. Rationel Maps

I sechon we inhoduwe the vohans of rahonal map and biratwnal equivalene, which are mpodant

fov e clansifreation of vaviehea. A vahonal map 15 & morphism whichis only defined on some open subset.,
Sie anopen subset of a vanety 1s dense, Tims alveady cavnesa lofof 1n formation. Zn #his 1=pect alge braic

gwrne'hy s vnore 'aqid” +han e fle rential ;apo/ajj or -fojooioyy, Iin parﬁcu.’a; the concept of bivahonal
qmualenm 15 dmgue o algebric geometry.

LEMMA 4.} Let X and Y be vanehes, Jet F and ¥ be hno monphisms £rom X +o Y, and suppose Hhere
ts o nonempty cpen subset V=X sb. Flu=Vlv. Then =¥

FPRODF 510U any vonety i isomovphic 4o & quaa:'—?ffc%wr 'mneay (sex ourrokes before Ex 3.16),
we Mal apsime Y=TP" 15 quasi-projechve. Then bj wormnposing with 7he inclwaion vnonphism
Y —5 TP? we veclice o the cave Y = JP7 wewnsiclev the procuct 1p7 x (PT which hao a stuacture
ok F"ﬂecm vanety gwen loy Ar Jegve embedding (£ 3.16) The monahisms ¥ cretevmine q
mophism  Px¥: X —>PAIF" Leb A= [ PxP|Pe P}, be Hre diagonal sabset of P"x[P"
It s dedmed by iz,-::rj' =%/ A Jif=0.yn} and 50 150 closed subsefof P x)P" (re. zi-zj;
mbevected wmth PRRIP™ Tis 15 2N since of 2te $0 and ge 0 e = o€ so Yrt0 xe4q k0. Then
V‘_} x‘l‘?j:xj Yr S0 = Jff C YRSy S X =Y ). Edf hypl:dh&)lf (vr¥)(v)= AJ so SNl
($£F) "I 1s doved, < (ry)~'A and U s dense in X, ($29)(%) £ > emd g0 =¥, Ja,

DEFINITION Let X,/ be vanehes. A yatwral map ¥: X— Y is an equwalenw claps of pais (U, o)
where (/s gmonempfj openmz’afeiayﬁ X, Yo wsa Wlﬂ!/)"h'-fm of (4o X, and where
(UYo) and (V, ) arve equivaienf £ Yo and Fv agree on UN\/. e vatwonal map P s
dowinont £4or some (and hene evevy) pa!v (U Fo), e image of Fo 15 dense in ¥

To clanty Hs laot m‘u!’emen{, suppose (U, o) 1 dominant and [V, ¥e) = (U,F0), Sme U s an open subsel of gn
wvecluci ble spate 1 « preducible and dense m X. toveover UV 15 an open subset of U, s0 4 iweclucible and
denge ;n V0 ¥ £o(V) i dence m Y and Z €7 isa dosed sabsek wm’-ammj . (¥), then

z 2R (V) = $u(UnV) = F,(uav)

Hene UNVE$S7Z. But s impler Us Y2 s Rl e Z, mplymg Z =7.Hena Fe[V) sclense Y.

Nofe that the Lemmo 1mplies that the velohvon on pans (V') J'.er decenbed 15 an eqmva/enm relation Woke
that tn an inveducibole spawe any tuo nonemply ©pen subsets have w nonermphy femecton. Note dlso that o
Tatwnal map P X—=Vis noy m generm| a mMmap of fhe set X 4= V. [:[emlg one can Lomposé C'-OMMGM’
rachonal maps (YY) : X —> Y and (V,fv): Y —>2 $o form [ £7'V, W) The map Fofo 15 fM'{;
checlaed do be o nivrphism, Andwe show that Yo (971U s dense ow Follows. s $7'V I8 an opey sulssel
of U ¥(y'v)eV s dense subsel of V avd henie of \/. Suppose K< 2 & dosed with AN Ty) e K .Then
Y 'K udoed and $(F V) € YK, Henae (V) K. Sine (V) s done in Z, K=2 wequived.

Flenw we can vonsider The categony of vanetey ancl dommant yachonal maps. An " unmwphlsm” m s
cateqory I called o bivohwnal map.0ne checks -fha’r:f‘he.wmpou'}wn abore 11 we|l—detmed.

DEFINITION A bisahwnal map $-X—> Y isa vahonal map which admits an invene, namely a vehwnal
“nap )&3 Y—?X such That ‘f’)a: )'x and P =ly. 7716171 s, I.F we repr?aenl(- ¥ \,3 (v, fu)l Hieve 1s
\/e Y and a morphismf:V —> X

Such ot (V¥ J(U)F) = (5 1x) = that 55, (97, FF) ~ (% 1), e Yue ¥ 'V ¥FE-Y
S?milwlp (U¥)(VY) = (Y, 1y) sequalent to Yy e ¥ 7'V Pyly) =1 If fheveis a
b ratona map fem X 4o Y we say +hat Xand Y are lo':mdwng_ﬂ\ﬂ equivalent , e simply

birahona).




The main reslt of-this cechion is thak +he category ot vaneher and domnant ratwnal maps 15 agqu!enh‘u
the categovy of ﬁm."cly 9eneratec] field e xtengions of k, with fhe anows vevensed, Gefore qving this resull; we neec
a wuple of lemman wiich show +hat on any Vang;}jj-ﬁae open affine subseds form a bawe For the fopslogy. Lue
say (oosely thai a rarefy 15 afrne (f 1} us 150 okl To an adfine mne{r/_

LEMMA4. 2 Let Y bea hypevsurdac n A" gven by the equarton 7ty tn) =0 Then /N~ 15 isomoyphic
+ the hypersutface H in Jpn given ]?y ann £ = 1. In parheular, =" s affine, and v affine
g \s R[xy.-yxaTp.

