
+- KATIONAL I lAP5

w e m

rn{hu recign we wtlwdwa lhenohans oJ mJwnal map and birah'onal equ'valene, vJhtch avt rmPov'anf
+) Ui, aiitifrrairn oi vayte+ra A "qhonal mop ,s a koryhtsm "'h*h r oAlg d.4necl o" tone oPen rubrel.'i,jnt 

onop", ",ab.te* +-)'u)refu rt deni,'lni htwaaq ,,aine a ld-of nfotflialwn la'lhtt 'etPecl algebwttc
i;;;;+i',; ,no;,i"iia;; i)ita,+kiihot npityy'o"1"p"1"g|.rn parhcutas the oonzl of b'Ghnnc'l
zlutvaQh@ 8 untluQ fa atgeVal< ff.ometu.

LEttllh 4.1 Lel X an4 Y Lo voneha, )e, f, qnd Y b.]v'o mo'phtru fam X k Y,, and suppot +42ye
rs a noncmp! ogen ubtel l.)=X :1. Ylv =Yu.'fhen f=f.

pR00F t $ta any vonely 6 tt:la{phtc ! a quaoi -ygec*vuz vane*1 Ge w" nolet jw} behre Ex Z.t6) It f l ( .  mLu.h<t / /y , .  VatP" r j  a l ,@j-  br ' r iechue .  1Vlon b,a hlAi . . ,no - , t lh fh,7--h"" , . -  ,^^^- t . , , -^"emaq,itum" Y eTP" rs ltaati- pwjechvel r'l'ton b1 wmy'osrnq wtlh ffu incla,uon morphrsm'
Y ->-lp4 ut vecluce lo.lhe ccoe l- //? tJe @ttrclerlhe P!.o<\)d IPnxP'wht*t hac a ihudarp
al- pwie.+\tup van ely 1tu'en loy )t legrc sab2dlrng,f,.3.16)the motyhttms fiY cklermlne q
mamhttm Yy5r, x _1),F'^ IFn. Lel'L- | PrPl p€-tp"I 1ne lbe dra7onal "tubrel- ol- F'xt:. 'm,arf Y/f .  X 

"  
>r"^F. Lel  L- {  P,PIpetp"} ,  be tbe daqlnsl- t lbrgt  ' l -  IP' ,<rf^

zILde+Me; ui  j^ ,r :  =x; t ;  1, , ;  =o,. . . ,  i  /  and se 1sa. ' iorra ,rbr+-Jl  rp; l tE-(  , .n.  =, . . . , ,
n leoe,kd wt l i  P'nrJf" .  r i l i , ,  zr  l , ru ' , f  , , . io""al .+o )<wye= JF- ' t€ " tu 9L+0..+o,/uo.{ lnleoe"kd wtli tFrti'. a,i ,, zr irnc. rf a.-+o ̂ "a Jz +o )kye= Jh-ae "tu yL+o {e+o i*o .j"*
V)  tv f j  -  ^ jyh  ro  j i  ^  x i  .  Jh /xo  b , (=y)  Ey  h  ypo lhe t ts  (y^V) (u)a  Ar ,o  o ,n r_c
( Y t p l - l n  i  c l o t " 4  

" J  
<  ( | * * l : t  a n d  U  u  d e i . n  t n  X ,  [ J x y ) ( X )  = / >  c a n a  r o  > l : y  e

tFFIN/T,0i\l Le'l- X,Y bevanehea n nhoV)-Usp Y'X---+y s an eqL^\vqlenq "lar ol pts (r).,!")
y.therc U ' '  q nonnwpl.t open&brelo/ X, f '  ' 'a motyhwn 'l U a. Y' qnd n)here
(Vfo) an"l [V, f,u) i i  e qi"wqle nl 'F h and yv ^gve4 oa.U 0\/ the '*wnol nnqP Y 's

4lvfl l$ tf$r,tame (an,J hente evev!) P1tf (u)J")' l fu imar o+ Ju ndewetn Y

To clanfu +fus lal ddterenl, snppore (d7 f,) u drmtnanl and (V!.): ( ur!u). sma u 6 an p9n,ubselof qn
vwclucide tpau * r n,.tducible anrl rlewc n X. t1o,eo,.rq UAV r an open tqbtel .l UJ lo u Mddtible dnd
lente n V ' t l  f . (v)  tdewe n YqnJ Z9Y sa do*d or f i1ef  sanis ,  nm3 ! , .1v)  r ' then

z z Y{(v) z t"(r)Av) z fu[u0v)
enu voVc\ i 'Z .  B '+t lhs rml t l rc t> UeYi 'z  ' "  Y.Q\ .7,  r ' tp ly  n1 z = ' / .Heno Yv(V)  , r  c lense rnY.

Nofe lhql +1,tu Lnmwa wnplrct fhal ite vclqirn on ears if u,Y,) iuol cfercnbed ,, aa 4qLtlvdenu rclaion. (rob
fital 'q qn ftldu.ide spou e*1*t^,o noneynph| o pen uLseL horr * Jnone rnp+1 rn}"oe.tr,on' N.' i e a)so riraf or
' a+Lonql mop 9 X---+V,sipl n qen"va) i ^ap "1n" te+ X +,j.ciah,a'one Lon LDrr\pose clonlvlc{nl
,"+-" '"1 .oi i  ( t) , ' t , l  KjI  o"nd (u,y') ,y->z + -/orm' t- i : ; i ,V"tu) ne map f"9" s eu'\  ,ch r chect 4o ;. ":,:";irr"';, "oa 1",J, r,o,i n"t' wn ( b:tvl ,i arutte ^l ditl*i. tl"* 9-' V '' qn-oPe\h rul"rl
"l u, y{y--iv)-- t ti '"ia{"tu subr el olt/ cvrj henu al \/. suppure t<gZ rs "lorpd d,}h h$ {y -'v) c K "itnen
Y' 'k tc londand Vf t ' '  \ / )  € Y ' tK.H&q'  Y(v)gt<.  s lh t t  * (v \ t4pn* n ?,  (=z ca vequrvecl '
d<.nco i can @n',srdsr t$e caleoour4 ol uonehett anal^omnanl vahnnal maTs- An "romotPhtsmn tn 1n's
calegol! ts cqlled a hiraJwnql miT.One cV utx thal tlte- w"npor tlnn o.bou"e v 'a'l.ll- de hned.

Df FINIT)ON A binlwnal map t.X--+y ls q ahoml ^ap wht"h ordmrh un 'nvenQt namely a alwnal
,v,qp Y:y----9X ttachthql Yf= J* and lf = tv.Thal 't,,{ ^'e,ePrwenl V W 

-(\),f,") 
t therc6

\!g! and a moryhurhl'V-> X .,

.ruahrhql (v,Y)[ur ' f) :  ({ . ,  :x) - +hal \s) (y' 'v,fY)- (*,1,,), t .e.VxeY' 'V ̂ f f(n) 'r-
S imr la r lq  (u iy ) (V , f )=  [Y ,  l y \  n "q ,a , . ,o len t  - ]o  Vq e t - 'U  yyL t )= t  I {+bevats  a ,

i,',:*1.^* 
fnm X t '/ ',rc tcry'*hal Xar'd Y 5'e l'i'rali,oncillr1 equrYql€ht t o' rtmP'J



'lne ms'n reull of'fh,s etlnn $fhal +he calesorv ,l ranehat and donnanl afu'tnal ff'ctPt 't e?4tvqlenf 10
tn categog of hnklq ltensaiec] 4 "H; *i;r;ir,#:i p. ,v,fh tlre dwou" revflre(l. Bsfu,t ginq lhit radll). ar< na ecl
a,onpld o1 temmat'uh&, (how fhal on an,q vanefu,i+he open afftne sLabrch?S'm a &te 4,'theltTotogy ue
say iootely lhal a e arte!1 se#ne rF,/ r" t to rnaQlnh in a&n, -ne!.

