
tn Qnrrclennq lhz pwdem 4 ,lansrkahon ol alqebmrc uqneia, *e tan h'r),rr/lqle teve,ql subpn)olems
bqecl or, the de) +Ircl ct nontmiqti. o'"irhi ui"eh .i 'rl, taei knd . b) clattttl.l uque+tc.t:,'p n'bt"qin'ql
e$\vqlenu) lbl wfht.n eath 6lm)indt eTutv.aleu.d "lao,'fintl a nonsmqular'p'Aechrcvindy; g)cta'-n\
+he nanJMqqlar Pr?)eclrre vanehel nq |t\reh l?tvqlwnal elutvdtenQ ct '1'1t -

.rnseueral, all lhrca ptoblemJ ate vpu dt?h.ull . l'loqtvey, ulhecue ot' tq*ez ('nneha, 4 cl'men,/ton t)ih<
srludlt vn u nuch stmpler. rnlhu ticlnn un w lantwet' Tmblerw (u) ancl k) by thowmg lhal ,n la.h
iuroiinol e(tuyal"ntz claot' l l ten rt aunrquq yrowtngulq, F iecftt le.cun'". u). o."l l  alrc gri 'e anexample'1o
shoat ltr..al hol a,l l cuwt't f ln brvzchonorliq equ\cfenl ]o dach ofhet ( Ez 6.2) 'rh@-fi)( a gtvPn.fi 'hklv
qenetdlecl c^+enson.field K 'L k of 'jvan/reidenu dgwe | (+h.r1h,"ve wtllc7ll " fo[fu!-!!! tUtnfl,* t)
i ' ,v <anlall< abodt lhe nonSlneqlar ptotpcll.^le cLt we ct< L,,t l^f)nclu)nheld K.wawtllt@^lJolhotl
{ K,,K, ave ha,,> fi iclwn -f el& "ldtm/nsn[t n l, lhen c,an1k.-honDwafhsrn K.-1 6, 's v"Veoevtecl\"1

a vnwphtm <,f C<, )" Cr. .

(t) A v c,t drscwfe vqluq+Lon yrng
(i;l A rs rnfeqrallu dored
(;;i) A rr a regulor locol nn9
li\r\ .rh tt Pvtnupal

webqtn ouv sh@cq ,neM ohlqqt mannev bc4 clehnnq lvte nolwn ol-at "abslvdtl noffMqqlay ct)t\lr.t'
$suau wih u qi,enfunchin /teld. T4 ulfnol be "ldara prwri ihat lhr tt a tanelg. 4owever, vm wllo4rsua4 *'lh u ql,en{unchi4 ield. 7+ ulfnol be .

sez rn rc ospet t " fhc(f L\e havc dehned nolhmg neu.t.
, 

te e,s fs A4l l  k)81". $l.o6k < ' . l  , ta=blhena+c<b+cVc

PEFIN fTlo N. wt l< be a field and G " J:fulll.|T4 dtu.han gnup A uatucr+rpn o( K uth vqtuu n G
tS e^ vnap .v: K- loJ --+ C tu'ch'fhat {or a.ll x,y-el( *,t1, +lTo

(t) -v(ry)- -(4 +"tlul
(2) t+ a+J+ o .v (i.+y) >/ mn l.w(z),.vp)j

t f  t  r  avalualwn,  thenl funl  11=lzeKl /z)2/oTolo l  uc. t  lubtnqof  K *hvhwe cql l
+rn.,!_aludn! ":!\ d.v the tv,brel +n: f ;1eK l-r,6) zolt;iol rrqnrJacrl InR qrrd (Kr?nl
rs q. Io.qlyrng Eu4@"n:1"'9 'sanMles;l donau *h,.h rs lni ,ialudion,tnq of tomevalqohon
o{ * qu"ohenf getJ. Ba "ir A4fl "dor 6ln tnhqal "[onan i iialuahan rncl lnfhtlense '(1 .,
' l rd tubtnqof  somd*et+ Ks. . l .  Vo+reK ieA-,  z  'eA.T.qNhI tc .azdu'e tq1 Fl  I t  a  lq l t4crrcn

L!94 R tf ksqruhiddol l( such lhaf v(r]l= o h' all ze k- Ial'1,^ '1/Piq\ vts q,talqd:6,n
"L 1< lk, and R 't ct 'ral.,tqtrnh /1nJ 4 KIQ ( Ncrk y'hal valualtpn tnl q.rc nol.tn leneral N.,elhenctn).
(ht R tr W ct ! alr.l 'q+tbn t'n9'l l< lh 4 v enoutjhlo ho're H+R, src,7 o( a unil tt o)

\rEFrNlrfON -t"l FtBwelocalnng nnlavecl n ahetd K, we.rag.lhef B.lomtnqtw A,{ Ae Eandt-reOft='tna
lequN.m n 9"nB).

1 Elr?En 6.1a W K b" a4eld. A locqlrnq R unlatned n K u ", val.to+rDn nnq al K I ant[ on[q ( ,l$ a maimal
elemenl 4 lhe rc[ o{ Iocalv mqs conlaMed tn K, w't|t wpeci lolho velahan'-t domnahton.
EwuJ loelvtnt.o^funwd n Ku r ,lovnma:le! bX iont,taLiafinn / ftJ + K .

PK OOFAhy"h -HacD"naH ezs tahan 5.11
lfo rslg=N g19*p r v(K*). solluawvqluqbon r ogl drrryek.

pEF,tli-tlc^J A fi[uahDn'v r clucvele ,l ,]s value awup6. $+h< nfegen .The an'ezp"rAn 14 valu c*tgn t tnq
,s callecl a clscrele-1qluc.lwn tn3. 4 dtrlrck valualwn nnc1" ts a Naethentin loal'doman.f dtmfiuton l.

tEgIEry"4 &l ft ba a Noe,ll4ensn loutl d0m4)n of dtmcngon one, dtih rnarimal deql mlha+he
$llounnl condrhont ave equtvikhf '

( r.c. there r q cl\r.eek vctluahon "n Q{A)
s l .Ar . l t r .vc l -nry)  q9

lN.Lr herl  rnp1.7_ p94.

