2. PROTECTIVE VARIETIES @

To define pro‘)'ec%ug Vawehm) we me.rzc[ I a manner cmcllaowJ o the dedinidvon of affwe mne%w, exceptthat we wovk f’#f/'e@l”ff
spak. Let R be our Frcecl a{gebmcaﬁj cloed field. We defmed /DfPJ'G'GLIVE n-spa@ o fellows:

DEFINITION (e defne projectve n-spaw over kb denoted by [Py or jurt P 4o be the sef o} equiValent closses of
(nf1]-Fuples (eo, .- -, an) of elements of k, aotq]l zewo, under He equivalenu refmiwnjwen by (nwl)

(a0, -,an) ~ [Nao, ..., Aan) o nek.
| equivalenty , B s mp_qmen+ of A"‘*'_ﬂoj,__jo)} unel ev 1he equavalence relakon which elenhfieo I"”V’Js

1jm on Hhe rame (e ﬁﬂmughﬂwon in. An ﬁ]emen} D; fJD" s ealled a Pom]-/ avel if P s a Pom}) then nnj
(1) —tuple (Qo‘,.‘./ﬂh\ in the equivalene closs P s called a sel of homogenowd coordinales S

PEFINITION (Graded Rmg) A graded ving s aving S, Fegethier with a decompo siton

S=@®sq

d=o0

ol Sav a dwect sum +f abelian quovps Sd, ruch thot for any 4,070, S4: Se & Sdie. 4n element a,[ Sd
15 called a ‘nomoaenom element of deﬂ’eid- Thw ary element of S can be wnlfen Mmqwzl'j as a (finke) s
U)L thojgwom elements . An ideal ne S isa MOJM 4‘

n=B(ansd)

d> o

'w Let 3 = Bd»oSd be a Snfadec'l ring, Fhen

¢} A 1deo.\ Is hbmoﬂenﬁv\ﬂ '! emel Dﬂlj Jﬁ J-J—can foe ggyzeya{-ed bd homogew\)w.l e[emew{x

@ Lef Cilj':l be homoaenom dﬁa{s)’mev\ [['f;:iﬁ;z",;lifp?m“ﬂ'

() athos lomogenows
(i) ab s homogenous
(i) BNk s homegenous
(iv) J_ﬂ’, s omogenowd

(3) A humogemouﬁ ld&ﬂ[;ﬂl s 'ane rﬁf ﬁr amd humaﬂ@mm) el’emeer f}gesj W gcgefﬂ' eiﬂ';er fc—p arae—/q_
PRDOF (ﬁ) S‘MPPDJe @ s bomogenowﬂ. Foramy 7('6' i, The PIOP‘WQQEWO“/JPC“"IY f(ldé SCL 61{7/01, are In i, end The cofleckon o#o.ﬁ such

t’IDMD%CYlbUG Pth agneml.cﬂ it LA)HV’(’.V)@)SI suppose [}[.—:(jf;);g'l with Cach j["- thOSQ.VTOVw. 5MP,ODI{.56 T, with sa-lj
g =giFid -4 gafa, gi €S, Nohe dhal generally f = =yt2, ¥ =y 29 el 5o

g4 = (9:£) s -+ (anfn)

Bul for 3homejenou.n) [v&vj)(d}:: 1(4_"“):1 where ye S . Hene

ﬂ(‘ﬂ (d=m) (d = ma)

= 3\ £ F-- jn ‘{‘h "F]C“ Sm

But sine 15 an ideal, This 15 i G Heme s homogenows.
()1 Let feuth,say F=arb Then £9= g+ b caab.

(ii) Netwdhat for x,9€S
SR @M, G
(y) "= Zx j-‘)
4
]-tj-:d

Ane\ henw (f 'Pé‘u-h; F=oab saﬁ, sinw U{,jh are both homoge,houﬂ) CIOI{.ED{” € a,l:l each ‘1},), so —J:(C”C— U[b
(iu) TP Féﬂﬂh, say = Z.,“d)/ then £ e anb euch d.



(iv) We induc! on The number v1 of nonzewo homogem)tw Faﬂ:r i an element Leva, TPp= ]/ +he unlg ADNZCLO wmpermmf @
s pd) = £, so ‘}VIUIQHj {‘“ﬂe J@ alld. So now suppose The claim holds forall n<fk. Lef

(k)

fﬁF@"+—--+—F pHg 5,

be w (@, 5o that Im=0, £Me A . We may suppsie d;<d; < --- <dp and henwe thak (jgm)('md.)= (Pcd.))""' Hevie F(d.leﬁ_
Bbd- 'Hflen .Pf.dz’)_f e ‘F(dh]_{ :F‘_yfﬂdr}e J’E/ ﬂhCl 56 l:d 'H"? ,ndwcﬁ\,-e h\‘j‘}’t’ﬁ’m“‘ we CH’\".C{OFLE_

(3) J\:’e.ceosn(y is clear, Suppose 3 is s whenever f9eS are homoaar;ncbw (£ =FC), 9 :3@))
Su'ﬂsu:e O-loe}g_) buth ab0,and g= Z\qm/ b= Zb(e], Then

() = 2 b
’,2

die=1

and ch—/g/ either -,Enrﬁ (s mp

SN 15 homogenow), each sf these sums st U, Led d, and eo be the smalleaf degrees of components pCcuVﬂh? n He
ex PC(HS!G“ y[ le W.P- 'ﬂ)eu (qb) (d-+9°] AN q(dw] Lj(@a)- Hewm El{’her qfdc‘ S L)(Eas € P SD(‘H?QJQ wlf 'rhﬂ q!do)e

W.rrhng G q(do) " quJf P . proceed by mduction. Working modulo H, (abymfea) - . qm!b(e)
o mnl:j mvalve d=dg or d, (€015 rnm]mq,l] 5o medule B, (Qla)fdlf?- = q[d;) bteu'\' Hlenie a(m){_p. B S gt
“this fmhlom, each g(d:) ;= R A and henw so 15 q. (N-B 4} s tence walle n e ’F”“" step +hat b(‘?vje_}g also .

T oot [reep shnwlnﬂ q(cii] ERT but repolawe blee? by mimmal "Jejm wmp et k1), 0

We make the Pb{jﬂommf ring S= k[t %] mh a graded riveg by ﬁikmﬂ Sd +o be the ek of all lmear com binatons
menomials of Hotal weght d m Ao,..., 0 HFES 15 a Po[tjnum;ql , we cannst coe t Fo dedime o funchon on [P, becawe
ol the non untquenens of the hemogenous wordinates. #loweyey, f £ s thDgfﬂum pdgnomq{ of c{egwee d, then

£(Adey...., Dan) = A'F (0., an)

so that The propevy of £ bewg zew or not depends zm!j on the equivalenc class of (Gcy...,Qn ). TMua ,CJ,V&, a functon
Fom 4o (0,0} by F(P)=0 flac)..,an)=0 and f(P) =1 /f Flag-.,an) 0. Thus ure can talk about +he.

2ews of « homegenoun polynomial, namely
z(f) ={Pe P | f(P) =0}
IF T s any sek of homogencun elements of S, we define #he zew cet of T Ao be
Z(T)={PeP" | fFY=0 +or ol Fe T}

Fwisa fhomoSehow.\ idec] +f S, we defune Z(R)= Z(T), where T is the sef of all homegenows element n . Stne
S 15 o noe thenan ring, any sel of homogenous dements T has a fnte subset ..., f, such Fhat Z(T)=Z(f,... £, )
PEFINITION A subset Yol P" s an C_-’(_l_aelamlc sef

1f There existr o set T of homoﬂenbwy element -,L S such that
Y==(T).

PROPOSITION 2:1 The union o[ any o af?ebrmc rebs 15 an quebﬂtc set. The mntewechu of any 7Cqm|fj of m@ebl«:ﬂf setr
s oan a[ﬂ(-’bmlc set. The empty seb and e whole ipale ave ﬂlg?bm“ sefr.

prooF 7/ ¥Y=2(T) and Q= 2(s), YVR=Z(Ts) andf ¥;=Z(Ti) all 7T, NY; = Z(Sica i ), wheve
the supm) cevotes all pessible homegenows sums 3 [, [reTi . Sine | s homo(jenoun) $=z(), and P"= Z(O).g

DEFINITION (e clefne the Zanski fopology on il by :Lakmg the open sels 4o be the complements of dlgebmicseds.

One we have —:Iupo‘oguai space , the notwrs of 1wve duable s ubsel and #he dirmension of asubsel which were definad 1n §1,

1
will Glj’-JP{j- ¢ occamona"'j J'Aﬂi’ ‘M{}j

wj A /g_mJeCJLN‘e anabm'c mneﬁj (mslmp15 JZ*’."J'QCh"“: mnle:j) s cth) mtductla)ealjebm\csd- (i {f’:' with The mclnad

’hpufolgj- The dimension of a projectwe or 7Mm,-,1nmfjec+we ucmer‘j 5 i dinension as o anolugu.a! space.

TE ;sawj subsef of EF:: we clefine the @%Mf of Yin 5/ denoted I(‘/)) 4o be the ideal 3€nem‘}f-’.c{
by JFes| £ homogenous and F(p)=0 forall Fe Y f. TF Y 15 an algebiatc sef we cletine the homogenowa
Looreinale ving o Y A be S5(¥) = S/I(y)_ We refer d (Ex. 2.1 —2.7) below For Vanouo propevii e of
algebvac sefs n projechve spae and thew hemogenvua eleals.



[

Our next objectve is 45 5 how thal piojechve n-space how an open covenng by affine n-spaws, and henie hat evewy projectr=
(respectuely, C!HMi—pLoJEc-hW) varie hao an open covenng by affine (resp., quani - affine ) vavieheo. Fiot we M_J:mclur.a
some netahon. If £ S s E“ﬁnear homosenounpo{ynomzal', then the zew set of f s called] a hypevplane . In pav‘ficulay/
We cenocfe the zew sel of x; by Hi, for 2=0,..., n. Let Uj be the open set P Hi Then [P 15 covered by the open
sefy Ui, becawse f P = (as...,an) 75 ¢t point, then at least onie a; 0, hene Pe Ui. We dehine o mapping

Yo' Uy — A" o fellows. T P= Lo 2% ) & Us, then FP;(P)=Q, where Q s the point with affine wovdinal ey

(‘5:’_ Qn
Gyt - o) A

with afag omitted. Nole that o 15 well-defined sine The vahios aj fay are independent of the choice o homogenvns

asovdmmate).

PROPOSITION 2.2, e wap Ji s a homeomophism of Uy with s jnduced Fopology to JAY with the Zanski %polng,

PROOE £ 15 dearly bijechve, 501t will be suffient o show ral Jhe closed sets of Vi are identdred with the closed rels of
U for Us and P == p0 Jor fo. Lot R be our c\lﬁ. closec!

