S NonSivayrAR VAREETIES

The nohon of nonsngular vaviehy i algebraic gepmehy covreaponds 1o the nehon of manielel m Jopelogy. Over @
for enarmple, the vonsingular van eheo are thoe which™ i fhe Muoual " fopology are complex manifs lds. Aceordingly,

the wiost natural (and histoncally f# ) dehnikon of yon smgur)aﬂ}y wied the denvahwves cf the funchon deﬁnmy
e Vawe-ly:

PEFINITION Let V<IN be an affine vanely and let £, . , e eA=k[Ay...; 207 be ¢ .ref‘a[_gené’m‘}br: Sor Hhe
deal of Y. ¥ 15 nonsingular_at~a_poind Pey ' e vank of fhe imatnx

(% /o) )

1s n—v, where o s fhe dimension of X ¥ 15 nonsmaqular o 1f 15 nonsmgular af evewy point
(6y Cov 2.29 wiin R=1 roink = wl-rank =ww-ranke = dimension wage of ((3 "jg,y)(t’] ) ) Fsee Noleoveyleal
Fruwhy tzn-v,
A Lew comments ave n ovder. In 4he fint plac, the nohon of pavkal denvatwe wih respedfo ene of s Yandble
maken sense over any feld. Qoerf apphes 1he wylal rtjtes for ch feverdiaton. Thus no limnihing P""e‘f' uheecled .
But funny #hings can happen 1 charactenshic p> 0. Forexample € ()= then #f/dz = p2F 7= 0 sine
P=0m k. In any case, f feA :mpo/ynam:al, Then for each © Bf [z, 15 a pelynomial.

The ymamx ll[aF"/ch‘)(?) Il 15 called the Tatobian madnx at P One can show ecnily thet +his dedfmtwon of

non;\hgulmﬂj 15 mdependent of the ret of genevadors of ¥ choren. ( thisfollyws Avm S.I} One dvawbach of
curdefimvhon s that apparfnﬂ_tj depends onThe embedding of 7 in affine space. Howserev v wan shown by Z anshi
Ahat "\UY'ISIV'ISMIOVHH could he desribec wn{wﬂ)_h’.ﬂ”!j In ferms #’ﬁl,l_ IOLC{I ylnﬂ!. In ous caﬂe#:e T@?UIH' 15 this:

DEFINITION Let A be anoethenan local nng with manimal ideal 1 and veidue field R = Afan. A is a
r_v_e;ﬂmlow Jocar) vma if d‘mk’”‘/’m" =dimA.

THEODREM S.| Lef Y< I beanalfine vane{y. Let PEY be apornf_ Then Y s nun.rmguluvaf P if-anel only 1f
the lowl ving Ory 15 aregularlocal rmj.

PROOF We know from Theorem 3.4 (b) +hat Op 15 o Noethenan local rng ol dywension v=dimY. Lef
P be the Pom"’ (&n,..—,f’\h} \n JA™ and let Ap = (L —ay- .- ;T{n-ﬂm]-b& the wﬁ"eoponc)«fl‘\ﬁ maximal
ieal in A= k[xk,._,g(h] we define e lineaw map 9: A—k"™ lﬂ

__ [ 7% € !
O = (FalP- > 55,0) i)

This cleaw that @ (; — ai) dfor izl forms o bans of R™, and Hrat Hp N Ker @ = '1P1 (see the
Nole overleaf) 50 O inclucer ein 1somonphism of vectvr s paces 9 Ue/ar —> Jt

Nowlef | be e idealof Y m A, and le} £y, £+ be asetof generntors of b, The yank ofHu Jawrvan T
matr ( ?F-'/a,g(p) ) wihe maximum nimber of lmemj mdepent vows, Wichs the dimension of the
subspug ok jgwqm‘f'ed by O(F),. ,0(f).5Ne i SWp (by ansumpren pe¥) b f el then

Of) = O(Pfy -+ pefy)
=2, 00pifi)
= 2\( %E"‘{P)J—".(p] ¥ y:LP]aa,fi"I[P), e g,’;:n(p),f;m-r F,'(P)%;(p))
Lim=0 - = 5. pilP) O )

Clearly K s e k-submoclule of Rp, and we have justshown O(k) has dimension rank T, Bur
2
o= Yapur = O/



On theothev hand, the localving (9p of P onY isolotrined from A 'Ioj c]|v:dm9‘ by b and lgca,]_”y]ﬂ aHthe
maximal deal Wp. Zf 1 he maximal 1deal of Op Yhen (©p)4m # 150morphic an wring fo f’hethenf-
of All by Ap/ly, which sk (BY the Nole). Again by the note, 1[4z 15 (romorphic & & e -vector spaee
+o meqwo-henl— (ﬂp,ﬂ'b]/[qp/b)z whichis 9pfh V(P/“P:+h_5oﬁna!lg we have an semovphism of

k-moclules : Wpsj,_m—b
m/’”’fl = V{P/ﬁ"ul‘}'h

Put M

bt ap®/ap? = ”P/apw L s uoun%'mg dimensions we have

AMe™mz = n — rankT

Now Op 15 regular if and on|5l i M 42 = whichis iff. vankT = n—1; which says Hhat P
isanonsingular point of Y~ (Mus even corkts whien « = (te. Y=pn) or 7= 0 (Y aporrt)

