subsef i ireducible closed . of i a mji@#orx
[equw.:stnﬂfe-!om are open /17u 1f the pomji‘ are Ay - - Xn mahe 0’2,,,/5;__, Vi eadh 1 Iépﬁ’m}'ﬂﬂ x and x; — fhen n-{Ubf": {II‘S\

Henw ]"PPDIDjj s disoele.
be ca bgpeuurﬁq /7 ﬂ'}

Foweducible in Rxy. -/ 0n ] Now V(f+p)= VIFIN\p|= YIH 5o fhat I(Y/1H) i@lﬂ . An imeducible
cornpone nf <k Y(\H 15 s o minimal prime of () + . which is a privne q 2 j3 vinimal over (f) 0 Afp. Bub b
)11 & all such pvimas have height 2 in A, and sine htg + dim By = dim b, dimbly = r— |, o required.

\E Let o= k[xy--- xn] be R=(Ffi, . f), a propev iclea]. Then we have (‘ngfﬁl,ﬁ.) e - (Fyeuf)=a and henr

VA)Y= VIEE) 2 - - - = V(=)
and henw C‘:IW!V[JC!;—--: Jf;'-H Jé dnm \//ff),. sy ﬁ:J
FE canbe any Fu\jv\hmlm;m‘; wer. wrﬁlblf\\a\il

LlQi,g Lot Y be an affve ane}ﬂ of dimension v in A™ (5o 0ev s n) , and ek He=V(#) beor hypersurfuce in I\ We study the
closed sef YNH wa A" Led n= T,

ICC'M 1] Y H: CJearfj NAH=Y so dm¥YNH=7
[(we @) 1H=§ sme V((F)+p) = N AV[B) =YNH wehave NH=F & (l+n= A (V&= A= a=h)
YAH svionempty and not V: So (F)+p +A and conreguently Lis nether a zawd W0 o aunt wn &/
Since 6]+ s poper the wreducible components of YA wowespond o the winimal pames over Jifrg which
n A2y (1.1AY) such a primehos height- | m Al Henw (+ whtq = dmPlp =y,

irmal over (£)
T Hen t of YAH hew dimension v— 1.

Are pyviimed
f i/ r—| . Henu evew (neducible tomporen

5o clum ﬂ}Ul =
NbYE Tf r =0, Yuir apomt, so either (e T IT_vnwﬂ-pmuo\iL

[904) Lef @< A =R[%u ] bean deal which can begenevated by v elements. By Kymll's Genoralired PID Theorem (ree A& M nolen )
any prme il ovey @ s helght < S

w=A Then z(a)= .
wis proper. Then dan ineducible wmpowml' i zZ(n), P winivnal prinue of a. Heme
dum z(g) = dlvnA/,a =n-—mp=n-v

mmquwed [umr;Jq €AY,



NOTE Dimension and Q .9

Let Y= IN" be anaffine vaweFﬁ of chmension v Let £ £ be avp '."-"‘Umlmmir. We
claimthab f =z =vn Z(£)N - TN Z(E%) 5 vienewply, then evey weeducible component of Z
han dimension atleart  — k. (e wimpoyefs may hetve diffevent dwmensions)

PROOF B.j mduchon en k. v R=1| erher Y< 2() and dym YN z2(h) =vor v ¢ zH)
amd evew weducible component han dimension v—1 (YN2(R)#¢ by aosumphan) by @1,
So the vesult holds for k=1 .

Assume fhe verull s fwe for R—1. 5o i?amuw:phun YOZIR)O--- N2 (Fie) # ¢ which implies
b YO2(0)N-- N Z(Fe-)F ¢ andsoof

YNZH) N N2{fie-) =Y V- LY.

is the rweducible decornposdwn then climY; Z ¢— (& -1) by The mductwe hgpo‘f’hmfs

So Z=NAzZENN--N2lf) s Theunon Y0 Z () U. --UYn O\ 2 (H). Some of these ma

be emphy, but the noneymphy ones have nveducible clecornpos hinns wde et union of clored, vecluci ble
sebs witUdimensions = = k. Hene

&= QI. Wi e2 W) @5
wh the Q; affine vanehes of dimension z r—k. By fheowing away redundant @i
we tovmpleie Hie proof .17

NUTE Ths s Q1.0



(@) Let Y be any subspaw of a fopelogical spaw X . 1F S€Y r anreducible cloed rulosed of ¥ m the mdued
+°po)°ﬂ‘:]a then 7 dosure in X 15 on inveducible closed subset 5= X fﬂéli’j%/rrj SNY = s. This wovhs sne o

5=V UW, with Vand W dosed in X, then S = (VAY)U(WNY) Hentt 50y 5=y Y, then §= V.