D;envw_) elementy of o o 4,

A0 by Yo We may assume =0, and we umk simpl
» gWen g€ A of clegree e, Hhen

bupe ol 32l A = le[Unsto]- W dthme o migp o fowm Hhe seb 5P of o
ancl a yap foom A 4 s G L 5"-} we seb o (F) =j[f), Y, v./Hh) O The other han
?Coeﬂ("fxo,-~;’”/x,) s a homagenow_? PO]HUDMEQ, of degwee e wthe X, which we call Bl9) Now let Y< U be a
closed subsel. Let ¥ ke e cdosure wn 7. This 1s an algebrar sel, o F = Z(T) for some subset Te §% Let T/ = A(T) .
Suppore  (Wap, .., Wlap)e (V). ancdl LET. Then =(£) (a%ug,.., nfap) = JC(IJ Wan,. . 0 o) = O H.
Flac,av--,an) =0 Jf. (as,--,an) €ZF) Henwe F(¥) < Z(T'). (onvenely if (.. %a)e Z(T), 5o that for all

feT, «F)xy--77)=0 &> f((,x,...,%a) = 0 Hena ([, xy-,3:)€ ¥, bul & s also m Vo, 5o Hhat
(1% d0) € TNU =Y, henee (2, . x:)eP(Y). Henw Z(T) = F(¥), 70 J(7) 15 closed.

tonvevely, let W be aclosed subset of A Then W= Zz(T") So some subsed T' of A, und we clenmm (W) = 2 (BN

Let (ao, -, an)eT (W), s that (Vao, .-, @/as )€ W. Hene YF e T, f(VYao, .-, * o) =0©. Hene
F{f)(ﬂo}._van) ] { Zoef(:(yza,-‘ 5 7("/3{@)}[0‘3—-/5{!’1)

= qoe JF( quoy—v) an/o.c) = 0.

Hene (as,. ,an)éZ(F(T‘))ﬂU- Lomevely, suppre (ao,....an)e Z(B(T')) NY, so Qo F O avd for all f€T,

fza"’f(xymj. 20 )} (asy. 5 an)= O Then
a.c 7[( B e . Cm/qa) =)

ﬂoﬁlzo = f(“yq.;),_,/ am/‘*") =0

and henie  f(ao,.-,dn) = (Wae, -3%"as) € Z(T')=W, as requwed . Henw (W) 1s closed in . Thon f and 7' are beth

clojed maps, so 5 a homeomowphism, )
COROLLARY 2.3 Tf ¥ s q projecture (resp. quasi-pijecte) vanety, then ¥ s coveved hy fhe open sels YNU; i=0,-. 4N
which are homeormoyphic Jo affine (resp. Ww;‘—q%ne] vavehes via the mapeing F; defed above,
oA Ui

PROOF TF ¥ s dlored, wweducllem P then YU, aclosed and weducible (Ex1.6) subse). Henw under f;: Ui—3 AN
!aﬁem‘h'ﬁ@} ‘N)U,- wih a c\DJed, nredu.ubfe wt[c_ch agL /AN — an G"F’)Cm? Uqﬂe*)'j_ Iﬁ "f 15 CA Vboc'lrurﬁ UC\V\ehj a“\d = EY
J = nU.‘ 15 an

Zz=YN (5\)) @ open m 1P“} then YN VUi s a closedimeduchle subret of Ui, awnd

s un open subsel, say
(@NVIY sepen Ui and  Znup = ( YNR) N, = NV N (NG Hene denhdien

open sabosel of YU, sine
Z wilh an atvtmi—mc-ﬁne vcmefy. n

NSTE  Cor 2.3 15 fn provided  Y1U; s nonempy /
NOTE Lef - Tbe asetofhomogenons clements m S = lefxo, -] and a=(T) 1he homogenow deal 3ewemled by T LeF T'be the set
o homogenow) elements of @. Clearly T 'z Toe z(7')= 2(7). Honw Z(#) = z(T") c 2(T) Corvenely if (aq. La)ez(n)
and F€ T, then F=235fi pri€T '
'{(ao‘,---,an) = ZJ(- (qoj -y DI"H’\’[Q«,.. “ Crn—} = 0
So (aoy-. an) € 2(T) = 2(%). Henw z(a) = z(T)
NGOTE Ponis are closed nP™ = feen (as) -, an) € IP™ with a; #0 s po s the swly roluhen o T= {z;—%—?x.-, e 5 Hlyys 2“_..,(,.} (excludex;)



NOTE (Laurent Polynomials )
Jut an RIAD 15 debmecl av o set of fomchons f-ZT—>R (2" ={ol,2,-.}), we defme -
DEFINTON  The ving R[zx™'], called 1he ving of Laurent polynomcils 15 Fhe seb of all funchons
f Z—R
with finlke suppord. Addrhon and mulhphcohon are defned by
(§+9)6)= £6)r 36
(F9)t)= / f(s)gt)

s+k=n
o(n) = O
I (n) = Snb

I+ K ey to see 1his makees ﬁ’[z,x"j o a wommutave ving with unif,

PROPOSTTION There 15 an usomonphism of 11145

Rlyx'] = R[wﬂ/( | = R[x]x
%j/!

EEEQ_F We qjmac{j kevow Thal ﬁ[l]x_ R[ij]/(:r i Sine s deavj a untk in R[X,‘jj w-cge}’
FRE debwed For e RE nd 00 by

et f/x“) = ﬁ(f)(x”')h

where ‘R [z —y R[#z x he obVous morohisim 9{@)(”) f[n) "D D Cﬁ(‘fzj(} 5 S -
b é(f) (l.;)n 52(5](1")'“ mplie Yha l—jrbr JC&-Z. n<Qo s \Jec.

<) = 60))
= (gle)(=)" Y (x—r)
= (J0))" )=
= $(g)(x+m-n)
= 3 (xrm-n)

Henee X"j =x"f, 5o Flan=9)m n R[A], And F s mjec,ﬁwa sine f fe R{xx™], let aeZ be
leant 5.}, F(a) F0.Then f b 1s \vgert sd. f(b) 0, and we prosume a< O

F= fa)x*+- + f(b)="°
= f(cp(qlx“)+-.,+ J"(ﬂ;”;) + F(P0Y) +-- + j"(ﬂb)x") e ITmf

s (x“}“: x-“‘ Hene Uons avi nsomwp/wm,[]



Z. — Graded Rmﬁs and thei~ Localisadwns

TF we 1nvevt an element of 4 9rcded nng, even a bami%emm element, we u,oua”y do not jef a 3mcled ning in
the sense of Chapfer [ J\/fjmlwe clegrees will occur in #he obvior jmdmﬂ- Thw we inhoduce fhe nedon of~a

=z — 3mc|ed V“’\j:

DEFINITION A Z —graded g R s a ving R such that

R:"'R-Z@R"leR"’@R’@th—”

an abelian gvoups and R.'Rj s R;+J' The elements of Ry are called homogenouo elewments of degiee <.
A homo_cjanom icleal w2 4 Z——gmded g 1s smply o lea) jlenem+ed by homugenops elemenk,

The cane of ora'mavj jmded gs 1 the cowe where Ri =0 for 7<O.

EXERCSE 2.14 ( Chavadeusahon of homogenawo idecis)
(2) Andeal T &f a Z—jr—adg:f ing s hcmoﬂenow . YfeL, ollthe homoganOW) components of f ave
w L.
PROOF : See Haurhome nolen. Sume an 3mc'|e& e

) JZ 15 horm ogenoun.
PROOF : Agan, same puwof.
() If I, T are hamojenom} o (I:J)= {feR[ fre I}

PROOF  Suppoe jf' = ffd’)f - fjf'fcf&] c (j’:j’)} d; e Z and 7!"(‘{"}6 Sd:. Then syne T s 3enemkd b_‘j
homugmwaefemeﬂé hﬂ,ww;m;) e (T:J) 4 subheerto show frd,-)ze I, 9eT hamojenow:. We suppore

digoes <d}z, and %a}i hew cfegree s. Then

fqeT = f@')iw--ﬁ-f{@zef
— i (s d“
> f(d L P (301) - )6_ I, smel humojenows_

FHena (T:J) s homogeinouy.

() Qhomwjewom ideal T is prame z,,ﬁf Sor ,[;\9 Mmogenow)) f9el =) feLor9ge I.
PROOF The condrton .s o'ear.'j reensan). The Pwoiﬁfcf f'ﬂt@jmded cane wubths again.

Given a projechve vamely XS Pk, bis vew wefal 4 be able 4o ke Hhe localisations ot e affine wovlingle ngs
ol #he offine open piecen of X cf.'nedgrzhm Fevmns of 7he hﬂmoge”"’“ﬂ coorclinele ving of X The 7""”““’”@ exerxiie
eipfollhs how+0 do *Hm‘;, nea .farm m} wovles -7%( qrhmfmﬂ anmdet[ Hn\(js'

EEKIERC,—M (Lmal"sq'}loﬂ g—[ 3mded rmgj') ;upppj:e Rf-‘ﬂl Z-j}—q_dec‘ YIHS GIHC{ 0'4:F’GR_,._ Then RJC is aﬂqm o Z-jmo‘e&
wheve e gracing of Re 15 inhented from that of pry T which s canonally devhpied with Rp 7nat i,
rm‘j’, 9 9 R[ ™, J /
182 qrmdmy ok g s ey whire © hao grmdde el Ty rce s sl <lchned, sappoe " */n = 3/ , o 7
f(vp™ sfn) =0, some §7O. Then S M r and £73%s fave Hhe ;ameﬁmﬂ&, bal [ ¢ Ry means
(Y _ ): drm-n. Hene J"/_pmhcwgmd-e dtm—n—m=d—n aoneqw\red.
the grode of 5 s dbmitq (01 s
( Above obviowmly v;s vefer 4o monom\q\sﬁ,—ma%— s, for de Z, (ReMd consists of oll ?llem it
s Dw&u,here (Cﬂ fe}d (hevic d+n7 D), for N3 ©.The aboye shows there guoups are c!uJom’r. Suppore
gl = + :

Ver € (Re)d N ( Rea + -+ Re,dm d,de al chshnct

Then ’r/f\we ({f{.‘]c( HMPIIG/) e Pd-rn_']'heﬂ JF e Rd;.}— n le’lcn'
T/J’ﬂn = 7}/’11 R & rm/fnm

u — b ~Mm N f l-ni__ )
Let k7 max] {aid;, w§, 0 that £5 " = [5Gt £ Then S Ry ond £ ER 4 R,
Hewe J%"r =25 that Y/prn=0 1n Re¢. H"”“m}'“wd&mdqgladmﬂ'



NOTE TIna gracled domampnncipal \deals which are homogenous are 3gnem+ed by 4 hom09emw} ell.

Let 5= @42054 be g graded doman = S @ homogenous idecd, fes wih a=(f). let

Bt B s, oplietis

04 fo € Sm el

Sinte @15 ﬁomojenow: m€lF), 50 fi = gf for some g=9et +F € SThen

fu= 9F = b r Oehntgenfa)+ & Gifa

Cleavly we mwt have f#m=n sine gp4 0 and fm 0. But n sm sothis mples m=n ancl £
Is hovnogenous.

