3 MorPUISMS

So far we have defined affine and pwjechure vanehes, hut we have not discunsed what mappings are alloured
beteen them. e have not even raid whevifwe are isomogphic. Tnhus sechon we wildiscuos #he regular
funchons on a vome@) arl Ahen cefine o vomphisin <f vanedres Thus ure will have a 5aocl car‘r—-ﬂ owy which
o work, Lek Y be g a]maﬂi"a%me vanety in A" We will wnsider fupchons £ fom Y 4o k.

PEFINITON 8 Linchon [:Y—3k 45 @juffﬂ' d‘l““ﬁ%ﬁj‘ P e | there s an gpen Melﬁhbo»’baud U with Pe Y
and ,ao/jmmml': 9, he A=k [y, an], such that h s nowhere zews on U, and £ =3/h an U.
(Here of-couve we mtevpret-the polynomals a0 funchons on A", hemw on ¥ ). e sa4 that £«
ij[qr on y I; n‘" iy J"Ej(”qr G‘f- €V’e‘/y /DO.’”TL 6’( )(

LEMMA S| A mguiﬂr—func}mn i confinuoud; when R 15 identfed with Ak s Zanski JOPl’fﬂjj.

PROOF THi enauﬂh% show that £~ of a closed sel 15 closed. A closed se} of Ak s afmnile et of point, so if s
suffrcientfo show that £ ~'(a) = zfpe\//jﬁ{p)—:a} 15 closec for any acle T can be checled [ocally:
a subset Z of “_}bpowﬂ"m'l spac Y s closecl )L Y can be coveped by any aumber o cpensefs U such Hhat
ZNY s closed m U for each (. (Sine Hen U—7Z isopen so +=hm_j unons Y—Z s opeh), Solef U be an open
sel on which £ can be represented by 9/h, with g,he A and h neahere Oon U. Then

FeInu={rev |3 p =a}
={reu| (3-an)(r) =0}

whieh s closed in (. Henw of ~ (@) 1s closed m Y. ]

Now le} wo consider a c’mmi—lpmtajcmtwe vaney Y< P

DEFINITION A Lunchon /'; Yy—sk [gﬁular al a Pomf' FPeY ([ theve s an oper ne{ghburhaacf U with Pe |l = Y/ and
homogenow) polynomials g he 5 — R [xe.  1n ], °F The sarme degree, such that h tsnﬂchGPE zew on U,
and f= b oa U ( Nete Thot m Fhis case, even though g and h ave ol funchons on T Hhew quetrent )5
a well-defined funchon whenever h 50, s; they are homogenows af the same de\rjhse). we say +hat f 5
reqular_on Y Lot os requlor af even point.

w As 1n the qmcm;‘—m%me covje (anclw;mg e/)sewha'nlj the saime proo ) ayegularﬁmc}wn i5 V}Jece.arat’!f'j
wyhnuens, An fmrav}un} wonsequent of #is s He fedt fhakif F arrlg ure regular funchuonson a \rqme}y
)(} ane ;fff:g on sonie nonernphl opein subsef Ve X, Then f = eVEijhewe. Tus follows sine X

15 vvrec| Ui ble (erH')erm an affine or p;-ty‘éc:‘w! quﬁtj or b_":{ E:L!.é) cnd hene l’ﬂ Ex -6 U s clense and

mveclucthle, Hena sime f [ 5 reqular and g i veqular, £ —q i vegulay;, the pomtrof X a whitch

f-9 =01 closed anel conteuns The densespen set (U, unel 15 hente all of X.

Now we can defme the cofeqony of vanehes.

PEFINITION | of k be a fixed o.l'gebmiCClll‘lj closed field. A va V.lg('tj over k (orsimply vanely) i any affive 7ucwi—a%ne)
prjechve er uaaf—PmJ'er_J-we \/ome'{y w defmed above. TF X, Y are tuo vanehes, a monghism ¥ X > Y
s a wnhuudus mop such that for evew apen ret vey, andfareveeg I'E'Bulavq&mcd‘w:ﬂ V— k, the ﬁ/lm::fﬂ)ﬁ

FP TV — k 13 regular

Clearly fhe composthon of Fue mityphisnis is o mosphiss?, 1o we have o categon). Zn pavheular, we bave fhe nehwn of wormonphum.
X Y of o vavetey 15 a viloyphism tehich admiy an invewe wacvphym ¥ Y —3 X with =) anc|

wm
an 1somonaisn ly bijettwe and biconhmuons, bt a bijectve bicormhmuows mophium need not

Y =/ Note That an isomroyphistn 1S neceasar
b e Hamamhuh; (Ex 3:2).

New we nhoduce some vings of fupchons associatecl with any varesy
(Nede 1f Y 1s any vanety we gonsider the unique funchon #—>R v be regular onthe open subset <)



Let Y be avaneh). We denote foj O(Y) the ving of all ular Amchons on Y. IF Fs a Powﬁ of Y,
of Pon Y, @py (or simply Up) %o be the ving of germs of regular Funchons

we deﬁng the local Vlﬂg
on Y, vear P Th other words, an elemend of (O 15 apaw (U, £) whee U s anopen sulbsef of Y
,9 fwe such paws (U, £) and (v, 9)

wn}ammj g and £ v a ygﬁu['a‘/ Sunchun on (J, ancl where we cclentfr
i £ =9 en DNV (Nl sing UV 1sived. 29 on UnV ff. £=g onsome open swbrekyni)

DEFINITION

To Jee hat Hhis gevm velghon 1s an equivalena velahon, suppore (Uif ) ~(V, 9) and (V,9)~(W,h) Then cebmnly §£=hon
VNNV AW, and since £ h reotnet do wgular funchons on e wveducible spaa UNW, and sine the closed sef (F~h)"'O cordams

(‘an)nv/ an open ancl hehg dewse subsat of AW, £=h onall of VNN

IF ,Cj Y —Sk are e ijm’m’ %noﬁom oy an afb|+YL\rj vanedy \/} Fhen ;Fa‘g) £-3, 109 are all regufqy s Y 4lso, the
consfant fonchons 0: o 1— © and [ :x— ] ave clecly vegalar. (#70 foc ¥ any vanely ) .Find, fo, Y guewi-affine, lef
Pé\/ and Pe-U, “C'\// rel, < Y be 'r-”_jr: h/i on U) r-‘w}dj = h//f* on Us, bu“’li ﬂ"clif nenzew on UJ},UZ reap. Then

on U, YUz, the Pofjnomrot/ 99 s nonzew, and
{,1,_1’.' + ?’hf

79
Fog= g

19"

] hl”/
fq = Y

Uy Ve, hya hl g  a above, all hormogenowe and )9 (veop.h'yq') of the raune
f degree equaldo g9/ 7% degree, ancl sinilaly for hh? a9/ T4 unow eany

Fra=

SIrm'fmfl\\ﬂ Wf \/ Is crnta-‘)f-*pmaec{wf:’/
cleﬂmz} fhen hq' = C}F’\’ 15 hemegenows o
4o jee thal the mﬁmlqr'—fwwc%wf Y —k form a nng- Nole that (Op 15 wideed a Jocal nng, with

(U#)+(V,9) = (unV, {19)
[WH)-(V/9) = (onV, £a)
| = (%)
0 = (v,0)
Both these perachuns are well-dlefined, sime if (U, £~ (V) §') ancl (V,9)~(V',g), f=f'on UNV and g=35' s NOV, 10
7 Vg wtre Jor the producl The“unique maxima

*'lﬂ_tej:ef’r of <l (U_MD)/ £(P) =0 fom an deal of Oe,

(U, Fi9) = (UnNV, #7497, sme on LNV NNAV, L=o"and q
\deal M 15 the set of-germs of reqular funchons whicli vanish at £ L[earid
. Theng (p) = O, und Moreover p@)={F]3(r') 40}

ﬂhd W ,P(‘p)_—_;/_—@ et PéOSU {SQJI :F:j/[-\ on 6‘1 h honzew opn
s open i {J, so we can Fnd V< U spen ponJrqmu:.vj P x4 g s nonze en V. Then Jel g ="/g o v/, Then

(VEIV, 1) = (unV, £9)
= (On\// I h/fj)
= (dnv,1)
= (Y, /)

Hgn@angﬁﬂng outside of 7 13 aunik. Henw Op 15 local. we also claim that Op |m &= R. This 55 defined i the obviows way
;;5 L G ——k

by ﬁf{(///?)—::f@) This 15 c}em-’ja moyph s of rings, and /Ter/d: m. .Smaz/of Ufuy&cfwe (for Ceke, ()9{{} 7 mgu!ar))

(Q,G/q/n =k

DEFINIION  IF Y s o vavely, we depmne the Junchon feld K(¥) o Y ar Sollows : an elementof IK(Y) 15 an equivalence
closs of paivs () ) where U is « nonempty oper subie) of Y, f & a regq[arjfmmc}wn on U, and where
we enhfy fuo pans (Uf) and (V,4) of f=9 0 UNV. The clement of K(Y) are called vadyonal

funeh.oms on
Note that IS(Y) s in fack a ficld. Sina ¥ s m@a‘uubfe_, any fuo vonem, open subsets bave a wonemphy Intevechan.
Hene) an we already cheched, he abore defines an_eguivalente veleton.” Hepg we can define acleldron and mulhplicdon
n K (Y], moking i+ nto g rng. Thend (U, £) e K(Y) with £ 4D, we can rertnck £ fo the open ek VV = O — UNZ (F)
whare + never vanishes (e reqular funchon 1s contmuows, o £7'p s clored, henw The complement of Z(#H =F7'0 15 open)
Then V£ 55 *93"'[‘“ on V, sin at P& V leb PewW <V besd f=39/h on W Ten £ = 0 en V\J implies 940 en W, s Fnat
Wg W —R s vegalor, so 1/ s vequlaf. Hene (W, /p) is anoveve for (\J,f)



Now we have defned, forany vanely Y, 7he sng ijipbaf funchons (9(Y), #e local g (9, afF a pemd of Y,
and e Janchon feld K(Y) By m-fnchnj funchons we cbtam naturdl rmaps

EfY) — G — K(Y)

which 0 fad are wjechie by (3.1.1). Hene we will waually Heat O(Y) and (9o ar subungs o K(Y)
(Nofe fnat all fvee e1q5 are R - algebran)

I we replac Y 4y an isomophic vanely W via 5 Y —— W/ YT W—>), dhen F sek up an e ogphium of
nngs 9(¥) =G (W), Cpy=Csiv where PeY and F/= y(p)e W, and K(7]= K(W), Tnis woths becayse
for f:W—a R vegulay, £f¥:y——k s Nrjuiar, and F— 7 15 a mogphism ot rings (9(w) — G(Y ), which
15 clearly (oy'ecfw]f'. Likewve f Py and P'=YP(P)e W, for (U,£)€0py let ©O(U, f) denoke the peaiv

($w), ff’") ff"': Flv)— Kk

s defines a moyphism of g Qpy — Op/ 1y which s ecw::z seendo be bijechwe. A similar angumem! shows K(y)=
K(W). Thus we can say that (O(Y), (9 and K(Y) are nvanans of the Vﬂ”]&'}j Y (and he poinf P ) up Fo iso moyphicm.

Our next fask is o velale (9(¥), Gp and K(Y) Jo #he offme coorchnale vmg Al Y) of an affne varety, and The homogenous
woordinate ving 5(Y) of a projecdwe vanely, which were ntrocluced eavhier. (We will find hat for cn”affine uanehy ¥,
AlY)= (9[7‘}} so 1} 15 an tvanant up o isomonehum. However, Jora PV‘E]fC'f'WE’Vaw@"’tj V, 5() is nod-an wvavicnf - of
depﬁnd: on the embeq’dms of )/ " pWJ’eCM pat (o 29)

THEQREM 2.2 Let Y€ A" be an affine vanety wrth affine wordinate ring A(Y) Then -

(a) OCY) = AlY);
(%) for each pomt PEY le} #1p = A(Y) be e ideal of Funchons vanishing et P. Then
P —= Mp qvera |—) conegpondente between e pointsef Y and “he maumal
deatls of &(‘.")J'
@ fnr each f? Ep = ﬁ(’?’)m‘,} and dim 0)0 =dim y/'
(4) K(Y) 15 somoppine +o the 7@41;3;0)‘ feld o AlY), and heme K(Y) &« %mlelfy genem}ecl
exteusion freld of R, of Aanscendenw degvee dim Y -

!_V_R@F We will pwceed m several sheps. Fivt we define a map & A(Y) — ©(7). Evew polynomial feA = Rl o]
cleﬁnw o neyul/ar Suncton on A anel hene on Y. Thuo we have a hemomovehism A S (Y)., It kernel s
ot T(Y), s0 we ohtain an .'n/'ecuhhe homomoghism a:A(Y) — 8(¥). Fom (1.4) we kuow Hhere s g
I comepondena (ncluion-revewing ) between algebiarc subselr o£ Y and privme leals cortoming T (¥)
Henw e poink (= munmal gebraic subseh ) cowespond +o the inaximal iceals of 4 wnh«mmj Ti¥]. Tha masmi)
ielea | mﬂ'?/)poﬂdlﬂg—}o PeY s

Mp =1FeAl flp)=0}

IS peove) (b). For each P there is a natural map A(Y)ay, — Op , mdued bj E(Y) —> Op and A(Y) — (S(Y),

If s Ivy'ecn"w becawe A(Y) 15 adomaln anc) 7‘3/% F’/j’éﬁ(\/)'mp are 5.1 they dekevmine fhe s come veqular
funchon on some open Pel’< Y, then 703 ___jcb on U’ and heneby 3.1.] 7(:‘3:__{!5‘,,,1 allof ¥, hen n A(Y), so that
jf'/j, i {’1/3. N A(N)omp. To see thakthe mosphism 15 Jujeﬁ‘}‘atf’; let [\Jﬂ?—)c—@p) fyu—k mﬁular. In Fav—hcula\f,, I

15 regular o P, so leb 0'C U be vpen and g he A besd. F=3/p on vl h40 on U’ Then (U, F) = (V, I/n ] w ©p,
anc hGP)F0 1mplies hat n A(Y), hgmp, se I, €Ay, and (4,F) 15 he image of In. Hena A(M)mp =0
Now dim@p = height Py Since A(Y)/m, 2=k, we conclude Fom (1.7) and (1-§4) #ot dim Y = dim O

From () iF follows 7hal the qu.ohen} feld of A(Y) s isormonphic fo the waefzenf';@e!a’ of (b for ev P and His s
ec!o(cil fo K(Y), be cawe evey rechonal funchon i ackually 10 some (Op. That 5, Op = ﬁfﬂ’mp I a— rcl@nhqc!ed
wifli & mbwnj o QA(Y)), hena there 15 mclued @ (A(Y)] — K(Y) each PC—?’} clepned wnguwely s.d. :

A(‘/)»;mp = Qp
&
Qa7

> k()

commuter. We define ‘)O(*f\/gj — (D(9), f/s ) where D(q};—{ﬁé)’}j/p)# o}j which 15 open,



This 15 well-clefined sme if f/j :f{yj’ i QA(Y)), then ,Cs '= 9§’ m A(Y) and o m D(3)ND(9)=D(99') hoth

1/g and Ve agree. 1z imjechve Sine if (D(3),#/y) = (D(g), {;fj') #hen /g =71 on D(gq'), and hens by 3.1.|
_j’ﬁ :jf’ on all of y; hene 'F/‘jsz/é' mn A(Y) T xuj‘echw stnee 1f (U,,ﬁ) s i K{Y), tet PeU besd f(r)#0.
Then on a ﬂerghbo"houd V'ot B, f= 3/n some g,he A. Hena (U, f)= (vl )= (v 3/n J = (p(h), %) = $(3/n).
Sine f is clearly @ movphism of vings, ®@(A(Y)) = K(Y), and ¥ s depnecl 1n such &« way Fheat 1he above diagraum
wormuler for all . Now AlY) 15 ﬁmﬁei j@ng}afgq’ a0 @ }zralgeémj so K(Y) 15 afuilely 95»79%1/563 Frele extenspn of .
Fuvthevmore, The hansendena degree of K(¥)/k s equal %o dimY by [1.7) and (1.£4) This provea /d].

