7 ScHEMES
iy SHET S

T Ahs sechon we will defime the nohwn of a scheme. Fint we define affine schemen - fo ang ving A we ansociale a

Fopelo “-a!—‘P"“f- 711’35711/7*?" with a sheaf of rings on i, called Spec A. This conshuchon pare lels the constuction

of a.ﬁg’irz vanefes (T, §1) except that the poinss of Spec A cowegpond Fo all prmie deals a//g/ net feat

the marimal ideals. Then we define an arb 4 schemie +o be something which !acaﬁj lookes [1ke an aéme scheme .

Twis definrhon-—has no Parallel 1w Chapbev I An ympordant class o};c'gemw is qiven by the conshucchon o Hie
S. s constuachon parallels the consfuchon of Projectue vemetren

scheme. FVL?J'S assoaated 4o an a-mcu'ed ri
m (T, $2) Finally, we will show that The varekes of Chapler I, affer a .r/:gh% meodfrcodwn, Can be veqarded ay

schermed. Thws the Cai"eyol’lj D,L_rchei‘ww s ani eﬂfai?emen/' a/ “he Cakgaﬁ o,l WW&'}’:{M,

Now we will wonshuct fhe space Specf] arsoelated Jo a ing A. As a set, we defme JpecA +o be The set-of all prime
ideals of A If A 15 any ideal of A, we defime Hre Jubset \(r) < Spec Ao he the set of all prime ideals

which contoun W, (1f A= Othen Spex:ﬂ:gﬁ}

% (“-) If A& and b are fuo sdeals of ,q/ then V(ﬂ.ﬁ) =V(R)UV[E])_
(b) ¥ -{LH} 15 any sef ef releals of ,4) +hen V(Za_l:)z /-JV(Q,’)
(&) If a and ki ave fueideals, Vie)c Y(k) if and onffj f S 2 5.

PROOF (=) Cevfanly it H2R er g2k we have g2 wh. lonvenely g2 ab and bdn, }ej“béjjljﬂ-“fhew

Vaek, abe f = acp, 50 RS (M.
(b) A confams each A; . if workams 3, Az, simply because 239z 15 the smalleot ideal ontaming all +he ac

(&) The vadialof & (rap. k) s the nbenechon of all the prime 1deals @ntming a (repp. b). Hena of
V(w)e V(b), eves prime containing a contaains b, so [F < JA . The convewe is clear.

Now we define a %pofugy on Spec by 1‘7,1/(#?3 the subsets of the form V(&) o be the closed subsels. Nofe that V(A) 1‘/&5)
V((0)) = SpecA ; and the lewma, shows +hat-fimbe unions ancl qrbdmvy intevectons of sk ofthe form V(%] are again

ok-Hhat form. Hee fney do form the set of closed sels for adepology on Spec
dujDW wnon of sefs.

Next we will defne @ .rhec{fofwrys (O on Jpecd]. For each prime ideal )} 4 = A, let ﬂy J,lse. the localsetwn of A ot K. For

an open sel (J< S}pecz@;k we define O(v) + be the sel of funchons s '—'—)_u;aev AF such ot f{ﬁ}éﬁfg for each A,

and such fhat s s Jocally @ quofrent of elenents of /. #o be precire, we requive that for each HEU, there 15 e neyghborheod

Vof p, contmined m "U, and elements o, e A, such that for each §e€V, ,Cgfff/, and s5(g)=a/p w AIL. ( Noke the
with the definihon of the reqular fumnetons on a vawelj,*mz chfHevene 15 thal- we consicler functrons oo

similan
+he uaw?ua Jocal vings, 1nstead of +o c\%e/d), (Wedehne @) =0 T A=D s SpecA =0 then (9(¢)=0)

Now iF 15 cleay thal sums and preluchs of ruch funchons are agarr sutcl, and Jhat the elepnent 1 which giwes 1 in
each Ag s an idephty. Thus (9[()) 15 @ commwnutative 71ng with eleihty. T V< U are dwo open subsels, the nedural
reo hicfion wiap @(v] —— (9(\/) 15 e heroimond s im g[w)?j:.i'v‘— s hen clear tal (2 s qfneohea-f, Finally ,

s cleay o the locel natuve of #he defrmkon that (9 15 a sheal

DEFINITION l'.€,+ /C} be a ymj_ WQAJDEC%MAD’] o5f fjl 15 the peliv wngm"mj orﬁﬁieﬁpo/ugua/;pacg Spec/:} ’I‘Oﬂe'}'h@r
wnth the sheaf of rings & defmed above.

Let w establish some banc propertien of the sheaf (O on SpecA. For any ¢lemen] feA, we clencte by D(F) Fhe open

complement of I((F)). Nole #at open sets of the form D(f) form o bane or #he opology of Specll. Indeed, if
/(=) 5 a closed set, and ¢ V/a), then HF A, sothere s an £ e @, fdp Ten e DIF) and DIF)NV(a)= d

NOTE £ A0 gmd?jefpfrr‘] then quﬂ' O Yy camnet be O.

—

NOTE Tuntdo b€ clear, ¥4 o bass of & spae X we wean a nonemp

wllechow 1U:Yier of open sebs with the
Pmpgt’nj thal any cpey, UE X can be wvien o2 o unror? of elements of Y1 (Hae emrf?j umion g

wing #). EcrwvalmHj

guren ~xele X (Vapen) T 5f, =>e iU



PROPOSITION 2.2 et A be arimg, and (Spech; @) 155 s]ue_rjmm

) For any p e Spec A, The stalk Gn of the sheaf (7 s isomouphic +o the local
ring A'F‘
{BY for ang element feA} the ving @ (D(F)) 15 1somonphic Fo the (ocalised ring fly.

IFD®)= ¢  fs nilpotentthen
hually Ap =2,

(9 TIn pavhiculay, T (Spech, @) = A.

PROOF (a) Frob we debine homomowphisim from Op Fo Ay by sending local sechons s in e neghborhood of fd

o 1 value s(p)eAp Ths give) a well-clefinec hompmohum from O o Ap, call i+ P he map ¥

S Suyective , becawe any clement of Ay can be ve prasentec] an « quottent o/ with a,fecA, £ M. Then

D(#) will be an open neighborhood of g, and a/f dJehnes « sachon of O over D(F) whate value ol fauYy

To show that F s rryacﬁu‘ej Je+ ) be a nefﬂhbbﬂ?vod of B, and let S, te@fv) be elements having e

same value at g By shrnleng () of neceosarg, we may sosume that 5 = 94, and b= bfg on U, uhere

) b/, .F-)Ej e/-]j avicl a,f}j' gf/d Sivice a/F anel b/j have the rame !ﬂman n ,4[5) r}'fp”ow_r Foopn the C/egllf’}ﬁ'um Fhat

Theve i h¢/ﬂ ) h[jq_fbj_—: 0 A Therefore, /r = b/:g m evey local rmg ﬁi sd. 4,9, hafz. Fuf

The set o[ such g s tre epen set D[,ﬂ)/)p[yj/jpﬁ)}/ which conicrtm,er. Hevte ¢ = L 1 a whple ne[ﬁf,, '},omooc}

vj’pj 5o 7"1’)93 have #h¢ same gevm at a.Se s an rsomipyphim, which proves (a)

(b) and (¢). Nole that (<) i « special cape of (b) when £=), and D(f) 15 #he whole spate. 3o iF s suftcient
o prove (b). We define a homomonohism ¥ A —> 9(D(¥)) by sending “fpn v the sechon s & (9(O(£))
whitch ansigns fo each A The image of a/pn 4 Apa. Find we show #hat V¥ s /f?/‘gm"m?. f

V(Ypn) =V %)
Hien for evew peD(F), a/gn and b/Fm have Hae same I'maﬁe in Ap. Henw theve is an element héﬂ 54
h(fmc{ —_fnb) =0 m A

Let @ be the annihiledor oﬁ fmq o F”b_‘men he [{) anel hé.'}j) So Rijﬂ This hé-’d]’ -,Q)r cm\tj FIG D(F)} 506
we conclude ot \/(m) N DEF) :9’. Thevefore fe [IL, so some poweys £ e r, so

FLFTa—Fb) =0

which shows #haf ajgr = bfem n Ar. Hene ¥ i mljecf'we.

The havd part s fo show that W s suyectve. So let s€ OCD(F]). Then by detinibwon of &, we can cover
D(F) with open sefs Vi) on which s is vepresented by a quohent ai/g;, wihg;d p forall p€ vy, n other
words, Vi € D(9;). Now the open sefs of e form D(h) foym o bape for the fopolegy, 5o we may aosume
thal Vv = D(hi) for seme h;. Stne D(h;) €D(g;) we hare V{((hi)) 2 V(f}i.U, hente f(h_,) = @, and
m pavhcalar h"e (9;) for some n. So h;"=cg;, 20 U = caij, n . Replacing p: by p;» (sma
D(hi) = P(h;")) and i by cai, we may assume Hat D(£) 15 covered by the epen subgets D(hi), and
that s Is repregented by @i [l on D(h/). frex? we obsewe that D(h) can be covered by a Finike number of
the D(h.). Indeed, D(F) < (JD(hi) #. VI((F)) 2 /IV((hi)) = V[ 2, (hi). By (z.1c) agam, This is
equivalent fo saymg f ¢ Y or £ 1€ 2)(hi) for some n. Thi means fhat £ can be expresced an
qtffnfl_i__k sum z("’?_—_— = 5}[:: )l,,- e/ﬁ, Henwe a £nile subsel of hi will do. Sofrom now on we frx «
bnike set by b such that DIF) = D(h) U----UD(he)

For the nexd step, note +haton D(i) N1 D (hi)= D(hih;) we have Juo elemends of A;,,.;U.) wmely %/ and
A/h; both of which vepvesent-s. Hente, according +o the rry'ec-}'l\)l-l'y of ¥ proved above applied o D(hihy),
we wuot have 9ifl; = 'TUI:}}' n Ah,-}.J', Hewiee for some n

(h;LJ-)n( hjai — H.‘aj) = 0

Sinee there are onltj -ﬁmlel’y many inclices involvec, we rmay pick n so [arge thal 4 worhs for all ""’J‘ at vne.
Rewnle this equahon o

]’IJ'HH(H,'F!Q,') . "),‘ nf’l( J'")r'n‘b') -0



Men veplae each h; by " and a; by b'"a;. The element s s il mFrBdQﬂ+ea{ by Aifp; on D), and
favthermove, we have nd; = hidj forall i j. Now unfe £"= 3 b; hi asabove, which 1s posri ble fov some n

sinie the D(hi) cover DEF). Let a = O bidi. ™en Jor e,achJ'we have
hja = I Wi hj = T !o,'h;cy :f”‘oy

This :aﬂs’ma’r ajpn = ‘Df'/ly- on Drkyj). So W[ pn) =5 evewuhere, which shows Het ¥ 1 suifecfove, hene
an sowophIsM. (1 (pc, Conllary f A iranyringand a,b have e same claos n By V1 then a=b - sme
Y Isqp sta—b) = O .. Ann(a-b) cannot ke proper)

To ecich nonzew rimg wee have now associated @ spechum (SpecA, 8). We would ke fo say thot ths wonrespondenc
5 functonal Drthal e need a suitable cafeqory of spaces with shegves of vings on than . Theappropnate nofien 15
The citegon of locally vinged spacea.

possibly
a paw (X,0x) wnsishng of atopoligeal spate X (" eviphy) and a sheafof
vings’ ©x on X (wralways O a ring , and sheaf = Dx (¢ )=o) Amophism vf ringed spates vom
(X, &%) Yo (Y, ®@y| sapar (f, #) of o wondmuows viap f: X— and & wowphitn of sheaven

of L 5}6:{9y-—>f;(9x. (o K =p 'F*QX::O) o |5[@C\\b(ﬂ(lﬂ%

DEFINITION A »ﬂyed space 15

The inged space (X,@x) 1s a Jocally ringed space W for al) PEX e yng ©x,p 15 a locol vng. A movplism
of locailly rimged spacen is e monphism (4, 55) of vingec| spates such thed for all Pe X the meuud malor—,
of local rings ~ b, + O, fro) — Fx,p 15 & Jocal homomonphisin of [ocal rings. We explain 7his Jewt condlifion -
Finkofall, gen a point peX fhe MDWOHIITJ‘] # qver #, SOy (V) —> Ox(£7'V) prall ne;ghborbuod;

ofF P Co r #Hh o Ty
Vol P. compored with Ox(f™'V] — Oxp Hhese mapr indice " 5y vomenhum any
, vinge A spae (A,0x%
Séf" B%FfP)‘_) 9)(,? W:‘J?\XIE# ,jlch“;
(V,3) ——= (£7'V, 4 (5)) nged

We mjmns%hal' His be a local homomuiphsm. T8 A, B are loeal vings wth wavimal ideals M4, e vesp.
a movphksm of ¥ings f:A—B i locdl f $7'mg=1ma (equiv. aeMp => F(a)€Ms).

B8): (%,8%) = [%,8) and (8¥) : (%,89)—> (2:0=) of virgec] spates therr composife is

Given o morphisms
Ve Z the mophsm of rings ts

tne parr (9f, 9u(g)Y) (X Ox) —> (2,02). Tad 15, 9F: X —> Z ane fr

* . £ P “cleady (,0)
O-(v) 5 Ov(g7'V) T 5 0 ((38)7V) |scifiﬁcj {wm(j, ged and
{o(_a\\:j “"‘5“?4 Jpﬂ%

() —— (A7 Py o))

ovy. Ansomovhism of ringed
e cheaves of vings (e
v nvene o ¢ then (‘ﬂ,ﬁk“ﬂ

One checks that Hhis defrnihon maker vinged spaes cind Hreir mophisims into o categ
Spaer 15 a mophum (£ @) for which f v a homeomoyphism anc & w an 150 Iphism
dy ijechve V). ¢: Oy — i OX. (+F £ 15 homeomonphic w:ﬂqmyewai’ and ¥V fe®x —0Ox

\s invenedh (4,¢))-

To show that fhe lncal[g vmged spas form a mbca{egoﬁ (nt ) of Hhe ninged spacs, we need only show thak i
(f,d) (X,0%) ~—(Y,09) and (9:¥): LY, 84)— (2,82 ) ave moyphisms oﬁ?am”y vmged spaces then i 15 (94, 9+4 V).

But {or o\PDI‘n{' pe X the mdued mophism of local vings s S (d"’)w’% g
5 \ mawhim . Tiere are
(94 V)p = Oz, g5 —> Ox,p zgonﬁbphjr%;_%(ﬁlojampy

(V,5) —> (@7, Fgvheb)) e lege) )

Y i ¢
Mene (9x 9 ¥)p s e comporife Or  gf(5) il}@y, 0 s ©x,7, and i+ suffear foshow Fhat f A—E =5¢ o

local maovphisms of local vings then (1) 11 = ma. But (&) 'me = ¥'( e—(mdsﬁ"mg =7ma, apveqmredv
d spaed 1 anisomorphism if.

Henu e locally mged spates form a cateqory. A moyphum  (4,$) of loeally vinge
fisa homeom(?rph\?m and ¢ Cy — f#g@? an uov}ﬁouphum crﬂ!— shecwes (ﬁszg (1. § 150 n cakegen of vinged spawn ),
Clecdy J (f, ) 15s an 1romoiphism ot lecally vinged spaws i is an 150. of inged spaLed. Lonvenely i (3:¥) s an mvene

fov (£,¢) mthe cah?gmﬂj of nnged spawh  (so 15 homeo awd ¢ hijechve) Phen or PeY
¥, Ox, qtm — Ov,? B s Ox, 9(7)
(vs)— (97'V, ) — (v, 3)

(sine P=F3())

So ¥ =% hene Vp 15 local monphism and (9,%)s a monphism of Iocal ly vinged space.

NGTE Obviously any vmged spate Isomophic 4o a locally ringed space 1s locqlly myed.



NOTE

We wake a couple of sirmple shservatons -

(i) Any locally vinged spate covered by schemes i a schevte. Tn fuch the same 15 e of a yinged spate.
(ii\ i 7[/: X—7 5 a morph.‘sm o/_vchem% and UeX i o;en,ﬂﬂe reatnchon Flo- (U,tﬂxfu)—;‘f o
a movphiom of schemes (sinethe mcfuson (U, Ox(v)— X i),

(iii) The incwion (U, Oxlv) —> X, Ox (V) —> Ox(¥V) by reatnchon, 1s . imorphism of scheme.

Gv) T (L¥):X—Y s a mophism of schemes and £(x) €V where V 15 an upet bt of ¥, Hhan
(1,¥) dehnes a movphism of scheines X — (V, @y/ ) n Mie obuions way, so that the diagram

X—— 57

/ ()

-J(V;[QY)V)

WWIWIM*{A. Se mpavﬁculgr(-f} ¥) can he vegve red from X — (V, 0y [v ). Horeovev he
Movphism X —> ' s unique makimg (1) winmute

(.V) The same da {I\") anel ((\fi) Fol' carlor}Ya\y \(lﬁged .IPQCQ/J. Te tF’ {)(,(9}:3 ((hged _(Po,w_'f’he,re TS
an cbyiows worphism (U, 0xlo) —> (X,Ox) @xl £ £ (X,0x) — (Y, 0v) 15 4 i onphism of ringed i
spaws and £(xX) = V thewe s a unigue mioephism of ringed spawes (x,0x) —a (Y, 0%]y) making (1] commule.



PROPOSITION 2.2 (a) If A s anng, then (Spech, B) ira /Dcal'{y nnged space.

(b) T ¥:A—3B i a homomoyphisim of vings, then ¥ induces a natural moyphism of }D(QH_LJ
ringed spaces.

(f ¢): (SpecB, ®p) —> (Spec A, ©n)

) Tf & and B are nngs, then any imojphism of locally nnged spaces from SpecA $o SpecB
is mdued by a hamoymowphism of- rmgs $:A—> B as m ().

