
2.. YF,OJ ECI IlE VRR I ET/Fs AE
-la /tfne pro.iechvevsanph<,c, we pnw!1. h a mohtar analgoa k fr" /&n,l*, o[ offin nne.let ex<opf]hal w= or'otk n flnidve
s?aa. L;t' i. L,e ""r ind dbebmrcdly otuzd field. u/e dlJnec) pCJ< chE-lL pe e oA +lto t

pErrNrTroN ,rl" d!"." p-!ojec+ve_!=.pgtp ."e, L,.drnoj"d by p[ o.3a* F] to h 4h" xl- 6, 4qMakn@ da,- .f
(nr tl - tupla (ao, -,ra^) o(- elemed' of krnolqll zntor"6hcle,6n qu,nobnl 6"+rnn 3,""n by (a4)

( o . ,  . . , a " )  -  [ ) , 0 , 7  , t r o , )  o f  n e h .

eqrir,ro[errHg , ff^ s rh< q6xhenl ol A^''- I[o., -. ,o)j unc! er lhz ,7u, valcn<z rclalan c"hrch denhfr.'s P" ' 'th
t1tn1 on 4w taae tvte lhiwuqn lfi2 6nq'o An'eiew-nl "l 17" rs c-alle<1 a pu"l, o"'1 ,( P u ,a potn|, then anJ

("+ ri -+-ptn (a9 . ,a^\,n lhe er1urvdt"nv clclrs P ts a1cd q pL of !92109 eioa tnor4t4aleo -fnre

DEFINIttttttttttttttt IDN (G,qd"d Krng) A gra,,)ed"M.,3,s ̂,tn3 S, \ether wiln n dzuomPo tlwn

" - 
Yo'"

olSn",,h o drrecl sr.rrn .{ obehon 1,oqp, Sl,rrach?hof -foa crnT drz>r o, Sd Se = SJre. An elemul o{-Sd

t, c., l l<A ̂ houoq.t1o,^A dzmenl-"l i".t1T3.1 Th.- a"y e\erneoi *f Scon b< Lua <h ,,,u'qvzl1 aa d (frnk) tur/]
ol ho*..13rnf,i J"1.*-ft - A' -)."1 niT's " horvr"jn"to'"z ''l"o/ 1f

v :  @ ( w n s A )

PRoPosrrrDN Lel S : @4,,r 54 bz a gailed (fig) lhen

(,'l Ar' ,4eal rs f-romoqenuyt ,[ c,rtc\ o,l1 I J ,on be q""n^l.d b1 homoXenout eleweds

g\ Let vrh L b",nJg"noun .)oals,{n"n "';:1,[frf;t',1,I:1-t

(;) 4tk rs homoS"no"o
(iil ah o hoaoScnoa
( iii) nAh 6 lnolno$eht't't/
(;u\ ,[T' " homol'no"l

(?) A funogenowt detl p o Tnnz tf.$,.nl homaga.nout elnwenh f,ges, *fuep ",ther{ep..3c-p

l(Dof (^) Suppoe & v honneno.z.. For any { 6 fi-1 thz tp6agao- PiA f KL Sd, ,[z o., arc n &, o,l. 'lh< -lte.bnn .{ c.ll t^ci.,' 
ho*oqunouo pqrk qun"-ko 6-.-co4(enel! tuPpte q=(t;),et w,lh .ach l; honqenota. Sa1Por< 3€ at urlh say

3= g, '1 , "  -  -1? l : r  3 ;es Nohu lha l  geneml l5 ' f  ' :J+2, /  x ta)-1d) ' t  z tq) ,  an" l  so

3'o) - (g,1,)"), "" + (x^{^)(a)

B,,rl S" y homyenDrr) [*v)td)- *G-r"\t '*hete jc S..,. flewz

- (4 )  ( d -n ' )  -3"= i ' ' -  
"4,  t -  - '+ 3^u-^") tn f , ie S^.

B'r| srru ft. ,s on rd"ol, lh'" s tn A. . Huv- & 's homogenow.

{ r )  f i \  U t  f  ea+ h ,sqy  } -a+b. Ih .n  f  to ) :  q 'o )  +b 'a )  rv -+h .
(;;) Nohu- 4hcrl -{ov t;1e S

(.q \\(o): 7a ,t't ntt)? J
;|l=a

Anc\hrnco ,l te.tuht f -- ab sa,4., stnrl  A'1h a'e ho[A homogestoa., aG)rL(i) e [.1h each ',,,1 
,ro f 

@]e Wh
(r i ; )  r f  f€qnhl  s^5 l= 2 lG\ , . fho^4Hteath earh d.



(,,t) NnnduJ on'l lp rumb"r rt d nonzeuz' hDrnry4nD!.ta 7o&t,{ annlnmenl /er/a. fP n--1, *htontX nDnzen c.npahp14t
s  +u) - f r  <o t r \ i tq l13  4 ta )6" r [ -q l ld .  j .no ;  s ' " tppo,e  - I t ve . lo tm ho lds  {z t  a l l  n .<k .  Le l

f  -  l4 ' \ r - , . *  f  ton)  
l ,n ' ,u  SJ,

!o rn u l - -orro ' lha l  1n>o,  f  me a- .  w.rnog rupp6re d, .d . . . - .1db and,hena ) rhal  14-1(ma') - -  ( f ro , ) ) - -  f lnna lG' t6 , fa .
Btl tl len qG"ln. .++(dbl=. l-f(d'le f,d, <n"l s.bg lh< t n.lu.ltve hgpalhut, '"< c'tedo*.

(z)  t r tua, r l ,4 , '  e lear .  Su,ppote p rs t , ] .  *h"nnve.  dge.S at t  homl leroaa (P=fG),3:JGr)  od 13uF,  e lh" ,  1 . .3o,"p1vt7yarc abe f  t  bo+h e,b lo,an4 q=la() ,1o= f ib{e)  Taen

( ob\o : 7.qu') bte)

al!"=,
Snu F ohornoluo'.^l. tachol fnc,,t 'tm",s 'n p Let "1" anA e" k *\e t no,tl e,cf ,J.r|aa.,{ , orupon"nE occuvnvtq,h rrlle
expcinsron "[ a,b rezp. 11]e' (eb)G't-e'\: q(d") t(c.). t l twt ethe,r a(d"l ". b (;") ,s n p . Supptc -lo,thol atd") e g .
w, , l rng  a= qu)+  q( ' t ' l+  - .  ta (d - l  , *7nez l  b '1  nd .uc lpn .  ra lo  le rng  vnodu lo .p r  (a r , j ra ,  '  "J )  =  Zan-0 , r .  o r j t5 {e)
<cn ovriq rnu>lve C'=io ot 41 @" ts taralvnal) ro wro<{r'r[- p1 (ab){drte') 15 q(d') b(e"l. ien,, aQ'\ eF ." i^*)i"O ^
- * ' s  

f ) thwn,  ea th  a  G, ; , )  i= t , . . th  B ,^  F /  and hequ to  ts  q . , ( i l  B  ' l  ' t  en .aNo! , le  ' "+h"$d , | .p  t4 t^ t  ba?" )e /F  q l ro .
,rw* V\ap sho..r,,n3 o'd;) '' ,n p, bu| raplaa r6k') b! vvt tt',w61 AeJreL 'dnp p9! ,n trt), n

["J< ,'r.ohe +ho po\noarct n^g S -- kfu"' ' tr-f ,th o gwdel ,rry fu laktnq Sl ro bz the rcI o.I all l,asst, a*brnoL,oo,
al w,onoorv,ls ol- a"Ei'n=Ei+ d nxo,.. ,x^. Ef e5',s o pJ1nifl lql , un',qnno(,-e i ]o,le.hue - {.to"h*o on lf^, becau4"
tl '11v. nayl uwqutnens ol lhe homogenot\, *ord,naleo- flotNevevr (' I rs ., homogen.raz' VdSnontql ol ,leXra d, fhm

{ ( A o q . .  . , ^ a . \  :  A d f  ( a " ,  . . ,  a " )

s' lhqt lhe prop.r\ "t f bovq zew o, nol "repends o,oll .n'lhe egt'talene .lass of 6.,. ,a.).'rhun F lveo o -firncJwn
d*^  t l "h  {V '  |  U t  {p r ;  o  , [  f  (a "1 . . . tah) :O 

"^nd f  (P) :  t  ' f  f (cq . . . ,a " )  So.  Tu , t  ^n , .an" t . , th  . 'hoq l  the
z-92: "[ a hofllogehot^l, pdyrtonnl, namsll

7( f )  :  {  Pe rF" |  +te l :  o1
Tf 1- l' qv'U .re| o| iromogenoun elemenk "f S, we 4ehne 'the.eu; tel "t- T + a.

z (r\ : { ee e' | .ft): o {.r .1 feJl

Il n u " homoqehoLra taeql "f S, arc defioe z(Ll:Z(T)twhee -f v lhe rcf "{ "ll homnens,al e l<rnenlr tn r. Sme
5 ,s a no<l\,te'tdn rrng, "'t1 sel + hao\aXenota .levnenE J ha,c a ftn'k thtel {'t...r1" sqch lhal z(r): z[lu ,1.).
DsFt rT)oN A '"rt'.+ Y "1. lF' rs o^ qlg"L-r< sel f 4here en to,ef -f "J- homlnno,ut .tpmenb -l 5,"rtr, q54

\ :  z i ) .

PRoPDs I'rloN 2 l the unton 't' "n1 +rn olleb6,4 snE s an aljeb.arc s"l 'fhe,nle.wec*ryt d o"y .[amJ1 ol o$ebnrc teh
,s an allcb,'cnrt'rc1 e emp! "el 6v,a1 )\y""'hsle lpAu- ate olgel.a,, 5 sl.'

p p l ' r l V : z ( I )  a n d . q = z ( s ) ,  > v q : Z ( T t )  " d ( f ; : z ( T i ) . " t t . i e T , 0 Y ; :  z ( f , , . , - r i ) , * h " n
the 1,an aloaoleA all ptsttbl.c homoSenoua su,'ts Zl;, t;eT; . 5rttz I B hoyy,oc1sytoa, I = Z(,\, a,nd Fa= ZIO) _ f7

DTFIN ITI)N bl. Je/rne ]he Zanthi l"polv,1 "n IP" fu hh,ng ihe o7en *h 4u be lbe complemetr| o/ oQebm,.se*'.

Onr,stn. have a kpolpqllql <yaar,lhe nohnns ol wed\^ublz sub:eFand lne Arvv,enJton o,l o:ubset *hrch wete d"l.,^g-d h !1,atl l applX' 
I o.c-a^@nat! i\rf, lyLty

DErlNtnolJ A p:y1""h'^e.dgub^" r^r"\ (.'"rpty p:*in"}*:31.! \ ,. on v,er)uc$)ea [9e b "ar r s el ,^ tFl w,h.,'fhn ,r'.1y1j,]
+put"g1 lhe 4yeryg u/ o p^,1ea\te"or 1^,-;-y'-jr.*w" vanely ,s i'-dmet ston ca a /. pologtc"\ spa<

llf san4 abtcl-"t tF", ,* "leln" lhe honq.no@ ',leal -/ Yn 5,den"f",l ad),1. b" ]h" dec'l q<nevqle.l
tt y f fe i { ,, hoaogniuua "",1 l1p1J5i "t-r6nj-rf y ,t on Ltgebor< t el we zteh ne +he nrnigep"+
Loord tq .^ le  nn1 +  9+b.  5 (y )  =  S /Td)  r , ,1 "  rc - fu  $ (E\  2 . t -2 .7 )be low '$ ,vavaao7np"" t1 . t , ' )
"4"b"*-")t t; P'Ve'+""e 'pa'o an) lhe" hJmoTen"va n)e'\ls '



o
Jur'ncxl ob1ert,vrs 4o rha,r,  lhal p"t, iu A.te n-spaa hvn.ln open ..ovenlq a4 aff lne n- tpu)@A, and henulhal 2v2ry pwte.&<

('z,tper!,n l i ,  1+o"i -p,10,h,,* ) _ni. \  t ' '*  an epek Lot/ennJ r"y utf ioe /"-t i . ,  luan; -qfun2) tanehet t t  rc ' l  w'z tnl+w duk

,o*' n.{l-|,. 4 ie s ;;W*; homolenou.,t potyni-tit , +h"n'rte zewtel "l | ,5 .allecl ^ lr P-s:pJg!-e 1" po"h'ula1
we denafe lhe zew rcl uI <; bJ H; , fr, 

-t-_  
o). .);. Lel Ui be lhe "pen rcl Fn- H; 'fh"n IP' rs oo,renecl bY thz oppn

seh lJi", bec4"wz rl p : (a",. -.) o,,) ts cr po1d, fhen al leool oqe q; +q heatj  P€ UL. 14, d"fneo ^,-ctpptnl
J;,Ul .... ' ...-, /A" on iz,Iows.'t i r-1o",. ' ..,a-)€ U;,!\en *(p):Q, *her.e Q rs'l[e pornl e'tt\|, afftne *"/.\mo]ra

( q "  a n  \
\  q ' i .  t  " / q L )

**^ ailct; om'#eA. Nolelhaf J; r wetl'.dartne! sncn- i'l'te ,olros qj /q; ^rc ,n/"p.vrd.n} "l the chota  ol homuXnnuu-
.leotacltnaTot.

PR0P0 J rT)oN z. Z 1he ,nap /; u a homeornovPhtsm oj Ut wih h nduqcl 4.y.try1 k A! .'tlh lhe Zusk; 'lo eolyg.