LEHHA4.2 LelY foa hqpev-rurfatz n /A'qrvenbL1lhe eywa-han lky...rt,)-- o.ltten /N-l  ts rsomovpht<
h fhe hypc,i6a H ,n t*'' j,in by 

"x,+,1'= 
t. x" pa,+irt"4 ./A^- -/ )s af$ne, ar'.| 'h'afhne

'nJ v k[x', t*ff .

PK1OF Th? (tte {= g F v6aqoua tt)e haw ch"cbad cluutng flfl1s\s ,4ofea ftrrqF ,/A"- Y rs rsomoyphr< a a t u.gelc  spdw
-lo H, *her Pt= z(l-/"+'f) In r1l'nets nola thaeare jual al4ebmrc reh - t"+tztem".a hol&6r'o",q
{, 'n ffu rcruelhal /t(-'/ ts romo|ontc at q tnJQA spou h lh'e A^qeA sPoqcrnsrng }r,rvn a olorec( re}rn /A"1

noreover aa on opm nbrel d an vrcclaciblz spae, lX-'/ v tmtJucible. Aen@ z (! - )Gt\f ) r. r,.,edr,tcilol<,
tvaPlUrng l-z,.+\F u ryeducible ( uthethe, f ,i ornot).Hena ztt-a"+,F) tranaffioeionelX. S"'ltt
Lemmq-r ;  hq. l r '  arb i  a '9  f  +o (nal ;wl {  twd.) .  71

PR0?0J ITIO0N 4.3 On an! vqndy Y, ftterc ts abarc $t lhe *opolqy ons cltry "f ofen affrne rahteL.
P8!r Wf mnf ,,how fhatrtr any poq! PeY ̂ n.l aFJ open rc4 l) .othntrq I lhaf lheve exr-]r a4 org:n a++1he',:f .!^.y!,f. vs.U. Fi:], 'ik u,s qtio a nr#1,',* ,^"g -*runo 

u-"y.' se*n Jt,t, i,)n on\a-,"i,"+!"'''t_*"":d.!l 
1"?; - ql{-'r" vaneha 1z.e), uv't rh3g aume'lttal Y,s qt^ari. o.(htji't,, lN. ,"e,1z . -\ 

-'1 , ,n hrch rs a clorecl ref rn i Al p.ag t! ̂ -ff'n ye q sF,^ a^d Teh" ,: "pa, ,.1. i='q ni. rfr"^y=i11 "nd so 7-y-- tn).,  ynt i .Uf.J: jn 1.. ,r 'nr o a.,,4 " n-) r-e{ a"eg-i1", ' , ." ,2"1be lhedeql,4 V:7ha1t tt:u 2 rdwerJ,Zvra p4), *t f(ln.d a p-"$n.rnul.f en ,*n'mrF-i'fpl+o
Lel .H,b< fh? .hype,r ,ur la@ f=0 r l ,  /N" .  then zsH b6di  ,Pel l .1 tw,p€y_^J0H, u,htc f  o  o^n 'o"nsubsel "l f. Fu'fhermore Y-ynf) ,, a"lwecl rubtet p1 /A".- H, whuh 6 "ffiin t"y t+lJi,lnun"l-,t!H a affin<..(erna. z-j-'/t and 2.. H, . 

'/ -.t nn * y0(,A"-H\ : y A(t "_ t-t)i rl"Ji_ynffrs rnrd(ciblo bj vthe.lktrrT "yen n Y.g (see Nok:aso: t rub,pauo hi uo-"';"{-,k1 
'

Now we,nrne hllv matn rplut] ol lhy reclwn. Lel- f,' X --) Y be a clomtnanl va*woql v\olp, rcp,eoe nfecl
bV (OYv).  Le l  f  6r6y l  beaB+Lonc !  fundan,  ye p, .eoenled ay (V,P)ahe'z  V,r  anopn re ' f  i \ ,  and I
ts a vequlav- {uncluan on' V. 3tna yulu) Fdenreh \ f,-'(v) ' l o ntnempll open tqbtef .f X,,; +3" .li o rei,.r lav {uncf.,1n o'' F, -'f V). Th t< qruen w o i4ln4a\ &r'ri"n on 2q, and r n ilrts map ner ar have cltJned
a VoilpasehrsrA al k-alqeLvaof,om-K(t) E K(X).Ihe.te cl ehn rh,s r's a,E mdePencl(n+ olftt,qnoru
chor4a yv1q6l4.

HE7RF-M 4.4 For anj hn va,r,eheo X and Y, lhe c&0rc aphtrchon qrueo ct b jteclan behr*<n

PRAOF

(i).the rc* of ,loralpay.lf rafnn,il nop" fi,o," X k"/
(ii)ihe rcl al k-alXoba ho'ytonoqohrms fiD\, K(f)* K(x)

Y:;ii,ni:k';;:;':i'{fif#Tx:[t'{'::J|t#?i::ffi:::li;!^f:li-"::!li1r-a,,,,
H'l|ili:i*;ww*( li'r \il il';{{rr\t ""J:,4tu 'mos,e s dewe'" '/"' "") re+ n ry)o; f,"h#,:ifl":il':l ;i!#:!:^'t;"i:rin*iii l',''uT"i^WffiTnt#':s.' r,r,aror
i"i n,',induir.i*^,a.,oQ.!u.morph*vqof k-ateeb'an oo) 7f ::),!;i,I"li i, iJlt,"!f,,,cir rr'Aitlni"tu{)eK(r)J:o.o(Y,t)r-"r!.i!)):"'i::i i i)r,,"*(e,r)-_atrc{=.ooo7 ).taru',,'iiL ,,,t ̂ ,r"')ft i:#,#"f ,i,,ii,!;!i*2,itr;^i:*,2;,::,::;A*:r,l:l: ; =t,
(nJ o,u, nol"o on cWntnattt r'r ' tn1el



5apgo se QsN r afJatt'L. U; antl io ! U--+1 o de4n"4 by

- p' ( o (e4(4,..., ott\@)

f
.c t)

Y(,)

' Thrt tidurlr 6 , r$) ----+ K (x\ t,,! kllouus

(v,t): (vlt),)llv \ r--> t 1-'(vnr);), {f )
we cta;rq $(t4 i1 - oUf).

LQ+uef  - ' (vnui l  6  f , (u)e l0t t , .  Smt / lu ,nu 'u; lv- - - )E r  reXulnrand Ui  =Q therc u mogennl
9k\ e W = U; OV hrd qhe kftt. t 8-J tu(h fhaf v we W

+tut- whf tur)
- g(s,U'1,.-trnt" }) Ji '  u; ----2tz

hlv,l,r\ --1A.t'4ll

tf u,t aalae polgnomols ,g,n m+.h'lt:t" vducA qTnlan' Stnc-htn u; ---) bt +h.n f -- J /1' ,a N Ne11t,
S1v,g) cr,in t"e vep aenha \ t!-'1vmi\,f!) a-nd to- uet''W= t't(vnv,\

A E U ( t l

b f t l

t f  (4) :  3(s,fgl, .- ,  X"f, t ' t ))
t, (,t, f b) r --. t l" ttqJ)

= 3(ott)1u1,. . .  t  o(1")0)\
h t O lu'11,,1,. -. t e (!"1 t"l )
oJil!)
q\ l tq l

d[!lh]tq) * 0trl7a)

sru(\F) z (w, +) : (vU, g)(w,, y-t) antl 0 r a mafi':m 4 tnXs, rtu vemqnv7 aala,il s T oclzra ' Hena
e(Vf l= 61v,f 1, ",a n s. $.

