NonsiNaOLAR CORVES

In considenng the problem o clansifeation of algebraic vemehen, we can forinulate several suloprklems,
bened on the ided +licd e nonsmqular projechwe vanely s e e Rind : (a) clovanify vanehes up Fo bivatonal
equwvalence; (k) within each biverhonal eguivalenc clacs, find a nonsing ular prgechre vanety: () clan ity
*Ze nonsmguler pwjecire Vaneter ma gtien wathonal equivalene clas.

Tngeneral, all fhiee poblemys are ven difficull, However, m the cane of curves (vavehes of clumension |) the
stucthon 15 much simpler. Inthis seclion we will answer prololems () and (<) by showing that in each
birehvonal equivalence cloos, There 11 a untgue Vongngular pujective cuine. We will also give an example to
show that not all cunes are bivechwonally equivelent +o éuch other (Ex 6.2). Thurfor o given finikel
gerevated entension feld K of k of Fanwerdence degree | (which we will call a functon feld of dinreision 1)
e cantalk about the nonsingular projectwe cuwé Cic w dh funchon field K. We willsez also Fhat

¥ Ky K ammjﬁcm”'ﬁﬂi‘ of diménsion |, Wen any R-homoworphism K —> I, 15 represented iaj

a mophism of Ck, fo Cx, .

We Vegm our shudy iman obligue mannev b cle}'rmng Yhe nohon oFan "abstract nensningulay cunve'
anspuated with o given functon feld. T+ wil ot be cléara provi that 7his is a vanety. “Towvever, we wil
see m retogpect * that we have defned nothing new. e Exs §5 ALM focdef™ s p.ovhr = 5. Fasbhien atc < bc Ve

PEFINTION Let KK be q field and ¢ a +otally ordeved abelian gwdp. A yalueton of K wihvalues m G
IS emap v: Ee .;‘0'&__% G such That frall %Y €K with 993#_.0

Q) '1/[3(3): (=) +v|y)
(@) HxtyF O V(x+Y) = vin§ 2), -.,(y]}

I v s avaluatwon, fhen theret R=JxeK | v(x) 20 }D{O} 5o subring of K which we call
’maV_“l_WiM_"% of V. The subset +1 = {xeK | vx) » 0%0 o0} 15 et ealin R and (Ritn)

tS e ol nﬂ?. \Lglga“?wn v’l?;] lScemnfegml domam wineh s the valuaion hng of rome valyation
otn‘:rqwohen Freld r? vur A€ M neler an 1ntegrl dlomain s avaluaton nng Inthis rense f .

ik a5 qmbvg}{j of soméfreld ICsd. YodxeK 7z A o 2 e A, InfNs ccne &2y At a m
ring of IS . TF ks a subfeld of IS such #hal v(z) = © Hor all 2& k- {0}, Then we fay v s a valuahsn
of K[R, and R 5 a valuathon nng of KI& (Nofe thatvaluation rings cre nof 17 geneval Noeflienan ).
(for R+ e avgluatkon ving of I<[k ¢ enoughto have k= R, sme v of o untt 5 ©Y

PEFINITION If A B ave local rings confainec! 1n a field K, we say #hat B dominates A o A< Band g NA=11A
(equiv.t774 CP11g)

MF’J_S.I_H Let K be afeld, A.’ocq!rmj R wontained in K 15 a valuaton ring of K (f and enly |f A5 a maximal
element of the set of local vings contamed in K, with respect 4o #he velation of dominatvon.
Evey localving contaied mn KK” is dommated by some valuatvon ving o <

PROOF : p! o E:
PROOF ﬂt-ﬁyah MacDonald Exs Sechon 5.17 fravalue group 15 v(K¥). Sothe zewo valuahon s ot disorle.

{

DEFINITION A valuaton v is dliserefe f s value guoup G 15the infegers  The cowespondin 4 valuedvon vin
T s calleca clucrefe valuaton ring. A discrede valuaton ving’is a Neethenan localdomanm of- climension |

THEOREM 6.2A Lot A be a Noethenan local domaim of dlimension one, wrth maximal ideal #11.en the
Following condihons arve equivalent :

(i) A s et discvele valuohon ving (t-e. there s chiserele valuakion on G(A)
(W) A s m\‘e&mllg dosed 5. Awthevgong ) o

(i) A 15 avegular local nng

(w) 97 15 prinepal

PROOF A g™ Prp9.2 p9y.

Lek v be a discete valuedion on K, A ds valuaton ving. Then A cwaucdwnvms of K, 50 K s somonphicdo the
qm-herﬂ'rﬁefd ol A, so A is indeed a discrebe ¢ aluatuon ing nthe @ sense.

PEFINITION A Dedekind domain s an mfegrally closed noethenan domain of dimension one.




Be cawe mfegm.'cio:urf 15 o local pvoperty, (Adr1 Pup 513 p63) evew localisation of e Dedtlind domein
at o vionzew (primedeal isa DVR (chim by = ntp),

THEOREM 6.3A The inteqral closure of a Dedekind domain jna fnite extension fed of dr ciawﬁen/*ﬁeld s agamn
aDedeRme domain.

PROOF Z&5 I, Nol.| Th.14p28! (Jecour Elements o Field Theowy Nofes).

We now +urn 4o the cane of a funchion freld I of dimension | over R, wheve i 1 oyy fired algebraially closed bave feld.