NOTE  Projechve Closure

Lok Ye g T ijgc‘hve Uaﬂf‘iy) and suppoie Yo ks nunempﬁj_meﬂ )‘;{ 7(1Ua) 15 a%ﬂe
and b pwjed’w\e closure s Y

NOTE TF @i < R[4 xn] ape homogenoun icleals i+ 1s not havd fo checle that z(2) = (Vz(ai)

NOTE aenemhng ideals ma N oethenan ring

Let R be o nonzeio Noethenanving @ an dleal. Suppose 1Fifiex 15 sef of elewnents wth &= ({{3je ).
we claim that @ can begewem’recl by a funle subseF of-the . Tf T s fimte tims stavial. Socwiume I 1 ke, cncl

$= fj:‘:]f , ;r.-,e95 anel 71574:7!1\:’; (posarme T = )

Rreuth Je§ let Ay = ({ﬁ-}j&j—),‘f},eﬂ {as) J’EE} lsanunemp'ij st sf cloals 1n o Nﬂfﬁl?nanm_g) henhwe
han a maximal element <. Cleqﬂﬂ M= R and we are done.

NOTE Dimension and wweducible womponents

Let X be auonemply Noethenan fopolagual spag, ¥ =X «nonemply closed subsel and
Y=1 U 0¥

Hre ciewmppﬁjrwn of Y inhy r%frveducib(ewmpnnen&‘rhen dimY =sup 2ien dimY;. ﬂnj chain of
dirhnct 1weducible closed seks in &~ pewmes suckachdin in Y, 5o cleardy  sup dimY; = dimY (1 parheuloy,
tFfhis supvemum 15 Fhendim¥ = ). If Zo € Z,¢-- ¢ Zwnts acham in Y Hien

Ziwo= Zm\Y = Za0Y) 0 - U Zeal Yo

Sie 2 15 sreducible # iscontamed in come Y;, so i whole cham belongs in some Y. Ths shows the vevewe
m@s'vmh’ry,m
dwY = sup dimY,



—_— n m
NOTE Movphisms " — P
Let fo s, Xa), fi(to,- j7n),. . ., fm (e, - An) be homogehowpoljnomqk all of the same degvee d,
admithng w comimon selutvon in TP"(s0 we assuwne all are nonzew, 1.e. d > o) ue detine

- P s P

T(m’)"'faw.) = (‘po (q"}-"la"'),- - fm {QW-"}Qh])

}é; h[ﬂw--uﬂfﬂ]—'} R, .- 20 ] Note presewes hormogenow polynomals
IF degree e, ¢(9) s degvee di]

}ﬁ(jl) — J‘I (701 - o-i}'n)
15 o mogphism of k—alggbras, and F s a well-defmec mapof redr. We viow show +isa mogpmsim af

Then }ﬁ

vavehenr. Let § (e, ,ym) be homogenous. Then
z( $0)) = {(ac,. , ™) | H9) (a0, 0n) =0 {

'§ lc\\’l-“iqh), 3(901“1---;5"’!\\ = O}

= ¥'(z()

So F v comhnuous. To see this a mowphism, lek £:() —> k. be reqular, VE [P7 open and lefxe ¥7'U. Say
fo)e\f.g v WI‘H\ 3,."\6 ]’Q[yn‘,,,,fjm] 5.4, VVGV, f[\/) _— j[\.ﬂ‘)/h[v) Then ﬁf‘jejﬂ-:v ,j — (Ch‘*/---;q\ﬁ)
Jc\f(qu- -~/5lh) = f{ ,ﬁ, {qu,,,l',u,,), e _fm (Cl‘v-v;;%) )
= ﬂg)(q"r')chrd
#(w)(ae,- -, an)

5w g h owe homogenow of #he same a'egmz} soare $(9), $(b) . Henee £ 15 veﬂu]qr and ¥ \s“ontinuony movphis v

of vaviehes.

(n72)

el n
NOTE Linear Morphisms [P —> TP
Consiclev ;"heﬁﬁomrq special case . Let (o)., an) € P, so some element, say i, x nonzew. Fut

‘)(.0 (xor-v,lxn—l) = Ao

Fimt oy o tnmd) = ;o
(Ao W) = =L _
7[‘ ( ] ! ‘) QI_(Qc_XU“"ﬂfxl‘f’-—u ta\X-y + ”i+|75«-#--'+ a\n'Xn—l)

fist (o, Xam1) = .
1

’Cn {"‘DI"’;In’\ = An-|
Then f: FH_J—? P™ isa vnovphism of vawehw, J"(bo,--,bm-u):(bo,- oy by, ;%{a.,bwwr Airbiey 4 dinabi 4o+ Gubn-)

- bm—i)v
UAodlo ¥ &)X +--- + AnXn = O

s puojechve vanehy s precisely Hhe image of F Cleady s \njective and < : z——?}?”"jlwl‘? ly
[b\]}--:l Iaﬂ) |'_) (boj--'/ br"’; 5"3’?}-"} bh) s C{ morphjsm[]’[ umma’?m !’m ’}Z g hl?{ﬂj--')‘xn’\'] —) }2.1 j"J"'l 'jn] b\aIﬂ\f.L\ llfl?\m

ot ;) Hente
"The hypevplave @2+ +aytn = O 5 1somophic @ avawe-}j fo P |



Automorphisms of P

Daniel Murfet
June 7, 2004

Let k be a field and A € GL,41(k) be A = (a;;) and define
p:P*— P
(p(l‘l, ‘e ,$n+1) = ( N 7Zaij93j, . )
J

This is well-defined since if p(z1,...,2,+1) = 0 then since A is invertible all the
x; are zero. Clearly o(Axy,...,Atpy1) = @(21,...,2,). As we will show, ¢ is
an automorphism of varieties, and any morphism determined by an invertible
matrix in this way is called a projective transformation.

First we check continuity. Define a morphism of k-algebras

0:klxy,...,2np1] — K[z1, .o Try1)
O(zi) = > aija;
J

This is clearly an automorphism of k-algebras. Note that for a homogenous
polynomial f € k[xy,...,2Zn41] we have

e (Z(f)) = {(al,---,anﬂ)|f(-~~,Zaijaj,-~-) =0}

= {(0,1, PN ,an_H) |0(f)(a1, .. .,Cln_;,_l) = 0}
= Z(0(/))

Since 6 maps a homogenous polynomial of degree e to another homogenous
polynomial of degree e, we see immediately that ¢ is continuous.

Next we check that ¢ is a morphism of varieties. Let f : U — k be
regular, where U is an open subset of P”. Let x be an element of the open
set ©~1U and let V be an open neighborhood of () in U, g, h homogenous
polynomials of the same degree such that f(v) = g(v)/h(v) for all v € V. Then
for (a1,...,an41) € @1V

Q

9

>

(- 22 aigag, .. )
(-oes Do) aijag, ...
_ 0(g)(a1,...,ans1)
O(h)(a1,...,an+1)
Hence f¢ is regular and so ¢ is a morphism of varieties. Since the morphism

induced by A~! is clearly inverse to ¢, we have shown that ¢ is an automorphism
of the variety P".

f@(a17~-~>an+1) =




It is clear that if , ¢ are projective transformations determined by respective
matrices A, B then the composition ¢¢ is the projective transformation deter-
mined by the product AB. So the composition of projective transformations is
a projective transformation.

Lemma 1. Given two sets of three distinct points in P!

(P, P>, P3)  and (Q1,Q2,Q3)

there is a unique projective transformation ¢ of P such that

Proof. First consider the case where P, = (1,0), P, = (1,1), P; = (0,1). Let
Q; = (a;,b;),i = 1,2,3. Since the points @; and @3 are distinct the matrix
A= (3 42) has column rank 2 and is thus invertible. Let (a, 3) be such that

G0 (3)=(2)

By scaling Q1 by a and @3 by § we may assume that « = 8 = 1. It is then easily
checked that the automorphism ¢ determined by A has the required property.

In the general case, let ¢ be the transformation taking (1,0),(1,1),(0,1)
to P, P>, P3 and ¢ the transformation taking (1,0),(1,1),(0,1) to @1, @2, @s.
Then ¢! has the required property. If ¢ is another transformation with
the property that ¢(P;) = Q;,i = 1,2,3 then ¢ '¢9¢ maps the elements
(1,0),(1,1),(0,1) to themselves. This implies that the matrix determining the
composite must be a scalar multiple of the identity, so ¥ = @¢~!, proving
uniqueness. O

Definition 1. Points Py, ..., P; of P™ are collinear if there is a linear polynomial
apxg + ...+ a,x, which admits each P; as a solution.

Lemma 2. Given two sets of four distinct points in P?

(Pl,PQ;P37P4) and (Q17Q27Q33Q4)

which satisfy the condition that no three points in the set are collinear, there is
a unique projective transformation ¢ of P? such that

Proof. First consider the case where

P, =(1,0,0)
P, =(0,1,0)
P; =(0,0,1)
Py=(1,1,1)

Let Q; = (a4, b;, ¢;). Since no three of the @; are collinear, the matrix

ay a2 as
A=1[by by b3
€1 C2 C3



has column rank 3 and is thus invertible. As before, by scaling the @; if neces-
sary, we can assume that

a1 az as 1 ay
by by b3 11 =|0bs
G C C3 1 Cq

If ¢ is the projective transformation determined by A, then ¢ has the required
property. The general case and uniqueness follow in the same way as before. [J



UNDERSTANDING POTECTINE SPACE

Fov 0% | we identify /N with the haples  (1,ay,.-,an) € IP”. Tais 1s an isomopphism = vanefies.
The pomts not belonging o /N ave of Fhe form [0, Q- an)  whichwe identify with fhe line

WXyt - Fanan =0

m I, and think of an bemg an oo 1nthe dipecton of this tne. So P™ 15 A —}'odcthe»f with an 00 fur
line though the ongwn N Now consider Ex 2.9 cond the Neke wiich s\wowos Hhal the Fwﬂ‘ed’l\re

€Ve|,g ;
closive of @ 1y P*—"’-’”"’L“ 15« hypesurfalt. Tf we werk now with n=2 a ine m /P&s e adfine \an?_'lﬂ
(ansume b,c #0)y L *

a+ bx + c3 =0 coovdinalen 2,4
Y
S!opz—b/C
a
—> X
L
/}\‘}.

The pioje cwe closurve of hu line is the hypersuvface aw +losx + ¢y= o0 (w +he projectre woord nake)

The soluhons with w =] ave precirely L, sothe only hew solukon T (0,1,-*/c) which o wesponds
tothe 00 mthe clivechon o L. (We ovdey covdmalen w, 2,4 )

We have numevous other examples -

Hﬂpe'fbolq 2y = | Puaedwe closuve s xY —wW?* =0 whih adk +he mhnrhes
I chrechon o} the o ancld oxs

.

e oo = (O0)

oc;.—.: (Uﬂ,n)

3:3&_ Pwiectwe closure 15 WY —x* =0, whid adds The m—ﬂnnty' (910) m
The direchon o HU.H-’GKU.