TIP A o B ave © Fhen
(W), (< are fwial s Yhere 1s
PROOE () This follows fom (2.2a). L %
(¥) Given a mowphsim of ings F:A——>B any prime ideal < B mduees c moyphum of rings
?15 : f;ljo-'_?J — By
als —> Y(q]/fm
i 11 o sorpem e 5™ (98)= 49 | Al {5 a3 ) = ¥ Ry, Wedhne

amap f: SpecB— Spech f’j Flp)=y"'m. I \/(R) sacloed subset of SJpecA ten £7'via)=\lk)
wheve K5 the simallest ideal wnfuimng - F(a) — hen £ confimanmd.

Let /< SpecA e open and let Y : V—> Ugev Ay be veqular. Composihen with ;Cjtm a map
\!'_‘ J(:—I = U’PE}:"V FI'\_F’*'F: and CDMPNI'}LM L,;J]’}'h.‘m n jlm \(r-’; )C-l\/ . U‘K]E—f"\f’ B’p;
defined by

Y)Y = Inl1 (1)) = $uX($7B) = $uX(F(x))

We claim that ¥ is reqular If NE F'V then Y 'PEV o fhere 15 tn open neighbovhood U of ¥'n
w \/ and a,se @ sd. ¥qe U547 and Y(g)=9/s.Then W p'e £7'U we hare

Ylp) = S U 37R) = 3 [afs) = T/gps
\p'e §7'V wehave 5¢ ¥”'p" and hen F(s)¢ . se Y reqular. This defiws o rmap

95\/ ; @SPRB(VJ — [95?(&13 {{’I V)
P lt) () = Yp X £(#)

I Uemﬁy checked that ;ﬁv i 4 kmerphism a,lrmj: (if V:;ﬂ o £V = ¢ theobvious morphisms are wed)
and thaF ¢ 1s a natyral Fransformehon. There 15’ a wmmutahve diagram of rings for peSpuck

P

QSPecR,HP] — OspecBpr

[

Byt smeme—esdh 8
T ¥ r

Tmplying that ;1! 5 o mogphism #/mllj ﬁnggd paw.

(©) tonvenely, suppose (£ B) pec B, Ospen) — (SpecAfpeca) s avnophisin of locally nnged spaies. Tere isan
mdused mophism of vings: $:A—3B

¢5pecf]

Qlspec A) ————— B(Spe(B) . .
Y(a) = e umqus element DE B v
?T Wl & b= 9£,P“H(o’u)('p\) for all e SpecB
A\I>B where a(q,):aerqq,

The nvewe of the 1o {973——-1875 of Prop 2.2 1 a/p 3 (0(F), (q-.{FJ) where (“fFJ("L}ﬂ alf € Ag.ﬁo there s
a chagrom Jorany e SpecE



O (spect) ———— (O(SpecB)

- $p 1\’

&«
s pecd fifp) » ©s peckn
—
m 72y'q BX {zn 9
O

K

The map Y 15 mduied by By and e somophi e Sime all othev face of Mis cube wmmule, €= Y4 Hene

2 1)y= S (3R)Arm) = (Y§) (1By) ($p 15 bcal, hene Y 1s)
= (e3)7(pBp) = ¥

So § womnades with the map> SpecB—>3SpecA mclied bjr S Lof the mophism 515_/-@;?9(,4 — L Ospecs ndued by

Y. We caivn Yhat 9‘5'-: let VE ercA be open and ©:\j —> U'f&"’ _AC" rf'gbr[ay_ We show that He mops

3 (6), #,16): F'V—>Upnes'v By aqrec onevews e f 'V Lek suchap be gven, and find an epen neighberhood
U of F() ancl a,se & s.A. s¢q hrall qeU and 6(2)= 9[seAq Vqe U-Then sme by a) ¥="7g Ay — B

@, (0 p) = Fu (O(F@)))
= % (9/s) ,
= fpm ' (DG, (a/s))
n=" g (005), (a]5)) _
”H‘(F-\P(s): Porn ((a)6)))
= Pous) ((9))) (1)
= $otn (Olop)#) = 6, (0),(w) = ¢, (8)(p)

|l

1)

Henw ¢ = 9{; o [, @) 15 the moyohum mdued by Y Tn parhcular quen any moyphum of [ocally vinged spaceo
(SPECB’; @jmcg) >j( SPECA,. Q-{PZQH) wovks bj H P j ﬂ P ’\'.‘ﬂ 9 P

(gffe(ﬁ' (V) —— Ospeca(+ Eg
OV Yhevhlg 7V — Ugevhy

£V —— Upesry By 8

b Rna denvies he cateqory of  zew rings and  LRng the categon) of forlly rmged spacar, we have shown that
nng 1 9 g P
B —> (Spech) Ospecht) ansoclaten an ol?jec’r of LRBng }o evew nlﬂ‘ed m Rng’, and that there 15 a bijecton between
moghisims A—> B and movphisms  (Spec B, Bspee8) —3 (Spe A, Ospech) m LEng - Fnture chowthat this

15 actually .(.Ejedwve on o%fevh (re-f (Spec by Opecsr)

Wl’lﬂ
d T'wandtsure Hs ﬁue)

defmen a funclor S - Rng’—> LRng, and Then we show that S
= (5pecB, Ospece) hen A=B) (s s achaally much havder than iF appears, an

let $:A—>Band ¥:B-—C be ungmovpnsms, (f %) . (SpecB, Oupecs) — (Spech, Qpectt) and
(9,4 #) : (SpecC, Bipecd — (Spec B, CQJ}JecE) the angoacted ynogphtsms D]L[&:LGI".U nvg eé} spaces . S uppue (fg,Y)
i ansociled o VP A —>C.For V< Spec A and = BV —Upey Ap regulay, we claim that

Yv(@) € (gsFecC((‘Fﬂj"V)

= ?ﬁ'vyf(m

To kot i, let g€ (£y) V. Then

i

WOXg) = (¥9)q O (a)(q))
= Y Sam (0 Fla() r;“fé“ifj;‘wg“w BB,

Froly S 6)2) = Yo ( ¥ 16)(s0))
="q J519) (O(£(a(2))))

an requived . S 15 clear that S presener denthes, S 5 afunclon and by (2.3 d 5 fully fartful (wnhavanaat )



CAUTION 2.3.0 Statement (c) of the propoirhon would be fale, if m e defndvon of a momphicm of /oca./{rj vingecl jpaces, wedid nof
msist that the incluced maps on stalks be local homomoyohisms of focal vngs. (see 2.3.2 below)

DEFINITION An affine scheme 15 4 iocqﬂj rmged spae ()(/, (px) which 5 1somowphic (au a /oca!{y vinged spar ) 4o the
Specmm of some 19 A scheme 15 a locall ijﬁ‘d space (X, (9)() m which evewj painf has an epen
heljhborhood U such that e ‘i‘DPaiDj?(tq{ space Uj ‘J’ojg'i’hev with the veaincled sheal (x ] u, s an a%ﬂe

schewe .

We call X'meci@ﬂ{yﬁiegqfﬁccal spae of fhe scheme (X, (Ox), cnd (O #s shuchure sheaf. By abuse o
nefation we will offen wnte simply X for The scheme ()(J@x). TP we wish 4o refmﬂjmg hpolojuq,'
spale without s scheime JMC‘I‘"‘F&J we wnke JP(X}, read " spa of X" A W_"_DVPM of- schemed s o Vnorpb.'ﬂﬂ
an !bt_GlB I"”Sé‘ﬂ‘ spaw@o. An l‘sm?,}”_“‘m is a mowhism with a wo sided Invewve.

EAAMPLE 2.3.1 T4 ks a »ﬁelc{/ SPECR 15 an a%m scheme. :,uhwe"fDPD(OafCQI spatce cp s 15'}!5][002 pcumi, ancl whose
sttchure sheaf consish of Sfhe feld e .

=XAMPLE 2.3-3 If Rsa _ﬁ’e}c{/ we define the affine line ovey "Q/ A;} 4o be Jpec[e[zl Tt has o Pomf j?j wmpgnctmj-fo'ﬂ}e
T zew ideal, whoe closure isthe enfire spaw . This is called a genenc pomt Nohethat fhe other poinfs , whrich
worves ponel 7o maxamal ideals R[ﬂ) are all closec] Fom'f‘s,ﬂhe are 11 ofie~fo-one cove) pondene with
the nonwnstant monic 1reducble pelyromals m . To pavhcular, f & is agebratcally closed, the el osecl ponfs
af ﬁs\fh ave 11 one —fo—one wWes pond ente with e elerents q( 1 3

EXAMPLE 2.3.4 [ ot R be an alaebmlmll closed freld, ancl wonsider the affine plane ovev k, defined v
. Azz S pec E?[x_,j]

The closed points of ﬁ’ii are In one —fo- one wnrespondenie with ordeved paw of elements of ke
Furthermore, e set of all closed ponks of A%, with the ‘”d“‘md*’f’o'bjﬁ) 5 heme v oyehic o the
\@Vt_e}nj called A2in Chqpfer ). In addrhon o the closed pcrrﬂs/ there i a generc pomt ¥ coresponclin

Fo thezewo ideal of k [x,4], whose closure s he whole space. Also, for each wredieelale poljwomtg/

f(x;y) there is ¢ f"’”"’[ "Z} wrveapofldff}j’}c (f(z%4) )/ whore closure s \f(-FC:{,j)) anel trcluces all Hhe

clasec] pornts (ak) for which {(o,b] =0 we sy that %7 15 « gevienc pont of the cuwe f(zy)=0.

; T
y '! Jenenc Pomﬂ'
o 7 of cune

—

... closed pmn%

v

W Lef X, and X5 be scheme, let VX, and U, = X, be open sub,re-l:r/ and lef

P (W Oxly,) —= (1, Gi]ws)

be cn 15 omophsm of lpall rmﬂ@d spawn . Then we (an defme schame X) oktatned loj 3[_9_@1_@3

X, ancl ¥z along U, ancl Uy via the tsumovphism 1. The fopological space of X s Thequohent of
e disjomt unon X, U X, "{j Hhe ewtvalenm velabuon jenemlpd L’j x~ () for x, € U;, with

e Ym‘!’leﬂ]' %FGIUjj_ Exphnr'ﬁy) The open sels of X, UY, are &ch'mmL wnons P OQ whee P s open
X, and Q 1sopen X5 T open sets of X are those refs PR whichinvolvefor each o, € U, edher

z,€Pancl T(x1))e® or 2, ¢ F In parheular anopen set avo:dmj Vy (ondV2) remamns open.

X, —> X such that V€ X 15 open H and onlj o
C(E7I7M,Qd al jlolfauﬂ 4

Henw fhere are maps ¢y X; —> X and 1,
both 17 '(V) sepen in X, and 4;'(V) sopen in X, . The shucture sheaf Ox s

for a."\j open tet VEX
O (v) = {(Susz) | 5:€ Ok, (57 (V)) and 52€ (37 (1)) ond ﬂ"/q—,"(v)ndﬁf"217:;'(«)0”2}



T+ s not hard o vem(uj that @x(V) 15 ¢ Jubrnia of (930( 1, (V) XU:;(f;"(\I})I and {ﬂ"ﬁnev that e ]magg o Hhe

Cnmomo.'l verhnchon (Qx(\f)—"_) CQx(U] 15 (oN ch[ " (ﬂx(ﬂ) - SUppose Ve ¥ s open and © tovered bj o pen Iejl, U.;,
witls sechions (s, 6)€ O (Vi) all agreemq on overlaps. Then loy debynihon of the veatchon, 5i s wmpghble on the Lover

V) o) A7'CV), and Ikewsse b Aenw pedue (sE)e Ox (V) x Oy, (V)1 =l 3[ 5700 9y, 15 esechan o <7 (V)Y
uniquely defevmined by the ‘]LEJVTH{j S:Ji,"(U;}ﬂU\ , and wena I slirw)ne) vk 17 (v, Hene Ox 15 a shea |

(onsider an open sabrel Ve X wihh i"'(v) ___¢_

Xy WDV,

2

C T ¥
¢

The open sek V. depicted hcs ”°”*€”"P/7 2(V) and 4,7 (v] Open sk wnth 27'(V) = @ wnrerpond o spen seds \/ < X,

not meehng Uy It s obviows that for such V, Ox (V)= @Kz(VJ For any W e X eonteiinec tn‘ﬁueugy{a‘b/ Ox (W) can

ke \clenhfred wmemca”(j with Ok, (V) or CDKZ(WJ. The ovelap!’ 1 DEUIDMIB‘ wpen n X, and for x X the otalk (x,x (< i eviectp)
s juat Oxyx = Ox,,x which is [ocal. Alse pefe that X1, X, form open subretr of X, 10 that for xe X, \ sveuleip, O, = s

Jual Oxyx und lhgwise for xe X, \ ovevlap. Henw X« lecally vimged. For an open seb Ve ZeX, m’rew@d—,hg Uy o not,
15 eanyfo see Mow wE fclen}?@ Ox (V) with Ok, (V) and hene how (V, Ox)y ) 2 (\, 0Ok, |v) @ romll‘j ringecl spaces.

Henw X 15 a rcheme.

EXAHPLE 226 As an example of glueig, lef k be a feld, let X, = X, = M (e U=V, = AR —={P} whee P
15 the pomt worregponcling Yo e maxtmal deal (x], and [et P Uil Bedie fdeni-n‘y pmiap. Lok X
bo obtained by gluang X and X, along Oy and Uy via . We gef an “offine e with the port P doulbled ”.

Tis 15 an example of-a scheme which ¥ not ap afhne scheme. TH1s alio an example of « Ihonseperaded
seheme, a1 we Lall see (ater (t.0.1). The ving o global sechons consistr aj:Pans ('F;?J) where £ € R[-)t] and
3&&[‘{[ and -P) J agree.on all of “rPe‘h["j fﬂfep’ljﬁlf (d)l (fﬁml’{ﬂ)-— that Is, {and q are (cfenhf,ed n
k[a(]p for g (>) — i parhculay in &[4 = k(x), and heva —F:j _ Hente Fhe ving o 3(0&;0] sections 1s

ke §x], 5o Hhat Hhis scheme 1= cerdrmly nef affrpe

_NO_TE_ wnfldff a 'ﬁc‘!ﬂr JQ Tbm: PbljﬂDM(C\I_f D,[ k[xj ave equaj ;ﬁ’_ ;%gy hcw-e ﬂﬂ,{ Jame VBJ(C[IM. m eada Vnﬂ)lfmal (dcq’
(w1 ""“HDG’VH and they are also equal . they agree in any localtsahon (kfx] o a domain). When we g 1ve
SFECV“[’*H (masimal deals] e wul affe vanety studare with sheaf D(§) = k[a]p, with shalk  &[x]mg
ot a pont Ma, The sheof P(r)i—> k[<]f ¢ an be e placec by fhe sheaf of rechons J—erm,rwlnew sechons on D(£)
are funchons p(F) ——ZE%L@’]Q[K‘]W“ with the urual Pmpm‘}tw. Cbm;derrnj comovieal maps k h[ﬁjm:ﬁ k[*]ma Wﬁl"-[@mq,
which |sJ‘wﬂ' e = k["?’/'mo. (when R alg. closed ) we recover he o al noton of # g an Aunchons. Buf an the funchons

I M — £ med m, 9:MI— g g moy agree ot am but skil be cishnct -—h:;:j&'fﬁ&v?gdm

of [ and g, et frocl m R [2]ma | "ak[*Tone munt have thetr differene n walk [x],,  as cle of [’qu‘

Tht 5, the Awo pelynomials agrec ad W ff_ thew sesiduer #, %/ m klxlom ore equal modulo Mk, o, equnclently,
f—gem.

MDd ’Vn} 70 aucf

NOTE Any loeatlly mged space somorphic foa scheme 15 scheme  (1somomhic a0 ringed spaw) =15 ao loc. vinged spaa)
The zew scheme mb) 15 aqaffine scheme, and any Ymged space ‘.ocqilj ISemorp hic +o ascheme s Ibcq]ly rm-aed agnel 15

o sdheme.



EXAMPLE Let X bea scheme, & X and assume Pl 13 $he only prrme deal 1 Ox, . Then there 5
a momhism of schemes Spec Oxn — X with x?—> X and Ox (V) — Fsp= ( specdix=<)

(for & X) ¢fivent sz Ox) a2 O@xx = T (Spec ©x,x)

NOTE Lef A be aving, scf malhplicahvely closed ¥ :A—> s7A cquonical, T : specs'A — SpecA
indued by - Then by Ex 2.4 & 1s a monomon nsm, sine ¥ o ap epi moyphism of ngs. & qwes o
bijecton of Sf’“f" with the ubreF {98 ) B S = 6 3 ofF SpecA. We claim fhis 15 a hemeomonpinism,
s The any 1dea of $7VA 5 S7'a anel

B(Vsa)y={Pp] s'p2s-ay = v(a)N TmB



EXAMPLE 2.3.2 TF Ris aduscrele valuahon ng, then T= SpecR i an dfhne scheme whose fapo/ogpcoe.' spaw
— lonsithof fwopoints - O and e maximal icdeal #n. The pomt Jy =11 15 clused with local ring
R (s R-1r1=unt, Rm=R), tevthevpomnt =0 i open anel dense (epen sinae T4 = do closed)
vith local ving equalo 1<, Hucquohenteld of R . e mclwaion map R —> KK wmesponcls fo fire
moyphism Speck—> T which sends fhe unique point of SpeciC fo 4. There s another moyphism
o} vinged spaws Speck—> T which sepcls fe an1gie point of SpecK 4o fo.

SpecK ‘

T
f @ ppews ave $HY, T
v Ty
)= 4o

To define ;5: O ——> % pecI< v need proiphisms - O (T) — Ospeci (+) and B () — ©. S0 all that
Is requirec 1S a wioiphism of rings O+ (1) —> K. But a reqular map f£: {}o, 1) — RU K con be
mapped o flh)eR < K. s 15 not a movphism o# l_ug«_f_ly rngecl spaces because fhe mclued map on
stalks s R = Op e —> Ospeck,- =K vi—re€ K. Teinvene image of 0 € I< « not 7m. Hewwe (£, ¢)

s ek mdued by any vy mowhism R—> K.