New that we Enow that the wyf,_@p% of non ngq.'omly is mhansic, we can extend the clefinihon:

DEFINITION Lef Y he any vavety. Y is ponsingular af « pomf 17€Y «f the local ring (Op, 5 15 a reqular local ving.
Y 1s nonsingular o dis nonsingular af every poink /15 singular f 1Fis ot nonsingilayv
(8 an eavliev Nole, dimGp,y = dimY for any vavely \/)

Our next objechve i1s fo show that most ponts of a vaneJ_y are nonsingular- We need an algebiaic prehminaw

PROPOSITION 5.2A IF A 15a Noethenan local ving with iax imal icleal 411 avcl reatclue field k, then
imp M) 402 7 dimA.

PRODP  Atiyah - MacDonald [, cor 1115 pi2i] a

THEOREM 5.3 LefY bea \mnefy Then the sef .rmj\/ of ijul'av Polrrh i ey proper closec subset of V.

PRODF (fee also I7, 8.16Y . Fiipd we show SingY 15 a closed subsel. T# v jufhcient fo show for some open covenn
Y= UY of Y that Sing¥; is closed for each . Hera by (4.3) we may apsume That Y 1s affine. By (5.2)
anel the proof of (5.1) we lenow that The rank of the Jawlian metnx s always < n— r. Hene fiieset
o singulay points i Mesef of all poinls of Y where the vanle 15 < -1 Lek "T’ be the maiX

oh ... 9% s Y €AY
a2, Don han diynension
: v
; < H+,u(\27-°“f-'-;1'm]) =
\?_‘r_" o
axi T 9atn

Jo fhgf @ P‘””f Pof ¥ snonsingular ff. yank T'(P) <~ v But by ouv “ Reminder: Lineay Alyebm " Noke
ams . evew (n-v¢) x(n-v) sibmamx of vank T'(P) hew zew determinanf, Todake i detevminant we
can caleulake the detevminawnt of The womespondimg subymotnr of 77 anel then evaluateat @ 75 fheve are N
(n=v)x(n-v) sub ma}-nwj with def'@vmmaﬂ% e VEn € Ry -v-,D(nj Fhev-

Swg¥ = YN Z(FYN - NZ(Fa) =N
So S}nj‘f\s closed.

To shat Sina¥ s pyoper, wefink apply (4.9) b qet ¥ birahonal 4o a hypeourfae Z m P” hat s,
%;vl?eog}m «?pen ngnmli\/’lopgjv:bjf Us-'}{)amyd ?j_g}z_ %;mch ave 1SOm0NP NIC an vq?(eheo, Smee SingY s closed
and U s denise, SmyY upwper;f,{_ smgy N Y sapwo vrubset of U, whiehig o f'asm\jpzxn v\g qu;:j;r
Subref of \/, which i3 #L. Swg2 15 proper. Sowe vedu® o the cape of & h‘i”.‘fﬁjw e, U /ljangpg—?‘u 41(,?_
n P hen dim=n—1 and Sing¥ = U Singy N (vwhee Yy =~ NV, Vi “I*Y'omg(og\ cover P “’;a athnes)
swgY s proper #f. for Vi £ G Singy OY; © Vi Bab by Ex 2.6 °”W"/?==”; Ty hyl;?mf S
A, 50 we veduce o the cave of an affine hjper}uffﬁcﬁ- Y = 2(2) fov arige veducivle polynomic E S

ANVDY jmgy is the ret o} powﬁr PeY such that (9#/9,(1.) (P =0 LR F 5'“3‘/::‘/ (stne dtm‘l:v\—r\
Hoen the polynumials 07/ 2x; are zaw o, and hente DF/92; e T(4) foveach i. Bur T(N)=(£), and
deg (affax,') < degf — | (e degrec =mgw1‘ n £4. f %0 enie) so 9 Joa; = O Jor eath ).



