7 ScHEMES

|. SHEAVES
| ONEAVES

We stovk bj reviewing sovie sheq F?’heoyy' from our Hopos theony nofen.

DEFINITION Let X be o topological space. A presheaf P of seds on X (abeliangmps, v1ngs, elements of acategoyy &)
's A contravanian} funcdor P O(x) —> sek (Ab, Rng, ot ) Nole tat wedo net ceqare P(#] =0,
?Ha%horgpdow,i&mhe# P 15 o sheaf ifor any open set Vs X fin;a' o;en cover {Vijret oF [(J'/ J
14 S5ie P(\V;) wreem ng .ﬁm-j (re. 5.') v = Sl ol ) THEN TRERS I A g e se P(U) 5.4
sy, = Si ieT . 1y v:ny, 5lviny, J)

NGTE Our vonvenhon is that the "emphy cover” is an open wover of ¢ € X, 1mplying fhat f Pisa sheafof
sels P(&) = {*:ﬁ similavly P(g) = O for abefian groups or rings. A prtheaf on X=b 1 juat aset [qwup|ving -
Ashieaf on K =9 wawt be ;51—-)-{1’} /o ﬁqngmﬂH we ansume x.,-,f;?S unless W‘g say q;\Pl,lc\Hy otherwise .
: @)”
DEFINITION Tre .:anego@ Sh(X) of sheaven lsaﬁ”mbfm[{?oy of Seks o

4
sune Sefs 1scomplek and cocormplete, so is @&(KJ ard homik and colimly are computed pomturse. Jdi‘j‘”wf anion

Let P be apresheal of sefs, then Jor xeX B, 15 the woual stalk of germs Let Ap = Llgex B and p-/Ap—X
map each genn +o the point where it wansnken. Theneach e P(U) jg}g v a functien

S 0—>/A\p §(x) = germ,s eV

Topolague Fhe ret /\p by Hakng a0 a bone of open seh all e imege sets 3[0) < Iy forte P(1) ard USX. finy 5 1 then
vorthnuoun open and imjeche Let T/Np be the sheaf of sechons ofdhe bundle /Ap—> K, so Mao(4)={#}
plY)=1*
N

(TAR (V) = 5 b —=>p | E i contmuown and PJL={}

For o map 1:V—> Ap the fact thal p}=1 smply meawis that for xe | t@e P T s then eowily checked that

(T/AR)V) = $+:\V —> Np | He) e P and evew] xe\/ han an open nerghborhood
" J
weV s Vye W t(y) = gevmy = wheve s 15 some fired se P(w) ¢

familes v F Al of thew wer He nmple fackthal of T€PV), SEP(Y) Then

Te. TAp formally amalgamates mcchn
2 P ally amalg 9~)_ The ahove P’W’ﬂ-‘j""‘” a sheaf a P = TAp and nerural Fravsformcdwn

frevnv | jQszﬁezjevﬂﬂ[_r} 15 open (by det
PZP’—%B&P QZV{SJ"‘:&

Guven o natudl fansprmation. #:P—> & fiom o prasheal P do a sheaf Q, there s a wique 52 caP— Q
sd-the diagram
p —— aP

N S
R

cormitte. Let 4 aP(v) and \/=U; W: be ancpen eover ancl &€ P(Wi)sd. €6 =gevmeti Vxew;.
#l1;) € Q(W:) form a matching 740:1:'{7 and h1efe hove a uniqgue amalgamation t'e CP%GV}. Then e
g =1’
f

In };L;uﬁit:[ar any wiophic . P—> F’ of predheares induws @ mophism a p_i o P! of sheovesvThore
15 a4uUneor

op
a:sebs 7, spx

NoTE (86)o(s)) = fx (569).



This s )eﬂuacﬂomfﬁ) he inclusion 2 - Sh()ﬂ)—%ﬁﬁs@m? Hene S (X) s areflechwe subcaleqo T
The funch o 15 C‘Ch‘a”ﬂ finile fimf presewng , soSh(X) 1sa Guaad ;ubcakgg_g:?{;dgww.

of Sets O
(Heng a presewes monomophaisms; wmg e pullbadk didig cfensahon)

o
ROLLARY A momphism m Sh(X) 15 a monomorphicon in Sh(X) [ o 5a monomorphisin in sik@“i

so 1ff. i 150 pontune njectwe map. A mophsm n Sh(X) 15 an 13omonphism . it is
an (somoyphism of preshearsy, so 15 pointunse bijechur

The sciime ’ﬂ?Mj s not fie of epimoqphions, OiH’hou{th'fhErt K a condthon winch characlense) these maps (ree 1
Topes nielen ),

LIMITS 3¢ D 15 a diagram of sheaves and Fransformateons then the limit i iej;@mep” o sheaf and
h(X). So lmds m Sh(x)are vomputed pomhuue_

WLIMITS I+ D 54 dagrain of sheaves and ﬁamﬁrmcfﬁon{, Jet L be the cofimit in é’ﬁr_(fq(”np. Then
AL Jgether crth the monphisms D; —> L—> XL dre a colintt for D n SHh(X).

1o it n

. Sh{X) —> sh(Y) is dJetined
functor, which pregeires
¥ )—> x mduws) a@'nmf’

Lel £+ X =27 be aconhmous map of spaes. The direct imgqe Funchor fu
FIV)= F(£7'V) Ths functor hos o left myom'? F* called the mvewe image

by £,
qjil Fnlle lmife. 3£ X s aspace and x € X Then The confnuom map f: {£} —> X

Functors §
5_5_&_\__’_/ 7('{‘——17&
A(Z)0)=Z
QR = 6%
(¢ a— )= ¢

Tk 15, £ Jake stalls at = ayel maps Fransormcctons o e indued magas 20 sfalks.

SHEAVES OF GROUPS AND RINGS

vewns and bare hands. The fowner 1s done In pur Theas nofes, and

hen e ad\:an‘rage of proving powsful Hheoretos we will wre bere, where ure take #he laflev approach. . A presheaf
avarnant finchr P: @(x) —> Ak (reap. Eing) ancl such @ predheaf s # sheaf

of-abelian grapI [unds) s o contr
4 haﬁrﬁw‘gﬁwf nem’%)y condrhon. A moyphism of (pre)sheaves i a patural Kansformaton. Ths defrron the algones
Ab (sh(x)) and @[Shf)())mfuf)fﬂﬁcal‘ejoﬂ@ oAb ORI aud Rng O1X)°F resp-
5”’_‘?"&@“ Let P beapresheal of abelan geoups; Pt be the sheafificatwon of Peonsidered on @ preoheaf
of sek. Por xe Xt stalk B 15 an abelion grovp m qcanonrcafumﬂ, and by simply adem
sechons poitwise p* bewomes a sheaf of abelian groups, and 1y :p—> P* i5°a mo o
of ubelian presheaves. If $: P —> & 1sa mophlim fiom P 4o a sheaf @ ot abelan grovps,
e mdued map g pr— Q 15 a moyohsim of sheaves of alpeliin goups, hene there iF an
adjont parr
a
= IR eK & gl
Ab (sh(K) N Ab a— <
k"
Sine Ab i complele and coromplefe, <o 15 4b X" cnd henie e Ab(H(X)) i arefiechre
subealegory of Ab OUKIP 4o floes that Ab [sh(R)) 15 vovnplele and cocomplete -
o Ly in EUQ {51’}[?()3 are UOVV\PM+£dg " ’ﬁ_b‘ @(KJT
henw are pointwiie Jimits (1-e. e pomntwise limit is o sheaf)

o Colms n Ab (sh(X)) are computed by veflecting the
sohmiFan 4b BN, e sheaffy the porntwise ofimif C.