We wish to ertablish a wonnechon between non-simgular cuvres with funchon freld I angl the sek of distrete valuathion ngs
of IK/R. I P 15 a pownt on o ponsmgular cuwe Y, then by (5.1) e localving 1s avequlav local ving of dimension one, ancl 5o loy
(6.2A) 9 15 & discrete valuaton ring. Tts quottent dield s 12 funchon ﬁe!d Keof™ Y, ancl fine R @p, this a valuaton
rmg of K[k. (Re Op = v(R)20Owhere Vs the discrefe valucton detevmived by (9p < K, but Yhe elements of R are
unifs, so V[ k)= o)_’rhudmtloc,al' vings of */ define o subsek of }e set Cx of all cliserele valuaton vings of KIR. This motwaley
e dehnihuon o Fan abshract nommgular cuwe below. BuFfint we need a few prelimmanes.

LEMMA 6.4 Let Y be a quani-puwojechve vanety, let £ & eY and supposethat Og € Op an subrings of K(Y).Then P=@.

PROCE Embed Y in IP™ forsome n. Replacing ¥/ by s closure, we may assume T projective. Affer a suitable linear
chanige of wordinates in P™ we susuvne that vedher P nor @ winthe hyper plane H, defmed by % = O. To be
explicH, let P=(aq,..., dn), @ =(bo,.--, bn). FF already for some i g;£0 and b; £0O perform lneur change
7% 21, . Othevwise we may aasume Qo O and et a;=0, bi =0 for ssme ;> O.Then the linedar change o

wordinakes determingd blﬂ

= Ly t Ey

oo the desied effect. Nole that Og < Op ansubrings of K(Y) means pmcuen’y teat F (U ) s aregm}armap
with @e U - fuen there is avegular vnap (Y, ) with feVsd. $=g =0 0OV, This propeviy s clecrly presevved
by automonghsms of [P", o we can m)':ely recdie 1o a, 40, bo=t 0. TVt P, B e Vo whichs affine, o we

may apsume thad N 15 an affine vanety.
Let A be the affine ving of Y. Then there ave maximal ealt 11, 1 €A sl Op SAm and Oy = An, fhat s,
Pend @ commponddo 41,1 resp. undev (3.2¢). We claim that Ogc Op 1mplied 711, Say £€mm s0 £(Py= 0, and
suppose f(®)=F 0 f¢ 7. Let f: @(A(Y])—> K(Y) he the somoyphum of (2.2). Swe £ 0O we hyve

(V)= Y('/F) veqular v—>R, U= {xey |fx)+0]

sine e, thefackthat Og € (Op M K(Y) mecns thot Hheve is IIh €. @(AlY)) sd h(P)Foand (U,F)=(D("),5n)
n K(Y) Swe F s mJ;pc-}we s wmpliea +hql’/§-’=3}h m QUAMY)) so Lg=h m A(Y). But this wntradids e fack
that h ()= 0. Hene ‘we muwthave P(R) = 0 and so &, wreguired. Since 11,1 dre maximal 1r1en implies

Mm=mns5 P=Q. O
As the proof shows, Levmma 6.4 holds for any vanely (which s also soviows 9 evew vanely s ssmophicto a quoni-pioj
\mwe-]ﬂ ).
LEMMA 6.5 Lot IS e a funchon field of dimension | over R , and les e K. Then (£
Cx = { R | Ris e velucrion ning ot a discrete waluadiyn v of K,’k}

The st {Re Cx | x4RT safnife sel. (possibly emply)

PROOF

I Ris avaluahon ving en >4 Ryff. x7'e 111r. Solethng y=x""we haveto shiw thad f yex,y 40,
§ Reck 1Y etnrY s afimle sel IFye k theye are no ;ng, R, 5o leFw assume y ¢ R. Y€K, Y40, then



we wnsider the subnng R[y] of Kjewem}fo\ by Y. S R v algebraically clowd, y 15 wemscepdental over k, so

a[ylsa polynomal g Flenw e extension R(Y) [k hay Ir. deq ). T T wrere’afranscendere e for K/ R(Y)

ten TUSyT would be ahmmscendente bans for 5/ & —loutthen ‘tjmmir beemply sine trdeg.€ (R =) Flenwe Kis
qlﬂebmif ovev R[Y) and smee K[k s [.q. it follows that <[ Riys #.9. and algebraic — heve fnife. Now let B

be the wtegralclosure of R[] n (. Therby (¢.38) Bisa Dedeindcomain. By ((orsllary ) 4o Theorem 7§y ch \/ 2.2.5)
B s afirilely geneated RLY]-rmodule, and #1s shaght fovward o chede that B sfhun afinikely - generated
R—a\aebm.