To piove (a) we note that O(Y) < [ )pey O, where our vings arve regqydecj‘a/l Jubrmjf of K(Y) Using (b), (c), we have

AlY) e B(Y) = [) AlY)m

where 1 vums oer all the maximal teleals ok A(Y) Sine f B is advmamn [ s equalto the mfemectun (wside #s
tuchent freld ) of A Joresatons o all maxnmal iclealks, we gef eq uq{@, More explicifly, defme .

o 2 AlY) —— By

W above. we need on!y show thal ¢ s mﬂ'em‘w\e. See Mine's nolen. I,

PROPOSITION 3.3 Let UV H;n be the open set defrmec by he equcn‘wn 2; 5= 0. Then the qu‘ij ,JD' U — AT a,[
(2.2) above s an somovplism of vavietien.

PRODF We have ""’E"‘Aj shown that k15 ahomeomoyphisi, so we need enly check That #he vegular funchwps ave the
same on any open sel. On Uy the requlav funchons ave lecally quotients of horogenouo pelynomuals in
Ney..., An of the same cleqree. On A the vegm'ar funchons ave’ locall 7&4041?«:{—; °1Lf—70(3mmmlb o Yooy Y
Lef Pe A" and suppore PEUVS A" 5. on U, f:j/h. Notte thal—for oAy B a0 i the prosf of (2.2),

and qo/.../qn@k} ua:umlnj u\/los v =0,
IH( Voo, -, “ao) = ﬁ(g)(au,. ,¢tn) ao
h(qyac’/"'/ am/Qa) F(h)(QQJ' '/q"') do®

where he feo.dm3 term of g han degree e and vegp. d for b Hene ff we lef 2(3) = Q(UJ 4) = 2, eq [ Ta

and B(0) = 84 (2., Xope) Hen Bls), k) ave both mm%enfm P i E 9o e
,5(9)/!2(‘31) ey the same valwe on (agy---,an) an 9 /h dver on (*Vao, - -,"""/q.,)_J and for any (by,,,jlmjeu)
é[h] is nonzew on (1,0y .., bn) sme R s nonzew at- (ky..ybn) Hene of f: AN— R 15 regular, so i

JP_)’; o et _\f (5 moa’ahum ol yaviehed.

Convepely, suppure £ U, —>k isreqular, where VU, s qum}—fanwlwe uc«m}-j, Let PEA] say
P=(qy-- ) ¥n). Then P’'= (1,41...,q9n) haw an epen newghborhoed U7 in Uy avd homogenows polyromials
9 he k[,@_,_jxhj of e same deqree 53si) f—_—j/k on U Then Ao (P Pr) € i(Ul);

(_fjo,‘h')(l’v---/P") = F(1,p9-ypPn)
= 9(Ypvs-Pn)
= £(3)(py--7Pw)

& () (py--sP~)

hene ff s also yp_ﬂuio.fj op vequlred. N



NOTE o) =N ow), Y="U u

Lot Y be o vqmdvj) Y= Ui Vi acover of Y by wonempJ*j opevi ubseds. As wual, theve s an mJ‘ec%wn of rngs
Olv:y —> IK(Y) anclwe rcfenh/f, BUY), (i) je T anth fﬁuwubnnjju,f <(y) Cl'eorvlj i s sense
©(¥) € ®(Vi) freadn & ancl weclaim that ©(Y) = (6 (i)

HDVJquCJE (U)F)eff(Y) i euch @{Uj)' sy (Vi) L) e®vi) sd. (U F)=(¥i,fi)wm K(Y), o
F"‘ﬂ om DAV Now for ;#:J‘ VNN (\\j- I qnonemp’ﬂj Opev) subet of Vi V'V and on Yhis rek
n=F5=14 Henw ;;:,5 on V;ﬂ\{}-, Jo ove cam Juad o m’gular funchon & - v — R (the Viwwer ¥)

st Fl\l: = [ foreach €.
Sme U= U:ViNU and F= Flvi= & =F on VNV wesee that (U)d) = (Y, F) e OCY) m K(Y),

v required.

NOTE Sine OV) —> K(Y) 5 wjechve forany Vs, O(V) s adomam.



Before stating the next result we mbodluce rome notaton. If S is q graded cloman, ard -4 a homogenows
privae ideal ' S, then Jet T bethe mulhphmhley clojed set of Wamojem)m elementr of S et m A.
Then we dehne a grading o TS by

T'S = @ 470 M4
M = Fg | Fhomigenoin and degf - deg(s) —dl f

nof & +uﬂ3md(nj

This 15 well-clefinecl sme f  £/q = gt with = 3, £ sy
9f = Tyoft®

Sine 4'f s homogenows allthe gﬂd) are zew exaeptfor one . Sine 930 This implien ,Pf:s homogenows. Moreover
9 =g9F' belongs % ‘Sdsgf%degj‘ N ‘Sdfj—gg +dogp’ - Hene etther £'= 7= 0 or df-dg= f -4g’ The defnthon above
shonld pwhably vead My = 6 plus FJg £40 k. ﬂ—rreaa‘rll:) checkec that Hg arve abelign groups and thak
Mdﬂﬁe = Of d:&() )

NOTE Thisisn't a pontiwejmdmg because deg f — degq muy be neﬁu‘hn’.

Nonetheleas, the subnng Mo of T7'S i dehined, ancl wedenole + by S(). 3t1) 15 a Jocal ung with waximal
deal (5 T15) ()5 . (Hais 15 eawily cheched ). In parheularif 40 =7(0) then s 5 s @ freld. Similady of
£e S 15 o homogenaun elevent; we dendte by Sig) fhu subring of elements of degre O in The nng Sp. Noke Hha
f 15 homoge noud ’fmjam dﬂjvﬁzom FToe 2pme S(p) € 8¢, and ?/_)cf“ = 7’/%"” in 5§, i+
7 dony Jocliecke Shal 45 Alre hemegenowy and e capia degren an €7, (Nokf = [T Fhat elemant: -f
k are hom. of degree ©)). fv € c k[T for €€ .

THEOREM 3.4 |eof Ye(P™ be apuejeciwf vome’y with homogenous coodinale "ng 5(Y] Then
@) O(Y) =k ;
() fovany point PeY, let M1p = 5(Y) be Hhe deal cjenem’rec\ by Hhe set of homogenow)
Fe s(7) such that {(P) = 0. Then Op = 5(Y)(ampy j

@ K(Y) = S(Y) ey

PRI To begmuith, Jek (< B™ be the open set 1 +0 and It Y; =YOU; . Then Uj 15 isomovehrc 4o /A by
The uumvﬁﬂh\sm f: oF (3-3), 50 we can wnsidev ¥, as an alfme vaner':l/.ﬂ;gm”a it somoyG M
S, ¥ ol-the affive covrdinate ving A(Y;] with e locilisafwn S(Y),y of The homogenouws coorelinale ring
of Y. We fnt make an 1sompiph)ism of RIY s Y] with h[g(uj._,rz,,]h_) by Jendin £S5y ) o
F(®fxi, .- -/I"/?H); leaving vut Xifx;, cwin the pwof- of (2.2). {sedhea‘cl!nu:mfj note) . This somonehism sends
I(‘i') -Jv I(Y)S.(’GJ ) sinte 'UL[Q'OI"'; Uy Jc'- Yn‘)

an) - A=y K |
£ %%’"'I %):O . ?E(%""r‘}?)[ﬁnz--—,clﬂ) :O"i\;:::;-;ld]' k[ e

f. jf?&"r"?ﬁh)c k[""" o] g "_3,5

as .. an)= O

P
wheve F( %?f"—f 1%) };3_‘,4:\ (I‘)
! A " i{i‘[a,---;xf‘}(ﬁ), N\}‘i m‘lfquﬁ .

'ﬂ. gfﬂol-‘-,an) —= O.

Nole fhat ger[#9. 7] 5 zewon Yo =YNU;, Then sma Y, s open and hene dense m Y, g & 2ew on all of 7.

"YMPORTANT NOTE (Weare hymgfo show A(Y;)z= 5(Y)m) . Tncwe YOU; =, vhda canonly happen fxe :(Y)f
N; = % and one would say B(¥i )= 0. certamly cma x-=0m s(¥), s(¥) () =0, Srwemay as well asrume
Sav; 4 b, anc in o cve we can QPP‘H'szqu"-“’S'C"b"ee thadt gy usmewen Y off- e on Y

S@ any I n T0)Sex) hao the form F(32:,.- ., %2 ) fov some f, Hhe abore shows that 4he 1se
denhfier “T(¥i) with Z(¥) S (whehisfw a prine deal). Hene

YAl = k[ 9] = ke, .30 (4i) o 4 _
f TV E96 gy ( /5(”)&-) S() )

(ree )e)

5 s 9(se;.-,xn) + I(Y)
an R—algeboo. Musimapis F(4y.-, yn)4 IVi) > HE, . FE)+ 205ty ﬁ
where g )5 as 1n (1) J



Now 4o prove (b), [t Pe be any pownl, ancl choose i s.d. peY;. Then by (32) Op 2 A(Y:)omr
wheve mh'p 15 The Maximal ideal of A (Vi) wnveoponiding 4o P. Equahon (1) on The preyiow page e
shows that p-F(1h) = 171 - S(4)nyy (ol 2 & 1M1p) . Hewice /’r?‘“)m' w BoMovphic as o ke ~alg e bro
o the [ocalisatoon of 5(Y)ue) ab 71p - S(y) ). BuF The canontan] moyphism of k-algebien  s(¥),: — 5 (1) rmp
rlick do 5()en) — S(1)emy) and Hns mduies armophism fom #ie afsementuned localisaon v Sf"f)fm-g

Flzi~ £z
" a4y o cIEj .

T+ 15 ean enougho checke that-1hu 15 an1some yohism of k-algeboo. Hena (©p = AY:)qmte = S(4) (rrp)
which vgm b _‘gOm can we e rame arguiment-fo see that |0cahsmj S(4) ot q&—un—nqmwzebu 4},[,, s (which v Mﬁ_d;f;m/

)
il 5{5)“;] = Al¥:) 0 adomam ) is isomionphic 4o S(9) . But thert K(¥:) & SOy by (3.2). Pick an & so that
Y; # ¢, thon K(Y) = R(H) = S(F)aen, proving ).

To puve a), we fint do some legwoyk. We onsider  $(1), 9 (Y), K(Y) ansub k-algebras of e quuhent freld L
of 5(Y)

(Y)

The inclugion S(T) 3 L 15 obviow, asis (9(Y) c5 [<(¥). Thenelunon K(Y) <> L s defined via. (cwose Y; < ¢)

K(Y) = KUi) = (AN = Q(S(tkey ) = S ey > L

Whidn povks an follows : fef [V, £) be avahonal funchonen Y. Then (VAN £lyqy;) 6 @ vahonal funchon on Yr.
Theve are -‘a_rje R{Yy-. ,n] with 5 & 1(¥;) serch fhat

hflde 9o
'f(Qo,...j»f,gJ — [ﬁu ! & ) Vf‘:"’;-—-’&n)é D(s) avay;
ae "
HE o E)
xo an I m
2 ...5) — h'(xe..,w)
Under wespondena (1) onthe previeun page, Nlge @ (A(Y:)) maps Ho Zin Avt- = d
nderthe coverp P page, g p 9 =) G (ter o) 2™

wheve Pa(%ﬁ,.-.,?fx% = h'/xiv\ and §( .., 22 )= 37}(;"‘-1“‘5 element of S (F)ery < - dekn@am’fvonnfmop en Y

T

with domain ©(9'%") = D(8) 0Y; = D(G)\Y;, dehnad by

2\@

m av
(ag.-ran) —> h'(aes - an)a;™ W& =

TR LA T¢ W

)
:)

odich agvees wath f: V— k on D(2)NVN;, ancpen subserof Y;. Inthe cane where V= Yandro £ e®(%), -Fh,

15 identified with & pelynsmigh h/( ¢ Q(ACY)) and hen@with W' (xo)g%n] fyjie e €4, onall of Y; { and Z agree.
This holds forang < with ¥; < ¢_Hena fo show thot £ Hehes o wonstant value on Y, o suffie fo show that foc edch |
witin Yi # ¢ the Poljm}mml h [x;™ sahen o wonstant value on Ny - but s holds |£ N fo™ 15 aw element of R = .

(let i, oy Yip be 54, Yi . T each ¥, 1S o nonemphy open subret of ¥ - S0 s /2, Y )

o
b4

I

a

- "h' . W' 5 .
For each it with Y;%K}S 'ﬁmi hyx.Ni s .f'agreeo with fhis P°l3ﬂomm\ are . 7w mn L, /,cl.f“r' = J/xjv"’J for encha',J.
swe hi ;™ — kJ' xMe K[izo,,..,xnj s zew vn The nonemply cpen subsel Yfﬂ‘U SV and bena szew on allof Y.
Thod' h'} J
. Ny P e v) = ﬁ__._h
higM =iy e T = o ‘%*J'“f



Dewofe fhis element-of L by q. 5o eithec Y = ;36, w vhich ¢ape 7(;5-1'[7‘) and ;=0 in L, se 9 = O or

Vit and 3:,-“’!'; (hyx_,,,.)x,' N = h; @ S(Y)n; (which weans e homog. el of S(7) of-clegree Ni') Chopse

N 2 37 .Ni-Then S(¥) 15 spanned an o ke —vector spac | monomials of degree N in o, .3, anclin any stk
monomial, c leust one x; accuw Jo a power = Nj- Thur we have $(¥)n:g S $(4)n. Cherehrg, wehave

5”)]\}.3‘] c <(¥)n v all §> o Tn parkealar xowgi, € S(1) hrall 970 This shows that Fhe rbving

S(1)[3] € L s wrtained in ;7 XS (1) Wil el iy generated 5 (Y)-machle. (f 1y=0 . 5 (1) prch som s mde)
S wecan thenapply  Ahiyah& Macdonate Suf i) de that geLss wmdogral wver s{y], thove aie elemeon

q'l"'lam & 5(7‘) 5.4

A" 48, 9™ o 4 G = O

Pl any | with Y, ‘J‘ﬂ’- Then

i\ ™ hy  \m-n
(x"_;y) +ai(;—(-;70-|') Fo- 3 Omn = 0

. ; N
Tt T L T I

“Tisisan eg” o S(7), and o an element of 5(Y) i zew, s homogenomnn wmponentof acder vN;{ 15 zew.
Hene nni
» : st
W™ A M r ek AE=0 Ay ooy P €1

whee A s e 0-th degree hem. patkof a; e SOY). @nscdeymj dhisan an caqmo.-iwn n L and duidimg thioagb b
;N we find an equofion of algebaic dependene of q over RS L. Sttie fo 15 algebrically closed, we W\Judz
ﬂ*wd'j s equaldo o constant i L, ap requireel. l

NOTE Any vaﬂdg s an e ducible, noethienan yopologieal spac m which pontrareclosed.