PROCE The case {'= 0 1s vacyoun. We have checked clung Hilnels notes Hiak A=Y x isomorphic # a vinged spaLe
o H} whewe H= Z(l-=xnp £]. In Minels nolor these are mij?ebmlc;a}:—;om Lemma \.-.olc?s«{%r any
£ in the senvethal A0~ 15 1sornoyohic as a vinged spae +o #ie ringed Spaw.ansing fom a closed sebin et

Moreover ao an opensubret of an ymeclucible spaw, /A=Y 15 meducible, Hene Z (I =atniif ) o iveducilble,
IMplying | = XnnF 15 weducible (whether £ 15 ornet) Heme Z[1—Znsf) 15 an affine vqnz:br_ So e
Lemma x frue for avbrhany f40 (naJ-J'uahC ived. ). 7

PRIPOSTION 4.3 On any vanety ¥, theveis a base for the topolbgy cons rsﬁnj of open affne subsets.

PIROOF We numf show that for any pont Pey and any open set () wn%mnma & fhat there exis+ an open offine

sef V wth Feve U Fil, sine Vss also a vane-g, we may assume U="Y. Sewnelly, sine any vanely

is toveved by quons- affime vanehey (2.2), we May aosume thak Y s quoni- affne m N ot

Z = Y=Y, whhis a closed setin N (sa9 @ on‘Fm:. Ye@eA and TSR s open 5.}, V:C.Qﬂ‘i_."lhen
Y=YNTand so ¥Y-Y=3Yny= Tﬂ{ YU T‘} = YT ohichis clored n ), Let AcA=R[x,. .. An

be the dea] of Z. Then, sine 2 1« dosed, and P42, we can’find a Pelyncinil £ e such ‘ﬁ]af’f‘fp}:ﬁéo

Lef H be the hypersurfae £=0 1 \™ Then Z< H but PEH. Thw Pe Y—=YAOH, which ¢ o0 open
subsel of Y. Furthermore Y~y 1s q clored] subsebof /N™—H, which ‘5“1%5’:“ kY (4-2) F;'J(’WL
Y-Y0OH 5 affine. (sme 2=9-Y, and 26 H, Y-YNH = ¥N(N-H)= YN (- H) ). Noke \/‘—YnH

s iveducilole by virfue of being open in Y. Ay (see Nofe: Lsos of subspaws for some details)

Now we come +» the main reoult of Hs rection. Let P X —> VY be aveclorminant vahwonal map , represe nted
by (U,Y0). Let fe K(Y) bearatwnal funchon, vepresented by (V, £) where Vs an open et in Y, and £
5 a vegular funchaon vn V. Sime $o(v) sdensemn Y $,7(¢) s a nonempty open subsef of X, 50 £,
15 a vecju(mr funchon on £ 7I(V). ThiS giver w avadiona) funchon on X, @nd inths micner we have defined
a Wormomophism of R-algebias fom K(Y) to K(X). There defnfwns ave indepenclent of the vanomn
chotes maocle.

THEOREM 4.4 Fo awj‘lLlM.D vavehey X and Y. fhe abore oo nsfuiction gves o by‘er:}wn be fwween

(i) the set of dommant vahondl maps fwm X
(V) the set of k-algelora homomeoyhispms fiom K(Y) 4 K(X)

Fo the mapping quen by the onshuchon above . Let &+ k(7] — K(X)
e bﬁeawlfri\{; ywngih%&h?rnrr:wjiehqf ebras (P ihaglfﬂs m P‘%erf Sz domam ond wclamqm‘ arefeds ). ul wish
Fo defne arevhonal map from X B Y. 8y (4.3)" s wuered by a%ﬁmwem T L) =R
we may assume Yatppe (simeif X —> V; how dense image » Ui image s dense'in /cﬂm} Let A(Y)

" T for A7) @ a k-algebra. T
he 1 affnu wordlinds ”;7) e beg%ﬁjﬁ?;e;m]{ () sach J’ha‘rgﬁw @(Hi)ec?re all Nﬂulw

Y), ... Olyn) cire ahonal funchons oo X. We cad )
oo;{u.‘}rwi mduc)ea fmmed(qu']ﬂ o moyphism of k-algeban A(Y)—> © (). 'ﬂmsimap‘g m&"rwf: Jmﬁi! '
J Fe A1) fien (S F)e K(Y) 50 O(%F)= (N, £1) For s0me spen VE X and feguiae I & ¥ =3 I<, O
£ ‘ s zew, then (v} £')=0, /¢ sm@wweiwe {?F =4 Jofs}fm“/- eﬁ;f

uny ' i cowespon a dominant mesphism U —>

: By (3.5) The mjectve map A (¥) — @[v) I
{IZQODZ?V/ZS;J myc).gmwzau%\fr'-lmjerﬁm). call s monon sm ¥ Then Fisa dermnant @henal map X — Y.




F
Suppose @ K saffresrd U 2@ and 2 ¥ y—> Y 1 defned u’aj
(]

ue )

Y1) = B (S 8)(),.., BLgn)(w)

This nduw © - K(v) — K(x) m follows
(Vi £) = (vous, plu;) = L97'(VG;) £F)

We daim (Y% F) = &(%F)

G

L

Let l;[ej""'(\/fﬂ),') g f[u)g V{)l)} Snce j[l/[},'ﬂl’:u:'nv'_%lz 5 reﬁufaranol V= Q dheve 15 en open set

Flw) e WS Ui OV ard g he Ry .., Ya] such that Ywe W
P )
W) = 227
) hpw)

= (9 (w),.~, yn(w)) git Ui —>k

h( 9ol Y (#))

o we contwre polynomalls g,h with e vadued veqilar funchan Uy — ke, Hhen L= J/p en . Now,
A(yF) conbevepreoented by (F~'(vnu;),£¥) and for ue $~'wes FI(vav;)
FLM) = 9( 9 F(4),., Yo ¥I)
h(di P04,y Fn SFlv))
(O], -5 Blga)4]) by (1)

h(©[9)(w),. -, O (dn)4))