Lel'vbz,qdtnete .,qluqJron on K, A A valwclo,r vr nq.lhet' A rs cr\qlqai^hyr49 "lKr:o K $ 6omorpht.lDlhe
y.<'hent $eld oI At p ft u ndeid a Arsc,zk s qluqfDyr yrrlg \rt fl\e A ,enra

DEFlNlflON ft Dedehrrrd domotn s afl n+egral\ clored noelhenqn domcln o{ dtwensnn one.



Eeaue nteqmlrlorure 's q local PvDpedlJl (Atn qrcp s.t3 r63) eveh4 [o<aluall,oh of c D edllund domatn
^) ^ fionzew:pvtytlt deal 6a DVR (..l,nlO - 1111.

THE0RE|I 6.3R 'lheviegmldonre ol q Ded€krnd dorn an rwat4 le exlcntrotl ldd "{,k TL+"nl- I,eld rt qSatn
a,Dedeliflcl donqh.

PROOT295 l,\lot.l 'fu.t4 Tznt (keoar Elewad| "l Freld rhrc! tldu)

We now lurn k )4,e <one ..1 " l"ntlwn$dd l( ol lrnentton I o"o" h, whe,e k ,t ,r, ltrd ulqe[ra'(r,114 clue/ bae feld.
we wuh k elqbltsh a rqnneL)ron belween nou- 5nqrtlar cuvtl wtlh i'wfian .fte14 K ̂ nd tht t2l o{ du4rc). 'tatuahDnlt f
"t Klb. $ P sapornl o^ a nont Mqul1r dvw Y flrin b.,, [s.t) +he]oLIlvtlg rs qreqLrlqv lotul tvq o.f d|nen ror' o(te ) .^n(t i6 bj
ie ze\ 'l ,s o Arscrcle ,taluaho4 rtiq. aB quohenl $s1) ,s lho tunclwn hdd K 4" Y, and tnu- k s @p , + $ q\ ^[ua+u|n'irio 

i't- t<,lp. ( h s o p + 'v(r"l >b *h+l 'v r fh" ,ltrrrtle valuqiDn'clelevn'nad b\ gp = K, bL,rl- ttte elenenh J k arc
""i1,-t'" i:iv1= oj nun lht tunl nn3t "f 1 dehlea ruby! oL )he 21 6* "l , 't l "hneieialiaion,'ng' ot Klk.rhu nolwqk,
+he ckhnhnn ol an abll't4c+ nonstnltllar zuwp aelow Eurflvt uEnee.l 4kw p,ellntqa4e4.

Lenr4| 6.+ Let-/6eq yari-rcjec+vu vqn?ly, le+ P'qcy and npposelhot Pqe0p aarubrtng! '{ <1t1.1112n 7:q.

L@F t'mbec! x/ 6,all^lorsnw n. Reolaanq'/ b4k clotun, we n4altarrume'1 pvoiechve. Afteta ru\loble [tnar
cha(qe ol LAardnalat n tP" ue aaruvie lhif ,rc'kp, P nu Q vin4he tyyer planL H. dchned by t" = o. to ue
.^pi'/i,i+ e-=t".1 .,".1, a)[i".'.,i"\ t+ "ti"iq $, n'rtte i q;ib o'!'b;+o f",h,n +l'z h/].e6'cha,ngl

<-+a;. Oli?vwta ar< t14aq a^rume eof O anLlhaf a;=o, b,1o{or tome;> O.ihvn wrz th(qr cUqngo of
,o6r41n6lvt Aehrnnl bu ") i

/ \  o  I  o \
/ . r o ' l
L -  : . .  I l = f , , , n + F , n
\ o o , i  i l

na, lfu cl carcd eflzcl. Noklh* OagOp ca b1n!"! K(yJMednr prccuelu thul t[ (0rl) E q rcqullr m-aP-J'inqil "' 
n^t4oreo o*qutot nat> (v,9\ wih ?e\'J s't 1=9 *on'v rhu 2ng"l1's ..le^a\t, Pmewd

a,laui i iv 'pntsns"l P;,: ;- ! ; ; ; ; ; 'k i i  '*r i*r" ao+o,b"+a.-rv^a ?,1\ef" *ht ih'sqf+1ne,n'^ 'e
m6! attume lhti \ ts an affne taoelS "

LeI  A be +he afhne nnq " l  Y.1hen lhere ave mar imal  r fuah ' rn 'H c A t l  0p =4-  ond Oq= Aa, ' tha ls t
Pa JdQ aol.wDatt(l h "i,i-p.undev (3.2O.Ue claim lhal Oae Ap tmPltea 7nen. Sa! f eln ro f(P\= qqrlcl
uppere f (q14o.f(-ir tet y,O(ntv))-> K,y) he tfu uonoiPhnlrl of (sz) sMQf4O "E hql'e

(u, i l  -  Y( ' / f)  rcylo. u--+k, v --{,e' /  l lH+o1

Ina Qe0, t tu+a+thl l  gee$)pnK(f ) nealr +hol Jhent 3/h e Q(AIv)) sl  h(e)-Jo otd (u't)-(,Dt! l t .9l l)
'^<tll S,iu'! s miechte ' '1tts mplteothal fi = 9JX '' A(A(V)) to f 1=h 'A fl('1 ) B"t+ thtt Nnftan\crt IM PLr
flq+'hip)4O Hevtorwe vtrwlhqw f(A j: D c,vrc\.ro f er'ra't vequ'ed. ine +nft1a|e ma\imal 7n 9t1 tnplls\

' t n - - n n ? = Q . e .

Aslhe p.nof shows, Lenna 6 4 hololl l?'r g!5 vcne! (whtch n alro obvt}u} ltn? 2teg wne\ $ usmor?hr(+€41us0l-Ptii
vovre{ ).

rFr1rln 6.5 Lef 11 be a th ylc+^n det6l ol drr1l1ensron I ouer f<, and let tt-e K.1hen *

CK = {R IR rs.}h" votl".rlwn nng ol a dv uele ualue}a n r,l K /k}

me sel  IRe Cx) "&R\ ts"funle tel .  Iposr iblg tnrp!)