trloh 'Ihz otsqnrenf (it --+ {i) s &hs yla* nol hna"n4" k u,it ll- dehno d, r,r'.r t rnrolvez c^n orbtrerl-.hort 
Jlo ofipeopunn\ Sappre U:,'v, s:'/ avelva tuch afltru oTans' ond let yry; --+Y,Y,i, ->f

be llv end-p'odvth "-hetu vi.v; eX."t-et gr'e i K(Y) -->K(x) fu uclurtc\ 14 t,f ! Bq +t* ̂ bl*,-e
Eno, ,^r  e t=sr"= d.  v)"  * , ' ,4 ' - , f ,o^ 11al  . f t ,  xe\ i f lV i  y f : ( ) :  y ' f ' l .  t i \  " , ,  . r ; :  ! ;  - - ; t rbe
ncluud {wmlht  generako $-  kP;) . ' fhetu t -o(  t " - i1r ' !a t1 ' t  2(€' ! - ' l ) j  O ' t ' ' 'V ;  

"

! i f6 \ -  e l ! ; ) (a )  -  e (v ; ,Y ; ) ( * )'  
=  O(a iAv j  N , )v \  - -  g t t (o inuJ  tJ ; \ t )
=  j iY '? )

Hcne Yfx)=f,t( ' ) .  N0... . i . ,poty q, i t"  pz'f  =tt  '^ vinvd'.

o



iv< how lhown (i i) F- (r )t--)0;) = i. \,/J,v tuppak ! I) ->/. ts a.clonnq.n+ : aflont' l  ma7 and
g", i tt) -> K( x) 's llv r,tf,i,t ct iorpn't. ol- k-at'q[ b,at ,t el u I -<- 1 .bl aff,ne and ! " v ----> v; Jonrnanl
iohnnal'fr, Ve^ open. Fc', ,.e)nv ",re haw bj'A?hntnn ('{ f t); E a*fin v"nel3 =F)

Y '0  :  F- ' (eU@,,  o(y" ) ( r ) )
= P' '(!,y(,)) ,J^Jr"))-- f''f Yt ) =yb)

Hen,e an ra\nnal mays ,f -f. Thry nmpldl- ttt yto"f ol- !fti l-heotem. a

xl Bsatlg checked thql Y r-> K[)) s <{un 1or n u.{6llo,^r1w,

fheft.U dn qW6) reve '/'nq e4utvqlentz be\^een lhe col.qot'1 of vqne)ta and AcmtnanF
alwnal maps ",'k the "lkB!*J .l ^lt inhly yne,aled 

"fietX oxlentrcns o{ k'
CO RO Lt ARY

NOIF Bvahanal ElLtvalefiu and PqeLhve cloturP

?R7aF 7he equtvalence 6 dehned bq y F--+ Kfy). ftr anv vqneh Y r<(Y) rs tsomorpht. ac a k - o,\rybak-  
r (v )  fa t  o r r . t ,  apen "14n.  ( . le ' / .B t ( t . za \  r< tV)  rsc .?nr te lq  qenerq .Vd & ld  e" tunrpn  -1  F .5+rer r rc r rns
1o- ow lhit evefl 4-9. -hq1d exlen'rron Klk rc Eomorpht( 1"" KtY) ht soqE vqte'l! Y tet y', ,y"tl<
bc . tse t  " f  qenedo 's , 'a )4  te l  B  be+fu  tub  k -6 lqebm o l  rqenetd ld tJ  J  t  rJ -  'h<n B, 'a1 , 'nhen l
.l ) '1u p"t5iomol nig ft=klxy...,x-l ,so B 4 ft(t l &,".to-" v""{ Y,' Ff, ro 6 ; 6(v) an<l
t,Je afe doru . ff

NolE the above ynof pny,lreo antJ \rc.v\dl,s b; rahrnol 1o an ofline vonn\'J, v\hrch $ hrncl of 'l,rrv1al avrXwa.1.

LoRoLLh R'l 4.5 ftr any lw vste|ru Y>-/ fhz ltlloqmg nrdlans ae eluNalenl
1;l K anc{ Y c,v'e bira-Lnaliv equ,vqlenl
(i;) ' if ie,,e are )rr,o oy"n ru&.,b UsX and VsY a*h U 6era614|r.lo V (i.orrrr"rpfu)
(i?) K(xl = Ky) 4 k -a$zb"aa

PW ti\ + ti;) Let Y' X --+Y "t1d Y, y -s X be ,al:r nal vnAps (uhrch ate tnvtne lo each olher. Lel
J toe rcpaenlcl b9 (Vfl and I by (u,y|1hen tf,,s Gfftt.enled 4 (J-'tv),Yt), and s mtz
7f = t, a c.,ahinal nop,yf tke r1enl,ly "" f ' ' V. sirn;latltl 9i a )lc denhfu;"f -'U.
Ne wow -lqkc V -'(!'t [v)) q' ottr open re I "n \, , a"d Y-'(f ' '(ui) .a ovv o?en rpl"tn Y. rl lnllo$t
hon^ lhe ,onshuc.lan lnalthoce hi open rc4t arc $ofiovpht. (aa {aneha) .r,q Y c"^J Y
r,t)-) (,ir) Follows lwm +l',,lehrlwn ol.{"nsl,.^>n field.
( ;;i) -2 1',1 Follow 4*rn!lp lheow n . E

Lef YslN lo afiw, Y":/A^->VD glP^ awl Elerhf,l Yulhll*dorcd, '"€du(ibl! .u L{elYll)"1 t/'.tbt^a
y : V.nz fi, nvne 7 e I?n clured, 11a +hw rll-tl11u ltqF yn UD : Y 'or'f 6 an DPe n no^nlvnPg .rublel
i ttni"protrr]r* tavrel4 7 r'lencs rc(9) + K('1) ^'4l<-a\ebrw, to e\q aflln|voMeba 'r birafua-q1 +o 'lI
; ; ; :# ; ; ; ; ;7o i i , " 'hs; ;  

y"b")venmowr, iv 'o t ) . rnde,)eql i tonf {^-o, ; - " l4nevai$, ,  . - t " ,  aa l
Jn ia "ffine vandtl , ate have

tuy@
\^)o wtll J@ v Pap \.a thattlnr dal-evnenl- avt be mac)e a lol tlmnqer.

NorE B lya+i,ondl uqnziet have)the ra\w dtwenflon
Ethe- {w,u (Q.si; l stntz Jor an4 'tanclg Yl dtm'! : eltmOp,y -- drtPtv {o' any oPevrretshb"rhoo"t -l P
N.fu,rn, (i:) :nu $' qny uancv dwl = fi.Jeg. Klr)lta



lHEoRErl 4.64

As an ,llwlralrnn ol  re nolwn ol- l; r'otronol Low'erpD(tdenu' t r,'e. wrll La,rc so nre olq.b,ar i"2.4L cn
{elcl extensrorrr' lorhow fhol €\etJ vane! rs btralDnalfs a h!pe,r:u,lau tn PlajedrE JPau.

('fiteo,em "[ lh e Fnmt\vc Ebnert) Lel L bt",4nrte repqrable /tefl slpy1r166
af^hetd l<.1trh lleve 6 an elemenL qE L wih L -- K(4). tutll leyynotr,

,L f,, ,P^ o any sel'of fngvdon 4 L ove( ts, arrcl( K s nintk,tten a .an
Le {a\een to b+i lvear  -d>mbtnchon 

4 - -c t  /91 +- . . rGPB - f - t  c ;aK.

?RaAF J.e f 4on, 
"EknevrL -l FteldTheoiJ " naleD. n

PEFjNmoNA. . r tddax lewton)< lkc2epambly -qenemled, t lhevera tan . .endthubaae{ r i7 {o tK ILz-
sl. l< r a repamble alyb,er evknonof lz ({+l).sucla lvanstey'tclenu bctae v t orl\ed q
le pavshnu fantcendehs boau.

fHEOREfI 4.1A Xf ' 4eld txlpnlrcn t\lR c f nrlelq l,nealed ahd ftPa, bl! gentaled, +hen anLl tef
"lqe-ne vria ,-onlatt q rrhcl a hifu t5 a J"/anh;1 1-wn/'etldettu htte

l$!! combrne ]twTheorem v plz andffu Nole a, pl3 ol on " El.m"nh .+ r=ed 7heog" "te't .71

TH€oReH f+.8A 4l<rape,/crlf ietd (hwar( chatl<=or-tt-, i frnk,.( qlfbratcs\lJ . lo,q?d) any
lnklS ge:nemfed field e*leuston trtePa@blJ f henlzd.