©(9)(«)
@n) (4]
G[3n]M) = OLF)4)

\

\

SV F)= (W, #) = (W, I)W,h™") and Era mophns ) of 7ngs, the yemaning dotail 15 ouhne - Hente
(9[\/”6):: @(\f,,ﬁ‘)j and o @ = 8.

ts ot stage hol known o be well-defined, sunce & iivolve o dikib
chowe of an affine open i1 Y. Suppore Ui, v; = ave to such athira opens and leb Py —>Y, §: G Y

Nole The oos«gnmenf (i) — 1)
be the end-products wheve Vi V- c X JLeF ' TKR(Y) — I<(x) be mducd by g ! By the adoove we
F(x) = F(x). Leb gy Yar Vi —>h be

J'{ﬂd xE \P"UJ- A=y

[

ehow /= "= 9. We must show thet for xe VN
el ed '_FLUN\#’W. 39ﬂ€l/&'}m’_{ -!Cbr ‘(H‘Uf-) Then for i€ jen
Y P& = 04i)(=) = ©(Vi,¥) (=)
= 0(ViOV),¥) ) = 8" (VY 30 )%)

= 4;Y'(%)

Henw ¥ ) =F"(=). Now opply Gl o see b Vi V),



ore ¥ U —> 7 i a dommant rotwnal mzaf and
om

We have showre (i) > (i)1—2 (i) = | Now sup '
Inem

©: K(Y) —> R(X) s the iduced] moyphisin of k-algebras. Le} U;s Y be affineand ¥V —> Vs
wchonal for VS X open. for xeUNV we have by defnrfon (if g U = adfine vanedf = A)

F(x) = BT, O(3n)()

= ﬁ““(:ﬂJ’(x)j, o jnT[L))
= PTBTR) = Y1)

Hene an ratzonal maPs F=Y This wmples the plrooF of-#he Theovem. 1

T seadly checked 4hat Y—> K(Y) 5 atunch, m#he,fsllpwmg ;

CORDLLARY Thewets an auow reveising equivalence between the category of vaneher and deminant
rohonal maps with he Lafegog f all ,ﬁmlefj j@nem+ed Freld extensions of k.

PROOF The ec{wualence Is defimed bjf Y K(¥). E;ran:j vaneJJ Y, K(Y) 15 somonehic o a k-algebrato
k(v) for amjopen affine U V. By (3.2d) K(U) s & finilel jenem\Ec\ Il @ xtensior of R IT¥ remaiins
$o show Fhal eve -3.{,3]0[ exfension K[k s somovphic o KLY) for sorme vanety Y. Let Yoot €N
be a set of qeveva v, and let B ke +he sub k—algeb“ft of Kjgnenﬁed by Yer o yYn Then B isa q;.whelﬂ\'
of the polynomual ving A=RJx,..,xn], so B 2= A(Y) forsome vanthy Y., I, so K = K(Y) and

we are done.

NOTE The cbove proof implies any uamer s biahonal +o an affine vanety which s kind of drial angw oy

CORDLLARY 4.5 For any 4ub vaneher X, 7 ﬁmﬁﬂuwmj wndiwas ave ecruwaleﬂP
(i) Xand ¥ ave bim—’wna”j eqmvalen?
(i) theve ave tuo open suloseds US X and VS Y weh U somoyphicds V' (nonemphy )
i) K(x) 2= K(Y) an k-alqobren

PROOF iy => 13i) Le3 i X —>Y end ¥+ Y —> X be radonal waps whichare mvene Jo each other. Let
¥ be represented by (U, ) and Y by (v, ¥) Tnen ¥F is represented by (y-'Iv), ¥P), and sine
PP= |, @ mm‘l’whqf wiap, W is the ,den},{a on j’-—'J V. St Iarfy .‘f}" s The Idenﬁa on YU,
We viow Fake ¥ ("¢~ (V) as our open seb in X, and P 7'(if “(v]) w0 ouv pen sefin Y. T4 follows
from the consthuchon Hhat-these fwe open seds are isomorpine (a0 vanehes) via ¥ and ¥,
(1) =3 (iit) Fo Jlows fuorn the definrhon of funchon feld.
(i) =2(3) Follows forn the +heorem. O

NOTE Bivatwnal E‘iuwafenm and Pygjechve closure

LE«{F VS/P\“ lDP a%n_(j ﬁ ‘—P\“—> Vo & Fh arc) |c,[€|4f1£j Y(,Vlm ﬂ@deJed, ;w?duc'\blo Iub.f?} j’_{YJ of Uu'ﬂﬂu&
Y= 0,0 Z forsome Z =" clued, cancl Hhw follows thak TNUs =Y, so Y s anopen nonempry subiet
o} the pojechve vawehj 7 Hene K(J) = K(Y) & R-cllgebrup, so avy affine vawem 15 biratongl +o s
p_ugjecﬂ@ closuve (or dre .5 ji fo beeven move vwial ). 5 edeaﬂﬂ any quasi-affine mnehj ir ... birahonal

0 an aﬁ‘me U'Gmeijl we have

/;1_;93 vanely i bivahonal v a pwjectye vane%g;

We will see w1 Prap L.q Hatthis stakeiment can be made a lof }Yange\f.

NOTE Buwatwna) vanehes havethe same dimension

Eflter from (4 s;;é smcaforaw qaw,ely Y, dimY =dmOp,y =dimp,y for any spen nmahbmhma o+ P,
o foom (it ) sinte for cny vanely dimd = tr.deg. KI¥)ff.



As an il|witvahon of The noton of bimtional wirespondence , wewill we some algebicic resubls en
feld extensions foshow that evew vanely 1s bivechonalfo a hypevsurface m}gny‘e&rvmpau.

THEOREM 4 6A (Theorem of The Prumive Element) Let L be afnite sepaable Freld extension
T ofa field IS Then theve isan element e L with L = K (). Furthermore,
b By, B s any sekof qenevaton of [ over £, ancl if Kis infinilke, #hen o can
Ve tulen 1o be e )inear covnbination X=Cf) +-- n P for CTER.