~{ote) « R :[0;1',0)
og =(¥R)] :

: /A~ i




|E !hp;e[ Xz +37b = |, Piojectwe closure 1s #*Jat +97/b* = w*, wirchadds no mfwrhes.

b

7 - 1\— ™~

LI
L | o
\ I »
e
di 2

Fom Exewise [.] we lenow that 1n AS all onies ave 1somovphic etherto =22 or :}l-’ |. S the
discrmmant of e e\ipre s =*/cay2 4 O any ellipre 1s somoyphic o the hy vhola. Butwe will pee 1n Eoc 3,1
that vonics in P areall isomovphic. [+ [P itolens ). Visually, Theoos make this cpparent

Any Juple (4e12,92) € P* delermines a well-defipec hne —Coq, ancl Cav,aya, = €hobi,ba
H " (a0,0,4, ) = (beybi, b2 ) P (sine €avaja, = Z (30%e +ayc,  6:2%)) . Jloveover

M To chstinet lines m TP* meet gta P""”'L

PROOF lonsider fuo inen
Koo + A1+ YA =O (0)
et B+ X' =0

s the hines are distinet #he uplen (214N, [, B!, ') are Iweculy moleperdent N Thedts,
fhe matnx

(& 5+) K

hag row rank  (hence alio col-rank) of 2 . Note that fuw columns cve imca'rfg clependent i the
defoyminant of e ansoctaled 242 matnx 15 0. Jine ol vank =2, the huple

([5e), 1521

One chechs hat this point of P* lies on both lines. The matnyx m (1) vepvesens a necv imap
iR k2 whose image hew dimension = col-ank = 2. Hene the kevnel hasdiynension 1,

Tmplymg ‘HrLaJrqnb other- soluhiono () 15 equal fo (2) m [P, e

2 }fj ) + (0,0,0) (2)

LEMHAZ.5 GuvenHuo duﬁno"Pome n P2 thewe s a untgue hvuagomﬂ Thmujh Hhem.
PROOF Lol (a01,a2) and (b, by, ba) e distnct points. we want to find o line
X Ao T+ P'Z"fY X

such that
odo + fAr +a, = O
x bo + poi+Xhb, = 0O

e o1 1) hoass]-sank
That 15, (% )t )s hoald he anonzevo soludn of (bo b, be) whichagam howwol-vonk 2, hene
4 kewnel of dimension | and so s umigue selufion in PZ Thy solutvon (s

(=<f€,1)~:( ol o ?.J)
0

ﬂlC‘D‘
by bal)




EXERCISES ChilZ Havishorne

Lot w JMVlfelj the thuﬁEV\DM icleals af = k[}(oj.-, J’nj_ We hawve the imepQr' hvmugenom }c'i.gg! 5} and Ppropev hgmfyenaw

\deals . For a propev hom. idecl &, we cannot have @ s (Xs)---/Xn) , becawe This would wply that flo,. ,6)F0, some
few mmplying that £ hes nonzewo component honogerows of egree O Sine G s h°"’!09(moua/ Fh1s wompo nent woulel

wonbadichng the ansumptron +thet 15 proper. Fuvther if R< (Ko—Asy---yAn—an) then @& be lonj_f Jo

befwfg"4 a,
(sto — Adtey - -~y Tn ~Adn) for A€k, sme f Leq, £ = iz fo,Then frem, so

f[?\qa,‘_,j?\qn)ﬁ ZL}; fi(?\ouy--}ﬁh)
- ZL?’? ?\fi L{(q"")"-,ﬂq.) = 0,

Henw for & pwoper and homogenouws, the van V(=) comdans O and Hor evewy pont (oo, an) &V (=), alse
(7\ de,. '72\5“’\)6 V(R)I AEJ’L Henea V{FL) — 0 modu.’o +he. “'ray n ue[a.’h(}ﬂ !Dc,{(h-}w,-u V(R] -0 1 efemenb o n:hj Cmd
Hus jeb 15 4he \Iavae,-lj of [P defevmined Wy r,a defumed eavler. 30 0 € (Xomag - 2n- an) ff. ¥fETL hommogerots
$bre...,an) = 0.

Jlene of € S, erthev degf =0 and the verull 5 hvial, or deg(’7 o. Assume £(P)=0, YPe z(%). (§ lomogenouws, &
ho mvgensws, Z(7) < P"). Then by e above f belongs 4o all the moximal iclecis wrﬁammﬂ - (mclacling (xo, .-, an) sih

Aango), Henu f € VR by the normal Nullsle llepsad z.

@J Llet A< S be homogencua. Suppese Z(a):;ﬁ, Then the onlj moaximal idecl of S contanmg A 1s (m,...jx,—.))
/f A .'rFmPer/ ane oﬁ)evwrre a5 S Hene JE 15 S or (74)...,1;,):5‘_,. — @d?.ofd Now, if & hom . S ﬂ[yen

sIJT = S or JA =S+, thenerther L =S (mnwheh case all S5 < n,d>0Y) or fg = &4 Hene lef My, 07 s0 be
5. xi"lﬂie 0. Then 5S4 < R where d_-_z.mi “(ntl), Fmally, f cd>o 5 5. 4 e R'G fhen PesdSe ll).'ﬂf}em
for DszEv, Xde . TP M =(er—Clos X —ain 5 @ manimed leal of 5 confeuning &, then Orid:D, pstsn,

3o each ar —o Heng ether =5 or wis wonfamedonly n (e, 2n) 50 IP", Z(a)=
7 o en ) J .

@2-3i (@) Suppose T €T, ave subsel of 5}; and Yhat (ae,...,an)e Z(Ta). Then for £eT, f€T, wmples
Flas,..,an)=0, 50 (as.-7anYCZ(T).

(b) Suppose Yy =Y wre gubseds of (P and that fFeT (V) s a homogenous element of S s 4. Flao,--,an)=0
Jor (ae,--, An)€ Y, . Then also Fhis hols for Y, so fe T(N). Smelly) s Jenaaked by such £, T(v,) e T(H)

(© Let YYo= P7 ZF F€ I(V,0Y:) 15 homogenous, then cleavly FeT () and fe TN, 5 j(@:r—”ﬁﬂij}.
IF 9 I(Y JﬂI(Y,_) 15 hDMrienowD) +hen c.feavl'j jﬁ-I( 7 U\/L)A Henw both ideals condeun the jume hD‘moggnoM element,

and ave thun eciu_qf_
() Led @€ S be homogenows with Z(%) = §. Then foc homgenous ge I(z(a)) f. 3€ﬁ by 2.]. Hene sine
beth icleals are homogenows, they ave equal.

yey's Z(z(¥), y'= Z(T') a clusesl

(3) Let Y [Fn. Cfeﬁ{.'j Z(I(YJ] s a closed sef conf‘qlnlng 7 juppwe
subsel Then Y SZ2(T') implies that for feT!, flae,.., an]=0 for (Go,.. ,an) €Y. Hene sine £ 15 hormogenown

Fe I(Y). Hene TS I(Y) %o Y'=2(T') 2 2(1(¥)). Hene 2(T(¥) =Y.

o let Y= P be an alge brac sel. Then JT(v) = T(Z(T()) = I(Y) ':I(”) so I(Y) s vadical, (’l: Y=g,
i(¥)=S)

Similavly f I € S 15a homogenows vacical deal, not equalto S+, Then e g of am
Za = z(x(zE)) gy/

= z({T)=2(1)

ok that for Y P T(Y) 11 never S+, sme i iF cvere ﬂuonly peint theal wouldbe 11 Y s (0, ,0), bud ¥
is impossrble. The abore coneoponu « mclwsion revening and bijechwe by 2.3 (<), 1d ) @), (a),(k), sme

T(z(s))= L(¢)=5S.
(b) Suppose T(Y) s pvime and Hhat Y=Y, Uty Yo, > pvoper clored subselr, Then I(Y)= (Y UY.) =T(YWINT (V2.

Sine fhe ideal 1(7) 15 F”me) W“{f TN ye I(‘]’J Flenwe Y= Z(I(Y)) = 7 ( I'(y,“ = \/;. (‘,’, is closed in J‘Ph)‘”ﬂqu
Shows Fhat Y s imeducible. Lonvewely, suppace Y s preducible and -%hal-j,‘j are homogenous with £ e T(Y).Then

Y < 2[703) = Z{F)U Z[ﬂ)-— Hence Y';(Z(f)ny)(/[z(gjﬂj’) , & union of Fuo <lored subied. Sine Y 15 mveducible,
wlog ¥ = Y 2(F), 5o that Y S Z(F). Henu FeT(Y), avd this shows that I(¥) s prime.
Usee py oF These neten)

(¢) This 15 the old problem e says € there 15 no polynomial zew eveughere except (%---,0)" Giyen his, 1} follows Thal
T(P) = $fes| F(P)=0, PEF'} = {fes|fe (oo - jpaman), atallai=0} = ), whee T2
inbepechon 15 over all moximal dels othes Yhan (xs,.. ,20). Bub b onsumpton, this is ©, sine S Hf/bev:/"r‘mp‘ra_)
Mhe Tacobson wdical 1s O, md H above daim ©-- 3 op0 we canned have £ ) £é(xe1%n). and fe T(P ). Pene
sme O sprime;, T(P")=0, ™ s preducible. (ov =zlo) = P



[2.5] (@) P"™ can be wvered by e Ui, which ane homeomorphic o A" and are Hhis noethenan. Henwthe repult
(and (b) usmg Prop ).5 ) follow fom: If X sa '}Dpo!ogmaf;&a& with a finle open wover X = (J; \ly with
each Vs wae‘%ewan W Hs mduuzd"}upologj,’}%m X 1¥ noethendn, Say Q2 Q. 2 15a dencending hoin

ok closed ses w1 X . Then
@IHUJ' 2 @zﬂU;?--—

I5 adw@ndrw& chanof closed sefs w (;. Let Ni be 5. O NV = @iV ¥ >Ny If N =max{N:'} Hoen

®NUi=@NN0I Vi, ¥ N.Thw
® = U; @N0 = UGy OU: = B YjaN

-2__{, Lef Ye P™ bea projechee van with homogepoms coovdmale ring s(Y) = 5/3:(1} W E i Th o
: Sechon 3 (Movphzﬂ{’r nofe) {I;;@Vwofuf Mzmm 4.3and subreguint Nefer) that ¢ f. - y; — B ave
the affine varely $.(YOU:) [for YN0 < ¢ then A(Y;) 1 somorphic

the wial 1soimonphisms avd Yis
a g R-algebra Hhe ving 5y ) whidh s he mbﬁnj' of 5(Y)y; @nsishng ef pans 3 [y~ with g of deg. i.
(Nole that YN U; 4 msurg = ¢ =(Y) =° % 5 Om s(¥)]T Afurther note shows that S(¥) i, 15 So/MOLpINC s

a k-algehrate SV [227'] (Lgumm+po(ynom:a15).ﬁimf have noted previcwly, Rz2-7=Bf=1., s
Sy 2 S [227'] = AG[2],

s iz—al'gabraw_ But +f Rs adomam, @ quotent fre)d Rs R afidd, and R' auy subving ReR'S ®

hen Wquoheni*ﬁetd ot R'i5s isomepdhic eva k-QISebrn‘h Q@ (g9¢r @ — Q wunt be m\ieé‘um sine @' Hreld, and
‘age i< & fidd contming R, 't be Q). Hene Yhe quohient field Q of S(Y) 15 soimorphic as e o ~algebra

o the quotient field of A(Yi)[2], call i @' Sut both S(Y) and A(Y,)[z] ave domdms avicl {.g. k-algelovas,

soby (1.94)
dms(Y) = dr.deg B/ = d.deq.®7k = dim (AW )[) = [+dimAY,)

wherethe(ont step follows fiom our Afyah 4 Mecdonakd Noked. Rut by (1.7) 1015 qiver dims(¥) = |+dmY;
Mis shows thal whenever YNV, 15 nongmpig, dimY; agvees for ] ©. But YAU; forms an open wover of
Y fo bwj Ex|.ID dim ‘/:Mpfd:m(‘mu;) IR @} _But YOV, s hoyneomoyhic o Y, 5o chmY = dimYi,
whenevey ‘/fw,'qégﬁ_ Henw

dimS(¥) = |+ dimY

o vequived.