In chavactenshe zewo this i alveacly impossilole, becawe if %; occus 10 L then o =+ O.
So we mwat hawe chark =p> 0, and then the fuctthat 2|7, =0 wnplies Hhat £ 1w ackually a
polmomial % P. This 15 fmedor ecch i, se hy Taking pHh voots of the coeffrcents (possible
s R 1S ﬂljebrmwl“ dosed) we get-a pelynomial g(xy .. /%Y such that £ = g7 Burthis onbaclichs
the hypotheais 7hat ,l“L/Lr e duciblé , se wetonclude Hpt Hingy < Y. |

EXAMPLES T Y=/ fhen I[Y)=0 and fhe Jawbian for ary pont is zew, hena hao ankO =n-n=n-v
so /A" \s nons tngular. Alternatvely 1k Pe A" then Op = Agmp so o 1115 the maximal ideal in©p
Mg = ’mF[m; = R~ (thecwe mp=(xy. -1 Jn) 15 obyrely), cind e can wre an auth of Ao gel 71p=7m)
So MR/ = n = dim™ 70 7 15 nopsingulav:

Lef 7 be any vanely of dimension D-Then Y s e point Y=1P} and Opy =k so m=0and cfeaﬂ'y
Opy 15 awgurarlucqlwﬂg Heue Y nomenjudcm

Swie N 15 nonsinaular and P 15 covered by wptes of A, 1t fpllows that P s nowﬂngufar. Hene n
pavhadlar 1P s qoasmgular, and bYE(3 e\ e onic in P 15 nonssngular:



A ,
NOTE A/W’?g W/’fﬂ/gm 5 e aﬂd m/rmz = ’m‘Aw/maAW

The maporiant fact1s his © IF A s any vin with maximal rdeqf’mj and M san A-wiodule, then
M/31M 15 @ module over the freld A1 Heme the actwn (o4 am) (m+mM) = am+-+11M1 15D ion-free -

Tat s, 1f md mM and a ¢ Then am ¢ mM. O putAiferently, f a4 and am e mM then
memM. In pavheular this applies when M=7Tmfothe Alm wmodyle M) 2 - So we have shown

LEMMA If mettt and s¢77 with. sm €T11% then me71™ Equvalently, #e kevne|
oF mr—— Tt | %y, 8 M2

Let X A— Am be The canonical mophism Ofvmgs. 1 Vi=F&) eBm wen saern for some

sSd 1. StAwe #1115 prie, A€, so we lave an mfechion Jm —s A””/?ﬂﬁm. To see Hais is suyechve,
It} ceA and s¢ M1 beavbibaw. Leb+¢an be (4. s+ n= | Brsome nen (re. +=s5-' med+1) Tnen pub
m=na = (l-st)a= o — sta and note Hat merr1 and

9_ - m . S')’Cl —!-q
5T T w3 =7
Hene Alm— Am/wﬂm 15 sugjethwe and Jherefore an somowphism of o o
Next weclaim thepe 1c an 1s0m b yplisin of A-mioclules Mfpz = T"Am/’mzﬁ‘m. We pegin wifh
5 Wt TP W/, = ¥ (m) €2 Am dhen Mieve \s S¢41 with smethn 2.
" wy'edrue. To see -

ohism,

he A-lnegr map ¥ m
Bg}he Lemmia, me11t, o ' (2 A4n) =112 S0 Migpe — e '”"/'m?Aw
s suvectwe wie the above ag;ﬁqm.ewf) but viow A € T o wie+nz  Hleaw the moap i an 1500

ﬁ we malke fh& fcle‘VJ}‘ljflc,a[
~ A — A
k — /?’}7 = /? g

Then "7/ 412 and ’mﬂm/mz/qm ave womoyphic an veckor spaws ovev K.

NDTE Denitwn of Nonsmﬂmlamﬂ makes sense

nevalised priecipal ideal theovem,
v Sothe TJacolbian matix oo diymensions

¢ YSIN 5 affine with T(Y) = (F, -, &) then by Kmll's ge
't chomuss Hhe possibility due

ht 7(y) <1. Henee from ht Z(Y) +dim Y = we decice tha) +=n—
exceecling n—r on both sides, so hawnj vk N—1 makes Jense (1e-we (4

+ Size Lonshminks),

EXAMILES Lot V=K beaffmespaw Thon Oy = (REuH] )iy #hore 0 €7 s the ongim, 5o
————— | the Noethenan local domonn (90;, | mz = (’l’”/(x,sﬂ’" (by fhue qbove)'we%mk of
s N l’)UEChDF\ (ad‘ua“j f-module lSn) et R™ e g +\Dj H(q’b%ji”m”mﬂ of
M| 172 2w fungent vedos ab O - The dimension  imymf-m® wunks
Fne ’La”ﬁ"‘lﬂlt.fj?ﬂ& of Yab P (wheve 247 1s the Maximal vdeal in @ppr),

Now let Y< IN" be affine. Fom e proof of Theorem 5.| we know that for Pe™

rankRy = n— d1mhm'/-'m’~

wheve 77115 the maximal (ool of Oy, and T = (Hi/pu: (1Y) Jor Z(4)=(£ £+ .
Rrexample let Y = Z(y,2) < 3. Ten Y 1s the intenechon of- The hypev planes z = 0 and

3-.:0;('”;& 15, fae K —axis :