NOTE  If Vs aﬂzoudﬂe}y} vey nowempkv}] open, then U is uva;ﬁesf'ﬂ and X 1Y) = K(1). Regularmaps
are peymchons from Y (equw. embed U in affne or proj. space civicl dehwe clivectly )

OrRoLLARY oY any vanety then k(M) 15 a—ﬁvxﬂ—e\g aemmn‘ed feld exfension oF }a, and
dimY = v-cleg . (V)

PROOF For affine vanehes W Theorem 3.2 T Y 15 quoni -affine, en ¥ 1 an effine vanely and Y 1s an open | o
subset ot ¥, 5o K(Y) 15 150mowphic s o h-algebrato K(Y). By Pop 11O dimY = dmY = ’“’-cleg‘lq J\/
= by .cleg. K(V] k. Let Y bea piojectwe WW%? M P, U B o cammaalepen with YOU; =75 §.

By Exs b dnd = dimY;. Heve ¥; 1s an affine vane js0 dimY; =1V .dey \c(‘ti)/h" Buk agam K073
15" R-1somophic o K(Y], 50 dimY = dimV; = $v.deg K(Y;)/IQ =+.deg € Nk . IF Y5 guomni -PWJ'ecm
Fun by Ex 2.76) dunY =dumT ancl we proeed ce for 7%0'/)5’“%"“ eeae. ]

o

LeEMIA 1Y any vanehy and PEY, then ©Opy 15 o Noethenun local domain, and ©(Y¥)

i o Noetenan domainpwnnded Y s affyie ov projechve. Moveover for any vavely Y and PEY, dmY=aimOp,y.

PROOE Fov affine (henceoilso Wmfff?o%m) vauehes s £ (lows Aom Theovem 3.2 L) T# e PP
S ijecﬁuﬂ[eh besi. i=YNV; 5 e nemply. hevt for any Pe Yi, smee Yoo sopmovphiic
a1 o' vavety Yo an offne variery and Over = © ;| WHollows Hiat Op, vy o Noeflienan
\oced clowtdiig . e quani— wiectwe cove 1§ now 3mw}€d(q4€. IF Ys affne O(1) sa

Nofhe nan dormain by 3.2.@) enc iF Y ij‘echw I;j 2.4 @),  metedinenson daim we
l,.;o\,ikgg_l.ﬂ fhea oueaﬂu\rw@ 7
lEx26)

NOTE Any vanely sf-climension O 1 a pomt with ©(Y) =k and local ving Op =R at the ringle pomt Pe .
PROCF  Any Noethenan ‘}DPOIDQFCOIi spawe. in b"hlchPD:rﬂ:rCll’f closeel (i.e. any vanety) s a ]oom-} if s vrecdudible ancl

of-cimensm O (s Nofe m chi.l) &un\fe\ﬂe[j any ?Blﬂ*' m affing or puojectwe space (s A vanety Sey Y= e}
¥ & vauely It (seany o check chrech that R = ©(¥) = Op. n

NOTE IFY 15 an \rawebj, Pe, then tWie vesidine freld of Opy s B, cumie m e rrowf?ewf Ory/1m the
requlav map (v, F) s denhfred with £7p) !



NOTE Y any \mne@ Q(Op~) = K(Y)

PROPOSITION Lel Y bea v.smay Theve (s e 1n J‘echve homomogahism of Kngs
§: ©py —> K(Y)

Jor evew PeY. We claim that K(Y) i e timﬁenfwﬁeld of Opy, roeven) (v, 3)EK(Y)
canloe umtten an (v, £}V £ " for (U, £) and WY £') € (9p,y.
(Fudt ansume ¥ 15 affne)
PROOF There is an 1somovphism of k-algebras A(Y)amp —> Opy defned by F/3 > (p(y), F/9). Idemﬁ@lwg
Al )mp wnth o subving of the quotent feld G AY]), ¥as \somonohism extends fo an iso mophisrm
@A) = K(Y) (e Theorem 2.2) 50 we haoe avomunufafive diag ram

S @A) s the qudvem‘ﬁelduﬁ A (V) 1m1p 41 vemlt follows for affme vanetres.

T Y s quoi-atfine, YSY SN and PeY then we have a wommutaure diagram

7 Gﬂ‘/ = > @P,)?
K} o= s R

S e requtt holds for Y smeikholds for V. A :w}faravgumen% wovhs for Pf/::j'gcﬁuf and qucw;‘-,pnaecfure
NG netes. 1:]



NOTE  R[Jy- 9] = ke [ )an] 1y

Let Rbe any commafahve ring, and n =),
Heve R[X% - Zn](ni) 5 a subk-algebraof K [Z... 3nT,, cortainngthings |

£ -(fe_[,,‘_} QoXs + ==+ +apxA AXHy F - + W Ko 4 --p Ay
I I e
x*

a7

2

sy

De'flﬂ.ﬁ f‘. k[jy.-./yﬂ]——‘é k[?{u,...,?(n](z’_) b__f’
Ji —_ 15/7(;'
jl —_— f’/:,(i
‘j; |———.> Xf—\/x;
jm — Xj-»-l/,xl.

(exdude *'fx;)
jr\ | — 3’-4/7(’_

Loy =2 Y5, Hi— .., Ant Y,

Now defie O R[%e,..., 0] = > R[Iy--w9n] by A2 Y., .,
ThS rndumamoqahr:mﬁ#k—argabm O R[%e. o xnJx, — k[dy ;Y] with
’%b’ il F(9u-- 97 b Sivy. s 90)
;™
79~]. Now ¢ (4)=Y s

This ve}i’mhir a morph;sm of k- algebqa ?g Iz L’f"’l e ey - ]e[y.,
?5:f J jlf"Il'lc"‘V‘ﬂ o c,he.:h_s'ﬂqq!'
‘J°¢( 'F(lv,r ;1n\ ) -|:7 T— d-l_jrﬂz -

= \f‘F(HI/--y‘jb|:t{u-l,..‘,‘j"\
- Ke . 7_\__‘_" Xiyy x
= Fl&,r 5 rT;;--w-,z",-J

= P, - %n)

xy™

\qebrar. Tn the care n=0, Afx]—3 A, x— | nduws Al —4

H $b =1 ancl Trsan 5o of k-4 I
f(f?/[::(n 3 £(1) whichis an uomwphum ef A-algebras (£ hom.deg n = £=ax™).

NOTE Cimdlﬂj on Quotients
Lek S be aamdad doman, T €5 hemegenouws wdeal, Define uamdma on S/ h‘j (f f= Bgzo )

S/I = @4zo 5“*

whewe
Sd - {F-n—I | Fe!d}
The delails are all eonily checked.
Sexi) "C+I[Y] £ -fIfY).r s w.d. and (o

S e ()

NOTE TH1s not d{fﬁw[%mak ( / Im)(ﬁl T T S e - A1) ko of k-algebi.
for £ ¢ T4, T(¥) prime hom sgenci,
' Se lﬂ_[glaj.-,fiﬂ



NOTE 5[1)[211”] = Sx

Let Sbeaguded doman S=S.@ S, @ S.@ -+ and AES, ancnzeo homiodenows elewment of
deguee 1. We haave alveady de fned thesubring Seo of Sx. Note Hhat x=%/, ¢ 5, dves net belongto Sexy,
We claim that Sx is isopviophic Jothe nng of Lauvent pelynomials wit? coefficients (n Sw). Recull Hak

Sea[22°] = Swld,

(an S5, algelian, 5o< So) andl so #here i a Nowomoiphisim of L'afgebm

Y: Smlzz|—> 5«
Flz,z™) —> $0ox")

This is suviechve s an element I & Sy 15 a sum of fevms Jifon wath Ji€Si-Buk Jifen = i'"j'[,!'
# Inthe image of ¥ S0 it ovily vemMd 105 fo show Yhat bl ny'ec:hvﬂ wusider an element £(=,2-1) of S [zz]

=L

f{z,z,"‘): Qe & g wmer s Qot )z 4+ -+ + qn\zm a-i.-‘_',c:'/zﬂi@S(g)
A'E—Sn‘.

Suppose FF)=0. We show that fon=--=fo=— = f1a=0 o that /= O. let N bea pcu:h,ve inkger lavge
encugh that N+R-Mk 27O forall —n < Rk 2 wi. Then sine $isacomain, mulhplying by x¥ gwes

I—ﬂ 7(_f\l -n =N

N-—N —~ N
bt T g _

But 7 s of d?gree | 50 ecich of Hhese summancls 15 Mamojemm of dishnct degreea N -n, N —ntl,... y N, N# o Ndm.
s S is graded, each sunimand is ze(0, ancl sine 7 0 Ffollows that [ = - =4 = ... =fin="0, @ requireq.



ouv next reoult shows that 1 X and Y ave affine varieties, +hen X is 1somovphic Fo Y 1. A (x) 1s isomorphic
f A(Y) a a b—algebra. Actually, Tte pyoof gves more, so we state the stronger reauld.

PROPOSITION 3.5 L et X be any vanety and Y an affine vovedy. Then there 1s a natural bjjecture
mapping of jess ;

o: Hom(X,7) ==> Hom ( A(Y), B(X))

where the left Hom means rogphismy of vaneheo, and the nght Hom meams homornonehisms
o} }e-qlge bras.

PROOF Guven a monphism §:X—>Y, ¥ cames regular funchons en Y o regular funcleons on X.
Hene Findutes amap O(y) — ©(X), which is clearly a homomonphism of R-algebras. Gut
we hate seeh (3.2) that O(y) = 4(y), 50 wegzh homiomovphism A(Y) —s 0 (X). This clefines & .

Convewely, suppose we are gwen a homomorphism hA(Y) —> &(X) of R—algebrms.
Supposethat Y 15 o closed subse] of A*, sothad A(Y) = R[xy--,xn] [T (¥). Let 7: be the
image of x; m Fl(y)}hawd wnsider the €lements 3; = (77 ) e @(x). These are 6rubq1fqncﬁum
on X, Jo we can we thew 4o define a mapping ¥: x—s A" by W P) =(Z,(e),... FnlP)) for
Pe X. We neat show that Fhe image of ¥ s opfeined n Y. Sipa b & stwﬁﬁuen]_
o show that for any PE€ X and fe I(Y), #(¥(P)) = O. But .

:/‘[’HP)) = Jc(-‘:' [p)},__/ 3n(pj)

Now £ 15 a poijwomml, and h s a ynoyphism o k-dlgebras, so we have
F3C) .., FalP)) = h(F(%,.., %)) = O

sine £ € I(¥). 5o f dehnes amap fom X +o ¥, which wdu@ the qwen homomoyphisim h.
T2 complete the proot, we musk showHat ¥ 1s a mowphtsm. Tins 15 & consequene of the following

Levama. wmmmﬂ is ey o check).

LEMMA 3.6 Let X be any vqnely, and Jet Y€ N be an affine VME*H. A map ofsets ¥: X —7 15 a
morphisvn £f. 2y 15 a regular Funchon on X for each iy where x,y...; %n are e

woordinate Junchons on /7.

PROOF Tf °t 1s amonphsm, The 2;'¥ must be regular funchons, by definfwn of a moyahism.
tonversely, suppose The a;¥ are veqular. “Then for any polynomial £ = Ploty-.., xn), £¥ 15
also ﬂ"ﬂﬂ?ﬂ*’ on X. Since the closectsets of Y are defijed by +he vayishing o polynomial
Fanchons, qnd sime re gular Fnchons are comhnious, we see that V=1 tihes clofed sets +o
closed sets, so ¥ 1s conhmuond. Fnally, sine ve wlar funchons’ on open subseds of Y
ave locally quohent of pelynomials, ¥ s wquiar for any vegular funchon g on any open

subset o7 Y. Hene ¥ 15 a monphism.

In delmil) say 9. U—>hkas ﬂegm\ar andd xet'U. Then ¥pdev & U, V open, anc
we have £, he kfxy..xn] sd. h s nowhere 2ew on Vand HyeV g(y) = HﬂJ/}hr'd) Tewn

PREPI, fqp)[] = GlHE = ATRIL . Bub F7e igular oo M Nestd be KT Yo
dick 5'1"‘?"‘0\4']‘ Wt s vegulav and vien zewo pn 'V, so i rEgulmf on ¥

on ¥V, as 'f"fWVmi A

"N/, Hene 3‘{’ 15 vegqular

CORDLLARY 3.7 Z£ X and Y are tuo affne vanehes, then X and Y are somoyphic if and only ¢
A(X) and A(Y) are somoyshic ao k-algeas.

PRODF  We need on(fj checke atfor X=Y o rdenhfien lx:X—2>X and 1+ A(X)— A(X). BufThis 15
&Mj. D



NOTE In parhcular Lemma 3.6 implies Ih
) —> R and a mowphism of vameif u.pi?;ﬂ/j:i ¥ o cliferene behween wreguar vrep



VARIETIES As RINGED 5 PACES

A vavely ( by which we mean an affine, quan’—a;%ne picjechue ov quasi —piojecture vaw vonsists of Fup
pleces of dqfqlq a topological space, and info rmafiwon ;boJM';‘ Wh’cha[,ﬁ{nc:ylppﬁt.r] on the ;paec?gym reqylar. Cuven this,
we can fopget about any polynommals er afhne- spaces. These tuo precen of informadyon ave stfhcent #o define
movphisms ‘e vemehier and hence their cafejofy. Recall:

Affne uane@f A subspace X = A" s there 1s a pyime ideal He f?[;r.,...,x...] with X = V(p), (/A"Zawski fop)
Quasi-afne vamy - An open subspoie of an affine vanety.

PvO'leL‘]'Wt vaviery: A4 smbspaaz X = [P" 5. there 1s @ homogenous Prime wleal pe ’?[%,---/Iuj with
y X = \/(p). Here [P" han Tthe Zawski fopslegy.