PROCE See pf of our "'Element «f Fm}cfﬂﬂe’oy # nofeo./:]

PEFINITION A field extension Ik 1s sepayably generated iF theve is « Aranscendenwe base {23 for Kk
sd. K s a reparable a@gbmrc exlensionof R ($%F) Sucha honsendence base « called o
fepavafing_franscendeire ks

THEOREM 4.78 TF « feld extension <[k 15 finifely generafed ancl _ref;arqbly generated, then any sef
of-genevatus contains q subsel whidh s a sepeoating Hranseeliclence boe.

PRODF Combine the Theorem on pl2 and The Nofe on 313 of-our "' Elements «f Fied Theoy” mies . ]

THEOREM 4.8A I Ris & pedect field (hena if chavle =0, v 2 & fimke, or ailgebaicu)ly cdoed) any
ﬁm#elg 3enem|'ed feld extension 15 sepaually jenerafed.

PROOF pi3 EF T Noles. ]

PROPOSITION 4.9 Any vanety X of-dimension r 15 birhonal + a hypersurfae ¥ m P!

PROOF  For any vavely #he function feld K=K(X) s afmtely generated field extenson of ke with
han scendence cleguee dim X over k (See Note fffowwing pioot of THeo e z.44) Hene by (4.2)A
K & separably generated over R )50 wecan find & !epamﬁni hanscendenw bans o, ...,ar w
K sepavaide over R(ay...;ar). S K[k s fuutely genewcited, sois K[ R (ay..- ar) , whene the
extension K[ k(a,...,ar) TIIFE separable and so by (4.6A) admils a pvimifire clemem-yc—f(
wh K = k(ay,... any). SNE Ay...)0r Are algebvaically mdependent anc) ay---; an Y are
algebraically dépe;rdenh by Lemimg 2 §13 245 (p/l of odr EFTNotes) there 17 an rmreducible

polyvioral
:F(JEU.. .,7{\(,1(-}-?) & f?[:“,r'- ',r?I'r,Ir-H]

which s f:wmlﬁm n h[z.,_,,/;y,:r[qw,, wih f(ay.-,av,y)=0. Let ¥ be the hypersuvfue

Y= ziF) e A™ We claim thot E(Y) = K. 5w £ s weducible e R[% y-- X ][2r ]
Flay...,ar,xw) 1S teducible e kiay..., arjlxrn] (Hear are afg.ma’epf') ancl £ 15 of positwe
Ary| —degree since the 4; are m?j indepl. Henw oy Lema| $13 z£S (pll EET Neten ) £(o..,arxre)
s weducible in k(ay. ar) [xr+#1] Hene tis the Minimum polynomial (wpto o ywmi) of 4

over R (a@y---ar), and i+ follows that e have k-algebra somogphsims

K = k(ay--, any)
= k(a0 4]

= \’%(ﬂ'}---,&f)[’fri—:] /(P{“'J"'/Qf,WFJr))

Sine F(Ay - xv,20m1) .'ijnm,r}mflﬂ h[:ﬁ,--ﬂ'fﬂ][:\‘rﬂ]} Flay---1Aa2vs1) 11 priniifwe i
R[ay.--ja¢ ][], 50 @ pol'glnwﬂ(c{l' e RJay-ya][Hvri] is @ wuthrple of L n hlﬂu--'fﬂf]_[z"“]
‘[f 4 [!ml’ﬂul"l’PfP OF)E N k(q‘.f"','al’) :f]’i-l’] (aqcunlgj Lgmmo\ | (,‘il‘])- I%e'ﬂfl mmls un IV\JCC’hVQ
homomovphism of R - aloebvan

—

RM] klf(’n,.,-f.av)l?(rﬂ] . 0
() (£) = (

synce the fint k-alge bt 1s 1somomme 4o Rty .., 2, Xv + P ¢ ; latel
Haot K'[‘f‘)g < a‘ﬂg k -al ebmf(ma the image ;'_ (1))mYK'Hn(fi(;;’\zj;::u:g?lwzlaf)ee&jmﬁreoi\?“j y
4.5, X 1s birchonal Jo ¥’ By the nofe oo the pre viows page, thehyesurdace Yis biedionallo &
pwjectwe closure f; which s a hyperurface m pr+! by A note fellowmy Ex 2.9 Ths wmpleier

g ool T\ -



E’Mﬂ__uf_ (‘ﬁmughou}' nz2)

As another example of a bivatwnal map, we will now wnstuct fhe blowing up of avane-ly al e point.
Tus important constuchon s the ynainool the vesoludwn of ijukmhm mgan algebraic uamiuj_ Frad wre will
conspuct the b lounrrg-up ef JAN atthe pont O = (..., ©). Cetisider theproducF N x P+ which s
@ cluaoi-}:mjechre vcme&‘ (3.16). If %o, Xn ave the affine woor chnako of /A" andl Ve fn Pl
howme geniue weoreing

g J
of IP"7" (note the unuenal nofertion), then the closed subsels of TR~ x P™ !
defined” by PGUWMIO‘S tnthe s, i which ave homsgenow wi 'rwpeci'*‘fu The - (rur f;\“g:"oj;ﬁ;)“ ) =

We viow define the blowing up of IN" et the powt O +v be The closed suloset X of A x P
clefined by fhe equatons iy = 5y |

bj=l ek sec ouv Noleson how 4 [pufs
ak P x P! williowkuomg Segre.
2 i closed subselz P x P ave
X > m XIP 'Z(F’) whieve FE E[lo,--,)[n,_‘jr,-- ,‘jn]
is sepamkflyhum. w xeanel s ...
< J D
Al’"

We have o natura] mogphism Y- X—= A~ obsgined by reenching the projechwn map of A% P™ 7 ok
the futfactor: We will now sFudy The properhies of X.