-lEssr
$ f f . r s o v a l u a l n n v , r y t t e n t t { R t ( . z ' ' e m x . 5 o l e } h n q ! = t - 1 w e h a , E + o s h w l h a l t l V€K , , 1 + o , + h e ^
lRecK ly€Tf i .1  's -a hnk. te l .  l f  jeC fhels  a 'eno. / 'a ,Vr  R,  ta le+utaDsdme J+R 

"



tJe consrde' thp rubnng kfyl ,{ K Seuew}td by y . 5nu F r algobnrcalll dond, y u lronuzndenltl "w F, a
hltl $ a Qol\4ua(l\al .iq Vii"* 'flrfe*tewor,"i(,1\ tk hon lr. ano L If" I "nn""Inhscehdevw hau fi, rlh(i
" ' - ' - . . i  1 r  . . t ) l ^ ^  J L  . , , , ^ ^ ' t " ^  - i -  t  t t t . ^ -  < r . - - . . - L L - - , - * ' , , , " t "  r . A -  t t L - t  a ^ , " , ^  v  ,
hlyl lt4 PolYuor/r\ol niq.llewu 4\u-exlewron'P(!) lkhutr./'eq l. Il--f ov*n-afrt'nsrenderve boav ft, tcl lt(l
!he," T v 1,t7" A,oqIA be ar+rcnxendene baar hl K I E -b'tlhm.f wuul beewp\ t$q FAE.Klh'=l.Aens Ks
.t^^r^-,. ' -1,), .  kl ,r \  aaA <nrt r lb s I  a , l  Ll l" ,r ' lhnl xlHl, j  Lq dnd alae6mrc - hp*p hnt" ^t. , . .  t-+ Ra\ |wb*n| i in  R[ , ! \  and snu K/krr l9  '1  h l towsthql  x lHi t l .X-andalgeimt( -he,rpf in ie .Nawlr l  E
biltu nl.eqral."lo:urc "1. \t1!n^< uc{b'1 16.?6) 13,6o O,edaland donaln ,s.2 t,t ;tlatX t +"tlen'r-".-7 I +.be" l fu  n leqal" losurc o l  k [Yj  'n  <.Acib|  (6 .?e,)  B6o 7edoqnddonan 91 ( to ' l la1 1+"- /hewl 'n- |  9+(11.V Z&s)
e , . - . L l , L t . , ^ " ^ a ^ I e A n f u 1 - v n n , t , t " ' . ^ ) I x t l u a n h l k , , , . . 4 t " . t " t h t l n a l B r s ' l h u , ' t c 4 n r k l ' r - " o ^ i ^ \ - t13 6 o1;l,i klg genemleA nlyl- molv1l2,' a,n/ tl is slvorjhtftnward to che dzflpl 6 slnw a 'finkl1 lanialed
R-a t leb \4 .  

- -

fNota Bu z 4S'fhtxemT t.h.\i K ,, lh, qunhenl f iad 4 G, rc 'f k uovry tLaxlrn4l tclpol ol B +Iten.8^ !'-= 
?r:;;;;i;o\;'';;:q'*';i q;liii ' iiri< s"4' sv t< s noatnT\-nlt'cr'uttcan Pvu4u., (lenawl'
al (K @n+atntr1 ang l';en J eK -\

5,1 Rbe a "1157rslo vlsa!6n nng d r)L r,Lnd tulpora n, e<tl,R-Ihe\ kf!7 e R, an"Urnce R u tnlTmll cloted
'nK,  q,o ha"e B=K.cel  r ' :q i116.  - fhe, '  h ,sa 'pvmZrdeal . t  B,  crn\qe? >- 'h+o and henlp 'n"s vna<'vnal
s w l l v t $ = . 1 . - t f t e B - h : f h q s 4 ' t - n e r o s u a . ' u h i n R ^ n d t t a s - ' e k . H e n , z B n g R . 5 r { @ t n R 0 B f l , 5
c^ Pm|ey ?(t W deot I maA Br, € m7r,bul"n \ht slhat how]| 1ns 69o a "ne A B -,A so 'rin-O fin 2 +iBn .
Aen@ 8. t ' t  R are locql  vngs n )1.  and K c lamqqka F 'n.B, lBsaD.debtd donatn ancl11{  O. :o 6ns
q dtr<rek vclu a}ton (Mg\ qYlcl ttnz K " lhtyt'hent fielcl d $ (su our z&5 n6lq;lheorem 1 t tl Ch. y ), l< tr
rhe lwohenl  f 'e l [  u+ n i ,  so Qn6 4 valuq\ .4n r tn j  " l  t<( t t .Vo*retcze3wz- 'eB)and by (6. iA)w!rn, lha\€
R :  B r r .

4nklX maig Rek' a'c rc|wncl 6

thrss a wzrcul. Inovlurq,eath4*O,nK*tlhqlk d<fe, nuv,t q Dndebncl domatn Bsl( w*h qaqltenl (eld l<
5.{. k[yJg B <K Le!.nbe a max/nal deal "l B 

-fvtu Bt s qdrscvele ualua]wn vn1 "tKlk crl,d .,Bal rs rh4 uvrllun
elemenl o( Cs dornurahnq i' B,?1'l - .flrqf 's, J.l. B € 8r and .n9.n oB =.n. tht /nafr mal deqb wtYn q e4^, oE tn
b1e"'lron w rlh- the p.'nlr J Y ,ohtlynS I --o1 arB tn b5e c*on wtf +1^a e\evnen\t o( Cr< o,rlornrng y v

' ' nct B t q DerJehtnd cbman/ V hdn dnentbnNow E,slhe afhne aardlnak 4nS ol Ju(w aff uc(/)eu l (14 6) 't,, 
._.^^^.t,^^';i rx"!l!':Nz;r,!!i:ktrtll:ilr;;x':h:#:*:ii ii :W:lsf:#I:,Prl'lq^^F:il.!!ilnatrnq

deaVal!,{,f;itjj'tj;1',::fl,:Y;,t:f[iiii';'^'"i#i,IK';-(;ift iftffi!:i:y-:"::i:iiy;1,,:i':*:'ily,,?,,Y"1i,,i)'i:i! ,1;,1;,':i;'t;7:;;i;t^',ff,ffiff'!!)'l'!"f")'ti;"llii:'li'li'"#;;r,* *\if,iiiffir'x,'iit'-;'9(sn@ p.otntt t tu
r.l pnl:) HeBb! (3.2\tra^d 7: 81 a d3lr'n,

t o"mV u'leto- '  
J = o

r.oRDLLhR\ (.6 A^u d,$wfu ualnalnn rtnq ".1 KJh.s.uonotphtc 4f$qlocqlnn3ol apod ort r\tne nonrnSuldr
alflAe cuv"e, whrth hoo fanthfro feld K