NOTE Lek A be anng, we SpecA. The maximal deal of Ospeciy 1 are those requilay funchons £ with £(p) € pAp.
We an wsider reqular-funchions #o have valiwr m fields wang Ay — Hig) = A |pan - Tnen the maxinal deal of
Uspec B0 are those requlay £ which “vanuh" at 4 in this sevre.

Next we will define an importart claos of schemen, conshucted from graded vings, which are analgoun o projectwe vanehe.
let S beaﬁmdedrlﬂﬂ) S =@ dzo M. We dende by St e ideal Byro5d. We define the sef Proj S fo be the setof
all howogenous prime ideals 1a which donot contfain St If = s a hormogenow deal of S, we detme e subset
a) = Yoj < ™ A leSo
V() ={nePys| acy] j;‘e;ﬁ@;@
LEMMA2.4 () Tf w and b are hiomogenows deals 1n S, fhen V(ak) = v (a) U V (k)
(b) TF § W} 15 any Jamily of homogenows deals m S, then V(3% ) = NVI(R)

PRODF Cleady = 30 2 ab ¢ nzror F?b) andif B2 ab aml say b g 71 then theve 1s a be by s.d. b¢ p. Then
abep vaew mpley L. (V) contains 33 i ff. Fronams each i, simply becawse 3247 15 the smoillest
(deal containing il the a;. 1

Becawne of the Lemma wre can defme a fopology on PrjS by taking The doed sybrets & He the rubsels of the form V(%) for
homogenow ideals @ . Clealy V(o) = Prjs and v(sfz é (alo V(Sr) = ). Next we will defne a sheaf of vings (9
on PmyS. For each p€ Poj S, e wonsicler e ¥iNg Sz of elementr of-clegree zew in $he localised nrzy T's, where T
15 The muthphcatwe 5-4554”‘ consishing of all I@er_ogeﬂﬂuo elements 6f S whidn are kot m . Sinte S o5 ot adomain,
15 possible for Flg =7'fq m TS5 wth £ homogenown and ' pon— oMo genows. Sofs fovm Hhe ubving $(a) we fake
e equivalence closs of (£,9) TS frgeTand fe Se where g e Se. Teed sudn pli are equal w1 Je) ff. 3 GeTsd.
G(tg'—g97") =0 (rowe wuld define Sy wthout referenets T's)  The ving S(e v lveal with maximal deal

consishng of 7/ with Fep. (Ggan Sy + © sma Yy 4 0)(THiseony 4o chock - £Jg =1Yq and Fep then £ '€F).

For any open subsret Us PmJ'S, we define O(V) $ be ffLE,'ehfﬁma’wns siU—> 1l peu Sery such that for each
PeV, $)e Sigy, and such Hhat s 15 Jowally a quatient of elements of £+ foreach qug U, theve exislr a neighborhood

ok 0m U, and homogenouselemenls 4,7 ¢ § of e sarre degreee, st-NgeV f4.9 and 5(1)=9/F m Ja). ( 8@)=0).
Now # 15 cleow Tl @ 1 “}7"‘3‘”201[0( nngs, with the nethuval vestvichuns, and if s also deav From the local nafare

o} Hue defmnhonthat @ 54 sheaf. T 5= 0 ten Prjs=¢ and 0 =0.

W Let S be a graded ring.
(n) For ang e PojS, The stalk Oy s somopphic o the local ving Sty

(b) Ror any homogerions FeSt, 1o Di(f) = { pePojs| £¢n5. Men Dy ()15 open
n P S. Furthevimore these open setr cover Pv0j S, and fov each such open set; we have
an somophism o locally vinged spae?

(D+(8), Olp,p) == SpecScp

wheve S¢gy 15 the subving of elements o/a'egme zew mn S,
(©) PojS s ascheme.

necessanly,



(@) says that ?roJS sa ;’nm“j vinged space , ancl (k) dells v i 15 covered bj opeh

F NoteAfint that
FROOF £l i £ (a) and Tb).

a fne schemey, so (c) 15 o onsequente o

(a) SameJechnique ao (2.24) < Fink we define a mophism of s (9751-3 Sty by sending any
(\3) > (). Memdp s sugectwe, sine f afp € S wih F¢u and a homogenous then
(#) 15 & homogeviows rdeal, 0 D(f)= Pajs — V((#)) 1sopen and wnioms Y. The map Z)—-)q/f‘éSG]
on D(F) s reqular andl vaps to 4 [¢ € Seg) onthe stalbs. To show that ¥ 15 mjectwe leb (Vis), (U.#) €Wy
be quven. Lek VU’ be open neighborhoods of P and a)f, bige Ssd. sly =4/¢ and ! = blg. 1+
st Fo show that of F((us) = $((V,1) then 5,1 agree on a neighbovhoed of . :

Then s(p) = (4 mplies that ajp = bjg n Sery. Hen there s w & 1 homogenows with
w( ga— fb)= 0inS. Thevefore afr = l?/j th every fﬂoﬂfvmj Stn) sd figw ¢9 But Y sebof sach
7 1 the open seb D(¥)N1DE)N D(w), whidfwontams - Hene s =% ina neighborhood of 1, required.

(6) Fiot vole that Dt (F) = Pajs — Vi#)) s open. s the elements of Py are thiose homogenous prime deals
T of S whid do net contamall oS3 , +ollows that the opensek Dy (F) for homogenoms £ e S+ cover PI'?]' g,
MNow fx a homu?anow! Fe& 5+ We will define an 1somosphism (5, $%) of locally nnged spaces from
D (#) +o Spec3en. F =0 of wune (Dy(£),Olpse)) =($0) = spec® = 5pecSeey 0 e vesuld 15 fnnal.
Tndeed D4 (F) =@ #. F1s wilpolent (£ hom.and in 5+ )(sec folliwing note) so D+ (£)+6p and #not nilpotent
@n be aprumed (1o S0 alse). Then Ser) 15 the subning of S¢ cor;gm‘mg of e equivalent clonses of frachons
Apn whert ag Sn [n?zo),Smwjﬁswo!'wi!g;kjnf, St F 0. (Tf Prs="6b then sfis dlearly affine, soussume

I"rqjj:frst’ m whidy cone Proj S 15 soveved by D+ )
For any homodgenow ideal AES Jet () = (aSF)() Sep) (wamgthe canomical S —> If) Thisis anideal of

Sts) ancl s impwper ¥ w(V31,54%..} F¢ Henwe for 7€ D+ (F) () 5 a prime ideal of 5¢4) hene an
element of SPeC S¢r). This definer - Dy (F) — SpecS(e). See the noten on following pagey fov he proof thot

ir 1y a howreo monphis .

Next we defme an somorphism Ogpee s i’ Y Olpyip) qumchl spawn. Finkwe showhat forall peDr F)

Weve 15 a natural somopphism Y+ (St)) yiw) —> Sty The notural ving mophism Sf —s Sy indues
a homevnovphism of-the Jlovings Sy — Sy an n thedollowing diagra < (say feSd 4> D)

R

l/J Y(4/¢") @€ Snd
Sy ; .56 e
J

Ste) « - g (51) 3w)

Here ¥(p) =7aS¢ 1) Sy wonnsh of those clawen @[ € Stey with ae . Hene Y maps elements nst in Fip)

Fo wiils, yaduing ¥, which 15 detined by
P afpn bfpm) = G
e, 7)) =
77 and k70 st fk(fa = O. s s dear Hiat ¥ is

Fuple (alg™ blem)is zewin [ H. Fqé
A fuple (/g blpm)is zewin (S )y H. 39 wen, with 4. Then a]q = agi'fd 5o we may

!ﬂJ"eE«JﬂV'e. Tosee that this JMUIELJLWP, Jet O'/C\ & Sim) be g
arsume g Spd and henie a €Snd Arsome nz0- Ten

’51/( Q/fﬂ} CL/JF““) - 4/1

So ¥ 15 suvjechue, ar required. of we are considenny walhple primes, we denole fhis ¥ by Py
LeY V'S Spec e be nonemply and open omd §:Y — (Jpeyv (500) vg) regulav. Dehne ama
ﬁv[ﬁ)i Y\ —> U;tre:f"\/ 5@) by J i " P

| BB (P) = Vo (5196)))
To see that 95\:[9) is reqular Jet /pé‘f“'\f begiwn, find AW SV and *F7 B0 ¢ S with l’/f’”af(‘ﬁ)
Sor all 7sf“w and g ($(3)) = (a)p7,b/pm) Yg€F™'W. Then Yge YW

gl = 7/ ppr

so Bu(9) 1 reqular. The moyphisi of nngs by o deavly miechve.



Tosecthal Gy o also surfece, Jeb h: Y7V Uper-v S bevequlor and debme H:\— U gy (Sl 9
HS(E) = Y (h($))

This 1s regt&|a”mcuf'p€\/'f’hereu peWseN and 4/9€S whqgég YaeW cnd hfi)—’-q[ﬁ V75W’ Then
W above ure May arsume @9 €Sud for some 170y o (4lf", /¢n) € (o)) g(a) VgeW andso \/3(1) € $W

HOFR) = (g, Ypm)

s= Hl srcgu]qr. clea-lg #V(H,lr-h, so @ san IsoMmepphlsm, as n?qwmd. (gﬁ I5 dearly m’mml). So D+ ()
and SpecSee) are isomovphic asvinged Spawd, hena as locally ninged spaws, vompletng the proo/. 7

/ \]DMOSGT\OWJ

LEMMA The open sets D+(F) Br €S+ fown a basr for the ropology of Proj S, and Dt (ﬁﬂl}i?ﬂ= D+(#9).
- O wgenous

FROOF [ef U= X —NI(%) be open, with homogenowd. T e then B2 0. TF come fe S4/1m
exish with f¢ 0, then fa € D+(f)e U and we dredone. So suppote Jaf o buF w2 s+ . Let
a e S. o some element wihh ady. Then %erm“fﬂepf we have agen/)S+ €Y => gep. But

fhen S+ € 1, which is a conhradichon. ) howogenow

NOTE Let S be o graded ving, S= Prmj$, "Pe Prjs. Then iw) = vip)



LEMHA Let S=®dyoSd be agmdednng, and fa homogenow; elenent of Si.en £ s nilpotent ff
£ 5 wontamed m eve privie pe  Frop 5.

i £ 15 nilpofent \+ belongs #o all the homo genun primesof Foj S. énvewely suppose £ net milpotent

but belongs Jo d) e Projs. Then T=41, £, 42 .} sa mulhplicahvely dored soF not wn}amny 0.

Lef Z he thesetof all homodgenoud ideals 1n S not meehing T T 15 1ot hard to check Fhal T hop upper
bound s forall s chains —we Zom o produce g maximal homegenous deal 71 (e claim 4a 18 privme .

T} subhier to show that o a,b are homogensuw dhen aben = aep bep. Suppuse abep buF adf, bip.

Then (a)+Ta and (b) +p are homagenow rdeals Pmpef[g wniniving 4, hene munt mtenect T Say

PRODF  Clea vhﬂ

-}‘, = ami—?

"Irl = "Or\+f1 —‘"’}Jlé’)—

Then }h €T, but 34, = ambn +amq+ pbn + pg€ R sl abepr. This wonbachchon shows thal
P % anz_ Sie j‘ej&, and £ ;}’ﬁﬂowst’m} pe€ Foj S, whidnis a wnhadichon supe § belongr 7o all
privans of P0) 5. Henw f yut have been nilpofend.

Hente for § homogenows of degrez = 1, D+(#)= ¢ H. L nilpolent 1. Sp= 0 . 5= 0.

LEMMA Leb 5 = EDdzoSd beagraded vng, €35 not nilpstent. Tnen there 1s a bjj?cJLwn befwecen
homegenow prime idecils of S mof'cw}ammg £ and pvime idenls of Scp), given by

D+ (F) Spec S¢)
P (pss)15e)
sy «— 9

Jis—=2%

PROOF  Note ot BeD+(#) F. pv ho;fnoggnowy, pnme, ace viskwntain £ and does not confain 4, 8ut FES,
50 Dr(£) = hom -privve 3 f. Lot PeD+ (£). Thew aSE 1 a prive ideal of Sr. Let {aitiex be o set of
"’Omvgemmgenermﬁﬂ for A, and say aj e Sa; N;7O for i e L. Thedeal (pS£)NSw 15 dearly a
piwe \denil of Sir) ancl we claim o s genevated n 5¢r by ai [ g Suppose beSm and blpm e (p SHYNSe),
3o bjpwm= afer for some aeF and nz 0. Then for somw) % 0

Fi(bP~— af™ =0
'njc'j"\ en = "O-F‘“n = J,aifi Ges

Henee
airy

b/{‘w‘ N Z}j.mjﬁm

= - I S
4 :Fm.‘ jpjrn;m—m

As vequired. Now let 9 < Sg) be primie For dz o let 4 ={aeSq| 9/¢d e VL}_’}TI?“ = @d?,oc{pl 15
an abellan gwup. e cloim 1t 1 am deal in S, TF A=dpt - +ay e Wendfor I2izd ajeq; <o

Ufyieq. FbES, suy b=bet -+ be, Then for >0
(@9, = 2 10jon Y

Bul for h‘J =x Q.’k&,’ | $7 = Gijpr- ‘?J/,Fx—k €49, se (ab)y & 9z. Thup 150 homogenuo ideal , winch
15 clleavﬁg pvpey, fnce if Je}‘ﬂ'ﬂ?{n ) C"i’ whneh is wnhadm-hon_ T see thal Wi prime, le} aeSq and
bese be humogenot-m anel suppose ale . Then cbe Yde , co ab/pd+e e . Hene /pd- bfpe €q. Simu
5 prink ether 3/pd ov bjpe 15§, soae or ben. Sine 9 s proper i+ alse follows that e D+ (£).

Let q5F bethe exlensonef 9 do Sp. Then gsp < pSF stneif Ypn €9 then A€ GuS T 50 ApneHSE.
Lonvene any ideal m S confaning q mut contain pSF, sine i a€qq 470 then afpdeq and so
4y 15 n fheideal. Henw 355 € 95F, o sy = qsf. Hene 37'(358) =" (p38) = F.



o doow Phak e ansocioton s bijechwe, we finf show that ¥ (qSe) gwer 7= (¥7'(q58)Se) N L sy S e
j’"(a,j{:J(;ancf avoiding £ ik sufher o show oLS,Cf] Str) = Gy o JaSE N Sezy Z tz.‘mur?dmwm > |s(fclear. Bul
ik aes, and dfpne  wIF then agp = dfpn €, 50 = sdearas well.

b P €Dy (f) Lejwm and put 7= (WSF)NSe). Lek 11’ be The homogenono privme ideal Pdzo 94, S ’
ave both howmogeniow %o how Hial P=1" o suther 4o show that fhey have Fhe same homugewnwag?e}nmf:_/gﬁ
i aeSd, d70, then ae pr'e= A€ G = ifpde q = qefr.’fhuwmpielwﬁw,ﬂyu:;[vﬂ

s net wilpstenf

Theve (s a similar vesult when £ han any posihwe dogree > ©. But fo prove Hhis reyult we Ak inhodute 4 graded g
Sf‘ﬂ: C,Bn?c Shd

which hao vanishmy graded preas in degrees yiod dwirible "{'j d sine ($W), = cd) ol "

: £ = SUIKI/ *f) cps\gnin
Ponadagrme=d Lsey Seext prge] 'ﬂvz? L (55 betomen Z-raded, where 5 [pn 150-/0H5'md Hlé C?E‘ﬂl/‘?ea ]
deg(s) —nd for s 50 homogenown. (so vanishing gradg for degreen ot chvisible by . Tf m=ncl fhen #he graded
plece of degree v of (s (w maybe < ©) are Sums Ssi/ g5 where deg (si) - nid =wn)

PROPOSITION Lot S = @uo 54 be agradedvng, £ any non-nilpolent howogenows element of degree 1. Then the map
Y: Dy () —> Spec S gven by
Pu) = (pSF)NSe)

isa homeo moyhism.

S wedehne f(a) = (aS) ) Sep. Fbromxj w€ D+(f) we claivm Hat

wved, of will o llow that P 1c af legnt injechive. The <= implicathon
oo o prove Fhat f a € A isa homugenous elewment 7hen c € 4. Let

Follows that

PROOF For any howio genows iclecil me
Y(a)=¥lp) & A<, Onu s 1s
& o bW, and fov The wnveve \t su
n= degq =z 0 and lef C]:deg;f) Q-5

d
;? enSgN Sy = FR=FP)= ’F]Sfinf(,o)

so there existy hBYWDSEHDW 2 & sudh that qd[ oo xfpm Sr wih wd = deg(>) T, fr Some =0
FUFMad —xf" V=0
sme d>0 and £¢ 0 we seefhat acp as required s shows that ¥ is imjecture.

T show that s supectwe we begin by showing Makevey prime ideal q of T —
pimerdeal 4 of S not contaning L Lol q be gwen, and make $t) n a graded nin and (5 V)¢ into a

7 ~graded ving o2 above. Let g’ pe Wmmmoﬁlinouo deal i (s@)p generaléd by tha elements 2c/pe £7 wheve
xXe&Sde ond %jpeeq, and ve Z(1.e-9' 13 1deal genemled, whieh™ s clecisly homegenow).

Swe g'2q s deav that q'= q6“)p .

We claim Yhat 9° ackually wnsish of cums 37 x;/’ogi FE S e ol S0 Z, Toseetluns, tob Wpne “CMJF
be,gmm, with ae 5 Then
AL P — a +k-n
(27051 ) T = I, S

Moveover o Zfref " and Y pRET aretwo jenem’rvvro# He sapme degvee, Hewr sum is (pe + Ypr)e” which s

of e same form. Hene a homogenous clement of q' mwikdake Hauuform 2 jpe £7 for sne = ¢ and v. From

s obsewerdtwn o llows lmrnzdmfey Yhal 7' (5 = 7.