() I PEIN, PO ten PP conush of a .rlﬁﬁ/.e )aaml, In fad, F qwep an 1somogphism of X=¥7'0
onfo A— 0. I,qdaecf)lef' P= (Dllf«-yan), with Some a;== O.Now f P (gy- ,Yn) € - ' B then for
each |y = (%/a;)y;, %0 (9v- ) 5 unquely defermined s poink in P~1 " fact, sethng
yll-"-ﬂi we (an ‘]‘G"U. (yz}.—'/y’l)= (‘\\)"'J an ) ﬂ?m )"" Pwn;lfﬁ oj[ﬂ “’Ufe Foln}l FH%GVVF)DP‘E, ’ﬁjr
Pe A0, ;zﬁ:mj Yp) = (q,l,_,fah)x(a.,...,a“) de wvene moyphistn 4o ¥, +howin
K—¢7e) 15 wsomoiphic 4o B0 — O (an afopoele

g cel spaw)(F © deavly conhravow bijectwe i X-%-'0
with [P°-0, and W p-pp —> A=Y 70 seln

huons JNE Y O:k[xy.. Xy dy ey Yn [ — h["-'!.a---,/fn]
15y paar Yird A, then ¥(Z(F)NK=F o) = 1-'(2(F]) = z6(F) )

Fingo an

2) $7'0 = P, Indeed £7'O consish of all pom+5 O*®, wih @ = (Yy--,Yn) € P SHIDJ"'('H"
ne ves chon

(2) Tne points of Y70 arein | woregponclene with the set of ines -{’hmwalq O n IN. Indeed,; a
hne L i“hmush O wn N w@nbe qven by P avavnetnc equatwons
% = orb i=l...,n
ciek wotall zers, +-c=

Now considey the e L'=F " (L-0) m X=¥ 0. T+ s gwen pavamehcally b
Yi =aq;t wt te A —D. But the

Y € = o,k
i are homogenown coovelinades m P so we can equally well
cdescnbe 7 loy Me efucthons x; =a b Y =a; foc 1e IX'— 0. bonsider (ansuming Ak +0)

H?O‘J._ O‘i\j‘) L‘}':LJT\
?c;aJ' — @i Xy

(2)

Let K denote 7he solutwons in JN" x P77 4o Hhis family. Cleavly L'sx,and K ¢ X sine i
(b-,-.-/l:n,c.,...,cn)e]<

0y = —1—- 160 = I e ‘...l— C
E'CJ ar th'-’lc a—; hh_q]cJ = . L'HQC| ﬂJ

. T
’ahqw‘bdc‘_ch'



Moreover; I = L'U OX(ay..jan] sine (2)mpler ¥ = i */ag and y;= Qai I%/ak . Hena
the closdareof L's L'UOx(ay.— an)mn X.

[NOTE
’ one may well sk - how clo you know L’ 1wt already closed 7 Suppose £ (2, 9y - )

15 2ew on L buf not on O z(0n,...,an). That s, V4 20
}(al'b---, Qnt Q\_;--yah)‘.-_—‘ O

Buk then Lon[ldevmj t @ g vanable, this s r-:po.fjnommf m R[1T with way oo many rocts. Herce
@ a polynomal €, £(4)=0. In pavhicular f(0,..,0,ay--an) = O l

i i

Now L' meels $7'0 at © = (oy..,Gn) € F”‘L Jo we see that sending LJo @ gwes o - vomerpondene
between lmen ‘H"WMSh C m N and PDIW}S 6f PO

(#) X s meducible. Tndeed, X s +he uvmon ¢f X—¥ 'O and ¥ 710. The fint prece 15 150 monohic 4o
A"~ 0, heyie wrecludible. 0n Hhe other hqnd}, we hm’GJW’h‘ee“ that evey point ol ¥710 15 mthe
closure of sovme jubset (#he hne L') of X =F-lo Hene X=F 70 & dense m X, and X s weducible,

e yzaﬁ.mwk‘j

PEFINITION T Y is a closed subvanehy of /N pansing J’hromg}] O, we define the blowing-up
o) Y at the point O fo ve Y= (F(¥Y=0))" , where ~ denotes closure and ¥: X—s A"
s the blowmg up of /A" at Jhe point O descw bed above. We clencte also byy §—o7
“he moyphum obluinec| by rerbnchng f: X — A o 3.

Nole that X< N xP™ "5 clwed and ireclucible, henwe 15 a subvanely of e quani - poojeche Um’?@
A x P77 (e Ex.3.10) THfollows that X is atlro 7ua.¢,‘-pn3jed1b’t (ar agubspaca of JP7) No= wnin=r)enrn=) ),
Also by Ex 3.107he veodnchon e X of /N x P27 —5 A" 15 a rmophism of vanenen.

Now lef Pe N be any point P=(c,.., 0] and dehne fhe blownmgqup of X ot P o be the closed

subset of P) JP” 7 dehned by the equathons F—c)Y = (&g —¢j )i ) )=l -, n). O again
mhaveﬁ’he Lon nuwwf’map ! ! i(" 3 % 97 | e i %

¥: X —

and
() TF Re N, Q*P then ¥7'q wonsists of e _smgk pont (f ®= (@ yan))

f—\Q = {(alj...,cmjx(q,—c‘)_._) ah'—Cn)}

The VHG!P Y. AP — X—:F_’P defmec %y (ety..-,0n) —> (q.,,_-,CIn)X(a,—-CU..., O = C"")
5 agan comfinupus and so P s homebmophic do X =% TP,

(2) Cleadly F77P 2 P"™ fs hwne 4y elements are PX Q For any Q eP"7) S E =3P 15 a chred,
. “wweducible subset of X
(23) Ahne L. *hwugh Pin A" can be gwen by pavcimetnc equertisns
A= ajt+ c; i=l...n tep’
wheve not al) fha a; are zewo. Now wonsider (/= p='(L— p) in X—¥F ~'P. TF 1r qen pavamemecally by
A= aibte ¢ = ++0

Now consider 7he poly nomicils
gioy — ) j=heyn
(zv —ci)aj — (= —¢j)ai



Lot K = W xP" be he cJosed subset cavvec out by dhere egqa-hom. Agam if 15 chechad Hhat
ke X, L' K and Anally that K = 17, and

K=L" U Px(ay-an)

So sending L 4o the pomt Px(ay.. ,an) gives 4 1-1 comespondenc between l‘mmblﬂh Pand pomib ot 7P,

(4) T 15 now ecnily seen that X s weducible.