(@) Consider the open cover [P =U, 0 U, u--- v Un . Each U; s homeowonphic Fo /X, soby Exl10
J!M [P = jupdlm\f,' = djn]}P\”‘: n.
(b). Lef Z <P bea PWjechve vanety and Y2 anDnerYlpinj open set. let J=9 Déj =n ) #nUJ + 5&}
Toveachj ey \"{WJ 15 homeomoyphic o the epen subret .f (Vﬂl{,'J of theaffine vanety f (zNVj) =P
By Ex2.6 thisimplien dim N0V, = dmZNU; = dyn Z (by 2.6)(and Repl.10). But Fhen by E3¢1.10
dimY = supdim N Vi dimZ )" aw reguiec]. (Nale fhat Y= Z){usmg Ex (&)

@ Let Y P be o P""J"’fﬁv? mne,‘H with (deg) H=I(Y) & k7o, .. xn] Let Z & 0 L Pre atfine qu_m
Aetevmined by p. By Ex2.6

dimY = dims(y) — | = chm “_ﬁw%fﬁvﬂ —

= dimA(z] — ]

So dmY=n-).&£ cn'lmﬁ[z] =h = (lH-I) — | and by (Prop 1.03) Yhis 55 ,ff_ 75_—:(-[1] wheve .F;_r a nonwn.r)"anf'
mreducible polyndmial. Buk sinee 2715 homogenows, £ munk be homugenvan ‘(see cn gavlier note ). Ths ,
o mpleles pmaf. (Note fhre Iwefzva,nﬁl?nme (lep.- -, An ) con viever be prmcpal so e never have 2(f) = ¢ m

P" for avtiveducible hemegenows {)



)Q?__? | ff_ﬂjec%m Uosure of an Aine \/aneﬁ Let Y= /N bean athne ane{% and we % :f" y Us, .
(RIJ...anS > (I Qn,---jqn\-ala i&e’r}’lg Y with a ubset W of TI:’“ We call the clo sure W o wWon 2
+he pwjeche iy of ¥ Ste Jo 15 @ Homeomorphism Wis wreducible, o s cloguve 15 o proje chye vanedy.

() We claim Hhaf I{W), which s fhe ldea{?e
b

which gre zew on (v (sine Z(F) is clos
B(T(Y))

nomials (notedan of the proofof (2.2)). Let T devote Hhis ideal — 1o, T—= (F(I(ﬂﬁ.

o[ homogenom FDI

Sime fo? & T = kLo 50, wh o0der & 8055~ 2 00ge0 " 2 N o s o
(hay.-yan)e W, stz (ay-.,an) €Y, [B(F)[J,alj. an) = f(on,-.yan) =0 Hente Z(RgH) = W.
Stce f(£) 1s homogenows Z(f(F)) s closed, lignee Z(AF) =z W, and };ofe 1) = ple T(W).

It folfows Fhat, an claimed, P(l‘(‘/)} s (W)

;gemfed thf all fhe homoﬂewuuﬂ o(‘ynomm}s jCE S = hl—’fw =iy 1’?:[
ed, this s ff. Fis zewe on Wi 5 jcmera}ed bﬂ the wollecton

Now suppose f € T( W) — that 15, there ave homogenows polynomials pi€ S and avbrhan polynomials

& e S wihh Pi zew on W, "'-J~f'=2015}3"- Suppose P hambsehow) of C/ijf‘@ d. Then «(p;) s

P/ [I; j')"'/j”); and since ¢ zew on W, "([F") iszewon Y. Hene M[P")C'I(\f]' Now /Q("([y;)] 15 j%mo@cf

Fom w(p;) b [g,i_,L,nj [ be Jhe lageof oder of amonomial i o (pi), and mul-f-lp{ymg mononals by x, urhl
ordey [ Sine the monemial n[/o,‘ which betomen oF-order.f in X ()

we geta Pofjmomzcd hbmajenowﬂ of
muwat have he /'DW%}/DUWWC[ o,

Xukﬁ(d[ff)) :Pi

for some k. Hene pieT; and o feT — I(W)=3F a nengvecl,
2. Suppose that £ I(Y), and

() Frofly , we claim that I(Y) = (Z”xgzj“xz). Cleasly we haw

f=h (2=22)4 fi(y==)+£5 ()

then f(LE58) =0 = L(H)=0, tek. Hena f, =0, and fe (z—=3 y—=?) If W=L.(Y),
then by (a), T(W) s genevated L’_‘j P(I(¥)). We need '

LEIMMA La?ngje h[ﬂ;‘;“j‘jn] where f hao order € and 9 has ovder d, d> e. Then
(*hﬁCQHWOi’ beveloxed fo 7 becawre

+han leaciln? (Wgled ordev) ymonomials

(F+3)= 2,4
ﬁ j) . FU—‘)+ F(j) sould cane] : consder xz:j“: xz- Xt x

=

-

PROOF F:wh’% we can qpp(yﬁ wrthouf w”ec}mﬂ terms, sz we aﬁ‘Ju\o} mlfepy g ecich monomial by sufficient
Poweys DF & +o mala —_7f+ be homoegenow ﬂ-J(l JE@"?‘E C)’ Each ffV‘lOF\Op‘V][(‘,lf fV'lj j’ﬂ‘h‘ VVJ(J.H\P"JEd bj
cd— ks order, 5o we juot ge /g(rj) Fach monomal n F hew dr orcler incremecl o d=e —Haus can be

Achreved by je‘]’Lmj 1lJ;t‘en!ﬂ*! rﬁl’-}o e (#us s A(F)) cnd then mulplymg avewthing by £o97%.
Noke also that f 7CC~ k[?'r'-yj"] and % 5 & monomial that 18(7010() = /3[70)("{.
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dse \n e fut Lemma, fhe f’*“”’t glreo imore ). let S, = £, v b, where bo homegenous and conkains of all Yz menemials of [
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Linear Varieties
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A linear polynomial in k[zg, ..., x,] is a nonzero homogenous polynomial of
degree 1:
f=aoxog+ ...+ anz,
Let fo,...,fn be linear polynomials with associated tuples (a;o,...,a;,) for

0 < 1 < n. Assume that these tuples are linearly independent in k"' so
that the matrix A = (a;;) has row rank n + 1, hence column rank n + 1 and
so the associated endomorphism of k"' is an isomorphism, implying that A is
invertible. Let B = (b;;) be the inverse of A. We define morphisms of k-algebras:

w:klzo, ...,z — Elxo, ..., %]

e(x;) = fi = Zaijxj
J

and

6 : Klzo, ... 0] — Klzo, ..., ,]

P(x;) = Z birxy
k

It is easy enough to check that ¢ = ¢ = 1. This isomorphism identifies the
ideal (fo,..., fn) with (zo,...,z,), which is a prime ideal. We can now prove

Lemma 1. Any ideal in k[zo,...,x,] generated by linear polynomials is prime.

Proof. Let a be an ideal generated by linear polynomials. Clearly a is a proper
homogenous ideal. Even if a is generated by an infinite number of linear poly-
nomials, we can find a finite subset which generate a (see an earlier Note). If
linear polynomials g1, ..., gs generate a but are linearly dependent, then we can
omit one of the g; and still have a generating set. In this way we produce a set of
generators fo, ..., f, for a which are linearly independent (since the coefficients
form tuples in k"*1! it is clear that r < n). Say

fi = aiomo + ... + ainTp

for 0 <4 < r. Then the set of linearly independent vectors a; = (a;o, - - ., @in)
(0 <i <) can be extended to a basis ag,...,a,,a,11,...,a, for k"1 and we
define linear polynomials f,11,..., f, using these new tuples. Then fy,..., fn
induces the isomorphism ¢ of the above discussion, under which the ideal a =
(fo,---, fr) corresponds to the prime ideal (xq,...,z,). Hence a is prime. [



The above proof also shows the following;:

Corollary 2. If a is an ideal in klxq,...,x,] generated by k linearly indepen-
dent linear polynomials, then the height of a is k. In particular, the number of
elements in any set of linearly independent linear generators is the same.

Definition 1. A linear variety in P™ is a projective variety of the form Y = Z(a)
where a is an ideal generated by linear polynomials.

Since any ideal generated by linear polynomials is prime homogenous, if
Y = Z(a) is a linear variety then I(Y) = a. So a projective variety Y is linear
if and only if I(Y') can be generated by linear polynomials.

Definition 2. A hyperplane in P" is a projective variety of the form Y = Z(f)
where f is a linear polynomial. By Corollary 2 or Exercise 2.8 of Hartshorne,
any hyperplane has dimension n — 1.

Note that if f is any linear polynomial, Z( f) is empty iff. (f) is the irrelevant
maximal ideal (zq, ..., 2,) which is impossible since f cannot be a unit multiple
of zg,...,x,. So Z(f) is a hyperplane.

The following gives our solution to Exercise 2.11(a) of Hartshorne.

Lemma 3. Any linear variety in P™ is an intersection of hyperplanes. Con-
versely, any nonempty intersection of hyperplanes is a linear variety.

Proof. Let Y be a linear variety, and suppose a = (fo, ..., f,) where the f; are
linear polynomials. Then

Y =2Z) =23 _(f) =2
So Y is an intersection of hyperplanes. Conversely if fo,..., f, are linear poly-
nomials and @ = Z(fo) N...N Z(f,) is nonempty, then @ = Z(fo,..., fr) and

since the ideal (fo, ..., fr) is prime we have I(Q) = (fo,..., fr). Hence Q is a
linear variety. O

For general homogenous irreducible polynomials py, . . ., p, it is not true that

I(Z(po)ﬂ...ﬂZ(pr)) = (PO,-~-7PT)

See Exercise 2.16 for a counterexample. But if the p; are linear and the inter-
section is nonempty, then this equality holds, since (po, ..., p,) is prime:

I(Z(pO) ﬁ...ﬁZ(pr)) = I(Z(p0a~~-7pr)) = (p07~-‘7pr) = (p0a~~-7pr)

Lemma 4. A linear variety Y in P™ has dimension r if and only if I(Y) is
minimally generated by n — r linear polynomials (equivalently, is generated by
n — r linearly independent linear polynomials).