PR}?F pt3 EFr NDI?2.0

forrrrrrrrrrrrrrr ?uJ!!! ry Ary vanelg \,|-cltaentton r r b,mhnnal ko hgyernrhu Yu ff 
(rt.

PRooT 7r" onu tanelu tn" funthnn freld K= K(x) 's ahnlel,q qenenled field erlewpn ol h L*tlh- 
han sJrdenu"deame drml a'ev k (t.e Note lollo*tng-n'ol of -lhel) dn 3 4.) t lentz b'| l\'g)Al:f,nt./ denQ"d?qu"e drmX ouev k (t.e Note ./ollo,,tn9-Pv6ol 6f -lhel 'en 3 4.).tlentz b'| l\'g)A
x B iictrahl"t qirri-lnA o,v* R,'oJ",anfinit 4 gp6n\n'1 lvantendenu boat o'r" A, w'l{'
v -  -  , , , ' ! -  - r ^  ^  \  < t , ^ t a K I A  S + n t f e l u  q ? n e v a 7 e . l .  t o t <  K I t a l o ' , . .  , a - \ , & U a n U f i l li';i;ri"i;""1;,"';ii, llii"t.''i^i<ia'il''tnt'1"7itnev"led, ''o'i ,if n1t', ,ai1 ,ihenutt'o
e xfe'rlro,r r</ en,, .."t tf inle sepa,able and toby It4.6n]l d.'Lfl\t+t a P,v trnthue ekmenrgel;XZ;ii:';::,i:1,!;:!:i7'1i""A;$1,"q:';lfrU.i{,ri'#ttr',|"*ri!'li. <t i1,,,...,o"i ,7,^t" '"pa,able anrl,t7.,-vy Itt fi!:1!:If.f '!!n: .k^-*.:t.u-K

\i,,I:^tr;uo;n;;il:;**:';:2''i:.1{t;ir:Y'T;r#':ifr:1'i't;'!::;!"LE
pDryro/rlldl

f (x , t " . . l t tv t7r+r \  ekf tv  1t t . ,x ,+,1

whrch  r  pv tmrhve,n  k f  ,u .  , t t " l [ r ,+ f l  * lh  { (ay . . ro " ,y ) - -O Le ty  be  lhe  h lpp t  ! *+aa
Y-= ztlJ= /Aft ' ae.ldi-m +hq+ iiyt ='f 5tn.2 + $ weductbt( tn Rlr,1 . rx' lt ' !rt7,
l[a,,. .ta.,v,*J ts.tftedu.tble.n ktl.v ..tct, l lxftf) (+luet att alg.'ndepl) c,ns1 4 r ol po we
AtH -degEe.yne fne q; dE oStndepj, Henu b,4 Leyi"..mal f t3 ZZs (?n aa'p pote-5) *(a,...,o,,x,r)'J tweduable r", k(av -ar)fr,r11 tlenu l l ls.lht mtnimuw poly,omtql (upln a' qwf) Fl . l
o'reY k(c, .1w), oncl rt followi thil tve hav< k- al72b,a somu'rphtsns

( ;  h ( a ' r '  . , a r , y )
:  h (" , ,  ,od[C]
= k.(?- ' )"  /  ̂ ( ) [x,r ' f  I  (P$r. . ,q, , r t , , , \ )

5no l ( t ' , .  t t , !7 f t1 )  t ' / , tm i tuen,d [ tv . . i , ' r fF , r , - ] ,  { lov .  ta , ,7nr )^ i  p tmthra  DL _ .  _p fa" , . . .  1a ' l l t ' t t1 , ta  a  Po lqnom@l qgp lar .  l  a t ' l  f t v  v  t ' l  t \  c "  t luwp le$ l  . l ' t ^  k lau" ra tJ la l r tJ
'ld-,t ,t on;ih eTff 'f .ni^, ,r,lY"'"'i 14aif,y ye',nma I (;ii)) |1lfl., ilrrt It an rhje(tw
hornomo-4lnun * R- alqbtaA

slnu- lb e,$nl k-a\cb,q s rgmo,pri, 1o .klt,1. .,*,a"a'71 (fbv . )rr,t,fi+)) ,^,e rce immechqklU
tu$f K(J)2 K cuR-qlq4bn). l)htt +h..idg..1 (') 'n J< Laq+qiar te,q,/.../o\k and 1 )- B\4 [orc\\ov1 '
tr.5, X rs h;dwnql h f 'B!'fh( ndte oA+h.e PR vtoua pale, (nzhy7uu4ace Y1s-t i.q{.onc,l l o.,l i
p^ittharc dotu,ul,r.htch 6i hgpp n uvlor'4 t^ Prrr b1 a wole -(-l l",x't ' j  Ex2.1.'fhs nnplQwl
Yw poo111

R[ "v ' ' q ,1L t '+ , f



Blowmc l)p (lhwuqhouf n> z)

At anolhor exqmple o/ a b''n*nnal nnp, M wll now s6y16|a6l .lh+ blovt tnq up u{ ovonel+ ql o oo,n+.
7hr npa,]anl consluuclt'on 't 'fhe matn k 6l nlhe ,rea olwlwn ol uquhnhoo of a) alqsb,aK vay'eht. Fil wr wt ll
aosluit l l tu b.lowr,3-uy4 tN al ltn ponl O= (g. ja) cottdet theptoducF tA"xp.-l -htchua qua0i- ?rol"clrft uqnc\ (3 tL). a., tx" arc)tuafhne no. chnqkc "l /A "nl r,.....v'^ are +he
homoq.eniaz Laa. . l l1c^kA .o I IP'- ' (.o+214,e unv-ual nitahon),lhen lho cloted subre"t "/"r1.^,, Ip^-raredehned bg loynnmtos rt^ rk{ r(i,Vj wh,.h are hornoj?naut v'Kh /prPe.+lo fi" Ji |f"f 4asV,9 F^ \

,uJe now dehne tta alortnJ "p_:L_N!lh:_p9 tP
c 'e f lnad o t l  1nQ e lua f lan t  l x ;91 :  a1J ; l i i= t ,  . rv \ }

1', be'fhe doJed tudel X o I l\^ x tfn-'

x -=---> NxtP"-l

IJ

l-sez osr Nola,on hou, +" loo[z
ql- p^ x lPh - l  wit tMl vaMq fegrr.
ctored rnlpreh P""F.q' '  " iz 

-

z(P\ uhela k P[l',, 'tr",!t. ,'1"']
rs reparak!1hom.M- x( ancl l t  .  - .
r . . .  a \ r ' - a " \

Lol K Jenole +twtotq+nnr
(v , r . .  , b ^ ,  c , ,  . . . '  c ^ )e  11

q;q.k wol al\ zero, lel<

J ; q J ' -  . ^ t V j  i , j = L .  r ' !  ( z )?( ;eJ -  A i^ j

r , ,  lA"  rP ' - ' * ,  ' thr  lamt ly-  deu ' / | ,  L 'sY. ,and Kc-  X stncz f

a;c; - ); azb;.5 - /rbaa;ci = l;vuc;a)
-  [oawui  c ;  = ] j  c  i

,@p haue ,a nahanl mo.rphr;rn y. .X 7 > /A^ obta nld bj ecluch ng !fu' anleclnn map ol' 9t" * lF'- I o.'|o
rhe harlvclor tueurtltno rlu.t! -rhL pnrytflo af zt.