The wlmit ymonphums are. —s C—> «C

Thete are two way;v‘r:%rmh‘fms 1[valc : Vie d{a}g



Stne Rng 15 dlso wmplete and cocomplete, all e above alio applies fo Krg( Sh(X)). et ss -

o,

op T
hx 2 oK) . The sheaf U0
@‘ﬂ_f](s (X)) - = S the tevmmal object and
the shm%mgmn of

v

Rng (Sh(%)) complele and oo mplete V=7 isthe inthal cojed:

I,_

Pr ving N A canonical way

. Limis pointwise
* Lohmils pomtwate and sheafy

with zew (Jhe presheaf U+ 0) T+ 15 sShown yn our Theals

[Moreover Ab(Sh(X)) ©an adelifwe catego
nokes at @ = Ab O XJJP__) Ab (sh(r) p‘gwgm Fnike limifs, so Ab (Sh(X)) 15 aclually # Givauc subcatego
o) Ab @(r\)v?j wheh 15 @ Gothendreck abelian cateqoy T7 follow s that Ab (sa(X)) s alfe Grothendieck aloelian.

A momh:sm ?5-' FesG of ymheam [o}fefrf qioup "V"f”j‘) ddees a mophiam QSx i fe—3 G on e stalks
(o voyphism of vek, 94y ving? 1€3p.) The et roaul] 15 e for any sheaven ( sefs,ab,v9)
PROPOSTTION Il [ of ¥: F—5 G be &t monphism of shearen onabpg,fuguq/ spae X.Then P 1s an 1somouphisim
 and Lml&/] W e mduted map on the stullk $, - 5 — Gp 15 an Sormpyphut! for all PeX.

PRIOF IF F i an isoroiphism ) is clear that each Yp 55 an somorphism. Convenely, ansiime that Fe s an isomuvphiim
Brall PeX. I sufhen o show that Py = F(v) — l0) ¢ bjedwe Av all U X. Pt we show thaf Yo 15 Injechive.
Let seFIV) and + F() and suppase ¥, (s) = ¥, 1+). It Fellows that s, % have the rame gevm atall PEY

ond hene are equm’ sina Fis agheaf.

Next we showthat Fu s sujechre. Suppose we have Fe GlU). Bv coch PEU feb Wh be an wpen cubsed of U and
s e Flw sk F(gewnps Y= te. (Pel) Henw there s PEVRSWp 5418 0P = 5P|y, then Fu (47)= 1y
”

The \p j%ym GNn epen Loveyr of U and jJan\l'Ci(qu\,f = Y P
’ _anQ\ ve(@7) Iy wWe = Tlvenvg = Q
5o hy naed'wu of ¥ aflynvg = ‘TQIVP{)VQ Sie s asheal there s Qe;(())@: ). a Jv:=qq7’ j:;fgnb:igyf; ]VP{N&)

Folay=+ sine both e chon agree onan open cover. Q)

op
Lot b: F—> G be amonphiim of preaheaes of cbelion groups. SN _f)k@m is Grothendieck abelian, we

have the following:
¢ The keyne| of ¢ v the mowhsm ¥: K—>F ahere

K(V) = Kev (%)
K+ Kev(puJ— K(V)

o The wkawel of P is the mowhism 0 G—s C where

C(U) = aw)/rmgéu
O+ GV —> G/ Tmd,

* The image of ¢ 15 the mowhum 2 T—>C where

'I{‘)} = Imgﬁu

TN

oo e

Im%u

EV) ——— 5 &)

P
These teyms ave wied i Hhe categonial cense, w the categony Ab Bl

: ©(xJF
TNOTE  Sheafficetion for groupy vings ISJ'WJJr sheaftheahon frselr. Hone 9+ Ab  —> Ab( (X)) and
2 Rig 0L 5 Rig(sh(K)) looth presee mionomovphnsims |



let p:F—> G bea praoyphism. in Bb (Sh(X)). Tren.

o The kewel of ¢ w e moupl’)fjm K:K—>F where

K(0) = Kev
<y - Kevpy—> K(©)

I.e. e pyeaheal kevnel s a cheal

e Tne whkeme| of 9'5 s the wﬂﬂpuﬂf@ G —> C—> &aC where C v the
pveoheat wkevnel anel & C s sheateheorfion.

¢ e image of ¢ 15 the mdued mophisin aT—>C. whee T s the preoheal image.

al Sing aL s somoyphic +o
/ . a sheaf of G rontdming the
7N subfuncler I, we vay w'ngn-hﬁj
> G

a -W—ncﬁeaonml image with fhos Jwb.\h!ai,[_J

T seethal F — 2T 15 a sheaf epimoyphism and 3T — Co 15 o monomophisin, we nole thal sheaffiorfon a

preseney Revnels, henu monics, and han o nght cdjom k- so presener epirmoyphisins. 1#follows thak #e wowp osife
F—I—0aT ran epiniogzhism in Ab(ﬁ,()‘{)) apel ﬁmi Hhe mclded morphism. 9 T—> v a monp mogphism
(henw powtuase mjectwe) so ml AL 3¢ veally s a cafegonal mage, soa L an be denthed wth a rubsheaf of G

NOTE Heayksome rdys 9/;5 _;_ug’edne i£ Imsﬁ:—-&\ (ahec.;fimagel we say at 1 such o cane gﬁ 5 on gfjwﬂm,
Sine by ouv fopos notes b isanepi of sheaves of sets !H. YUs X and +el—_a(U)”1’here S an epen wyer
U=0;Vi sd eacn £\ € Tmpy: r10. @ o locally sunectue). Buf by defNof "image" wn o coecpry, ¢ “"5(5_: n

_ Kb (sh(X)) H. Tme¢=c . Ticewy fo check ﬂ?af‘ld ,rfot,af(_q!ugechm V. ¢u T G 1 UgeCTrE
[ Yue X Hene the followng are e?mm.’ém‘:

6 epimeass o ¢:F—>C wanepimonphm of sheaves of sefs

Ty ean
IW:‘:C‘ U+ zmp)(0) ff. e iF—>C san epimonhisim of sheaven of abelian groups
sanise . there 15 an open Lover

pjecve U= UiV gl e Im¢ = &

2 IM =G .
i Y sr?'ﬂﬂ?(ﬂ? 1'(\',‘ € Tm ?5"'4' s Ior open veEX and d—c—&(u) e U= 0:\; and 'H\,'; eTmfsv; Vi
senid i1

el o ¢ Sufedtwe Ve A CThis s all for guups. For Sebs and nngs ez Ex!.Z,

DIRECT AND INVERIE IMAGE [of [ X—7 be a continuona mapo/ spacen. Tueve 15 dn qqfom]' pair
f'-‘

5\4(1\©sh(‘f] £,
A

&

Where fi 15 diveckimage and £ 7' s 1nveve image Defne fx by

(fe FYN) = F(£7'V)
(Fe®)y > (P — (F a)(V)
FE V) —alsv) s éoy

Fov Ge Sh(Y) wedehnea prwhemf & on X an follows -
Q') = 'L"l’; vzf{u)c‘(v)

Soelements sf G'(V) awe pavs (VE) wheve f(v) <V and +e (V) subject Fo Theepuialence relatzon