Tren T=(224) sovemkT=2 and dimp™/amz =n—2=1 at any P& Y. That 15, evey point
on‘fonlj haw one tangent:

M any fime dm@py = dimY and MRz 7 dimOpy. when there fwo cve equal, The pomt
= r Haegn the miudon is that near B Y looks like A = thw should have

s nanrmgu!ur (.e. Fdim Op~
¢ L7 tangents. I this unf o, of thao pove daan v Jangents, P s a screwy point),

e wnsidersome. examples of cumes m A, which by Prop [.13 muak be 2(8) for some 5|W3|e}
non gt \wed\ucihlejteh[t,ﬂ_ﬁ), Pc N lef @p denole the maximal ideal of P, Then bj <L

for Pez(f) wehave
78
m = _—
dimy " fmz dwmp e 3 @)
of voupe cf!mkWP/nPZ' =2 (omway st R[%y]=k[nY] with x—a,e>x Y -9 HO;D s0 f (£) < mp>

s dlmb/m/’ml =2.Buf dmY = |, 50 £ (”a)(-"—“f’:L Hhen £ 15 o1 nonsingu GVP"MJL £ of towe, +his
s obviow sine T = (%#/ox,24 5,) and Feapt i F(P)=0 and ¥ [ (P) = %[0y (P)=0 (see cur Note)

So P s singular A feapt. Fn His cane dimp Mz =2 (< Op).

j—L a2 (x#1) This wan pioved +o be wveducible 1nour feclon | Nole on Tmecuabilly,
s, g T y*—x3 —x* and

ok, ot
y Jx T —3IxrT-2x -55 -—23 JSN%
N So PeY s nomw;gjla‘ﬁ P=(au) iff. b=0and a=0 (or o = %3, bu}
(_'Z—ISID)¢.‘?’).J|7 Oﬂjmlj‘ﬁlﬁ onl .S\nau\,q( Po;n—\- on \]' Slﬂ[ﬂ.pe fﬂ)a}'l
U\/'e-(eé'ﬂ'ldj' dlmhm/ﬂ'[!. = 2, whith makm WfHL‘HrLz ‘]‘M.O hVLM a}.
d’[a.tunﬁm'.
¢ - M3 mlhp:cfumarem
il JR?, 5o wre mal jﬂlnml s
>< ovey C.F o whalever fFeld k.
. ] Buk the calalatins of
d s s1ngalav poinks ate vahd 1
J &
‘ & This 1s hue for chav k=c. Tf chark =2 +he om'ﬂsln?qlarpmn}'ls o,
and !J‘Vni‘ﬁ'i‘[ﬂ dechavR=3 gnd aboe
l jq“—— xzj 42 ‘ Teat fov |mzdac|laih}11 (rec ouy Noles at the enclof £1):
. Y | 0 = GoHo (wog Go=0)
0 = Holin
O"'_.T-‘Hoctﬂ }@H“:o
0 = GxHax
C = H:j Gz + Hnaj
% — 72 | = ajHj
| = C‘IXH;[?-
o= C‘del
=" = Q:Ll"\ﬂj + Gy Hxa
(e Cx = ©-Thew Hocly =0 and Gy £0sine G#0,50 He = 0.
(well imxmec\la'lelj 12 Gty => conhadichon )
® GxF0, 50 Hem O, Viene 0= HyGo s Hy=0; wrhndidhing 1=CyHy.
i il = B !rmdudbie) and ¥/ ox = —2xy +3x2, aF/aH = 2y —%% Theonly common
and (B,Q.S)thech is moton . Ji;monam is the ohly sin HMVPWYH' sn Ob\jh_

@ soluhons are (0,0)
threens (it FGVPJapIthuu (cl
+ﬂl‘t§-€w+“{or8ﬂch prece ...ie — and . [Foranﬂ

Aimp Ty =2

be one tangentat O (x-ams? ) what ure recds that fhove s a ¥ “honzontu|
cunew AT erthier apont® nonsimgulur o & s gular-akd

wlav poink. similavcaleulahans for 212 show O s the uv\\?e' fngulay ﬁ;mﬁ. I c\?qw ?BL
(oXiy only simguler pomt.

So 1 char ©, © 15 Hitonly nin
¢ ‘f;‘" {;"‘—"j and (3,4]+) ‘3’ !Dg‘;b"{'}'mr bt (3,%12) € off. char = 2 | S0 1 any charackenshc



————
I 53—12@:44) Twweducibiliy Yat:  F=y3—x’—x*
5 ) GoHo {”“l‘)a 69503

0 = Holise -
0 = HoC:j (Iv B 03
M, -\ = GxzH,
O = HyGx + HxCy
o= GHHS
-l = GxFx2
| = Gj sz
< — C = GxHy2 }'C-ijj
o = C::H a + C\Jer.
S — 1= GuHy, CaF 0 amd Hx F0.
Ao Gy 40 (1=ayRyp) s Py =0 (0=Gy).
Y Buk then © = Hasiy | @ vonhadicton.
So -;33 s x?—x_’ is iveducible, and 3y = —3,2_ 5, ?F/a&j _ 3j1