10 2,2 € ©Zv 5 cham of wrecucible closec] subsels of Y, then we have Z, < ZFiC Za B 0 T Dhicluerow
S Z 1. IF we were fo have Z; =Z,, , then

Sollows sinee Z. Ny = 2, 2 Z;_, s0 et by de}™ of closure 'Z,_,
2, = ZAY = 7, NY = Zisi , wheh s conbachchon. Hene theve isa chaw of iveducible closed subsels of length

v in X The same awumen} implhes that en nfmle chain m Y predues an infimke cham m X Henw dimy < dim X .

(b) Lel X be covered "”3 Z’U} We claim dym X = supdpmu‘-_ By @), dimU; = dimX \}-,;) s fhat supdim(; s elizin X
Lef Zo<ZyC 2o C--- be a shaetly ncreasing cham of jneducilole clued subsets of X. Smue ZYUJ} 5 acvey, lF
ond by ).6 These nlewections are devise

U ke #1. ZelDUs =£ 55 Then (/, hovo a wowqmp}v vhltevechon with gl 24,
and 1mecucible We cevtamly have Zi Vs & Ziyy NUs, and S0 VoNZir 5 dense’in Zi+), andl ZiC Zip1 8 @ proper

dosed subsek we cannot have 2., NVo & Zi. That 15, there 15 @ pwoper mclwoon 2 NWe € Z iy, NVs. Flenw we have
- of Uo, sethat dimX < §U\Pdwm\}\' onad henwe

Produd a chain of wyeductble clored subsel 7o NLV. € & NVe C -

e X = supdimU;,

(C) Led K= {0} l} with 49?""“53 J*""{ng '{03, fﬂ)"}} so thet 515, fﬂ]‘ and X ave clorec and f'},X ar preducible cl'oged, Let Ucfhj‘
Clw{ij U= X 5o U dente, und while §17c X shows dim X =1, {o} confaing ne vreducdible elosed subseds at al),
ottrer Fhhan dxelf (we are mtereated only m Fhe mduced Fopolegy on 1o} when cm:’wfaﬁ"lj chimensien ) . Henw cdim U=0<] =dmX,

(d) Let VY bea clnsed subrel of an yeducible fimle - dumensional spaw X. If Zo € Zy € ---- CZr 15 any chain
o Irreducible cluied subseh of ¥, ;i alre such o chain i X, and hene sme X 15 nreducible 2oc Zic-rT 2Zre X

5 a dndin of Slosed imeclucdoles in X. Henw the only wesg for iy = dim X 1540 have Y =X

(€) Sine rpechums of Noethenan rm%.; are noethenan spacer avel Jsvull ehimension = combinate ral climension <f spechum,
eknan r¢in 9,{ /y;jL,uyn}'-? drmenﬂon — s c;(o.],rnpfe 15 ﬁ,om A'Hyul's anel T'TC\:C‘OWQH.

» deavly sutfras fo Fiel e Nee 5
Lek A= ka[x.,;flj_._?;rw_ L, and le¥m, ma, . be an Merecaing sequent of natural aumbew se Hhat
for all i > [, We have pvime ideals (7(,,,1,.#!/, X, ) ]JFV‘W nng R[>y ']/(:t.;,!___,;(.,-n'\

Wiig — WM > vy —
i pﬁljncmm\ vmrj A qu,mg x| hente &Dmam)i and henwe pwpev chains (levicle (;)(ml-.rl.,.,.,’)'m,-kl) by 15,
i = (Tmiv1,- EMirs) 2 (xm,'+2),.,.,3(miﬂ) P oawn B By j = (0

M, (we an apply the Hawpt idea)salz Jo see m He abore e chan s meacimal, bud we onl

hene fn‘]'p,‘ = M,y —
[CI;'J?‘TﬂeP’I A’[S"] P Noethenan (Ex. "?} Ch.T, pr‘l'“jdlﬂ—-

Nead It =) Noew A 5 not nogthenan, bub fF 5= A—U;
Macdonald ) aud n #s ving rg; has helgh/' Mip1 — Wy, so ak dimAfs~] = 00, e requived.
=44 2= £S5 Then v 2) € R[29,2] w I(Y) mphes Hhat