PKOOtr

Le\ tt be o' drxft+evaluqion ol Kik w,!h vqluctlr,on rrnq q -7"n (cRcKrrncc R c.nnof beofo/d.
t e l  o l q€' Y v 1 s  L t o q i h n n l a  k c - R ) . - r t r e n  ^ " v w t a w , n l w P n l 4  l L  s )  R $  $ o m o v p h t L a , / )
ah-qlqcbi'fo gn l whe"rie m \5 amoxim;l rdeol ") B)*hnhts s,ti"torphu ona k -algebra 4o tfu,lo'o I
trn,.l "i''li; n;,'ilirlor d(hne cu,,-r. I o1|lp po'n) coiwpodn3k l. noorvet, )ht"1un&pn4e\d olY
6$4 oVh( alt a"V-algebr+to *u qrtolrent {reid (}f B, @}\ch $ lrombrPhlc 4z a R:-agabvo lo \< I

R r:omor1ohrc lu 0",1 ^ k-dlgebm
\( rsomorphrc {" 6t't) .a k- olgebroa. q



tn)e 11o'|,rJ {^m. +o lhe dehnlwn olan abshacl nou tnqulctrcury, Lel K be o.fun&on freld .ol- d,tne1to1 I otel .f(r e a*nletu sene,qte4 "tcn)tonhru')'i 
'+,"r',lrriii/"^;;;;;i j L;l i""ir" tr'": 'LiJ' li-a'',,tre vatuilurt,rny^"! t( lb'* 

,',;it";;;;tl;;; A *,iii,il-"r i'" *ai, )i ,-,i7 pnco-.- *'r,i e 'toia''kr +i natua+un nns Rpl Ar nobc;;i"i;;;!'l;i;l';; i;';;;;;;i-;t c"" 6'!8, ;;;;i7 ;;co-,- *iii'e 'toiaik,-ri,atuoh'n,tn3 Rp' Ar nobd
,n+t.-pno{'J (6.5) r\set'6s s norriT-i"l"ri, c. "'iii 'Iu +*^ (t sJ,,iit t1 "n Aui*ntr" i 4 t ons,r'gu\av
^%.),,,"^ v <J krvl ",,-^",oh. ^),i E-"\rnb^+. l( therc)'/ snl.n1L stne i- hca drnznspn I c^ncltt twudutta;fh;[;;k" ]", i' otli'',,I.'iiiJ',] i p-a'yvh-i k 4,',t </ s.'n'fini1. o,n lvhn dnrzwlon t i,,)'i.'::!i,:.2::'/ > . 1 . | \ \ 1 , / . ' - ' . . - ' ' : r . - ' - : ' - ; '

and 1o, .euch PeJ *rL t\ allebrz- ge,t r a1ubtin3.o1 K ('t) anlantn3 ,k, ond vnoftau e: "_r:" :" d'n-:f.:l::":,L":oia, h, ,*rrn PeJ llv V- alqeba Bp.y r a rufitinq o( K I't) anlantnq k, ad vno,eou e' 6 PlY t a cl&rek v.cllu,attv' I tn|
5,v1as.- l t ) . ts l tuqwhpnt$eldolanl ju, tn,Ae,1 " t2-1' l3Nolea);  o. i t tst .nubt,(6.+)"au t t .ofr , , " fd49-: ! , , i tJ," f*
iitii'iii"",!H':';,:,ff';kh:'!.':i';,;,'7i,"'ff^T;',isi"i i'iL.i,i"'c,!",,i^lr,,i"i.'L'noi frWe(raunl
dehv+wn o( CK B

Cr: iR t R rs a,r rnlgqratll c\ored nolheran local :ubrflt otr 6 J dtr'n I
conlernrng k- .r;(h \hqt K ,s l1'u;mollpal subiel"d "f K
oottutnn3R J

vte naQ Cx vrh o lopoloqrcal so acp. ltt hknq lLzclorcd seh h be 4he 'hnfe nfuet ancl lhe tuhde tPqu. Jt 0 s c<
s avt oyen subrel 4 C<', u! dnl,ni-fhnnfrg 4 *.g4llf,1@U on o h be

(9[u) :  f l0.,  Rr ( o (P )=o )

11 y r< r,onenopt4 we4 Rp,P(lJ to rubnnq ol K wrlh k=R= K.Herc OIV) tt4Jubnng o{ l(anlatnnq k. lf
o,tl are trw open iubni "t to *'n o='v lien deortV t9[v] 'satubtng"l o(uL satheveita cdnoht( dl vilovphrn;',;;1,; 6i\t';;i,i'riiio,,o p-^:t{r:f;lntrnftri}ffiW$;jl4{F+i,,ff W#,:frr"S u-:r:'fr; ::;P;f;'L: T,'+; " {"nctr.,, a tnn u --> a ,bv i,,n"s'1-ii1' + a"' n" 'e',")un 'f ̂ ! ̂ o.'
v,:: j'r;:il:ilt:il:n*rey,hi:l;jllA"*;ttft,&;kxtr;rryf';Y;n4[;w;;7.';n':i,1i';';{;"1!'-ini,ii'Fic""n"+ ,i i""'t ,i,iii"+.s,'wnng' h lone o.['r) (snu fne c*ttt.R],cdntte)

xl**in::i t::it;!';,1fl:v;!:;)";*:'il;:;"7:i;^.!i::i:;i:r"i*':i;'#;i:i'utri;{v
iti i'i,'ii '*v,* L) u)noirritaop"" rcl *d {t EIU) 

'wedahv 
an eq,trua.lenq' ,Btal'pn bJ .(o 'l) - (v'9\'f | = 3

6t^n ;+ /o ,1s \ ' "OAV.1u l  U0V iann l tnkvb jp lo [  CK, ,o  , 'qorn  \  (6  5 )  |  - -  1a t  e lewevb o I  K ,  t " -  '5qa
u^jr,ualenu nlo*nn.1he v nq ogeralans o^ KCc K) {,orr( rd€ Lur*h tli opera*aru F K,-and JIn@ <wu1 }e K belonX> to 16ma
O'(,)) J u "leat lltal Ntu l''t"nclwn'fteldot Crc r j"ul K 5o M suwnay:

(s s an n$nte, n"ettenan iogolo6r tal qao v whdt pornk orr ,tored
Cr $ vr-dtrAble ancl hat2 dtryenston I
(9 ts a theaf ol k-alqebat (1ne theal .. odrL'v' tr eaai(5 cheched \

so-lltal Cx looba lol l,t c. nonsrnguLar.ut'e I

pEFJNTT,DN ln qbsiact nonnngfu:!!9 " *trii)l,tr tJe cr uherc K s a/un'lnn i'ld 9l dtn"nrrcn I

5o l./ {t rr}h{k, rtted qci*e, noe'+tlenan, hcra r\ored Potntr ahd lht ilrrlc+uve 'thea( tt a-thetJ"4 k- algebnrt '

Nofq lhotrJ ,s .nolc leqr^pynr i ) 'ha+MchanabtJvalcuwesavenely.sowuwl lenlargethera l louXolvanefuz b1
adjovvt<t lha qbsln<l Luwrt.

DEFtNlTll)N A mowhtm y X ---+y bel,"ften ahr+,at n nstnqular cuv"en ot vc,t(tehu u a wnhn ',a,oua mopptnq
triJ.f i6Jfir rnory "cer'rc| V=f on"l evevy 'e3a\dr'funcirDh /' V -)h, ff ts r"egrllor on Y-'V 

-

whe,e, ao delntd abow, ,t \1c6* u"pcn f ,V---->R Lrreqrrhv r/ lhevr s 3eO(V) t.t VPeU t(P) = re)K)ue c+ 9
tv"oclulo tttp. it t zo.oil\ checked Mal lht 6 o r,aleqsr.4. touJ l?rri uve havt a pytaent\ enl6\(d o\tvcciego\t " dr
)s,ah w'll be +o tVow lthl euou4 rc\r ngu\ol quan'-i*leclv're (qt,tE rt Lto/novPhrc +o o,r' q\aJftnc+ v\!vtl(tY'. qr^ <uvue,
awl onveWely.ln pavhqla.l, ,u" *il shovt *oJ- (c he)[ s ttoq7rpfip)o a Aons]n1t,lldt Proj €c+(/r€ (uv'"€



PR0PoJlTlON 6.7 Ekty nonsngular luani' Twichve tuneY t tsomtfutrc lo an absl'acf nonrnSular cutw

PRooF Let K be'lhe fanc'on.fielA "l .'/ th.l ea9h lq6lvn3"{apo l P6Y qtus ct'tubvrnqol-< n"fatr'tn9r,f;i 
"+ rclk.- 

Z,ai,11''"rwlt"n(.t 'eateachov.Stnor'soi.ontnqularcifi?!,: 'r i:!: ' ff;;: i i |\n,J.^t
rrrfhnir^un,''ay r'u) ,ltthncl po"'h i"t,ntn lu avhwl 'i'bnng -
vtnqs.{ f, andief f, Y--+t) tn t12 tilecln map dehttct by Yte):69"'J t /" 

/ unl<no* g 1i'n!t,,'httta'l 't' b'l' unwAlot'twt r+r tpw'tenai u /ulp'

hnl, * need lo rhow thal I) ,r qn a9n subA "f Ca'Burr,*""pen rch a'e a npletnenh "l 'lt'./" rclt' '[ '5 ftfi1teul
i ' t ' tao* fttr i U *,fatu o iunnnpt'1 aPek rcl ' Tnr!b\ (43),wPmag.MJwneY.o qtfine', 'atrh ^th!e '/ng 4.1hQ^

!,',;:I:'':,'t:;ff!:')^f,;:Y"ffii:,":'":{'):.'#4'Ytyillift;.r':{,,;{1::i,ry:::*!:#!!i"r"{i,t"r
" t rii',-i' ̂ itti ;iAi't "r:"ttJi;';*t" 'ituohiu "nit "( t( eonlannq A ' h' II B \ ynk ̂ "toy L^]tth ma

r:fiili*[*;#{lii*;r/,:;nlrt#i*nt";'oi;"#ih:]'#;;:'";::"''
\ wir; ialt,'1 of valuolLon rrnS' I e rR )

N o c ,  l e l  r ' r  t z n ] 1 ( o J e l o l q e n e , a n r s  u ! A w e ,  k  t h e n  A g R r . l l  l v  . t k e R p . f h u t . l ) = A I J ' - h " n
U;=f t>e'c<lx;aRpj lful! b,1 16 5) lP€.klxi ( RpJ u a'ftnk tet (po'rtbty 6). 'theue4arc eq{h 0; ond
henA A $  o?en.

/ 
Nowhactz.l6Y = 9t oli-P\'

\o v:e hqw shaot lnrLt ntt 0 Lzlnec) above s om dbtfial nonsttguttu cur"x T' thow thq| J y o.Wmeomwphtrtt '
tue neecl r)nlu rcle ]hqr 1t q ttunelg ol ohmentpn t tJoa'l,f,f,v'rle teb 'n y stE olole 4 an ct n t ' , ' . ' . ' .^-\te neecl,bnly vctnely "1 "lr
,\"'i,ii 'til,t z ='t ) a,-i. a'^y =1 t17i.,o) '" "!'n z=o inl z u.qrtntk rcl 50rh.+olologt.olsE, '\^ta
'^I!!'! :!?':d|:t?p"lp!,::e':.:!\':,!:#:x: .i'":!"#,lhtr{,#:i"#;:K[{"f #('J!!J,"o1+2ot)ilf'l|{tr fli!;qi^iili,i,llli'"*"p'ir|,ci'F;;;t;;it "w;;#^iw ryit"' tunchnns o" ansaPeora+arethz
sqwe Le i  V<\  beopensqwe.  Lei  vs\  be opew