By 2 25 Theorem 7 $ch N K s the wohent ﬁcld of B, sork s any g xivndl ideal of B then Bn s
a discrate valuahen ring with quohent field (K, So fhe sef-Ce v VJO(IEWIP{-H — infack, we can pyoduce elemevs

ol G wan;umng ang quen JEK—Fk

Let R be o cliscrefe valuafipn ving of K] k and suppese Y €MMR. Than R[§T< R, and.sine R i miegrally closed

n K, wehare B<R. Lol t=1mg/) B. Then Hisa primé deglot- B, anly et se M+ O and hente 1 1 ma xiwal
s JmB =1 TF s€ B—N then Sé’l’l"lp\ soslauntin R andsos’e IR. Hene B’?’I c R, Swme ,mp\m B IS
(o8 PYDPEV Pfrmldml ‘H’Tl’ln B“n c ‘11811) bm{’oh"]‘hﬂ b‘n‘)ﬂb‘ Maﬂcll 'mp-ﬂ B’l‘l > -mp_(-\B =N 50 () B‘h B B
Hen Bm,) R ave local vings m K and R clommales Bar. But B \s a Dedeleind domain and 11 0 5o By s
adiscveke valuahon nng, and sine K s equetientfreld of B (sec our 245 notenr Theorem 7 S4 Ch vy, Ks
e af"w-hgn} field o} B, 0 Br s 4 valiakon nngef < (1e. VoFreK 2eB v 'eB) and by (¢.1A) we mwH have

R = Bn.

Now B s The affine coordinale ving of some affincvanely Y (1.4.4). Sme B s a Dedelzind domain, / han dimension
| and 15 nonsingular. 7o say that YEM says that Y, @ a vegular funchon on ¥, vanishes atthe poind of Y wmpondr.rp
+» n. B»rf'j:l: , sorFvanishes oi:y at qjﬁrﬂlfﬂjﬂfofgppfﬂﬁj these.avemn (1-1) wmaoponflewm with the s mmq&l .'d(?; of
Bby (3.2),“and R = Bn 1s defevmined by the maximal 1deal . (Sme@ poinks where g =0 Lllbfecll.'ub!e.‘l‘f—o-f'\/_, w 'c:é’;rmf
dienson |, 50 siney= Om B by Ex] .10 dimerision i 0, Je Finile setof poimnls) Hene e conclude Ma e THR I Eny

»ﬁi«’llldj many RECK, MV?:/WVEd. 0

TNoTE

Thts 15 & nice reould. Tn picturs - each y#0 in K mf’hﬂék determines @ Dedemel dumain B I< with guohent freld I<
st R[YTe B € K Lel 1 be a maxTmal ideal of B. Then B 1s a diserete valuatuon Vg of K/R and "B 15 the unique
element of Cre dommatn (B,m) —Fhak s, s.1. B Bn and nPnNR =1. The maximal ideals W,ﬂqd E¥itee

bij echon with. Yhe Fomh .,? Y sahsfyng Y =0y aren hij‘e chon with fihe elements of Cx wnh:zmmﬁ Y.

/ points where

y=0

COROLLARY 6.4 Any discefe valuaton ring o# 1<)k 15 womonghic + the lucal ring of a point on o€ rionsingular
affine cuwe, which hao finchn freld K.

Let v be achisovete valuahon of K[ R wih valughon nng R Then k< RC K ane R canntt be afreld.
Lel OFyetrr (oY ¢ksmekeR) Then a ive sawin the proof o [6.5) R 15 1somophic an
ak-algebma o Bn []w‘neuweﬂ s amaximal 1deal of B) which 15 somomphtcara k-algebra o the local
ving| of the non singular affine cune Yqiﬂwpom%wnfwﬁondmj‘!v 1. Moreover, I funchon-feld of Y

15 1somophic an o R-algebra to fu quutent feld of B, which s 1semorphic a4 aR-dgebrate \< -

R somowphic Yo Opy ay k-algebrmn
1< 1somoyphic o KIY) a» k- algebrao . 0l



We now vome Jo the definthon of an abshrack nonsingularcurve. Let K be afunchon feld of dimension [ over k

("?‘aotmlfeiy enerated| exjension frelel o f hanscendente clegree (). Lt Cic be the seFef- all discrete valuaton rings of Klk.

(e w:l!fomegmM call the elements of Cx pomk, and umte PeCic, wheve [ stunds for the valuptipn rnng Rp. As noled
nthe proof of (6.5) Yhe sel Cic 15 nonempty. Infact, Cic s ke : fom (6.5) and (6.6) we RuowHhere i1s e nonsingulav
affwe cume Y sd. KIY) 15 isomonphic as 6 k-alagbrato 1< The set Y s mfinike simce 1F han climension 1 and 15 1vecucible,,
and for each Pe the k-algebra Op,y 154 rubvmj of K () contaming R, and ynoreover Op,y ir & diserete valuotion rwg
Sine K[Y) 15the quohent freld of any such O~ (fewour §3 Noken), and sinie by (6.4) all #1L Oy, y are dighinet subrin
ot K(Y), teve s on infinike number of discrete valuation rings of KR Henw Cie 15 10fintte. No(:a that anomeraf{mmfenf

defrnrhvon of C 15

Ck=iR | Risan m\zgmllj closed nothenan lol sulormg of K ot i |
condaming R, such Yhat Kois the smallest subfield of K

wn‘]'ummj R}

We make Ce o a topological space byaking the closed selr do be Hhe fintfe subsels ancl the whole space. 17 U € Ce
s av open sullfef of Cic, wre define theniig o%_rgﬂufarﬁmcfwm on U fo be

V)= Re (©(¢)=0)

PeU

1P U « vonempty eveny Ro, PeU sa subving of K with R« R K Hene ©[U) )5 af,rubrmg of Kaonhmmuq k. 1f
U\ are fwo open subsets of (e with V€V Hhen clectrly ©(V) 15 asubring of © (L), sotheve s canonical yWophicm

of rings (9 (V) —> ©(v). Henwe @ 1s a presheaf of rngs. From (§-¢) we know that for REC n the map
R__j_; Rlmer, evey elJemerH- s %hun"?age of some ?[e?neﬂ of o That 18, the restduefreld of R Ry i e olpvionn wew