Lot K thethe wnhochon of @ (D) 5 under S0 (s¥)g.men P(SU)e N (59 = A anddowt
Since q ' 15 4 homogenous properideal (' onback 4o 1) o llows Hat 7’ s also proper and nomuaemw_(f\,& onfan
We caim thaf 7 ss prime. Let aya'e s¢ e homogenow with degrees du, dn’ and cosume aa’€ 1’ Thus
ac/leq’ o aalfi = (2jge)f* for some v€L, xS, F/pe € q. bempaving degrees we find thal

dr = cin+ dn’,so n¥n'=". Hen aa'l$7 = (a)p) [m/’cm) e(s)p va Pmc'lud- of Tevms with cl2g. 0.

Howevey,
() {(%pet) = e €1



Sine q 15 prime in (59 ) ollows that one of affn, a’jpn’ belongr 4o q. Henw ae]gfor a'é jaore7umzd.
Hene any prime deal i (5¢4)s) hoo e form. p/(S@)p () (§9) gy for s0Me homugenows prime ideal ga'of
SIO windn does not wndoin £

Lef 11" be a homogenow prineidenl of a g wm‘mmrla F ancl let 4 be the homogenoca privne \deal generated
by all howogenows a€s wih qde s 54 Then 1 doesnokcontain of : hene we Dr(F). Moeover $(0) ¢ g

%mdec'lsubnng of S and # 15 noF havd #o ree that /) s =1’ Henwe any prime icleg) in (501 ¢z con
e Pmoluuzd Vo

1pe D+ (F)

nES pNSD < 5@ s s (59),

(p0s@) (s 0 6y

e mdugion SW— S indueer  (§9)p —> S which vornck Fo an womonphism @ - [ 5)ipr — Seps hat
idenhpies (00 59) (59 D (39) ey and qas£ ) Stp), proving Fhat s 1uyfeche.

A closed subsel of D#(#) 1« Dy (130 Y(3) for some homogeniup A= S But then ¥ denhher D (1 ON(R) yith
\/(‘j’(m)),m Fi5a homeomﬂmhifm. 1

LEMMA Le! S bhe a qraded nng, @ @ horriogenoun (ceal. If & 1s proper, neve 15 g homogenows prime ieleal
M wath T 2 .

PROOF Lot Z be the parkally ordeved seb- of all propev-homcgeroun icleals contarning v, Then uppev hounds for
chains are given by “unions, $2 e @n ap,rafl Zorns Lemmah prwdu@ a vaaximol ¢ lewent . We clcim
B v prime. B this 1} suHres o show ok F a,be S are homogendua anc abey hen aepg o bep.
Suppoe thal a¢ 7, b¢ 'pﬂbﬂ @17, [b_]q‘?ﬂ are homogamw ideals wn’i‘c;mmg . hene muot be impioper
Say arip =), bs+q=). Then  abes 5 avqt bsp + pg=1, whudh mplier leq1 ane abFﬁ Tiis conbradichon

shos that abE}a =) GE—P or be-ff D



NITE F’olynomral gradings

- NGNZe0
(

Let S= B4»55d be anonzew graded g, Let € €Z he any feger. We defme o Z—gvading on
S[X] @ follows: J g "3 gaig

[5[)(]) = % Zs; 7{"; | for each 2 & s homageﬂow and
deg(si) +nie =d }»

So X lup degree B andl homogenow elements of 5 Jeep heir degreen (nj =) Each (S[X]); s clearl
W abelian "%’U‘Pf and by “”‘Hﬁfﬂ oveffictenss ao sums of homo ZHOWJ elemenl # 1 reac!}fy)Jeen %hm‘j

¥
"
S aez (51814 = SIXI.

Ttremans o show dhe sym v dire ct.

We neeel Yo show that SIRTA O ( S[KY g+ - - + S[X]q,, ) =0 for dishmct d, dyy .-y Cm. suppuse

Fai= Fakd" 422 T
Win cleglsi)+ e = d and df:g (35i3) 4 nj,it= dr For Igjsm Bt then
; ( Zdeg,ﬂ' = — ke S;) X

- 2h(2dg$v'1=dr**‘l$f)xk oo zka[zdegsm,: =dm-|<=.§,") X8

&

So VR7O 2&9&!’, =d-ke 5, = qus;.,); :c}]_jze T + --- 3 2&35’1}}.‘ == dm-kﬂ I, ). Sivien 5] rgy—gdeo'
and e 0 - b llows that ¥k>0 Zdﬁﬂs;-:d-ke =0 8 D5 R0, @ ﬂc(u,,,fd‘

NOTE Sp 15 Z —graded

let § = @dzo Sd be a novzewo 3mdec! rng, £ Se homogenown of-degree e> ©. There is an womonghiim
of rings

g 3 gy — 5

Taur Sp s Z—grs{deﬂ' ving , stn@ (1— XF) s mho;ﬁcgeww deal. IF T 15 any Z—qvaded ning R T a homgenows
decl, T/m s Z-gaded vie™ (Ta)g = Tat @ (deZ)” Henu the gvading on Sf 15 demed by (de Z2)

(S£)4 = g (s[xTq 4 (!~>q:})
= {21 $i) g I 5 howogenows and  deg(si)~ nie = d}
= { 3/ pr l s homogeliow? and deg(s) —ne=d}
where put e degree of X = - 1 Hheabove.



EXAMPLE 2.5.1 TP Ais a ning, we clefre p_m:rjemlwe n-space over A 9o be the rcheme (17 0)
f; = FNJ‘A[?(D}...}XHJ

In pavhedlar, £ A isal [brm(C{”y closed and a held, Hhen WE is a scheme whose subspae of closecl
points is na'fumﬂy ho#vieontonahic o the vanety callec frrf/'ecﬁmz n-space_ (vzl)

o summanse: [Ny = Spec Elxy..,10] . foran a[gebmnaaﬁj closed freld R Wy closed FD!VIJJ‘ tn bjjectwn with R
and these points with the subspae fopofogy ave o meomorhic fo Hae veery callec| affne n-spaa, sine o subret of
R" s closed J. ifis Z(1) for somte @ e kfx,,. .. 20 ],
/e vanely

A subset o pivjechwe n-space 15 closed . ik s Z(T) for a set T of hmogenows elements, but Z(T) = Z{(7]] 5o M. s 2(w)
for @ iﬂumogenawl idea) A & [ %g---;xn] Here Z(a) dewshes 2 (1) wheve T s the set of hop-mozemwf elerenk m @ .
There 1 ahijechve omespondene betureen closed rek in pmjec%m n-spac and homogewouﬁ'?ﬁ%@“ n §= R [xy- 2]
offter thar” Sy, fcffnﬁfymg ) vanehes and homagenam primes. Sine S = (oo, L %n) u mdximal, PmJ'.S consish ﬂmpy
of al] homogenows deatls othey than St. For a point P = (ue,.—;an), T(P) = (Aide —aui,. .., Ai Xn~anxi) (aiF0).
By def ™ T(?) 1s the 1deal generated by all homdgenous elements vamihmgon B, 5o for f€ S homogenoun feT(P) f.
£(P)=0. 5o for a homegenows icleal @, tet T be the set of all homogencua elements of

Pez(?) &> VfeT F£(P)=0
= VfeT FeIlP)
= n < I(P)
& I(P)e V@)
T+ 5 eony fo see fhat fhe closed pomtsof Proj's are e T(F), Jor pointy P of-#he vavety [P™, and the aboe
shows tat twe dosec! ponts form a Jubspdce homeomophicto P~ i vanely.

NGTE IF A= O #hen Ap= P, = O Yn.

N exF we will show thar the notwn of scheme does 1n fact genenalise $he nohon of vanety T+ s not quilefute Fhcd a
vavely is a reheme (althongh any vanet) & a focally nnged gpace), As we have alreacy seen above, The undev(?(m
J‘D{)Dlvjma[ space of-a scheme suchos Ay, o A3, hao more poink fhan e wmesponding vanefy. Howevey, e vl
show” #hat theve i a natural waly of adcing jengnrpamir [Ex2.9) foe evewy wveduci ble scibsel of a1 vdﬂ?{'j s that
e vaﬂe#ﬂ be wmenr a schieme.

Let S be a fixed scheme. A scheme over S 15 a scheme X %Dge er with @ mowphism X—> S, Tf Xand Y
ave schiewmes over S a mowhisim of X 1 Y ar schierme) vev S, Calso ealled an §-vionhium) s a movphlsm
FeX—Y mgklnﬂ

F

X——Y
N/
;zm%ﬁ?W:;{ingZﬁ%}%f&ﬁpﬁ/s the « G{f:any of schemesever S. FF A v aving, then by abuse of
PROPOSTION 2.6 Let R be an algebraically closed freld. There it a nalaval fully fattrfal funchor
L: Var(R) ——> sch (k)
fom the categon of vaneher over |2 4o he cateqony of schevmes over k. Tor ang vaﬂe? V, s

fopological space is isomeiphic to The set of clarec] poims of sp(£(V)), and b sheaf of reqular
Ffunctuns s obtmiiiec by reahqcﬁnj the shucture sheaf of €(V) via this homesmorphism.

PRODF To begin with, let X be any +opolvgal spae, and le} E(X) be theset of all (nonewply) meducible cloed subaseds
of X."TF X=¢ hen E(X) =p lbgr;:f PeX then {F} e E(X) 5o E(X) 5 noviempH. g }’lraciweq’ rubseF of
X then E(Y) < H(X). Fvthevmove, C(Y,0Y,) = L% UE(Y.) and E(N7;) = (1Y), So WEcan?}gﬁne ‘o
Fopologes on £(X) by daking as closed sets fhe subseds of the form E(7), alere Y X s closed (psidly ¢ ).
TF LK, —> X, 5 et o map, defme BIF) -4 Xi) —>E(Xe) by

LFI(R) = AR



Then E() 13 vonhnuows since E(F) T (eM)) = E(£7'Y) for Ve Xy closed. Fatheymore b s a fi nchy | sma f

X, Yo, K3 are nonemphy and

) f
x\__’—)xl'—‘__ax'g

(9) €(F)
HX) —— B — (%)

£(£9)

Then Jor @ € EOX1) we have E($9)(0) = F(a(@)) md EFEB)@) = Fa®) . Clealy F(309)) < $9(®))
To show he_reveve inclwoion, 1# su Hices o show thak any open set meehng (3T dlso meek A(5(a). IF :
U meels £(3(G)) Fhen £7'() ) GTG) 15 nonermpHy, hene 2" /) 3(8) 15 novemply (s ofhevsie (£-0)¢ N () wld
befflm{f}ﬁmmwﬂ 3(9) popedy wnterned in g73)), 5s fmally U meek £(5(0]) warequived. Hehce +(fy) =1(£)4(s)
Gna € 15 auncmor.

we define acontinuown map o : X—> t(A) by «(P)= $PY . Anopen subset of 7(X) 15 HYIC for some
cosed Y X, bub o) (£(¥)7) = Y, 5o & sehsup a hijechon between the vpen setr of X and £(X) via Je=>47'0.
LU HK) s nonemphj FreX sd.(PIc V.

s \5a bijechonsne (7)€ Hz) <=3 YE 2. In parhwlar |

Now let 2 be an dlgebraically closed freld. Let \/ be o vanety over k, and let ©v he s sheaf of regular Funchons
(1.0-1). We will show thal (+(V), dx Ov) 1sa scheme over R sinwthe Lot of-open subsels s iromogphic

fo the fathe of open subsess of V, ow Oy and Ov are easenhally the same.

To show that (HV), «x0v) 1ra scheme 1F suf o show i s covered by open sulbsetr which cre scheynes (#s alse
shows [+(V1 g OV) 15 [ocally ringeq) But any vqnehg s coveved by open afhne vaneties (T, 4.2) Suppose we can
show fhat fﬂ\/).d*@‘:’) s wdFme when Yisaffme . Sma \/ 15 mi-wmpach wecanunte V= Ui v--- 0 Un wth
Ui aﬁmapens.‘[hen 93; U, SN 0 UxS S0 9(—,— b(g&) =ty -0 £(un9) ancl Nehe g(V) s vovered 1’5

L’(Uﬁ]ﬁ ooy E(Vn)S We will show Hha b (4’(1};‘)"} (o(k@vHHU-:]c\ o [E(Uﬂ,"fik@u;) where ofx Uy —> (U ¥
canovical. BY wsumphan This sewond rmdecl spaw i qffie, Sh,,'w.ng Yot (HIV), e @y) 15 a scheme.

We dehne V. Uy ) —> HY; i by Y@)= Q. To be explm}'

Hu o) = gqg_\/] Q dosed imeduncible and @ ¢ 0}
= ‘{QQVKQL\&W—‘)) :rredblciucand @nu;#:sé}

1 ® < U; 15 closed and vweducible (in ﬁwmepaLt%opofogy on U S V) then e dosure of Gin V be\ongs b HUIS
Nextwe claim fhat for ® € HUI), GAU; = ®. One mcmion 15 dear — withe offier direchwn, note Mol sme ® isclosed
N Vi we have ® =U; 0 Z for some Ze V clpsed. Thwd § < Z and consequanth BNV = 200 =Q. Hene ¥ asugjechve.
Ler @ <V be closed and imeducible, Tnd suppoie @NU: F¢. Tien Ay, < Q 15 @ cloed Supset of @ wrlaming ®nU;,
whnth s open m the subspa fopslogy on &. Sine & 15 meducible, @ = GAL; - But Hhe indued topology on @AV < U:
s the melued fopo(ogy of @NVIs Q —adin &, @NV; sa honempty open subjet of anwreducible rpae. Halw bﬂ (1.1.3)

QNUs € HU;) and 50 ¥ 15 a bijechon.

Next we showthat ¥ 1s a homeamonhisim. Let Z < be closed. Then

Y7 (HDOH)) = {Qetvi) ] fez}
= {getlv) | @ = znvi} = E(2NV)



Ml i dosed then
YHMY = { ] | @ett)} =+l 0 i)

Sme for QetV), e M A Q™M (FNV; =) Henwf 15 a homeomonphism. Next we define an e
F55 (“:c@v”;m-:)c —> Y (b, Ou). For an open subret H(z)ee +Hvi9° (hene z°< U;) we have

?5: (ot OV)(1(2)) = Ov(2) = By;(z")
= (diy Ou: )(H{ZNVi)*)
= (diy [ﬂu;)("i’-l(f’(z)tn

fism. Hene an claimed, (#{U;)5 (A ) [twiege ) 2 [(#10), e Ou; ) To complee the proof Hhat

Which s dearly an somv
Ay P fok f Y i affne (1-e. avanely vo mophic an affine vamneh) i N some n) then

(+(V], ot @) Is & scheme, ¥ sufhw to show
(F1Y),elw BY) 1 an affne schem?.

I avanely Vs aiffine, say it 15 womorphich V'S N, dhen if s veadily checked that (#(7), 4 Ov) = (HY'), 44 Oy) as
ringed spawd. We may thu veclite foffe cane where Y s acmallH an affme vaﬂely, wth affine wordinake nng A, and lek
(%,Ox) = SpecA. (Ve define amoyphism of locally nnged spacon

jB: (yffg‘f)-——)) (X;&K)

o2 follows. For each point FEY, let B(r) =,

, : = Mp, the idealof A consishng of all reqular funchons varnching &l 7 Then b
{T]: 3-6253}1 P f:f;‘ byeo'h»on OﬁL T}on})‘tz feJLaLdoj;edpomfI of X. Itfs ea;ygh ;—mj’hmugf P 15 a homeomophism onto A J
wiage - Now for any opentet VS X, we wil defme a homomonliism of n1gs Ox(v) — P (ByI(V) = =
asechon se @y (V) we define amgu)larmqp Als): p"u-—)ia aﬁf»!!om 2 Cxlo] Ax (By : &V(F U)' Eioen

BLIP) = uty (stmip)) e Bamp—> AT =
(2 Almp)

Then ﬂ{s) 15 mgw!ar SINKE pdp [9/F) = “/P]/f(p)_ We claim that fis map - Ox(0) — B (O] (V) 15 an 1somophism of

nnas. e impovtant fack is that sine A s aqustient of R[xy,... %] by a prere deal, A 15 a Hilhert ¥ing —wn pavhculay,
Md vecheal of an deal & the infenechon of all #he wmaximal icleals confaining . Sofw exampe 1f )& X s noneynphy
open, sy U= Y(a)S, fhen some closed pond of X s 0 (). oterwise w 1s contaried n evew max. ideal, hena s O (Aclomagrn)

Bukthen ) = V() would be C'”Pfg ~a wrtradichon.

L et un show that (px(U)*-?—) OB V) x mjechve. Lef U [ alo fU+p bythe cbove) ancl suppose s€ Ox(0) 155,
PisY= 0. Tat s, VPP U s(mp) e tMp Apmp. We need 4o show that s(p)=0 Wpe L. Let e U be gven, and
find peWs VU wih Wopen, ancl a, fe A with £ YFEW and s(4)=a/¢ €Aq Vqe W. Any open seb in Spech

18 Lovered by opens of he form p(w),heA. Solet wep(m) SW. Lef 1< A be o marimal \geml wit b m.
Then 4/f = s(m) & M Am . Hene e 1. _T%;CDJZWS that ah belongs 4o evew maximal ideal of A, cond Hhw ah=0.
Sine D(h)#¢h, we seethat a =0, and wmquﬂﬂy s(p)=0.5me P won avbl’rij, we conclude that s = © anc

the wap s mJ‘echm. (For © cnen, OxlU)=0e=> V=)

Let aveqhavinap g: p*'p(f) —  be gien.

¥

we fut shew fhafmmap i suyectre. mthecare where = D) for sonte fe A Fov each P€ @"DH’) let Wp < F"D{ﬂ
be an open nerghbwhood of Pand AP, hp&f sd. VQeWs 9(R) =P ()1, and hp()+0. Sine 3 i & homeorioyphism
ordo s imadge fhere 15 Rpe A st Pe ' DlRr)C Wp.

g o(f) i

F"D{lap}



The open sek ﬁ—l D (kp) cover )B-ID[%)] so fheopensets DIRp), Pe B7"00F) cover D(£), sina o Us\ awecpen sefs in
SpecA wth U confamimg allthe cloed pomnk m V, Hen U=\/, smee f U=V(9), V= V()" with a,b mdcal, fhen
Aglr bg owmmphan and fgs o sice b is comtamed wevew maximgl rdeal wﬂ:izzmmg a, and A Hilbetk.