!!gt f; s "\ect 11 bliech'.e,:ol wtlt 6e :nf'hotenl 4o shao' rlyl l |he<torcd :eh "l Ui ar- d.n|hed *tlh fhp clot.c\ r.1- "f
/A"bqY;. i.te vna'1 . 'sumz 1:e, ancl we wnk 5 trnTlj U.fot Oo a",l i '  /*-?Al f", t"- Lo,l l.e h.o*.alq..lo.recl
b .u . . ' f .e ldan, l  t " i  A :  h tu .  . . ,1 ,J -Ne <Jef ina  a ,v ip  a ,  f i ' o " "  rhe  te l  5h . l '  h .m" ,F .no^a e te tnen i  '1  . r "+  4 ,
ando vaap f r ,nn  A - lD  5h .  6 , ; "  / t  5 i ,  "o  re t  dC) :J \y , ,  . r \ - )  o^ the  o thev  lon l ,  XNah 1eA. .1  iequet ,  p ,111pn
zt'glz/r., .,x-1r") s a hovuoq2naw pdgno"n'al ol d"g{ee e u *he 7-i t ,*hrch-"ve ,  ̂ l l  p(g) 'r iou.lel ' /= A a" r^
oloted t,.tbsef. ut I be ,lz dotui ,n n^. nis 's an olgobm', sel., 'o j -- zh) {o, t,>wa rubtel -7s, 

5h. tet -7'-- 41r)
J "ppote  (a r , /q0 , . . , ,o " /ao)e tC l ) ,  ̂ , )  +eT Then a(P)  (o ( /o t , . .  , " ^ t "01-  71r ,o ! / ^q . . . ,o . / . . t \  - -  O, {1  .
J tq . , . , ,  ,qn) :o  f / .  1a" ,  "a" )  (  Z (F) .  r lenu  f (1 )  e  Z( r ' ) .  LDt "venet j  , [  Q, , . , t "ya2(T , ) ,  s "  NhaI :4 , r " l l
!  e . l ,  a  ( f ) (x , ,  -  - - t7 . )  =  O e ' )  f ( t , x , , . . . , xn) - -o  l le "a  ( r , t1 '  , x - )e , \ "1  ' l  6  a lsa  t ^  l )o )  t "  +h^ l
( t /ar - - .pG) etnu - - f ,  hene ( r , , .  -  - , l ,n)e JCf)  keyvv z( f )  -  JOJ,  n J t l )  s  " lo tec l

{nn ' teoelg, l r }  V l  6  ^"1rr"4 su l . te i  o l  A^-Th<n W- z0 ' )  $"  tom" tubrc la " l  A,  anr l  r ,w c lqrm I ' ' (w1 :2(p6 ' ln l .
L e l  ( a " 1 . . . , a " ) e J - ' ( W ) , : " l h o l  ( q y a " ) . . . ) ^ . / o " ) e W .  H " n - V f  e T ' . ,  [ ( " / " 1 .  . r o " / q . \ - - A .  H e n t e

f( f )(a",  - . ,a") . :  {  z"<f ( t /2",  . " , , " / , )J("" , - . ,a"1
:  q " .  f ( " ' / q " , . .  _ ,o " f  o . )  :  6 .

t - lenw (ao., .  /ct^)q(f  f t 'Dn0 [on"o" l1,  : ' tppwz (ao.,-  .a")ez(F6'))  O0, 'o q"4 p " '7 f*  al t  f  eT)

{2"" | (.'/,", . . .,2,y'.)J ('", -, o" ) -- a rhen

a"' | ( 
"'/"", , a"6,\ -- O

q"+o + f ("'/", -',*/.") -o

and hena t(ao,.. ,a,'): (d,/a-, .f "1a.) e z(T,): N) - t"qurred. )-lene f,-'(w) s clo.ted rn 0. th,n I arv( f -ta,. b,>lh
clolal ynqpt, to )f r a homamoyphgm. D

(oRoLJARr 2 7 fl Y o a proleclw. (reap 1nt,-p^jecJt*),,on"11, +hen f ,s ;5u"vud hJ -fno open seJs \ftu, l:o1 rn
vhdt are hoi,,teornoqahrc Jo affine ( rczp. q*oi - affine) vqteleL, va lhe nap7n1 Y; AehnerJ abow.

, "l t l i
?R361F TF Y s cloted, ,r"edqcrt(e r,\ tPl -ff ien YA!J, ts aclored as4 weduuble (e*t.51 .ru6t"1" Fle:oo undz' f;,r)i---.r lN

,,t"^ni,, t nvi -th a.\oted, ',, iJqc,l, l. ul,t.) ol 1S^- qYt 'ff i 'ne vqr"i1. ff f ' '  a^ pr' '1c'lu-e ua^{'1 ot'd Zc'l
ts q^ opentqbJ.lr tcr,J Z = Yn cQ/ Q ap.^ t^l?nt ?t1en YnUi rs - rlor"l r rveclucrblo >ubril , '( ^u,;, . ind 3nl; ;tro
op"n suh)r] .t f Aui., ttia (e Ao;\ o'"e"^,n r.ri c,ni ?Ao; : ( vna) Aoi --Q no;) n (oAUi). fiel4'4 !: d".,rld .'t
Z -tl[n on ,<a.;,-a,flnz vanelg. a

No-TF fov 2 .3 ,s hu! P"D!&i- Yfl tJ; rs nonemrli /

NO-T E

NoT€ Porntare cloledrnF^ : !&^ (a").--ta,)tF* ou,flt a;40 lhrs ponl,s!tu"nly r olulwn 1o T= ['o-ffxt, -. , t"- fix;J (ax.t"tr..,,

Lel T bc a el ol.honoqnou c!?wten| M S = klx",. .. ,r"l anl q = (r) the hoyhogeNu 'cleal Tenevald b! f. Lel a L4 lhe re+
ol ho-oqunou elevneni J q. (lea'14 -r' = -T Jo z(r') = z(1-) t lQnq zlq) - z(T ) ! zlrl tonvcnely tl 1a", 3a'\ez(l
a4d f  e "T)  +hen /=2 t ,1 ;  f i , .1 ;eT

f(ao,...,o"\ : 2,1: (a.,..-,o"\+;(qo/.. ., qnl : o

so (an, ..,ta) €z_G,l = Z(q). Henu z (a) = 2(7).



@N|TE ( Lautenl klynv-rah )

.tw| oa R[^] ,s 4ehnecl a,t a sel ol funchont /, Zr -----, R (Z* - [o.,t,zr. ]), 'n du/rno ,

DFFIIVITI0N 'lhz"nq R[zA''J. ,-lted rfu vnq 4 LauEkI pol,anomptE ,s 1tu ,"1 ol ol] fa,ch.ons

/ ' v - - - - - : R
w'lh fn,b ruppol]. Addlurn and n4lhPkth"v arc dehne/ by

( "1+3)(" ) :+t ' ) rso\
fr 3)("): Zrasgcrl

5 t a
S t  E - ^

0 6 ) :  o
| (,n) -- [no

tL s er,a! ]o re lhu mahea K[;Jv1J nlo a anrnudu"e vrty *th unl'

PRoPoJ fnON Th<re ts an uomorphlm 4 /rYt

R lz t t ' l=  R[a1] ,  ,  :  R[^J^
./LzJ -tJ

PR)!f W. a)rcady hno.d-hat R [{.2 R["tJJ/(rl . t) f,tno zc-t s clea"! o unl 'n RS',r1 *t tt1'
I.R14* a"k*a 7"" Se K[4 anl n>to by'

v(+/"") -- l(Dk)"
*hde l,RI,l----)Rfry.t 'J r.ttu-obvry,:\hf; l l ' t)yl:f1l,,"zc> 6@)1"1=o,n<a. J,sr, iechte
stn'z 

'{(t)ir-'f : {(gl(*')- ,n'PI'- rhat lo'- 7 szr,

fk\ - 6GX4
: ( 6H(, ' ' )  )( .-^)
--  ( {b)@')^)(r . - " )
-  f  ( s ) ( ^+  m-n )
:  3  ? n m - n )

Henexnl:a.^1, ' "  P1t"--  9/^^ n R[tJr-4ndf ,s :qlec]Ne sma , f  {e R[z,x- 'J,  le l  qez,b"
l"arF r.l. 

"+fq) 
4 o.'lher, ,F b rs tlger{ r"l f(b) f o, "d""< y',vcuov q<o

t : 41o1 r" + . 1- -f (b)"""
:  y(+(y*\+.  -  y(+(+) + f (+("))*  '  ,  t (+cvtx ' )  ernY

rrua (x-lJh= x-n. {eqo J ,s a, ,somorphuu. q



@Z- C"aA.d R mgs and lJretr Lacahsahons

Tf v,,e tnve,l an elenenl "l a, qrde I qnq, aven a homoqenou) el"menl.,  ̂t touall\ ,)" nsf qef a qrad<l ,nq ,4
lhu rcnse of Chqpter | ' Meyftv^e "legveL *rll oc<ur nhe obuptu g,odv3. Thv't vft ,''he}ule 'lhe ko)u;n ol-" a
4 - qra")ed ' tnq:

orrr lrvmov ) ^^rntgR $anng R suchrhaf

R _ . . . R _ z @ R _ r  @  R " @ R r  @ R 2 . . . .

ao ,abrlnn tro"F ,""1 R; \ . R.+ -/,te elemen)s .! ftr. are (alte4 hoyytoqe4au/) 6tonenh ,f dryu-et i
A homogenoqo E^eql ,o a 

-Z -g,idd urn3 6 slmpry o^ d"d y, eJ6 
"toyTi-u3 nnoro elnvnenV.

fue ,,aoe 4 ordtnaty lndd ,tn7s Ls the oae *hqe K: o /", ;< o.

EXERaS? Zun (Chavocleusahun ol hanagenouo dectb)

(a) /n deal t "l " V-J"aql nn3 rs homo3enouo tff. Vf eT, oll.fhe homry,ena.o <.mponeril-.[ N qte
r n  I .

!899f , 5." H"4thoro no!X,o. 5, n 4o 3vaded.coe
P\ ,17 u hom"genow.

PR})F : Agann, sante pwol .

G)  I l  Tt !  are hotr lo  Senow,,  n  s  ( I :A l :  l fen l  Sy_-r : .
?-!!!! Svppae / : f "'Jr' r!&Ll €Q,J), d;.2 ora -l 'o')a sd,.fhen tnte a o q"n.d.a b,.1
h.omogeqw.elemen,4j,tl"? [r',,, e (r,J) ,1 y.l4tuh hpu ]&')2e I, ?et /r ho',?T€no&i.1lu trppim
d1 <. . . qdu, and thal 7 hc,.c degree s -tben

fX*t -s f 'o' 'L, . + l(e)Xc- T-
-) 

f  ra ' \  - -  ( lx\("o ' l  € 7,  snar.  homolenou,c
Lt<no (1:J) \s homlgehour.

(d\ fr homvleltsun deol f u pnn" */. $, frg honog.roya, & eI -) fel o, 3 e I.

PRRbF -The tondtJon u .JeatlJ n4ttatg. 'The ywu{l-" lho jcaeled tctte 1,.)Dths agcen.

6t,ten a pmiefirc vau.)y X' e ll [, ,l r, ,J"vt utekl k be able 1p i,unk- lhn lo.,ol sc+wns .lhhe ",Hne t,.ovq rnq!€ yryrou
.L'the s.t $ne 6pen PtaceD al X .!t,ec1/y.,", '1e7,'u.[ the homo7"no,"z .oa,dnah rncl . l X.Thefil lowul q1e,"ie
expla,ns how'h,Jo +httr n a {+',- *hal atotlz5 Jt' arbtl-;"1 Z - 3^/ecl nSsl

clEt{)tE3.o. (Lxol,'olr'" "l qtac)ed rnE) Srppor" R u or Z -q'=ded ",nq and o*PeK1. Then R1 6 aqqtv\ ot Z- 1n")cd
rtnl , .*v* lho g,adnl o[ \S ls 'nhenki fi.* +"1 "l nF,.-'i, *r,,.h u iqnonto]ty 'lenhy'.,l '-rt Bf ]not u, , 

"

.fl"f a,al'nq ol ./l ^ o f-p, wher<. l1^t> Srocle el.' lo rce /ht\ tt wellAehncd, suppon //-fh - sf+,' t to +hql

t t l "  c i - t f " i :01 :omt l>ro l r ian ' !m1Xr on" l  { . " rxs h"*  *1 'u  sc ' rne 3 'aAe '  v 'a l  f  e  R)  'v le" .ns

i * t t ^ . . 1  5  , 1  4 + r n + 7 - b * t ) :  A l * ' \  r - l e n @  r , / l ' \  h a  g v a d e  d + m - n - m = d - n , *  " e q u ' w d '
(Abo,,.obvro,-19'r-,: 'e{e" *o "'o'n"*rat') 

-l 'of 's' $r.deZ, (Rc\A anst:L 'l ' l l e\<m etri*'i al lVv ' 'for' '1'1

v/tn &heE (e Rd+n <n"*in)D 6r'n>'o 1lu clbot'o J6ours -tfi"a" 
dt/ouPr d|.€ cl1iornf 59p"r<

q" e Gt)a 0 ( Rt,r,r rRf,d^) dd; ol\" lr lncl

m." */f^e(KflJ r,llpltz- 16 Rdtn. Tr"n ,f 11e R4y n; ,tn4

n/r'- ''/pn,, " + r4/r^*

let V>,r,axJ fniJ; ,  nJ,,,  Nn"t lo-",  -- I^-n'^r '  '  +.1L ,"^ ' r^,. l l r"n -!o- 're R.1,.L ", .1 pL-n'r;eR4;a1,
l-lene JL-"r'-?,s, t lnal ' /F^ +o ^ RF. Hen@ u.rc h4te cwwd 4 g'a4t'41
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\gE InaJm,led tewl\ftnap1l rclealr whtth qe homolslltfi\ arc leneraled by ahomagenow el).

Lel 5- @d>'osA be4 Smded dwanra s$ a lovvoSeiona rlerl, {es wih q=(4).Lel

{ =  l - + - - * f ^  o f  Ae5 ,
o 4 l ^ e t n e k .

,vt@ a- 6 homo jenouO /n e E), t" !n= 3l frtome j = ge+-.- +3p e S.'th en

l" - gl : Je{^ + jefi,n.t geuf^) + ... + J+1,

CIea !wnwl ha'c l+m:n srnb t f  +o and {n4O. Bul n sm r"  '1f t6 ynplrc 's q=w and f
ls h$rnoSenout .

N?TF- Tieoh\le Clot vre

,ef Ystr* le o po;cclrre uanell, ancl suppo:e Y0V" s nunzmply.llltn f"ltIV"\ u a.fftac
and fi pwieclur clorurt 's f.