(P ~(wW,s) f Qe VAW sd. Flu)e ® and +lg = sla. Nefe that c'(p)=§+}. TF ' U m K
ten £(U') € FIU) and the indued ppyhum &'(V)— GU(v') oF wltvils maps (\j+) —> (V1) T is ean

o Vé’?’?{y gt G' s a Pv’t’dheaﬁ Let £7C_ be the ewsocioted sheal T dehnes the ﬁmc}w £ on OEJQC}SV
¢ 95 Y6 —> H 15 amowphism of cheares the ndued wmorphism m‘dza\cjmm; giver

¢ (V) — H'(V)

Ve X
(V) — (N @ulh)



a mogphum of presheme), mducing a mophium £7¢ £76 —s £7H of shaaves, Whth

This 15 dear! 0
s deﬁniiﬂ)n £ usclearly a functor. Jo summanie

@ F7C 15 theansoaated sheal of U —> My o gy alv)
s the monphism of shearer wasoaated with the preshecd poyphism

: t—H 7{"]
[ o =l s

['H,Lv 2.£(v)
(vH) ———— (v, ()

V) — limyz e HEV)

TF we wnsider shearen of-abelian qroups or nings Fhen the definsions of ;. and # ™ produce shedves of
abelian (juomPS (resp. rmg—r) and dlso mophisms of sheare) of abe1an gnaps (rirags).

Now we prove The aqﬁumﬁvn 7' £ Nok that sine for GeSh(Y), £7'Cc= 2 &/ Hhare 15 abijechon
betureen presheaf mophisims ¢/ —> F and sheaf morphisms £7'C —> F for o sheaf =, For G & Sh(Y) we

Aetne a mophsm Tg* G — ff TG @ follows :

(. —— LPC

W) —— (£7C)(#7V)
E— (V,£)

Wheve for o presheaf P, * demole P——>aP Y. |reowil§j seen to e . voolism, and Te 1s alss :}ﬁwg,)fy
natuval, m +he sense that e diagram
oL —>H

L]

£47C > [ FH
£ f7P

Commuter forang moyp hism 9{ of sheaves on Y. Soh show £~ —i A Honly vemains o show That
(#7¢,Ma) 5 & reflection SL G qfOfg L Suppose we have a wovp hism Qé i 6o — 3L F and detine
dmogphsm ¥ G/ —> F of preshedves
¥ a0y —> F(v)
M POV C!{VJ —_— F(U}
(Vi E) —> ;ﬁ,(ﬂlu

This indueer ¥ s £7'C. —> F We daim the c/tcgm}ﬁ

L
"f/ :
(1
3[;';\’\6" —_— c;f.yF
d. ¥

commuler. But (A¥)v (la)u(®) = (B¥) ((V8) = Vo, (1) =
: vl 1V Fiy (D) = Kooy (v4) = $ullg,= Su ).
Y5 unigue mmhl%z j(é}y;or;’njlu\}i;).m (£7'C,Te) 15 mcleed avefechon, /4 wipup hism G’—%é is delermined

Cleav!
by t¥s Valu on open sets of

IF we wnsdersheares of abelian groupsor rings, e 15 mophism of sheaws of guaps (vings) and the
ansovted woyphsms above are alo. Henie ¥ '—i [y wthese cares abo

?-r
se(shi) T Ab(sh(K) #7L E_nj(fh("l)@&gmwn Fhg
£, "

‘F—{



L eder ure will need 1o hnow what e counit € = F7'F — | of the adjunchon is. Lel ¢ shealf Fon X be given.
The countt € £ F—> F i the wovphism melined bj the :dEHH’g feF — L, F 3o fint JWJ'

GI(U) = J'f_ral/l. vz £v) F[?a"VJ

VG S P

¥ ((wh)) = +l,

Then € 15 cdedined - Jor U X and Yeu by germy ey (s) = "[g (s(9)). If the funchon s:U0—> Uney G
)5 defined bﬂ §G) = (Ux, (Va,4=)) with 42 € F(p-'y) then

jGYWij &y (s) = (Uu, ‘fﬂ]ug)

Let fx—Y be wphnuwouws, F a sheaf on X and Lo asheaf on 7/ [of sek, gwups ovrings) T SJ:C; — L. F
i ot mowphism, The adjont paviner Ffe—> F s the composite

iF

> F

6 —J[—T F A F

U;,uy]9 +heahove we reethal or VS X and s€ (. “a) ) if sz} =(Ux, (Vx, 4;]]) 2 F(0x), 4y € G V=), then
'F\w x(*E U;
aevmﬁg‘gu{s) = (Vx, ¢\’x (+:) [Uw\ n R

Suppose that £ 15 a homeomorphism, so that fi 15 fully Jaath ful and hene s 15 o pombuse ’J'OV”DW'//”””-;DIF
95 15 an Isormop s, then 5{5’ 15 also an somosphism. Let +e F (V) he gwen_’ﬂfian let s = 'gE’V"(ﬂ By te above,

Jermat = (Ux, v (+) |1,)
M (Vetxye P (Vi)
where s(z) = (Ux, (Vad2)) with e Un, Ve 2 (V) and 42 € CilVe) Tak s, o

32—”’”7‘-‘} = 32\!]’7’?1 ?\I;(‘{"‘) (: (‘F’]Vx, (/-!V,,(J'J-)-))
= 95;(,] 98y e

- T . —
germeay b = ¢ 7 germat Grey = Gopry — P

NOTE s 15 unnecensary « we alrecdy desonbed] tire adjomnt pavhme, on the previows page.



NOTE  Sheafification Commiter with Restnchon.

Let X be a fopologual spaw, U X epen. we claim the following diagram commules up o isomophism

a
PUs) ————a 3, SfK}

—'u "'lu

PlV) ——————> sh(0)

where F, Sh stand for preoheoves and sheaves resp (of seks, guups or vings) (e pwoce the case of seds  the ottrer
coven follow mmediakely. Let F bea presheaf on P, and leF

951'- (Flp)e —— T
(W,s) > (W,s)

be the canonical wovmonphism for x¢ (). Ten we define

7+ a(Flo) —> (aF)ly
7w (sj (%) = 951 (s(x))

This 15 clearly e moyphism of-sheaves, whnch is an somorphism due 4o e following commuitative cliagram «

BRI ————i. Bl

J !

(F\U\& ———) F;;

P

24 15 eanily cheched that Fac isomonphism 7 15 naturzl v F, wompleting the proof.



EXAMPLES TP 1={] s 4 Terminal space. ancl £: 1 —> X apomlste X then j£~r= Shlk, and f = Sky.
- udﬂere

Shy (A)) =4 A xeV
{q[} otherwise

IFf: X—> 1 then 4 mwapr rheaves o sek (quups, vng) ancl LF=FX), e kv the
jlo}oq\ certwns ﬁmc?br T Tue 1vene .v'maﬁe ﬁ,{y;dpr e ﬁopm e Fm;heq[’

A= 1,y AL
B A U+ Frestactons the fdem‘riy_}

f =g

Ten £~ e ansocated sheal of A’ mrany xeX, A, = A S

FTAW) = 1’ Jocally wistant funchons U—> A }
e, £ U;AA ). evew ze() hew a¥ open neaﬁhbwhwa’
Vo 4. £\ v conshant

B VU s a commected opensel then for any 4e F7A(0) we an parihon U ito open setr an evhich
g daken dishneh valunes. Henw g uionciantsnd, s )™ AL) =A.

e

NOTE H Fis al}heQF (of sets, groups or vir7gs) let Y :F —> & F pe canonical. For PeX the wnowphism
Npr Fp—3 (2 Flp 15 a bijectwn, hent omoypiism. mz,-'ecﬁwfg 15 sovipig, and for mfechvily if
(Us),(VF) € Fpand (v, )= (V, 1) then germgs=germa} VA €W uhers WS UNV Jopen- Hevie
picke sorme @ —m Fa [Uys) = (V, 1) S0 slm = tlm forsome @ e MCSUNV. Sme PEW we may tosume
Q=°F and [Us) =(V,T) m P o required. Nufe the invene (aF)p—> Fp 5 given by (Us) > s(P).