x ;  -  a ; b

il) Tf P€ lA: P+o lhen !- 'P,pnt,t*.1 a tnqlo ponl. ra lac|, f g,ue1a, somotphtsm ol X-t- 'o
o t k  h " - O .  l n d o e d t l e t  P =  ( e , 1 . . . r a , \ , " t t f t r 1 o w i . , t ; + o . . N o w ' (  P x ( l v . . . t u - )  e f , - t P ,  + h e n  $ r
ed.h I !; = (qj/q;\l; ,.to (gy ,t") D Li rjuslv Ael.etmned qt 't p(>rnl- ,1 F^;. '. In (acl1'e1hn3
J;=di  # Ln")" tu t ' i l '  rv") :  G,1.. ' ,an) 1h' ' . f  ' '7wrtr&olat t i l l .p"nl  tu"1homorc, f5""pu * - o,'"t+ry Vh : to,,', ̂il i t ̂ i,a") aelw T, l*7" ?6'nh'{'n t" v! ! hi"nl
K -.t''d r, ,rJ-o'ph,, i h:-;.i; "$pot"X ',"1'F")(-'l ;'dea.vt5 

'- nhmun*. b'j nlwe t"- x -'f -'0

"li" m-!, and yt N-o --+i-y''p i' '"iln*t:::.^'.t,$: trzfae "'t' 't'r- /!^'] a Etx'] "' r'f
\ . , ( ;  t - )  l i  y;  r -)x;  th 'n t - : i t i In7-t 'b) '  T- 'ef t l )  -  ze(f) |

(4 Y' 'O 2 p'"- t .  - t rnr)eel  f  - to "on:tsh ol  " .1!  ponls OrQ, wthQ-Gv ' ,1,)e tP"- ' tubjeLl+
no qt lncfwttt

(z) rue porvrh o( !- 'o are rnl-l LD.lwpon.kr4@ w,lh lhe tel o( l\neD +htD^ah orn /N. f,ndeed,qltne L l\ lD,rsh O ,n /Ai conbeS,nei by p arannelnc ecluafions J '

Nowrcnsrc )ev*p  l tne  L ' -  Y- 'CL-o)  r ,  X-9- tO.  r+  ' s  9 r \ ,€h-  p?yamelacq l lq  b5  a ; -a ib
1 ;  -  q iL  wr ih  ke  tA ' -O.  B0r i * tcq i  q r<  hsmoBevtoa  ;oo(d tnqk)  n  lPn- ' ,  f i  ra re  <on.ec1r ' ra l l j  we l l

c lvcnh S 'by  +he equahnns x , :a id  l ' - ^ ;  h t  le  Nt -O.  bn  t tder  (a . tum,nJ  4R+o)



n oreover . /  t7 -L 'U ox(q t r . . /< ,h )  s . tnu  (z )  tmp l tu  x ; :a iaq /ar  anc l  y ;=  a ' i yu . /q ' . .  f le l t ( - .
the cloure ol L' s L'l)ox(ay..7an)n \.

fruorr
l- 0"" mogw,ell ook how da,,1o,'r hnow | 6n'l ol.eadq clord? Supporc f(<',..,t<^.,!,t 1y")

ts 2?6 o; L' bvtl nol on o i [q'.,. ., qn). tha] 6, V+ +o

| ( a r l r . . ,  a " l ,  a , , . . , a n ) :  O

8,.* lhat antdevtnl t * a vanob",, fhrs tt a polynomol 'n h[+7 cvii wcry -fuo rnong "oo{s' flencc
aa a potlnovvlc^ r,1" E, [111 =o- ln yathcnlci" f 10,.. ., o,a',-- -, anl J a 

I

Now7J roek  t - to  o f  Q=(a t1 . - ,an \e  lFn ' t ,  ra  , .n t  rce lhq t  sendtng  L)a  Q g 'vea .nJ- l  ,o rvvrponc lcu@
betwren lrnen +ltwugh 9 '" ni ""i p"i+r o1 yd-'p.

( 4 ) X u ' " e c l r , t , i b l 2 . I n d e e { , X n ' 6 e u n r o n o + X - ! ' t o d r d Y - t o . ' l h e l t n l p t e r o , s r s o m o r p l l r c l o
A -O, hene wrecludble 0nlho olhot hanl, ^Je how.lLqlreen ftvl e't<'X porntaf J-rQ u r're i lne
clo tt^ri o,f rcvvte Lubrcf 14n ltl t') ,l x'- t - to ier'tu, X -t 'to s dense m X, wa X rs rvueclr,rtible.

,r'c Y=4 vanAJ
DEF{N ITION Tf Y '' o clored tubvo,neHl u{ ./\^ panstncq Ah^,,^4h O, v"e &*rn lhe b)put-U:-yp

ol '/ af the potnl O h v< \"- (f -'f i- o li- , *hi'e ' 4e nofet "taturc and y. X-+ /A^
's theblowtng "P ,l /N ql fne-ponl g 4isaLed abat€. ttue zlenofe <.+lto l"y S g -> Y'rhe morphuri ob)unsQ by ,ectnchn3 y, X -) A^ f t,

t '.tole lhal X'- JFxlP"'',tclwed and &m,cltacible, hen. ts a subvanet'J "{'}be 1'tani - Tniechve "aneh1
NxIP"- ' .  (ee Ez.?. ra)  r t  {o t l ,6 t r  lhaf  XtorboTuai ' lnychve ( - '  astupaa" l , 'P)  ^ i :  ' rn- ' l ,J  ' i '+^- r  ) .
+ln U Ex 3.to'hfu ruhion 'l- X ol /N , IP" '' ---) )\^ B 't movPh$m 6t vanehe"

Nu"t  le l  PtN bet typanl  P:(c , r . . rc^J anct  t le-$n. lh t  b la. , t tn jup. l  lN ^ ' r  p  +"be* le c lqel
. . ! ,b/( l  +.A-x,tP" - ' -ALhnoa by )*w eya*an s I  {";- . . l1s; I fr- . . ,  1l  11 a],. . . ,h].onea3a'n
we yrov< lhe LDnhAvtDW valop

Y ,X- -+  /N

a^4
(J  a l  qe 'N,  Q*P then Y- rq , ,o , rs rsL  o f  )1ze : rng l "  porn t  6 f  q=  fa , , . . . ,a .y ;

Y - ' Q  :  {  { o r . - , o . ) *  ( r ' - c . r . ' - ,  4 h  - c , , ) }

T h e m q p ' y . / A " - P - - + X - Y - t ? d e h w c l b V  ( a y . .  r a n ) t - >  ( c . , , . . 7 q d t ( a t - c \ r . . . t a " - . ^ )
u arlatit aonhnuoul ancl rc 6,- p B laDm{oflt lryhrc +" x-J'tP.

(z) CleatlV y'tP= lP"'; Ihs hwe lfu etemenh arc p xe fur crng c\ ef?"-r. g ? --.J 'P,':i*4,
(s) A lve L ,kwrrgh p h lX can be grven bg pa".,,n"t r< oq uc,th^"os r ""edu'cible;ubrel "F X '

a ;  =  q j f  +  c i  i = 1 , . . . , n  t e  i f l .
wherc nd q l l+ Iu a i  on ze@. Now uonrrder  L, :g- , ( t_-  p)  r "  X-Y - rP.  L*  v  3ven paam.L.o l ly  by

' ( ;  - _ ^ i V +  c i  J i  _ _  ( ;  + + O

Now anstdet lhe polynomtals
!  i  ̂ J - 6' t  i  i , j  =t, , .r  a

(r ;  _c i )  a i  -  (T-cJ)q i



Lal K 9 N xlP" be'lbe cloted 1a$pf 6awecl oul br14te't< eyalnot- *tqrn tl ts ch ecl'pd lhal
Ka X,  L/€ ( .  aaQ Ar,at lg ' thor  \=! ,  an l

K-_ L' lJ pt(ae._. ,an)

Sorcndn3Lkfha poyi Px(a,,.. ra,) ttve4 ̂l 't adet P on denG' belt.l..n ltrua?i'n,afl\ P ..nd 7omL"tY-'P

U4\ A t' now ecni\ reenlnal X rs rvveduc:ble.