Iin Cthl?ﬂC’LQWS‘)"'lC O/ %E‘,Dhly Ja}u(ﬁonr are [D;D} and [“2’1{5,0]) b._,d? (-2/3., D) é\[ w chor O, IF Ch&f:?_)
—3x* ok = xZ and 3yT=y? to (0,9) 5 Heonly solufon, Tn chav 3, -2x =0 and any (0,a) aek is

e slyhon , but (Da)e ¥ = 3= ocpa=09 s (2,0} iragal e only nngalar pomt. Tn cnac = 3, weget (0)0? ;
and (_—2f3fo]7wh:chr50n\/ W. =23 +] =0 fo ,ﬂ o, awn dicdion, Jo 1n any chav, O i_qﬂqgohwjmjmm};.

. 2
l j —-12(1——6(), a vavies l Imc\uc;bahtg N jl_x?+ ax®. Us11g the normal fechnigue
UMt Go= 0, then
j (= Gy Wy
-3 0= Cthji‘—
\ 0= G Hyp+ Gy Hoy
&

< /\ } Pl 0 = G,t H;Uj ¥ ajH)LL
Se Hj'l- =0 ij;D# Hy: =0, bt s Van-“yzc.d\,d? quaz ==]. So
J s meducible,
of 2f

5% = T 3x* }2az 3y = 2y

In chav O, soluhons ave (0,0) and (*%3, ©). The second point belongs
= Ho Y a=0. 5 the omly solutton 15 (0,0), providec| (u‘,\;)e_—ij
which n:aiwagf%vme.om i??gc\zs n hl\yhekchgmf_‘en_ghcs HiaF
x O s the only Singulav pond.

I}"_EIE Fbv'j-_—_o ‘!‘h&f':;n}a on Yoare (0°) and (o,a) for
all & For posrtue o we have a solutwn aF the ongin
ancl Hien anethev ' plece’! muving o Ao the noh )

a

e
° >DU)C¢—-3°°

0
——C,“u
y

T+ may seem like Y ts not reducible — but this because
our wHuhon 15 inte “open bal'wiemcop ol s C? R ek .
Notin the Z gpski 'hpbluj‘j- Since £ icavreddcible Y oM cannst
wvie e L plece cy o tlased set Tn Fack, in Hhe }opnluﬂtLq[
spdce Y, thas pece s open] ( — (900

_

jg /‘W”?Mjh the dinension of He -}anﬁcemf‘ spaeal (0,°) in Y s
A= 0.5 '] of divthension 2, 4 o difficult += visualise 7

N

- 2w

(0,0)
shlla soluthon.

A



Ul_ 22 (x— )= l\ Iwedm'\loil\’rjt f=y2—x3+ ax’— |

| = C-\o\—‘\o

O = Gtz + Holix Chc always, prctuves

(o) B © =GoHy+ Holy n [RZ 5o be carelul
(—,0) v) H o
\’ a =C(u\"|xl+ qux
&
< —> 0 = C\_uHo(j + Hj (P Hvlaj
@ | iGDH\j: +'C\5Hj
(0,9 @ 1 = G Hxz
O= GyHy*

@ 0=, Hyz +GyHx
ey ley
O:C\xl’]x\j‘J'aijv_

Hay = O ( Gx F O sinwe othevitlie C= (o and we are -done )

WV

7

j Vre 0= GyHyz
/\_ Cme@ ij-—o!f’hen@@ aal-—ljzoljg ]’E?ZO GH@
\/ So j’ﬂ @ O:QDCHH‘:. ) S széo) Lon-hfar.\lul'\nj ®

\ C&J&@C@¢O, Hja_:-o.’f’%en—ﬁbm@ j:&j“j,@ o= ajHat\_/j,JD
'I’|1t\j =0 o @ o= 03 Hiv = Haxz =Q, ww*md\t_hnj @

Hewe 4 15 wvecucible.

Tnkevepls] TF Y=0, solving 23— ax? + | = O Tavee soluhons m
(ouv plefuren aren R, somay he leas), Fx=0 52: | s0 j =4l

}

-]

T\ [Smgu'lo\v P§ aﬁ/ax = -3x2 } 24x ?ﬁaﬁ = 2y

<
<

Sdofuovs +o 22 =0, 5o (9 h),f (0,)eT T ic off.
b*=1].9nw cheayr=2_ Mmlﬂ singular Pom?— 15 (O,
Lwhuhlsw‘fe‘f

Soluhwns do 2ax=0, 2y=0. TF a$0, only (0,9). Tfa=o0,
have (b, o) provided (boye Y whichis . b — ab2 4| = o, 5o