NOTE Let F be a sheaf ona space X and let Z< X be closed. Wecefrne o sheal Flz Pllows : for an open
suhset Ve Z [open wn the mlajpamhyofaj'j) ‘

Flz (V) = § 5: U= Upey Fr | s(PleFo ¥Pe U and fov cach PeU there
Is an opent hel hiparboud V of Pin U and
a set @ open in ¥, ovd te F(@) 5+ VERand
s(@)=gemgt YReV j—

I+ Fis a sheaf of quoups o¥ ¥irgs, iFisecnily chedeed thal Flz|v) is vesp. a group ovning undey fhe ponfusse
opevahiens, Reytatton isdefrned Hhe cbvious way, makmg Flz o a Prwh?a'{ (0{' grups oy Qs if Fri)
e sheal wonditon 15 eowi\a checked. See Ex\.19 for some moye detmils.

NOTE Let ¢ s F' be a monahisim of sheaves (of sets, groups orangs) on X.Then @ v Jocally suyechie A

Yhere 15 an opeh tovey X = Ui N/ 5.0 Vz, $ly, : Flyy— F'lvi ¥ aloaally suectwe mowplisim of sheaves
on V. and suppose
L closed

NOTE  Lef £: X— be a conhnuwows map, Fasheaf on X and Cio sheaf on Y [of relr, gwqp;rmgsjl A
moyphsm G——=f. F s locally Jw,jed'nm if and on|g W Hhere 15w wllechon {vit ofopen seh V<Y
such that £(x) < V; V, and fov each -e'., Jvi : Gly; — G F)lve o .‘o{aﬂy suyective.

To pwve fhis, et U< Y and s€ F(#7'0) be gwen. Cover UOV) with Wi nil Hye &L ) exish withe
?Swi,-(ﬁj) = Sf,;—-(wg-],‘?hew W we put @ = U—F(X}, andrelect tg =0, #hen fWik,, Vi@t san
open cover of U/ with The requuved propevty. This dvem '/ wovke f £(X) s not- chred.



NOTE ASHbIhEﬂF o{ a sheaf F [g)[ ;ebl groups; Hng.r) 5 o sheaf P (of reﬁ', qrup, Hngr\ 5. VUF_X,
p(v) 15 o subset (subqroup, ralring) of FIV] and P—> F defined by fhese incluwions I et 1o phum
of sheaver. Equvalenny plU) € F(U) and the resdnchons agiee. Tf we ave guen subsels Plu)s F(U)
(subguoups, subings) for all Us X Fhen £ Ely e P(V) for all VEU, §eP(0) " and o whenerer U X
isopenand §Vi} an cpen covet, s, € POG) are a madkhing family then Hheir amalgamaton s ¢ (V)
be]unjg b ply) (nelucing emply vover; 5o £} = P(F)) then P s a sulosheal (o sefs, qroups nngs).

¢y _ #re
Let P—>F be a subsheaf (of sek, gnuips ving! ) Then forxe X B — B s mfecfm: and me fdeﬂhf'j
Fe witha subser (subgoup, 1ubnng) of £ Then for all Ue X

PW) - *Ijé F(v) fjerm,se F Vzg()}

NOTE Lef 7 X—> Y bea tonhrnuous map which grres c homeomonphism of X with a sulbspace of 7.
We claim thal for any sheaf Fon X (feb,qu,o;,nngi) and € X Fhe vmdp

(e F iy — Fx o)
Uys) > (F7'04)

is an ;.romo;?abum (of 2, Jroups, vin s). T F;fm/]”l; +o reeHhis 18 oyell ~defimed mep of sets, groups onig .
0-'/#/, sothere 1s xxeWE.i-'UNI~'V wih W 2 ao?and

Suppore (v,5), (v, E) both map-:‘:z sawe ele

slw= Elw. Then i(W) s open in (%), say WNi(x) = i(W),W< Y epen. Then w'e 0OV ([one can
arame) andm - 2xF we have sl = Hw?, so (Vys) = (V1) n (2=F) 5 and the map v (r)
5 injechve. Toree if 15 suechue Jeb WE X be open s¢ FIW). Fruel W'e Yepen 5. f7' /= W ao above, Them

se TiwE)W') anel (Whs) I—> (W;s), & requirec.



EXERCISES T §

Q1] Done

(@) Let ¥: F—> & be o mophism of cheaves on X, and let Pe X. Let Yp : Fp—2 Gy be Y indued
mayphism on stalles. (we are lealing with sheaer of grweps) Then

Kev ¥y = {(Us)eFrl sl & Kevfiw some V\/EU}

e sheaf KevY 5o subsheaf of 7, 0 (Kerf)p 18 asubgivup of £ and « qerm (U)s) belngs #o
*hxsmbjmup M. tere 5 (Vj4) sd. Fy(#)= 0 and 19s)~(NF), that i, 53, slw eKerfoy rome W U,

Hene (Kerf)p = Kerfp mjubjrij of Fp.

2 e (ImT)(V) and Pe U then there is open PEWSU s). Hlw = S (s) forsome se F(W) Hence
the subsheaf Imfof G pelds the subgrup

(Tm?P)p =1 (W, Fwls)) | s€ F(W)}
= Im¥p

(W) Sive P i monic (= wjecﬁre] . Kevf=0 and P sepi (+ Suyectre wnthe ptwve sense) J. Im¥=a

¥ monomophism &> Kerf, =0 9P
= :PP rftrfec-)we VP

Jepmopism & Tm¥p = CGp WP
= Jr sujecﬁve

To do 1115 we need mfjfhovvv‘ﬁmh[ K,L are subsheas of a sheaf M s4. YU K(V)< L(0) and of
Kp=Lp VP fhen "K= P Say +e1 (V) endfov each PEU fmd Pe Ve EU 54 tHy, € K(W). (stie
dpeKp) Bubthe fad that K 5o subsheaf means o- vontains amalgamatons of ks matehng familien,

50 FE K[V) @ requived.

NOTE The above only works ﬁarjvoup;, but th oue Fopos nolkes we show #hatfor a morphism $: F — ¢
of sheaves of seds, P 15 montc (resp. epi) m Sh(X) f. ¥Yxe X Gz U rry'edwe (reap. Jujec—f'we)_l

Epimophisms of vings are pof The my‘ea‘wm, ethere mayvet be a sunilav nil? for sheaver s virgs.