So f Fe@(v) wih Ut & then £ defresa functwn from U —> k by Haking £(P) 1o be the cesiclue of  modulo fhe
maxim}:al ;dea)r of Rp. If twoelements —_F;JS € ©(0) define Hluanuaﬁmgc?‘wm Hhen £~ g €tpfor ‘"‘F“"";\ many PECK,

s0 by (6.S)anel i proof £=9. T we can denhfy elew ends of O(V) with funchons from U—> k. Nolethat by proof

of (¢.5) evew FeK belongrfv Some RECk. Thait s, evw? elementof K ]oefungrfa some 9(V) (sma {Rng]Pé.R]’- -'r'ﬁnﬁe)
Nohw that Cic 1s animeduci ble ﬂogfheﬂan%poloﬂlca space (n which poinb are closec) (s follows immedialely
Srom M defmtwon of C<'s J’opcn’ﬂjﬂ)‘ We can define The functwn freld [K(C) a0 in $3: fhe elements of IK(Ck)are

paive (0, £) where U ranonemplyopen set apd fe 0(0). Wedefme an equ valena relahon by (0, F) ~ (V)£ f=3

(ar funchons) on ONV. But UNV s awmﬁmlqubje#oﬁ Cx, 59 again '09 (6.9) ¢ =g m element of K, fo ~ isan
equivalenw relaton. The vinga evations on K(Cx) conuide wl-J’hﬁuopero‘fer n K, and sine evew -fe K belongs to some
O0) # 15 clear that fhe finction fieldof Cie s jui K. So tn summaly:

C 15 anwfinife, noethenan fopologieal space wwinch points are closed
Ck 15 wreducible ancl haa dimension 1

O s a  sheaf of k-algebras (e sheaf wodthm s eanily checed |

Sothat Cic looksa lof ke a nonsingular curve|

mnemp{lj
i
PEFINITION fh abshact monﬂﬂﬁM i an open subrel US Ce where Ks a—’éundwn freld of dirmension |
over R, unth the indued +opology, anel the incluec! rotwn of requly fun chons ondy open sulosefs.
So U Is imfinde, weducible, noethenan, has closed points and the shuchure sheaf s asheafof k-algebrm.

Note thot of 15 notclear a priovi fhat such an abshact cune s a vanely. Sowe will enlarge The cateqory efvanetres by
adjoining the abstack cuwen.

DEFINITION A wowhism ¥ : X—>Y betureen abshad nonsingular cuwes or variehes is a wrhinuous mapping
such Yhak-br evewy opensel V'Y and evew rfgulcrrfmm}wn F:V—oRk, PP s rfgulmr on ¥V,

Where, ao defined above, 'f /< Cic sepen f:V—>R s reqular f fleve © g€ O(V) 54 ¥peV £(p)=resdue of g
modulo 7#7p. 115 eanily checked ot this i qc,ad‘qgmy‘ Now Hat we have cpparently onlarg edl ourcategory, our
funk wil be o show ﬂ"a}_e‘fﬁiﬂj ronsINguUlas guani- ectwe cuie 15 womoypne to en anshradt nongingul ar cunre,
ancl wnvetae\y.jh qu«hc,b{lﬂr‘/ we will show }’haﬁ‘,\z)g ikelf 1s somophic o & mommguiar ijed'r/\f@ [V



PROPOSITION 6.7 E veny nonsingular 7mmi-pmJéchve cune Y 15 150 movphic o an abstract nonsingulay curve.

PROOF | ot K be the funchwnfield of Y. Then each local ving of aponf PEY gvea q;ubwnjj of X (onfaining R,
and K v fhe quetient field of each Op. Sime Y 15a nons mqular cune, eacdh Op 15 a serete valuatwn ning of KR
Furthevmore, by (6.4) chshncf pom}: gure nse Yo dishnct sabrings of K. So lel U Cr be the set of all 1ocal
vimgs of ) and lef F: Y—>U be Jhe hijeche map defnec by flp) = Op.
Welepow U s wnfindesme Y, bt wve needJo show o womplement 15 finite.

Fuh, we need to show Hhat U 15 an open subset of Cic. Becaure open sefs ave vormplerments of fimle ses, + 1 sutorent
+o show Hhat U voyitains a nonempty open set. Thun by (4.3), we may assume Y u affine, Wit adfinering A. Then
Als Gljtrmhi' fjemm+€cl R’Cﬂjébm ant! by (?.2) K )%@?VUfoe}’h"ﬁefd of /J‘) anel U s the set #!DCGJ{UCD"VUNI of A

of s mavivhalideals (alemt Q(A) R -so e K, so firall works) SynwThese local rings ave all discrele valuation rings
o) K|k, U wonsisks mfackeofall el werete valuakton rimgs of 1< wwiﬂfﬁ'lrfj/‘i : for B s Yuchaving yyidh mmc_lmm':dean‘
M, then i TN A =0 => nonzew ellz. A unis m B => B =K a Lonhadichon. Hewe mi=mNA r:?; wieini mal deal
of & (415 pume #© avd dimA = 1), Asmtfu proof of Lemma6. 5 f follows Fhat B dopmeder An whenw B = fin

by matximalty of valuadon rings ( €1A).