Rreach P c;Jej[me 9r: D(kp) —> U;uég[,@p] /Lp bj jP(’Fl} == qP/hp, (By "'CPIIGCng D(kp) Lﬂ D(kphp)= D(kp)ND(hy)
we may wsume hp ¢ H Ve Dlep) - re. kp= kphp). Then clearly 9p € ©x ( D(RR))- For dishnct PR € g7 D(+) the
maips 97,9 dgvee on D(RP) N D(Ra) SMCfor t= 9o,y 0p(kgy = 39 Inger) Np(kay € OX( DIRFIND(RE)) we have

AH(Z) = p=( 3¢ (M2) — ga(m2)) ze g™ (D(Re)0D(Ra))
= pa( "/hy—"%/hg ) = g='D(ke) N 7'D(ke)
= qP(Z)/hp(Z) - qa(d/hﬁ,(z\
- 4@ -3 =0

So by Hhe mjechuty proved eavlier; 3o [ogke1 qprkey = 9 lprks)npiiae). St Ox it asheaf theve 1s o unigue
j'e O x(D(F]) wdh 3'/9(;1,,) = 9p YPe g7 Df). Henwe £or Pe g D(F)

BI17)P) = mp(g'(mr))
= Me( gp (me))
-:/49/“"/};») & qp[p)/h,,(p) = 4(p)

So  Ox(D(F)) —> Oulf~'Dp)) 15 suecture, oo claimed. T# VS X 1 on avpibany open seb then osr U with Dif;), 509
U= Uier DG7)  Then 'y = U; /Q"o(,f;J anel if ge By(p'v) Mgulmlc ek g€ @x(DH‘iJ) be 54, B(9)= 91 p~p(F)
Sine Ox( 0(HINDO)) — Oy f70ck) N g~ bl )) s mjectwe, heg; ave o makding family , Wenc have a unique

amalgamaton g' e Ox(0). Cleatly Blg) =g, so0 Ox(U)—EOv(R'0) 18 sujectwe, o required (A
‘[ o

Oy. S the prive ideals are in | =] orrespondent

ktene /3 fplaren A} Komohism WHMGH& w”qedjpacm e = ﬁi‘ whichs ecnily checked +o he a

with e wreducible closed subsels of Y, fere s amap Y : X —> HY), p1—> 2(7) .
homeomonphism. I*’I:adma[lﬂ an somorphism ofnngea' spacen (X,0x) = (HY), xxOv ), a5 eonily checked. Henwe
(#(¥), 0w @) 13 10 fact an affine scheme, a2 cdavmed. s wompleten he proof thak (H(V), ox @) 150 scheme for

any umm\y N

To qive ot momp s of (F(\], dxOv) Fo Speck, we need only gure a i oyphism of nngs K —>T(HV), dx0v) = Ov(V).
We senc] AR 4o The constant functon A on V. Thua F(v) beromes a scherne over SPecli.

TNOTE The ansighment 1 Var(le) —> Sch(k) s o chually 11jechwe on objecks. If VW are vanehe) and (#(V), dxOv) =
(Hv\q',ﬁx@w) wheve ot: V —> £(V) and B W —3 K(w) are canonical, then pev = [ryetv) =HW) s pe . Hene vew
and similaily we VI CF VS V isopen fhen (V-v) = FIV) 15 closed, henw is (@) = H(W)=4(v) for QEW &lﬂf‘“f-ia"foflowr#’faJ'
V-U=@& and so V s alioopent in W. [Heine V= W anspdied. Tt is then eany fo see that Oy = Ow. so Vand W awve tha sawme

vl
wandy,

Next e define & on momphms. Let f - V—2 W be a morphisim of vandies. Then E(F) : V) — (W) 15 contrnuons.
For an open sybsel +(z)c= (Wi, detne (ﬁ*ﬁw)(ﬂz)‘) = Ow(z) —> Ov( $72°) = (s G v) (1F)™ f(z)ﬂ in
e sbviow wad, gwing a wovehiim of schemes ovey Speck  (#(v),aeBv) —> (W), f«C ). I+ seanily checked
tat with 105 dehbon L \far(k] — Sch (k) 15 « funictor: we show 1r Ea 215 that € s fwﬂg Jathful. Znpavhealay,

s will iwiply that £(v) s isomonphic 4o HW) . V15 tsomorphic o W.

T s clear Fwom e onshichon Hiak o1 V—> HY) ndues a nom eomophi s Fromn \/ enho Hne set of clused pownks

o +(V), w¥h the nduaddopology . O s sechonsoa M
AV a de, = 7,0y 44 e 0 et

NOTE Tf X 15 a scheyne and R o field, a wiophism of schemen X —> Specke  Lomes pends precisel) o
A muyphlﬁﬂl of rings & —> T'(K) (see Ex 2. C}%r 5emmlun:]}‘nr\),

A schemie wer A tonsist of X — SpecA whichs aring movphism (] — Ox (7). A ‘
1 sehemen s amogphiim of schemed over AL mmiwmj cl[qgmm Lommules

Ov(7) —iy—'"" Ox (%)

g

o 5, L}Sv i a movphism of H'mtcﬂgbw'

NOTE Lg’rﬂbaannj
wophism  (F¢): X— 7



NOTE [P = SpecH

Lek A be aving, Ph = Proj AfF]. We claim that [Pq = SpecAl. OF coune KD*(")’ Fa and henw if
X = P AB] = B3, Ox lpsay = Spec Ay, Now the nng mowphisin A —= Azl ar— &/ uan
isomorphisim of vings, so Pg = SF“H[,]@_;:P@(A.

Cleally f e [§ @ homogemu prima, 1901A = 7' PBETx 0 A]uy). Checking the dehmituoms of the
tompostle 1somopphiITTS, wee Jee that there is'an womonphisim of schemes

;: fF; _ JPGCH
£lm) = p0A
7 19() = Yp(s(mn47)

Yp (%s) = Y

The mogphism on 51(,]”; Ferhms B HkS a}, (5o fuck £ s the canonical momphism [Py — spech
(ree |afer vioten ).



NOTE H[ﬂ%ﬁ)' ' Jj(n/x"] Anfy = Al - o3¥n ] eioniey b R

Let A be a ving, nz | 7 A=0 *he above isomonphism Hial, maosume Az 0. Let iFk. As we know,

AT%, ..., %0 (ry = AT%%hei, ) Y where #he lalter i a pelynomial ring wn n — | vanables with funny

mge):oﬂ ffhe ga(?l;b!e/i (makeo wa;n AuwnjexPha} pmaps more Hansparent ). LeF X = PwjfA[a,...,%n]. Then "Dy (i)
y Vvie a — K Sze NSy (5= Aloe, .- ,%]).

15 15ommo vphic o Spec Aoy Xn T (i

We claivn that £ 1denthies D(*8[¢;) and Dy (xioe) = Dy (25) Y D4 (2012), sypee
£ p(Refur) = § P EDHN | Fofri & PSu St}

=

§ peD+(A) | 7e ¢ 15
D+ (x:) () D+ (X))

=

S pec
L
0f oure D7 (xixp) == Al Zn [(ixn) and D (**/xi) = Spec (Sex)) wnfz; == Spec A[ %%/ S e

Fu\‘l‘lng these -J'ogeﬂner we see that Hhe wovplhism o A-algebrow
/q[z%,-J o z“/,,i] Sty Ao, --7P] cxixe)
7 xf/ac.' ? ‘xJ"xh/x;anz.

Zefyido qoumb T /xin (invene i rix) and the tndued movphism of rings (A-algebrn)

> Al xo, . ../Ir\j(x;)(n)

Maps
< Bl ]

s an isomoyphism. By defnitron the following diagram wmimuleo: (Frivially for (i) = ¢)

Spec H[x%;l..,,’(hfx;—l e Dy (%)

W

SPQC A I’;(v,. ; “,Dfn(_l (x;xn) = D+ (g(-'xh_)



S'J—ulicwummj ik, the somorphisms

A[T"/x,‘,. ..,7(”/:(;']7,,_]7'- = Alxo -, xn] ity = ﬁ["f"/zc&,..,,I”/J(;z?x;/zh

Map 2l HuER) e = (T ioem ) V=5 S (i) ond .r:m;/m."j going nght o left *'/or s
idenwhfrec with Y/ (kfx, ). Suppore R 15 an A-algebm and be)...,bn€ R with by, bh units. Defwre

}5 : /'][-Tn/x“ R ’["/x;] —iy B é(;ﬁ/m - b b —-1
TV‘ A[Xo/’ib‘“- Y"’/X}z] — R T{ZJ/X = bkd’

Toen & maps *=Jxi #o.aomd and F mapr ¥/ o wnf. We claim that fue inner square 1 the 7o llo wing

Ay . i ] —— Ay, T, A [

N

ﬁ[?ﬂa/. : "'In]('x-')fn.)

/rrz]xh’lm > S — A’[m/)rrz )ln/xnj

Bub o 15 anepimophism, soaffer furning f avednd i suthen Jo check commulohuily of-the ho maps
Al —Jxnjx; —R on U/z; j#0. Forjfhk * /’L/; becomes Jg"h)zn_x, » f‘][ﬂ/ ,xn] (i xny and
Hen [xj/xh’-)/(?(./xk), hen (= th)j’(:f/'xh_) bj by~ U‘" b)) = ]aJ et C,'ij(;g‘/;r,)) W)r'equir’li‘d.
And Thixz; mapsfo U/ (%ifxn) when j’(:c-/xnj = brbi'= f (**/xi), wmﬂe—}lng the proof

NOTE fﬂ’(l‘cmaﬁvefg, if we are qiven an A= a(gebm R 4qnd -F e R fr 0= "J sn wih fi; =1 Wi
and -,CJF‘E fik , Then for any fxed v#R e define 95/,)" by  Zifg > £, T fjk
aviel rndm& all Hfre nIovphisms (1). Zf 15 nothavel 4o checlr Fhe ceriival square il commites.



EXERCISES (T, §2)

Let A be anng, %= Spech, let FeA and D) & X be the open complement of V{F) Then (D), @x 28]
v somowphic 7o Spechf. Lel ¥ D(f) — SpecAf be P (1) =208 (Nofe that D) = F f. Fuilpolent i .
e =0 sothis care (s twial andwe may aisumme DIF)+ ) Tren ¥ s a bijechon. For any prme e DIF) and
deal weo A i eonily checked that " aAp < pAs &> acy, so I denhfien V(aps)s Spec A and
15 snows hat ¥ 15 a homeopoyp hism.

V(@) /) p(E) € D (F) - Smee any ideal in Ar 15 of thefom a b

spec Af

vht

Os pecAf —> fuOx w follows. Fwt rohie That for r €DE] Hhe vanow canomcal ving

wedehne 55
mowphisws mdue an isomonphism Haa (AR) mpg — Py
A — A ol ) = gk
j’ J K (Aa) = (¥4, %1
A'F ‘(ﬁ\'fjp (!qlz)yﬁlf

Let U< specAs be open ancl s:() —> Uney-'v (A*)FHF' Define }éu/f] 90— Upey-o g by

% 1)) = Kqls0whp)
s an somovpmsm . s wionp hism P 15 the spvene o The

T i deaw that By (s) s regular and Hhal
moplism Spec hp — SpecA mduwd by A= AL on D(F).
a rcheme, Agsume

[€2:2) Let (X, Ox) bea scheme and U= X any open subsel. TF 0= $ then (U) Ox|v) »s trwsally
Frobof all, for PEV (Ox|v)p = Ox, 7 50 (U Ox(v) s a Iocql!j vmgeq‘fﬁch_ To see thed (U, ©xlv)
(V, @xlv) i affme. Then 0OV s an open subset of

u#gﬁ_

5 a scheme, let Pe\) and et V< X be open 5.1

V. TR (V, 8xlv) = spech then there s fe@ sd. pcpf) c LNV Then
(D), Ox Inew)

(D8, Cx W o)
(5])2(,4, Ospech | D{H)
= Spechs

(26, (9% 10}l 5y )

oy

Using Bx 2. 1. Hene (U, Oxlv) i ascheme, called e in duced scheme stuckure on U, and we refer fo
(V) Bx|v) @ an open subscheme of X.

182.3) Reclued Schemes & scheme (XiCx) K reduced f-for eVew open sek S X he ring Ox (V) han no nilpetent eleyyents

(1. e nlvedual 15 ©).

(%) We claim that (X,0x) s reduced . Oxpe how no nilpotent elements VPeX . Suppase (X, 0x) i redued and

0 = (V,57) = (u,s)" forsome (Us)eBx,p PEU. Then there 15 PEVE U open withu ™[y = 0. BuF

(3),)* = s")v =0, » slveOx(V) i nilpotent. Heme slv =0 and wn:equ.em‘{y [U)5) =DM @y, P, anrequired.

(omvewely, supposle %7 & reduced Y Pe X ancl let S (Ox(U) ke ni(ﬁofeni) say s"= D.Then YPel
orhopd of P. Herie 5= O on all of U, e r-equc;',

(V5] 15 nilpotent in (x,7 50 5=0 m aneighb



d be e sheaf ansociabed Yo the prsheaf U > Ox(V)red) , for ang ving B,
| Let P be thepresheaf P(V)= Ox(U)] Tt = Or(Vred. THEN e chan
Jvee and with this def™ P s clearly a preaheaf of riNgs.

(b) Let (%, Ox) bea scheme. Lot (O+)
Ared denoter e qwahen’r of A by s miliadica
©x(V) — Ox(V) for VE U indues O x(W)red — Ox[V

For z&X the skl B 15 the colimit of thedved .ryf}em of vings Ox(W/n, xeU. But for x€ U theve is a
movphism of rngs ©x(V)/ 7 —> Bx /7 wompahble wit Hhis dive ct system. Henw o monphism of vings
©, Px ey (97(,;(/]1
(U;s+n) —> (Us)+ 7
We claim thal Oz v an womophim Vx€ X Tf Ox (Uis? N) =0, so (Uis)ET, then 0= (07s)== (U551 O

fov ome 1zl Hene (s|v)"= 0 m @x(V) Jfor some VEU. Thun slve ¢ @x(v) so (U, 547) = (V, (s+72)]v)
:(V} 5[.,+TE) =, I e 15 JTUEU}M‘E’, Itis 'l'Y'INICl\.'I& juﬂg(_-h/u?j Wente cin UDﬂ’IU};WVIf.Ym-

Forang xeX, (Ox)md,x= e = Gxfn. sme Ox & focally vinged, so is (@x)red. We claim thal (X, (Oxred )
K¢ reheme. s ishwial mthe cove (§0) = (X,0x ) sinee fhen (K )red Z Ox, 10 aosume X + . We begm bwhnwm Vool

for any ving A, (SpecA)red = Spec(And). Ths istnvial for A= 0, soaosuime A0 hao nilaclical 11 & A ancl Jehipe

JC: (.Specﬁ, @.’ ——'—é(sp‘fc(ﬂmd),@“d) © = (@Specﬁ)vﬁd
Jp) = utn Ored = Ospectrec

The map f » WE."I"G{«&J[?M and bjec:‘m SR s contained even prinje rdQCH'. Moreovev -ﬁ " Gfgg.flyq thﬁOVHDV}?hIJm o]/-
spates. To dehne a mogdhism befween the shuckure sheaves we wie an ssmouphism of rings Ha' (An)y— A0 nf

q¢ K

A—A
ok K’F (a+m, ‘l%ﬂ) = q/CL + ’."[Ap
R;T '——)A;F}’hrq‘p NOTE Aol = Pf}—h
(ﬁ(’?’l\'p M

Let P bethe fllowing prosheaf on Specht - P() = OB/ 71 = (0ecp (red. Then 1 Hhesheakheabon of P
There 15 an somovphism  {wing e fack Fhat localisshon presewes e cals )

i = (@SF‘-"HJ’F]md 2= (Apdved = AF/’HA—F = (H/’ﬂ?a
(UstM) i)+ s(pr by ™ (501 #mAp)

penvfe fhis somorphism by Ty Py — (Am)p. Lex e Spec be open and s-0—> Upev B an element of O(0).
Lol Buls) € Ored () be Gofs): £(0) —> Uney (Rhn), b (s)(ptm) = T (SD). We nocd Yos how Sl (5] 15
regular = 1f pe () there s pe Ve Uand $xmepr) (= OspecAVIn) sd VgeV s(1)= germy (H3703  Sipe
€ Ospeca (V) ere s a,fep and PEWEV sd. féq vqeW and +(w)=q;1€c Pa_ vqe W. Then forall
4mef(w) we have
Fo() QAT = Ty (s(1)

= "Z‘l(jermﬁﬁf’h’.)}

~ k" (H@)t Ag )

=x'(als ¥ nhy) = (at M, F+m)

So gSu{s) is vegular.(re- s in Ored (1)),

(omvenely let F(0) < Spec(Bred] be open and s:F(V) — Ugev (A1) WSH\MY-W Yols]: U— Upey Pu by

VL) p) = My (s(p4m))
To see Hat Tu(s) belongs fo OU), let pc—U and fnd meVey A fuove are a+ 7, £ e Al wih ,C?érz V?é\/and -

YqeV s(gimi=(atm

Fim). Ten (atm, f+m) ¢ (Ahn)y wrespondoto Yg+ mApe (Aplred 2= (Ospechyplred. Hente

Hreye 15 an open nerghlporhvod W of 77 i Spec A and +& Ospeca (W) 5.4 /g nhg vomrer ponds b (W, )+ 7L ot lastie)
Weway w well arsime WeV. Then dqeW Yu(s)(1) = ’Vt‘?-l(s[ﬁ«r‘}ﬂ\ - Wq—r[(qrnﬁm)) = (W,}4+n) = 3evmc[|{%+“n,§_
Hen Y ls)eO). clealy @y, ¥ are invene, so finally we conelude that (SpecAlnid 2= Spec(Ared ) ar vnged spite



Reluvning 4o the generdl cone, wheve (X,9x) 15 d scheme und (X, ©Ox)wd) alocally unged spae, we can now show
Mar (X, (O ved) 11 o scheme. LeF xe X bequen and find xe s X s.b (U, ©x|v )= SpecA 1 Affme. Then

15 eanily checkeed that (U, (0x)wed|v) = (U, (Oxlv)red) and (U, (©xlv)red ) &= (SPecA)red = Spec Ared - Heme
(OX)red |y s affine, oo required. Weclenote (%,(Oxled) by Kred.