: i-1 ' . =2 N
& ieF  =.. r—"'i_a, F%L; F‘*‘.T_) .. be o sequene of sheaven o«labg/mnjmqw and roghsms (F§° 2
We claim that s sequence 1s exact m the abeliem fﬂf?tgoq Ab ($h(*)) M. for cach Pe);‘fm'”d“fﬁd
Sequene on stalks 15 exact m Ab. Tt suffites Jo prove e claim for o sequene F—G~ H, with
e the presheal image of @

¢ =0, Ten of-woune ¢PYP =0 Hor all P undl Tm¥ 152 subsheaf of Ker;ﬁ
7 hence 5015 Tm . 739 (b) we know that F—> ¢ — H 15 exact 4. l’fﬂf’ﬂm‘f&ﬁ 4.

scontaimec i ka}?f‘,
—3Hp 8 exact for all P

(TmP)p=(Kerp)p WP so iff. B —3Cp

Jb?l 2] Dovie in noTes
[@[ L) Done innoles
A movemsmof sheaires bfjmupfw ngs 1s anisomophsim i Ab (Sh(X)) or tﬁ:?{fh(m] £ Fisan

sDMOhIM 1n A 6o RngB(X)°F , sinee fhe fervmer categone are full sulxetkegones of the lafler. Buf
1Sornoyphisms of presheaven gre pointu/ve !oy‘edlon:r sine o5 1n b, Rng and el are mbgeLﬂﬁnj, Hene

74 morphum }5 F—= 0 o;L sheaves m[ JeaLr) gvoupj or rings 15
an 1soorphism . pﬁ; F(V)—3G(0) 5 an 1somovehim YV, so
. @uis la;i)ecl’llﬂe YU

We krowfom 1.2 thaf for sheaves of sek and group- }5 50 & ¢ bygcﬁw dl P> ¢ nj 35Uy &< ¢ womc £ epic.



NOTE Morphism Cheat Sheet

Fresheaves 4 mwphjfm 5?5-F—>G s

s A @, 15 mjechve FUEX
H. P s swgechve YUS X

iff. gﬁ/ i bg‘ec]'!vt" ¥ e X

» Monomorp
o epimorphisi
v ssomorphis

e 1soniovphism . epimopism and monomorphism

Shegves A moygni sm ?5 F— 4 x a

* moviomovphnsm M gﬁu i§ mjuhve Yue X
. MM— fH. /QS i {U('aijiuj@@ﬁb"é 3 ﬁ)r all i_C—O\fVJ 5
an open wvew \/={; W s, Vi Flw = ?gw; [s7) sorne

Sie FW). TNote Hhal m Phe dehniron o
locall suyechve + doesn'y maller

whefhevwe allow eva*y cover ,

&

. usomumhum nff, féu 15 bj‘ecﬁve e X

Also

monic <= ¢p mjechre YPE X
epl = 5{;}, mjecfrm ¥ PeX

o &> ¢bp bijechve VPeX

Hene 1somprphism = epi + monic.

V—‘\\oehan C{muESf Presheaves as for Sets.

ShWeaves as for Jets

Rings \ Presheaves 4 mophim f’riF——?’C\ ¥

o monomophsmy . g 15 mjeche vusX
s epimorphiim . Po 1sa ving epimophism vUeX
. < &
» isornovphism @_ fé” s bﬂ“}”fe LA Msee Thems noles

on reHledhwe w\bcajregbnﬂ

Sheaves Amomhr;m Q{JF'——-%Q 15 o
&

* monomorphsm  ff. 15 njechre YUK
o somophism B, $o s bijectie TUSX



[©1:6] (sheaves ar of abehan groups) A mononoiphism. ¢ F—> G s pomtupve mjechve, so F 15 1somovphic
EA(LD ji‘]e ;ubr;eqf U,_ajgsj,s(u )) of G. e whfme.’ of @ 15 the cw;ocrc{fed sheaf of the presheaf

bsheal
a(v) Any wionic 1n an abelian categony s the levnel of ths okernel If F 15 asu
.,ti Zna{ ali/z?;/‘r ujf’he cwhkernel there s )LWUICIHj an exac}fe7uemu 6— F—3G—>G/)F 0.

CSE'— 3 F—F"> 0 u exath then F.—3 F s monc, so F’is somoiphic +o & subshee! of F

() If O
kerne| £ Hhis subsheaf, s necersarily 150 Jo the canonical Ffsub.

and g— F" sthuwse co

Q\.7] (Sheaver of abehan juoups) (@) - F—> G. 7ne image st Y (s the whkevnel of P's kevnel, sohrlunqllj
ImY = Fliery. (B) Similavly 2m¥ isthe kemel of F's cokeme), ov put-differently, The whkeimel of

5 also The wieemel of IMY — (50 toker ¥ = G/ my.

|@1.8) [ of VEX be open. There is q funchr T(U,—) - Ab (Sh(X)) —> AL dehned by F—>F(U). This functor
s left exact: f 0—F 5 EX5F" jran exack requent of rheaves w2 c[aim-that
T ™
0—> TV, ) — TV, Fy— T(U, F

isan exact sequen Ojtﬂbehaf’lgmup)’_ C,’edrly TY.T$=0 and T}d: ?SU 5o T Is WO VIDKI ohIIm.

The onginal sequente beMj exact meaps Smip=Ner} ap subshearesof F, 1.2 (Imp)o ¥ (Kev¥)(0) VX,
Hene (Tmg)(v)= Ker ¥y  Horall Vs X Sinte @ i a monemevphism (Tm )(V) = Im Fgu—te.
The inage sheaf u]u,o} e presheaf image Hene Imay = Kerty - @ requived.

Cfearlg T(U; ’) i MLIFM) _T(U)") 2 % {Jh(xﬂ — & is o /ejLJLJC)(a‘CIL addn[m'j@(ﬂmtof? (l.e.T’(U;’J 15
erme) Fr‘wewmﬂ)

(@19, [@L10) B, (§19Z] DPone in nokes.

1Q1.12] See Fopos nodes.
[QV14) suppor) Let F be ashedfon X, and let s F(V) be any sechon . The support of 5, denoied Supps, 15
ppord J J LA
Supp s = § PeU [ sp# 0}

If sp= 0Hen 5|y, = O for some cpen neghbovhved Vo o P Henwe iy womplement of SuppS
U 15 anopenser, so Supps s closed1n U. The M‘h of F i SuppF = Spex |/ =+ 0} .3 need not

be closed.

\@ Sheaf Hom Le‘f'ﬁﬁ he sheaven o%gbef{qngmulo; on X. Tor ahy open sef UE)(, Hom ( Flo, Gls) s HO:J'HYa“ﬂ
an abelan group and U +—> Hom (Fls,alo) 154 preoheaf on X, wheve for VEU and ¢:Flo—Cly
thaveynchon” Ply 15 defned m the obvious way. (Neke ¢ > Hom(Flg, Glg) =0).Clearly
Hom( Fly, Glx) = Hom(F G). To s how that ¥his prsoheaf i a sheaf, [et \/=0; U; and suppose ure

hewre £;:Flu, — qlu; 54 ﬁlu.-nvd' =1 |u.-nuJ- Vi j e for We=UraVj (f)w = {)w. Define o

natuva) hansformaton L F— Cd oy
£+ Floy—> al@)
Fals) = umque avnalaama’rmn of (‘P‘XQH\}:(S\Qno;),‘,eL

The fack-that f; /u.-mJJ'={,'/u;nU- shows that-fg s we”—defrned, andiFireasy to chech.that fg s
;‘ ';”D"ph”m of groups- I ZE @ thenfy (s, s The wnique amalg. of (1) gng (sleaod | zay; ™ @12,
wn

G aavi (slene ) ony = Blzno; (3] zow)

So ealy fo(5))z = {2 (51,) @ required. Ttonly remetins Joshowhat f s #1e wnque ama9amation of
the f1. This eanmily checked that £1y; = $: focall 1. Moreover for QEK and se F(Q), € 1s Hhe
unique ama\gamatwon of Hhe slgnu; e T, so Hor g_ﬂ_% movphisn ¢ F—3 Cowtth @l = F, the
eleyent Pals) wi bt gl amelgamation of @y (Sleavi) = (F)gay, (slanus) s

cpq (5] = (51, @avequive d.