Quiani- PvcjeChAre UGV‘GQ An vpen sub spac of a ijEC‘fWE wme@_

We Hien detne whﬁa'égu\qr " funchon Y —> R s fova Zwm;‘»aﬂme and queni-projechve X. N ofe thot
Y os qumf-aﬁﬁne [wqum_PWeo}wﬂ then an open subset-of Y 1s an open subset of #he containing ane{g,
n 1 fmz"fDP‘
DEFINITION et X < N beaJub:Paco.ﬂﬁmcﬁon fX—)k is regular f Vxe X Theve 1s anopen
Vlmghbovhood xele Xand elemens H;ﬂ € RYoty...;2n ] sachFhat h - s nonzerw on P and
£=39/h on U,

Ler X< P bea subspace ( IP” with the Zaviski fopology). Ancton £: X — k s requfar

f Yxe X ther 15 an open nnghbo-fhood 2eVsX gud homejenocw polynomials of Hie same
degiee lﬂ;j € (& [2e..- Xn |, such That- 1 15 nowhere zew vn U and £= /h on U,

&) Let X beany vanely and for U< X open let ©fv) beall the regular maps )—> K. T 5 eany o chedle
that @ (0) 5°a vng. TnAach 1+ s a k-algebm. And i+ s €aa:'l3b:e€n that © defines q sheaf of k—clgebras
on X. The rm;}ecf space © cortains all neces sary information about the vavety. of wouve f X = V(%) 15

affine and A(X) = R[2v-1%0]/p then
O(X) = A(X)
O(X), & AX)y, Pe X

NOTES If X I (or P*) 15 a subspace, X'eX and £ X—>r ¢ iegulav;, then Flx : X'—k 15 also
S an reqular: ot f:X—k s reqular and evewwhere nonzew, Men V£: X —> R, x> £&)7" 15 ako
rtgu[om

Hence all of- Hadshowne's vanehes comeopond o gpeaves of k-algebras. We now defne a class of
<hocwer of le—algebvas which inciudes Havishonme(s vanehen, So that we can define products ek, for
affine and projectwe vanehes simulfameonaly. Notia hat any offine or puojechwe vawa—):z 15 noethenan
(18, ™ are noethenan , rubspaces of a voetheunan spae are noethenan) ( ez Exs 12), henw any of
Ha,/.},homgfs vanet are noe’ﬁ’leﬂﬂﬂ and Fhu Cflw\m bompqc-}.

(*) Tn fact any subspag of M) [P7 gieo vise 4o @ sheaf of k-algebrms.



DEFINITION An abstact prevanety (tilne's algebranc prevane-ly‘i% consists of a  noethenan
spae V and a sheaf of k-algebras Oy on V, suchthat Oy(V) 1s a k-subalgebra of the
algebra of allmops U — 12, andthe sheaf ackwn 1s restuchon, subjed-do the vondhon -

EGth FDlﬂ‘]’ hon a WE[thU{hOOd U I.—l. (UJ Oy ’U) (s qgoma'lah,c o M J’heaf Ol k-q’f}ebmﬂ
awising fom an Algeeraic sed.

Here a mophism of rilne's "nged spawn”s #:X—>Y 54 for fe Ov(v), F¥e Ox (V).

An abstrad prevanely is separated o 1s an abshact vanety f

separation axiom: An abshact preva nety (Y, 0y) s separaled f for any

wmowhisms
Y. X—Y
Fom (X,0%) o the abshack prevar (Y, 0] the et | 2ez | $(2)=¥2) s closed.
ab. preyar.

See plibof Milne for jushfrcotun. His algebracc prevanehes Say “quasi compact " inskeac| of

Unoethenian . From
wowpn “algebralc el ' means an alg.!ﬂrevunefj isepmovphic o an alg. set. ' :

Futly of Vi qwiwmpac+ and wovered by noethenan spaws, dwill be noethienan any way (S0 Bxs), 50
s pavt s equivalent. ; :

LEMMA Lef Y V¥: 27 —> V bhe mowhisms of algeormic sels e suloset of Z on which ¥, ¥ andl cgree
is elosed.

PROOF The set where Yand I agree s

n;‘ \/[:(,‘f«-?(,"f‘) (1)

where wefdenh{y \/ with an alqe\omic set = A" o produce Z;. Then x¥=xi¥us vegufav so (1)
s closed. (7 (Herewe use Z affine +o show ;¥ ¥ s orhnudua )

REMARIK Tn ordev 1o check Hraf an abshoct pvevawdy v separated, 1} sutheats checl that +for eve

paw of monohisms ¥ : Z—>V with Z algq.sek hat { zez | f(2)= Y(z) } 1s closeel To pwove
Hms vermavkz, wover erv}h open algebiaic se?'s. 1 L } P

fzez| 9@ =R = . {ze Vi| FO =]

all - closed _
qqm}g sne 2 cwmuompac 2

LOROUARY An affine vane’@ i an abshact vanek).

LEMMA A Wm}rm‘%‘me mne*y is on abshack mne@_

PROOF T4 suftfuen o show fhat if (X,8x) s an abshact vanely and Us X is open then
(U, @|v) 15 an abshadt vawgiy.a

LEANA IF (X @x) s an aloshack vanehy and US X 15 open, (0,9%l0) s an abshad vavely.

PROOF Fiot recarll Prop 2.1 of Milne's nofeo : If (V,0v) 15 an adgelovaic se, and wedevhty Ve pC, for
fe A(V) the sheaf (D), O [oc2) 15 an algebranc seb. Such DIF) are o bams for VI Now cover
X n algebmic sefs ¥ = U; Vo s (vi,0u) alg. sed. Let Ue X be open. Let xe U, sa
xe Vo Then UNV, s an open subsef of Vi Hene J D #)e vnvy = Vi sl (D), O ot )
s an algebratcsed. Butr Ov, lbtr) = Oxlogr).= Oulpe). Hena (Y, Oxlv) 5 an abshad P""‘-'q‘"?—":'j
Cleady (X Ox) sepamkd = (V,0x], ) separaled. 0



(OROLLARY 3.8 We claim that the following fun ctor :
X +—> A(X)
X —Y —> AN =60 — 6K = A(X)
faFﬁwa

15 an anow —revewsing equivalene of e cafegon) of varetes over ke, and Hhe
coteqony of fnikely enerated mtegral comains over R.

PRODF vy certrunly derciben a functor-The Piop. shows H is fully farthfed], ondl B s dlecnly vepreventzhve.

NOTE (tonsider Prop 3.5 inthecane whewe X<R" and Y < /N are both afhine.
Let h: A(Y) — A(X) be a mophism of R-algebras and $:X — Y Jhe nducec

movphsm. Then for P = (ay...,an)e X,
h'mp = {£eAlY) | h(Flemp}

{{eﬁh)l hLH(o.I,...)qn)-.—:o}

{ Fea0) ) F(hte)(ay.,an),.. h(An)(ay.., an)) = 0 }

fl

= Ty

Also,
PP) = (= # 2P, .., h(zm +Z(1)(P))

val domam which 15 a fintdel 3enemh?d .

THEOREM 3.9A (Finikeness o/ Tntegal Closure) Let A be an in
a\gebra over afrel k.lLet K be f’hegunﬁenf’ feeldl of Ay avd leb L be a fimle clsabrenc exterison of
Tien Fhe infeqal closure A of A n L 15 a-ﬁm}e{y —3en€mfedﬁamodme, and1salso a finilely 3enemfea'

DV CAv1 oVey R-

PROOE See ouy EFT noler. This i« Theorem 9 Vol 1 Ch.V of 24§ P-ZW'E]



[EXERCISE $13)

@] Subvanehes A sabset of a —}upoluﬂual spac is iocall'ﬂ closed 1f o 15 an open subset of s closure, o, ecfwvn.’mHyJ
£ 1F 15 the ntewechon of anopen set with a closed sek

If X i a ﬁm)i»ﬂfﬁﬂé or quoni- pigjechve Vouwelg and Y 15 an iveducible Jocally closed subsed, Fhen Y is also

@ e bl [ttap.qumi-pjechve | vanely, by ywbite of beingia lvmh'y closed subsef of the same atfine

o P‘,g'gchve spac. We call 4his e ndued stuchive on Y, and we call Y o subvanehy of X.

Let ¥ X —> Y be a mowhisvn of vanehes, X = X' and Y'e) nreducible locally closed subsek such

Hhat P(X)c Y. Ten we claim ¥y : X'—> Y 15 a mophism. ™is foflows fom & Vnorfﬁcmem}

rerult (ree Nole: Ises of subspacn of vavieter )

NOTE A anvaney of N5 a 7umi-of'f1‘§ne van%% and any crumf—qﬂmg Va"‘f’j s o subvaviety.

Henee o closed :u[wamei—y 15 precisely an cffine vavehy.

[31 [a) Any wnicin At s 1somorphic either Jo 3’1" o oy = 1. By Ex/.| the fovmer 15 isomophic o A
Hso by Exl.1 xy—1 has coorchinate ving le[x,%- 1], By Lemma (.2 /A ' 0 = D(x) 15 150movphic
Yo the affine mmeJ-j 2y =1 in A} réquived.
k) Any pwper open subset of &' is DIF) for sovme ponwnstont F€ R[x] . ButFhen. D(f) is 1somopphic
£ =1 IR which han wordmok ving R[%:4]p-Sme R[] cannot be \semopphic as o k-algebra

Yo 1[xy]f , we are clovie.
<) Let € bea gwnicin [P defmed by Ser pma{ n §).1 exewises QEE’J
C+ ax®+by’d cz? yday +ey2 + 91z

Hdenhty N with U, = P2-v(92). Tnen CO P 15 thecomc ax? +b32+c[xj t e -\;-%91-? ¢ m A
Y lsj, <k any Pe CN lﬁi

We leriow The solutwns fo his conic \n A2 are an infmle set ( bijecture fo - x? ox 3Ly -
S0y (piype)1). Leb [K be i line jorning O =(0,0,1)e N* and P n JNE. Tis hine meebs ¢ /)t mat most 2

P'ﬂfe&, o pich @ & Cﬂ)ﬁlm} on Fhs fJVJC’ Jay p = (97, :) Fick qndﬁwf‘pmﬂ,‘- TE LN ]}‘1 no-} on
PQ, 0P o O, say T=(4,1:,'). We claim ther Huples are Ineadly inclependent conciclepecl 0 elements

oy

Z
=

L

N
Theveawon s that f T were AP+ uQ forsonse s A fun sine T= (1,4,,1) + would be on PQ, which
s tmpessible. Put Hiu firee vedbors P, @, T inbo wlumn oo mamx &

et P 91 ‘Lr
B—- k2 L E 41
( [

By constuchon B s mvevhble, so leb A= B~ Lot ¥ Py % be #he aulomonploism of IP* induced by A.
that ¥ imaps C Jo ansther ome. Mororer F(C) wntins S(P), #(Q), (), whichare

seZ NOTE Avbs of [P™ o see
moveougr the s of P Q) = (O, [,D) f[p) - [!,C}U) ?(T):[OJO)))
rertnds o C 2 F(c)



I{ the conic F (C) 15 defed by

a'n? ¥ b'j%r gl rd'xy+ 6yz +glaz

Then the fuct that )OIP),Y[@),J’[T) e Plc) mplhes a'=b'=c'= o, 5o P 15 de hned bj

d|lj+eljz +j'12

Consider Hhe mamx

gl O o (qrgumen’( em}lj mochvfied f o1 e g are o)

A= o 'Ye' o
Q O ‘/jl

Let 9$= P*—= jP% be the nduad awfomonhysm, Then P FIC) s defmed by 1Y Yz 122 =0 (reethe naske).
™ Pahhculurj all conics in L ave womonghic _ Se wve need oyly show Hhat she h:?-fhgm 1§ Womoyphic Jo B
Considerthe 2 -uple embeddng [P'— P?  (4b) > (a2, ab, b*] whostimage v the wnlc X2 - v2, By Ex3.l
s s anmsomuphism. To checke Hhat e image ¢ P P'— P> s ndeed = (x=—Y>), nok that deaﬂj

Tmp e Z(x2-4%)

Now suppose (e1£,9)€ 2 (x2~y?) 5= € = 2 Ether =0, Inwhchcwme €4=0 (say €=0) and then
(e1f19) = p(OF) whee Jq exists sinu k alg closecd. T £4 0 ue may cisume £= 1. Let w nolethal eq= | impler e O
ﬂ"‘lj:fza, Let Je,Jq besd. Jevg =1.Then (e,fi9) = f’(d"e,JEB.Henaz TImp =2 (xz -42) ® vequired.

d) Any tno [~dimensinal subipaws of P*imtevect (see 3.74) bud IN* does not howe This property

?_J Q}j Theorem 3 Lf. the u’nly 07( r\‘.’?u[ar ﬁJMC‘]lwns on aPny'ec-}-We VCM-C‘H is ]z, Whmh 5 Dnhj Po;;;'b/@ .fuy-
an affve vanehy of v a pond.

2.2] A movphiswm whose undevlying map on the -vaofrfgecai spawea s & homeomoypliem nax\ not-be an omovplism

@) Let F: /A — PE be P+ = (4%#2) s s :gdumd by i R s ] —kfx]wth x 19— 2%y %3 50
s agovphism of vanehes, Pi image s VO™~ x3) " (f (40N (42-%3) Ik Y2 =a . Thin (¢7)°= Y6 = a®=P?
— se =%l ©f mc.cha?e signson Y s Y2=ciand ¥ 3=1b) The woual Fechviques (rec encl of § ) show yEex7 ured.

§ dhov=z. He Nole at the end of This retof exewiser, ¥ restne 4o o bijec\'m W\D\fph\fm of vonghes jéJjA1_) ~
(Y-bi=b “Hewe 1= V(jlplg)' ’T?jetw sned u>=v?and u =4, ether u=voru=-v. ¥ u=—v ancl char =2
=b.  henu=v,othevutse y2=\3= -V3 = v=0, and y=0.

e map Y7 —s A dehned on Y —(0,0) by (ajb) —> bja_ ond on (0,0) by Floe) = 0, 15 an Muewe
_y /] ) 73
o 5‘5 and clearly ¥/ _ 00 15 veqular avid hente o mophism fom U =7 = ()0) A Hene (V) < isovnophic
Y —(9r9) | ‘ . 1) o AN P
a a vanel) o A — o T closed sefs in I are juut finile sets of poinks, sV i contrnuous and hene
P 1s hovneownovphic #o Y. Tf Y were ani vomowphism N weuld be mg’edwe, buF #1115 15 @ Lonbrad ichwn iR

there 13 110 polynomia) £ uath £lxz x3) =X Hene

/N s homeomoyphic Fo Y via ¥
/AT s bfm+b0ﬂ0‘| 'J'U \/ via j’

Baf A s net somoyhic Fo Y va Y

O cnd defnec map f: A —s N ‘"j

ectwe sinw k v alg- closed.

(1) For another example let Hae chavactenshe of-the bae fieldl R be p>
Fw'ew by fhe hinile rets
d

a +—>qP T e rvdzjec}we st P= pP e (a—b)P= O = a=bk and su
Clearly F s the miiphum meluced by k[5)—sk[x], = > Sihe he Jopt fegy on [\ s
a9 cJojed, f 15 ¢ homeonophism. But if cannef be an 1semorphlsm beccuse #}ehfe 15 ho po
Tis imovphism 15 the Fobeviue morphism.

norial with FEP)=x .