Proof. By Exercise 2.6 we have
r=dimY = dimS(Y)—1=mn — heightI(Y)

But by Corollary 2 the height of I(Y") is the unique integer & for which there ex-
ists a set of linearly independent linear generators. Any minimal generating set
consisting of linear polynomials must be linearly independent, so this completes
the proof. O



Suppose a can be generated by n+1 linearly independent linear polynomials
fo, .+, fn. Then the associated tuples ag, . .., a, must span k" 1!, implying that

a= (va"'7fn) = (an”'vxn)
And hence Z(a) = 0 in P™. This proves

Lemma 5. If fo,..., fr are linear polynomials and Z(fo)N...NZ(f,) is empty
then r > n.

Proof. By assumption a = (fo,..., fr) = (xo,...,Zn). Theset fo,..., fr can be
refined to a linearly independent set of linear generators for a, which must have
n + 1 elements. Hence r > n. O

Finally we answer part (d) of the Exercise.

Lemma 6. IfY,Z are linear varieties in P™ of respective dimensions r,s and
r+s > n, then YNZ is nonempty and is a linear variety of dimension > r+s—n.

Proof. We can write Y = Z(f1)N...NZ(fn—r) and Z = Z(g1) N ... N Z(gn—s)
where the f; and g; are linearly independent generators for the ideals I(Y"), I(Z)
respectively. Thus Y N Z is the intersection of 2n —r — s hyperplanes. Provided
r+s > n it follows from the previous Lemma that this intersection is nonempty.
Then we can refine the list fi,..., fn_r,91,--.,9n_s to find a set of linearly
independent generators of I(YNZ) = I(Y)+1(Z) with ¢ < 2n—r — s elements.
Then
dim(YNZ)=n—q>r+s—n

O

This completes Exercise 2.11. We keep our old proofs because they use dif-
ferent techniques which may be useful at some point. Note only that the proof
of (a) part (i7) implies (¢) is incorrect in the written notes. Other than that,
the solutions are valid.

The ideal of a point in affine space is a maximal ideal in k[z1, ..., z,], which
must have the form (1 — aq,...,2, — a,) for some a; since k is algebraically
closed. These maximal ideals are certainly not homogenous! So no maximal
ideal of k[zg,...,z,] can occur as the ideal of any algebraic set in P". Instead,
the ideals of projective points are prime ideals of coheight 1:

Lemma 7. If P = (ag,...,ay,) is a point of P™ with a; # 0, then
I(P) = (azﬂ?o — AT, -, ALy — anzi)
Moreover I(P) is a prime ideal of coheight 1 in k[, ..., z,].

Proof. The ideal a = (a;x0 — aoZ, - - . , G;T, — apx;) 18 homogenous and Z(a) =
{P}. Since a is generated by n linearly independent linear polynomials it is a
prime ideal of height n. Hence a = I(P) and I(P) has coheight 1. O

The maximal ideals containing I(P) are those ideals corresponding to tuples
(bo, . ..,by) which are equal to P in P", together with the irrelevant maximal
ideal which corresponds to (0,...,0).



The following is proved earlier in our notes:
Lemma 8. Any hyperplane in P" is isomorphic to P"~ 1.

Proof. Let the hyperplane be Z(f) where f = agzo + ... + apz, is a linear
polynomial. We select some i with a; # 0 and define the isomorphism ¢ :
P"~! — Z(f) by mapping (co,.-.,Cn_1) to

1
(cos---sCizt, —;(Coao +ooo 4 Cio1ai-1 F GG o+ ACre1),Ciy e oy Cpe1)
3

O

Lemma 9. Let two hyperplanes H, K in P™ have nonempty intersection. Iden-
tifying H with P*~ induces an isomorphism of H N K with a hyperplane of
Pt

Proof. Let H = Z(f) and K = Z(g) where

f=aozo+- - +anz,

g:b0x0++bnxn

Select some i with a; # 0 and let ¢ : P*~! — H be the isomorphism of Lemma
8. It is not difficult to check that ¢ identifies H N K with the hyperplane

bi bz
(bo — —ao)zo + -+ + (bi-1 — —a;—1)wi—1+
(biss — Zagsr)ai + + (b b en = 0
i+1 a; i+1)47 n a; n)4fn—1 —

O
Corollary 10. A linear variety of dimension v > 1 in P™ is isomorphic to P".

Proof. By induction on n. If n = 1 then this is trivial, since there can be no such
linear variety. If n = 2 then we need only consider linear varieties of dimension
r = 1. But these are hyperplanes in P?, so we use Lemma 8. So assume the
result is true for n — 1 where n > 2 and let Y C P” be a linear variety of
dimension r > 1. Note that r <n — 1 by Ex 1.10. If »r = n — 1 then we are in
the situation of Lemma 8. So assume I(Y) is generated by n — r > 2 linearly
independent linear polynomials

IY)=(f1,.- s fa=r)

Then Z(f1) is a hyperplane in P" and is thus isomorphic to P*~!. Now

Y = h Z(f) = ﬁ Z(fr)NZ(f:)

Considered as closed subsets of P*~! the n —r — 1 sets Z(f1) N Z(f;) are hyper-
planes by Lemma 9, and it follows that Y is a linear variety in P*~!. Hence by
the inductive hypothesis Y is isomorphic to P". O

Definition 3. A line in P™ is a linear variety of dimension 1.



So lines arise as the zero sets of ideals a generated by n — 1 linearly indepen-

dent linear polynomials, and any line is isomorphic to P*. There are no lines in
P!

Proposition 11. Two distinct lines in P™ meet at most one point (n > 2).

Proof. Let H,K be two distinct lines in P™ (we must have n > 2). Then
I(H)=(f1,..., fn—1) and I(K) = (g1,...,9n—1). Write

fi = aiozo + -+ + Qinty

gi = bioxo + -+ + ainTn

The fact that the lines H, K are distinct means that the matrix

aio ce A1n
a _ ... a _

A — (n 1)0 (n l)n
b1o s bin

bn—10 " bn—1)n

has row-rank > n. Hence the kernel of A has dimension < 1 and so the two
lines meet at most one point of P™. O

Proposition 12. Given two distinct points in P™ (n > 2) there is a unique line
going through them.

Proof. Let (ag,...,an) and (bo,...,b,) be distinct points. We want to find a
linear variety of dimension 1 in P™ containing both points. That is, we need
n — 1 linearly independent linear polynomials

fi =cioxo+ -+ CinTn 1<i<n-1

with
Cioo + + -+ + Cinap =0
ciobo + -+ + Cinbn =0
for 1 <i <n—1. That is, the tuples (¢, .., ¢in) should be nonzero solutions

of the matrix
_ ao ... an
S
Since the two points are distinct this matrix has col-rank 2 and hence a kernel
of dimension n — 1. Take a basis for the kernel and use these vectors to produce

the required polynomials f;. This gives a line in P™ going through both points,
and this line is unique by the previous Proposition. O

Let H be a hyperplane in P" and L a line. Then H, L are linear varieties
of respective dimensions n — 1,1 so that the intersection H N L is nonempty by
Lemma 6. If I(H) = (f) and I(L) = (g1,--.,9n—1) then

HNL=Z(f)NnZ(g)N...NZ(gn-1)

I(HDL) = (f?gla”wgnfl)



Provided L is not contained in H, the polynomials f,gi,...,g,_1 are linearly
independent, so H N L has dimension 0. Since H N L is a projective variety,
it is irreducible and hence H N L is a single point. So provided the line is not
contained in the hyperplane, the two meet at precisely one point.
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1 NN
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e il
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and we have an element m ZILYN Z(9). O
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dim™M0Z = n-9
Z r-ts—n,D



The d-Uple Embedding
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For given n,d > 0 let My, My, ..., My be the monomials of degree d in the
n + 1 variables zq,...,z, where N = (™f4) — 1 (this is justified at the end of
our Section 1.1 solutions). For a given monomial f of degree d let [f] denote the
index 0 < [f] < N with M}y = f. The assignment of indices to the monomials
may be completely arbitrary.

Given n,d > 0 and the ordering [—] on the monomials, we define a map

pa PP — PV
pd(a07"'7an) = (MO(aO,...7an)7...7MN(a07...’an))

This is called the d- Uple embedding of P™ in PV. It is easily seen that this map

is well-defined. The map is also injective, since if p4(ag, ..., an) = pa(bo,...,bn)
then there is 0 # A € k such that

(M()(a(], .. .,an), .. .,]\4']\{((1,07 e ,an)) = ()\M()(b(), .. .,bn), .. .,)\MN(b(), e ,bn))

Let 0 < i < n be such that a; # 0. Then af = Mq(ao,...,an) = AbJ, s0
a; = pb; where p = )\azlfdbffl. Then for any 0 < j < n we have
pbj = Aa; =10,
—d
= a; " "AM a1, (bo, .., bn)

M, (0 )
1-d _d—1
- al aj
=a;
so (ag,...,an) = (bo,...,b,) and pg is injective. We claim that the image of

paq in PV is a projective variety. To prove this, first consider the morphism of
k-algebras

0 : klyo,-..,yn] — klxo,. .., Ts]
yi — M,;
Let a be the prime ideal Kerf. This ideal is homogenous since if f is homogenous

of degree e then 6(f) is homogenous of degree de. It is easy to see that Im(pg) C
Z(a) since if g € klyo, - -, Yn],

g(palag,...,an)) = g(Mo(ag,...,an),...,Mn(ao,...,a,))
=0(g)(ao, - .-, an)



In particular Z(a) is nonempty, so Z(a) is a projective variety in PV. The
hard part is to show that Z(a) C Im(pg). We proceed as follows: assume
(bo,...,bn) € Z(a), and let b; # 0. Let h be the monomial with [h] = i. Then
the polynomial h? can be written as a product h? = z¢ ...z¢ (where we may
have x;, = x;; for j # k). Thus

i Ly

d
Yi =Yg Yag) €0

and since (bo,...,by) € Z(a) we see that bf = bj,a...ba ). The fact that
o

b; # 0 implies that by« | # 0 for all 0 < j < s. We have just shown that for any

(bo,- - ,bn) € Z(a) there is 0 < K < n with bj,q¢ ) # 0.

Given such K, suppose we could find (ay, . .., a,) € P* with b; = AM;(ao, ..., a,)

for all 0 <4 < N. In particular this would imply

b[z?(] = a?(, b[ﬂl‘;;ll’i] = adK_lai ) 7é K
So that for i # K
G‘Kb[wdflacv] aKb[md—lx_]
a’L — d}( k2 — K k2

So the obvious plan of attack is to try putting ax = 1 and a; = b[zz;(—lzi]/b[x?(]
and try to show that
pd(ao, . ,an) = (bo, ey bN)

And this is precisely what we are going to do. For any 0 < j < N there are
nonnegative integers my, ..., m, with mg + ...+ m, = d and

R mo m
M; =y .. o™

Then
x?{(d_l)Mj = (x?{lxo)mo ... (x}l{lmn)m"

This implies that
n
d—1 m;
Yiwa Y — Hy[x‘;;lxi] ca
i=0

Since (bo,...,bn) € Z(a) we can replace “y”s by “b”s in the above polynomial
and divide through by bj,q] to obtain (using the fact that mg + ... +m, =d)

b] e [ac%{lxﬂ
bag) o b[m‘}(]

Since j was arbitrary, we have for any 0 < j <n

Datton) Dt ten) )

bpa) T b

= b[z?{]Mj(ao, “e ,an)

Since bmx{] # 0 it follows that pg(ao,-..,an) = (bo,...,by) in PV, as required.
Hence Im(pq) = Z(a) and the map pg gives a bijection of P and Z(a)



In fact, the above argument defines a map ¥ : Z(a) — P™ in which
(bo,...,bn) € Z(a) is mapped to

(b0, -+ bN) = (bt syt )

where 0 < K < n is such that b[de] # 0. Notice that the definition is actually
independent of K, since pg is injective and K was chosen arbitrarily in the
proof that Im(pg) = Z(a). By construction pge) = 1 and it is easily seen that
Ypg = 1. We claim that py defines a morphism of varieties P* — Z(a) and
that ¢ : Z(a) — P" is also a morphism.