There 15 moyphism a;[ schemes 95: Ko — X which s fhe |c[elfrhhﬂ on -Hftzb(ﬂdéﬂ'j" ng spenes ond for 0EX
b, * Ox(V)—= (Ox)wd (V)
Buls) U Ugey P
Pus) = (U, 5+ M)

™vis 15 vead r'!j seen +s e o mgophism ofwlrrged spaees. Fov se e X e nduced wowghm on sfelles 1s
¢x 2 @‘(!?‘ =2 (@K)v!d,x = ng = @&j-_;c/j'!,

(Uij} — [UJ ‘#u(‘.’) —-—>(U‘S+ﬂ)—a (U15)+71

which metben t-clear ¢ « a monphum of schemes. T s deav Fhat Kyed 15 o reduced schewie (sina Ox) red, o = Cre/y ).

(©) The redue d schemes form a ful] subcateqon) of e catedowy of all schiemen, call o+ RedSch . we claim thak
X —> Kred defies a funcfor o : Sch —> RedSch . Lot (£,¢): (X,0x) — (Y,0 ¥) be o movphism of
schemed. We onishuek ¢ morghism (£, ¢°) - (X, (Ox)ved) —> (Y, (@5 )vec)) uPIG4E mei king

(X,[[,Qx]mcﬂ __(L (V; (@)‘Jred)
(©)
(%,0%) ————= (¥, 0v)

* ¢)

w mimate. cleavly e mup of spawy undeilying Kved —Ynd wust be £ fo tins dingiam Fo commulle. ror xe X the
local mophism @, + Oy, £ — Ox,x mduwes

Ov, e [ ——— Oxi /3 Pyfv) = Oy (V)17
i .l (o) = Ox(v)/n

> Pxx LR = ('Y, Buidim)

R, 1)

2

T Ty 15 local mophism of local vings. For USY we are yequiving Hhe following diagram #o commute

©Owd(p0) (O7)red (V)
= Fudori+n) T 2ot

A

” (t)

©)(FV) G ey)

AN PP

(which malzes 1t tleqr +hat 5{1: uhique fifexisk. We defe G (O)ved (V) —2 (OR)pecl ( ) by
¢4 E)) = T (5(£6))



1 15 equily checked that ;ﬁf'- (8v)ved — Fx (Ox red 15 @ morphism of ringed pewd. I+ s a wovphism of bcally
rnded spdw N Hue following chageam commutes -

'}

29
(OV)red, 365) ————> (O red
1 n
Prfley ———— 5 py
Y = Py,

e wophsm (4, #) makes (o) wmmule, which cletmg the funchr v : Sch — RedJch on movphisms (o is
a functor wing the uniqueness properhy of #’) Moreover for evens schevne A theve 15 a moyphisim
T Kred —> X which guen « vakaral hewsprmaton 7: LY — | (2 Redich — Sch being the inclugion).

To ac—}uqllg answev Hhe exewcise, suppose X € RedSch ancl let (£@): X—>Y be a moyphisin of sthesnes. The monghism
V() Kred —> Yred 15 unigue making the diagam
"{cl cﬁ’)

> Yred

X
zl I
K o5 'Y

+:9)

commule. Henw  (4¢) factors umqwe!gfhmuﬁh Yred — Y, sine i X s reduted, Xoed — X 15 00 womonphism, ere
wusidergrhons show that 1 —— 1, so fhe incluaion of veduced )chemes heu o ﬂghf ﬂc[fﬂm}-

Let A bea ving and lel (X;0%) be o scheme. Cven amorphism £ X— Spech £%. O 250 hereas
an indued vingg morphism A — ©x(x).

o+ Hom sy (X, SpecA) —> Hommj[,ﬁi, ©Ox (X))

We claim gt o 1s bijedwe and nafural. Fook we shiow that & s bgedm by defming B Hompgy, (A0 =\X)) —
Hom,_c_b(x, Spec/t). No Mgk b (X, ©@x) s the zew schevme (% ©)ev A=0 o 15 hutally bijec_hﬁ. S0 we mﬂl_tj
wsume (%,8%) F(§ ) and A+0 Nolethat sine Ox 15 a scheme ard R P i llvws et Ox (%) F0.

Bor be Ox(X) let D(b) = 2z X | (X,6) 15 aunt m OX,Xf e cluin that P(LI=X 5 open. Suppure D(b) # O
anel xc D), o there 15 an spen nawghbovhovd \ of 2 and se©Ox(v) with (X, 9)(V;s) = m O x,x . That 15,

there s xeUe X st Blosly= 1 m Ox[0). 5o ©ly s a unid m @ x(V), anc{wmec{wn“y n Oxy Yyel. Hena
U< Db) and 1F follows that D(b) 15 open.

Lei a momhj}m DP V.‘.Vlgj Q : /‘}-_3 (,qx()d be ﬁm\gﬂ_ for an m’eq{ bgf} fef‘ Jje :]2710]1: the tdeal in @K(ﬂ) 9enem4€d
b\j (k). For sce X let B 2 @x (X) — Ox,x ke candnical einel 11z = (Bx 3¢ Hhe maximal deql . We cle fine & map
F: X— Spech by
Fl0) = (%06)” (=)
To sec that 11s 15 cohnuoun, 1+ V(1) be a closed sek in SpecA . Then
FVB = fxex| b (50 (M)}

= §xeX| ks %Ml

= ﬂbeh‘ D(k)*
Tne loat sep follows pom The fack that for be@x(x), € P(b) <> b vt aumkn Gx,x & bERS x. Henw £ v womhnuews.
Next we cdefing a mowphism b Orpeca —> Fx Ox . Let US SpecA beopen Fov xe #7'U Mhereis amoyphism of

Mgl Iy - Hp(g) — O x,x mduud b‘j @:A— O —> @xx (52 £ = @[ L m=)). T elemients of A ot
n £(2) qre phecuelj Fhosre mapped unis i (Ox,x. For aeft and 5 ¢ F=) we have

e (0fs) = (X, ®@)(X, 06)) € Ox,x



Quren 6657;,03(5 (U), o £:U—> U?H,qw aedeling £ == Um;_,u Ox,x by
116 = K (E(F(N))

The map s mng&fr!m&ﬁ’ 2&f ' ore 15 an open nefghbnrbood Vobfp) m U and ayse A wth agq Yqe\ aith
(@)= 9/sc Aq YqeV. Hene (X, 0(s)) € @x,x 15 aunt —say meBx (W) with (X, O6))(W,™) = | m Ox, 1. Then

(9(”0]wme @X(W] D-HC, Vﬂew (Mmaﬂﬂl’]ﬁum WEJE"U)

() = wo (F(EN)
= 1M (9/5) = (W, 6(a)lym)

Shuwmg +s veqular. Sinte Ox Jsacf-u.q“‘y a sheaf, there i unigue 5;5“ (e Ox(£70) with (F10, f(#))= () m
@ Vxe U Mo clefined ik 15 shaghlforward 4o check thal ¢ = Ogpech —> Jul9x 15 amovphism of shegveost nings.
s 150 hwally alocal monphism of local ings and the diagram

do
@SPECH, fxy —> Ox=
112
Pt i

wommuler. Tt follows that (4 @) (X,0x) — (5pecA, Oupecs) 19 4 mowhism of schemes. This clehines the map /Q

Next we checle that s 3 are mvewe b each other: Let (£, V) : X —>SpecA be quen and Jef ©:A—— Ox(X) be
qu)‘:#}x {‘i) . This anovphUm @ mluen K : H_;:(,) —> O % via A— Ox(X)—0%,x Ve X, 1T 15 umiqut
makmg e uppev faw Lommutle n

[ A
2\
[Qx(){] ((7;—\ &pecﬂ(SP‘iﬁ)
5 /

fie Are)

A\
QK,Jﬂ F—T“ @5,7{,:;]1;

(=)

I.”’-FD”OWI That Mo ﬁﬂffi) = &Vﬂ(ﬁ;fﬁ‘) L@x,x} {ef (f;QﬁJ :){r—jjpe(ﬁ— he F(@) = ﬂd (W) Then E)', xeX

Flx) = (£.6)7" ()
=07 (F1mx)
=3ach] W(a)e 5 mey
=$ach | % (He(al) eTi]
=fach | Yo( (spech; @) e o}
={neh| (Spufia)emg T € Ospecs, #e) e Y local
=Sach| Y efM} = i)

So f = £ Toshow *ho&;ﬁ:—‘}’ Jef US Spech be open, and let 1€ Ospecs (V). I saffian fo show Ve £7'0 that
(37U, Yl)) = (10, FolH) in Onx But (2710, Bul)) = F'C) = W (FUF)) = Yu () = (#7'0,%6(4)), o0
required . Hene Bol =|.

T O:A—Ox(X) and ()= ,9(5’) Hhen o (B(6)): A—0x(X) s ¢;Peuﬁ] £ Lq:pg(f} (Ipech)— Ox (4},
Bul for ae A, (X, Bopeca (&)} =1 () = 1< (@ (F))) = Ko (1) = (%, 8(4) n Ox,n Vo & X Henit
A(B(ON (a) = O (4), so «B=|abe. Hane o 1§ a bifectwon. Tt only vemanns Yo check that ot 15 nahuial in X

and A.

e (9;‘1"} oy (e Y s cmg movphum O'{ shemes, ﬂ/m {'!31.‘.\.)M.|\Y\1\:3I dlqgmm mmmu&wt



690 = (£, B - o ey | A ExD0
Lel2 (’fﬂc“rﬂ¢):pec& (@)

? Hom&h[x, Specﬂ) - J’]Dmg_ng(ﬂ,@gf)()) )
A —— ox(X)

; /P T %(?sspecﬁ(d”

y T e

1
‘

G: A —0v(Y)
a —> 95:;1&(/} (a)

This emmules for an nng A, Jo s nednml in X Simtlwig f - A—> B s u movphum of rings and
Spec - SpecB —3 Spec 4 it comesponding mowpliism of schemen, fhe foflowing dhagram comm

b A ) | U m

A

Hum&h_ (v, SpecPf\

() SR

HDY\"\@[X, Spe(m el HDWIE_@(Q; Ox(N))
1

|

Homy, ( X, SpecB) ——————> Hom 2y (B Ox (X))

GA... ... e o oo Bears)]

Since (Specl) spec (&) = @) Hene o 1S natwal in A. lonsidev Hhe we covanant fun chore -

T Sch —— R_‘m""
- T —— Spec.
Spec : RKng —— Sch

The abore discuasion shows Hhat there 1s o nadural bijechon Honsn (X, Spec(A)) = Hom auyer (T(X), A) for any vng A
and stheme X Hence T 1s lefd ad.jmn% o Spec. Tt Jollows thal e onthavenant functors have the following pepevire

3;@\ Maps Lolimibs m Rug fo limils m Sch
Maps  epimorphists of Rog Fo monoimophising of Sch

T Seh *——%Engf Maps whmils in Seh do hmis in Rng
in Seh o monomoplns ms 1n @ﬂj

Maps epimovphisms

) Spec: Rng

T thw.ljrar i RS are vings their copmcluct m Rngs R—> R®zS <35, 50 1 Jeh e ﬁ:llowmg dla_grum
15 q procluct:

Speck SpecS

/

Spec(R ®zS)

The fuct thak T maps epis o mones means thal f F: X —>Y ;s an epimonphism of schemen, ppen T(1) T (%) 15 jjechve.
The unitof this adj'um'}wn 15 7 | —> SpecT guen for a schemne X by

Py P A—> SPec_T’(?q
isis B()new), se Tx= (Fip) where f(x) = £ 1x (% : Ox(N— Ox,x canomcal) and if Bx  TH(X) gpg — G xjx

'fde-qu_d bg Ax () = (X, a)(%,s)™" then for U S SpecP(X) and +e @sPech(X,J (0) the element }éu (e ng(}‘"U)
Is ¥he umgue sechwon with (70, $v () = K (E(£)) VxeF'0



Swg T —i Spd, if S 15 aving and X —> SpecS a mophism of schemen there 1s a noique mophism of rng s
s X5 7(X) mahmﬂ the 41:|l°wm9 clagram wmmufe

X, ——> SpecT(X)

\

Specd

Of wuve Y 5 junt  SZ Opers (Specs ) —> X Using Prop (2.3) and denshng by HSch the cakegon of affre schemen
(a full jubm“egorg of Sehy oons.'f-hng of SpecS YSieRng -re the achual spectnims, mhmﬂ old scheme 150, P a spechnim)
\F 15 cleav that SpecT': 5¢th —> Aff Sch s left ﬂdjp,ﬂ‘f' +y The melumon AffSch —> Sch

ek
i SpeeT — %
Spect?

I{W‘e exknd {‘}_ffﬁ? o mean all aﬁnﬁxhenﬂm (J‘a AL 15 nvw rgp,‘e-}e J) Jhen SPe(,T' i shll ]e-ﬂ' ME‘IJ‘DM}-}G
e mdunton. So AHSch 15 a reflectwe J’r/fl?ca‘}egag of Sch.

@ e pamer of Z are He prvaipal ideals (P, p prime (>0). So SpecZ = 1@,3),(5), (7),... } The dlosed re’s
are (@Y ={ ) | @e(r)i=1®)]| pla} sme V(@) =v((-a)), Hhe losed el arc m bijechon o
Spec, ¢ J'Dge’me\r with #e set of dishnct prime divisors of a> 1 m Z. Prexample V((6) = g@’ @7

By Q2.4 we have for any schame X
HOY’\‘I&_U\; SpeLZ) = Hbm@ﬂﬂ( 'Z,T'(MS — {4(}

sme Z 1 e inihal ving. Hene SpecZ 15 a Fnal olec i Seh .

R2.5] The spechum of The zew rimg 5 (H2), which 5 deavly an mrhal object n Sch
3 bl 4 2

@ Lot X be a ccheme. For e X let #x be the maximal idedl of Ox,x. Let ki) be the rendue feld QK’I/MQ,_
We claim that for any feld K, mopohisms Speckk —> X ae characfensed by gwing xe X and anda 1ng mppphism

R(x) —> W (any such mowphisrm 1 injechve ).

Let F: speci<—> X bea mophism. Smu Specks = QIR image o ¥ 15 a pont xe X, The muvphism
Fe - Cxz — @Jpem,m =K 15 locad, 5o Ker¥ =¥ 7'(0) = M. Hene 32 s i) = Oxet fan,, 5 K< s

n:njer;hvt.
(onvevely, lef x€X and ”"J’I‘-’ﬁm monphism 9‘; DR — K b?jwen. Let (£,¥): specls—> X be detrud by

F: speek— X
Px) ==

.
Trw ra‘u\y o nuouws

For S X open Here are o canen - xd U, muhich case )‘MU:?L anel ){; L @Ox(V) — O e zewmap,

mdxe U, mwhidn e ¥, s fhe womposite ©x[0) — Ox,c —> k(z) £5 K = Ospeck (F7'V) . Thuseovily
che cieed Anat Yo dehmes a movphism of schemey — for x€X, Y 18 Oxoe — k() —s k. which haw levnel s,

sime @ 1s 1 fechune . Moreovey, Higabove comes pondentes are inveve, completngthe proot.
J P ’ P ) g



Lot X bea scheme. Tor any poind xe X, we dehne the 2ancki Jangon spae T 4o X dl x fo be the

[224]

clual of e R(x)-vechr spaee #x [111.>. Now ansume Hhab X 15 a scheme over o freld k2, ancl leb R[€]]s% ke

e of dual number over K. (e claim that 4o gire @ k-movphism of Spec R[EI /51 do X 15 equvalent o
jqugq?ow xex, redondl ver k. (1.e.such Hiot 1) < 1) dind i okemiant of e

NovE Tk X 15 4 schorteover Ruia 7:X—>Spek and £ O: E— Ox(X) » Tspeck. , thenevewy local nng
Ox,x becomer a k-algebva via R-(VU,s) = (X,00)(03) = (v, 0R)],s). aus R(x) Jsah-a‘.ge‘pm
and x 15 vechona) over £ R (x) 15 equal 3o s subfield R.

Leb (£ 9): Speck[ﬂfs? 5 X be amoyphum of-schemen over | (where &[51);2 5 ok -algebra cammca!}g)_
Ledx = £C(0)), and victe thal g, = Ox,c — R3] Joa 18 amorphsm of R-olgebras sme g5 .0x(X) —KIEl 16
Bj a.oiump‘hﬂﬂ.‘rhe fackthaat g~ ((52)) = 1 means Fhat fheve i an ;rje,cm yn ovphism of &- alge bros

k) —> (Rl |5y = k. Tt fllows that REY=% and x i rerfional.

sime R =R, T [z patwally bewmenr a e-veclor spae and  $e mdugo « k ~hnear map
e [t —> (2]/(51.) = . which g a ké)-hnear moap Max |y 2 — 3R e, an element of T,

¥ Xoa hpolojmai spa and Z < X wreducible and dosed, @ 5ewemM forz sap ant g sudithal z =437

Let % be a scheme, We claim that evew (wommp*y) wedutible clored subret how a Mnf?ugjgngﬂcfmm[. Lot &7 e
suich & subset and X = U, Vi an afine open wvevof X. Say V12 # . Ten & Vi=Spec B, Vi A2 soreapands
Jo an wreducible closed subef of SpecB, which o o uniqis genenc potnt P (NI oo wnrg. gon. pornt 7). The Josure
o 4 m X murt be a closed sk P lyirg behweer. V,NZ and Z .But an a nonevnphy open subset of 2, Vi 1215
dense, so P 1 & genenc peint of Z. b

15 anetiier genenc powt of Z

Suppore y € Z \Vi and (et Uj be one of the open vovers which wontas y. Stne Z s ieducible thahovuhon
UiNYj A'Z vnusk be nonempty. But then Ui N U; wilbe a dored sabret of Ui, and f g & Uy this would be

a clored rubie{':f'nc-Hy Lontaned \n Yhe cloi ure of 1 — @ onhadicien. Hene € O Bt e SP“% e puiil
tomerponding fo p and § 4% both genenc poinss for Uj1Z . Hene fa =y anc| fu génenc poird of Z 15 cinique.



jaz12 [C\[uemﬁ' Lemma Let {Xi} be ano nemply -&mily of schevnes (possibly m{mde),suppwe for each
it we are given an aPcwmhrea‘ Uy‘ o X (possrbly enpty) and le 1f have the induwd scheme huckure. Suppose

wé are also quen foreach 1) an Somorphism of schemes ¥y < Uj = Ui such thaf

-1

(V) Freach i%j, Ty =
(2) For each \,J,h ‘j’j (U.jﬂ[)ik) = UJhn{’{J‘ and
S = Jjk e Sy on U5 (1 Vik.