Hene X becoies a quani - pwjechre vanehy and i X —> I a mowhism. The +upo logy on X 1
emily devvec A the fopology of Ak B77." We Nowsant the vanety shucture . Fiok, for AT 2 PN

Llet S A™kP" a mop {: S— ks v:guu'qr . Vse s there is Ve Sopen 3.4. xe 0,

and g h & R[ %o 2y %,y 5 Yn ] sepevalely homogenows inthe x; and ys (both 9,k
hqvmj e s aume a—deg, Yy -deg ) s frt:#-O on VU and for all (a\)...,qn,br,...,\on)eu

£( o1 Oy by slon ) = 9(r,c\.,...,an,s=,,,_.J1,ﬁ)
h(ly ev-amlngley - ba)

s 15 clearly equvalent Jothere being g h & k [y 4 An,y1--ydn] homogenows m Hha ys
of the jame degree 5.1 40 o0 U'and f(u) = g(4)/hu) HueU.

we can show hat X—$7'P = IN'—P an vaneher: we Rnow F reofuchs +o o maphism X =¥~ 'p—> /N~ R
Il—;!sffc vepaams do s hoi Fhal Hhe imvede Wi - P—> X—¥7'P s morphism. ot s X' —y " 'P be open and
£ U—Fk r\?zulqr. Then we find for ze ¥ an open neighboed \/ of (o) anel g, he I foy-- 2, Yy---,9- ]
homt‘ﬂoHOW) ] ﬁ’u. y S.-[, [44'0 Df\\/ﬁhd f[i’]‘: 9{”)/&4"") VVGV ﬁ’r Olﬂ:j (th',_,,’an) € Y_’V we the

f(‘\ﬂq:,.-—lqn)) — f(q,j...rq"}ar‘_clf.--; qr\"'fn)

3 {_C{l,.-a)Qﬂff'h"CI}---)qr‘\'_(h-)

h (B yan, Q= Crypeem O =X )

= K(8) (ay...;6n)
[((h](nl,--v, Gm)

Where J'(:12[7(1,.--;1”;5'/-—-/9*‘]—43 kfzy..,xn] 5 2122 Yi—2 A; —G CleaVly K(h) #0 on NP‘EV) =Y
s n«yu.’av, an rr’gwrfa’. Hene x —-p= m-P

Nowlel Y€ A" be cloed and imeducible . ™en f PEY, Y— P< s anopen subiet, which is $hup
wreducible. © Lef ¥: X — 5 A™ be dhe blowupof A" al B Then X —F7'P = A =P 50 ¥ (Y —p) s
aneducible subset of X. Hene the closure P(¥—P) s adosed, ireducible subset of X. Hene § s
an lNEduc‘lhle[Dm”‘j closed subretsf X, o qaoi_'ptgj‘@c}-we vanely. Henw ¥ bewmes a quewi—pwiecthve
UClne'\'ﬂ. Nole that™ ¥ 7' Y 1s dlored ane wndeuns P Y=P). S atwiostk w-i(v- P)-«c[ds Pomh I 0
PTY=P). Hena P(F) Y. Mw f restnchs 4o a« mophism

fey >Y

Tesomophum X—=F'P =R =P yernets Toan somomphism of Y5 P with V=P That s,

5 & bivohwnal Wovemsm of § to Y. (A birahonal moyghism s a bivahenal map defned on Hhe whele vanedy ),
Note that $his definton app arently depends ondie embedding of ¥ m /A, but 1 fach) wewill see later
that b lowing—up is inhansic (I, 7.5.1).




The effect of blowing up 4 pornt of Y is 4o "pull apmvt” 7 near O according o thedifferent clirechons of lines thugh o.
We blow up Aot O

A

Y
7\
ya .

.

TNUTE - The «}upolvjﬂ of K
s dehued by ¢, K open ancl
=¥ closec ff. & s the
mbewechon of sets 2(£) j..]qm
£(%s9, 1) 15 homogenvan 71
]?] X ﬂv\-{ I(ej.g. xué—‘yi—)jan.—,\
z¥) = -{(n,b)&-?( ~1p! “F{”'bqub) =§

U (DR £19%58)=]
Tys 15 devwed fiom ke dopolvgy

n IN\ Kﬁ)a‘\’!
/ v ]
/

pasing -}’lrwough O hwm OcL “'c?l"“-“\ i s —”l(ape. So

e affach an infinil< !go\o Paro Alre L YU oo, etz The above identdication wovks

g AH-eFIS IS unchangad, g —axis be o) (j—orxts pels- 1
an:

x = 2 (i —1y)
wih wordinates iy, u

(©i0,¢4)

There are some other waeful prefuren we com dvanw, out fint tensder Fe cover /AZ%TF'= 0, v U, where
Ur = A2 %P — Z(4i). By earlier noles (in sechon 3 exveisad ) each U 15 somovphie +o S, vie

\j"-ff\a > Ve
(%, ¢) — (a1, c)
?‘- Up — }HB

(are, ¢,a) +— (a,b, °|/c.)