(=) 5mpFDse X 15 trreducible and

(b) Let O—>F

e

ue Sheaves A sheaf 7 on aJop phgicalspaw X is Flwaque of for evewy mcluaion V=1 of open ety

JGUE) Flasg

the restnchion map  F(U)— AV] s suyective.

let F be the wonstant sheaf aosociated to a set (rup. gwup) A. I%

and F(0)= {5 (re1p. 0) or L}.—.ﬁﬁ and thus U dell s wveducible. But U

15 pavirivoned o open sefs on which £ Jaker distnck valuer. Hene each of these <ets s clopen in U —
but Theonly clopen sk in avt uwed. spacare b and e whole gpae- Se F 5 wonstant on U, and = s jurt
guren bﬂ UF>A (ocf =i} ) 0) “$v the restnchon mags are ceriamly ..mjbcﬁm_ (fo v sheayver of sebs and

Jroups)

feFIv) then ether U=¢

f_f_a FL F1_s o be an exact sequena of shearen oﬁabel.{anﬁmupg d suppose
Flis flaxgue For any VE X we claim the sequence

6—>F'(0) — PN —>F"()—> o0

15 exad . We enowfom Ex1. € that 0 — FHO) — FH) — POy s exack so g{-on{U vemains 1o show
et F V) —D F10) 15 suyectwe. TH suffies Jo s how thal ./ Veor—afF u amophism of sheaves

whoge kewmel 1s flangue, thew Tm Y ,sjmﬁu pnﬁ#h?a//mage_ Fix 0 €%, we show (Tm¥)(V)= I Lel

fe (am V) be guver

Lot K deviofe the el of all pavs (V,9) where VE U, q € FIV) and Fld)= tlv, and pavhally order I<
via (Viq) = (ws) ff. VEW and sy =9.

Let L be the set of nonemply subsel of K withHhe propevty that-the open sels inhe pans give a coverdo (.
Pqﬁwﬂy ordev L by sethng X<Y . Y(V,2)e X there is” (Ws)eVrd (V0) = (W, s). Let L' be the
set ol equvalene canes of L under the relatione X Y ff. X<V and V£ X. Then =< mducen a pavhal
orderon’ - L 15 nonemphy by definthon of the subsheaf Tm¥.

The poset L 1s nonemp@ and foj faking anwons any chain hay an upper bound . So by Zowm's Lemma there
15 @ maximal element Z/oF .7 et Q e o representahwe of Mus maxmal clows  The set Z s iself a
poset-of poyes (Vi 9) . Let B be acchamn in Z, € = 5 (Vi, 4i)Jier . Suppore fhat & does not have an uppev-
bound 1n Z . Sine B 1sachain, the sechons g, form a matchin ﬁ;ma’iy onthe open ret W= U; Vi U, so sthee
Fisa sheaf there 1s g€ F(w) s4. (Vi,q:) = (Wiq) ¥5 e I. TF this belonged o Z d would be en uppev bound
for B so (W, 91 Z. But if seaily checeed that Wy (4) =tlw, so ZU{(W )y >Z, ww*mdwﬁnj
marimahhy of Z. Henw evewy chainin Z mint have an uppev bound,so hg Zon Z arains a maimal
(T’l; mY. We claim that JY=U/, m which case Yo (m) __—:—J—/ so Te Im Yo andl we are dong .

pF+Y
Suppure ofhevwise that MCU and let (V;q)€ Z besd. VM (this 15 possible sma the opens in Z wier U)
it HOVr—;ﬁ then e sheaf vondihion on ij% m'e F{Hy V) si. (M,m) < (HMUV, m).

element

i MON 3@ Hien
,}(fvnv( m 1oy — ‘Trﬂﬂv) = Yu {"””an =¥y [‘1{ Irmv
_ +lnm.‘ "'HM(\V =0
So mmav — 4 lrav € Ker Yiqay = (Ker¥)(MNV), By s umpton. e Remel o ¥ i ﬂwn?ua

so thereis Ae Kery sd B[ ay = Mlav —9lnpy. Then m—2,9 154 m“*zh'”a %‘qm.‘lj
on MUV, Jo #here 15 m' € F(H U m'|u= m—1 and m‘/v-.::?. Sinte Y (M) = Y ( )=t
and Ya(mv) = Yy (1) =+ + pllowsthar ¥, (m) = Flroy, so (rym) <(MUV, M) -

S0 any cune we have produced (M) m') e K s4. (M,m) < (M) m'), § '
a. i (H,m)is maximalm =

i follows that z O 7MY, 1) >z//wnbadlchn qui;n iy © )2 o j{;’w | i

s 1mpassible, and'ffmi}’fbcff cfc%am/’/e/e. J et = nally e wondude Hhat 1 c v

.. ¥
T 0—F-—F—>F" >0 rexact gnd f F and F are Flapque, then F" s flasque. Since t W oo que
Pfemel, it '{nilouos that (TmW)U)=TImYs, 0 f VE Uand +e EnV) Hien += F(s) for some se F(V). Beif
Fs flanque so s = mlv some me F(0). (,on:eqwznﬁj =Y mv) =Y | w0 rc’ﬁzumed-



0T J: X —>Y 15 @ contrmuows map, and i F 15 a Foanque sheaf on X, thenwe claim £, F 15 flaoque on Y.
Tims i obvious sine for We ®cY, feF(R) — fe Flw] st FlPIQ)— F(£7'W).

(e) Let F beany sheaf on X . We defme anew sheaf Ce called e theaf of clusconfiuons cections of 5 an Allsws.
For UEX, GV isthesel of maps s : U—> Upey Fp sd hr Pe ), AP)eF. Tuis is clearly « sheaf (of
abellcin groups d Fis) and (s Hmgue s tf )<\ and 5: U—> UpeyPe 15 G(U), defme +:V— Upev Fp by

Ha) =5(6) Fae U and O othenvue. Tuen Fly = and Gis Flasgque. The map Fv) — GV quen by

s> (P 1 genmps) 15 oM m\jedv/r movphism of 5 heaves.



@7 ihgs_c_f_ﬁ_\fzﬂM Lef Xbeotﬁ?pofogtca
ip(A) (V) = A

%

Q wnfﬂim Pn
an open Neigh lpovhood

[ spae, PEX, and let A be an abelicin group. Definea sheaf ip(A) on X
(closure of P). Then any open set arfatinii m

Fel and ip(A)lv)= O otherwue. Let @c (P}~
iF Pe w(A)v) { Py then eveny openset conkining § VTS

and (o llows that Hhe rfalk of vpat @ v A. IF & ¢4
of @ not wnhmmg P solhe talk at @ 15 O.

Leb % 1PT—> X be e inchuoton, and let F be #he sonstant sheaf %r A on 173" Treonly open subsel of 4P}

witam P, so of VE P} wopen, a locally vonstan

bmap 2 vv—> A « constant at-the value f£P) So dlearly 1 F = ip(A).

|18 ] Done m noter

CINEY _’Eﬁf’fﬁ*‘lﬂj“ Sheaf by Zew Lot X be o fopologieal space, led Z be a clored subsel with mclnion L z—>X,

et U= XK—

Z e the wrﬂff?m.s’m{zzg open subret, and (et =3 X be il wnclugpon.