Q3.3 @ Lel P: X—=> 7 be amophism of vaneties and let Pe X.

A Y
j:b

—

R

We detine a map 7 : Oy — Op x an follows. Let (VF) € Cym,y, tat is, fiu—k
I§ vequlav. Then FT:¥'0 —> R svegular and Pe F7'0 s (P'U,FF) E©pX . So we define

v =(*"v, )

One <hecks fhs well-defned, ancl i 1s clearly a morpimsm of ]z——algebmd. Let *1ps Opx and
My € Oxir,y be the unigue ma xiynal (deeds Thewn

(O+F) e?ﬂy(pj = ff(P)=0 = fp*{‘UJF) eMp

-1
So St MMp= Pyp) and Fpis o local mowbum of local r1ngs.

(6) Tt s cleay that f P 1s ansomonphism all the Pp are isormoyphisms, fov Pe X. 5o suppose
¥ 15 o homeowm ogphism and P& 1s an somovphism forall Pe X[ we need only s how that
the wivewe ¢ o} ¥ isamophim (we knowt gals o hemeomonhism?y) Let” ve X be
open and g 7 \/ — e reqular. We need to show +that gé: ¢~'v —>k 15 regular. T4 sufhen
3o show ik each pont of "'V = F(V) han anopen neighbovhood on which g s regular,
Leb PeV beqiven. Then FpF: Ogp, Y —> Opx s sayechve, sbheve 1s an Spen newghbotheod .
& of A(P) Y and vegufcw map G — b with (‘bo—'Q) MT) e (V.'g)f » mjo:a on VAP Q.
Hene m= g¢ on Q0 $ "\ which s anopen neighborhoc of ¥(P) n PV S0 3525 uw;gudar,
o) vequired.

(c) Suppose F(X) is dense in Y and le+ Pe X. suppose '+ O gy —> Opx were viof mjechve,
say BECV9) =JBH(w,h). So g and h agiee on the sel P(X) N VW, and thesel of all powds
where 9,h agvee is ciclored subsel ot VI = say VAW NZ whoe Z c Y 15 dosed Then (VO W)©

15 o cloted subel of Y and P(X) € (NOWYE U Z . Staee PIX) 1s dJense, s implies Z 2\ NW e
henw (V,9) = (Wyh) aovequired.

@3.4! Done i our £x2.12 soluhon

[R33] By abwe of-language, we sy thak e vaety 15 Vaffne " | i i rowmohic +o an attine varely We claim Yhat
{ He P s any hypersurface Then P™=H 1 affine. Fintwe prove the cone where H= Z (£) 1sa hypevplane.
ek s, ’(1 s e MonZ eLd lecir Po [ynbmml Sj ouv Inear Uﬂ'i"l‘}a violer (see Exs 52) fheve 15an GM‘}Dﬂr’]O\(phrJ‘m o[—
P lc\eﬂhﬁj\r\s H with Z(?[u)_ Hene P—H=P '—2z2(t) =V ¥ affme .

T We;@hem cove let H=Z () wheve £ 13 preducible ancl homegensin of de,ﬂffe d> 1. wale § » almear
tonmnitoden of ovderd onomals - = 7, € My - Order all wionomials of degree d . Aoy o) Xn 30 Haat
the lish ""fj“WWlH\ My---y Ms, - - . and wang $his ovder le¥ Pi P~ —> PY be fle d-uple embedchﬂj_'ﬂneh
pA qwes aut somorphism of [P wnifh the pwjectve venefy Tmpd C PN by Ex3.4 Let ki :25:63“-?_; be the
?o\ldnom\od 0 k[2e)-.,1n] VEPON ms-h: F |d5wl71fym& P~ wdh Im pd we have k=

IP”n z(3)= {(a0.-,a,) & BT M lag e tn)= 07
= H

Since Z(3) 15 a hyperplavie PN — Z.(9) 15 ct e, The space [P™= H s wreducible, hene a closed mveclucilole
suliseb of PN = PV z(0). Hentee 1P™— |+ 45 omorphte o an affone vavery anel it affe .



1®§§ Tere are WWJFGU%W vemetien which ure not affme. Let X= IN"— (0,9). Then e nclugion
¥ X A 5 amovphiam of vanehen. Suppose X 1s isornowphic Jo an affine vane!y =
The sovnonphism el kﬁalgebm/) O m2) —3 @ (x) would lead tv an 1somonhium O(/p?) = 0 (2)
whitch by (3.%) would imply that the wmpusie 2 —> X —> /A= war an isomovghism of vanehes,
‘mplying thak K— JNE (s;u”'ui'wv, wineh s clearlg o e hvadichion.

So it sufhws o show that F

Tne vaap G(ME)— ©(X) r dmrll_tj injechre. Toseethal (& i sune chve, nolethat X 1 covered by

Ahe open sulaseds D(x) = /A2 — 2 (=) and D(¥)= A%-2(y). Heme m K(X), &(x)= O(0)) )9 (0(4)
(see aneavliernote ). Using the canonical comophism  K(K)— K (AZ) we sec thal e sam e formula
holds in € (AY) = R(x,y). Yndlev this lafler wromuphism  ©CD(xY) and @ (p(y)) are identfred with k[x,97., and
k[%4]y repechvely see our Milne noles), Jo ©(X) 15 k- tsomuphic B ki3], 0 R[%,9Ty- Let

;_- 3[-’9'&) _ [’L["Jj)
TN T g

be w thisintenechwn. s e R [xy] 15 avED, we can aasume Hhe frackons ave w Hew lowert Ferms. Thous
j“g(m) = zN h(xy) mplies N=M=0 50 fe kfzmy] Heme ©(x) 15 clenhfied wath k[%3] via
K(A)= k(29 9). Lonsideving The conmutatwe diagram

R{%9] 25 O () ——— O(x)

Lol

R s K(AY) ——— K(x)

and e fuck that @ (X) — K(X) s nybchme we et Fhak ©(A?) —> O (X) 15 sujedhwe, av required.
[03.7] ) See §7 b) See§7

Let Hi) H; be The hyperplone [P defued by 2, =0 ancl 5= =0 wth it[ mat 15, P"=Hi =V
and [T = H' =Up. Then P™— (Hi NH[) 5 Jne openset U; v " We elaim that flae onl wgu!afﬁﬂfv‘uﬂf
on Usv 0 awe constant, Lek £: U; {,;L(,jv —> kb vegular Then” £y, :U; —> R s ®gulay. Sme U; = AT
There 1s @ PD‘:)"Y?DY)‘IM[ G(x0)- s Xt Xitly - crm) sd floj=p [9)/7(;5"}\ “}hg:{e‘:" feercs ;ur-ofgﬁaal-e'
Wighet d‘?‘jl’\‘?e mionemal ih g — A0) “9 with every wiehomigl 1w o mulnple Yy o power of X Jo
ﬂ(ZJ 5 Wom . degwre d ). Simgﬂml there v h (1o, --; -y Jj'ff/--—/’fwsj od. Fly = ﬁlh)/i{;‘e‘ Bk fhase reﬁl’dar
maps agree on U; F\UJ- Hen (looktng ak Uy OK_)J' = \U = A

‘Blg)(ﬁio/»-, Ij“)\r xJV‘)";"‘/Iﬂ) = I,It'j’L (l\

(USmg KOPY 2 R(Ko, .y 254, 84,200 ) ) "B ub the pb\ﬂnomm\ on the (eff < the polunomiol o with
% replaed by | and evewy wmonsmial multhplied by a suitalble powey of xi. But (1) mplies ;¢ dwiden
evew) monomial ~ but fhieve 15 at leont one monomial g we didn*+ maliply by o; ak all (fhe htglust clogree

reym ). Hene d=0 aﬂdfﬂ i aconstant . S‘smi{av13 e=0 and 15 a @nstunt, Jo:j: hand £ s
a tonstant %unc*!’uon, andeaired.

Te homogenodp coordinake eing of & piojectwe vanely is ot invanant undev isomophism (ar @ guaded
k-algebrm), For e xample, let X=P', and’let /' be e 2 -uple Embeddmﬂ o IP'vi P2, Te p: P'— P s

plae,a) = (as?,a0a:,a.%)
Then 7V=TImp= Z(n) where & = [Kev¥ and

¥ k[zo,‘zl,lzj S E[)lo,xlj
2oF32T Z ) I XA 2, 22
h[zc,z.ﬂz]/
Thevefore 1(Y) = A . Me graded pavt of degree | sa 3-climensjonal k-vechr spaw, sine
Wos mjedwe on lnec pﬁ'ijmm\ufs. S K [x0,x] = 3(X) hmamd@d pdegm};m}- sf-dimenston 2,
we caanst howe S(x) = s(v) Mjmd,ed rings.



@3“1 Leb X be avanely, PEX_we ddim Hiere 5 o bijechon betueen the puime ideals of-fhe local ning

e closed subvanehes of X cordaming P (= dlosed subvanefy being a closed, medycible subsetof X).
Using (4.3) ov commonsense, lef U be an epen affine neighborhoad of /7 We cloim that infeiwect
with () qwes @ bijechon between closed sypvanehed of X Tonfainin

P ‘and closed sulbvarehes of
vontamiihg P. Let Y € X be auclosec] subvanely, theny NU s decivly a closed 5

Y = ¢l (YNL) The map s iyectne. Fnally if feZ £ U 15a closed subvane
a closec| sulpvanely sf X an

Op Grh‘d

ubvanely <t U- Sine
Y =Clx(z)s
dYOU =2 (swie Z cored = @ clored in X 2 =N + N OU=2).

Sorf }'L«!%CZ/" %DFWUP fhe I’(‘}JUU’%F’ Xqﬂlne} sy X < ﬂ\ﬂ.’ﬂ?ﬂ’l ICQ}J = A(y)?‘ﬂ‘p

. cnd e prirme deals of
©p are n hl’JechDh with f}wfnme icfeals 4 E[x(,“.,rnj wndgiped 11 P ard wﬂ}ﬂfmfﬁ I{YJ_ But+these
vomespond precisely o the closed weducible subseh of Y contuning £

|92.02) See Neken followrng Treorem 2. 4

The Local ng n-fifudencM Lef X (1.e.an reducible (ocall

clored subret). Let Oy, x be The se} of equivalence clanses (Uf) where US X 1s open, ONY+P an
Lo amguluvfum}wnon V. We say (v #) s equivaleatdo (V1 9) f£=3 o0 UNV. Hente There s an
wmieciwe map of sek (9 x —> K(X), The image b whneh Lontoyns & and s closed undev H1e addduon
eod muthplication = F UNY £ ¢ and VY # ¢ then VY and N/Y/ are nonemp
Iweclucib]e-h?c'uog\cq] space

ty open slosels of the
Y, henw have o nonemphy inbemechon = 5o (W) N =+ B.

be avaney, Y< X a rubvan

Hene ©,x 5ak-algebm. Tosee s alocal vng, let s Oy, x be all (0,8) with £=0 o VOY.
Tnen if s eany fo check that 7115 an cleal. To see thak (v, x, m)na Jocal ving, say (M9)E 0y x — 1.

Then 1 W= X—j"o) WY g and (W,97') s thun an mvenefor (V,9) m Oy x. We caim ha
Oy, % 15 o Noethencn local domtin of-dimension dum X —dinY.

To pwove thys, lek PeY and Jet U becn open affrue neighbovhood of Pin X (re (4.2))

X
-

Sine Y 1s meducible, YV anonemply open subset of Y, 1he fapologrcal spate YU sU isweclucible. Sme
Y s \ecaly closed Hheve are seks \, (9 © X open and

clored rep.54. Y = NG . Feae NV =(NNVYN(RNV)
15 o loca Y clored subset of U heee YNU 15 a sdpyartety of U.

s both % X are vanefies we howe
AmX = dimU and dim¥ =dimYNU.TF 5 ecuy o ! ek that here s av 1somorphism of fi’aijebhm
Ovav,u —> Oy, %, 0 WE may redice 4o fhe case where X isaffine.

Soy XS A and leb X = Z(7) where < lefoty.-;,xn] s aprime idea). Sine Y salocally closed

spsef of X ihis a locq”ﬂ Aosec) subsel- of IR, hena \son open subset of ty closure ¥ =X, which s an
afhne vaneU: say 3="2(1) whem_ﬂz

upame and p =9, (110) dimY = dim¥. I+ 15 clear that for
anopen UE X LNY £ f-UNYF$ and hene fhere is ajm somophism of k-algebray (Oyx= (93, x .

So ﬁ”“”‘j we vedue fothe (e of K=2(B) A" and Y=2(1) € X where g, q are prime ideals
of k[xy.om] with ey, (nsider the vommuiztwe diggrzim

O(X) 2 - alx) (= Afn)

l

K(¥) L — (a0

e claim Aot s isomoghism 1<) = QAKX (denhfren O x and A(X) g (61, x bemg a subing of K(X)
w e obviow way) Say f/q e QUA(X) with g ¢ 4. Mok 5, 9 s nol zew on allof Y. Then

I (flg) = ( dlay, Hg) |Scleaw'9 o member of O3 x € £(X). To see that fmap: f\[K]q ot Oy, x teb

(U, F)e Oy, x beguwen, and et Pe U1y Ten £ 15 requlay so there s aviopen neighlpsiheod PEWEU and
3, h G—ki:‘)(\j»—',?(ﬂ] s.4. hd Oon W ancl{’:_?[h on W. HEVILQ lqé 9 andl 5‘: ‘j’(jﬂfb)} al qumrec]_



Henet dim @, x 15 equal 1o the heght of )75 m A(x)=Aly. Bat Aln 5 affime, 5o
Wt L/70 + whi ‘?«/'F = dim F’r/,p = CD!/hL’F

dmOyx + wh?c[ = cohlp
dlm@\,;.x = wM?j—- (/DHZ

= dima(x) —dmA(Y)
= dim X = dimY

o required. Rehwriing % fhe general care, wa yabvng of [K(X), Oy, x writeuns all he (oca) vings D7, x Pe,
So clamry I<(X) s Mqu,m&eﬂ]‘"ﬁﬂd of O x (not K{V? o Hayhhl)rm’faﬂf _f Y=PeXthen K(Y)1sk F KR
Cleady O, x = Op if Y s the pont Pand K(x) f Y=X.