Gl 5 T
6> +1=0. Gufmchar3 (b+1)? =%+ | =0, 50 lh=-|,
&E 7 1s nonsingular
Smgular pt. (”I,O)
J,a Solutwns o — 322 4 20x = x( 24 —32) =0 gund 24= 05
So (Oy0) and 232, 0) Pwvlc\x_d'ﬁma poem’s ave on Y. 9B

Bs a— oo the ellipre DHO and (0, NEY, and (la[g’u)e“j-.ﬁ’_ Fa% = |2 p 2= 0. S
< Fledlens and moves off — !@ Y nonsmju.[ar-
{ l Y hao a singulay pomf (%“,0)

a= -2 5
W IR Seluhon pojfib]lﬁj 5 (2a]3,9), provided Ja3-\2a2427=0

tpa — —co, e bulge enlovgen,



NOTE Chavactensing powers of 4#p = (1=, X, — an)

LEMHA Let R beafeld, P=(ay..,anyeR™ Then +1p = (x, —

iJ... n—an max\mq{
|d@.ﬂl I l'%[i[l/,-,lxn]] ﬂﬂ&‘ -) 15 a ]
femp & flP)=
c M oAy of ;
;C/mp = 91,“3)'-5;;(1:) - ;—In(p): O ond F(P)=0
t 27
fE'h’lP PR ,ayf“(P]-:_o [«] <+

el o0 (13 o gt = W (baet0n 0 T )

e

T s s We\\—c'le:f'rmd ve.

PROCE The staleynent fov 1=1 1 pived 1n oue Venio pofes. TF F€ 1p and 22 2% f= axJ 2.¢

an wur other noles 1n Pq FFTV‘O%
7[ =P OGth—a)+--- + pn (2tn— an) (¥) p-dentvuines polys :how
Thew I 15 ecaily chacked that €/ (p) =pi(p). Henw (F axP) = ?{/37( (P)=£(P) = O

then f¢ Fip Te Lonvewe is eonily cheched. Hene t=2 als holds. l/Ue pvotud la\\j mduchon.
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Reminder: Linear Algebra

Daniel Murfet

September 18, 2004

Let k be a field, let My, » (k) denote the set of all m x n matrices with entries in k. The column
rank of a matrix A € My, (k) is the maximum number of linearly independent columns. The
row rank is the maximum number of linearly independent rows. The matrix A corresponds to a
linear transformation ¢ : k™ — k™ and there is an exact sequence

0— Kerp — k™ — Imp — 0

The image of ¢ in k™ is generated by the columns of A, hence the columns contain a basis for the
image, so dim(Imey) is equal to the column rank of A.

For 1 < ¢ < m the m x m matrix E;; has a single nonzero entry 1 at position (4,j). If
p:{1,...,n} — {1,...,n} is any permutation then E, is defined by putting row j of E, equal
to row p(j) of the identity matrix. Any such matrix is clearly invertible. If i # j then we define
the matrix A;; = I + E;;. This matrix has inverse I — Ej;;. If £ is a nonzero field element, we
define for 1 < j < n the matrix I, ; which is the identity with the 1 at position (7, j) replaced by
k. Clearly I, ; is invertible.

Suppose B is an m X m matrix which can be written as a product of matrices of the form
E,, A;; and I, ;. Then B is invertible and corresponds to an isomorphism v : k™ — k™. The
column rank of the product BA is the dimension of the image of ¥, which is the dimension of the
image of ¢, which is the column rank of A. The row rank of A is the dimension of the subspace
of k™ spanned by the rows. If we interchange the order of the rows (the matrices E,) or multiply
rows by nonzero scalars (the matrices Iy ;) or even add rows to other rows (the matrices A;;) the
subspace spanned remains unchanged. So the row rank of A is equal to the row rank of B.

But by applying the three types of matrices, we can produce a matrix B whose nonzero rows
all begin with 1s in such a way that these 1s are the only nonzero elements in their column. So
clearly the row rank of B is the number of nonzero rows. But the columns corresponding to the
leading 1s of nonzero rows clearly span the column space, and are linearly independent, so the
number of these columns (which is the number of nonzero rows, i.e. the row rank) is also the
column rank. Hence we have shown

Lemma 1. If A is any m X n matriz over a field, then the column rank of A equals the row rank
of A. We call this common value the rank of A.

Theorem 2. Let A be a square m x m matrix over a field. Then A is invertible if and only if
detA # 0.

Proof. Theorem 2.17 of Adkins & Weintraub. O

Corollary 3. Let A be a square m X m matriz over a field. Then detA = 0 if and only if
rankA < m.

Proof. Since A corresponds to a morphism ¢ : k" — k™ by a dimension counting argument A is
invertible if and only if ¢ is surjective, so if and only if the rank of A is m. So using the Theorem,
detA = 0 if and only if rankA < m. O

Proposition 4. Let A be an m X n matriz over the field k, and let k be a positive integer with
k< m and k < n. Then rankA < k if and only if every k X k submatriz over A has zero
determinant.