Now undev s somophic the closed weducible subret X NUs<Uo comespondstoan i
{’D”S‘M"i"f’ pods (a)b,) with b= ac. That is, X N0, 15 e G-HIMLVQVTF;“ =(y fﬁﬂf;qf£3 ’D:v; ol:l\/Pomlﬂ
ok X noF in Vo ave These enthe y-axis (Le. (o/9) ~(2.b,2/5)) and e porit (0,) &P (re. o). Y



Xow e plane U Pl an in (1), e somorphism ¥ 2 (4 -x=) —afloss (@ 46 e)—
(ayac)1;¢)

Visualisim
EAW on p219 o Havls horne )

(re. the pic

V)=V wmthwvange —g5,0.S and v ronge -4 4. R
We divide Hhe points of 2 (y—=x2) o o groups : Tore of e form (0,0,ey (le.fite =-enis)
wad (4,105 a) wih @0 (1.ehore pombs nok lyfng over the y—axic) The former pomly aremapped

bo points (1)) of P! whereas the latrev wver [AZ mmur ”‘ﬂj- ani1s.

, J
TR
AEanzzzg

Sienilavly XNV, o somowhic fo Z(x-yz) via (abab)r> (ab,a b, 1), o lookingat KAV, ar
AZUP' minw the 2815 end oo = (1,0) € P, the z —aaus Owes poinels tothe pouns of P ofhev than (1),
and the pownt of AT of Thex—dris ave in bjechon wdh ol e¥her pants of Z(x-yz).

Or grapha(zN) = U, y () =Y, z (W,

Lonsdev the cume Y*=22(x+1) €M, say ¥ = Z (y2-2x2(x+1)) The closed seb 'Y e X
¢ precisely YUIP!, 5787 Y = Z(xu-t9) N2 (y2 -x2(x #11) S PERPL Mefe fhat
PV N Vo = {(absalo) | a40 and b2z atuen) ]
) {[o,o_,c,d] \ r::{-",r}‘} = 7Y — (9,9,91),

,1021%4)
Undev the somonohisin A2 —>Va, Py wreaponds to
W )

{(alye) | b=ac and b*=a? (a+1)]
2 —axs U g(a,b,c\] b=ac and *= a+1}

z(xy) U Z(t=y2)n Z( 22 - (=x+0) (2

_

\J o

Ifwe visuolie 2(x-yz) Ilying over Xrg—m\slm v e above pictuven, ¥ —(0i91) lffs + the
cuwe depicted on p2q o Hewlrhome, s e f"y._(ofo,ti,t) conespondsfo z_axs U Q wheve @ =2(x-yz)Nz(
Z2-(x+1)). . :



The above motaler #he ollowing tnck - lef ¥ = 2§22+ ) ¢ W2 The blowp T ok ab O s
= Thedosed seb z(y2 -x2(x+ 1) AT meveck wih X b give P~ T-C) 0P, o
the hicle - on X —[P' which s h E’D‘ec'fwn wh R2-0 via (0%, a1b) € (ayb)

77 (y-0)
whons an Hie homugenows polynomial u> — +2(x +1). But

Yoy (y-0YUP . Herus
jz-'xz(pc)"\] han e savne sol
Z(u? =2+ NX = F7(Y=0) U §(1,-1), (4 1]

Nole that 'Y =1FP' U Y s 4he dewmpo.n}wn of PTY wnfe e IV\fEc'\L\c’;—\a\Q_ Lonn OV?eM:, o
T= ¥ (y=0)~ Hene, denhdjng Us and A, 31 Y (/o = P10 u TN, s Hhadetomposiing of
he closed seb Y=Y NUo € [NE indo b nvreclucilole components . BY wlquenens and (2), whide L pl 1)

Y YNU, = 2(x9) U z(x-y2)N2(22-&H))
= p'NV, U »”

e must have G N Us = 2(x-42)) 2(z2- (1)), whichimpliea ¥ = ¥~ (Y=0YU {(1,-1),(,1\3,
Svweadiown to N Huslopey of s 'fhwuyh O wineh me'}unjew}:—-;_p.;epemfeoul- the ‘simgulav pomt O acworeliry

v the fang ent3lopes



EXERCISES T.L

‘QE.)‘_\ Let 4,9 be rccju\arﬁnc-lwm on open subsels of g uaneg K, frv—k q:V =R and suppose
F=g an YNY. We claim 1he funchon £ VoV — k dehed o be f on ?)cmd onV I1$ yfﬂu[ar_
;;M;m 15 0bviow) sjnee we can pante veq. funchons . Now lek £ be a mfwnal functonen X Thut s,

£ a5 an eqwual@nu claos f(u;J F;j}._I of regu!av maps. Lk W= U, U;. By det¥ for i,jex L= on
U: \V; By deb™ o sheaf theve 1s'a regulor map F: W —> hf sd. Fly; = ,fj. Then (WJ,J:) be}angJ,ﬁ,ﬁ
and W s dearly fhe !at?e,gl’ open sel oa which £ 15 reprarenied. (e say £ s defined o /.

@ Now let F: X — Y bea yohonal mayp, gwven by ah egqu;'en.:e clovx E(U;_, Yol bea Fpnlli=y,
where ¥ = on UrV; . Tneumon W= U; U; 150penn X and $-W-—Y dehred b b 0%
/) 4] 4 2l
Is e well- defined mogphism,

(@) Let £ be Yhe vtwnal funchon on Wlﬂ'm by f=Tiore. Cleadly of Vo= IP*— V(xo) then
£ 15 defined on Us by (aybrc) —s [ by

(®) Think oF thys e avohonal mop TP*—2 N and tompose with A= U, <> P Ths map is
a ratwnal map [P*— P! clefmedl on Us by

Yo (ab,)—> (), %)

Lef ¥ be defmed on [P — (0,01 by (a)byc) —> [a,b). This is eonily cheched o be a vahonal map
P P P! Moregver fJ}u, = ‘¢ Hen ‘Fis defmecl on |P 2 — (2, o).