(@) | od F be asheaf on Z. (o'fabehanjwuﬁf)_ For a point P& Z and any gevm (Vis)e (ie F)p we have

(V;5) = (VAU,slyno) = O sine (ieF)(VAV) = F(vauNz) = O. Hene (ixFlp=0. For Pe2

and agevm [Vi$) e Fp (12. V£ 2 sopen m waubjjpaw fopofogyj (ot @< Xbeopens). V= @NZ Then

(e E)(®) = Fl@nz) = F(V) so (@/s)E (3F)p Thisdefmer a map Fo —> (ixFlp whichs mjechve
Sinee if (@f;f) =(®35} n (‘l:-rfF)_p Hren therers WeQNA! s.1. S‘Wﬂ'z: s'lwaz. BuF WNZ < lQﬂZ}ﬁ(@'ﬂz}
so (’N2,5) =(@'N2,s') m Fp (onealso chedes the map « well-clefined). T map 15 Paviailly SMg'ecﬁm piie

antovphism of qrups. Heng (34F)p =Fp for PEZ.

We call < F the sheaf obtuined by extenching F by =ew outdside Z . By abwe a{:ncﬂzﬂzon we will sometmen
unte Finstead of ©eF and say “ronsider F ap a sheaf en X' when we wiean consider c4 F"

(©) Now let F be a sheaf on () Let j1 (F) be the sheaf on X curociatec 1 7he prohesf V= F(V) of vy, Vim0

()

otheywise. Theve is an isomovphism of abehar qrups of jt(F)p with $ht stalk at P of ths preaheaf « thee
stalks ave cleavly O f P¢ Uand Fp of Pel Lenw i (F)p= Fp for PEU ernd O stherwvire. Suppose Quis
ancher sheaf on X with Gly, = F and Gp=0 1 #¢ U, wuth the canonal Fp—3 Gp an isamovphism v Pel.

There 15a canonical moyphism ¢ F —> G uhere F 15 the preoheaf-abore, henwe ¢ g1 [F) — G For VEU b

15 cleavthat ;ﬁ'l, is an ormonphiam. ITF VU anel s€j! (F)(V) dhen there 15 an openwvar |/ = U, W, und

s; € Bw;) 54, slw =5 Drwdmg W into Pose” contzmed tn U and these Hiat aven't, we tee thal

515’0 s) 15 the uniguue amal‘gamaﬁon m G[V) of abunch of sechions over epen refs m U, —}vjeh'x,gr with zew

senjwws on ¢ wver of V=l S muﬁf—‘:?iuﬂ—udeavﬁwg{ Fux) =0 then =0, .

e seal(V) then 55=0 for all PEU so s s the unigue ammlgqmamh s luny end < zew %ovg“.g M=,
¢' s sujectwe pomfuie. Hene ¢ 5 ansomophsr, se j1F sumque . e call JLF the

50 cleavl
sheat o:fo*'c{myd by exdending £ by zew oufside Q.

Nole Hhat o f Z=¢ Hren ixF =0 ancl i U=¢ fhen jIF =0.

Let F bo o sheaf on X, 1ed Z <X Ve dosed and U= A—Z Then Flu 15 a sheafon O ard o abore there
s o wophism ¢ jI(Fly)—> . e cheaf )z wan defmed mnotes and the monghism ¥ x the canonical one

7: F— ix (Flz)
Y :F(V) — Flz(2nV)

st—>¢  where 52DV —>Upezpy e
P+—> 3evmps

This 15 ¢ wiovphism of sheaves o abelan guoups. By definthon of Flz eveny sechon s pleced fogether focally
Joom image) of sechions uinder ¥ 50 Y 15 an epimorphismm of checves. We cheched m (b) that ¢ was
a monomovphism of sheaves, we clavm thot e sequena

4 Fandiv arad |
o——»ﬁ(FIu)j—aF—; W lFl2Yy—0 (M J2¢22:5

s exack. Te prove that (1) s exact suffien by Exl-2 1o pive egac%vwsu on stalks. Bul for PeZ,

J".{F\U) p=0 and for P& U).‘ 1w (FI2)p=0. Moreover ¢p 13 ”_yecﬁ'{f and \VP !Hﬂ'ec‘}'wu YF so l;’_{u‘ﬁlbe/]
o show That for PE2 Yo Ui Hyechﬂt and foc Pel that ¢ jmgec'hv'e_ Ry PeZF Yp(v,s)=0 then
germps = 3(P)=0 & (N;s) = O and W 5 mjechwe. For PEU and (Vis)eFp, (Mis)=(vOU,Sluov) so Fr

s suijecte Henw (1) sexach



Y o} abelian groups
(@120 EM—MMPQ"“" Let Z bea dosed subset of X and le} F he asheaf o X we define
TL (X F) = {seF(X) | Supps € 2}

(_‘eﬁf‘fllj ’T‘Z(X’ F) s d !ubgmup ﬂ{ F(X)_ / mk’ %;(P)((ﬁ]'; 0.
(@) Let DCZ(F) be the presheal V —>T0, 0 (V, Flv) = { s€ F(v) | Supps = 20V} Ten %5 (F) s

o swbfunchor of F Toseethat 203 (F) 15 a shead, ot ()= U;V; and say s; € 2€2 (F)(Vi) are « makhing
family. Let s e F(U) bethe amalgamedion w F- Then  Supps = U Supps; € Z 50 5 ¢ P2 (F)(U). Hena
262 (F) 1 a sheaf, called the subsheafof Fudh support m =z Cleavly X2 (F) = O.

(b) Let U= A-2Z and JefJ: U— X he t ncluaion. We assume U:ng_ We claim heve is an exact $ equerce
of sheaves

gy B P
0—>HZ(F)—>F —>J* (F|u)

e Bl oS o (5 b e o
o {24 -
(Ker¥)(V) = §seF(V) | slvav = OF
§seF(v) | sp=0 VPeUT
{seF(\/)J Supps & Z § = XZ[F)V)

1l

Il

™ F s Flasque then NIV, ¥ FV) = ju(Fl,)(v)= F(VON) s sufectwe, 1o F s trvually an
epimoiphisim

Some Examples of-Sheavey on Vavetien | of X be o vaneﬁ over an algebratcally cloed freld &y aan Ch.T.

Lot ©x be the sheaf of regu!arﬁm-ham on X, Jo Ox s sheaf of rirgs.

@) Let YEX be closed. Foran openset Us X fef S (U) be e deat mdhe ving ©x(0) consishng of Hhse
vequlor funchons whch vanish af all poinks of YAU. The presheaf Ui—> £(0) of abelicn qitups 15 @ Shedt,
cAl\ed e sheaf of (cleals $y of 7, andit s a subsheaf of 3 sheat ©x (wnsidersd ay a shead of guoups) . Lf
Y= then jy = Ox and it Y=X then #, =0

(8) Y v asubvanely (re. b 15 mreducible and locally closed), we claim that fhe qWﬁ?Enf shaf O/, o p—
+o qge (@), where 1:Y— X 15 Ye mcluwoion and Oy i the rheaf of requ}w"ﬁmd-mm on Y Now Ox, Oy are

Sheavesof rings andthere 15 ac anonical mophum of sheaves of vings Ox 25 ik(07), Ox(v]—> Oy(VAY) qiven bj
T Flyay. Now consider evewone ar a sheaf of guoups Then (0 x s 2 (O) s aviepitnoyehiim since

e | .
1 - M= A"o T©

7o define Oy we we e ongimal def™ of regularfurchons on subspawr of M, 5 g:@— kR regu!awff evew
powthan an open N elghlzarhood m ®, say N, and there mie appmpmlec‘mhenh of Folgnumlq\s clefmed sn U
rentAchng o g en V. But DNX s open in X, 50 i follows there 15 @< X spen and £e@x (@) wth R'NY=\ and
£l = glv = that 15, Y (£) = 3, - we have Shown that ¥ s lam!%rwf&w&, hen e epimorpsm m

fing catreqory Al (Sh(X)). Clearly Kery = £, 501k follows immedjiakely thaF 1x0y 2= Ox/ fy an sheaves of

abehan grups.