Proof. By a submatriz we mean a matrix obtained from A by omitting rows and columns, which
are not necessarily adjacent. Suppose rankA < k and consider the k rows contributing to a specific
submatrix. These rows are linearly dependent, so the rank of the submatrix is < k and hence by
the Corollary the determinant of the submatrix is zero.

Conversely suppose all the k x k submatrices have zero determinant, but that rankA > k. Then
there are k linearly independent rows. Throwing away the other rows, we have a k X n matrix
with rank k. Thus there are k linearly independent columns. Throwing away the other columns,
we have produced a k x k submatrix of A with rank %k, which thus has nonzero determinant. This
contradiction shows that rankA < k. O
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Automorphisms of Power Series Rings
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Let k be a field. We have seen earlier that if A = (2%) € Ma(k) is an invertible 2 x 2 matrix
over k then ¢ : k[x,y] — k[x,y] defined by

o(x) =ax+by, ¢(y) =cx+dy

is an automorphism of k-algebras, and this extends to polynomial rings over any number of
variables. We wish to establish an analgous result for power series rings.

From our Analytic Independence notes (p.85 of our A&M notes) we know that if ay,...,a, €
k[[x1,...,x,]] are power series with no constant term (i.e. not units) then there is a unique
continuous morphism of k-algebras ¢ : k[[z1,...,2,])]] — k[[x1,...,2,]] with o(x;) = a; for

1<i<n. If f(z1,...,z,) is a power series then we denote ¢(f) by f(ai,...,a,).
Let m = (x) be the unique maximal ideal in k[[x]] and consider the power series u(x) € k[[x]]

defined by

v=z+a 43+t "+
Put g(z) =2+ 23 +...sou €m,g € m? and u = x + g(z). Notice that * = u — g and g = 2u so
that = (1 — z)u. We can use this fact to gradually replace the xs in g(z) with us until we have
x = h(u) for some power series h:

T =u—ur

=u— u(u — ux)

=u—u® +ulr =u—u® +u?(u — ux)

=u—u?+ud -z

This suggests that * = u — u? +u® —u* + ...+ (—=1)""u™ + ... and one can check directly that
this is the case. If we let h(x) be the power series z — 22 + 2® — 2* + ... then we have x = h(u)
as required.

A similar technique works in the general case:

Proposition 1. Let u(x) = wix +usz? +. .. be a power series with uy # 0. Then there is a power
series h(z) € k[[z]] with x = h(u).

Proof. First we prove the following claim by induction: For each n > 1 there is a polynomial
h,(z) € klx] of degree < n and a power series by, (z) € m" ™! with = h,,(u) + b, (). Since
1
T = 171(“ - 9)
where g(x) = usz? + ugx® + ... this is trivial for n = 1. Suppose it is true for n > 1 and let
x = hn(u) + by (). We can then write

x = hp(u) + bn71x”+1 + bn72x”+2 +...

= hnt1(u) + oy ()



where b,,,1(x) belongs to m"*2 since g € m? and u € m. Notice that the sequence hy(z), ho(z), ...

is a Cauchy sequence in k[[z]] and hence converges to some power series h(z) € k[[z]]. For each
n > 1 write h(z) = hp(z) + h>p(z) and note that

h(u) = hp(u) + hsp(u) = 2 — by (z) + hop(u)

But —b,(z) + hn(u) € m™*! since u € m and b, € m™*1. Since n was arbitrary and the limits of

Cauchy sequences in k[[z]] are unique, this shows that h(u) = z as required. O
Note that in the above construction h(z) = u%z +...

Corollary 2. Let u(x) = u1x + ugx® + ... be a power series with u; # 0. Then the morphism of

k-algebras ¢ : k[[z]] — k[[z]] defined by x — wu is an automorphism.

Proof. Let h(z) € k[[z]] be such that h(u) = x, that is, ¢(h) = z. Let ¢ : k[[z]] — k[[z]]
be defined by z — h. Then ¢¢ is a continuous morphism of k-algebras with p¢(z) = z, so
by uniqueness ¢¢ = 1. Since h(z) = u%m + ... we can apply the same argument to produce a
continuous morphism of k-algebras ¢ : k[[z]] — k[[z]] with ¢p = 1. An elementary calculation
shows that ¢ = 1 and so ¢ is an automorphism. O

In particular any power series in one variable with no constant term and a nonzero linear term
is analytically independent. We now extend this result to more than one variable. Consider the

power series ring k[[z1,...,%,]] in n variables with maximal ideal m = (z1,...,z,). We have
shown elsewhere that the power m”* consist of those power series whose only nonzero terms involve
monomials of order k or greater. For any g(z1,...,2z,) € k[[z1, ..., z,]] we write
= Y glajed...a
a,lal=1

It is easily seen that g is the sum of the series gg+ g1 +.... We call g; the linear term of g. Recall
that is a power series is a unit iff. it has a nonzero constant term.