NOTE rp q', . VL:^ot --$t''J qrc ho,noryehou/t rcleab *unof hat|lo chec|lhal z[Zat) - nztqi)

Qenemhng ieals na Noelhenan nnj

Lel- Rb"a nonzew Nwlhenon nttq, 4a ,.leal.5app61s 1A3;et sarel"] elewenh wrL q= ({1,3;ed; ,
tare clcifi+fiql a- nn be genenled bj'a. y''n'te tubtel'"l ' l he {; T r,s6vrrte ihrs $+nvlal so<ttt umrLT u tnltntk,antl

J: f l=t l*f "aT's-f intkj (o"ru,wy151

,ftr ead, JeS lel aJ- Q+iI,r).** {nrlrc;J s q nunzvnp\ Nlol 1r6oy ,n q Noelhuan tng, hehu
h^o A nArtm^l elemcnf {x. Cleirlq q = qK annl u/e are clone .

NOTE Drmenrton qnd r,ryedtfcible lDmpnllnl

Lef K Le ay{onemp\ tu oetfi enon .topol tgv<l ryao, y-at a none/'4f, clonc\ su\sefond
Y=  Y ,  u . . .  0y , -

llre Aewn vos/rwn d f ,nk,h uwducible omponenlr.thew cl,my - JqP ra; < n dm'l;. finy ,ha,n "(
dvhncl vteducible closeAsehn a'l; l2laypo nth achatn rrr Y, ro 6lqq11q r*p rl rn'i; = Alm't (^ prhcrhv,
+ + n t  t u p v e m u m u  q  W n d t m . /  =  6 ) . I l  Z " a 2 t . . . c Z 6 \ t a . h q i , n * l h e t

Z,^- Zv^t1Y - ZmA'tt o . v Z,a0''1",

6*\tt Z^ r na.dwiblz i 6 anlqrudtn cottu'l;., a 1la wlwle clrirn belongs n nmeY,"'fhv shous ]ht veueoz
ve1r,\olthto

/1ynY = sup chmY;

NOTE



N0TE florphrsn's 1l'-----+ [F-

tel l"(t", ,x^\, l(xq. ,2n1,. - ., f,nQto' ,x^) h< homoSenow polynonteb "ll.l lhe same dsg* dt
admtlhng no Lon4non Joldnan h [F"(Jo ̂a at!qwe all qr. aonz?P]t.e. d>o).hledenn'

Y. tr* -> F'^
Y (do1. . . ,  a" \  -  ( .1"  (a" , . . . ,  a" \ , .  . . , .5  -  7a" , .  .  1  a i )

p. dllv t J4- l<Ittq ,t l r*le 
f paryy horu3eno,, potSnornrob'p(ti) 

: {; [^-, - - -,r-) 
at &g'e' e) $(1) a d"s-we \ 

-

Than p 6 q ̂ ovph1rn o{ h-alqebrg, qndf u o. 6rell- dehrrd ,nap Df reb. Vh no,ashow }oa rno'phtn t[
'.!aqehi^. Le+ 5H",. . ,J^) behoinogenou,t Then

z( Q0)\ :  1(*,. .  ,  *) I  (e) (qo,..  /  q^) :  o l
:  j  {0 " r . . - ,a ' ' ) l  j (9G. , . . . /a " \ \  - -oJ
= j - ' (  z  (3"1 \

5o J v wrtnuou.o -a me*s a.morphttm, tel l, y -q p .be cgula-, Vs IFF op"n dnJ tette!-'U. saL
9lr)e\1c u .,]l\ g,h s kf,c",. .,J^l s.+. VveV f(vl: J('r)/h(v) rhen {o/ Je!-,V J - (a",..tqn)

tY(q, , . . . /a \ )  -  f (  1 , to , . . . , . "1 , . . . ,  . ,1^ (e, .7 . .1a^)  \
:  f le)(u,._,a"\

qt'\be F'l

.5tv\r\ g.r!.  ̂ te homogehou o( *fu nme cltgte, toan $(e\,1(U).HMu +!, $ftgdcty qnd Y,' rthnqom movPhvw
ol lAAettU .

NOTELveat llorphtsm: 1Y^-12 Yh (nzz)

Cqu,dev lhe $llowry {Pectal (a,te . LeI ( a,t. .. , a.^) e l?n, to romn 2l2vnenl, n! Qt, r nonzen ?uf

f" (r.,.. - rr'-,) : x.

f,;-1 1r,.,. -.,r^-,) - x; - 1

! :  
O:  , - : , !  -  ' f r (o . r "+o , . ,+ . - . .  t  q i - ,a ; - ,  +  q i+ t l t ,  + . .+a .7"_ , )

l i f r  I r i o l . .  . , 4 " - l l  -  a .

+^  6" , '  . . ,  x^ - , )  - -  t , - t

'ihea f : 1yn't --s 174 s a yy1s1ryf151a1o{ 'taue\et, !(b",...,b^u) = (bo,. . -rb; - ', -+(a"b.+' + q,-tb). + a;+rbi 1.. + an\.^),
- . . b " t )

4o)to I  ctp(r |  .- .  t  4nxn -- O

ftar pwphre uanel4 ,s pvezrsoly l\+ ivnoqp 6l J c I eoly f n tn1<clv,l-, and t< , 7---> 1ln'' lven bj
lbo,...,li.) r---s (a ".,.-.., 1",'',b;+1...t b') tia mo,phtswul "u^uefisr'1*" "t t Fbrc,... fl^-,7 -.t Etb,- , V") *h,.; leafe)
ei^+ J; ). He nr?-

'rhe hypevplar,e Qolc* . :-en'tn = o 6 ulnlttphK ar qtata\t tP^-',



Automorphisms of Pn

Daniel Murfet

June 7, 2004

Let k be a field and A ∈ GLn+1(k) be A = (aij) and define

ϕ : Pn −→ Pn

ϕ(x1, . . . , xn+1) = (. . . ,
∑

j

aijxj , . . .)

This is well-defined since if ϕ(x1, . . . , xn+1) = 0 then since A is invertible all the
xi are zero. Clearly ϕ(λx1, . . . ,λxn+1) = ϕ(x1, . . . , xn). As we will show, ϕ is
an automorphism of varieties, and any morphism determined by an invertible
matrix in this way is called a projective transformation.

First we check continuity. Define a morphism of k-algebras

θ : k[x1, . . . , xn+1] −→ k[x1, . . . , xn+1]

θ(xi) =
∑

j

aijxj

This is clearly an automorphism of k-algebras. Note that for a homogenous
polynomial f ∈ k[x1, . . . , xn+1] we have

ϕ−1(Z(f)) = {(a1, . . . , an+1) | f(. . . ,
∑

j

aijaj , . . .) = 0}

= {(a1, . . . , an+1) | θ(f)(a1, . . . , an+1) = 0}
= Z(θ(f))

Since θ maps a homogenous polynomial of degree e to another homogenous
polynomial of degree e, we see immediately that ϕ is continuous.

Next we check that ϕ is a morphism of varieties. Let f : U −→ k be
regular, where U is an open subset of Pn. Let x be an element of the open
set ϕ−1U and let V be an open neighborhood of ϕ(x) in U , g, h homogenous
polynomials of the same degree such that f(v) = g(v)/h(v) for all v ∈ V . Then
for (a1, . . . , an+1) ∈ ϕ−1V

fϕ(a1, . . . , an+1) =
g(. . . ,

∑
j aijaj , . . .)

h(. . . ,
∑

j aijaj , . . .)

=
θ(g)(a1, . . . , an+1)
θ(h)(a1, . . . , an+1)

Hence fϕ is regular and so ϕ is a morphism of varieties. Since the morphism
induced by A−1 is clearly inverse to ϕ, we have shown that ϕ is an automorphism
of the variety Pn.

1



It is clear that if ϕ, φ are projective transformations determined by respective
matrices A,B then the composition ϕφ is the projective transformation deter-
mined by the product AB. So the composition of projective transformations is
a projective transformation.

Lemma 1. Given two sets of three distinct points in P1

(P1, P2, P3) and (Q1, Q2, Q3)

there is a unique projective transformation ϕ of P1 such that

ϕ(Pi) = Qi i = 1, 2, 3

Proof. First consider the case where P1 = (1, 0), P2 = (1, 1), P3 = (0, 1). Let
Qi = (ai, bi), i = 1, 2, 3. Since the points Q1 and Q3 are distinct the matrix
A =

( a1 a3
b1 b3

)
has column rank 2 and is thus invertible. Let (α, β) be such that(

a1 a3

b1 b3

) (
α
β

)
=

(
a3

b3

)
By scaling Q1 by α and Q3 by β we may assume that α = β = 1. It is then easily
checked that the automorphism ϕ determined by A has the required property.

In the general case, let φ be the transformation taking (1, 0), (1, 1), (0, 1)
to P1, P2, P3 and ϕ the transformation taking (1, 0), (1, 1), (0, 1) to Q1, Q2, Q3.
Then ϕφ−1 has the required property. If ψ is another transformation with
the property that ψ(Pi) = Qi, i = 1, 2, 3 then ϕ−1ψφ maps the elements
(1, 0), (1, 1), (0, 1) to themselves. This implies that the matrix determining the
composite must be a scalar multiple of the identity, so ψ = ϕφ−1, proving
uniqueness.

Definition 1. Points P1, . . . , Ps of Pn are collinear if there is a linear polynomial
a0x0 + . . . + anxn which admits each Pi as a solution.

Lemma 2. Given two sets of four distinct points in P2

(P1, P2, P3, P4) and (Q1, Q2, Q3, Q4)

which satisfy the condition that no three points in the set are collinear, there is
a unique projective transformation ϕ of P2 such that

ϕ(Pi) = Qi i = 1, 2, 3, 4

Proof. First consider the case where

P1 = (1, 0, 0)
P2 = (0, 1, 0)
P3 = (0, 0, 1)
P4 = (1, 1, 1)

Let Qi = (ai, bi, ci). Since no three of the Qi are collinear, the matrix

A =

a1 a2 a3

b1 b2 b3

c1 c2 c3


2



has column rank 3 and is thus invertible. As before, by scaling the Qi if neces-
sary, we can assume thata1 a2 a3

b1 b2 b3

c1 c2 c3

 1
1
1

 =

a4

b4

c4


If ϕ is the projective transformation determined by A, then ϕ has the required
property. The general case and uniqueness follow in the same way as before.

3
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Fov rt>zl um denhfa N ,s'+h thz ),aplet 11,q', -,a,)elP^. -*trr u "n somoryht.tm "f vanehoz
the ponE nof bglglrJ i-n5 lD iAl aw. ol'l las4r^ lO,a,,-..1an\ l wltrchvu< rQevlf\ uutlh +lu ltne

A l T r l " ' I c t n x n : O

,^ N, ancl fhnh o.l at betnq aa oe h+tv dueclwn ol 'fhr hne. so IPn r hi hqethe,r 6ift an ot ltr
evew lne thmtqh llt onqvfi /A". Now LonJdet Exz.q o,ad Nht l ' ' tok whrcI' shitr.rr 4haf - q-e P uoi. ctt\r<
,lot'1,ve o( , uSfeau4ad v 4 hjPe'!^44t1. Tt we ,.oth now w'lh n=2 q ,ftne ,n /|rz u 'lw a#tra G.roin\
(utumz b,c +o) L '

rhe proi(Llu4 s!6ure ol lhu ltnar lhz hyperur{au qw +b.r+ ct4= o (u, +h2 'PlDiec}ra't o"ndrnak)
7\*.}otitLnt r! '+h ',t - | arc 7rcure\ L ' to)he only new re 14'|66e "B (o,l )-b/.\ ihLch an'u'tp"ndt
*'oitv q tn lht clrtac*rlon olL.lweor"ler'r @otdnctlrA wt2()!)

l ehow humewu olhx enamdu .

1-1 -- | P,ale$*,clorutt rs z 11 -ut' : O ",,,h rch ad# 4.,t-,n|ntha
'"\'+1,a ,lrcr+r,tfr ol lhe tt ancl !, a;rr :

\J

, - - " ^ 1  . -
l \l \  ' ' .
I \=--

cno,Atnd<n 'q!

, - ' -  . , * -  G o A )
-=;"r t i \

' . .  
\.-\ \

f Parabola \ y--rtt. Puoiecth,.e clot'rve \5 w!-t>=ot *ht.h o.dds're tnhn*y- ptyo) m
4w drrtrlwn of fity-axts. .o ={o,r,o.t

@ ' totAl
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fiti4 zTaL tJ'lb' = l. ?*|eo+we rtuure rs a'la'+!z/1oz : az, wW\ adds no vfrnrha'

Fwtn €xeprel.l weLznow t7(al tn A' allu:,nrcs a,t uo morpht( et)het k ,1-22 ot.x1- l Stno)he'
dn,r,r,rrvranl o[ lt. e\\pre 'r -'t",i io nq elltw u uomo,hhrrk 4"Wd,bolq.B' l']ewtlle m Ex z I
fha[ uonrcs y 1p2 are all romovphic lh tP'iotei) Vr5aallg, )twas ta\t]firt aPPqEm

Anrl +uple (a",atF,)ePL delevmtntt a rwll-deftvsrl hw 'to*,o, nacl -(qo,qraz: (bo,a,,\z
, /y '  "  (a . ro , , r t " ) : (bnb ' rb , \n lP '  l tw  1s"o1q"=  z (d 'x . rqe . t+  a1r ( , \ )  f loveouer

LEflNA {r,p.hthncl Ine,t,n l?' neef qI apotnl

?j!9f tonuc)er 4to lrna

^ 1 r o t  t X t  t  \ x 2 : { 3  p )
a t to+  f ' t ,  I  ' ( t l t  =  o

i,r,a th.ehntt are duhncl lht. +'.,tpl$, [4,19,'l ), l"<\ft,v') are ttwarly 'ndtp*d*tf 'n N 1vt4",
dl'e ynoin>

/ 4  P Y \
\ a \  1 '  1 ' 1

(t)

hcvt nw mnk {henu qtto a!-an!\ oL z.l\l.klhd hw @ltnnt are lnnlq clepenatznl "ll lh"
dekvmvanl4- fltt a,otoaqk4 2*5 nqlnx tt O. Jwzal',qnl,-=Ttlhzhqle

( l t , ' . \  1 " . " . 1  l " a l \1 t p ' v l  , \ , , n , 1 , 1 ' ' i , ) )  f  ( o , o , o  P )

Oneeheclus )!pI thv pornl '[ Ft ]'e, on bolh l gt.lhzuqh\x to (t\ v:YYe4 ,a ltnea( vnaP .
d ' H3 ----> V3 .ht" ;gtaqe ia,, dJmenstw, -- t^l-wn'tt: z rlcna lli btvnel haadtmenton' ),
i^riX.SlIrot an5-fhe- iol,,t n+o14 ts e'1'aul h (z) n177. n

LE ne2.5 6wn4to dshncl ponk ,n t71 lho+t s a unqw- hnz gonl lhnujh *hen.