Cs

Den>kb'l Of (v) l lw rcqula' /unchnr on VgY ancl 0(v)-lhe ag gft):Qery0r. Re@lt tkql gy(]),Oe,y
o"y 2 e"f <anbe w"sdorccl "oLub,tngt 4 K(y). t)ndgr itrs rde{hlfrcc\+.ryr, gy(VJ - Oe.y Oe,/ (e E claq")
srrc({ ' f (01f )e KIYJJJJJ r< v'eqch (9 p,'t - sctg 1u,f ):{ue, {e] r?Ur " {hqt 1c:f,p ".| OOUp. ute ctn patbll 're lp
+b nqk t  l ' 1 ,3 )e  01  (v ) '  )  J  (? )  -  + (?)  V  pe  V.  T4en, {  P€u nV,  9  lp )  = { - (  p )  =  { ( r )  r  n r  p4u l )0e ,  r "
t ! , f  l = ( v , 9 ) M K ( y l a n d h ? v r r  ( V , f  ) e O y f v ) . S o { X u v r n g s  O 7 ( v )  o n d d ( v )  L o , M ( \ d€ n a r e o , r e v . l ' e O [ v ] ' 5
rnlerprslsd oD$u lrn crp PF) ,rerrdr,p..[ f n @e/1" = f(F)eR.Heno y ran rrornsvPh]lvli . n

NDTE
,"n'Pe"rr 'rLrcI o[

(t't):ays eveu4 norutngula.. cuvue y (e. vavre! Ynottlrngr,tlar dtrnl=t) r sonovphrclo C5.61.
(t.e. ' ' t luPN)f ne{er we, 1\Lwt'  PtnJ )

t\)aw wr noeda,z.tutll abort exbnnont al morphsns lvevn srvu *o pnjeclurc uarclnt, whrch u vtewlnS tn*ownngul.

pRop}JlnaN (.8 Lel X b an ctbJlrdd nont,rqulav Luql, tel Pe X, rcl ' l  be pajecl,* vanzLl, c'ncl lel y,X-p--JY
6e orvtraPh :m -fhcq +heti exXh .' a(ttqvr- n\orPhts|f, J' X + ) ez'lendrng I

Embetl \ a o. clored ,utor"f ol lP^ kr nne A.' lhQi.. V ( 4 moryhlrn X-P.--)[P"Embetl \ a o. clored ,utor"f ol lP^ kr nne A..lhQi.. V ( a moryhlrn X- P --) [P". f,.rPPo.r"r,.,e rn,,ld e#end
'lhrr uv,tcq'xrlak 9:x---+lPh. tn@ X a Pedu('tblt 9[X) - J(l-p)Vf[P) t 'r 'e(lur.tb]e - bul ,t lP)
o po,nl,ion?ruid, o'nd + 9[P\+f rtu(t Y(x -P) - i{^)n't rr alto clorad ' n 9(x) - ] 'ur thDJea4s'to ^tu

nfr ffi ffi:*Tl#fl.d',i'#?.f,il*#svr
^,y.nn,l!"::::"W*pd!2- \a' 'hqtr aa\ottlah on u uv{r wu!

v,it lut\ble - but J{P) r.r) t t t t  t 4 q t q w v l n  y : x - - - - r t r  \ t  r t ^ ) - r t ^  . ) v  - , . ,  " : , " , ,  r  I  \
o yot",l,hunur'itid, qnd $ 9tpll*f rhan f (x -'P) - t{^) n'J rr 4lto clored .ll^x) -:i:1t:.1::!:y,,i,::T:"h"n'
\';"i;,:;'f;;;;;; 

'gili.i 
u,qtsi'c,* c;no;ht'; x"+'t u*ki's !, od ihl exkns.uo v<tzc/ntJ

' l  4 - .
r.- ,r, , "* L'o| kvrorn lhqt r[ g 5 X u a wrorphttrn
ii'l.,ifv,'r'iii'ii "'* "gr.r\q' qlvr€ / ard 't vex '.aJ

1
'iii ']"a,I,i." u "",.1wuala 5

PROOF

u^qu!. ThtlA we rcd uL.+a.lhe cone f :ff\.

^ t1a@htna+ f  t4qeet t f ,
te4 it e"e*'id NoE-l



Ld f^ have honoqenoa aorduala rq tr^ awl lel U belhe ofn Pl wh*e r-r txn ov? all nanzeu)
Bu ,,/tno ndhc4un'oo r') we mo,\ antqftle fhaf Jix-P)nU*l Bc.cture + ylY - P) nU = I ,oue\ ..
,pl* _rut€ F^= U. F!{l ft^-i $ +Iv u('t)n o+ fluhVpetplttw H; = zk;).Sva ylx-p) j '"} 'e.du.t,btt9,

i i mval lu wrfamerJ n fl; fotnno,i ' \o\.,t ' ,= tPi-i, so 'rhe raull lo l lowt bq a qwck checp+ludelettt'"i'ii,)l*+"n of *"ve, we vuzctk htntit llu reullhii=l bvl +hein tP''- (t lo,t)t.t\o\J '= !(K-P) .
t^-nsts\ ,I ) snjle porn{ 'f 9({- P) O U = I. 'o ,n Jhc'f totte #'ere r a lnual untqw erkntttn Y nappty r 6
flns cane ponl.

so,r.f we ptwe lle re,t '4ll.$, dl\",n11,1 cue &h?ft yIA-P)nV+illnen a) r] w,l l bcf"ae.{" n. Lnerlhertpe
anr\ p V) giczedvg bS ,nlschon I wtl l be hae fur anl n, dr:e\hev t1x..- P) n u =p.rnol'

ta  a4 tu | t2  ! [ x -P)nv4 6 . r 'p ,  eqch ) , t  t ; l z ;  s  a rc |u lo r fuwtwn o^  ( - )  ?u) l tnL . t  bach "5 . f ,  w tob farn
^;;il:4;:i;" i,,'"""" "'ilio\',*nt,,bnt).t X, Xhtch w.vtew u a ralaial luniao "i X, t e. an elemenl't.,,"2"i, 

;i;;-;,r,ti iin,h_, {reti"t",1 ieI tt-bn nau alua.tqn ol I(. ansotwled ^w ttn the {^q]uql1on v,n.1 R7 Lel
r i  - .v(1,)  i=ort t .  . ,^  ( ;e7-.1tnensM@ x; l \  = e; l '^ \ / ( ' rJ l r")  v ' t t  hqw +'J:  +i '  t '  so rr . l " ! .  f ; i  =\e\<