Continuity of p4 is immediate, for if g(yo,...,yn) is a homogenous polyno-
mial

pat(Z(9) = Z(6(9))

where 6(g) is also homogenous. To show continuity of v, consider the homo-
morphisms of k-algebras defined for 0 < K < n by

% klTo, .. 0] — klyo, .-, yN]
Ti = Yoty

Given a homogenous polynomial f(zo,...,¥,) to show that ¥ "1 Z(f) is closed
it suffices to show that Up,q) N Y~ 1Z(f) is closed in Uppa) for all 0 < K < n,
since we have already shown that every (by,...,bx) € Z(a) has some biwd ) # 0.
But Up,ayn Y7 LZ(f) is the set

{(b(), e ,bN) € Z(Cl) |b[z}i<] 7£ 0 and f(b[a;f(ilwo]’ e ’b[w?;l-"«'n]) = 0}

which is the intersection of the closed set Z (0 (f)) with Uj,a . Hence ¢ is also
continuous.

A standard argument using the morphism 6 shows that pg is a morphism
of varieties, and by using the morphisms 6% and considering the restrictions
w|U[I 4 it is also straightforward to check that v is a morphism of varieties.

Hence pq gives rise to an isomorphism of varieties P" 2 Z(a). In particular,
the d-Uple embedding of P™ in PV is a projective variety of dimension n.

Example 1. With n = 1 and d = 2 the relevant monomials are x3, zox1, 3.
Depending on the way we order the monomials, we obtain 6 embeddings of P!
in P2. For example, the following 2-Uple embedding

pa(a,b) = (a?, ab,b?)

gives an isomorphism of P! with the conic 7z — y? in P? (see our typed notes
on conics for a proof).

Example 2. Recall the twisted cubic curve in A3 is the set of all tuples (¢,t2,3)
with ¢ € k, which is equal to the affine variety Z(y? — x, 2% — x). If we identify
A3 with the open set Uy C P2 and take the closure W of these points, we obtain
the twisted cubic curve in P3. In Exercise 2.9 we showed that

IW) = (wy — 22, 2w* — 23, 22 — y?)



where the coordinates of P? are w, z, %, z. The claim that W is the image of the
3-Uple embedding of P! in P3, given by

pa(a,b) = (a3, a®b, ab?, b?)

By setting a = 1 and noting that pg(1,b) = (1,b,b%,b3) see that Im(p4) contains
the twisted cubic curve of A% and hence contains the closure W of these points.
To prove the reverse inclusion Im(pg) € W we note that Im(pg) = Z(a) and
W = Z(I(W)), so it would suffice to show that # maps the polynomials of
I(W) to zero. Here 0 : klw,x,y, 2] — k[t,u] is the map w +— 3, 2 — t?u,y —
tu?, z — u® and by considering the generators of I (W) it is clear that I(W) C a.
So the twisted cubic curve in P? is of dimension 1 and is isomorphic to P*.



Let Y be a nonemp{y alagblﬂlf set, and let O: Jﬂlﬂﬂi)}/q..)o}}% F"
+o the pont wrth hoinogenows coordinates

]QQ'[DI e Lone over a P@JM
40}

be the map which send)s the point with affine coordlates (a,.- an)
(Goj--,an). O 15 conhuoun, SMee for zek[x,,...,:rnj howmogenow, &7z = z(NN N\ {lo,-

The 2awsk: '}bfﬂoluj(j on [P™ s e que ent Fopelogy, which follows fum
PRopPoS ITION et k be an q\aeimtco.[\j closed feld. Then an ideal @ < k[xaj.--;:x.-,] s homogeriows W
e (TG Ta—an) = L E (Xe= Aas,- -, Xn—AG) A=0

—ﬁ:ra[] aa)__.janék. @

PROOF we hama!‘f\?adg nded thaf Hhs condibaon is necensarf. We wre mduchen on n Fo show that if a
n= ] hD‘IciS.

sum of .. Cleandy
IFf mtm, e ®, et m < (:{o—qoj...) X0 —an ) (+F R 15 impvoper; 15 homogesoun ﬁfwaﬂy)’ so that

My(do, ) On) = — My (as)- - %n) Thenfor O A€ K, we alse have by hypethers

d
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Sup pose i (Ac,. -~y n) # O Then
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[T what about rock nf unnl-j?

siie fhis holds for any A, we munt have dy =d, | which is o co ndradiction \
_—

We :ief'mf& The _a_fﬁ)iw_ne over Y o be

<) = ™7 U (5.9}

(@) Let T(Y) be +he homogenous ideal of Y Then T(Y) < (so).. 1) and for (@s)...,0n) € Y. I(¥) € (Xa—Goy..)200-
C(y) B Pmcjfejj 'Z(]_'(\/)) (Y?G p]vamHe_I(D @2'1) I ( /0 ) ( Qoy -y 20, Cln}.

(&) By @2.4 (v) V s iweducible Jf Z(Y) 5 prime, so L Z[Z(7)] 5 weducible.
= B 4™, S(Y) = }E[Jojmjxnj/ﬂﬁ‘), = Lj W2.6 dim CLy) = dim kﬁwnyn]/l(\') =dmS(¥)= dm¥+l

M be all the mopomials oF q’ejrfed’ i Me n+ [ vanables
(see the Nole o Hhe end of e exeviser Jo ree why N v (vt )-1)

IQZ,W?_ The d’U)ole Embeddln Fprglu'm ;q/d;o} Jet ﬁa)Mf/..

Koy ryAn wheve N = ":d) — | We detine a meappng
fed P i
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mj@aﬁlre : ")F fd(%;")ﬂﬂ)zfod(l”r"/l“) Fren etk 2 o=,’=9\6-'?- o
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v nghcu|qv', let 0<t <n be s.4. A; 0, and hene ﬂfdz Abid wmplies  o; = f a;” [d"]j\ L,;d—l} bs. P
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4-1

GO T CI
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,-O\J
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f..—:: ZeME Mo & Se
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(ag...yar) x(bo,. .., bs) 1

> (aula-:/ Qobg. 7,51[5‘)-— -y Qr ]91) ()

alre RHS5 nenzew

n Jexicographic order, N=rs4rts. ¥ 5 well-detnec] sine (F ( Adey .-, Do) = (as, ., av) and (sii"éﬁr’fﬁguﬁrﬂ;m)

(/«Alp./. ,-j/vu,s) &by <) then e RHS of (V) becomen ()/U[C\plap_‘, -, Amaiky; _,',\/uwla_s))whuhr
Ylag - ,ac) (b, bs)). T# 15 infechve it

(aobe Goby .~y Aobs, - - J Arks)
b2 (ao’g;/__ ,..qu,’,l'@"} ce g 91/5;’)
Tren Qoe=aSbs, ., asbs e’y so atfber Gy=0 or be= 2, b, bs = a0l 0 (boye, be) = (b, be)
Tfao =0 heep gomg h)l some ai0 and do the same f‘hmg. Same decd shows (ae,. ., av) =fas..., 0/ )
Abe
Let +he homogenous coordimates of /PN Le z; 0<7sr, 0s/s5, and@ fhe rig momphrn
@ k[{zljﬂ—*—)‘kZXg, /XC’HB"'/HSI

Zij — X ,_th

and @ = I<er®, whichis then prime hornogenows. Weelaim thed Ty = z(w). If Fer then

jc('w((f‘k’)-- - QV)X(_LQ, .)L_;)“ = JC(O‘JQO} - ey c”ijJv "jq"’L.r)
B Q('F)(aof"'fqu B"‘)---)lor) =0



Heme TwiVe2(r). For the +he convene ncluaion), nofe thaffor O<gcer and 0<j,d<s (e have
2ijZed — 2id 24 € Q.

Suppose that (2o, oy .., ajj, -, As)€ 2(7), Sappose that Ged FO. Then since
Aijded = aid Ac;
U= gt 984
' N
we put a; = did and bJ = Ol sodhat in I we hare Y[ (ag. jar)% (b, ., b)) = (o0,
Heme ImY'= 2(a), so TV wr a subvanety of [PY. 7 [ Tmt s o pwjedue canely)

.., Grs) oo requived.

The Quadnic Suvfoce 11 I

7
Quadric Suvface 1 IP* consider the stivfae @ (asuvfae 15 avane of-dumension 2) in [P clebned by
7 equ:rhzorl 2y — Zw=0C, where we€ order the vayiploles W x4, Z-

(4) Lonsider the fegve embedsling YR P — P whichis defined by

Y( {qvj%)ﬁ[bn‘,bQ) —1 (qo\no, C{o!t‘u', q|bb)0h,b-.)

By 2.1y ﬂmimage of '}Virq[)wj'e(ﬁof’vawewy 1 /P2 Obvipusly Im < Z(,(tj

—zw) To show the
reveve mcludion, suppoe (ace, o1, Aw, an)e 2 (xy —zw). THen Qo g = Goey aid l{j cages

@ I an = O, fhen CDQW':O pat (aco,q:0) % [1,0) @ Qo =0 puf (’/O)(C(vﬂxc(olj
@ f an # O, we (G an)(ais)an).

T aing cane Phe onstided paw map onto gmu) o1 cm,an), 50 ImY = 2(xy—zw)  Sine
Q :2(15 —2W) v fhe [ocwd of e ponconsta
dim@ = 2.

nt, medacible homasemom pbfjnbmm{, by Ei2.8
(v) For &P el

Ly = Y(fxP')
My = Y[ P'xt)

B f= (ao,m) theh we claim Lt = Z(QW\J — C{og) N=z(ax — aoZ). This clearthal = - pr
¥he vevene mclmmnj i€ (Coo,Cor,Cro, Cn) € [P3 belonys +o -+ RHJ, then either as % © oc ayF0.
Wha Ae=F © (case a0 15 sirnilav/, Then

Ao Cor Co = (auc\o)col
= (q, COU)(O\

Cao( C|°C“) = (o Cos Ciy
COl (-“:' - CUD C‘l

and ((os, Coy, Cro,cn) € @,

Inavy cove ((.oo, Coyy Cla;c") € QJ sy ’}l/( (d"} d')x(rﬂofb'” = (EDOJCO'/C’OJ
(c\nldj‘} -_:'{- (j‘m‘-L ﬂ(dolﬁa = qi’d]bOS S0

(Cooy Govy Gioy Cu) € Lt Similarly Mp s Hhe LWK‘”’"J“I
Z(aw —aox )N Z( Ay —ao2). 50 both My, Ly are linear cancheotfor T P, Both fewectwns
sve Wningeal " 10 Hie re re -waed ourssiN fo a2 1, so our viole) Fhere s how tha

¢n). s umplied

dmls = dmMp = |
I 4 ue (P ave dishnct Hhen fhe fack Frat W 5 mjectwe implieo that L+0 Ly
Mt

._?S anel
Hy= /GS.C\ECN\j 4N MHa= 5 +xa}.