Hena X lxamco u quani- pwjechure. vanefu uncl f .X----> lf* a mo'yh'sm. The *opo loq,,| o- X r:.
aa'19 denuecl +w +hL]Qp .,l,,Sy "L X*n"^.'t\kno\ va'nf llt ' (qn'hl '{]^'c+'^ft. aol,5,"i^^*U'-'

Wf 5 t  l ' ' *Fh- ' .a  mog f .  S- ik  rs  ry l lT , f f .  lses l tere 6 U€Jopen s. ) .x€( ) t
ca^.^ gttLe t<I)te'-r...,t-,V,) .,J^ l, iep?m-letJ | l6?63e.no\ n ,^4t4 r, anct ys (d1^ 1,1
havn l  l l v t  a rnz  x -e leJ 'u -de , ]g ) |  r . l .  h+o,n  u  ond +or  o \ l l  (q \ r . . . ,4n2b, r . . . / t . )eU

l (a , , -  - .16 , :1b , , .  - . rb .  )  :  g (  l ra r , . - . ,on , ra1-_ . r1 ,^y
61r ,  i ,  - . , " " ,  v , ,  __. ,  U.1

fhs..u deat$ eluvolent F!:* betng ft\ ehfi1.. -, trn"9,,.,.11^l homlJenowo n!tu ys
o + ) . 2 n n e d ? g r c e  t . t .  h + a o n U  q n c l  ! ( q ) =  9 F ) l h [ 4  V a e  U .

t-l.hu vre Lan thDvt hat X- Y- 'P = ,A'-P ca vateha l.}c hno'j J flt"rJt 1" q,na'phr5m X-'t''P--> l*- P'
,liZii,]tv"iiti "' iau ihal rtu't'avcv< y /pl'-?-+ X-t'P /'a r"ovPhum Let Us l-l ' 'Pbeopen any'-t,- 

UJ->A ftqulat then ̂ < ltnd {,'r ze'f'U an opn rctghbothatd V'f Y(', and g,h6lt-fx,1",t^,At.-',1^1
Ao-r5oro* ,  d l lu  y  s ' t  h+D d 'va"a +b ' \= 30 lh tv l  VveV tu 'an!  (a\ "  'q^ \e Y- 'V "*  h( t te

! ( ^ l 1o ' , '  r  q ^ ) )  :  f  ( a , , .  1  o , "  a . ,  c ,  t .  - .  1  c6 '  cb )

-:.  X (q't" ' tQnrq' -  ct t  "raa- tn)

h  (q ' l - - .  Ja6 lq ,  - c ' l . - - ,  q ^  - ' \ " '  )

=  K  [ s l  ( a l j - . . /  qh )

K ( h l ( a q - - ' r  ' l n )

fu f ierc  r<:  k [2q. . r t - , fy- . ,  !^ l  -ak[ t ' r . . . rx^J g  ̂ ;1 ' ' )a ;  J iH 7( i  -a ' .  C]<a ' / lV ts(h)+A," ! ' tV 3 ' {q
ts[}gulo(,/ d,t rr|utrtd. )-len,z\ -'! ' 'p = N-P.

Nrw)cl YeA* be clored andll-:educi4e. -(net p Pe'/) ' l- P='/ E aropen tubt<[1 ,-hrck s thun
rrn"ec l r rc ib le.  - '  Le l  f , ,  1-  >76^ be jh<.  b lowup of  lN q l  p- fhe-  x*y- 'p=A*-p,  r "  Jr - \ (7 ,p)  r
art tlrcddLible subtel ol X. Hen@,|ltcloturc f -'ty-p)- $ a cloreQ, twp6tatible sqbel of X. Uenn I san weduc\ble I o,At 1 elosed uhtef of X, a q.aori -p6ielive ,tctvi2.lg . tlena, i Le,.uma a quc\d-p!oi"c+ruevqnerS Nolelh#" J-- ' .Y o.daud ar4 tonlzrrns i ' , {U-e'1-t ;a+,nol l  f  - . ty-p)- . . i " l r  p" i"H "1 p.- ' .L
Y- (1-P).  Heno f1 i )  sY r* f  rutheh- lo a rnephum

y: I  -->y

the '5omowhu rr! X-Y''P =Ai-P ve.flr.t: iu on somsrphrsrn 6i 9-J-'P w'th 7-R.Thqf s, J
It q birqhDnq\ mglphrsm o[ ] to Y. (A hnafux',ol !!pb!!2 v q btarl,,'nql maP di+n d 1;tfuwho!5 vone]y)
luote lhal-ltrrs clehntlron apparrnfiy dcyends otfuw embedrS "f I'n l+t L2^+ tn lac+t u"re wrll /"€ ldter
lha f  b l o t l t n1 - ^p  6  rn t l r yu rc  (8 ,7  . 5 .  t )



tne eFf<cl ol blowrry up a gotvfi "l Yrs +" "Pall Qpcllt' 'l near o actordnS lolhtdrfl<renl doedwn oj hnu lhnuSh 6.
bJs bliw up At "t O ,

rwutg, fv,e lopoloqq .[ X ,
s de$uPA l,q'. 9/ )taf'h dhcl
z eX clurei tff- z o lhe .
nl<.oet-l.on ol seh zl?l wh*
11*1'1,1"r\ $ hofioSenlLk tn
'+ tw (e3 .  au+J l ,  an<)

z Ul = f (a P) e\ - tP\ l{l*b'a P)

a= z(za -*y)
nlth, oq, rC\nalot rt U t\ t t+

V I i,,'t) e f ' | +(oA crd)e ol
'fuiv n & w*) &o n tl't k P ol 91
or n^ rlP^]

tr)

rrrJe qllqch aq,n$$nrl< lq4 IP'alo Alrlz r- paosurllh^"9\ I hot oeLucplarzd uX rls:Lpe Jo

.fyt! 1c-6,1^tt tt t'1hc[sn|ea, y -o*,, be^mJ (1'ohu' ' b1v a"i ' ncahom d.enhfi|0'lnn worht

(rn'- o)
cl P'.

tuunon ,umtoth"r aelurl m.lurec we.cM d,vavJt btttr inl wvsder fh-e auer /A'xF'- U" u u, where
U; - i^^ " ini - Z(f il. ry'eatl,e'r nola (wseuis.3 e*w6€, ) eaoh Ui r: tsonnovphrc io 6*, vro,"

Y: Ar -> Uo
[orL,.) (----) (q, b, l ,  c)

4, . uo '---t /A?
1a1b; c1a) r---- l /q1br Vc)

Now undeu lhs rcao"phtc lhe closecl nved,utible subtel y-ALtogl)o ir,6ap"ndsl"ar ot4rt venelg ,n /F{,
tnneshnq.l pov'fii lqtb.c) wtlll b--qc.7 o+ rtl xn!, u ltu.affi]u.vo eft z(!-^zJ siN.-1h<onl:i pornt
o l X n o { r n O o q r / e ? l , r o y q " n - l ! \ c y - a ( \ s ( r e . ( o / b ) - ( o , b , s / b ) ) a n 4 t h a P o r n l ( o / r } e l P ' ( ' . . . " o ) .