L@@ex

() Now lef X=1P' and Jet Y be the upion of fuo duﬁnf%/po/m‘;.’men we claim There 15 gn exact sequire
of sheaver cf abelian groups on X, where F = 1, Op @ 14 Oq

Bt ey W L i ()

Clearly @p 15 fhe shef on {P} quen by $ =0, [p} = R There is acanoncal moyphim of sheaves o abelian
B} o g Ox —> T Op given by £ > F(P) (similarly Ox — 1x08) Singe limis are faken porntwise
oro FIV) = (ix0AV) @ (1+E)(v) = Op(VNiF}) & Oa(VvNi@}) and Ox Lo F 15 given by O (v)— F(V),
P¢V 2 o £\ 5 (£(P), f(R)). We piore that ¥ s fomly suyfectve. TF \/ € X 15 open but {2@% 4 V 4hen ©x(v) — F(V) 15
14.0p(V) =0, Hrvall suﬂ'echw@. f BbaeVand (ak)e F(V) a,belk then et U, = V—-Q and U, = V—P. Clearl
(a,9)fy, = (a,0) and Capb)ly, = (k). Hene (a,b)ly, € Im Ky, and («b)lv, eImVu, sV otally mU’ch—ue
and enw an epi osphism. Fis cear that $y = Ker ¥, 5o (1) i exack

we claim however that Ox(X) —> F(X) = k@R 5 nol suyiechve. Tat 15, we cannot avhihvavily presnbe
values at o dirfinck pomks of JP But Hhis 4 bvial sne O(1P')=k —any regular Funchon en P ' 15 consfand.
Hepe the 3]0#}&] sactons 74mdm' T(X,~) % not exach

®.22) ¢ luen ] sheaved Lo} X be a topefegical spawe, {UI},‘GI an open wover of X, and suppore that for ecich <
e amﬁnuen o sheaf F: on v, and for euch :}J' an n’SDmMPhUVH f‘;j' : —Ff."u.-mj‘ =3 q—t) Jurm_\lj' st

(o() vi Y= T sheower of et

(F) ‘f\k——ﬂ \th_aj)u on U,'nUJ‘DU‘.Q \7{?{){‘,!’3 j"““lﬁ"'m’_’ﬂ{_}

we claim fhat theve exstr a umique sheaf F for X with isomogzhisins ¥ Fly, — Fi such thalfor ead 1,
“ﬁt =% oF on VDU We can deaﬂy reduce #o the cane where no Uy = & For ecach xe X [ef d(x)e T be
some selected ndex with xe Ugey. For 2eUr0 V) leb Fie * Fz =3 By deviofe 7he 1somonghism of
(55‘}3) groups, rll’lgg) ncied "'G'j \:(]J Rroan open sel We X define ?[W) + be Hoe sat u{— all fund'mns

5: W — Uzew Fapyx with The propevhes:

5 & W ? UI&W Tdfl),x
Yre W s(=)e (/I:d(ﬂ,at

VxeW Yhere s an open ﬁeghbm’ﬁﬂﬂd ze VEW and ie L sk
VEU; and teTF; (V) mchﬂqa."ﬁ)rc‘ﬂjE\/}

s(4) = j)fd(*}J‘d (germy b)

By def™ o e Fy are sheaves ofjrwp; and ¥ womophsms of groups, the Fipx and Fj,x are group s
ang movphisms of guoups, 5o T bewmer & pregheaf of groups under pomfwise stwicfure and vesmciion
ol fanchons. The same is fate of rings. I a bik move dedaif - fmt rofite that for iy j, k e 7£p{)uwmg
wommuker due fo (f)abore (any y&UiNY; N OkR)

’F;Jj = Th,j
N, A
Fird

We check He details for qioups - Hhe map x—> © belongs #2 Flw) for any WeX of gf‘e'F[W) and ace W,
leb \/e Uy and V'e e be g werl q{onj with +e (V) and t'E Fr (V) 5.1 Vje\/ﬁ\/

(s +1)(9) = Yide),g( 9eMy?) + Fuap,y (germyt)
= Fidm,y (9evmyt ) + Fiaay ( Feiyg (germyt)y
= Jide, y [ germyt + 9emy (Fei)yiny: (o))
= j;sd(n};‘j ( 3“"’55 b+ Oei)yrnoi (11~ aoi) }]



So s +4e F(W), w required. I s€ F(W) &5 deavthal —s e F(W), 50 F{w) 1 a goup, cinel 15 now

eany +> check that F 15 o presheaf of HOUps. The stfuation for rings-is comsitert; nd s deﬁmng S
local, th1s eany 1o checke thaf T s a cheaF (of rete, Groupts ng.

o J¥ ¢ US_U', spent

Mawbdeﬁna the Nomuvphllmj ){/ ; ’/:/u,- — F. Let s F(U) begiven. foredch ke U let jxeT and V,

€ Vj, and e F o (V) be 5.4, Vj ceVe s = \)jd(,)lg(germj to). Let Wi € Fi( VeDV') be

Wa ‘-’( bjp'ﬂ' )

Vo NU (J"‘)Vzﬂu ) ’_w"(‘c),v,‘nu

[
Then Wz eVx U we have 54) = jo?cl(z),j (9@\{”\3"\1‘::)_ n Tol(l),j. The V<NV wover U) and Sor = Wi
€ (VxV IO (V2NV') we have Fig(x),y (geemgnac) = 5(9) = Fra@yy (germy Wz ) S Jrdgey B A
Hormophisin, gevmyWx = 9ermy W Sine F; 15 a shead, #here 1 unique ¥ (<) € Fi (V) with genm k() = gevm <>
frall xe U i defnoathe wap Y. Thot 15, for UE Ui epen (W), (s) v He unque e\ement of F (V) with

gevm o (4 )ols) — j’d('o()',}x( s@)  Yxel

(onsequently ¥ is a mowhismsl sheaver (o groups; rings). The fact that Hhe Yaei,x dre hijectwe means fhat
(o 15 iﬂj'ec"rum) and there maps ave juqjectwe by Lonstwiction of “F, and e fack thak ¥s o) Bapmi = Fi = .

To chock thaf ¥y = Fy =¥ on Ur0G 1et Ve 0/NYy and se F(V) be giren-Then Yz e,
jéfmzl ($ij)v (¥ )v ()
= ffj»‘ (3evmz (”‘f‘:)u (s))
= %i,2 ?d(z}i,z(slz“
=S4 2[$(2)) = gemz (W) (5)
T omplelen the exishente proof. For unigueness, suppose S s another sheaf on X and @ Sli— Fi sl
(QJ- :j"y-a@,‘ on u;ﬂLLJJ:Fw an open jubseF NVEU; defme Yy = F(V) —> 5(¥) o be Fhe omponfe

) (01
> Fi(V) —— 35(v)

Fv)
YU — [@n)’;{’ﬁlv

Usng e fack that 6 =% O and =Yy i on \j we seethat ¥y 15 ndependent of 1 (and 15 by casimprisn

an 11omorphism of qoups rings) TF s nahival with respect o W< Ve romely by conshuctwn. We thei.e xlend
U fo any open sef via. clefining Yy (s) 4o be unquesd. Yy () Jvavi = Yvav: (s1vavi )V 3 T. T s Then eanily cheched
Yhat Y 15 an 1somomhism of-/heave).