(n=1)
EERD Pﬁjé’ﬂ"\W“ forma Point Let H= P™ be o hyperplane and Pe P pomt nof on H. we seek 4o (clently H unth
i ﬂ"'}rf! define amophism F: [P""'— P—>/P" by (@) = fhe ntenection of Hhe unique line wn}'qmmﬂ BQ
with [P

Life would be spmplerif P= (29 .., 0) and H= Z(%), and we claim there 15 an audomorph sm

Yo [P P which maps P 10, --,0) and H—> Z (=), whalever P, Hmay ke (provided PER).
Let H = Z(£). Then (ee our Lmeav Vandy Nolen), T(P) = (bidte — boti, - - - byotn — boni ) where
P=(bey.-y bn) and bj# 0. Sine Pé It fae linear pelynvmidls &) bixe—bodts, - - -5 bi %tn — loa2i ave lmeuf&j
dependent (el therz ae o+ \ of dhem) By our Linear \fome}fj noles there ir ap automoneimsm

P kixo,..., xn] —> l=fo,. -, 20 ]

mapping § > o0 and bjx, — byx; 1) - - -, Bt = bpai 7> i Then b induces an
Aukppophism T P s jprrt with Y- (26N = Z(£'(2)), or F(2() = 2($(a)) feral
pelyncmials 9-In pathcuar denhfies H with 2 (x0) and

'\/’(P\—;"Y/( Z(‘O{In"‘lﬂu?{;)n -0 Z(bi)(n-’jvnx" ‘3]
= Z(xY0 --- NZ (Y = (|,0)..,0)

Qeadly p maps Nnear pol. wosmals Jo lneav polynoymals, hewe waps linear variehresto linegr vanehes
Stpnee & Naear vanei—g 1 ‘M)gf:}?j‘e(jﬂ/? uawe{vj whilh can be wntlen asthe infevechon of hypevplanes. ey

i Pau—h(d{ﬂ‘r 56 wiaps (Tnes Yo hinea.

Let V), P be avbihan] (P H).Coven apeint Q= P we have alrecy shown ouv’[.]m’av]/awe'{y notes
fhatYhere s a s o hne containing P, & oncl thatthis Iine meets H a% precisely one point. Sovve candefine

a funchon . @' — P —> H withisway. Let ¥ be He abope automorphism ancl suppose the oo awdr;qrd
Mop @' BT — (1,00, 0) = Z(22) 15 a'movphisim of vavehes. Sine ¢ waps gto liney 1f is shraghtorw

b cgck Hhat ¥ (p(@) = H$(Q) fr @ +£P i [P Rertching yuwen an icomophsm (PP [FULCSS)

0 ftuclmgmm
el s
A Z(xe)
¥ E §
w_p———H
4 i

T4 follows thab if ¥ s amoyphism, s s P, 50 weredue fo The caneof P=(1,0,..-,0) and H= Z(%).

Ler ¥ Pri—p— z(aw) be defmed an quVE'J end let @ #FP whe = (o, bn) be Sweh_ SolU };,:f: 0.
Then

bt “ I T
L= 2Z( %= g Xiy--r Ta— g% ) AT 7 X‘)



B P! },m;mgj ﬂnwugh both P=(1,0;-.-,0) emd &. To hnd fhe pomt F(@)e L N Z{x0) we ave Ioolemg

for a nonzew solihon 1o he max
o 1 1 ntl
s P G = » g
o1 O o
O | O . by
C B
. [ oYl o
© _
o > 1 B D
\ O @ -ioe ;s 0 "My 5RO | /

The fnf row cwrred ponds To Yo, The resond #o 2, — by, x; and oo on. TP (Xe,-..., Xn+r) ware a solutwn, we would
ne@-d Ao = O) X = b'/b;x"/, ey A = bnh/b;x,- (2’,‘36?!&). PL(H’-Iﬂﬂ x = | we ‘F(ﬂq }th_

(@) = (0, %/ bi, ks, .-, B Vei, 1, B b, o, P R)
= (D] bl) bi.) . = -}bi-]; b;/\:’i"“l “ w3 bmi—l)

Nelke thak this defimbwn 15 mc!ependen} of 0. Lot @R Joto,...  xnt] —> k[oAo,... , Anr] be o > O,X i+ iF 0.
Let 9 be aklomogensws polgnumfaf, then ©(g9) sale hormogerow [o} Hhe same degree, wadgd ©(3)+0) and

e it
Doﬂ‘(ZfS)ﬂH) = Z (®{9)} —P degree.

Herte F i a corrhniw o mapPNG. Te g that ¥ 15 comorphism let VEH be egon and £y — k regular.
Say Qe Uand W s anoper naghbechood < $(Q) 5. N2€W £(2)=3(2)/h(a) vhere g, helefata- ]
ane Nomogenous of e same deguee ancl h= 0 on W.Then Yxe $7'W (£ $)(x) = OE) [ iy 150 F P
vequlav and hence P 15« mosphisim.

V) Lot YE [P? be thedwsted cubic cune whidnis the 1mage of ftre 3-uple embeddmg of P i IP?

P FP'—s P
(a,b} —> (O\Z} a‘abl alo?) bg)

78 4, are fhe howogenous coordinabes of 1P wesay Hiak Y s He care gwen pavamehically by (=9,2,w)= (F12u tudu?)
Lef ’p:(o, 0, r,o), and ef Pt be the hyperplane = = 0. The pwjedum of Esc2.l 15 eatly cheteed ‘o be

I[P P 1™
(\anlbr,101, 'ﬂa\ > (_bo, bn,bg)

Heue Y(¥) = § (4%, 17w, u®) | ()€ '] s 1s deavly covitmined w the PVDJef-"W*e cuwe 7= Z[x* — 7, x?),
which 1s the pwiectwe closure of fhe cwpdal calic jg'— 2 woing A== U, ¢ P> we claim Hhat Z= 0.
Sinwe 2 s algebmrcalfg chosec), lef 23 — | = (x—a)(x~ b)(x—c) be Hhe fuchonsaton sf 22— |. ¢ ¥« €k and

Y?= 2 then (pwvided d#0) (Y(\3=[ 50 Yot =50,k S0 L =ask (or betj cox) Suppose (o, b, b.) € Z Then
b,g = Lp)- 92. Put -P:: bo and \,Lzz b;_ [\c bo :O/ t=0 anddeﬂﬂfj (o, .r"’i-) = ( OJDJ“;)J Um”ftll‘]j' }F ba‘:o. Scansume
bo,by +0)-Ten ¥, u%0, and (wi2)® = 24¢ = by beZ = b o ut*=ab, say. Tnen a#0 so replde U el
and ($3, 120,u3) = (bo by, b ) @ requived. Hope Y(V) =2



EXERCISES 1.3

ﬁ-‘si Producls [ ot X</ and Y A" be afhme vanefien,
(@) We chim that XxY & N wih s induted topology (ot the product fopology ) s mvedycible.
Suppase that XxY = 2, U z, where 2, and 7, are pwper closed subsefs of X xY, Lef

X = face)(]xxYéz,;} i=h2

To see that X, and X, ave closed, defme for each ye'Y e k-algebra homemowphisim  ( pyy 4= (&) -y o))

hy: h["v"-ﬂfﬂ:ﬂv--yﬂm]"—’) RLxy--j2n]
Aqp > A7
Y= b

Then +he mdued movphism Iy A —> A o dehned bj $y(P) = (B Y). Hene 3"5"21; s o closec|

sebin N for 1=1,2 andje Y But
Ny 5725 = Frem| 3% Vge ]
{pem"] (RY)eZ;i YyeV}

X

\

]

This poved that Ai s closed (2=1,2). To prove that X=X, U Xa1s a bt of a chore.
Led e X —we muaf show eithey 3 xYe Z, ovr x x Y € 2,. Lot h be

I'L‘- k[zi,...jjn,y-,..JUmJ = h[y‘l __yljmj
X5+ ag
Jir—ay:
Fiafly, xxY = Z({x=%., 20 -anF O T(Y)), 50 xx¥ 15 closed, 10 A", Similavly
¥ xY = 2( —1—'()(_) 0 I(‘”); se X » Y s closed, Note

1xxY) = { Fxy-sdns9u--ydm) | n(FE€ T(Y)}

G TlY).

i\

s I(Y) s prime (Y 1s an affme vanety ), i+follwws that I (xxY ) s prime and henc
x xY 1 weducible. But arx Y= (xxYN2:)U (x*xV N2Z2) expreiies x*Y asthe
wnion of fue closed subsefs — hene = xY e Z; for some i. Hene X= X, U Xz a0 required.

This womplekes the Pmo,f that X »Y s an affine vaweﬁ? called The Pvuolud- ol X and VY.

(Nole we wie both Hhat X, Y are imeducibole, depie Focuang w %)
() &(€) We have olready noted that XY ¢ "™ s ¥e focws of (T(X), T(V)) € Rty om, Y1y ym ]
We claim e following = a w product of R-algebras |
Ry n]) £(X) RLy-rgm] [ 2(7)

Ny i 0

< EX\}...IXw,y.’.._I\jmj
(1Y)

For suppuse R 15 another h~al elD'FOLJ b R[XV..an]lj{x) — R, "'f’-_ f‘:[&u--ﬁjmjlifﬁ — R
These o movp hisims cowes povicl +0 elemenb of V[ T(X))e R" and V(I(¥))e g™ venp.
I+ 15 ot hargl o checle thal the monohism



_—

g KD gs )
(2(X), Z(Y))
x; —> P(E)
5 YT

s we/;hdefmed ancl han Fhe ecens any Pwpev}y_ Hewce There 1s a canonical Isormonehism of /?—a’ﬁebras

;le—[—x—?-—:m]z k[x'l"??{"] @ k[ﬂl;-.-;jm] (F+I()(])§L9+I(7J)
= Rlxvatn] o Rlgy-sge
(T(x),Z(Y)) I(x) T(vY) J9+ (209, (7))

smw X,Y are avbibang, and pavk (a) shows fhat XxV s weducille and  (T(X), T(Y)) = T(X¥Y)
we have w:wcadenﬁ"n!j proven : ,

LENMA The fensor [:,VDdWJ' oF fue ﬁmk{y 9enem’r.ad k—=dowaivs 1s afiniely genem*ed R-domeun.

; k-clomains. Henw the
ut this is

Smte (1) i a wpndud n kAlg i+ 15 & woproduct m ﬂura!‘egowj of 4.
ussociated chagram in The categowy of atfne vanefes 15 o procluch. |

N Y

e pwjection maps are eaoi/y chethed Jo be (a9) > x and (x,9) F>9.

(d) T ) we showed that A(X*Y) = A(X) BLAY) mk-algebras. So i suffues fo show fhat for
atfne k -algebion R,S (affme = £.g. k-domam)

diwm(R ®r S) = dimR +dmS (1)
4 hcoes . 5= @

Fov convenieite we arsume R alg—closec] (pevhaps He proof-below shll works), so that 16 chim R:Q@ﬂ
vily . o

then R =R (obvrons... seep £l A EMmla) Then R @p § = S, s (1) nsrmmechak. (wes cormimu
w drimension

woune we dosume R, 5 wormm.) . So we may ausume R, S have postwe dimensions d,e resp. Sin
1 g ’ m’]DexJemmm of I, and by Noethew's Normaliretion

1s presewed |, m}-egmlexl-eaqs.'ong R ‘anc Sare net w 1 : s .
Le {7 leay) there ave xy,. .., % € R and yy,. e S algebraically mclependensover
wima (p9 A4 M noler) U=y Ju--y Ve -;jﬂj [dye oc‘cyb““ be@am«emkj’ﬂ/“‘!-ﬂ’“-

with R mleaml ovev Ry, Xd ] etnel S mi@jmfover Ry
dimension).

we know thal R ®k S 15 an affine k-algebra, amd 15 dear Hhot for ve R and seS #he eleents
r@ | and § &5 aremfeqml over e swoving R[0 e, xd @), 18 gy @ Ye] of R bS. Sinie
-J’Irl,e,m+egrq|c|‘WMVﬁ ol W15 suloving onta vy vel,les YreR ses, ks alled Resps Mat1s, R@rS

05 rn+€3ﬁ| over R[x, & 1,.-- ) % o1 &Yy -y L®ye].
TASIDE: T€ M 15 a sulomodulesf M, N’ submedule of N (over o field k) 4hen e canencal wao
M @ N'— MBRN s wjectwe, s we can unle M= Mler'" and N=N@N", s
i J_wmy'pmdud's prerene dwect sums MO N—>M ® N 17 el and rog '@ N'— ™ 8N
e hau—&ah’eﬂdy nofed that (by ASIDE) 4he map

VA[DCI,-_-,Id, ld"f'--]\de 1 = k[xlr-'.lxdj & k’[\d‘}"'l:je—j — R th

|S|V]Je(_'hui°, anc\ cleavly hw image Pl &l,...,xdel, ley,.. I &ye], o we have jmw\,ed[a}e(y

dm R &S = dt+e
wk M2eins yod have Jo tonsider 4 MR=0 an dm§ =Q, 50 R say 1S lnLegm\ over R,

(1h Bois nD’rqlg.cloJed,A
flworks) s

and e same pwof s



NOTE Affine Cover of Pn?fet‘]‘lve Spate

For |sisn [ef Uj= P = V(i) be e canonical covev of IP". Then U 15 bhomeomoyphic Fo A" via

50’ U,‘ = /A“
(o) = (58 %2, %20 dn

by Proposthin 2.2 of Havlshorne. Burt Uy 15 a quani -affme vanety, and we cloim F s o isomonphisym
o—F vanehes-

Let Vs A" be open, ff V—>%k g vﬁ?gwl’armalp We mudt show £¥- YU —= R 15 regular: To Has end,
Jet x e ¥7'U. Wiog wecwsume i=0, S0 that of 2 = (ay--jan), 4 F0. Let ()€ Ve U, where Vs
open, and thers are. polynomials g€ k[yy-y9nT 5. o nonzevo on V and

po = 0, eV

Using the nofatwn of Piop 2.2, wnsidevthe homogenouo poly nomiails [J’(s),ﬁ(”) € R[xe, ., a0 If the
highest degrec monomials 11 9,h rexp. have degrren e, f, Ther

Ba) = xf9(3%, %)
PO = RO )

T s

That 13, each wonomal m g has %, duched on winhl o has clegree €, ancl rimilovly fov f. Assume e 2f
(the cave £<e 15 similav). Them A0) awdxae“f[?[h) are fomogeroun poymo mf.g of clegree €. For an
JeF TV wih y=(be,... bn) we have G e=f g(n)) (bey---/bn) = bo® k(8,3 ) # O. Further,

ﬁ(g)[bof"‘}l’"_) - boeg(%tj--'f%')

i o i
/(ueﬂ!:}g(h)(b”"'f bn) b;"‘c. bbp h ( %;Loj G b\aﬂw)

I £9(y)
¥ (9)

Hene £F s €gular and F s o mopmsm of vanedres. Now consider 95-:3”’

PRy a—)
(a.j...Jan);———y U]C(‘)_,.qu,)

Let W<, beopen and £:W—>k lfﬁ’(jM}aK We must show that fsﬁ :56”}’}(—}}2 I negqlqr.
Let x=(ay-..,an)EF™' W, ond Jet (1,0 an) & V& W where Vi open anc fhere are hamogenous
polynomiols ,he R[xe) -, T] of Mesame degree si. h s nonzew on g,

f/'v) = L’i—z'([::}) HVEV



Then ¢~V isopen, xe ¢ < ¢7'W and Yyeg™'v

Fé) = £(1, by bn)
= 3([}‘0‘!"';bﬂ)
W (tlov -y on)

S h(GY,.. %) € R[Yy.., Yn ] « nonzewo on BV, s shows Fhat £ 15 re ulav. Henw
Pis vovphism of vavefes, ancl i follows that U; “and A" are 1somovphic as vanttie,

T+ 15 cany enough o checke that for any subspac X = ' and open sef (in X's subspawe 1=pology |
Vs X that j‘j;ﬁ mfel/rf"’ﬁj 'I’Lreveﬁufav— maps )—> R with r/Eﬂulav maps Y \v— k (an‘f‘homﬁh Tyl
way ot be oPen).