(<) The cume QN Z(x-9) 5 ot one o+ Hiere lines, cnd The Jro?uiung s Q 15 net the
one wclued by T aad Hie poductfo pelogy on P! x P!, betatve e set ANT(A-Y) < @
towerpondafo The diagonal m [P x P! = whins closed mhe product topology . s Hawdodf.
Bub by Ex(.74) fhs i3 impossikle.



Q2.16] (2) The infenechon of fuo vaneties need not be a vanety. For example wasider the follywmg guadvics in P2

& = Z("‘z"'j“’)
Q = Z(*y~zw)
nomials ave wrecucible, so (@, dre queclic suvfacen m IPY Let T be the tuisled cubic

Both Pofy
cuwe n P2 — Tis a puojecwe vanety of dimenson |,

HT) =(2w?—x3 yw -} Iz—jz)

(see ®2.9), andlel L be the Iine Z(w) N Z(x) (erderw, %y, 2) s is a wunimal deconmp 5o }’j 2.1

L hay dimgnsion |, o wa!lﬂ 15 e (ine). Note flaal [ 15 a pchchWe vanefy sinte (,w) = T (L) & prime.
r+iscleavihat Le © N Qs ond T =8, sthe x> —ywe I(T) S4ppose (ao anaa,a;) e T. °f
Qo=0,=0 Then e point s @y sine LS, Offlerwge Wibq assume 4e 0 (cose a,4 0 swilav) Then

Ure le'j alsupe o, =l 5=

ad, = QA dy = q]ql?_ (X.ZZSW)

i

24
Aasar (€7 =zw)

\

= Qa0 (av=1)

Heue (oo,t,br,03) €@, Henee | U T € QN U, weclaim s is an egrffq.’i;}y_ Suppose (a9, 0, A2,03)€Q, NG,
avel say q.F 0 (a1£0 smilar). THs conyho checkthat asoe? = 2,3, gea, Zaf, Aoy = a,.5e

@1 an = LU T
Tnts (s adewmpuffhon of N, o s imeducible wmpowen%'_ So @ NQ, s ot iveducible, hevs
ot a vaVJe-y.
(6) Lef C be #he contc in I?thvfn by the e?'qahon ch—jz. = O and [ the jme j=0. Then c.’ear{rj

cnL = {(,0,0} = {r}

we know that P= 2.(x2-y2) N 2(3) = 2(y,2%-y=) = Z (4, A*). Buf T(P) =+ (4,x*]
sne (x%9)isvotradical (x2e(=,y) bul 1d(2,9)) - Fo @ven o the wntewechon of fuo Vanehes

15 q vanety, the ideal of the intevechon may st he Fhe rutm of the ideafs.

Q2.7 Lomplefe Tntenectu ns A puoje e vanety 7 of-climension v in ™ 5 a (shict) womplete infevechon
T (¥) can be generated bj —relements. =~ ¥ ir o sel-Hheovehe_coniplele jnfewectwn + Y can be

uwnfen asthe intewechon of m—r\hyper;urfuch ()’lype;mra&m n e [oose sense, 2 [£) where £ need noy-be pnme\

oyigenous
(a) Let YEP™ be a pwjechwe varety, Y= 2(n) If i can be 3enem"red 9 elewnents then Joj
Kgll's PT Theorem (p72 A% Mok h’rqsq 50 dimY = hinkDe 2l —\ 72 nHl —q-1=n-9q

(%) 2F Y s 4 shack omplee inteeckon with Z(Y) =, fo.¢) then V= 2F) V- N Z(far) 0
Yis q seb-Theowehc complele nfeaechon.

() Let Z be Metusled cubrc cumwe m P> PU a Noke folljwing Ex 2.9
T(2) = (x*-wY, Ay ~wz) Y2 12)

weclaim that 2 15 a set- Fheorehc somplele mlevechon but vt a stnck wmplele imfepechion.
SWe dmZ = | (mEx).2 v shown that He wordinalering of the novmal hwsked culnc s 1, andl
pojechwe closure presewes dimension) i suffues foshow #iah Z i the mtevecton of 2 hypersufaen

buF T () cannst ejemvaied by 2 elements.

Wedam Z = Z(x*= w¥) ) 2(Y2+rw2?-22y2) Ths wll follow fom J=3(2) where
b= (25 wy, y2rwzt,—2xyz), Yheh will folfow fom e T(2) and T(z) =T sme T(z)

15 @ghea|. But Thane inclamoosfollow from
:j?+ wzzf-z:xﬁz- :j(\f—-)(z) -f—z[wz—-xg)
(ny —wz)* = W{33 'i'WZZ-ZDCjZ) sz[xzd:,dw)

2eX2)? — > w22 yo2fx2—
{3 ) g {j z 27L32) = (JZ wDYL‘ﬁ?@)HUM
Sine T(2) wntins no homogenouws eleents of degree Oor |, i} duc elaments Yeneruted (2]
would be o order 2. Budmthe” e —vectorspae of ol hvmojenﬂm ordey 2 polynomadls 1h w2, 2-
2t - wY, :aflj-wzj-y?._-?{Z— are L——I../ and JV;"IJS SPC”L CCH’H/JOJL he J'Pd’ﬂned bv "}Me]emgyﬁ?,

t-e. Romoclule gen by. a-wy,7y —wz Y-z



NOTE (Counting Monomtals)

We claim that

1’H‘d~.’) _ (nH——I)

LEMHA The numberof monomits, of weight-d n Lyjsi¥n B ( i Wi, )

2
PROGE Caver cmonemid 7, PCZ:Q? forexample (n=32,4 = € ) we can umle

)20 Az I? ‘-(3 13
* x| lexx
Tn Hr way we set up e bijechion befween moviomials o 7 vangbles of weght d ancl cwvangements o

A Staws and n—| baws S4* such an anangement is deflnec by choosing fm. dbn —1" Nspots®
where d sftiia Wl”go s s s (""f‘dd"ﬁ).g

LEMMA The number of monomials of weght < d w2 dn s (h;—d\

1 (Hef 15, we ellow e single won_of-uf. O =2 2,0
PRODE So thewright 150 < - <dl. ufe define ot bijechon betweep monomals of weight £ d n xy - % and
wouornals of weight < in xe, 2, 2 kY

A = -1l 4 4
o e T 2 5 x, 1, 1_“ e &
( — )(ad

Hevig the Lemmofol lous }mmeclml—ey, a



NOTE Tes‘hwg Lor Irnedwc'\\o\lﬁﬂ

T4 EOREM ( Eisensein's Cutevon) Let R be e UFD with quotent freld . Let = ciotanit+

~rana”
(an=t©) e m R[] ancl suppose that peR s jpnmuudn that

P does not diuide dn
pla; for 0= isn—|
p? does notdivide o

Then £(x) 1sveducible in F[*], henwn R[],
PRODF See Adlewns p 7. (]

TP lesafeld Ry W] = h[xli"'lx”"l][in] wa UFD, 5o put R=k[xy..-Xu-1] n the above.
EXAMPLE ®

2422tz s meducible n RI79Y]. Consider (OC”C‘)‘*jZ e _[*]1Y] and p=xek[*]
@ his wovka for any j“*- At +opx® whha, 0 and n7l.
® In Lack 1f wovles for a

jn‘i— ﬂfﬂjm Yok Lo 0y F () pwvided x| () and
L:(=) how a nonzew 2 term. S Ve

v example
‘j\wr xgjg+ 9{55+ BxL‘j — 1Tx? 4o«
j ?zO+ (pr_ -—13)351_ (3,(‘!)5_},1_..{‘712

s teducible m b[’{f‘\ﬂ-
@ So provided £lyy) ha
@ o wnd‘aﬂ}- “'CVW'\

@ Let g(=) bedthe wllechon of > onlLL/ Jeyme. hen z [9(x) buk x? ¥q (=)
(w the fame with > =Y )

Then £« 1reducible .

of vowre, His doegn'+ wovk For

222 (x41). So heve!s the tough way. Suppose f(x9)e l[xY]
s nonzew, nonconstant and 1nvolves no monomials of order 4 or move —so f = 0 40+ f, + {5,
To be explict, say

J\I = '?x 14-703 Y
f = . +.r3m3*u;j xyY
'F'I = "Px'? x* + "Fj"jg +’rxjr—x'(jl +* 'E.jx':. 3“1 !
NOwS“PPOIe fﬂCfH--men' G= Gty and H;HOJ'H"F'HZ (Of”ﬁ-l 2&;”:_ suw"fj %=— O)
—f; - GoHo
-[;1-]'.[;‘3 = G»DHI‘}' C(JHLD
= GoHxxtHyY) +Ho(Gex +lyY)

= { GoHx +Holx J2+ {GoHy + HilyFY
et H‘j,_j"‘q‘ij Ay = Gokp +-GiH,

= Go Hex™+Haxyay +Hp )
1
T ( G "C‘j‘j)(HJt‘J['F H\j ‘j\



£,27 1 'k jg + '/;H" R
= Gy H,

FGex G Hartt 4 iy + Hyef)

This ledds 4o -
'J-\o = C(DHD
J\z = Gchc + Ho C(-,;_
fy = Loby + HoGy
f2 = ot + Gzbx

®

@

@

®

© -F—xj = %Hnj + /-13 Gx + Ha(
O fp = Gohpt Gy )
@

@

fl

1['1? - C‘anL

fjs = C{J HJ?.

'r”j"' i QJLH:]Q + Clj Hy
@ —[:‘sz - C"’"H"j 7 C(j H‘K,L

ERAHPLES () jl_- oA >(x#1) =j7'-13——1ca.‘ﬂu ec/ua+wn5 beome

0 = GoHo  (wleg put Ge="0)

0 = Holix (smm F-’FO; G#0 30 G F0 - He=0 q\so>
0 = HOQJ

—| = GxHx

Hij + Hx&j

= Ctij

-1 = CmHn’L

0= G Hj‘t

0 = GuMyr T GyHxy
O = Gulwy+ Clj Haz

— ©
(|

Care @ by=0.Then G=0Cy= Cxx whh Gx0.But o ¥, sothis s impassible
=0 = Hx =0y andl C,UPI;(_LDD% Hyz=0

2) G =f—'D and Huz = O, Then Gyt
2 503 Hf, o} W'“ldfj (s timpossible med ﬂqu*b come fibm yomewheve! ¥ (e . (= GuHy2 =O)