@ Let Vg/}\g be given pqrarme'ﬁ’lcq”j /Jj =X :——fi J
2] —> k[t] be mdumc{bj A {;3/:1 f—at‘fj z & and n'eh‘?nj

jf(o{fo{ﬂ} %) =0, Vot e R. That 1s, le#’mg F- k 2,4,
OV : k[{'f —ak dewcle evaluchon af xek

k[xy2] e R

i eVt

k

we nple that F(dgjdtl/a(s)::o é/ eVx ¥f) =0, » fﬂA f[f)émoc (/&d!’j-cfofed)_ Fuf in fE[{’L /)qék/md-:o/
Jo 7[‘ s IT(Y) oA YLr) =0, 40 I(Y):Keyf Sime Im¥P= }2[(;%{;“) ST e ;Mbwnj of qu(—j anel 15 hewee

a domann, T(Y) s prime. Now

h[*ﬁ')zj
Wt I(Y)+ dim . — dim k[aaj%z] =3

k2 - L

Hama! sine cim 129, ?’j/I(Y) = chmk[fi(:‘; 55] = h[t] [smuz k[f] SE S mleglmfexienﬁo,, of k[tift ’)tf])

and dlmk[ﬂ-’—f, 9o Wt I(Y)=3-(=2. (’Q)}] 5 '”kﬂm[ over R[¢364c 7] sinee f 1s generalec] an k[ﬁjﬁqftr]—moduh ]aj’ L42)
Now we have Jo show Thalt T(Y) cannot be 9enemled fa:j tus elements. [gf

Hz2) = ~Z'Q¢Uh Idgjz’2 (1)
"J-’
5 iy Sk
Then apohjnomrn! Losm (1) 150 TY) A 7] =050 . Z‘U.'k Aijk ﬁg e = O. Heno, . for eath nZ O,

; D<UL. —_ O fureaC]’! 7’\“7/0.

;,JJLL?fD'
1 "3 ¥ 5h =0



Leb wo wonstder some valuen of 0 :

(i1jik) =(9)9,0) Ap,00 = O

n=20

n=I| ("»j'ﬂ"-) does nol exist

n=12 LP,J‘J)—..) doey vot ex st

W =3 (i,,0) = (,0,0) 00 =0

n=24 [i,j,h) = (o,,o) o160 = O

n=>5 (i), k)= (0,0))) oo = O

n==~06 ["f\)\)h)‘—“‘ (EJDJD) Az,00 = O

n="7 (1jR)={(1,0°) dy,e =O

n=8 (R =(y01) o (ijk)=(025) mne dye, * ooz = O.
%=1 (tj,%) = (3,00) or (i),k) =(0,1,1) hena A300 + Ko, = O
n=10 (k) =(510) or (1))k) =(0,0,2) wne dayyo + e, = O
=1l (f’j’h} ={1% ) . ("’J"}LJ = (ZJOJI ) hene Arjy 0t Azm,) = O

For 712 we haveto have of Jesot 141k 77 3, sme 2.5 = (0<12. Now, we can wnle forany £ek[xy,7]

Jf,—_' Ao)0,0 + O(:joJDJC‘FD{::JJ}cj% HKo,0) Z ‘f'sz}Dquz-f' Ol'ljronJ»}— a{f/wj;IZ £ dojz,osz
i, ]k
Z,g('/jﬂlxﬂ z

+ o{slggx?-}’xojllljz i O{?_jﬂ'}oxlj # 9(9/0}2224*0()]2/0151-}— afy_ID,,XJ'Z _.Il'
EU'.,I—;_

3,‘+L|J'+5ia7/rz

If fe T(Y) thw, wing the above we can simply #o

F =0 (X2 =) # d300(23 —y2) + qa,0(27 —22) + ayyo( 29 —x2) rg e

where g s o polynomial whose monomals all have fotal dgree 7 3. Suppere I(v)=(91,9:) could bejenemkdr by
Fws polynormials 91 anel ga. Thum §1,32 € T(Y) and 10 have expansions bk (2)- But 5 z-y? e (9192) 1mphed

A2 —Y*=Ppg,t P9 = P (pv'jOJJ(P(Z—jL)'f )+ Pz(\(’[}o”[g(z_j?.) o) . We show That Theve 1s now ay
U produce Pip, and Qi) 9, and vay, Wi s

Xz—=Y =3 F P (3)

AF iy 2 =997 9 9= (&)