Now let x.,. -, %n be auset oa[genembrs of Aover . Then A< Rp . 2y...,2xneRp. Mo U= Ui where
vi :§PC-C|< | ’(]éRP}. Buf by (6. 5) 1Peck| x; ¢ ‘?Pj s afinide set (po:rfb.y #). Thevefore each U; and
Menge () 1s open.

Now backte Y= quw—pwj.
So wse ave shown Mat +he U defined abore is ein abshack nonsimgular curve. To show Haof T 15 e omeomogphsim,
we needl only note Hiat Vs o vanety of climension | Cleavly Fintle sels m Y ave closed, and of Z <7 1
cloedettier Z=Y oc dmzZ < dimy = | (Ex].10) so dimZ=0and Z s 4 finile set. So The o pology onang cmwe
5 the fife closed Jellfvpolvg‘j, so Y 15 o hameomoyphiim. To show thal F (5 an (somoyehismn of vanehen (er of
aloshadt nonsingular cuwes wove pmpmg) wre need onij check that the ypgmqr funciwonis on any opensetare the
same. Let VY be open

Ce

Denole by Oy (V) ﬂmwjular funclions on Y'Y guel @(V) e ving O(V)=Vpey Op . Recall tat Oy (Y), Op,y
any PeY can be considered as subrings of K(v). Under tis denhficaton, ©y (V) = Npey Orr (€ 1s clear)
sina f (U, )€ K(Y) 8 meudn ©py —say (U, £)=(Up,fr) PeUp sothat £=0p n NUp. We Pcwle-Hne v
4o make (V,9)€ Ov(V) . §(P) =Fp(p) ¥ PeV. Then & PeLNY, 9(P) =F.(7) = £(P) 5w PeLNUp, 5®

(V) =(V,q)w K{¥)and hene (v, $)e ®y(v). So fthe vings Ov(V) and 8 (v) wmcde . Moreovev Le®(N)1s
m-}eVp\-elredmﬂumap Pr—= verdwe of £ @P/m? = PPYER  Henw F 1san sOoMpIN N0

anopen subserof.

NOTE (4.7) says evegj nonsingular cuwe Y (t.e. vavely Y noasingalar dinY =1) s isomomphicto Croy.
(1. The proof never wien quovi-pie) )

Now we needavemttt about extensions of movphisis fiom cures 4o pvojectve vaviehes, which s intererhing m ik own nghl

PROPOSTION (€ [ ¢t X be an qbstrach novsingulav cuwe, let Pe X, let Y be pwjectie vavet), cnd lef ¥.x—p —>Y
be erymovphism. Then theve exish a unigue movphsm F: X—> Y entending ¥

PROOF Embed Y as a closed subgef of P" forsome n.Ten F 15 @ movphism X - P —> P Suppose e wuld exntend
Jhis wmqmluio F . x—> [P". S K s wreducible, P[X) = F(*-P) U F(p) umeducible — put F(P)1s
w poin, heniz dared, and if $(PY§ Y then (X —P) = F(R) (Y 15 alio closed m F(x) — but Fis leads o o wnhaciduwon,
sowe muat hove nadl F(P)eY. Hete F gues amophism X—> Y extending f, and Hhe extension 13 clearly
unIgue . Thud we vedup -ty the cane Y= ™.
" Mo his mltkuni- Yenow that f Ui? X 15 a wowphism wheye
U & anabshach nonsgular cune, angif YEX s subset wi
she ndued ﬂv:tgeo\spo.ms%wc, e, if ImpeY then u—Y1s

a mophism e vrn%cl spacw—we;beuf’mndnlrwn on U umduwua]anj .
See £3 Exercliel 04.?_1



Let JP™ have homogenow wordinates Xe,..., X% and let U behe open set wheve o). .., ave all nonzew.
By wing mdhchwon on n, we may ansume that 3(x —P) NUF . Becawe F $(x—pP) NV = ¢, hen
$iX—pYS R =V But PNy 15 YL Unon of #ie hypevplunes H; = Z(x;). S (R —P) ¥ iveducible,

]‘,' Vn[/VJJ’ h&bﬂﬂmf”et’ n H‘ j%f)'l?ﬂ?f“ i, fVOW Hi o ﬁ’“"" 5 memm}_]ﬁo”uwf j”y a qWCk c.hech D‘f"HU- C[Q.‘i'ﬂl!.r
andl i uchon. OF voune, we neect 7o Riow the reyilt forn=1. buk then P'= O v { @ (L0)y 50 F(X— P)
wonsish of @ smgie pom'f, W PA-PYOuU= 96 50 i thatcane there s o mwidl unigue exdensign ¥ quP"’ﬁ Pt

At same poml.