E@ A vanety Y 1« rahwnal i s bimjﬂona”y eqmm.’eﬂf o P for some . Swae K(IP™) = k(v(o,...;,J(,_.]
by (4.5) Vi vechonal lfﬁ, K(’/} Ek(ﬂo/,“,}(n) an k—q/gebm for somte N, whieh is tﬂ K[".’} 1§ A pUre
Fanscendentn| e xtension of k (sme K(¥) [ 1349 . any hapreendene bogit is fufe )

(%) By Ex 3./ ) any conic m [P* 15 isomonphic o IP, henu rafwnal
UD) Nol'-c‘_ ﬂ’\a’l /P\h i3 lﬂ&mﬁoﬂd +o IFh} Jo ary vanefy bjrmlw,na]-}c /A 1 alo m‘de)ﬂG-'. COF]J’IdE’v Hfucwpldqf

cube 31: %3 -
U N

The wauig) Jeat (szeend $1) shows ¥°—x7 1s ireducible, so Y = Z(y-x3) 15 qm;%ne w;neiy_ }
Dehne b: \'—5Y by g() =(+,1 )- Wesaw i Exx 3.2 that this 5 a bjectwe movphism [y
s ‘fmo"Phlsm)j-(wgo\Tmadﬂ chedied W Ex 3.2 ot Y 1s birtdiondl o /A and hen vadwna .

(¢) Let Y be the nodal culoic cume 321 — x22(xt+=) nP* [uoordlna.”w ryz) Ld P={(0,0,1)
md H= Z(2) beahyperplane. “Let ¥+ P>—P— IP' be the pjechon of Ex 3.14. e map
& defned by (a6, = (a,6) Wis rep Inchs o o mogphism "+ ) —> 1P where U i fhe open subset
Y~ Pot Y. Defme ¥ P'= {40, (1,-10F —> by

V)= ((o-arda, (-a?)b, %)
e same fovmula deftnes amap P —> P> whichs a moplnem by eaviec Nofes (§ Nok : ITomhsms PP/

Hene Y s a mophusim. o (0, 9') Y —> P amel (12— {1,0,0,-1},¥) : P'— Y ave vatwnal maps, and
Ty are cleavly mveve foeach otfer. 1HeN P qye) o bivatmal map Y—> P* and Y v ahonal.



\@ Let @ be #’mquqdm sufae Q:*Y=ZW n P? (wordimaler w,x%Y, =), By Ex 2.15 ® sthe image of
the segve embedding of P'x P'wn 1P By definthon then @ « e pvoduct Vqﬁeig Plx P' (Ex3.16], and
we aves hown That The product P'x [P 15 covered by open suksels somophic 4o 32, Hene @ s biveuoviall Jo /A2
which 15 bivahonal 4o P2 Bat by Ex 215 @ witams cues which do not infenect - veme @ c annof be
Isomovphic fo JP> by Ex 3.7a).

!@g.él Plane Cremona Tremsformatons A birerhonal map [P'— JP* 15 called o plane Crepona fransformation.
e gwe an example, called a quadrattc hransformotron




QL7 et X and Y be twovanehes ancl suppuse Pe X and Qe are juch that the local vings Op, x ancl
O,y ave sormowhic cn k- algebigo. Sns dimX = dwmOp,x = cmOpy = dimY, by Pup 4.3
fhere are vpen su ets pPe V=X and Qe VE Y with UV somowphic Fo affine vanerien

sowe Moy redilce fo the caeof X < ™ and Y N affine.

Let 55 COpx —> ©a,v and F Og,y —>Op,X fovm aviisomunphism of k-algebras We unfte

the o ovdinale (ngs of qvel mpec‘hu’lsn'y an R[xy..,2%n7] and k[yy..,,jm]f and Jet ﬁ;ﬂr&h[:{'l"'fff""]
and %, 5 €R[xq-Xn] be such that

;ﬁ(xixi)s'_{wi'J'p'—/j]) QEW;.’EY
AN, i) = (Me, 15 )s) peflie X

Nokee that sine & are mopphisms of R—algebiy, 'F F(xy--pi) € R[x,.., %] then

;S(x, Flipnjiiy) 95[F/(X,x|),v_,,(x,7n])J

FLE0ax),., gl )
F( (W‘J‘ﬂ/a-\,---:(wnr 'r“.’jn\)

noll

\

And similady for ¥ The fuck-that ¥ =1, gy =( mewns that

(xay = VoRxiY = ¥(wi,f/g)
Y £ Wy gee)) YO (Y, 95 (u=-a¥eiy )
SO, L)) 9 GOy, g}y

\

I

S for 1S i S fhene w an vpen set Poe X s Wy an)cp;

a; = AP aygan), o Fh g (ay--tin) )

()
P (v 9y an), - . o, ) Ly ln))
s;mfl'ayly Jov I€jeim Hhere 15 QJ- &% ok Y(by--sbm)e o
'DJ' = +j ( 95()(*1)(‘\('0'!"1]“”‘)} Cel g Qé(xfxi”)(b't-“:\"""“ (2)

SO by Vo) o, (K2 oy- -y b))

Lef M X be'ﬂneopense’r MO NMa NPN-- N and ler WEY be W D - WA N RN NQRm,
avnd dehve £: M —> /N and gw—> K L rmmempl?’B
sia X, ¥ ved.

Flonsrany = (F9)@v-an), o Yo ety An)
Yoy - om) = ( ¢ (R (g omY,.. B Kyxn) (v lam))

By Lemma 3.6 both -Fanc\j are mophing. sine & cmnd ¥ are 1somong hismi, ¢ ilenhfies the nnumls
i (©px withThe novunth in“@gy  henie identifres the maximal ideals/which vonsist of regular imaps
wiih £(P)= 0 7P §(R)=0) sime (Y4, — Ri)et g we have

(i, ﬂf;/ff =) ﬁ“f’(yl Y—9) e mp

THfollows that £(p)= & awd similavly g(®) = P. Henw M'= £ "W and W/=9""M are nopemps
open nclghboylﬂbocis of £, Q reob. Equictons (1),(2) imply Shat gf =1lon 1" end Fj: lon W2 In pw%culor

fin'le wtand glv) & M’ Res dmﬁ Jwes mophisms F:pg' =" and j‘VV"--—) M’ with £F(P) =& and
5(&):]7‘ -Pg: / and ?F:’- !J s retuive if