Vrrota\rsrnq * art llt 't glane U lP/e^,n (t),1h2 tsonotphvm l.
(r.e. )4w o,eluw "n pzl ,l'Hat\ho,oe)

z(J -'(z) --n[A

o/ qt'aph{7,r,v ) = tl , i(q/v)=uV, z-{u7v)=.v. wlh u vanS.e 'ot:/.o's-a^a " @"XQ '.4,11
J ,lte drvdetrIviotnE.f 21a-tz)rnlo lun qwugs, lnoe 6l rvtelotm. (o/o,c) (l.". l la{ z-"rrqJ)

c 'nd  (a ,V ,  tb /a ) * ,^ 'q+O ( '  e .+ ly -e  poml rno l l y ingD{e t ' ruq-q<rs ) ' rhe+o 'vnetPa inE Gre  rnqpPec]
i i-it ri,.i'!+ rF' *brca' +1" lqh" i tovn' /Aa 'irrr'tn itu y'- o^''

5 i r ,^ ;  t^ {11 XAU, , r  t rono4411q lo  z( r -gz)  v tq (  \q ' ta) t )  (ab,a1l" , t ) ,o- looErnqa{  XAUl  oa
/A( V lPt itnu Jhe n- ^rtt .4nd oo = (r1o) e lP \ , tht z--e\rs LowY) floncb 1o)he pot\ "f lPv ,thz" +n"6 14o1
and the potql o[ P,t o€ t1u x- qnt ate q bie.'Lon {, *A at\ 6}fie' Ps\^\'s ''l z1^:-yz\

Atn:v lev l l te  cuwl  t4z=r-z(*+r)  = lx l .  ,aq 1:  z  (92-x>(xr- r ) )  ' Ihe t los<o\  sc l  f  
- rY< X

n v t p c r r c l y  y y r T ' ,  ^ J 8 - ' Y -  z l x u - + ' J \ n 2 ( j ' - x ' t x + , 1 \  =  / h ' r R \ .  l " - f e  l h a t

y - ' Y  n  V "  * -  \ ( a / " r , 6 \  \ a + o ' n a  9 z = q r 1 a a \ /
0  { ( o P , < , d \  \ . + a }  :  J " Y  -  ( o /  o / e r ) .

r.) n<1 o v lh e u o u ovlchrs m lN *> v ", v'' v' Xl-'- )",a' *

f [r 'vt4 | a- orc "n4 62: qz (^+ t\ j

= z -.^x\t U f f^,\ ' ,tt \ b=a< o'.A c'=a+tl

- *  z ( t , u \  U  Z ( ' (  - J z \ A  Z ( z z ' ( x + t 1 \  O

1[wt vrsrtrltre z(^-qz)\ lgtrq eyer X-q-o*u'] i '" '  lnzabo'e prlLtvo, Y-'Y-l 'rr9',,1. tth t- lhe
cuu,r Aepr.<k<!.^ p2q ,l !.1'():kd. rne, s t^12' y-'y - 1o,o,o,r\ @wezponds 1o z-ar,r U Q wh'K Q:2b-Vz)Az(
z 2 - ( ) ( t . r ) )

!,rs (4, acl c) r->
(aPc1 l1c )



the aboae nohvala the /olluwtnq |aq{ : /el 'f = Z( 'lz-tz(x +,)) g fr". /}r blor.vup 9 "l 'f rt o u
f  - ' tv - . , r1  thedoted rc l  z(y  j - r2(a l -  lD S/A" l lPr  n lenecL w#l  X lo  qr ' .€ f - ' lY-o ' )UPlr ro
5. . .v- i i -o ' tup l .  l - l?rc  tJ  lh i tuc lz .  on X- lP '  whtch rs . r r r  b ' jectwn wth 4{ ' -  o  vra (o,1L,o1u1 4a6a1b)
u''-]"i1* 1-r ) haz +7u Jawe soldwq; a.A llk homDgenDuA polnonal uz - tz('( + | ) But

z (u2  - !z ( * r \ \ l \K  :  J - Iy -o l  U  t (1 , - t ) ,  ( r r r )J

t\ole tizraf f,-'Y:fP'\)l ,s +he dewmpor,lwn ol Y-'Y rnfs rts rwe c\erci l-lc. povnpomer,!,.*hey+
7 = y-'(v-o): Aenol denhl4ng 0" ",,4' N, t-'Y AV" - lPrl10" r,r 900" u tfu dercvnporiia.6 o{-
lhe cloreol te| y-,ynU" E Aa injo-rii ryreclr,r< i ble tDrnpo cn+t.gy ^^lgt^tveas qnd (z), *h,c\ rvv.Fll€,

y - 'yn U, - z(*t! \  v z(x-l->) Az(72'(".rr))
= F\n u" \)  ' )

wemul haw 9 n V" -  Z(x-!z- \A z(zz- (x+r\ \ .  *hrch rmplt<t  i -  y- ' fV-o1U {{1,- l } ( l , l \ } .
{ri*ldjo'n,\ 

'l t'!uiopc,o of hnr)'lhwu! ts u"hnlnailaryevh' ,. c.sepen{e oul +tv stt.gLllat Pont o a"rml
4n fhe Tanq enfilob4-

litl



ExERctSEs T. I 

La+ It3 be ft.1a\^r {uncl"tn: on op cn tubreL o[ a uanefu X, 1..U--+n I V --+ k qnd 4tpFtote
f  =q  " "  u l l v .  t  ec la iy r+h t  f i  n t lwn c ,  UuV--+h Aehnu11"  bc  f  on  11r 'nd  q  "nV rs  nq i la r .
Ra/lhB t obtara rM& wy.ah pa./rl" *q. f,an.fw1! Na,. lel- f be ̂  ro-lwnal Jin"hon.n X."Tnd,4
t , r  an  equtva lenu cbar  |  (u t ,F ; \ ; ,_ r  " [ ,  r<c tu lav  nap '  L t l  W-Ur0 ; .8y , ]e l t  h ,  i , ie7 ,  ! ,= I  "^
u:nl1 Dy 4d^ 4 :heof theve i ikT"lu' mqP"F' N)ftt,l Flo; - f ; tuu 1111,i1 b.i nor".tu {,
ancl 

"W p ,lca,lt1 thz laSul oTen rcL "a" uhtth J " ftPtqenteq We tag { s luhn"a ^ 5.1

idFll iv,,, lef Y, X->l bea nhanetl m1tt J,G^ by an equnele4z ctcw [(ut,f;)],..2 J;,t/;---->\
uhen l  -Y,  o!  Ui .nUJ.- rheuntoy l 'd=U;U;  l t  opevt  n K ancl  f  . .W---+ l  dzhneA b1 f lv ;=f ;ts aa aall- $aftzeJ vio4ohvm

(o) LeI f be lhe ralnnol funrlay.t on lP'3rten Ly {--'l'," cleatlg f l./o - tla - v('l*.\ yhet\
f s t lefinecl on g" ug 1a1ul)4 . b/o

(o) Tntnk o[- lhs ao q ahnnal mop l?"-> A' qn,l tor"nPor" wtlh 1n' : U" <-+ IF). ?\s /tlcq rr
a ralwnal map lP----) Pt .tehnecl o,t Uo b-g

f  ,  (ob,..) t--> (1, e)

Lel 9' be ,JeJned on lfz- (o)qt\ b1 @,b,c) t-> (e,b).1hr u etui/1 che'hzA J" b" a '-'l'onat map
y ' ,  P" -+  Pt .  P l  o reo"p '  f ' )o "  =  f .  t len& P,sAe lned o^  lP2-  (d 'o ' t )

IdT, rl,A vartly Y s g-[p1ql di 's bi,&onallul eqLtNalenl ta IP^ $, som<rc. s,va K(lF^): kU",...tx^)
b4 lh .s) ' / ryru}nnal  f f .  t<H)>kln, ' . . , i , )ao*-atqeban /or  nne nr  *hrchr(1.  K( ' /J  , r  apqrc
lvznsrcndenhl exl<nlan o( k ( tn*' f (fl l h 'i !.1. . . i1y +"u,enr1aas2 foqr u fin1k ).
@) ag tx 3.[ ") anLl arrc o F2 $ mmony'hrct tP', henu nhanal.
(b) n r"k i'fiql lPi o bvdhnnd L 1l^, so a1y "anel1 toivahonal k tPi v abo mh'tnol. bntdet ftucwpl4ql

jlVtc ,'ta = za .