?R00F Lat- (ao,at.r.z) and {bo,b,,h-) bz r)s'lncf pmE. we wanlh {rn4 ohne

d'ro + Prg'(  xL
sLtch ilvf

dao +- Pat +'LqL-- o
a .1 , "  +  fb t  + .dVz  - -  o

'fhal s, [a, ftt )shoo,tcl l?t o'nqnzew ,o(w]T ' gt (;: il i:), whrch agam ha't *l-anLz' hetnt
" i"t*i"+ i,^"rtton l, c,nolso a w't\w soluiw' ro F flr rol"lfw lr

( 4 , t ' \ \ -  /  l < ' a ' l  l 4 ) - q s 1  1 . a ' a r l \" i  - -  
\ l o ,  b ,  l , l u ,  o , l , l b "  b ' )  )  ^



LI\EKCIsES Ch!.Z Pbdshone

La+@ rur're1 J,l-,e hwnugenoa deab o/ S = k[x.,..,t,1 ,n1. 1aa- ]h" ;MppPet hoqogetlo*' 'rl"ol 5, a"d p'"pe, horntgcno,ro
'<!eqts t. FJ q Fwp' hon detl q) wr rannol l"qyo L* Cxy. ..,X^\ , becc+we fh's uttald mpll ttol l(o,. ,o)4a, ."*e

tecL, '*ply-t lha+ f hc*t nonzeo .omponenl hotuoqerlou4 .f Jgtq o. Stuv v ts honagenou,4,r,-ry1pa apal qc1llcl
neioq.{. q, ankadtc*rj l lu^atsuul>lwn thaf a vpapir. Forthe"t ' [ A= (4"- a-r ".t:xn-ao) +hen a- belon3: h
( " r -  

' -  
1 , " , ,  .  . . ,  z "  - A a " )  f d  T e P t : n e  ' I  f 6 n , {  =  2 t . , , f ; , i h e n  { ; e a . ,  t "

f ( A " , , ) o " ) :  2 ; . > t f ; ( 4 " ' , , b " )
:  7. ; r ,  t i  [ ;b" ,  . ,  qn) -  o

Henujot tu ot/opet and homoqeno,r,c, the vondq v(s.\  aaldlnt O qnd 1", eveul potnl (a9 ,un\GV(c), "^ lsa

taq"",. .,1i"\'eYft). ^et..H."; V[q) --o i.ia" lhe t\,qctn vela]an ya,l wnt v(al- o ,nk p1"vn.nb '4 lF^, atd
n,s rc t  i  +h.  uaud4'4 Jpa &|evmnzd Z tu, - ,p .AwAeavhi  tD o\ ' - (x" -6 ' /  1 tc"-  c '^1, f l  Vf  e  c \  hono1e-ou"
t@.",. ., an) = o

l-lenu,f .16g, etlterdegf :o ,^nc!'ttu,*-t,,t r )nvnl1 o, deg(-o. Assun" /(p)-ot VPe.ZU') (f hor"og'norno, a'
h" mr,gew,"o, Zta) e F;l n- ly l!'" "L'ou. ! b"longs,h ,,11 4h" mo*'m,.l tdealt aderntnl d' (M'lwltng (/'' )an) sth/J 

A"qF > o ) l-tenu { (,[T by thtno'mal Yallsk ll.nsa]z '

@4 tu t  4eS be hamo1le ' r ,vo  Stgpote  / (a ) : f .mevt ' !he  on l l  .moNmal  'd7"1  " {  S  'an lo tnn3 q '6  (u '  '  ' r ^ ) ,
4 a r p'"yer, ond olhe,'L^tte 6-6 S. t-len@ J-a u S- (z-' - ' t"):S+: @dzo5a Nou' '(. A hon tt 9ttch,

: .1 .  , ld  = ,  g  " r  " ra  :  3+ . ,  lhen  e , lher  tu=  S (nwhrhcaceat l  !4  9  L . /d>a)or  ( f  =da Heq@ l8 l  m i )  os i  sn  b .
f..t. 7.ui e a-:Ih en tj .- n *he,e d:Znt' (nrt) FMally,,f .c|>,t, ,.s t.J td 9 aL( +:uer' @">dse < a-).Tke^

l . '  Os i :n ,  x ;aer t .JP m:Gb, -a" ,  , ^ " '74  6 .o  'nc tx tna , l  ' ' l ec r l  4  3  - "+o ,^ ' - "X  a ,  then q |d :g ,  D<r -<n ,
Jo el.th ai --o . hene ether v= 5 ar EL \ ' @A+A\rQd o^U In [7', 'zn), t" n f ", z(a") =F

l@ f"l Suppote -l1e.t, ar ubrc* of 5\, ancl lhal (a"'....,an) e z(T-).'lhat {"r f eT,, {eT, tmgh"t
f  [a . l . . ,a " )=o ,  so  (q - , - '7  a" )ez(T t \ .

(a) Suppote Yr = \, on .tubteL "l [Pa, and.lhaf Jet(f.\ 6 a harnbgenoqD eleneol { 5 s.1. f(e",-.7c")=Q
1" .  (a " , . . ,aOe l "  

-T l ten  o t l so  t tu r  h6 ld t  / i r  Y ' ,  r " f  e  t ( t ' ) .5 rn .u4J ' ,  jenQv* Ie lb !  r , r .h4 , : i y ,J - , r (Y , ) .

(c) L* \ ' l"eF'. I l  f e r(^1, Dl") 6 homqehout,lhcn deovlg -f er(Y,) c."A .!e I( '1,);, n.f eT(lr\O7d,).
Ttr .ge X(-l,lnTOL\ s houo3ercu.t., +hen cteat\ J eI ('/t U't,),'Hev@- bslh tdeab "onla'n flu tame homogenoua e)ew'a''h'
w[-on lh,u eq,.tol.
(d) L..l a,c-', U Uo,nor.ro- *,tsl1 z(a.)4f.1hen.l,>, hovnrtgen{un Je f(z(|'J) ,tr. 3eG by z.l. Henc twz
b"lh '"lzq\s arc hornoSen(ta, lhey "L"e ecltol.
rc) L"+ yclP'. CIea/U z(rtf )),sa "totd te.l  ̂ nlarrtnq 1. Suppvte yay'= z(r[l)), / ': z(T') a "Lueel
ybt"l .7hen Y =2(r'l mplrea lhaf fi, f eTt, ,(,,",..,.,1-a f.. (a"/.- ,c'^) c--'/.Hana sno { ts hont"lenovn,
{e r f i ) .Aeno f  'ext ' f )  to  f  t :z( r t )  2  zTl ' ) ) .  p tene z( t ( ' t ) l  : i .

W + ' - 1 | | | | | | | | | | | | | | |   1 ^ 1  L o l Y = l P " b e c n a l r y . b r a t c s n l . t h " r , [ V t ) - r ( z L r \ l - - r ( f ) : r ( l ) . , : o r ( f ) , s " o d , . o l . ( [ \ = i l ,
Sim;latly 4 T € S $a;DmagehauD na{tu l Aeal, no| e<1ual )o 5+,4hen 

[.,. s s.+ ,(J) 
I(y):S )

6  v -Z(i\ - ?(r(z(r\\\
- -  z (E \=20 , )

tVrhuhal k, ye Fn, T('/) ,, neve" 5+, t,nu 'f * ".'e'' tfu "19 p"n)'lhd *uldbe.'" y " (?, ,o), b-llhrr
s tmp1snbie. lhe 6$bo.<. (n/vptponLt,,  ,n"lr . ,rn f tveatnl ahd b7eclw< b.1 Z.z(-),{A),td, Lc\\V), ' ln@

T(2.(s))  =- T(( \-  S
(b) luppot" r tY) upvwe ancl  ync)f  ' f  - ' l tV\ . ,  \ , , 'L p\ 'npe! ' . lo!"d ubs"L rn",  x( \) :  x( f  tu\-)=l{Y')nr(Y' \
S,n,pl lu dea! r( ' l )  ,s pv,me, " ' ' ty I ( / ' )e i (J) .  r - tuna ' l  = 7(I0)\92(tU' \ \ :  Y, (V, 's c\oted tn F") t 's
shotyt fitaf f u'wedutble. Lonve-wely,:up7arc f ,, veduc$le and lhaf-f7 ary hornogen.ou2, *.,fh t'3e:r(l)-Then
y € Z l tq \ :  z(N)u Z&) r t<hQY=(zt r lny)v(zh)n ' / ) ,a  un 'o i  ' t  ) '4 '>  ' to tect  rutue* Jh, i  Y 8 ' ryod"a<tb la,
"Ai:"i nzre), ' '" ' i" i  ygzG) i-1", '  f  ei$, i^avh', i"ho'"+haL Lu) " '" 'n 

,,,uou.lftexmrer)
,c\ th s ,r ll.re olcl pu;dern lW] :aqs '' ltere rs ne polgnomral 2e@ <\!eul.heh excepl 1o' - -")'l 6,,r"n Ynts, ,l hllo.l,.t )hqF

; 'up: ; i  : { l r -s ' l  { ip ' l=o,  p ; f " }  - -  l /er  l " fe  ( * - * ,  ' ,2^-" "1 , " - l " r rq ; :o}  - -  l1 'vn,*v2a* te
;i;:;',:i'*'.:;;';::,;;iia"i' "+!"'n""'6^-,' ,,^1'. e*iv'1 n5;mpn'n, rhrr 's b, ,'," io H'tbe*vnpteo
q11a {qssbton"adrcol u r), a'tQ !tu obooe';a."^." -\ ,i 'rpt,. ,k .^nr"{ ion' } , 'f +U',"',r' ') a"dfeI(l?") Aznw
t'ht!- O ,sP'tme) I-(e1= 6, iP^ r: trzeductbr< f or' zrol = D^



fa\ F^ con be wuerpd b,l+fu Ll;, whrch ave home omowhtc k A" q'l o,e lhtas noelhenan 'lenelhe re'tult
Tili ,uir"", irij slitn*''+ri. ii i-"i+*"t[o)iilio" vt*ha{,nt!zov"nover /= grv" '"tlh
i'oiiv; ,r&Urrin rn't* rnauud *opolog1,+hui X f noelt'enan 9a'1 Qr7 Q"2 -" tsa detttendrng 'han
* "loted rlt v x Jhen 

et A a; z e.nv ;2 - .

r qdotrendmj uhavol Auedr'ls,w 0i. lrt N; bet.). Q1flr);= Qu,ftO, Vi>t1,. tf 1) =wa*fNi] lfis,
c!, n U; -- d n o; v ;, v1 2 N.'thut

Qj = U, elAA, : U,.Q" 0d.' - Q* Vjz,N

t el \ E F^ bea pnlethm uanehl *'+h hunu,lanoM .a)dMuk I Mq s(l): 5.[tf i) uV.rhqur(n our
Sec+wa3 ( t'towhth nolel) (ret- I'"aat.t tht4ft,t 4.3and t'tbtc+'lat Nbk'l +hd ( t, 0;--A'^ au<
t lw  wu4 vorn l f ih t rms and f ;5 f lu  a fhnevarc+J .Y, ( f  t l v ' )  l {o r  lno l  { f  )  + { re r  A( "1 , )  t s  $o f lD{yh t<
a, t  qk -a lqebm h  rnn  nnq s (Y) (^ , ) , , ,h rch  r t  e  Ju?) .11  J .5111r ,  au t t thng 4 .pau 3 /^ ,^  w ' th  3  d  Aeg.  i
lNok fhd l 'Vnqt  +E ' , !u (a  t ,  4  r (v l  'D  t ; ,+o '^  f t ' t l l .  t I - iu ' f t1e , , to te  shotus  t la f  : , ( ' l ) ,1 .  r t  reDn lo ,Phrc  q , !
A K.dlgebv\+o St-.t)6.1L4/-\ (Laurenl Palynomtals ) /+t L\e nave nated Pttvt\wu, Al-2,z:' ' l>e|l- '{., .tc

S({)t tz slr l61p,z' l  = AH;)[4-
c'"t F-algeprq1 Bul '[ R,s ddomaq Q fi qwhenf .htld F.eR a.h4d, and R'avttlr,. ib,,ng 6gp,s6
luen llu qunhenl freld "l R'r ttomcvfhrc ot a k- algebalo Q ( Se I e'-) Q ,...,, i  b.1'4ie.+w!:rr@ e, +rld, o/di. '4(9ers^6dd @-nlatnvg ?t'auoI be Ql. t lena lht'quohentfi"t l q "1 51,t) u uormbrphrc a't a E-atqebr4
AoheqwhernhadoI-rt(Vi)[.!,.q'U,let fu+ bhlh Stt)an,t /+tt,]Lzl ^ve cto,n(Jtn' qnd t.1. b:^tgebvr'.
ta bt (t.9ft\

ct ,vni(y) -_ \  agolo : *.ag.e,/p = dm ( AOIL4) = l+dtnhdi)

r ,u ,hen lh  e  (en t  s lep  /o  ows lpm our  f i+aqh !  NadondktNo l< t  e^ l  b4  l t .? )1n ,sqwn d tn t (v ) :1+dm' | ,
ihtt sh|ws lhaf {.heneve( '/0\.1; r naqe'mplu, dt ml; aq ve?,a hr ,^ 

 

i . B ̂ l t A'l), htnt an opcn .Duet o(
v t . tob l  Er l . tD  d ,m, f ,= t  p {  dm( f  Ov) j  i i 0v ;+g l  .9d  ynv ; t t  ho tT tcomor lo tu (  h f  ; r rc  d tm ' l  =  { tw t \ i t
Meneve,  I  AU;+  Q v lzna

dtm| (y )  _ -  )+  4 tmf

M re7utYed.

lQeu l1o1 6>nsrdet  lhe open r .o , rer  1f^-  u"v l ) ,v . . .  t t \ )n .EachLt j  r  homeomorphtc hz lp i ,  toby Exl . to
drnFa = suPdtmi ;  :  j1a l l$=n.