Projechve Closure

Let Y = A" be an affine vanely, S: A —> Vo £ [P +he standavd homeomomhism, which idenhfies
Y with a subset of Us. Let Y devofe #he closure of This suloset ,n P In Ex 2.9 we showed Hnaj_
T(F) 15 the homo&enown tdeal generuted by BITY)). We clasmthal I () rs privme, sethal ¥ is
o projechve uaner

NOTE This follows direcHy fiom Example 1.).4 00 Z fafer veulised.

Suppose :C;J € R[4} ave homogenows and f e T (7). Tws 15 equivdlent o g being zew on Y,
which s equivalent 4o jC(bIU__,!g'h)j‘({jgf?__.}fn) beig zew on Y. Sine Vs ipreducible I(Y) s pyime,
50 ether F(1,2)-12m) e T(Y) or G(1,%y.- %) € Y] Then erther fe I(¥) or e L(Y), ar required.

Now Y=UaNY (clearly Ye UoNY, and Y=V Z Lo some clouet) ZiE T 2e NEE ) ancl

the vmdacl spawe shuchure on Y= /A" is 1somovphic fo the vmge_cl spate shucture on Y& Uo, which s

NMow a uwr‘—projerhw vanery Henme 4y afhne vanehy s tsoyviovpne (e uvqy‘e.}-!j) 4o g

]riluaaf- projechwe uane-}?} Tt follvws fmmechaklj That any qumf——a?ﬁm vaneJrj 15 also q:woi—pv%‘ec-)we.
nee

PROPOS ITION  Any \fuwejrj < isomoiphic (e o vanehy ) 4o g queni —PWJ'“'}WE Vamg-ty_



[3.16) Products of Quoai-Piojechve Vaviehen |4

¢ PrP"— PN N = nim# nkm

be The Jegre embedding  (as-; any bo, bm) > (cif) Ciy = 4i L’J (ree Ex 2.14) and we i+ 7o
gwe  prx P™ the shwicture of-a pwjectve vavety. Lef h[z;d-] be e Loovclinake rng of AN with
0<isn, 0%jem and Jet Uj‘ < P be de}med bj 2:.}':}'—0_ For 0 2Csn and 0=dsm define

:fd'- Ued —> P xP™
(ﬂoo}_..‘, I -] qnm) —> (qoa).--’ an{_, laﬁﬂj-r') qu)

(2

1

Using the Fact thaf IM95-= Z(n), wheve @ contains Zij2d —2i4 Z¢f 0% icen osj,dsm,
we Jee thaf 565’—_—,' qu”j, lef _}fé}q[r?’___} ’(’-'_7 ancl 55 k{'ycj___hymj be hamagenmw pﬂ:jhbﬂ’lic[ff. Then
(that s, §F (x) =2 xE Ueq () Tmp)

$(2F) x28)) NV = { (g5) ) aca #0 and F(ay)e ZCI%Z0) ynd (@) eTmg |
= { (9j) 1 4ca #O and f£(aod,..., dnd) = O, F(Aco,yAem) =0
anct (aij)e Im?ﬂ}

Le,‘J' @ h[‘)fo_)...J.Dfn]'—‘) [2):10,.—-’,7(”,30,--73:—:-1] be xq = Ziy and yl:k[jﬂ,u"';jvr-j — h[ln,-_.,ﬁl’h‘,ﬂu,.-’-jw]
be 43 1> Zeq . Then, wnhmuing

= { (ay) | a4 O and O(F)(a§)=0 = 0" ()(%)) and () eTmep]
= (e N 20NN z(e‘ce))n;rmt;b

Sine B(F, 01(3) are homogerowy and The Ued corer ”D:J this shows that  Z(F) ¥ Z(9) 15 cloced i Px P

LeFXsP and Ve P be projecture vaviehes. Then X (veop.Y) 15 4e intevechon of all the loci <F
He hom03encun |96lb-novmals vamshmg on X (VAP Y). Henu

et = § nzeelfx{NzO)}
= n z#)x=Z(9)

Henae X»Y s closed. Qur nexkdaok so prove-that Xx Y s wreducible.

5\4]9}5’05& 2,25 are closed sels m [P % P wih XxY=2Z,UZ. Lot
Xi={xeX | gxxv) ez} =2

To show that X i< dosed, we mhoduefor yeY the homomonphism
Gy h[‘?'ﬂ'j — h[’“’: eS|
2ij > ‘x;ku'
(seiec{-mfp.y: (boy ..yl ), Lot s T2 kEZ.’)'] be Me hamojenow elements. of Z(2:). (wnslcfenn3

2: o o dosed sl O/fﬂ)'ﬂm () S k[an-,wn] s @ vo llecon of homogenown flemenb; s gy
prepewes momm!ﬂl'-deglreu. Now,



Z(94(T)) =]((%;-—-/qn) | 9(F)(ay- 0n)=0 VfeT}
*1 (@e,yan) | floube,..., anbm) =0 VfeT]
={zeP"] f(gay))y=0 vfeT]
= xeP"| glx9) e 2(T) = z;}

sy Zy <X, F(x9)ez; = xeX Hene X;= maey Z(fja['ﬁ)), and hence X¢ ss fosed i P

Next we showthat X=X, U X, T ths end, let xe X be given. Stnce fxje P s closed (4 15 the focud
of ATo—%y, Azsto =2, AnFa—Tn ESUMMG do=| ), eavlier veaulss 1n s exeicise show xx Y < P xP™

s closed. We claim 1 s alio nvechierble  defne h: R[z gj —> Ry dm] by 2y > aiY; where x= (a0, ;an).

sme I(Y)< ’é[y‘ﬁ-‘-/}?'r"] wa prime ideal, h7'r(y)<kf2i] x alo prime. N zhw fhaf T(xxY) is
the homwgenoen vadical ideal generated by those homogenows fck [z for which

Flackey..., Anbm) = © Y (boy..ybhm)e Y

But ffassy..., aobm) = W) (be, - bm), so 1his conditron fa)]y:,ayecffely that fe h™'1(Y). Cleavly any

homogenom € h~'L(F) b@/ﬂﬂgs fo I(xxY) Sine h="1(Y) 1ca omegenoun idea/ (le {eh”lﬁ) be clvided aa
f=3.mi Then Wif)eT(Y) means Z;h{mi)e TY), and sina L(Y) 1s homogenom, each h(mi)€T(t). Thw
My p-'T(¥).) wehave T(exy )= W' I(Y). Heng x %Y i mreducible. :

Now we ccin wnfe * XY = (xxYNZYVV(x =Y NZ2) gy the union of fuo closed sabseds . S x %Y
(s iveclucibole we muwt have > xY < 23 for some §, and trene xe X ;. Tt Lollovrs that X=X, U¥,

Sine X 15 weducible, ether X =X, or X=X, Then ropechely XxY=2 or Za, 20 X¥Y isroreclucible.

) Lef X< P " and Ye P bephgje&hre vaeheo. We kenow now that X*Y s q]so(j)mjechve. The pr\v'eomn
maps XxY —> X, XxY—Y are contmuons snethe Miene image of a closed se+ 7 < Y is
X x 2, which 1 closed by eavhier r&ulfs in This exevcire. Now let wo show X+ — ¥ 15 a moyphism

ol vanehen.

Let UsY be open and g: U—>R regular. Denohng the projechon p: X ¥Y—3Y we clasm that
ap: XxU—k s Yeﬁ“[““ Let (xu)e XxU. Suppose_ x = (@q,...,dn) with au£0. Thad s, xce X fth)
where Up 5 P"— Z(x). Also find V open s4. 5ce Ve U and hi, hye R[Y¥oy . Yyn] sd. by hy ave
homvgenowd of the samne clegree, h 15 nowhere zew onV, an

8(\,); h’(vl/ha(\'j ¥veV

: > Zki Then (XNURYXV s anopen subset of XU, and

Let h: k[ﬂﬂ/--vﬂnl"'?k[zﬂ e 3 of the same cRgree, cnd

h (i), hths Je RE2y T ave howogenius polynonuals

QP(C‘OJ"'J‘I“JV) = ﬁ(”
= helv) (o)

= h(hq) (ac,.--[ an, V)

"‘(“t\(“‘?]-"ro\ﬂ:")

Note ik s nonzaw o (KAUR)XY. Hena p s awoonhie o ther pujeckun 15 similavly shiown fo
be o movphism.



Note If UsXgnd Ve Y are 7uao:'fpr~y'edwe wnehey, iF now follows that
UxV= (Ux¥)n(x»Vv)

5 open, and hene the product of 7ucwi~macbw_ vatnehes s 7‘10.9]—}Ur\?j€£‘;'7uf.

We 'Hm-eJ'uﬁ shown that flue maps Xx¥ — X, XY —>Y aye wionphisms of vanehes. Now UxVE X*7 s

an open subset, and The vinged spaw sfvucture is the induied one. So it 15 ecwily seen tpat UxY-—>U and
UxV—>V are also moyphisms of vavehes,

Finaly we show that Hus desmes o product nthe category of vavetfres. Let X = P" vy P™ be projocture
vanehes, UsX and \/ & Y open subsets.lef Z be any vanef_vj anel ruppure we have moyphiims of vanehen

Lef V:z—>UxV be z > («(2), plz). We wiunt showthat ¥ 1s a moyphism of vanethen, which will
prove UxY—aV, UxV —>V s u preluci.

Lot Wi = IP" and GyeP™ be P"=V(xi) and P™=Y(Y) ap. (gzisn, 0%j=wm). Trhodue the
following open subsehs of " Z

Ky = x7'(Vawi) N gT(VN )

ESEN
osJ'sm

Nok Hhat the Kii wver Z. New, # oe Joike an open subset-of any Vanevy anel indue He vinged space stracture

n if, the rault ”D‘ #ll avavety ( s 15 cleofor affwe and projecture vanets, and s ecoily cheched i the other fuo

caded) Ieny each [K;: can be egarded co avanety. T s shaughtforward to checlethat X will be a movphisin
of-vavieher sf-gqnd é/n]b, Wof ‘(;‘-??—_ ‘c[lcﬂ. 15 & mophism of vanetien b‘:'U .So 4o wmplede the proo, e
Nieecd to show Yy 8 qmompijndm c{_uqme-heo.

J

Let Ui =P b ﬁ’N‘—V[Zy‘). T is clegythat Im‘l'j s Uy The set Xr1NVy € X*Y 15 an open
subset of )(;s)’J anc Im‘{j = X":'\/(]U‘;J‘. thng X2V 005 the et re D)( o 7p1agi—ijec-}1w vqﬂe'}yl sUppose
we could show that (Q-j': 1<5- — XY n\);J‘> R —> \”Q{ was a mogwhsm of vanetes. Let T YNV beopen,

Sine I'm‘;_’j- = UU .
gj"(-r] 5 {xe«ﬁj | YE)eT]
— {LeKj—’ [‘ X(x)e TN Xs{‘fﬂUj}

= @fj”’( TH X*‘/ﬁufj)

Smi TAX*¥Y Ui 5 anopen subret of X*70U; (T2 X>Y 1scpen m X¥Y) Y 7T 1s epevt and YU
will be conhnuowd. Suppase £: T—=> R 15 reguler. Then TNAX* VN Vii 15 an epen subset of T, ©
ff/TnKYY{?();' s vfgular But TNX+Y N Vi 1s an opensubel of Xx¥n U\J aned we ave W-'Mmrng O
s o vnowphiim. Hene fO: CQU"(TGX*YﬂUs') —>R s wegalav. Bub U057 (TNX*Y N0y ) = e
on his cpen set £ O = £y . Heme i Oif 15 a'movphism, Yy 1s e movphism. Se f"on!j rermain s'to
show (Qy" 15« mowphism VJ'U‘.



The homevmopphum ¥ Ui —> /AN estublishes an 150 Moy hism o} vanehes between the
mmi—pmjecm vcme*j ¥y NVij and the affine V,,mg,fy y{xﬁynw.)gﬁw (se2 our €trliev notes)
enw hy Lemma 3.6 the map i P x,«muj Wil be 4 movphism pwvided the map T .

b sume KA
:t:
. & U ] 3 d
K‘J —> F(Xx=YN J) oil('fw:;cm'ff i<j“-‘r‘f
x—> PY(D

9 elds a wgu]qr map on K]J' when wmpo_recf with all The ij'eca‘wns AY— k. An element of AV
wnsisk of @ sequente of N elements of k. Fov nutafonal puyposes we mdex dheoe by Jhe peuis

(9;0), [90), ~ -, (y0),..., (nym) — Umr"hﬂf; (;JJ),S}m"[ar[B ﬁ’(/P\M) = R[I—oo},..} an] with 7((-,}' orm Hedl,
Then for (ed) = (i.))

Ted § Y [#) = xed ¥ (d(x),flx))
= XedF( Ao P, ..., A(%)0 Bl*)m)

= Q’(:c),_ ﬁ[:z)d (I)
of (2); /9(@
T ;. A (x)e Q!
s map Kij —> R 15 fhe prodluct of fue maps x 2 =, x> Z— bothof which

% (x); ) :
are well-dedined and 7'8314.'51}’. Thefnt s o 2 — wm?,go;ed cor i fr:gmlm map

XC/DC' Wp—= R,y the sepond s ﬁ tompored with He reqy

lov ma dfy-:e—> k. As the
P o‘wfcjr of fue “e’ﬂu{qf ymaps The map m (1) equlay, U%hl(.h wfﬂp?e#elﬂ J-thJe nhre proot /
Pcrf-\tj‘}lm&'r

NOTE Sine any vaﬂeiﬂ 18 somorphic 4o o c!umi—Pm‘ecm vanely, this shows fhat the
cm'eﬂorg of vanehen l’lw’f;mfe?mdud:. J



NOTE Exp licit TO)‘JOJOjj on PxP”

Lef k[fzj}]} R [y ] and k[ja)..,}jmj be the elevont coordinale vIngs,

©: k[z]— R[Zos -y 3ty Yo, .oy ]
2‘]' — ‘J(.':U

ﬁ;:i" k[xo,--.) In,‘juj.,.mm]__> h[zj]
Xir—? Z4id
jJ- = ZCJ'

Lef fe k[xe. . /@, Yo,- .y ] be Jeyamlel homogenowd i fie x5 and ys — say evewy monomial \n £ hay
dé\:jvr.’e U o J’I:-&:cs cigd)olejgjrce]\f in Jhe j_rj.Tmﬂ—g!} Ueqaj—}wee +hat J J g

(9/%4 (F) = xcvﬂeSMF

For apy such { i wahp @nse $o Sy i f(@o--,0n, bo, -, om) = O Aor (e, .. On) € " and
(bey... bm) e P Lt Z(F) < P"x P™ dencle The sef of-such pans. One checks that

z() = (P x®™IN ﬂz( pedf)
<,d

Nok that  fea (£)(dbe s anbm) = Ofed (F) = bd"f (agy -y anyls,-; b} Hena Z(F) < P x P
is closed. Clearly for any 9 ekfz] ©(g) s 5efem5d3 hemegenow), anc| w the above sense 2(@(a))c P A P™

zZ(©@)) = (P"xP™) N Z(9)

Hene any closed set in [P"x P con be untfen oo an mheviechon  (1; 2(£i) where  [re R[xs;..., 20, o), I ]
ave sepevakly homogenows in each vanable; and moreover all Hu Z (£) for such £ are closed.