'v(15\ - t, - r, \) = o., . .. , n ['" "tV-:

chootek ruthlhqt (Fs mtntnol dmonl YoL .trn (ltae mat4 he <o).'fherv/l;k)>,a h,dl i henu
f"n, .., l ,* eRp. t\ow ctQhne jt { -:-+ n' by

lP\ : (&ptil,. -.., LxtP))
ilq) - yrq) s+r

Nole tna\ .'t (!eh) = o rc laltP\f O ad ?lP) ,t ̂ olt-dzh/161 7.da'mlhat 3 s o mo'phsm t x'*. P^J'hlth,rxkndt
';, "r,,ilof :i ,"' 'nrqu! - w,clid;;{"tlows f.i iq t ). to tlnw lhal ! -tt a morphum, une +ot t haw 7hc4l v .E Lnn'i\i:y:,;;fl,hlhi'iTf#n=pe:t!:l:iiv:r:,,f",1]il.'"'ilft^l,i]i'1,r1'fttvilf ft
iry-'v-- efhinnpalhcutar.Yd'I '; i ' ;"i:, '-, iJ,i 'r^' iotedrcJ.', ' i i ; i) i ' i""i i j , i ' i ' i i , '*v*a'i i6/' ih7"r
at rp^. ,5 thz\^nt1n !tx- P ) r,t tu,+r'-" b;'i;u;tlb:;;; ;' i.iin -p) -*'ttctrchnl+t" oo:un/*' 

-f(e)eV Heno
'|-il i u no'enP\ and f uuonhnunut

1o thech-lhql ! rya moothun. l,utl be tu{huenf *n thow fral rcqurar funclans 'n a nevhbo'hal ,l y lD eutt kd,-
)o roq,^lar.{undwn r o^\ +"th'l*.+h, )el ups lP^ be ine.Vnse) tf+0.*r" !i {.p) < iJprJon<t tlr" rs"fui. ' i,Itrr 4rtn"
r,oov"4nole vvl

tr<l't" h, g, . . -, "' ' '/rt r, to''/, o,.. -, t ', /, p1

1W reEahr funtwns ai f Tp on Uk cnbe pulledbad.-b,q i 4u /"ndwn: o" y -'Uk -- ? v Y-' Ok. -k tlow lhol lhae
.ftntfionr arc regulor 'altil '!v, awrdi, fa.9,a uoihulwn f,p e 0(9' 'U ' D - nal $,lqhrng,atclM ol f;p qrets
a.e4r,{rrr rnrrp l: 'r,r .r j--a p. $,nl x;1tl-g 191-- l,t, tp) l-l,oatP\ =.lip1e) (laap) --l s'nu ffa---t) s. r;1,gif,V-g"-;(
,'1,b' *'{n a veg,tluf rr4po.. Y \.)"P. But'i/cn,UrL---)h 's 'regr,t\o', r" ^;l,rv.\,Y-.ut t;.t x r'eguloy. -->orher.ruSeK
" i ih  ? ln n1v ' l  nezrc lu-  -  bq l lhenl t t r r rnpl r<ag- f ;p , :u" ; l t i f  rsr rgul+r .^e l l  " t  9- '0 t r .

r , ' l  ow le |  V bq qn, l  op<n ,21qhbo,h1od a l  ! lP)  ' ,  IPn,  f .y- - ->k f ia lov.  f i5aot"4abod,9(x-P)OVrnontmpb,so
V- 'V:y. ' ' \1 'e f  5nu ' f  t ,ec lu lqr lhrxetranopen)e)  hJ wih 9(P)(We-vA)p uod p\nwL6b f (* /1o,  . ,x" /xn l
\ ( , , ,1 ,n, .  . , , t " i r^ ' ,  w ' th  j4o "n 'N s t ,  J-J lh""  w r2n1r ' |n  =,A^)  Ckal tg -9- .V-  y- iu  v  9 ' 'N.wi" t re\ '"n""* 

liol +7 oigula'nn ,Y- 
'V,,n 'l tufftw'loshou., f9 uregnlq( "^ 9-'N 9qt fl14 rtllr.g arc reg,llqro^

j " , l )h ,  , " lh ' r  t t  a tYqvlnFD(@am I  .h t  ca.  Henu y 6 4 mavPn). tm )2



TplEoREM6.q Lef K b"q {ttnth.r*, field o(dtmens,n. I ouer k.'l\n'^ft'< o'l'rlncf nonrrtgularc'Iwe C\' dehned
otbove s somovphtclo a nontMqulot PtWhre cltlve '

.RAAF Tb,s da offi,e pwo{ s lhr:. wefinl /,ve. 2=C6 wth opensubt& A; whrhare sortorphtc 4o nonstngular- 
ofhn, cuwv'(bu E*l.to fhti tmpt@dMc:l).let'!; be lhe pnJ:ech+"e.darw'e ol-lhs alhnc cune Then
,"t *ti te'.t) a d&no anuvpi'rrs- t, 6'-uv, ilerJ wt^nr,den- kepac)utl mqpp'n| Y c ---+ 1r y' orn{
lei l uc lhe ck,'uve .[ the'imay o( C . -*evt Y rs a yr'J ectw" c ''rrve, aod v'tP Jhau" +ha+ 9 r an ts onovloh)sm
ol- c .6h /.

1o Lnqn w,th, lel ?eC h anu potn|Tnen bq t6,t) fl-tnn s " nawnqqlar c'fhno cun'e Y qatl +ponf qeV
*,r "R, = Oq at E -a\qrtbvi,'t Jf.fDlloDt"?fiaf K[V) = K an F-alqe\traL\'eus ck = CKrv] at t*l>stmcl
nans$q\^Iey cuvlw B,.t I b.iJ V 's tsowtorphtc +, an opentubtel .{ C ill, henre h qn oPen rubtel oL C<g) ,
(-rla'il1nq P\ rnw'it haw thown thql euety.T.otnl Pe( hat an oyen netghbthood '"hrch s 'tomotPhrc 4u
un offinp vuatrcl4 ftn all,ne nownlulo' otae, 'n lacf ) t4enu dmt = | '

sln@Cts q uai-@ ftr pacf, w'ennarer,t .^'th a h-ntknu.nhe'- ot' open tubrch A;, e/.Lh ol whtch tt !.oryo(lt'
i ; " ; (4 ; r - ; ; r . t i ; ; ; ; ;2"*v i  E;bndv; '1g i , ' r tant ' \ .4 /A" ' 'aqnooentubreto l r^ : ' ' ^ndlat ' f ;bzne
cbrqx o{ V; rh JPn' 