lo) Lel Z !lf '  be ̂  pwjeLh\c one\ an,l \sz a nonemp)y oVn rct-. LeI J= { EJ st.. t VnuJf fJ
fzuga,)^i.t l i t) i r noneonirphrc tb l 'he apen ruarel'f iynn,)olltuafltne vaiteiy f (z/1tl i)-1p'.
t9  t "z .L+hrmpla  drm' . tA \  =  d ' rnZno i  =  a ,m2 $ t  2 -6 \ (  "na  k+ l . ta \  Av+ + iQ} .  b !  t \ t . to
d tm 'J=  tupc l tn ' tnu j -  dmz t -a t  t r fu 'F4  (N;k  15q l  |=  z ) ( i r r r rg r t l .o )

lTz.fl tel YstP^k " l\.1+n= var,ell w,rh rcleal y: r(y) E kJr", ..,a,j. Le+ z=l{rt b"h" alhne,tane\
r l t fevmt r rc l  bY l . -  B ' l  Ez2  $ '

4ra1 : olw!{f) -l : "hme!''-:41 -tr
_  d m  A ( z l  _ 1

5o Arm\= n-  l , l / .  c ln f l lz ) - -  h :  ( ' l+r )  - l  andbg Qnpl . t3 l lhss ' l -1 .  V=1'91 *hew f  's  a  nonanr lunl
tweduc iblq po lqntrnrql. 8\.1 Jn@ 4 $ homoq eno$, I wwl h. homuqmurn 'ly< tlrj ?6,1,"( tble) Th't
w nplqlzl l ' lrA ykr{. tx"l" n, pntcJg,,t^ p,,yne- l,t ,.. ., x" ) .* AQte. h.rpvt4ctp^\ ,o r^ieue, hclv' Z(t-l = i ,^
1ph ftr a'r rweclur tb(e howoqenow ()



larfl P3iu,},,"e (losur. o{ o, Af{tnz\lanu\ f "l y< /,{ be an. a6ne^\IaneU r.."Xd Y' f" ' f\" '--+ U', ̂ ^
far , . . . ,a^\F._)  (1,q, ,  ,a^\ -1" ,d; "+f  1  * '1h " .  - ' tb ' " l  W "L F a(  <4r  lne dorq le W '+ w '^ /T

iJ oltu,ra*,t")",* it i ik y" s allon'on'o'fism v''t rs 'weducibtt' to ls clotur= tt ̂  ?roie 'h\"2 usney'

(') rr,ie cloinr kat l(il). ,vh,th ,s Jht ,lect[ qasraled L,l c'l l lhe honaqenro ?ohln or41al,. /e S:k[t",",t"J
@hrch we zen on -9t ( :ve Z(l) '5 al6ro1, thris ,f. f, " zut -on w ), 

"u 
ynenkd bg )fu totteclun

P(r(n)
o[ homolernuz y.olXno^'ol' ("o*^lnn "[ ,ln, p:a{ "{ fz 4\ te! J d,enole 4hts r)eal - t.e. f - (p (rf rtt)
s .ne f t i . feT(y) tFLy ' , . ,J"J , ,^ ,no,d"n e, .  p6) :  z" . l ( , , /x" , . . , * l^ ) ,andheuu,  Ior
( t ta ' /  ro" )ew, ' ' r *  (^ : ' ; : : !e t . '  f t+) ( t ,^v  1o" \ : f (a , ,  .1o.1 -s  H* '  z (Frr ) )  "w.t::i((r) ':hyol"lo* ?G?) " dqe)A, !etr,c. z(p0) z,n1, ona',"/. rft) =) f(t)e r(6t)

xt  { - l lu* '  ' thar ,  oo datmed,  p17OD 9 L(W)

\Jou sr.t1tporc / e f(w) - lhal ,,, lher,e aw hamrynow pllnonak p;e | 1nc) a".b'j,a"1 yol'1nom,ol,
4; e S wrlh D; ze\a on v1, t ) .5: )]a,p;.S,tPp"orc P; $ hanyeha^n ol dal,ee l. nei <[i;) u
p;  ( t ,1u.  ,y^ \ ,ar 'c)  s tnte y ,  r  zeLo on N. ,  " ( f ; )  rze6"n l .  Henuot(p, )eI ( '  . 'u" -  f (n( r ; ) )  u  lo ,n"d

fu* *(y;) q l.hry f be )he lagu| oder of^a wtono,mtql 'n a. (y.;)r.an4 n,tqlhpll tn1 rr"no,,r1solr}9 1" uh{J'*yl)' 
pt1"no-,i homry.eno,i of otder /. ,tnlB *lu monomp) cl 7; *hrch bebkee aLorderr[ i oG,.)

mml haw 4fu lone# 7ou'e. cl 4,

x"r f(a(r;)) : p;

$, ,ome k. Hena y; e{ ancl n f et -,* I[fr) --f, ar ,.tlutr'. cl.

&) fnllg r q<,lqi"n thql f(\)-- (7-r3., 1-x"). cteottJ wn hc* 2. Seppose *h itl f e t('il, an4

{ -  I  (=-a ' }+  l " (1-2. )+{ , ( )

+h en j(L,ta)t3) -a 4 {, t:+1-o., tek.lteno /z -_o,
+hen bJ (^\ T(fi) s 5en.,c,t.d 6J P(r(y)) W" nin"J
LETYYA s"f f, 1e kfut 1,1,f whe- f h+c ordnv e ^,d I ha

ft++): r"d-"f(+)+ f b)

PRooF f 'htl,t . ,^rc an apply f w lhoul ,"t1.<!nqferm, , t loa w^€ crre.,/hrl n,l lhlltng ectch vhanomrat 61 suffi.rcnl
ltowa' of r. l. a,., i,., J + q 6, tnomXca.nu,n./ J19*. d."Frnrh -< i, niol m 1 7e* nn ullpd"d bq
ct-,h tAer, ra,n? ial orf P(l). Eo"h monom'al-'n I ha 'E o,d", n<rcu6cl1o 4=-e ' 11",t , '^n be

achr"v.d 4 X i+"J "th.^ 
lrl$' e (1+r 's f G)) an4 thin -ulhplXtni 've'llhhJ bJ t'4''' n

o"der  ) ,  4>  a .11aqnA

t.f,o.nnof b,,e{oxrd h.., beca,n.,
*\cn leal$mq (hgloi' o'd*) monomtots
i.^li'1i""1.',)i;;a,:" . "- j" -- "i' t4 *.tq-t'

N o ( e , \ l s o

LEIlIl A

i ln"I  ' f  - f  ekbl  ,J"7 on,, l  Nd ,s avhonom,ql  +h^l  P(f  x") :  f ( f )za
Lo l  / , , . . , l , e  k f y r - , J " ]  " " , 1h  ' +h "  o ,b , . f  ,Q  :  p ;  " "d  e t<  q t+ t  t s i -<n - l . 1hen

f ({ + +,C) : x:"-" f(1,)} rJ"--p(r,)+ .+ x.<"'"*'f (t"-,) + f&)
=  1" r "u*" ,7r r ,1l = ,

pnlgf Bl 'n J"tl,.q, vn.-tucabss1-n- q hqnclleo n=2.s^ppo'? +l""ld,& n:l<-Llhen

p( t, + . 'fa): t)( Z::: t; + f a\
:  ,eu-eu- '  , (27: , ' t ' )  + f  Ur\
:  26er,-ez- ,  i ' ,x"ur- , -u,  Ug;)  + p( ta.)

I

: Zr-n'-"7Ui. o



and 'finally,

LEIIIlA Il S3 e kl!" tg")'lhen ,flhe"'onomv:rls'n3 allhawArkn<t dgeea,

f t+s): f(i lPn\

PKOOF,* J- Z .. r^,*o' w,lh +v1n o,4", ,t' 3 b",ry b.Ihen) wutnty la;l<[cir'|, t<t<n, (s.b=]a"l)

f  (fs\ -- p( f{ ZLr',"^'})
:  f(  2,"-,*n,.F. '")
- 2,"=,zn x!-t4p111,<;
: 

2:=,'"b-t<;t PP) xa;x<i

= p(f) F(e)

tu ",t leL f e T (Y ), f -- X G, 7, 4(z - az) + l,k't, ) A -zL) . then l./ e : odu {,, d : otde 4
- '  

f  U.a -r)1 e+ 3 >- d+z

|  ( ( { - (Y 'z ' ) )  e+3 < A+z

rc) - { p( t, (,-x')) + z.d'"
I
f t-""'ytr,(--,'\)

= {  Ur t r (2x.2- f )+  x .d- ' - tp{D1!x ' - ' ( " )  e t3>ct+2
I
I pu,)r."-o-'tz{-x3\ + 7tt-)(J'"-'"1 e+s ' a)z
L

NJov.," donol a,ttdr,]he zaae e43- d+ z, b.c".,ae ln"q u'r< ro^nol appl,1 fG+il-*"4'ftt)+f h). h 9^vd"d
{ cq," bn wltle:' a. eb.*t -'4n,a.y3l d+, f(f) ! a ,qenlno../ (22"2-tj., J,t"-""). tdhal h-ppelts s,'. 'f iew
e+ g: d+27 fo..eramp", onttder v2 -yteT(/),

1 z  - Y '  :  r ( z - x z )  +" ' t
^

4rn 2- 'o(N): | ,  c l= o(7-\ :7,  v /=et l .  r ' . t 'h"+ thq+ f t (zz-J,)  -zz-Ji  bn fU'b-t t i l )  + f l \ .  (1-t t"))  ,s
X" '1 . ' -aL\  (Th@ tn pa*tu lav we haw qnswved 4u c lwlwn,  6 'na x2^92(  (z t " ' -x l r1 t " -  xL\ '4  qe+ z qe
,,-)it" * r*S u+'x. a' w?tlr ux6 ",e'1Ihv1 +lse hao a dzacler 4 * ) .we +;tsh,fA thr c{qi6 )rhat ht'dts "ir ( - !1.a* 'st
wr c.tqiw,lhal I(Tt)= (zx:- 'xzr9"-- '^", ' , , .- f ," .)  l"1ae,4€rd) ! : lk 'r1l+lfrx')n,"f() * 'r l  ,
be n (zz.? -xa,r".-t;\ F*,dnd i1" "\heal o,dev 6'E.o[ l)(z-*) cnd f,r(1-x') dr'nt.l tqno-l ,{"TU:"n 5^I111fi, ,
d ,  "  , ,^ -+L, i *  i i rnq,  k i  1* !  X 'y-" ' i )  ^ t *  l ' :  [ , 'va,  nh"o h c  homogeno t  and 'ah+ulnr" l  c ' l l  r \ r  vnonDmrcrr ror  r
;L'tnJ;:1;,h.;"'; e: ord.r frl t; 't to't'1' X,-- i 'r 

'3 
.*ri ,* oo -'u^'' i" hr? = -3*ton hx-- -31.ns mautts thar

|  -- l ,(z-" '1 + [.(y-*") - $/(z-xt)+/" 'b-x") + h(z->c3\ -h,cIy-:c")
= l , ' (z  - - . t -e)  r I r ' ( ,1->ca)  + h(z-xz - ) . .J  +xe)
= [,, (2 -zz\ + 1,, tl -,c") + h(z_-x9\

av.d w. iw* ropcaY4re Prr,uot bn l'( z-xt)+ dr(y-") ("'1"'ot" ha'^'e stnd\ 'matle" a'das1 '

t-G""t\JQ-"')
T
t"

-NotE, p6o*rh,o*rlhat ltrw deald llla l,n$lad ̂^lolt v\(?3 $ ( z-ztt - r3,1tt--l-t, tz - !") -1



NOTf fhe Pnlecht'u Cloture ota Hgpet'ruvfue. s a Hypersur{aa

LE I1IIA rf {, je k['t" , x^J ana f ' ktt', ]xh'l -) I?ftu)a1 "tx') sa 6e'/oc,'then

f (Ne\ = e Gt Po)
togt tntnk {-*+"'rla J-J-" +Jct ottuwtnj f,a+o,3"46 (tut4 tf=oo'3=o) 'fhew

l(f,) -- f ( it,t) : /-rlr" 
-'1 !. s,

- /Qud- ' l ; \ r . . - t '3; \',J
=  FGtPb\  n

I\OTE

LelY.N lx )he h.Vpovruvfi@ l:zl+) lota nlvtLonslanl tas)udtbh pot'.1aomnl lek[t,, ,t"f we
,lo,' nl,(@* lhe pwlohit cloture zc-tF^"f f ,s'he hyyenu,fuia 2(p(pll (v yav\tula',6,"e wrll tfiow
F [F) rr rvrecluciblc].

Lel 1=IN belfulrarkdcLtbtc '/--16,1'rt?) |+eql, z- llxtywletlwt do5ur" o/.Y. l.re how rhoturri
e^-z.qni+ 7(z) v lfu 1rtw1e doal i*5-r'r=*i-rz, ,z|j-). Ohz poiecfue ootdnokt betnl
w 1t1y,z) . ue .Ll i '  '  lhc-t

\Z)= 1x"-w!t 7!- wz-, !t- iz) /t)

cleatlq 2t,t -u.rz u zevo o,' lhzfuplet (Ll,t2r13) *htchqrc *tr-a if iqq. "+Y,^ 9o:Fl B z(29-wz) tt
, lO ted  ind lhu t t  on lams Zrso  a  pou,  o (  x "1  -dz  be lDnq +o t  (z ) . 'Hene z  9  2 (12-wt r tg -@2 t72-^z)
Xn lhe  " l l i e r  d recJrcn ,  >s7- -2e11> =  r  la t -uu^J1 +w( t , i -z * ) , to  t (z )  e -  ?xz-w!F4-wz,y2- rz \
c , " l  Z (+z- ,y tn9  -wz tV2-  xz )  9  7 ,  a ive t l ' t tw i l .