:(23—11 = m'3]+ml"jl (s)

We wate pi = a;+ p; // wheve aj ¢ k and p;” han no constant {evm. Liunse qi = bi 1—1;/’, m; = Ci+mi’ Then, f

31 = Buop (x2-97) £ Broola™y2) + fa0 (x2y-22) + 5,7 (9

jz = Yo (xz—fj") % \(%,o,n(x?’jz) 4+ X200 (Ilg —2%) + 9.7
where 3|/ and ?L" ave such That each monomial hon degree 7 2. Then (3) becomes
Aol e (i az Ve ) (x2 -2+ (aifs00 +6, V300 )3-y2 ) + (A2 0t Rliypye)(3°y—27)

+ aljr/‘\’ qzjz,/'f' Fl/jl"l‘ szaz.

s we have jeperatec monomials of orcler < 3 and = 3 (with The exephon of 7Y, buk by def™ in (2) no monomual
occuivs hwice | so XY wmned vanv 1 g, or 4297, and Theve 15 no monomial g, or g, of lower degre which cdhwideg

ALY, 30 iFecamnet oceur n p,’/9, or P2'9. enuhe\/)j we £4n eqt&ak wﬂff(o&el’lc"i +o find

= 0 (7)

arPuoy td Ve = ] / )
NgSr g, P9 + Py =

ﬂ\ﬁ&,‘f’/o ) 012,\(3,0,0 = O
ar Bz + axlyye = O



cfomﬁ dhe same with xsrjz and x2y —2z% we Find

'b;(i:fa_,) + Lz_\(t}p, | = .0

C'FU"J’ -+ Cz.\('ﬂ’/! =0
b, /?2} yo+ EZ\ZZJUD = | (5) & szx,u T G0 =0 Cq)
by 3390 + 172— Y300 =0 % P%,o;o + ¢ ly,50 = |

and (7),(8), (1) give w our conbadichon, sme They tmply - (supposmg Y300 , Yare, Y1 0, nonzew )

(93,050 _ % _ Y B2 10 . —=tg _ (j’l,o,l _ =3 - (10)
LA B =5 L = — e —_— = I = T2 0
2(3,0,0 ! b Yz.,;!o <y q, o < &,

hene all of /hese c]wﬁenk are equal — say +o o« € R. Buf then Pye,) = L0, and ~a, = o(a, show, wong (7)

V= diflys,) + 4, Yoy = q'lo(\('lc‘r\ Fa Yo, = (Q!D(‘FQLXYHDH = 0

Using (7),(5),(4) and (I0), this conhadichon will wwowk whenever more than ove o} Y",‘,OJDJYLJ)JO‘,\U,O_,] 5 Npn=2elw

(vesp. waing A reciprocals o (19), move thandne of f3,00, P20, fyz) vonzew). Buf the fad-that (3),(4),(5) hold
“”f—"]fﬁ- (7)1(5);(4)) vheans 'J’hod’ F'Jor‘ and \(rv'q" (YF/JP IG):J":’ anel ‘(1',1',0] F3rDJD and VBIU‘,“\ ot he zevo althe Jame-hme.

Hemg we have ouy !/Un’}'ﬂlc.ll(:l'von) SN -fo e’ﬁqmpfe 61;1,0 :ﬁ’;"zl =0 wmphes both Tz,),o and Y;,o,] are hohzelo .
Hene I(Y) cunnot be genernted by 2 elementr.

J@ We are loeleing for L€ }R[‘?}y] meducible, .. Z(gc) < TR* s not reducible. Obviows chowe § 4—05\, Jor
Z(f) cu Fhe union of som poinfs. Then £ would be _—
(x*=a%)" + (y>= b2)* '

o 30,} Sour pmmﬁ. Then Z(F) = Z(I—Q,

Y=kY{) .Z(::(-l—q,jrb)uz(zf a,91 by U Z(xta,y—b), so 15 not
tweducible. For JJMP?lij we Jaht a=), b =0, so £ — (ul—\)l+jlj whieh fzidovisen as

£= (g =Y romsy 1) e o)

m C
50 A Rifj‘j](; £[x,y]} both UFDs, £ 15 wreclucible in n?[z,j:[_ (mu,!-hp'.jmj b\d \J.Y!I{EA(__CU') never furn o rea

Pvl_\jnomiql hizy) b 2y 1Yy - ])/ bud ap we have ﬁlwmchj seen, Z({ ) s not wre ducible.