' l lrt t;,zual lal (wedltl lpuJ1 142 -:.? tt nedutible, s"Y = Z('Jz- x"\ " qn qfrtnr uo*)!
D*hnz fi 6' --) Y bq df+) j(l,l ).u'tesaw n exS 2 rhal lh$ s qbiteLl.w\ rno'2hurfr (ral
,"+ " ,|,^[ihr.) 1;e J\.;y':;, <]zA vt exz.trla* -/ s birtinnllk 1n' anil henu va\wno'\.

G) LdV bn llunadal .v\b( cu,lrc !22 - z2(xrz) ,n lf ' L-.dnolto z.,y,z\. Lt| P:(o,o't)
qvlLl H= z(z) veahgperplaw. -Let y'.y"- P-- lF' beht-?'ofc+?!\ a! €z'3 tLf.' lhe rnap
i'JehrvnU YOtb/.) -'(a,b). mti reitnckl" o.noqhr:rr, Y" tr'j lP' *here 11 s tlu openibsel
J-P ' l f  . ' rd tne y,  f ' ' [ ( t , t ) ' ( / / - t )J- - )  b l

Y(a,b)  - -  ( (u"-a ' )c ,  (bz-az)b,  a3)

iu,e taua hvnu,lq dalueL amap IPI---) tr2 whrrh,t a wophutn Ia1 ea w Nolea (t Nbk,novhunt f\f^).
Herr@1l j c a worphuvn.5 f u/Y'), Y-> Pt aFJ lfe'-Icit),fi,-r11:*l .. P'---+'f a"e,ahnnol vttapt, "nd
U 6ft c[eov]t! n!?tte Io ealh ulher. Hznw't yyel 6n 1o;ralnnal mai' .i ---> lP' a{lt f u td,an al.

Ifl-



l4rl3 L"+ O he ltuquadwx s'arfab Q: x!l--zt't) M tP3 . (rr,o"ctinala w)4[2).Bs Ex2.15 Q vlhz imaa< "F* 
n lesve embd&r,q oL P'xF'i" f?t 811 deltn&on lhon Q r llt pvdui uawfu tr,a tlr (e*:.lel ond
r,te.haftr6own llnol'lht pwdtn) P'xF, ,t toverc{b! oF ̂  rdhleb t|otflt)rphtc 'lo ,,t;r. Heftu Q rs blqhio v]cll.|' /A2

, vah l $bimlwnal k gi. B^f bqEzz;5 e,mlalw curw, whrch dv n0+ tnlenect.. hen& e cd^nofbe
ttort\oqhlc +o PL \Et z.1a).

illt A biqbnat map E-".-j t" u .alled a
71qadnh, hanioinal@n .W( g|e qn examPl"t t



\@ L* X andy belvwvaneha anl tr pW< P € X q,nd QeY ave tuch'thal-_lhe locql .y1yt3t Q4 4 c'n lt ot X andy be )vw,r^neheA ayEl \tprye P€ X qnd Qe 7 ate JucnTnar me Nc'tlr ln.lt An X sn l-O," 
v a6, lsorltDy4fuc a,t k- algebno. Srrru 4rrnX : dr}4lGp,x -- dtqgp,l - dtm'lt bg Pwp 4 3

il* "* "^." ,"hrph p< b< X ^nd q e V s 1 u', tlh 01t/ comotpht< J'o alhne \tqnehe)
d rW\UP X  - -  d tqAP , f  =  d tm  t r  bg  f

' , , ,  t lh $t l  c.omovphk lo aHlne \tqnQhec

Lcf C, Oey-) Oo1,Y an,1 !' (9s,y ------>Oo,x.6"a .rn koqutPh6 (A ol k-algeb.va4 utc vnl<
a7n **14, jqle ytnry o( qvtJ. .. , reapahuely at l<ix,,...,x"J anct ktrr" t1'7t ancl'lel ,qni et'l!r' flnf
ah.t 't, si ehLr;.- ,tJ be tuch thaf

,,n re
redltce Jo tthere are oPen tuwe

Jo l]\re /nau I fhe can 4 Xe I\n ord Y- g" affine.

/ ( \ , x i ) :  lW,+ i l g , )
T1'.t, J;\ : (fl ;/ .l i/'; )

t, +-. ls iln-fhee ! o{n oPen te+ 1. c  {  1 .1 .  |  (ay . . . ,a^ )  6 -  p ;

-  N i (  *U, " l ' \ (ae- . -p^ \ ,  .

J ; (Y(v,v,) ta, ,  - r , - ;

si*4ilaru /o'r l\j< vtr lhere r Qr' < 1 s.l.

Q a W i = Y
P e n i€x

Nohalhal srtre S,Y drc mvvPhtws ol k-qlgebEa, tF F(*r1" ttcn) e k[2, ,t"J lhen

V5(X, F6, '  - , t^)) -- f(r(tx 'rr), . .- ' (x,x")))= F( f(x,r,\,. , f (x,x"'1 1
= r(  @,'+/ t , t t , . . . ,  1wn, fn/y"\)

Anc[ snilal'! ht Y ns kol-]hat +l=1, O^f -l wtectk( thdl

(x , r , .1 :  Tp(x,x ' }  '= y1w;,r ; /9, )
_  t ( y ,  f i  ( y , r . . . i j _ ) ) y (  ( y , J , { J , , . . , 7 - } I  )_  |  ( . ! (y , ,1 , ) , , y ( r ,y " -11  i ,  ( i t1  y . r , . . . , v (  *y - l \ - ,

q i .  . ,  * ( ' f ,  1 - \ @ e . . . 1 a ^ \ \ r , l

(z)

v(b, t . . . /L4e Qj
+,1 (  f ( r ,x ' \ [ r , , , . . , ,b^) , . .  . ,  4(&x.)1u, , . . . , r , * ) i

L z t  I ! 9 \  V l n e  o p e n  s e I  H , n  ' 0 H , ' n P , A - -  D P ^  a n d l e |  W€Y  b e  W r 0  - ' o W " r l  Q , 0 " ' A Q r " ,
and .te4,ne f : M -) /A^ ̂ nd j ' w ----> 7$ u1 'l;fl 

,k. ,
' f  G, ' r . . . ,ct" \ :  (Y\r1, \bv ,6") /  .  ,*{Y,J^)(a,7 . . r4,) \

3[b,,...,b^) -- ( {(x,rr,)tu,, ,b-\, . , (y'(x',(^)Ju', ,b^))

Bq Lemma 3.6 b"+r' {dn([ q qw mwhuwr. ,tno $ and f an rcomorylhrut, / 'denhfte'a *lp ntnunt
,,h" " *rthltte nonun,L n'pe,1 ,ninu rclenhhu iht maxi'nal dealr.t*htth oontull ol rcgulat tnept
*,i'i?d= p .etp. j (*l --o) sie OtJ; - Q;)e+n p we haue

1rri,+;/r; - a) -!(f ,y;- e;) e trtp
. . .  a;Lp)/s.  ta _ e; .

l l  k l lou lhdl  {  (  i l - - 'Q dnd:rni lavlq g@) =P. t - teno Yt= l - 'N c,nd w'-  1- 'H are yrpn-rnF\.
oei naqhbo.,ttads ol f, Q ,en. Eqqqh;n; (])t(z) twpty Ihaf q{: | "n rt' o"d'11'- lo^ wl an oddtcu\or
f in ' )s"wrarrd g(ru ' )  c  ̂ Ht . .Rulnc lMl  l tvga moqlhuns l '  y 'Jsw'  aad 1.wt- - - .Ft '  * ih  f (p) - - r "7  ̂ q4
tfu)-P' +q= I -nd 7{ = IJ d r"qdtved'