Bulthew z1z\ - G;u,"v -*.,'1.-t-\, so wt ho,.vdfu equatrl ,n (r).

vte haue dehned lhe owi<dvue closure ol an alhne varrd! 'l s lN annqitrrt ttor,z.nqhttrA A = u" s lP", bul oqe
urnal4 allu "re f{ ='uit"" t< i< Yr Le{ i,P"-+ f ^'bc'ths 6afe6Stphrm delrocl by{lw natnx

Xt l---.) 2G

;
7.; e N;-t

zi+l F-) 7i i .

tt lollows fwm E22.4 rhaf r(z) = (p{+1).svoT(zl ,sfnne.fG)'s v'educiVe (dvecrly,.theve v
al te l i t ,n i  nontv ' , ta l  'n  f  1 l l  ro i , ruot , i rqr . , * I  l tn  =HC, f - .<f  t f  t -<H1t^ 5 ray <H rn lo l ,nz
on\l h awl lerclae s qunii bllerwue *ihqli,l h";.3. "{ p(+li ) 'fhrs pwu'e,a lhal flw ftitjcct'n cloru/e
d t h,Jpe.in(+a@ 's "' h,tpemtrfaq.

? wllecive (losuto Freuevvet hrnewlon

Let YetX hoffine ol'chnentpn r Lef Z beth< pwjeclun clotwe ol YThon zA0"=Y"l\),r mn'l
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Linear Varieties

Daniel Murfet

June 9, 2004

A linear polynomial in k[x0, . . . , xn] is a nonzero homogenous polynomial of
degree 1:

f = a0x0 + . . . + anxn

Let f0, . . . , fn be linear polynomials with associated tuples (ai0, . . . , ain) for
0 ≤ 1 ≤ n. Assume that these tuples are linearly independent in kn+1 so
that the matrix A = (aij) has row rank n + 1, hence column rank n + 1 and
so the associated endomorphism of kn+1 is an isomorphism, implying that A is
invertible. Let B = (bij) be the inverse of A. We define morphisms of k-algebras:

ϕ : k[x0, . . . , xn] −→ k[x0, . . . , xn]

ϕ(xi) = fi =
∑

j

aijxj

and

φ : k[x0, . . . , xn] −→ k[x0, . . . , xn]

φ(xi) =
∑

k

bikxk

It is easy enough to check that ϕφ = φϕ = 1. This isomorphism identifies the
ideal (f0, . . . , fn) with (x0, . . . , xn), which is a prime ideal. We can now prove

Lemma 1. Any ideal in k[x0, . . . , xn] generated by linear polynomials is prime.

Proof. Let a be an ideal generated by linear polynomials. Clearly a is a proper
homogenous ideal. Even if a is generated by an infinite number of linear poly-
nomials, we can find a finite subset which generate a (see an earlier Note). If
linear polynomials g1, . . . , gs generate a but are linearly dependent, then we can
omit one of the gi and still have a generating set. In this way we produce a set of
generators f0, . . . , fr for a which are linearly independent (since the coefficients
form tuples in kn+1 it is clear that r ≤ n). Say

fi = ai0x0 + . . . + ainxn

for 0 ≤ i ≤ r. Then the set of linearly independent vectors ai = (ai0, . . . , ain)
(0 ≤ i ≤ r) can be extended to a basis a0, . . . ,ar,ar+1, . . . ,an for kn+1 and we
define linear polynomials fr+1, . . . , fn using these new tuples. Then f0, . . . , fn

induces the isomorphism ϕ of the above discussion, under which the ideal a =
(f0, . . . , fr) corresponds to the prime ideal (x0, . . . , xr). Hence a is prime.
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The above proof also shows the following:

Corollary 2. If a is an ideal in k[x0, . . . , xn] generated by k linearly indepen-
dent linear polynomials, then the height of a is k. In particular, the number of
elements in any set of linearly independent linear generators is the same.

Definition 1. A linear variety in Pn is a projective variety of the form Y = Z(a)
where a is an ideal generated by linear polynomials.

Since any ideal generated by linear polynomials is prime homogenous, if
Y = Z(a) is a linear variety then I(Y ) = a. So a projective variety Y is linear
if and only if I(Y ) can be generated by linear polynomials.

Definition 2. A hyperplane in Pn is a projective variety of the form Y = Z(f)
where f is a linear polynomial. By Corollary 2 or Exercise 2.8 of Hartshorne,
any hyperplane has dimension n− 1.

Note that if f is any linear polynomial, Z(f) is empty iff. (f) is the irrelevant
maximal ideal (x0, . . . , xn) which is impossible since f cannot be a unit multiple
of x0, . . . , xn. So Z(f) is a hyperplane.

The following gives our solution to Exercise 2.11(a) of Hartshorne.

Lemma 3. Any linear variety in Pn is an intersection of hyperplanes. Con-
versely, any nonempty intersection of hyperplanes is a linear variety.

Proof. Let Y be a linear variety, and suppose a = (f0, . . . , fr) where the fi are
linear polynomials. Then

Y = Z(a) = Z(
∑

i

(fi)) =
⋂
i

Z(fi)

So Y is an intersection of hyperplanes. Conversely if f0, . . . , fr are linear poly-
nomials and Q = Z(f0) ∩ . . . ∩ Z(fr) is nonempty, then Q = Z(f0, . . . , fr) and
since the ideal (f0, . . . , fr) is prime we have I(Q) = (f0, . . . , fr). Hence Q is a
linear variety.

For general homogenous irreducible polynomials p0, . . . , pr it is not true that

I(Z(p0) ∩ . . . ∩ Z(pr)) = (p0, . . . , pr)

See Exercise 2.16 for a counterexample. But if the pi are linear and the inter-
section is nonempty, then this equality holds, since (p0, . . . , pr) is prime:

I(Z(p0) ∩ . . . ∩ Z(pr)) = I(Z(p0, . . . , pr)) =
√

(p0, . . . , pr) = (p0, . . . , pr)

Lemma 4. A linear variety Y in Pn has dimension r if and only if I(Y ) is
minimally generated by n − r linear polynomials (equivalently, is generated by
n− r linearly independent linear polynomials).

Proof. By Exercise 2.6 we have

r = dimY = dimS(Y )− 1 = n− heightI(Y )

But by Corollary 2 the height of I(Y ) is the unique integer k for which there ex-
ists a set of linearly independent linear generators. Any minimal generating set
consisting of linear polynomials must be linearly independent, so this completes
the proof.
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Suppose a can be generated by n+1 linearly independent linear polynomials
f0, . . . , fn. Then the associated tuples a0, . . . ,an must span kn+1, implying that

a = (f0, . . . , fn) = (x0, . . . , xn)

And hence Z(a) = ∅ in Pn. This proves

Lemma 5. If f0, . . . , fr are linear polynomials and Z(f0)∩ . . .∩Z(fr) is empty
then r ≥ n.

Proof. By assumption a = (f0, . . . , fr) = (x0, . . . , xn). The set f0, . . . , fr can be
refined to a linearly independent set of linear generators for a, which must have
n + 1 elements. Hence r ≥ n.

Finally we answer part (d) of the Exercise.

Lemma 6. If Y, Z are linear varieties in Pn of respective dimensions r, s and
r+s ≥ n, then Y ∩Z is nonempty and is a linear variety of dimension ≥ r+s−n.

Proof. We can write Y = Z(f1) ∩ . . . ∩ Z(fn−r) and Z = Z(g1) ∩ . . . ∩ Z(gn−s)
where the fi and gj are linearly independent generators for the ideals I(Y ), I(Z)
respectively. Thus Y ∩Z is the intersection of 2n− r− s hyperplanes. Provided
r+s ≥ n it follows from the previous Lemma that this intersection is nonempty.
Then we can refine the list f1, . . . , fn−r, g1, . . . , gn−s to find a set of linearly
independent generators of I(Y ∩Z) = I(Y )+I(Z) with q ≤ 2n−r−s elements.
Then

dim(Y ∩ Z) = n− q ≥ r + s− n

This completes Exercise 2.11. We keep our old proofs because they use dif-
ferent techniques which may be useful at some point. Note only that the proof
of (a) part (ii) implies (i) is incorrect in the written notes. Other than that,
the solutions are valid.

The ideal of a point in affine space is a maximal ideal in k[x1, . . . , xn], which
must have the form (x1 − a1, . . . , xn − an) for some ai since k is algebraically
closed. These maximal ideals are certainly not homogenous! So no maximal
ideal of k[x0, . . . , xn] can occur as the ideal of any algebraic set in Pn. Instead,
the ideals of projective points are prime ideals of coheight 1:

Lemma 7. If P = (a0, . . . , an) is a point of Pn with ai '= 0, then

I(P ) = (aix0 − a0xi, . . . , aixn − anxi)

Moreover I(P ) is a prime ideal of coheight 1 in k[x0, . . . , xn].

Proof. The ideal a = (aix0 − a0xi, . . . , aixn − anxi) is homogenous and Z(a) =
{P}. Since a is generated by n linearly independent linear polynomials it is a
prime ideal of height n. Hence a = I(P ) and I(P ) has coheight 1.

The maximal ideals containing I(P ) are those ideals corresponding to tuples
(b0, . . . , bn) which are equal to P in Pn, together with the irrelevant maximal
ideal which corresponds to (0, . . . , 0).
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The following is proved earlier in our notes:

Lemma 8. Any hyperplane in Pn is isomorphic to Pn−1.

Proof. Let the hyperplane be Z(f) where f = a0x0 + . . . + anxn is a linear
polynomial. We select some i with ai '= 0 and define the isomorphism ϕ :
Pn−1 −→ Z(f) by mapping (c0, . . . , cn−1) to

(c0, . . . , ci−1,− 1
ai

(c0a0 + · · · + ci−1ai−1 + ciai+1 + · · · + ancn−1), ci, . . . , cn−1)

Lemma 9. Let two hyperplanes H,K in Pn have nonempty intersection. Iden-
tifying H with Pn−1 induces an isomorphism of H ∩ K with a hyperplane of
Pn−1.

Proof. Let H = Z(f) and K = Z(g) where

f = a0x0 + · · · + anxn

g = b0x0 + · · · + bnxn

Select some i with ai '= 0 and let ϕ : Pn−1 −→ H be the isomorphism of Lemma
8. It is not difficult to check that ϕ identifies H ∩K with the hyperplane

(b0 − bi

ai
a0)x0 + · · · + (bi−1 − bi

ai
ai−1)xi−1+

(bi+1 − bi

ai
ai+1)xi + · · · + (bn − bi

ai
an)xn−1 = 0

Corollary 10. A linear variety of dimension r ≥ 1 in Pn is isomorphic to Pr.

Proof. By induction on n. If n = 1 then this is trivial, since there can be no such
linear variety. If n = 2 then we need only consider linear varieties of dimension
r = 1. But these are hyperplanes in P2, so we use Lemma 8. So assume the
result is true for n − 1 where n > 2 and let Y ⊆ Pn be a linear variety of
dimension r ≥ 1. Note that r ≤ n − 1 by Ex 1.10. If r = n − 1 then we are in
the situation of Lemma 8. So assume I(Y ) is generated by n − r ≥ 2 linearly
independent linear polynomials

I(Y ) = (f1, . . . , fn−r)

Then Z(f1) is a hyperplane in Pn and is thus isomorphic to Pn−1. Now

Y =
n−r⋂
i=1

Z(fi) =
n−r⋂
i=2

Z(f1) ∩ Z(fi)

Considered as closed subsets of Pn−1 the n− r− 1 sets Z(f1)∩Z(fi) are hyper-
planes by Lemma 9, and it follows that Y is a linear variety in Pn−1. Hence by
the inductive hypothesis Y is isomorphic to Pr.

Definition 3. A line in Pn is a linear variety of dimension 1.
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So lines arise as the zero sets of ideals a generated by n−1 linearly indepen-
dent linear polynomials, and any line is isomorphic to P1. There are no lines in
P1.

Proposition 11. Two distinct lines in Pn meet at most one point (n ≥ 2).

Proof. Let H,K be two distinct lines in Pn (we must have n ≥ 2). Then
I(H) = (f1, . . . , fn−1) and I(K) = (g1, . . . , gn−1). Write

fi = ai0x0 + · · · + ainxn

gi = bi0x0 + · · · + ainxn

The fact that the lines H,K are distinct means that the matrix

A =



a10 · · · a1n
...

...
a(n−1)0 · · · a(n−1)n

b10 · · · b1n
...

...
b(n−1)0 · · · b(n−1)n


has row-rank ≥ n. Hence the kernel of A has dimension ≤ 1 and so the two
lines meet at most one point of Pn.

Proposition 12. Given two distinct points in Pn (n ≥ 2) there is a unique line
going through them.

Proof. Let (a0, . . . , an) and (b0, . . . , bn) be distinct points. We want to find a
linear variety of dimension 1 in Pn containing both points. That is, we need
n− 1 linearly independent linear polynomials

fi = ci0x0 + · · · + cinxn 1 ≤ i ≤ n− 1

with

ci0a0 + · · · + cinan = 0
ci0b0 + · · · + cinbn = 0

for 1 ≤ i ≤ n− 1. That is, the tuples (ci0, . . . , cin) should be nonzero solutions
of the matrix

A =
(

a0 · · · an

b0 · · · bn

)
Since the two points are distinct this matrix has col-rank 2 and hence a kernel
of dimension n−1. Take a basis for the kernel and use these vectors to produce
the required polynomials fi. This gives a line in Pn going through both points,
and this line is unique by the previous Proposition.

Let H be a hyperplane in Pn and L a line. Then H,L are linear varieties
of respective dimensions n− 1, 1 so that the intersection H ∩L is nonempty by
Lemma 6. If I(H) = (f) and I(L) = (g1, . . . , gn−1) then

H ∩ L = Z(f) ∩ Z(g1) ∩ . . . ∩ Z(gn−1)
I(H ∩ L) = (f, g1, . . . , gn−1)

5



Provided L is not contained in H, the polynomials f, g1, . . . , gn−1 are linearly
independent, so H ∩ L has dimension 0. Since H ∩ L is a projective variety,
it is irreducible and hence H ∩ L is a single point. So provided the line is not
contained in the hyperplane, the two meet at precisely one point.
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For given n, d > 0 let M0,M1, . . . ,MN be the monomials of degree d in the
n + 1 variables x0, . . . , xn where N =

(
n+d

n

)− 1 (this is justified at the end of
our Section 1.1 solutions). For a given monomial f of degree d let [f ] denote the
index 0 ≤ [f ] ≤ N with M[f ] = f . The assignment of indices to the monomials
may be completely arbitrary.