We define a scheme X which 4 gluey" the X; along e Uy;. Fokld X' = [1; X; = {(i,%) |xeXi3 be the

disjomt umon %Polugtseé n the normal way o fhct s, \J,p Y —a X sz (3%) then Ve X' s open.
% () s open V1. So ff . \/ is the union over T of cin open set In ecich X0 The following detmes an
equivalene velaton on X

() ~ (4x)  Viel, xe X;
(iye) ~ (j,956)  Vi#j and ze Uy

(These coupler ave an equiv. refafion : no need +o 3Eﬂemire). Lef X = X/~ with §: X'—s X canonical (and
confinuwouws ly def N ’melwh‘hen} 7’0}761039 X, 5o We X wwopen . 9 'W uopen ahich 15 %
ooy o apen Vi S letng K s X; 5 X. e e orchnasii vy © ¥, o subseh WS X 15 openn if

+i U 15 open YieI fr (e X open we dehne & ving @x(W) an follows

o i #*
Ox(w) = {(5;)51"1’,-&1(9%;”; W) Py '*fwntf(s".]*J—rW”%‘!)

Nofe that T_ij”{ it “Wn yi) = (% f)')_l W N Bt ¥ Wy smeoan Ui i+ 1seanily cheched that ‘{(‘/JZ, =Y.
So rectwons of Ox on W ave sechons wer ,~ 'V which are “Jmeq\)le" Jegether. 1t s wmmedale that

Oxlw) s qsvlbYlﬂﬂ f Mk 9,(;('1',-“] W) and Hhot +he reabn cFion TT; ©@%; (4:7" W) —TiOxs(H7'Q) maps
@« (W) — Ox (&) forany  =W. Hene @x s &tpveahea{‘o{ rings (noke Ox(¥) = T, 0=0). US'"3 the fact
fnak e Ox; are all sheaver we see thal Ox foo 15 « Shed/,



We clgin thal VieT #he map ¥; 1s a homeomoyhism ondo s image. IF V € X 5 open Hien ¥; (v) 15 open
4 VJ i ?j"’(‘f,’(‘/” Is open in Xj. Buf )f-"'f‘h‘(\f)} = {ze¥j| (J',x)é"f,‘(‘d) = %7V, which isopen, o

1

Vequnmd, In Favhcmlar ‘5"(.*(-{\,)) = l\)jhl
Lef We ¥i(Xi) be open, say W ="AV). Then there 1s acanonital wovphism of vngs

Ox (W) —— f9x..~ {V)
(if)jé'.[ — 3

(2)

which ss cleary natual with reapectts open mclusions W'S W s ¥:(Xi) Thee mapsare njec:‘um s If (s ),(4) €Ox(W)
and si = Hhen e j#i 5, e O (47W) = O (4% V) = Oy (;7'V) Bk by ded ob Gx(W)

5= Slyrwou;
= 9|y (il ovs)
B W0y 7 OV

= j}#l\,.,_‘*wnufj(hlq.-"wnu;j) = 4}'

#
The map in (2) 15 also surjectwe, since 1f s € Ox; (V) defre 5. = ;/ i (Bl WieZ, 3o iises
Thenfor €,kRe T €4k and €+, k#i we have the jtu”owfr)a ,,,Luj,,v J ‘mub‘) ==

1\|01‘Efﬁa;’ b"g;"( v V.’e) = %'rWﬂ U—E,' al’!d "f;;"{\/ﬂl);},.):"fh"'i/\/ﬂ Uki. So ja{,"'[ vnvi"—] ‘_—F‘f{—‘w
and Y '(VAVIRY = Vi W. We want to show Hmll"

4+
fkc \%‘wnum( Se\n"wwm) = Shly,;' W NUke

But Yo 'WN Vel = %'V UeiNUgle = P (VI Vie plike) and by assumphon ()

o # ) oy
\h{e [:f“-" [\IﬂUreﬂU:h) :fe‘. [V(ﬁUie_ﬂU:"m(S/ v'x‘]U,‘enu,.!wu)
= it #
Fie {VI]Uie()Uih(SJVﬁUiEﬁUih.J = Shfxrt-lwnuke

= w‘fq”vd- For the came where €= orle=i we we the fock-thak Fie ﬁfel.’_]_ Clearjfj (SJ) 15 maPPPd;"l’ 5 v @};(Aﬁ‘llc}t
5 thuw an 1somorphism of wgyd jpaws.

s X 5 wowered by open sets 1:0G) whichare schemes, X s ihself a scheme, and the =X — X
are wioyphisms of schemes. (1 {am‘?’neﬂ are open immevylons ). T+ is-eany 10 check that (UU-).—: R T}»()(J')
and that ¥ =" "3:) -, U,J-_ An m%e/m!ﬁnj s pedal cones when {mml& Xt 45 ovlarl'ravy but the Uy are al

em\‘ﬂﬁ 3 _



In.ﬂn’s cape x — _LL x, ar]arﬁr WE X open @X(W)"’ —[7-1‘_6: ch;(\l_u‘_'fw) where ‘{/I' D NG
canonical. Then e scheme X is called he ﬁﬁy’m of the X,



Afopological spac 15 quasi —compact f evew open Lover faw a Snile rabeover,

() Aspae X s methenan . every open subset is 7uauj—wmpad. The implication = 15 Pvia) since by
Ex \.7by oF Ch.] if X 2 noethencin -5 guon l'—wmpac{. ancl any subspaw of X s methenan, hene Tmm—meQLL
For <= suppose eXewy opeh sibred s guaai- Lo act and lef U= Uz < --- bean asending chain o open subsets
o X. Pubr V=0;U,. Sinee V 15 c]uaﬂ.;’LDqucl, V= Upo for some N Hene Uy & U= Urst

Fhe cham Fevminaks, so by Ex il 17a) X 15 noethenan.

= -.. So

(b) Lot X=Spec A be cffme. fis wuadl, or feB D)= pespecA [fept <= spOO. Let sp(R)= Ve Vs.
Smie we eon umte each Vi as a union of D) e Ti, 1 suHfwr Yo show hat any cover of the form

SP(X) = Uper D(FR) han a Anike Jubiover: RuF
5P‘-’CH = Ukr D(Fe)
4. V*pefpec:q for some fr, WP fu

. (e)pex 1s mpropev

But it (FrYrec= A, thereare a finile number of he o, somg L, K wth afi 3 + Qinfin = . Henee
n geneval noetherncin :

&, .., 8.)=A and tTs s a Frfesubeover. Hene 3p(x) v guasi-compact, bt not 1
aw g ! Fjblg lf‘.'fm#epjef* :F vqwgb(e; Z# 15 net noethenan

—ﬁ;re;ﬁqm le, tike the Polgnomtqfwnﬂ ke Jxyte, Xs,... ] 1n acoun o
15 @ sfacly mczndmﬁ cham et primug, guuing

(see A4 M poteren Avtnnings) and (x1) < Geox) e (96 %2,Xa).
A shﬂd'ﬂ decpecmmg chain oF cloredsubsels \(0) = V() 5 V(T30 X5} > - of Speck[xyaa,s, . . I

We say fhat a scheme X s 71.{5141‘—60}4’?/)_@;1 of sP(XJ is.

(&) Let A be a noethenan ring We claim thal specA s a nvethenan fopeloqical spaw. Tf A=0 his 154r7vial, so
pasyme A£0. Let 2,2 2,2 232 - be adexending cham of clvted subsels. Say z; = V() wheve
we may apsume ;s vadical Then V(m)=V(az)z--"implier 0, € W, < -~  Sme A 5 noethenan, for

Jomed) Ulj :U{Jﬂ..—:..... hence 'ZJ‘::ZJ")—j::A.. MrE’qulvec[_

(d)



(a) Lel S be agraded nng. ProjS = ff. WS+ Di(F) = ¢ f. \Ifess £ vnilpstent.
(%) Lev$:5—T he gvadec| ho mowmorphum of graded nngs (presewing degrees). Lef
U=7 pebojT |1z ¥(5+)}

1f eV and say Fesrt with Y0F) ¢ then FHETH and pe D+ (IF)) =V, henwe U is open,
N ext we clehne a wonghism of schemes fu—> P‘”ﬂ 5. F"”Hﬂ dehne

A =9"p

s 15 well -dehned sinatf 1ae) then ¥ "' s a homogenom pumte net wntaning S+ Tf o< S

is homogenows ther the icleal n Tjenem}ec\ bj ¥ (=) hw\nbjenw and  F-\ffa) = /( (3NN U
S0 § 15 comfrmuo ua.

Ne xt we defing o mowhismof s heaves of rings (9.%55 — £ (Opajr o).

For me () there 1s a mogphism of vings )OF D See-vay — Tirr) defined by jf’}, (3l ) = )
is mmoyghism i Jocal s tf I (3fsfE 1y thentole s 5o ae s Pefine '

;rjk-‘ @pwy(‘f) — @PWT(‘FAV)
f:(ﬂ(’ﬁ) = Tu(+(9 %))

One eanily chechs thisrmahe (£ £ #) : U—3 ) S ints a monphlim of schemen, swe Ip s focal; and fhe
Folluwmg empmiu

Oepjs; 7'y ————— up = CQPJJ?}'I}’F

! J

B P Ti)

(@) Suppoethat %y S4—>Td 15 an womoyphism for dl % do. Then U= Proj T staee 1 € PRY T and
W2 F(5+) then for suffiaently large N, ];rz T V2N Buf laking for example £€ T, we have
freTy 5o fER Hene 2 T3, conbadiching 0 € Puj T. Hen U= Proj T~ To prove thot §: Py T—FProjS 150
v need -

M Let S beqﬁmded ring, /}a,r{e ijs. If Fd=zo 5. d = g4 Vdzd *hen HET
I parhilar Ty qe Py’ ogree il ubfciontly bigh degrees, theq are equal

PROCF ij indchon on de (or recursion, more precisely). Tf do =0 we are done mte for any homogenown
ol 8, % =PBdzo A (7 = ASd ). For the recnwaive step we ansunte do >0 and Fdzds
18d < 94 cnd we show d, ) = Gy (- Sine 9 RS+ dhere ¥ fome €>0 anel feSe wih £¢ 9 -
If ae Phomr hen afe Puo—1ve = Juo-r1s2- Sinee q 15 PrIME, aeq, ) required. T



We now prove that £ ?“’J T—PrjS tsan 1sororphism, under he fo”uwm{j avsuiphons

Y. ——T 5mded
« dd.ze s Yd=zde S4: Sa—>Ta s wo.

o To s m’recjral oyer F(5o).

In parhealar if Fo s mg'echw we could probably remore fhe segond h\y‘po‘ﬁ?-wu by "hnmogewumj” the Gotng Up
Theorem. Findt we s how Fhat F s a homeomoypghism -

i:'r”fed"“’f ! Suppore 17 7’6 f’nyT and Ja’fjr:! = j’-';L_ Thert MdZds wwee hawe 5 Bl GI"[ anc henw ?1:7

@ Lel pe l’mJ‘S be gwen. Let C be fhe mfegrqldwury of ) m T Then C =T sine Ceenfoins
To and T2, e C bj mmm;mﬁm and f € Ty 15 homogepows fhen e T4 for svwme d2de for
subfcrent] large n, 5o F™ — ¥(s) =0, s¢ 5, and hene F s infegral over ¥(s) 5o T mhggm]
over S{IJ.H By ﬂlﬂgolﬂj up Theorern Hhere exisls a prime ideal 9 of T wrth ¥ -'9="P; provided
T= 0. Bub " T=0 then 5/=0 Vd7ds andikfollows Hhat Prjs = 5?5 (¥ feSe ez 0 £ =0 somen).
S e ver 15 Puvial m A cave, and ure can assumwie T 0.



R215] () Let V bea vnwe@ over 'ﬂqealgeimmmﬂg closec] freld k. We claim that @ pont P i clored  (Pe€(v)) .
e venclue field of (+{VaxOv) oF P comcides clht b subsreld k. As in the Pmoﬁ of Prop 2.6 we can tover

N wilh open Crff{ﬂeJ U, so ¥( V) i covered by open ﬂffm‘? sels E(U:) with
(0, (00 |yye) = (#09), i Oor)
= SpecA(Y:)

=

where Y, abhne vavieheo with Y; 2 V) Thw we reduc o the cone wheve V s anaffive vavely. One chechs that
(#(01), i Bui)y== SpecA(:) wduw) an somopn  of local vings which 1s en isomorphism of ke -algebrao
Suppuse we could prove the reaulF Aor affine vanefien and lek pe HVY. 8 P s clored & will be closed m o5 affine
W{Lghborhbocj and hewnte the vresidue frelcl ab P il be 2 . Suppose the resdue Feld o £ s equal-f-o . Thevt P unl
wwerpond o  closec potntin s afftne neighborhosd (+(0i), of i Qoi). Heve 1 s o closed, ymeducible suborel of V,and
Pet(US) & P VU, "= PNY; #}5. Under the isomonphism 4(0;<)¢—> +(U7), P wn®ponds fo Fhe closed,
nrsducible subsed PO of U, The fack thak #ns puint v closec o (V) (4o any spate K and @e T(X), e closue
o f@F wm H(X) 15 H(E), so {Q’ﬁ i chsed dl. @ confams vo proper clored imeducible Subsets) means that there are no

loged yrecucible sabsel of U; propevly Lowfmmed i £NU;.

Now suppwe Z. 15 a doed, ivedudible pvoper subse) of P Swne the Ui cover Y, there ix some Ui in fewechng Z
se flaat Vi0Z 15 e closed seducilbile subsef «f PAVI. Hene 2 2 POVS. Butr PNUj 15 o hommphj open subsel
obthe wweducible spac P, newe dense, so z =, whichis a conhad(cfoon. Th1s shows P s a clared point m (V).

T} vemamns now 1o ppre the verult for Spec A where A1 a d.9. k-domain. A pomﬂq s clored ff. i 1s
= @(A1). Me feld I 15 a subfield of R(Alp)

maximal, and #he lowl vng Ay ha vesidue freld ﬂp/ A
anel this subfield tomcides with & (Alg) . evew woset af‘p contams anelement of k Jf. fhe image of e w Al
15 e whole V:mjjwh[oh s 1f. P18 motximal (sme’lersaly. closed) This wmpleler the proof.

(o) Let f:X—Y be amowhsin of schemes over R, and ruppose P& X han residue feld k. (Trat s, Hie
map R —>Ox(X) — Ox,p — O%P /1), ¥ sayecte ). We have a com uhtwe diagram

k. — Ox(X) > Ox,p

\ I i

Ov(Y) — Bv,em

By awsuimphon prae @, £ip) there s € el 1. fr(0) — 1€ Mp Hene a—€-1 & 1peey, and
&5, fp) = R, abo.

(©) Let N, W be any uo vanehies over R, and wnsdev the map

f’l{)'lflfl\_rit(\n’,\f\J]--4 Hbmg_&}k[t{\ﬂ,ﬂw}) ()

d echwud in Proposfwn 2.6. We show that his 15 & by‘ed’wn. Recall fhat gwen £V —>W e ymowphism

(9,%F) - e(v) — E(W) 15 defred by
jl@) = e) hv— hf
Fvge + (BB = Ow (0) —> O [$70) = (an 6v)( 87 +(V9°)
Py xe\, in} et(v) and j(fx}J = -I-F’(m]}r so 1F 15 oo vipun thot the map m () ij*echva e Baoy
Mat 1F 5 mu'ech/\l‘f- Let a mpyph;;m p%mhgmg ovey (9, ¥) f{v) — Hw) be 3“”“. Uij (al, (b wre
sec thak q usk map closed powns o closed pornls. Buf oV —3t(v) and g+ W =3 H(W) give a bije chon
of V (vesp. W) with e closed potals of #(17) (respA(W)). T o PeV we let £(P) e W be the unique 2lement
4 q({r}), » 3Gr}) = JFIP)3 YPEV. To rec Hhal F 15 conhiwous, fet Y W be claed. Then
F'y=4peV] #me}
= 4pev | {£(R] et()}
= {pev | (i erOY

= d"a"tD’)

which s losed rinw g 15 conhniuoun.,



Let US E(w) be open and for PefU w suder e diagram

p =—=—————— h
O, 119 > Ov,p

Y
\/\ Ow(v) \GV(F"U)
L //
)

(BeOw)(H0)) — (deom)(g ' +(19)

I‘} e Gmij ChQCh.-ed Pho‘l’ (184"[99"4):,;(,’) = @WJ ‘ff?} 4”d @V,P :—[o{+ QV)P E jfﬂw (9}\,) 15 a mgmhi_rm 0)[ fch_emga

over b, Yp 1sa local wiogghism of Jocal k—al Efara,aj bttt Fald . Hlamiz e Rigiaie mpmh”m of e
rdile frelds 15 the oty OF cowne Fhe wmposile Ov (£7'V) — © v, — R maps a veqular fanchon- g: 110 = &

e g, 0 wmmwfahwﬁ G ciagram means that for a mgmlar-ﬁmdwn h:U—R on W,

(Ve )W = b(56) VeV

So [:V— W 8 a moyphism of vaneties. If only rernams o show that Hr all Qet(V), 9(6) = Fa) . L} YW
be c_lojed.jnflma 15 WVIJ'IMLLDM} ﬁﬂlﬂﬁﬁ _}_“_,]] forsome clored ME V Then

Pet e §rheH(M) <> {pA] = 9(§PH) e HO) < f(PIEY

Hene M=F"Y and 9-';#/7):7"(}‘*)1). Now leF @€ H(v) be gven and lek Y< W he closed. Then Y2 F(G) #
]efY ff. QE‘H{‘-!‘/) =3"‘f‘(‘f) /8 3(@) &HY) r/ﬂg{(g_) c ¥ Hene 9(@) = F(g) Mrequwed, VJMPfeiIMj
The

Joroef.