50, f we prove Hhe rewll foc al\ n i The e where Y(X=P)OU + ¢ fhen @) i} wll be e fir n= [ merHiercone
and so b) proceeding by mduychen i will be hye for any 1, whetlior F(X—p)NU = ey

So cnrume S(X—P)N U= ¢ v aach 1) Xi)z; s arggularﬁmcﬁﬂn on () f‘uilmg +hace by X, we olotain
 rulbrel of X, which we view a9 arothonal funchon on X, 1.¢. ain element

areqularfunchon fi on aonempdy »
J : fron -ﬁelcl??)(jlfdv be the v aluaton of (< cosociated with the valuahon ring Rp Let

-P‘jer wheve i the func _ ) i X
A =v(f,) i=0,.. n v.e Z.Tensme 2|2 = (i /) [ (%|2=) wehave Tij = o fo° 5°
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Choose |k such that vie1s mipimial among ve, .., e (ese may be <0) Then v(#) 70 for all & hene
fo}a} - Sk €Rp. Now clefne F:X—>TF" by

P(P) = (fr(p). .., frlP)
Fla)y =Y(@ QP

Nofe that v(Jkk) =0 50 Jer(P)# 0 and F/p) v well-defmed. T claym that F 5 a mowphism of X+o P ahich e xtends
Y, ancl that ¥ s umgue. Unqueness follows fiom (4-1) Toshow that F 15 a moyghisn, wefrl show Thot F is condmisous;
H VE P 1sopen and f[P)é Vhen ¥ V) =YV which i epenin X F F(P)ey then F7'(V) =7 'V U P TF

¢~ 1\ 15 nynemphy then it han finik complement w Cs, so -\ o P will alsv have fiile windeypent avdis thwo apen.
IF ¥V = @ thmn parcular $(X —P) < V©, whicthis «

dojed s} in [P, Hene F(X), which i animedycible subspace
o} 1P, s fhe union P X=P) L FPl{ o closec) subséts, end 50 Pe P (K —P) “‘mﬂfmwldrﬂgm oesumplon. F{P)eV. Heng
S VAR nonemp@ and F 15 confinuous.

To ched that F 15 « mophism,  will be sutbient 4o show that reqular funckons in e neighborhoud of F/p) pull back
: Fedula;ﬁmc}wnron KT .f'hr'l}wd'hl Jef Uk S [P” be Jhe UPEV”E} e F0.Then F(P)eUk; and Ve \Siuﬁ"lne uuplh'r\ ﬁ'%ﬂe_
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The reqular funchons %/ on Uk can be pulled back by 4 fanchons on ¥ Uk = PUY U To show that There

Fanchons aremgular: Y Ai[ote, wnsidev ’Eh-% wnshuchon £k € O(¥~'V vP) - that 15, fahing vesiel e, of [ gIves

a vﬂﬁvﬁﬂv Mup P'U e P —2 R. Bt %ifar T (P) = Fik(P)[Jyu(P) = fi(P) (feu(P) = | sma gfh_k-_—,\)‘ S x"focng'rf?_l‘/'h—”\
ag s with o regular map ov ¥ 710 0 P. Bu %i[ar t Uk —> ks vegWllay, 5o X s 7 Uk —> R 8 vegulor ~sothaciy g ek
with ‘}"IULHSM' cenclue — but then His JMPIWJS =R, s0 *i ot F 18 \'tgu\lqr onall of ¥ 'UR.

EEOWI?’}' V be an epen nel Wborhoed of g{,a) h HD'—_‘; f V-—;’;Zfﬁ' alar. Asaoled above X —P

F'V=v"" VHU P 5mmgf i requilar theve 1t an open se 3 by with (P) GW‘i VA Ui:. ):'gd pe {}‘)ng)m\:o:ls;?g(%y:f&?fin/xh)
§(¥Vfxng. - %nfie) W0 940 o W sl f = 3] on W (ing Vo =), Clearly F7V=$y  § W, we already
know Yhat pF i vegularon 7'V, so ot suffues foshow £ 1sreqularon 3. Bu he Xi/zo F are regdlar on

F Uk, so this 15 staghtforward o check. Hente F 15 a monphism. 1



THEOREM 6.9 Let K beafunchon freld of dimension | over R, Then the abshact nonsingular cuwe Cw detnec|
above 15 somovphic To o nonsingular pryjective cunve.

PRODF The \dea of the proof 1s this - we fut cover C=Cis with open sulosets U; whith are 1somonphic o nonsingulav
affine cunes (bg Ese .10 this wmplies clim € = ;]. Let ¥, loe fhe Pf?jécm clorure of Hlus affme cune . Then
we we (6.8) 4o define a mpvphisn ¥, - c— Y, Nextwewnsider he procluck mappirg ¥ c—>TTY;, avel
le¥ Y be the closure of the image of C.Then Y 15 & pwjecte curve, and we show fhat ¥ 5 an tsomoyelism

0}" C onfo V.

To ’X‘HM wrth, let PeC ke any point. Then by (6.6) flere s a HOMJJPT?M[G)" affine cuwe N avd a pont @ €V
wih Rp = O a k-dgebimy Irfollows That K(v) =K w kR-algeloran, hene Cx = Crpy @ abshack
nensImgulay ). By (677) Vs ;somm?amr.fv cn opensubsel of Cx(v), hene 1o an open sabsel of Cxqv)
(wontdining P).Thus we have shown that evewy point PeC han an open naghbwhwd whieh s \;omovphlt'}u

an affine vamely (anaffine nummgqlar cuwe, n fack). Henu diné =|.

sme C s qumi—-wm;}acb we can cover tF with e finiJe number of open subsebs Ui, eachr?f which :mommﬁhrc
10 wn affine nons| nqular cuwe V;. Embed ;< U think of A™ oy on open sbsetef P™, cand let Vi be he
closure of V; 1y 7 Then i 1s « pryjecte cuwe) and we have a moyphiim $ Uy —> Y, whidnis an ssoymonPhism

of U; ento vty image (wheh isanopen subset)