Given n, d > 0 and the ordering [−] on the monomials, we define a map

ρd : Pn −→ PN

ρd(a0, . . . , an) = (M0(a0, . . . , an), . . . ,MN (a0, . . . , an))

This is called the d-Uple embedding of Pn in PN . It is easily seen that this map
is well-defined. The map is also injective, since if ρd(a0, . . . , an) = ρd(b0, . . . , bn)
then there is 0 $= λ ∈ k such that

(M0(a0, . . . , an), . . . ,MN (a0, . . . , an)) = (λM0(b0, . . . , bn), . . . ,λMN (b0, . . . , bn))

Let 0 ≤ i ≤ n be such that ai $= 0. Then ad
i = M[xd

i ](a0, . . . , an) = λbd
i , so

ai = µbi where µ = λa1−d
i bd−1

i . Then for any 0 ≤ j ≤ n we have

µbj = λa1−d
i bd−1

i bj

= a1−d
i λM[xd−1

i xj ]
(b0, . . . , bn)

= a1−d
i M[xd−1

i xj ]
(a0, . . . , an)

= a1−d
i ad−1

i aj

= aj

so (a0, . . . , an) = (b0, . . . , bn) and ρd is injective. We claim that the image of
ρd in PN is a projective variety. To prove this, first consider the morphism of
k-algebras

θ : k[y0, . . . , yN ] −→ k[x0, . . . , xn]
yi &→Mi

Let a be the prime ideal Kerθ. This ideal is homogenous since if f is homogenous
of degree e then θ(f) is homogenous of degree de. It is easy to see that Im(ρd) ⊆
Z(a) since if g ∈ k[y0, . . . , yn],

g(ρd(a0, . . . , an)) = g(M0(a0, . . . , an), . . . ,MN (a0, . . . , an))
= θ(g)(a0, . . . , an)
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In particular Z(a) is nonempty, so Z(a) is a projective variety in PN . The
hard part is to show that Z(a) ⊆ Im(ρd). We proceed as follows: assume
(b0, . . . , bN ) ∈ Z(a), and let bi $= 0. Let h be the monomial with [h] = i. Then
the polynomial hd can be written as a product hd = xd

i1 . . . xd
is

(where we may
have xik = xij for j $= k). Thus

yd
i − y[xd

i1
] . . . y[xd

is
] ∈ a

and since (b0, . . . , bN ) ∈ Z(a) we see that bd
i = b[xd

i1
] . . . b[xd

is
]. The fact that

bi $= 0 implies that b[xd
ij

] $= 0 for all 0 ≤ j ≤ s. We have just shown that for any
(b0, . . . , bN ) ∈ Z(a) there is 0 ≤ K ≤ n with b[xd

K ] $= 0.
Given such K, suppose we could find (a0, . . . , an) ∈ Pn with bi = λMi(a0, . . . , an)

for all 0 ≤ i ≤ N . In particular this would imply

b[xd
K ] = ad

K , b[xd−1
K xi]

= ad−1
K ai i $= K

So that for i $= K

ai =
aKb[xd−1

K xi]

ad
K

=
aKb[xd−1

K xi]

b[xd
K ]

So the obvious plan of attack is to try putting aK = 1 and ai = b[xd−1
K xi]

/b[xd
K ]

and try to show that

ρd(a0, . . . , an) = (b0, . . . , bN )

And this is precisely what we are going to do. For any 0 ≤ j ≤ N there are
nonnegative integers m0, . . . ,mn with m0 + . . . + mn = d and

Mj = xm0
0 . . . xmn

n

Then
xd(d−1)

K Mj = (xd−1
K x0)m0 . . . (xd−1

K xn)mn

This implies that

yd−1
[xd

K ]
yj −

n∏
i=0

ymi

[xd−1
K xi]

∈ a

Since (b0, . . . , bN ) ∈ Z(a) we can replace “y”s by “b”s in the above polynomial
and divide through by b[xd

k] to obtain (using the fact that m0 + . . . + mn = d)

bj

b[xd
K ]

=
n∏

i=0

bmi

[xd−1
K xi]

bmi

[xd
K ]

Since j was arbitrary, we have for any 0 ≤ j ≤ n

bj = b[xd
K ]Mj

(
b[xd−1

K x0]

b[xd
K ]

, . . . ,
b[xd−1

K xn]

b[xd
K ]

)
= b[xd

K ]Mj(a0, . . . , an)

Since b[xd
K ] $= 0 it follows that ρd(a0, . . . , an) = (b0, . . . , bN ) in PN , as required.

Hence Im(ρd) = Z(a) and the map ρd gives a bijection of Pn and Z(a)
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In fact, the above argument defines a map ψ : Z(a) −→ Pn in which
(b0, . . . , bN ) ∈ Z(a) is mapped to

ψ(b0, . . . , bN ) = (b[xd−1
K x0]

, . . . , b[xd−1
K xn])

where 0 ≤ K ≤ n is such that b[xd
K ] $= 0. Notice that the definition is actually

independent of K, since ρd is injective and K was chosen arbitrarily in the
proof that Im(ρd) = Z(a). By construction ρdψ = 1 and it is easily seen that
ψρd = 1. We claim that ρd defines a morphism of varieties Pn −→ Z(a) and
that ψ : Z(a) −→ Pn is also a morphism.

Continuity of ρd is immediate, for if g(y0, . . . , yN ) is a homogenous polyno-
mial

ρ−1
d (Z(g)) = Z(θ(g))

where θ(g) is also homogenous. To show continuity of ψ, consider the homo-
morphisms of k-algebras defined for 0 ≤ K ≤ n by

θ′K : k[x0, . . . , xn] −→ k[y0, . . . , yN ]
xi &→ y[xd−1

K xi]

Given a homogenous polynomial f(x0, . . . , xn) to show that ψ−1Z(f) is closed
it suffices to show that U[xd

K ] ∩ ψ−1Z(f) is closed in U[xd
K ] for all 0 ≤ K ≤ n,

since we have already shown that every (b0, . . . , bN ) ∈ Z(a) has some b[xd
K ] $= 0.

But U[xd
K ] ∩ ψ−1Z(f) is the set

{(b0, . . . , bN ) ∈ Z(a) | b[xd
K ] $= 0 and f(b[xd−1

K x0]
, . . . , b[xd−1

K xn]) = 0}

which is the intersection of the closed set Z(θ′K(f)) with U[xd
K ]. Hence ψ is also

continuous.
A standard argument using the morphism θ shows that ρd is a morphism

of varieties, and by using the morphisms θ′K and considering the restrictions
ψ|U[xd

K
]
it is also straightforward to check that ψ is a morphism of varieties.

Hence ρd gives rise to an isomorphism of varieties Pn ∼= Z(a). In particular,
the d-Uple embedding of Pn in PN is a projective variety of dimension n.

Example 1. With n = 1 and d = 2 the relevant monomials are x2
0, x0x1, x2

1.
Depending on the way we order the monomials, we obtain 6 embeddings of P1

in P2. For example, the following 2-Uple embedding

ρd(a, b) = (a2, ab, b2)

gives an isomorphism of P1 with the conic xz − y2 in P2 (see our typed notes
on conics for a proof).

Example 2. Recall the twisted cubic curve in A3 is the set of all tuples (t, t2, t3)
with t ∈ k, which is equal to the affine variety Z(y2 − x, z3 − x). If we identify
A3 with the open set U0 ⊆ P3 and take the closure W of these points, we obtain
the twisted cubic curve in P3. In Exercise 2.9 we showed that

I(W ) = (wy − x2, zw2 − x3, xz − y2)
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where the coordinates of P3 are w, x, y, z. The claim that W is the image of the
3-Uple embedding of P1 in P3, given by

ρd(a, b) = (a3, a2b, ab2, b3)

By setting a = 1 and noting that ρd(1, b) = (1, b, b2, b3) see that Im(ρd) contains
the twisted cubic curve of A3 and hence contains the closure W of these points.
To prove the reverse inclusion Im(ρd) ⊆ W we note that Im(ρd) = Z(a) and
W = Z(I(W )), so it would suffice to show that θ maps the polynomials of
I(W ) to zero. Here θ : k[w, x, y, z] −→ k[t, u] is the map w &→ t3, x &→ t2u, y &→
tu2, z &→ u3 and by considering the generators of I(W ) it is clear that I(W ) ⊆ a.

So the twisted cubic curve in P3 is of dimension 1 and is isomorphic to P1.
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q &.t' 27 /(il h, on ,,"-"!,a,;(le homu,1eniT1, pJ^rri,t 1 s,nn zt+):z(f z)/ anct f
v'" o poiyio*,,1," ihn-wunu.mp!, xb').rtz,r';) ,"J,i".i,,,^,), 

-fun 
lhr p'tyaontal t"ekIy.,. r!sJ),"'-

ho* 1= zU) n lf ) tna
n( p(aea',a,) ) = h (a*ta'2,a], aoat14,a7rata) 

0): ,lz[a"ra,,a>) = g

af un,Lnh zlhl = lJL.J,: an alnrkunron"f '',eductb/e algebatc rck, *hen 'rtn@ Z B clotecl 'o<JuuLl", I
-*l i, *rii*i '""i,i,1"."'1l' (.ki * an odd I t 'tt" t'i i'l a,'atw'.t.t"l unrc!*,y1 f Q2 5) ,r14a we tqn
;;;; #ffi,;;i'.i^'i ) ii i' r; bv t'" 'ne*u:\'  'ta+'4 o! ,h , th't tt,toi' tnat 'lroei 's i hxpo t,u'h^u
vclp' *fl^ Z€y Stuo =Ol fil:2 \ E7 (t),,v. ha^n shoi*t tfual z: J0V, aat rcTuwd g

lT2.A k J".q" 9@@3 I" l*  fF 'x lP'""oIPN b<ttunap
( o l  , r , ) x l b z  . . r L )  r . - '  (  a . a 1  q " b ,  - , a ; L i ,  ,  a . b ' )  ( t )

nkN.rt'oqmphttarde\ N=rs+rls Yn,rttt-Aehnuol .ttnotl (A,^"r'' t\a")-(u", ,a") ",t (?'i:#,#:ir*""-)

1 yb', 1,4r',1 -- (b', 'L') "T#,ifi* (t) bvomett (7rq"1", ' , ry^o;5, 't^ c\/t"))-hvh'
' i '11a. ' . ,  a '"1" 1 t  y. . ,  t ' l  ) .  r ' t  u rry

( a , b . ,  a " b 1 - - ,  a " b ' . , - - '  t a , L ' )
:  (aJKl  ,a" 'b , l  ' '2  at 'A)

n^ a,6-h{V ,4"1,+;t"o' !o.a!1tu"a"=,o - !,- l^y'1"b.'., -;,b'=^i/.rt: '  'o.(b'., ,u!)-(t"t,br)
ilo"--o u".p 3^,3 hlisome ai*o anJdoflutanzlhtnX' Saae )eol shows (a"t 'a)=(+j ,al)

Lel thz llovnoglvlenp "a'dtqalea o/ lP* k z1' oci<r, osjss,ond|ii"*y no"yhu"

tl' k[{z'yJ] -: h)22., x,t y',.. -, y,J
z i p  x ; 5 j

an"l n -- l(er9 , nhrch 6 fhe^ prtmc boeo7eboraa.tr'Jz.ldivrt +hod J:wr'!: z('.-). Tl f e w*hor-

f ( t (G1 -  -  t  a)x(Le.  7 b ' ) ) )  :  f (q 's . , -  - - ,  a ib1,- . . ,a"1, )
-  e  G)(a. t  . ,o . ,L" , . -  - ,u , \  :  o

f

@
0, k[v", -rloJ -'---a ]a [a.lxyttzf

1. t-) 7"2
\ ,  t-)  z '12

!t-t x7"
J z l-1 r"al

\ u t--'-t ao{z

ls t--t zr)(z



Henu Tw(Y gZ(a-). ForFhl+hs &/,exe wA,ttol, nole lhal {o' 0<i1c'<r "^! o<)d=s rw '5ors
z i J Z . 4 "  z i a 2 . J  e q .
Srypt" 4hal (e*, a",.,. .., aii,. ., q,,)e z(s). S"yyw" lLtl Q.11|o fuan stne

ai iacA _ q ia q i
. .  or j :  o f ;a ;aa,

Mpi a;: aiA an4 bi :.ra so thol n FN welate \( (a,,..1or)x (b",. ./L")) - (a*, .. ,a,s) aavequlr,d.
t'lent lmnl= Zp), so 1fiy u a" rubvanel3 "l IPN.D I lrrnY r a pv",1adu,t "aro!)

@18 thn Q^dn, sunfo",, lP3 7pr11142r fhe ur/au69,1^rn"4f r 1v1y! ol "lmewron zJ 'n lPe "lehned hy
* * 

n"@ -y - .- 'c t where w< oftler +he vctaoblu vJFtVrT'

td\ Lonsder lfu fegae enbeclahry !. P'x (P' ----+ 17" *4nu1a 6lefintcl b!

/( (e.iq' J '^ 1b.., b ,) ) : (a'b", qo t,, a1b", alLr )

&l z.l4 +tra imaqe ol I ra pw g'l*e ua nglg n /F? |bvowlq rral s Z(x4-.-).,o,fuowlhe
,iveae mclwttoi, s ui1we 

' 
(i..,q"',qr,6"\e z7'1 -.-J.lhrn eote'to"-- aooon qnd' hX caac't

@; r l  an=O, ln"nAq",=o pul  (aoo1arc)r1t ,o)  @ q,o=o f t  (  \o) ( t torqot)

@ rF a, + q 4De (qo\qt1)(qb) qr) '

a-^ alrl cu4z fh.e nnslvlckcl oav map onk (cao1zot f orat), t" 7m! -. Z( 4 - zw ) .|na
Q =z(4-zw)v llu lotwo ol anonconslanl, ',ealqtible homogerlou plSnsrital, b1 E xz.t
A tnq  "z '

(b) t'"( + e IFt kf
Lt -- ^l( f L y')
n+ : t [  I l txf)

- t f  I  =  (a . "a r )  t l ,eh  , . re  c la ih  L t :z (a t \ r r  -  a "g)  Oz(er r  -  a "z ) .  r t s  c lw  lna l  = .  F .
lht ueyev< \nclutwn, ( (co"rc",rc\o, cr)€ 1P 3 6s1onf lb +tu RHt lhen eii<r a" 4 . .r qr+ o.
tuloj a-+ b (cdr. q,+o " 5irynl6,tJ/h en

Q o  ( o r  C r o  -  ( a o c , " ) c o t
: (a, co"l(" r
= c-.( q.c',) : q" c-" <,

"* ,?j,; l::,1,1,. *
fnat19.a 'Q )  ( t -o ,Cor ,c rorc ' t \  € t? ,  ray  " / (  (4 " ,  c l ' ) x&.qv ' \ l=  ( t * ! l ' ' .< .  " ! , ' " )  ' b ts  rnnp l tea
( . to ,d ' l  = ' t  (s , rn" i  o ,d 'ou-  =  q .c l r ; " \  

- ' '  
1 t ' r c " ' rc ' r t " )  e  11  > in r i la i l j  H t  a  41ar  l r t r to tv r 'n tq

z(atw-q"x)o7(a1'1-" ,"2-)  s" born.N+,L+o*i : ; ' " t ; ' - " i ;6 '  tdq'  q"y^ "r levracf ipn5
^ve tt r14tt1t!rio,l" ,"-tW ti*"-*rod 'Aoqr J6l/' f i-*,,rt, 't" ov( nok) llere t I'ror'^' thatl

c l t r ,v tLt  -  drY{H+ :1

;! {. ,,^ s fi\ate cl sfi ncl lhen lhc {ort'thqt ! ,5 piedux 'mplnz thal L f n L( - f ...cl
r " ! rhr tn= p.  c leot l5  L{ f l  f l "  =  {  f  ra} .