Proposition 3. Let uy,...,u, € k[[z1,...,2,]] be nonunit power series whose linear terms are
linearly independent. Then there are nonunit power series hi,...,h, whose linear terms are
linearly independent with x; = h;(uy,...,uy) for 1 <i<mn.

Proof. Suppose we write
ui(xla s 7xn) = U;j 1T +.. Ui nTp + Gi(xla s 5‘Tn)

where G; € m?, for 1 < i < n. Since the linear terms are linearly independent they span k", so
for 1 <7 < n there are elements A, 1,...,\; , With

)\mul +...+ )\i’nun =x; + )\i’1G1 +...+ )\i,nGn

That is,
€T, = )\i,l(ul — Gl) + ...+ )\i,n(un — Gn) (1)

Let us make some comments before proceeding with the proof. If f(x1,...,z,) € klx1,...,2,] IS
any homogenous polynomial of degree k£ > 1 then we have

Flanomn) = F (D Agluy = Gy)yy Y An(u; — Gy)
J J

Z f(Oé) H ()\i71U1 + ...+ )\i7nun — )\i,lGl — .= )\imGn)ai

a,lal=k i=1



Since the u; belong to m and the G; all belong to m? we can expand this and write

f(.’L'l, ey Zp) = f Z ALjUjy ., Z Anjty | + b(ml, . 737n>
J J
= H(uy,...,up) + B(z1,...,2,)
where H(z1,...,2,) € k[z1,...,2,] is a homogenous polynomial of degree k and B is a power
series belonging to m*+1.

Next we produce for each i a power series h; with h;(u1,...,u,) = z;. Let 1 <14 <n be fixed.
By induction we show that for each m > 1 there is a polynomial H,,(z1,...,2,) € klx1,..., 2]
with degree < m (i.e. the highest degree monomial occurring in H,,, has degree < m) and a power
series by, € k[[x1,...,7,]] with b, € m™*! such that

€Xr; = Hm(ul, . ,’U,n) + bm
To see the claim is true for m = 1 weset Hy = A\ 1z1+. ..+ p2p and by, = =X 1G1—.. . — X, Gy
and use Equation 1. Suppose the claim is true for m and let x; = H,,(u1,. .., uy)+ by. Denote by

by,; the homogenous part of b,, of degree j defined earlier. Using Equation 1 and the preceeding
comment

bm(.’l,'l,...7$n):bm’erl((El,...,iCn)—f— Z bm,j

= H(uy,...,up) + B(z1,...,2,) + Z b
j=m-+2

Where H(x1,...,2,) € k[z1,...,2,] is a homogenous polynomial of degree m + 1 and B is a
power series belonging to m™*2. Putting H,,;1 = H + H,, and b,,;; = B + Z;’imﬁ b, We
have x; = Hypp1 (U1, ..., Upn) + bt as required.

Notice that in the above H,,y1 — H,, = H, so at each stage we add to H,, a homogenous
polynomial of degree m + 1. Hence the sequence Hi, Hs,... is Cauchy and converges to some
power series h;(z1,...,x,) € k[[z1,...,z,]]. For each m > 1 write h; = H,,, + H~,, and note that

hi(ula cee aun) = Hm(ulv s 7un) + H>m(u17 s 7un)
=2; —bym(x1,. . xp) + Hom(ug, ... up)

But —bp, (21, .., Tn) + Hom(ug, ..., u,) € m™TL since the u; belong to m and b, € m™*1. Since

m was arbitrary this shows that h;(u1,...,u,) = z;, as required. By construction h; has no
constant term, and the linear term is A; 121 + ... + A; 2. So the power series hy, ..., h, satisfy
all the conditions of the Proposition, since the coefficients of the linear terms form the matrix
inverse to the matrix formed from the linear coefficients of the wu;, which are linearly independent
by assumption. O

Theorem 4. Let uy,...,u, € k[[z1,...,2,]] be nonunit power series whose linear terms are
linearly independent. Then the morphism of k-algebras

o k[, xR]] — K[z, T

s an automorphism.

Proof. Let hq,...,h, be the power series produced by the Proposition with h;(uq,...,u,) = x;,
that is, o(h;) = x;. Let ¢ : k[[x1,...,2,]] — E[[z1, ..., 2,]] be defined by x; — h;. Then ¢¢ is a
continuous morphism of k-algebras with p¢(z;) = x; for all i. Hence by uniqueness ¢ = 1. Since
the h; are also a family of nonunit power series whose linear terms are linearly independent, the
same argument produces a continuous morphism of k-algebras ¥ with ¢v» = 1. We see immediately
that ¢ = ¢ and hence ¢ is an automorphism. O