GZ16) Lek X be a schome, FeT (X, 8x) anddehne X.p o be the set of poaks 3 € X such thak the stalk 1., of J
at z ¥ not confmned in He maximal 1deal 191, oF Ox,.

@ We showed X§ woo open m Hie proof of Ex2. Ly The «ffiex claimis in (b).
(b) Assume that X i5 quasi -compacl. Ler 4 =T(X,0x) ancl let acA be an element whose restnchon h.

Xg 15 0. We claim that fov some n>0 fq = 0.
15 7he reaichon of

Fint we show Hat # U SpecB 15 an atne open subssheme of X, and if FeB=TIU;0x))
£ Hen LA Xp = D(F). One checks his eonily. T £ 1s nilpolent then cegtanly r= &. Comevely | 1f Xg =
5&- Hene

then let X= U; Vi be an afineopen tover of %,Bﬂ wsumphon, of T = £y, we have D(F) = :
V). Equwa'en‘}'\% £ ,V,- = 0.

7+ 15 nilpokent i the ning Bi (Vi = 5pecBi) say ($vi)" =0 mi=lm Ox(
Let N =maxier " Then £7v; = O Vi and W”Je‘fwnHy PN=0 n Ox(X). Heree fer ﬁE T (% 0%),
Xp =g . £ 15 il petent. (Heve wewe quoni- compadraess 32 get IS finike

£

To veFurn do the proof of (b), if £ 15 nilpolentclearly n>0 exists wih £Ta = O. 5o we may ansume
ot mlpohr&‘nnd Xp #= G As bedore leF X =V;iN; be an affine vover, with (Vi, @xIvi) 2= SpecBi. Dencke

by 5 the element of Bi comesponding o £y, and :u‘miimllﬁ q; for a. The fackthat le;' = O means that Vi

(alvi)) xpov; = O- This implies that G, [ oy =0 wheve d; maps e SpecBi Fv Aif ) Ap. But fhis means Yhat

i 'ﬁ'¢’flﬂ Yoere 15 s uth A5 =0 Hene f 7 &g then #heidecl Annaj n B; alse 15 not D:_Hfmm?d in . This means
akof Amnai =7, then &7 e 7:1 Hene fe (Auna, anel (,on_re?uﬂm"fﬂ theve 15 2 | with £7'ai=0 m B;-
Teanslatmmg bade o Gk we seethat (priq))y, = 0. Sebmg N = maxs ni we zee that s Ox 15 «sheaf

fra = O?M fe?wred. (ﬁ]gam waing fﬂ%n—mead‘Vlwr o get N fule) .

& Now apsume that X hon a fuke Lover by open aflines Ur such fhaleach inteyzecthon Uil UJ,' Is 7um.’-meacf'
(This lhypothesis is sahsfied, fov excmiple, 1F sp(X) s noetienan) Lok bhe O(Xf). Wedaim Hat for sovme n> O
™l is the resmcfon of cunelement of A. THlo=0 (henw f X3 =¢) thissdrivial. So ansume b= 0 and e

not nilpotent. Fintwe prove the result m the cone where X = spec@ isafhne (with none of the abore ao s phons )

SPQCB\ Lek fe B By Exewise 2.1 (D(F], Ospecs |opy) = Spec Af | soany

| be Ospecs (2(£)) hw the forim ()= Afpn € Ap Yue DEI for some
fied ae A and nz0. Then Flpg s 7> £/ , 2°

Vo € D(F)

4 J

pF)
(bf™)(w) = s G’A?j

(8

Reburming now o the geneml cane, lef Ui = )
Yo )y T follows that there v ;e © (U;) and ni 2 0 with ('HXFOU;‘JH’ blxeau; = Ailxpnvi. UF XpNVi

Then we cantaike a; = 0) . Sina Fhe cover SU,’} 15 uaile theve s N, > 0 ~ond a7 & B(Vi) with
Nj P
«’E}XF> ID)IXFHUJ = 4 {X;ﬂUi Ve

we wemb fo fum Fhe a7 mfo a makching Family. For this we ase (). By assumphion @y pye S A
quwxi—wmpuof scheme Forall ‘(J' (we vedel only whsider U:NUp +¢) J

Hene b (Flpg;)™ s the rermchion of cle B, a requived.

Spec Bj \1'1‘} so XeVU; s idenhifred with D), fre By WWP"M’@
e

Now e scheme ¥ = (9/”"”‘5" we have Yf'uimb‘ = X¢ N0, and

(a",r”"“‘ﬁ = 94 Juray) ]xpnOcﬂ‘ﬂf
((£1¥F3Nb)ixfnu.-naﬁ' — ((£lxe)"b) lxpnuing; = O

=3

Hena fom (b) we wonclude that (Flu;m,j)mj (& lusay = 8§ Vviny) =0 fer romm My >0



' ", TR
ot 5, for all i) éHur) Jﬂ;‘)]u,-nud_ = ((FjUj)”Ja)' ) ,u;nuj, Let N> be the waxivmum of N, and j
foralliyj. Set ai”= (Ply;)Na;. Then

Pl B s e e lpminn .

a lung = " losny Vi

wheve = N, # Nz, sine thea; “ are a malehing family and O 1w a sheah, thereis aeA with af,; =a” vy
Hene Vv af yeny; = ((Flxe)™0)) e qu,. Sme the “Xp N Ui cover X6 1 follows fhat (f[xp)V b = a)yp, a»

vequrred.
& and easuming Xos quani- wmpack(which & lfows from being Lovered bjaﬁm":? no. of 9.c sekr)

(d) With the hypothests of &) we claim+thalt T'(X¢ ©) = A7 Swe Xf = & . L s nilpotent . Ar=o
Huis s hue IF Xy = . Soassume X = $. Finbwe show that Fixe 15 a uniF yn ©(Xe). Pvxe X leb Vi be
an open neighberheed of x ancl 5x & &(Vu) with sxFlv = i ©(Vx) (There exist s £ e o vnf m Do)
Fovx,ye X and z¢ VU (OVy (Vz, $¢) = (Vy,Sy) 1 Ox,2 sme bethar mveweto (X £lxe). Hene $s¢l vpery vy anc)
5 lvenu, egreech 6 cover of V,/]\/‘j and are f’h.:,we?aq!_ Lel se ®(Xe) be fmama{yamaﬁm of T, TWen

s,fj;cl n O(Xp), an required,
y3
Lef ¥:AF —> O(XF) be the mducec map, F(/#) = alxp s” Suppose ¥ (%#)=0. Then alxp = Oand
s0 by () sine X 1 quasi-compact for somen >0 fra=0.Hene T/f = O Af, so ¥ i miechve. To ree that
¥ it my‘e,dwe lef be ©(X£) be gwen. Bﬁ (c) fve some N0 (flxp)™ b = 0‘]‘:(.; wicnel Bt Hien
b= afxps "~ = (%)
Hewee X 15 an 1comorphism , an claimed.

NOTE IF X =3pecA und fe Athen K¢ = D(F).

| ®2.17]) A Cntevon {ov Affineness

(a) Let £: X—=Y be amorpism of schemen and suppose hat Y can be wvered by open subselr U;
such Yhal for each i, the mdued map F~'u; — U; 15 an womonohism. We claim that £ 15 ah omophism.
I Y=0 then X =0 ard #hw 15 vial. Seausurme Y = ©-The anderlying map of spaws 1s mjecl-me 7100 1
£(=) = fz') =Y> let ye U; so 22¢’e £7'0; on which £ i injectwe. Heme =", Suyechuty s alroeaail

checled. Tvie map fua homeomw;p/mm sIne ﬁ,, UsX open, Fu)= F(0iung~0i) = Ui F(UN £710;)

The ,r;qjecﬁvl}y of Oy(v) — Ox(f'V) on epen Vs Ui emi{g wplien wy‘ed’w;}ﬁ for any V£ Y. As for .ruy'cc':[rw@}
Jwen'te Ox(£7'0), the maps Or (Ynvi) —> Ox (£710N £7/0;) are all sugjechwe, say < mapsfo
*[f'rU/]-F"U' Since 7£ 5 rl’U'QC“f‘W‘e on ;‘(cﬁon; _')vru_r; mqﬁ;h s The cover Vi 710 of U_; +o ﬂlw{ ce @\/(D) uul‘Hr‘l st—b.

Henw £ an isomophism.

(0) We daimthatascheme X s affine . thare s a bnfe set £, b of elemants of A =T (K.Ox) suchthat
the open rubsels Xp; are affne, and 4,..., v genevate tie wnif ideal in A.
Let X Ve a scheme, A= T(X0x). Fint we show tat X 15 affme 1. #he canontcal map X —Spec A (E=x2-4)
15 an 156 mophism . Supjpore K s affme and X —£5 SpecB an wemoyphisr . S Spec —1 T fhers v a1 unque
vowhisim of nngs 25 A mqkrnj »

X ——> SpecB

AL
Spec A
wmmule. Sine Ipec 15 full, e B.A—> B with J’pcc/ﬂ =p y! Usirg +he uniquenees prperty rHthe unik,

The fact that b s epy, ond the fack that Spec is faithful, we see +hah *p=land pa=] Sua fS = Specf ¥
and Specp, ¥ ave both isomowphisms, 4 follows that @ (s an womophism, an clamed,

We showed u Ex 2. 4 that under F: X—>SpecA, £ D)= X*».' so.4f K s abfine the woncliions
Aare hﬂunulfﬂ sathsfre d (put fi=1Y.



Fov the wonveve, suppore Hhe fi,... £ are given and o . X —> SpecA s canpnical. Sinethe Ji qanerale fhre
unitideal wn A, Hhe Xg cover X. Thete open sed are quani -wompacl, andl For i +j by Ex2./6a) 1he inferection
X0 Xe; worvesponds under Xy = Spec By fo a dishnguished open sef DFf), whiih s #hus Fucini-om gcl . Sine.
Y6 Lovered bj a finite nmber o[ggm,'~wm/3ad' openn sefy, X s qucr; '-;,gm]pac#} So (we gre Fmﬂwn qpf;!g
Ex2.16 (). That 5, Fheve 1s an somowphisim A — (9( x ¢ ) making flze fm'-'ﬂ‘“”ﬂj dwfj’””’ commule

A @()Q
l J ()
M —=— i)

Sinte hy aosumpian AF: is affine, the canonical snonphism Xg; — Spec (XAf;) 15 an somoyghism. Tue valve
ok s movphisman. sechons 15 detemmed by the mophism of rings (@ Xe))y -tmi —> (®lxg) . for xeXg
wheve F5 0 Of Xe) — (O)xg), and #ny ave canonical, apcl fheﬁ:llowmﬂ diagram wmmuley -

O(Xe) =——xo (%)

L )

Al

(@(KF])}:I' Tl (Blxe),

Siendlavly fhe open subset D () € SpecA 1s isomonphic 4o SpecAr via the mowphism  (@Ae =
which ma}z@? P DR pectip Via orp ( )MJF > A

A——A¢

j i (3)

Ap S (Ar)yuag

wmmule. By pavd (o) H suthier do show that the mduced mowhom S B s £ :
for all . (f?ufmder Fhe drqgmm (pick © and puk 'F"afl.) i 5 (£i) 15 an 15 murﬁn sm

Csake o Kf =lfv‘ sine
216 (4) constdevs thisse

spect

TE T oepheexy

B — O(%e)

It suthign foahow thal Hhe fc/umf-z:/ﬁ movphisms oul of X¢ vommuler. Thak the wndevly ing maps »f-spaces commule
5 eanily checked. That the diagram of morphisms of ringed spacen commubes wimes down Fothe committativiby ol

the {-pHDwmﬂ dl.ﬂgmm of rngs.

A—"0p — Oxx

I

B — (Apay —— (O g 70,

> (QJXF),(

Tois follows fivm (1), @) (8) apel the fack-that A—> A5, At — (A)yae are erp'lmbnohum;. N



NOTE

Let X be a scheme, U< X open and se Ox(0). We claimthak
Xs = fxeU | germxs € 1z}

ely veduce 4o the cwe wheve X = SpecA aftie. Then we can wover U foy

s dnopen sel. We can jmmedal
openseds D(si), gi€ A, Men sl3) wevresponds o o global secton " /5, € Hg; anl

Xs N Dl9i) = p(%i/s;) = SpxcAg,

Poving that Xs s open. Tf =5 X1 any momhumafﬂhemw and 4= ff[s) c Oy (£'0) then
we claim that f='Xs = X, which follows from
$%s ={yeY [FB) € K}
= §3£F"U l gesrrtgmfé’mﬂﬁ
-1
= fyesU | gempivd f~ (my)}
:iﬁé_{rsu } germjf-é/m-j}

@\




[RZ.]7] Tn Hhis exereise, we conipare some propevhies of a ving hovomonohism fo#fie incluced moyphism of fhe spechra of nmgs.

(@) Trwial, sme JF = Npap B

(6) Let P+ A—>B beamorphum of rings, and et f : SpecB —> SpecA be fhe incluced oyphism of schemes.
Then ¥ 1s mjed’we hc—c-mcloﬂlg if f#-' (9:peu? '_>’;+(95,aecf3 i mJ‘ec-fum_

Suppose ¥ 15 injechve and for v Spects lel Fy: Ry —>Bq be canonical Lot US Specht be open.
If U s nonemphy, theve 15 non -nifpotent ge A s4. D(3) < L. Hene D(¥leN = £ 'pl9)c F'U. Sine

¥ 15 mjectwe, F4) 15 alse ven -nilpetent; (o 0(¥[9)) — and hene §7'J — novemply. Let fe (9 spech (V)
be gven, +: U —> Upeo Ap, and say £#), (+) = 0. That 15 forall je£7'0,

yi[lr(:f“a,) =0
TP T T bj howng that #(p)=0 Vmel. Leb FEU be given. Siice +us mgu!ar theve v an opehn
neighborhood \'ot i U cnd q,s€A with s¢ 11 I eV dnd ) =95 e An Yr €V Ten for
ge Y wehave’ B9 = Fy (1) = 4o (£1$ "1} =0 w By

SPECB | 5FKA

f
—>
‘. @?
] p(m)

pt(m)

Sothere 1s ¢ q wih £3(4) =0 m B. LekmeAbesd. ped(n) < V. Ten D(9(m) <7V undl so

for all e SpecB of Yln) ¢ 1, Hevess + ¢ q wiih HY@)=0.Maky, Ann(9ial)< § = Yimdeq. Henu
Fm) e v(Ann(9(E)), 5oy P(m)* $(a) = O - M@ F yinjechwe, m"a = 0. Sihum ¢ 9, mgp and

W follows that s = 0 m Ay, s Hp) =0, aw required.

e tonvene i fnllldl) sine of 7(# ) ff\lj?(}ij r;qpavhcular @‘rfe‘ﬂ' (S)De(f” HCOIPE(B(J}'GCB) 13 Hv'e(‘)‘w\é’.
But Hhis 15 Jm% S [up o smonghism) s ¥ ss uyecizw.

ouppose that ¥ s mje&fwe. Then
FlspecB) = {¥7'q | qeSpecB]
The closure m SpecA ef fhis ret 15 \[(A), when

= nvfes;mB Tr[p[

== j;-ll( nv[%}
= § 7 (nil ®)
= nilA ( stnee §°va‘ec}wej

Thw \/(a) = SpecA, <o F(SpecB) 15 dence.

& FIA—Rs smjechue then theve is an eal @< A and a commutedwe dfﬂjmw\

A >3
S pp R

and Wene o commutawe c’irwjmru\ of reheynan

Spech€—— 5 pecE
/4
5Pec Afa

We check i Example 3.2.3 that Spec Ala— Spec A 5 a clored 1mmenion, ond upon wrnposing with the
\5umnvphum Spectta = SpecB we Je that SpecB— SpecA s alre a clored 1mmenion.



nvene fo (). Namely, & Spec¥ : 5pecB® —> specA 45 a clored (pmenion, Yhen ¥ 15

(d) We now prove He w
e wmvhuh:rhvz lew(ﬂmm of scheymed :
s

suechve . (onsider
pecf
Spec A &——— spech
R ﬁ
SFQCA/KQG’

Sine Akey —>B s :(?echm P Opec trgory — Fu Ospecs 15 Iechue by (D—Le+ ep begen, ard
clencle by b the wmesponding glohalsechon ef spec B. Stnw Spec¥ i @ dored mmenten, fhere 15 an cpep cover
SpecA = U Vi awnd sectons s; € EpecA (V) 5.1, Efg'"' Vi = 3#)’“.(5;} where Specy = (9,3%)

Specrt

Let 4i = h*]y;(5) € Opectons (V). St f# 15 mjectuve e are o matching family, sohere s
+€ Ospechfery [ SecHliers) with iy, = 4i Vi. Hene thare s 1'e Hkeny mapping 5 b€ B, showih

taak § 5 sujechve.
(¢) Suppose A, B are veduud ¥:B—Aq moyphism of vings s Ahewndued £: spech — SpecB s it

Then Fs rwJﬂfwe, sk for be B
Y(0)=0 f. Jep YpeA

M. be$'p Ypel

#. beflr) Vpeh %

ff. bew where V(&)= Flspee) = SpecB

Hepwe A =0, Jo b=0.