G'l the . L\vve An z(r(-V) rrno|onr o.lr*hu< ltaea, and lte i"goltgy on Q rr '4g{ {fie
or , re  rnc \ r l@d b4 t  aad l f i i  ooduc l -4 -o  l>o loq , .1  on  f i tng t ,be taue) t1 t  te !  QA?- ( t r -y )  qQ
tt) wy4lond4 k +h< dtqqonal n [P.'xlPt - *k'cti'E clos"d rn fl{e pr,o ducl- topolo gy q. yt $ |]qutdodL.
Bal bj Ezl.l 4) JI| lr i t rrylP0tjlbk



@@@@@@@@ 1"1 
-lhe rnfuaechnn oL h.w vanehet wecl noJ  be q vanel!. Fo,r example tor'trtcle r llq hllow ! T'Iadnc' n tP3

Qr - z (*z-Jw)
Q L =  Z ( a y  - z u ) \

Foll,t pol,,fi1o mtls are uredLtcible t Jo O,to. c4rY luadw uy/au.a u IPr L-nf T belaelwckd cubrc
a,^rr,2 tnlP3 - 7r a p,.ajedwe vanell .l dunensanl,

xr-) -- [ ztu'-22' * 
-x ' '  rz-J')

(see az.qJ, andll l I be lhe tIe 2(d n 2G) 1.,dev w,4y,z)l lha! q nqoimal deawp rch1 z.l l
I h M d t w t u r o , t l , r o v e a l l ! \ s a t t n e l N " l e t h a l L l t a P v n i o c h t ^ e v q n d ! l t n t l \ t ) w J : J L L \ t P ' / | f i e
f+  rdpa, lhq l  L<  Or  n"L !L  akd  T ' -o ,s th t t -  42- t lw .  r ( ' ' )  JuPP1te  . (ao '  a tna f  i \  e  T  L+
q.=at =o then +hz Fon/,tt tn (Qz t nu Ls Qz . Othe,wte fu'T aJvnl4 q' +o ( c"ze at + a rtry'ilav) -fh!^
uie ntctx a,r,uw? qo: lr re

6 1 4 2  =  4 t 4 7 4 i  =  c z , . Q . L  ( : c z = g w )

:  Q Z 1 o z  ( r j  =  z w L )

=  4 7 a o  { 4 "  =  r ]

t - le t4v  luAq 'F1t  ̂ 1 )  e  Q,  .  Aenc t  LUTe Qr  nqLt /J .?  c la i  lhu  ) t  ane14<. t  l  SuppvQ (q" tc ] tqzrq : )€e,AQr
and t<y  a-4o  (o tSo t tn i lav )  l r  t r  coay ls  thecL l l l " f  a rqoz  =  o . r \  o "qz .Ja ,z ,  a1a1 -  a rz  5 -

9  AQz =  LU ] -

7n' u atd(@mpatttnnol O,4t4 mhh twecluc;ble aaponenb. G er /) ez $ nvl nefu^.\bl< thew!-$ ^\ar4ry.

cnL : l(o)o,i] __ Ip]
n/e  knou lha l  p  =  Z( r2  -y , )6  z (J )  =  Z(  ! , t2 -  1z)  =  Z( ! t )LL) .  But
tt lt< (x2,'r 'J) tsnof radttql (xze(a.y) bul <41*,,111-s" eueh(lh2 nknedwn
tt q vqrclg, rlu Kleql * t le r nlw edwn ma'4 a* l1p Lherurnollherdeab.

lqm hupbk !\trryc+45 A pnjechte vlnely \ olcltneusron u t' 17^ r .a ltlncl ) 1wPfu-tlk!fu
,t r N ) .ah oe pnenrect bq tl-+;etein"lt ^t t 6 q tet -+heotehc 'omp(eh lnTiechan | ^f t 1n bz
)J--il|i*i,Tn-r;;i;" * ,',\V,itr"",f",p't (uQi6n'w loaso tenre' z l,r).,'h!ref ̂ P.'r ns\- l'? Pnma\

td Lel f +JP^ bea Polisrlup yqah, i= 2tq). Tl a &nbe qcne\q+et) W q elevne,b fhe" bV
Knal l 's  PT tht tem ( i72 FAr lnokf i  h lq<1 so drm) - -  / r la '<f ro " " ' l l *  -  Iv  nr l -1- l t -^-1

t b \ t r Y r , . k c l n m p t e l c . t n r * ) e L h n n , ' , W \ t t v ) = ( t , . . , 1 ^ - r ) f h e ^ - l = 2 1 t , ) A " ' O 7 ( { " - - ) p
Y 's q seI- lheoeh< @vqPlek Mlevtcdon

t) Lcl z be llu'l,u.trkc) aubtc .t1n<,n IP3. 0,7 a Notz {olk1lu,mg Ex z q

t(2) -- (2Lz- wU r 2t9 -tr4 Ja- rz)

ueclaiw\ lhaf z $ a rcl - rheorchl aov pkk nboec)wn p6l vtol a 'lncl ,*mphk nlenedrpn .
srwtq dtv,tZ: | (nEzt.Z,ls tho*n.lhhl lht,pDrTltoik vtnl .o+ ffu novmalhhskA cuhc r lr qnol
p@iecture cto tute p"aniirli,ieiti"'i i 'ifri i ttti* +'tl"i'z nu. vlqoec*wn.( z ngin"u'laun
i,al t{J) Lrtnnb+ be govwaled b5 7 elemenls.

t ,  p . . la tm Z-  Z(^ , -  w$\O Z(93+wz>-2 : ryz ' )  ' f l a  s  wr l l {u l l " ^  4 r0^ , \  [ 'E :J (z )  whe l t  
h= Gt - wgt 9j-+ wzz-Zx,l ?), i) ' ,.1' *,1t{n1Yo,.,r fr,o m bc-r(z\ "id tl-) +J-n rnre z(z\
( advql. B^+ ,lht 4 flclwdont'folIo d fvo.,v\

!3 + vuz"-z-yz- = 3("f --tz) s2:(*z--xy)
( t ! ' t ^ rz )z :  w(93 tw z ' -z .^y>)  f  FF2- rXv l )
(f-nz1' : ,Jlf + u.) zz ->zr1'z) | z>[*'wf),o*

<,tra 'tt>\ L}ALltns Ao kamoleno,o eletr"en\r, of deqre o." l, 'l hi elenenk qpneval..cl atzl +\'ul
l^j[ta-[| J ";a. z . su+"+hn'i -"ec+ r' sp.ca' "l ,11J11e,a1oynit1t o'Ae' z ,p.olUnb"rnr.;')t th wtrt]lt 2' '

i" - i i,,, v _ *. t 9z - t z a re L L, < n d ", +',li I ", ::::l ;*, ;i" :i :o"f:f ::; :::

[b) Ler C be ]ht tanrc n f7' Xren bg lh< e1uahan )c?-!z = o and L fhz lue y: O. fuen clear[j

E(P) + ( ' t ,n ' )
"l tu.o uantha



. ule dain kol

tEEEEEEEEEEEEEEEE ttYttttttttttttttt tA 7sy111yngpro{nononvkool-netghl-d,n- <v..-fn t (I!i') - (1'') tazt,A?t)

'.ryf: Aven a moilflmrd x," zrr| $,qode {n--zr4 - c) u,c "an ,,wrk

a1>L1n2a.7 A7/,3

*  + l + t +  k *

Tr, lhr,4a4 ̂ 'e rel up a b;lufun t'claaarL morll!'tqb 'n 7vanblu ,'[ dtfuf ^d anc( anan.qen'nh 4
)'tirii"" ila i"iiil,,a alliurh oa i,;ryenr2nf r Jehned hg chooun"g {"vn df n - t" 'rPoh "
*herzd daa wtl go . fhu t ("4't ) . n

ueflllA 7nz nunbcr4monomuls uf qeL\hf <4 ^,t'.r.,.ro-u (nf)
' L\M c,uealw ttl,re rngle w.on-o| "1. o t=xf t-" )

uena tlti Leninotfiltous mne"lrcl4X. O

ftQoF 5e lt+uvahf s0s < 4. t''te deiu-a biiechnn bch.vter-monow+ds o{ a'etsht < d hav'-'fh ond
'- Mononaitol uveghl c) n /.,x,, ", x^ hY

x,^,-.- -,3^ .---+ .Jl-l ' l",o l - . ,,,o^
,t

| 4-> x;



l f ,NOTE le5*rrag $' lrredracib,lltg

14 E Per<( Eten:letnts Cwleyvoll Lel KbzatvFD vtih qv"ohenf fteld F. Lel !'-qo+qrxt.. r anttn
(q-4 o) \te n RL4 alncl tuPPotn thal peR r i pnmetuchlhal

p doa l,,"f dtvrd€ tr^
P l a i  & ,  o <  i s n - 1
fa c\ue.a no| d r"rde qo

.fUan f(4 s rtyeducible q FL|, henu n Rb|.

PR00F 5<c Mlevs p 17.6

af  l . -s  a"Qetd kt  v  . t t 'JE k[ r ' , .  , rh- ' lFn l  ra  UFDI nsul  R:hfxv ' 'xu-r f  m l lu  abow

E\A:IPLE D f +x" + z rr uvecluci 6le m Rtq,lf. hwdev 1*+t") 1.11' e b[' ]tul ","1 p=rebt4
@ iutt worlro{ot anj 1'" + qF-+" + qax.u -'lhqr+o and n>rl'

6 r t"r+,I,^f ir ' {or" 1- + f, . t") '1 '- '+ " '+. {"-,{ ' )J t  f ' ' (") pr 'ovtdzcl r l ' f ; ( ' )  avrd
l;(<) hwt a nonzep ti term > "io' exoYl4Ft'

3)-- "tY5 + tt 3s + 3r\5 - llxz lzt
=  

J ' *  *  (x  -xz )ye  +  (3^a \ j+ . / - thz

ts tvtclucible n h[t 1utr].
@ So ptr:wded {(,9y) hol

Q vro trnrtanl- levrn
@ ue+ 3G\ tnultnx s51l22l6n o.[ l only )ernr'1hen *.[91*1 buf z1{3(t)

(w +tu nvuvtffit <-'! )

fh&n f, ,t vretlLlcible .

0l awae,lhudoefi'l uavE lor 1z-a2 (t+ I). 5o here.ts the loulh w04 s'^PPose l(zl./]elzl4yJ
,s ront"ri, nonons{qnt ard ttTvoltea ry2 416vlorvtlcrb.tf otder \ o'vnove-t" ! -- f- tJ, t f '+{:.
To be expltcrl, rag

t , :  l ,  a + + y  \
f. = 1,.*" + /r"y'+.{a,ty
Ij = l,"r j  + {"y3 +{,r" ' .5'+ fy,.5"' '

Noa 5uppote l-AH.meL Q=c'>+q an4 H-Ho*H,+l-l2 (o -- lq =c,,2t1".d1 Crr-- O)
s : c"H"

{ r+ f i f  =  C ,H , r  Q ,H"- '  
=  4 "1u * " *H tY )  rH ' ( c , t r t s ' 1 )
-- 

{ c.n" tH'Q^JL+ fr.u, + u.cy}j

f,,' rr" t 4,r 1" + lu t,1 : C"At v c"A,'  r  -  J  J=  eo(H,z r - "+- l - \ "q l5+ f tyJ ' )
r- ( c"( r c'3 9)t ltirt + H3 5 1



lr,t3 + Ir=1'+ J)r.zy'r l1*.y,-

thslea* k.

Gt l . l ,
=

+(C, ,z t  C1J) (  N, ,124 H, , ,1 r !+  Hy"J" )

O f , " :a 'H"
@  [ * :  Q . H , , + H " Q *
rrr {, = Q. t-[ + HoCu
v J J )

O '1." - G-F|," + G-A*
@ 14 : 1-H,", t H,r Q, + H.du
@ tti = Q"uri + qru,t r
O 1," -- a*i*. 

v )
@ 41t = Qu4rz
.^ ; r '!,
\Y !1" 

-' allJa + 6JP\,J
@ ljzz - Ca*H1t CISH*

exfinPLES 0 1L - xz(t rt) - 1a 'zr - x'.1h2 e1ualwas leane

O : Ct"Ho fuln 7ul 6o- o)

O = A,oG* ( tnv- f+orC.4o s,> c^r*o - .  Ho:oa\ro)
O = no"1

- l  =  Ct t .Hn

O = H3Q* + AIAS

| - alvl|
'l = Qatlrt

Q = C.1H1a
o = tiA1"+CYA'5
0 = 4* H"5 + f"J Hze

Cun@ 6n= 6.'1xew Q= Qr= Q,t u'lh C,,+O.e,A *l+,roftru rl rnrporrible
(r9l ai * o. a*d Hq. -- o. thcn 41 l-laq -- o 4 H'cq -- o 1 at4d c,q Pla! >o 2 Haz -o
- 

,J ir: o *11d.'{r tnrposn ble rrnd xt'ha,r{o corue'fiX'n to,fiewler! - (rc ' l= t@lUL =o)