-Then )i rs ̂  ptu,ler'I|e cuw?t an; wehqve 6 mo'Ph't'l f; : 9; ----> Yi whlch 8 qn tsarllo{Pntm

,f U," n1."rft i  ,g" (*h"h s anoldnsubnt)

8 ,1  (6 .s )  o l tp l ted  k t fu  |nk rc l  . l  pon# C-u ; . ,w  can4nda mo1ohum f  ' c -y ,  ex{cndrnS L  La l
i t, v', ti'ioiarr't ol'lh, pituhi'i 'o,tehu a;'(t' 3 t6\ 'rhen lt v; rr alru a pw)<clun uatte\ - i{u aPrpdurl
tn u Mleo,o"4 ol uonehol. Brl"C,ta91 a vanel!) Io,ve nQe.lh exewlte teme..ar+wn- Ftxtr and L'ont|d,tet the
,uotphtsn"s 

-Fl";. 
u; -----o ' i  , Ustng +fulatl fhal Ul 2 uJ and lhe cartSon(al ltn{acl -If ; tu( ntaP

0j - -11r\,
k r---+ I F, (\r)) r

tt ^mo$hfin. B,at;lhs 6 ' lhe tealnctron ]e t), "f lhe 461p f :c---+ TfY, .pa (f t"))i, ro 9 ts r '.wto,Qhtn.
Lell bilhz closurt I f leinaged f Srrd c tt (rvedr(ibl€r J s a pnjeclwe uane\, and f,c--a| 6 a r710q0h5m

u h o t . i f i a g a t d e t l r e n Y

c

l
q

v

J'
I

oT" -----'",
,r,lr,,r, /

Wevnnl thawlhql f v noryry61t4l61r,hcn cltmettrnnl, an|lhal t rtqa $oylloryhljn. f '"oevuty potnl Pec weha\c
P e0; {or rome ; . a,t'ere r a, wminddlwe. dp?mr.'

t;

T+ tt ?qq+o Jee +hol lhemt amotyhumo{ k -alqeb'aa gnn.l-) Oe (Oe e <1 flnuuql qwumenl
( f* Z .Zl") shlt untfu lv r how ltal lhr mat u tnieilw tna tm'i ,r Aente . 5 ' mi lct, ly (nerc v an n kdtv{morp\sm
ol rlrq5 Oy.(pJ,y, ---+ 9p lndr,ro4 by t,,V;--.>'/, 7lp r'ol hard lo check {hof ' J

,s "acDmmuWwQ dtaqwm ol k-alqebtu ivwb.l$m ,,''o,,phtm t olto tuuedl t4 t'r q-a(q fgpe becomelonqulov
,nap on a nerohbofuptd "l P / b\ (-. t) a^(l , lr anDomtuphin otrlo k;naqt.1+.f"l lous tt, l ir l  l tu h p mawhttlh s
anianowhlm ol l- alqebr,| ' .- S"ht anv 14g ffu notphJrr y;.Oer;.y ) g, ' t an tlvqaryhum Svro r\o4
dpP,Jaclltcref?\ic\lLlohofirrng, .f{"l loLu's lhcrt 'f t a na\lnqulq pvl,iechin cuwf, provtdcd o"e cah sha! +11(/.+ Y
ts surjc(hrl.e.1hc Iatlthal l,* r an sowlovph5m "[ h-ralqibraa'"no tpgl'pl lhal ((YJ c'rd (a6 t56e11et'phtc
a h - qloeWa .io 'ezfhtr ' i  q morc wehl wart, ook ?h&I t mcz f , c---;, ' l  hco dente iwlqqe ",e ,an deln?, P.?",1),nrno,,y,l lum ol E- nlqebvan C, r<( vJ--: t< oa- !. 44. Lowdqig Qstet,v * atub'ng 4 K(vJ, f e xt<no
?i'.';'';;i';'h'^i9"'ni",+',4.o.,J'"ti"*,i',+^*v",';;1'-ir-;;,'i lan'onwphrlm r" x'y}o*"|a"ad
ln sol.vu 0el

"+lh.qt l,: tqieclu.e ld Q.e'/..'lhzn fts loro,1 tubvlg (ta,./ eKCt) " rorkl{4q. ron,drr<rek voluotro,a r,ng
4 K(y) lE (hhe {ot Qxample,<' loolKah'on al fl\a $le9ml.bJurc ./ Oo, Y al a vnaximol rdeol. fnt'gral c xknrton,'
prwev\edtnzntron, a&\ dr 'd\ 9u.v = A\rn' l  -  l ,



I"-'f ?,I1"!, :' i!!.'iln " Ir,,liliTj,' !"i i:iltlll;'L,,f il'.5! : ;1{mfr ":l f '[, T: *:W'" ri' i" ir't i I i' i i !,- rn,il, *+ t, m^o1, ny . R . r d e d'f'1 vt<1 '6, 
R rorntrP"nds h RP {or rcme Pe C

i,\ ,* n"ol havt a = !(P). thg J no@iTi[,ll)15^t;'#'dl::::I:,;151i!,"'ET,'#"]iiHE,"^iti:ffi!l;:":"i::'lln:ny;61fi ft-tatteqw3thar K: v!(Al-t 'T#,ifr)il7ia7,t,j''"ir,rr"n-'r;-.'w.-i*thatl''rti*:a,.nte,tt. Henu
!i,H,,:iil"i!tn,!ifitW{ ,"^t oa owe.rndearher ry r*':il"""t:*:x:':,:n;z!:,::E'a;J'Vi,'^'r,,'i,iil',iItn,ii1:lt"'#-i"ifr' ,'rai"iii,.Krc7'\iti i'ir.i,',.9 r o non'Mutor Pireclre < 'irw 1' s'"o'v'i" * i;ffi; ifi,i; r"' :xn#|iv:*#Ji:: *' t a'o itp'; "rwrc\ :: r"'E;;:'t' o ; "'y'i\l;:'ffi f if !,,::tr-':#Af "iffi #ffiJ;ifkf ,I*p*:n;r;r::T;;-;;:ao;"
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