By (6.5) applied fo the finile set of points C—U;, we canfinda mopehism ¥+ € —>Y; exfending ¥, Lef
TTY; be fhepwdudr of the pmJ‘ecth vanehed Y (Ex 2.16) Then TI Vi 15 aliv a ijedwe vanely — 1 a product
tn e mf@guvg of vanehes But € s net a vanehy, sewe vieed fo exewdse seme cawhon. Fix | and vonnderthe

nnovphisms ST-IUJ- Uy —> ;- Using the fuct that g =\ and the categontal product TT¥; the map
[)J. —2TTY,
wr—> (¥F; (‘-‘))I‘

s a worphism. But Uis s the vesticton fo Uy of fhe map P c—> TTY; <+ (% (i, 0 P anovphum.
Let Y be fhe closure of fthe image of ¥ S C i iveducible, Yisa prﬂJed‘wf‘ va we+ﬂ, and f: ¢ —3 Y 15 amonphism
whose image 15 denre in Y.

we et show that Y s wnsingular, W chimension ], and that T 15 an somorphism. v every point Pe C we have
PeU; for some 2. There ira commutatve draﬂmm

|

T+ Iseany fo see that there s a moyphism of k-algebras Osp,y —> Op (07 < K) The wual engument
( Ea 3.2.¢) shll worhs P show thal his wacip 15 ngjec%wf sine Im¥ s dense . 5'.’milm|\j fheve 15 ﬂhm\J‘ech\m moyphism
of ings O (p),y; —> Op mdved by F . U; — ¥, T 15 vofhard fo check thal
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is ot commutafure dlagram o/ k—d?ebw. e bothom W\WIPhIJMUOUDJu e (e sneony Le©p beomeare ulay-
Wdpon o ner?hboﬁqoodu{ P (bYy £.5) and % 15 an womoyphism onto ds image, T+ Jollows Hhiat Fhe Yop mowehisi 15
an sowmoyphism o['k-algebma. Sofor any Pe C the mowphism PE :OQgip)y —2©Op ¥ an 150 myphism. Swe eveny
O 15a ciscrete sauaton nng , (Hhollows thal ¥ is « nbnsrngulqum~ec+VQe cuwe, provided we can show that ¥

1s sujechive. T fack that F* 1w an isomorphism of k-algebras aTJro jraplier that K(Y) and Kave tsomophic

an k-algebran . To seethis i a move uzefu way, noke thed sme ¥:c—> Y had dense .‘moﬁe we can define [Fal
w el irm of k—:—algebmﬂ 5&-. K(Y)—s K as 1n G4 Lonsidenng Qg(e), v asubving (Y], 95 exlends L P )
- Sme ¢ s hawally mjechwe and also suyjochwe becowne Hu Se*are, ¢ & ansomophism. (any yeKs contained

Mo Gp)
o see that K ;g’edwe let REY. Ten The local subning (Oa,y € K(Y) s wontmiiedn  rome discrele valuotwon ring

o K(Y)/k (fake for example « localisation of the stegral ciogure of O,y ab a Maximal 1deal. Tnhgial e xtensions
presevve dimenson, and dwm O,y =dimY= |,



To see that P 15 surjechve, let ® €Y. Then The [ocal subring By < K(Y) s contamed 1 some discrele valuatwn
nng of K(Y))k (ree thenext Lemma), say R. Iden-l'z@m_c] K(Y) and K via ¢, R come) onds 12 Rp for some Pe C
and it follows That R = Cypyy sme P dentifier ©ypyy wth Re. By (6.49) we mun have @ = P(P). This s hows
that ¥ 15 suyechve- Again wing the fact hat under ¢ Oygp,y <> Rp Wese that s injechwe an well. Henw
¥ ira bjecm wmorphism c( Ch Y (and o o brewed eqrlhier s meéans Y i anonnngu[arff?jec}ue curve ). Sing
the $opalogy on any cuwe 1s Yhe finibe - complament fopology, s trvially @ homeomenqo hism,” Tov eve Pe C ¥5°

s an 1so iMoo ism, se The avgupent of Exx 3.3k can be ¢ anily adapled 45 show that f o an somogmsim. [\

LEMMA Lot Y beany cuwe, PeY a pond of Y Tnen the local subrng Cpy < <(Y) 1 cordmined m some
discrele valilahon ving of Kir)lk.

PROOFE 3 LoeYIng Y wth affine open s643 we may vedue +o the csewhere YEPB™ 1 avt ke cisve. Sau
Y=2(n) for M prmedeal fac R [xy. %], Led K be the quotient field of the domain A(Y) = Ky o]
Then by (3.98) wih L=< f follows that the mbegral <losure R of A(Y) 1 K sa{.9. k—domaim (i P“ﬁ‘ﬂ.“q"
Rs Noethenan). Let S bhe the mulhp licahvely clued seb A(Y) —tip . By Propesihon 5.02 o A4M, Rs sthe
intearal closure of A (Y)mp e K< (e Ks ma be 1denhfred with <) Sme there 13 an 15omonahism ot Kwidth
&(Y) denhfying Ory with AlY]rmp # follows “that 7he inteqral closure Vel Opy in K(Y] i noethenan (sine R,
hene Rs, 15). Bub mieqrml exiensions presene dimension, 8 \/ is an infegrall lssed noettrenan domain of
Aimension | (s K(¥) 15 the quahent feld of Sy, nenwof V), thatu, V « ngelzmo‘. et 1 be o maximal rdeal

of V.Ther. Vay s o 2l iscrefe valuahon ving of J<(¥)| k wntaining Oex.



wlor cuwe s somophic fo @ ?MWH’ —pryechve cune, fvc’cg vions g ulen

(BROLLARY €.\O Evew abshact vions1
e S “d 5 150 moyphIc 70 ar open subvel of o nony myvf!ar projechie curve.