NOTE Explicit Rmyea( Spaz Shucture on IP"x P™

ﬂ%"} A< IP”KIPM bedvy f“bjpam” A=K S s 2 Let O: k{‘?f)'] — k[, Xy Yo, ey Y] be ap e
en
f fffj“'q‘f = VYxeX thee1s Us X spen, ze U, and gheR[zy] s
9, h homogenoun same degree and Y (Go-.,an,bop-, bm)e P x P
‘F(CIOJ.“JQHJ ch.. ’ bm)
) 3(qchn). .,Jc\nbv'n\
h(a'-“bv_1~-.j anm) < £0 °+WMEQ

= &(0)(0\0‘,.V. )

@(h)(a“’: S )

11('?’2692[10—,‘ -,D‘Wle’)"‘th"‘] |;'5.5P9m;‘€llj l,qomogenom m‘n& 2K aﬂd jS aF V‘GOP &BYEEA’) Q;p Gl’\d’ 8,’/;:]) ’}1‘]?)0-
9 and Z have The same " dlegve” f e=e), f=F!

PROPDSITION Let X € [P"~ P™ be an sipspace . A meap o+ X —> R s nsg.,dqr if and only f evew pont
ae X admits an open hﬂjhbarhood U and sefém}ef homegenows polynomials of +he
Same c\earee g he R ey - Xn,Yos---) Y] Such abF for (a9.,Gn) % (be)-.., bm) & X
f[Qo,..u,qw b‘:’!"‘f bm) == j (a"’/ "'th', L‘D_, f‘bnl)
L(Qp_.-v-/ Cln, ba).- l\:m)

(1)

Where 0{ wune l"l,:#o one O,
PROOF _,an requlav map f: X — k sohsfes this onchtwn. For the vonvewe, vecall the 'fol"Jowing movphim -

F:a‘: h[:{o,. .77(11]30]_.7\_1.-\] _ R[Z-Ul

xX; —> -2(:1
9J- —> 2z ‘J
(’9}9(4 (?_) = Icv:jd“ = cimjm z = (unr)
e con cover X hy open sifs an foflows
X = Uy XN (Ve xWa) Ve = "= V()

Wd = TP7- V(Y4)

TF would sufhe fo show F{xn Ve Wl m(j“k’"{’ﬁw any ¢yd. 5o Jet xe X0 Ve » W, By ao;umphon
we can find xe Us XN e xWe wih Uopert m X N7 Ve xWNd anel g, h .r€peml-elj homogenuuy
oF The jam2 degeer 5.9, YueU, £(x) = 9[/h(u).



Now fed(9), fes (h) homogenow> polynemipls and for - (ae)..-,an bo,... b)) € U (50 acbd #0)

61@-:4(9) (O"J"'J““"‘) _ acybd“ 5(“”1---11’3“‘)

(9?‘:':“2»1) [UOJ‘ - b""s q(_,vbd " h ("wr-',bn\)
= }[ﬂoj...‘, bm)

Henw Flxnv. xwy * regular, o required. )

NOTE Explicit Details of /N B

By rden%l:ﬂm IN™ with the quasi - projectwe vanety Us < P™ we candefne The procuct A" x P of vanehes.

The und LI s Hhe carlesian produck A= P, The fopelogy on. ™ w P™ 15 detevminec| by o seks
z{;lt;r:«higmﬁe R[0T Yo, .P_.,ym] s repavaiely hbmoj?w?:m i the x5 aud ys. By mfevechng there sefs

o ) hidh maps a pe lynomial
with Uz, wain ‘”‘Lﬂmapj )2_ %oy - 5 X r\ljg,_. ‘jmj — JZZ:I\/ s th)‘jnf- J'HW\]; Tni-—a‘ emd (BU“ % P 8
S(M,.,,;cn,go’ ﬂ Ym) wk\chg humlo k:fzir.lou:o}m The o a polynomial RCORPECIL s ym) homogenoud in #e ocr and
9; (mMEhij eench monomial (c:jaurmf-ablzpowe; a;LJfo)) wee s that.

TOPOLOCY o donhfrcation A XP™ = (o P yreldls the foll ow 'prol"a‘j on AR P A subset
= <A =P s closed L} s aninfenechon of sefs of Form

ZE) = { (ay)---)@n, bo, ..., bm) l -P(Cu}...,(.l'n'r bc,;..,‘om) = (_‘)}
where £ e R[%y--%n, Yo, ., YmT i homogenovw n ﬁleﬂ;_
v’smg similav frcls (pcrfchlnj with %) and mﬂpyewuua Nole :

VARIETY STRUCTORE | o4 X = N *IP™ be any subspae. A map F: X —>R 1 m’?ufar it anc only of
evew pont x& X admike an open neighborhood U and polynomals
he e [9y .- -Xny Yo, Ym ] homogenows of the same degreanthe (s, sh for PeU

h(P)-#+@ and

F(P) = 3(]0)/}\ (P)

Defing an open subsef of /A"M'Pr: Vi =A"P™ —Z(y) 1=9.. ,m Cfearv’l:j Hu Ui cover AMRIP™
We claim each U, « womovphic o avanety +o A We mow) e well apsumme ;=0 Then cdetne

T - A —

(o)) qﬂ'ﬂ”‘) —> (ay---,an, |) Ansyes s ah+m)

j{__ U‘: >/Aﬂ+YY‘
b bm
(a\,...,an,bv',...jbm) —> (A\J..-)qn, Yoy ' o

E@oﬁ]‘fhﬂ)é mapr are WUU—C]Q[MEDI and Q’f;f)ls = [ef@: }E[x.,__-fin,ﬂaj,..,ym] —_> ‘R[’Il,,..,:!(n/ju -—;ﬂmj
be the map Yo —>/. If ge Rty - Tn, Yo I | 1s homodgenows m‘ﬂujs, Then

Y-'(z(g) NVUs) = Z( &)

So P 1s wnhnuwows, TF he R[ot,, . xn, i, .., Ym ] 1540y pelymomial , muthply eachmonomial in h by &
5wl1—ﬂbllzugo Wfro‘fjg und| h;{ ht’)méﬂew{fw m‘?ﬁlrwj\d;, Lol Hhir Polld\l\bvﬁlq\ H. N?}le Hat

b
H(ay.-0n,bo, .., b)) = b h (m')-'-,r&h)_l-;;)-»-; é{}-";) Jor some e O

Hene g (Z(h)] = Z(H), 50 both ¥ andl ¢ are comtmuwoun. Mo Vo 18 hiomeomerpine Yo /N0 5, i only
remains +o show thaf poth £ and ¢ are \mne{g monphisims.



I f:sa,movphm’n] Suppose £ V—> R 1 regular, where V€U, < A *P™ Fom The deteuls on
he previviw Pﬂge, W oce -\ hen there is an open nelsh borhowd F(Hec W=V

ane Po!ﬂwom'a 9, h éf?[:c,,.,.,xn)jo}_.,jm] lrowregeviolt) of Fhe Jamdejm "
«}'}1e 55) SH.CI(\ -an_l’ "F(V\' - S{V)/h(\f) VV@'W (h:{’O on WJ T‘F GIH are 9J)’l WI'H\
(<> Yodhenforall ze ¥ "W £Y(2) = G(=)/H(z)- Henw 15 reqular and
:)0 15 d movphum.

\E o movphlsm Suppose £ V—Fk i reguiley; whese Ve BT - Rrse 75'lV et W3 &) be open

ancl 9,he kl‘z.,.,-,xn, ey ._./jw-t( s £(v) 7—3("]/’1{\!) on W, Mui'hl’lfj the monomial s
D}?‘h by powtis of JoF2 make pelynomials G H homogenous of Hie Jame degree in theys,

G(ay- - An, bo,. oy b"‘) = !9»85(,"‘%- ) Gy %'u,"? q‘g;::)
Hi ey -y any oo, - lom ) = bf%(%--y““)%y"f %\
Then vzegg"]/\l} £¢(2) = j‘f(z)/hé(z) = am/H(?—]j s fﬁ s reqular and o

15 ariovpism.

NOTE Dimension of Produch

S N xP™ hon an o pen sulosel isomoyghic fo IP\Mm, and. dimension 1s local, we have
dw Rx P™ = n+m
Now AN w[P™ 15 wsorrionphic Fo e open subrelr Vox PMe P 1 P by wnshuchon Hene

dwm P P = n+m

- what we have achmf;j showh above s ok Hig open subset U; xVj = B7=®™ 15 somoype to
/N , The 150 bel 9
P PR

(G\}v--qulj‘ﬂlj. I,-\Jrn‘) —> (a\,...)Q;_\,\;ﬂ.i,-..) ah) b\}'”J‘bJ'[)LbJJ"'an)

et &M and VEN™ be guai ~atfme vavehies. If we |devﬁnfj P =V ®" and Az Usc B
avd thus U wih a 7Hwi-pWJ'edwe vanely m P,V wdh a quasi - pwjectwe vanety m P

1P” e
\o’a UO

g ®

As o product of quasi-pjectuve vaefies Ux Y 15 Hue cavlesian pioclurt-Jegether with s induiad vanely sfuchive
w a pibspate of [P"x P, Drsime Ux\V/E UhnVo s JP AP equnal ety Hhe mduted vanely shucurdw on spen
subseb of UpxUs. But UsrUo = ™ iy such co way that  xV s ldeiﬁ'hc"?-d with e product OxVE AT,
So 1he poduct U<V i He mkgvyw-/vaweﬁ% 1s U V worth the shuchure mdued. oy uxy ¢ U

Leb X € P and Y < IP™ Uk projectwe vauehes and X¥ Y < [P"x P thewprodudt. Lot j besd,

Xi= XDV = w P and Ij = YOV F¢ m P Then (X%)y = X+ 0 0% = X xYj s
an open subel of X< Y (nonemp#y ). T4 how Hhe fame umc\gﬂ;‘lewd rek ap e procluct X; x{y ofaffine vavietresn,
sl by e abore gommens He Jame vaviely stutchure c ) 30 X# Y nan cih open su Jg\‘ omowhic
4 Xi®Yj. Swee dimension is local (i.¢.dim 7 =dm@p> ) dimX =dimX3, dm«‘/-;dlnﬂj e

din (Xx9) = dim [ (Xx¥)) = dimX; +dimY] = dm X +dimY.
(3.1 ) '



Let D€ XsK and /= Y= IR be quaof'aﬁ:fm vavehe Thepwdud XxY € N comen
with wrl'hVIU\UM PwJedwns/ so UxY = (uxY)0D (*;{xv) c X XY iseap opgnmbfd‘ Hevie
Adim(vxv) = dhm(XxY) = dimx +dim?
=dimU +rdimV

Using theaboue, he Jume isdeof quani- projechwe vanehes. Tn summany:

THEOREM The cafe ory of vanehes han produdis. 3£ X, Y are vanehes then the unclerlying set of
e proclich s the cavtenian precluct X »7 ancl the pioyje chons are Phe canoncal ongs

¥ — X {2,9) 1—32¢
oy —Y (2] Y
I X, are both quasi-affine theshuchireof X =Y comer fiom A" (x < Bt Y S IA™)

ancif they are ot a;uaof—pvq}'ecm fom P ®™ (whose shucture we dexnbed earhiev). Finally,
fov any vanehes XY

dim(X2Y)=dimX +dim7



NOTE  Dommnant dual o Injech/we

In Popositon 3.5 we established a nothyral ‘o_ijedwn Lor any vemehy X ancl an affne vanely V= /R

o Hom (X, ) == Howm(A(Y), © (X))

We clajm Yhat & denhfies dommont mops x -——‘>‘/ (1e. dense imager) wih fbﬂ'?t’?‘wf maps A(Y) — @(x).

Let P X—>Y be amophisvn of vaviehes
ImY dense <= Z<=Yclosed and IMFcZ imphes Z =Y
&> IPfLeAY) and ITm¥S Z(£) then Z(F)=Y
If feA(Y) and Ve X F(T(x) =0 then £=0 (in A

&= I
& Iffer() and Yae Xo(H€)(x) =0 then £= O
> VfeAlY] «()(F) =0 => F=0

& () s njechve.



NOTE ZIsomovphisms of subspaws of Vanehes

Lef 95 Y —> Z be an isomonphisim of- vanetres, and lek X = Z be any subspaw . The subspate X olfams
annﬂed stdchure as a.mbfpm o,f AR (@P, ;Jp")_ 5,—mi£avly ?5")( obtzms a wVIﬂ(’.d spate shmcfure. juppomU cX
15 an open subset of U, and we @70 Tnen Theve is an open subset \/ of X f. $la)eVs U, aud there 15 some

open set D (open in 2) and o vegu\av map p D—R 34 Ve and Plv ={ v (m e affme cone Take
I he I'Z[zy,..-,.‘?(w] .4 Ve D(h] anel Pf_\*" P: I/ Ph—k. fl'milqvhg “q']"hgpmjecfzye [M-EJ_

A
.y

Twen 'V 1 anopen subset of &0 $7'D s open and :glp— R VEQ”’“"{WQ @ 15 a mogohism
1},0_%”{?’39 of ¢~ \f & & merpam}if ¢ 15 the same Maf;fif/pam of D, ancl 15 eumlj cheched 'H’lﬂ'f‘{Fu;r any
jui?sPaLw R P ofF affne urjgy\a‘ec}]w spac, W F:P—kr s mgu\\or S0 1S 'FfQ. Hema_ 9)’] iy H GVt(?SudQ\r nnap
¢ —> R SNl A waw afbivany, 115 proves ok p@ : g7'v —> R is GUAN.Fy sy mimety T ndued map
of spaus }3 ! ‘i’h’X —> X 15 alro an romophicm & r’mged spacel.

NOTE Indued movphisms Move Generally

Lel f: X—> Y be a mowphism of-vanehes, X's X Y'Y aVbI)LYDWﬂ subspawes sd. $(x')c v’ Both X Yy’
acquive VIYISQC'I spaw shncturen bj considevi

them cw subspawr of “affine or projechve space. The res’netuon
95!)(, X — Y s deav{\fﬂ wn—}mmm, and we claim 15 o morph\,sm_

Lef 7[' ) — R b uffjmfar 16r V= Y’open_ Let e X be sl ¢(‘-‘=)5U, and find Ve U openI.J. ¢[z)é V and
Dc Y open and z:D s Requlor s z|y = f]y (asume v D). Ten 2¢: F7IP— kR U vegular Sina
15 @t moneh 15, henw Z?S[ﬁ"vﬂ)(' L glvax'— R S requlav: Putthis s f 0 Plyr 1 7o Blxr 15 & moyphisM.