Ww,f,owjechvc cupre v

COROLLARY 6. 11 Evewy cuwve i biratwonally equivalent 4o u nonsingular prje chve curre
e e

By (5.3) the swnqular pomts of Yﬁ’?ﬁw’ﬁmﬁg{;%ﬁﬁ s

PROOF [of ~ be a cuwe (1.2 a vavety of dunension 1.
= tente Y 15 bi nal

subsel. Lef VLY be envnewmply opensubie of Y consirtng of all e ﬂU}U{nﬂw[gy poin
cuwe, which by [6.10) 15 (sO/morpRIC o G open subset of et viovisingular projechve cuwe

v Z.g
tombining (6.7) and (6.8) qer

PROPOS(TION Lot K bre a nonsingulor cuwe, PeX and (ef Y be a PWJécﬁm? vanety, ¥ X—=P—> Y a moyphum.
Thewn theve exists avmgue womhm F: X — Y e xtencling .

(LOROLLARY 6.12Z Theve 15 acha{jmm of equlvalends a;LcaJPEQOﬂ@J

“we are not cloimng
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wheve d denclsa dual equivalene and -

@ Nensmgular prjechie cuwes, aviel dowant oy hisms

@ Cuvves avigl dewnvant ratwnul mags
(® Funchwn felds of-dmerinon | over e and |- homonrophinu

PROVE The funclor @ —>@) v ecuyFo dehne : mop cuwves Fothewsevesand ¥ :K— Y %o (X7V) By

3 hte 1h L - . \

(611) evewj olject m &I ¥ rorDy © #o animage of @. Moveover (D— @ * clearly mjechne
On VMovphism jefs. Tosee it 15 ;gg‘?chw feF (U,F):X—Y be o clormtnant vafwnal map lbebween
ﬂommjmqr vﬂ‘evj-we cavves  Ssme U X 15 nonempry open i ik have fraife complement, oo we
con voe the previows propunon 19 exlend i Y —Y P ¥: X —3Y. 5 Im¥P s dense, F s aclominan

mowphism, and (%, ¥]) = (v,9) cw ratwnal maps, so © —3@ s ipdeed an equivalence.

1{.

The ﬁ:ﬂﬁw @ —@ vclefned b}y Y= K(Y) ancl on mowphisms by (4.4 (we have already checked thie
15 o Jumctor - whichtis wonhavanant avc bijectve on mophum sep). 1ot K be o functwn Aeld” of cfimension
lover k. Then Cisis Honen‘}p}g and J’ﬂ (6.6) we cam produce ewr afine cuwe Y with K(Y) = K ew k—abeb:qp,

5o (D — (2) 15 an avow -vevewing equivalence.

De fine the funchor @ — 0O @ follows : lef 4 functwn freld K of dimension ] owev K be given. Then

K —>F(K) where F(Klis The wommgw!arfm‘ecm cuwe wnspudted m [€.9) (Mofe cerfein choies were
wicde m t 3 wnrtwcon, so & —3 (D wil mo?{ be unigue 1 fwsense . The enly chotce 15 the choi of the
affine open wver — emnd forecuch K< there ai el ref of ophons : we may we NBG 'Szj(obqtamom of-chole )
w:FKz—-a 1<, 1 @ homomopphism fThen 1<, = K(F(K) emel 1 = K F(#1)) aa k-algebmn so
Hhere 15 a Womomorphtim K(F(K)) — K(FO and hene by (4.4) aclominant varhonal map
F(IK) — F(K2) represented by say ¥ - V— F(K2), uhere Uc F(K) van open ubset. Aqcm by Yhe
previow Propesifion. 3 con be exlended +o F - F(l¢) —3 F()<). which 15 a dovmmant merph um
Using the fact that D= and 3)—R) are fynchors i 15 et hovel Jo checle Hhat & — O 15 ufundon
Nolt Haat the futk that( —@ 15 an equivalena viecns thal nonsingular profectwe cuwes Gre
birchwnal H fhgﬂ are somophic an vanehey. To see >0 san ec(m\rafemcg ek e ﬂoﬂjrngw’flf“
puiective cumve ~ 7 be gien. By (6.7) 7 15 1somoiplitc 72 an open subret of Crry e hene birerhwnal

Jo FR(YY) Mene ¥ s uomppph;capavawefy (henwalso M) ) fo F{Ic[#)}adrqur?d‘g

ortaint pom} n Fhe proof nom.rlnjular -onJ'ecﬁve cuvves ave viratwna) f.
56 o birahona! equivalenw clazs of cuvves wwntams precisely
e curve (uplo Isomopmsm),

NoTE An imp
Haey are rSomorphic.
one nonsingwayr preje



