3. First PRoPERTIES OF ScHeMES

Tn Y sechon we will quve some of the fint properhies of schemen. In parheulor; we will discuss open and
closeel subschemes, and products of schemen . In fhe exercises we inhocluce Thenofion o vons huchible subsets, and
s#—ucM Yhe dimension of fhe flores of amoyphiom.

DEFINITION A scheme o onnected i s ')Dpaloﬂ 1al spae i counected. A scheme ts red ucible o s %pbfnﬂtca]
s5pae s wreducible.

DEFINITION A stheme X i reduied #for evew) open seb U, #heymg @ (0) har yo wil pstent elewents. E?qufenﬂj
(Ex2.3) X 15 redued # and only if the local vings (9p, focall Pe X, hawe no nilpotent elements.

By convenhen fite 20w schele s re ued-

DEFINTTION A scheme X 15 mbegral f for eveny vpen set FVEX the ving Ox[0) s an nlegral domam (v parkcular
(< (V)0 whenerer U # @) 8y wnventon the zew rcheme s pof 1nfegral.

EXBMPLE 3.0.1 If X =SpecA 15 an affine scheme, then X i ieclucible i and only of +ha niladical 7 of A
15 privie, Sthe Specr) 15 mreducible < Yo, b v(n)o\(h) = SpecA => \[m) = SpecA o¢ V(b= SP“A
Bub P2 Ror W2h . = aly, 5 fiis says thal Ym, gz Akl = Yy az2m o Vu pzh fhat g
M2rh =D nza « Hah Hene Spechs mved. . 71 s prime. (Even bue for A=)

14 X =SpecA Then X 15 reduted of andl only of 11=0. Sine A= OspecA( XY Th1s Sncklen i eluoil

Necersany. if N =0 then for evew e Spech, .47, s ilpolent free, so X s reduced. (9 ,‘ﬁgumqu
olds A=0)

i X =SpecA then X s mf?egmj  andonly of A i an mlegral domam. Thys is friaal o #= 0.
for ¢ 0 Aisadomam <> © 15 prime <> T.=0 and T i prime &= ¥ 15 vedued ancl tredycible.
Seif ‘“.FﬁW\ o show thal 4 scheme X s mi‘egral o ancl enly AL ks both veduted and weeducible.

FPRoPOSITION3.| A scheme frmfegmﬁ' if and only { iF 15 bath reduced and rweducible.

PRODE The zew scheme (60) &5 nofmlequal, and is veduced buknof ireducible . So the Proposthon 15 fme ia fhus
coe. 1 X isavionzew scheme, fhen f X u jufeqral 1f 5 cleavly veduad. Tf X 15 not wedncible, there
ave nongmpty ch:fomf open Uy Uy & X. Then @[ oU:) = ©(v)) > @(v=) which 1 not on mtegraldomen
Thws inkegeal 1mplien wrecluci ble.

Lonvenely JeF X be a ronzew, veduad, imeducible scheme. Let UE X heopen and ne nempty, and
£ 9€0(v) with fa =0, LeF V= {x eV [ [ e Mx} and Z = {xeU | 9x & 7Tx]. B Ex2.l62 Y, Z cwe
elosed in Yz su spaw fopelgy on v. By ansumpton YU Z =0 Sine X 15 iveducilole, so s O, so
one of ¥, 2 i equal o (). Say Y =0. ByF then e res ichonof £ b any affine epen sulorebof U woull e

vildpotent [E-2.(Pa). he e, 5o F s zewn. Tis shows that X s M‘fegm{, 0 Tnonemphy wovel, Equv. eve
& b benew | pomlrptjmopenigﬁne nzl%borhwd

B = Sk, A poelienan
DEFINITION A scheme X s _Iocqh'j noethenan o & can be wovered oy open affine subsek Spechl; where each
A5 anoethenan vina <.1s neethenan oF o 15 locally noethenan and quani-wmpack. E wivalently,
X s noethenan 1f \F éan be wveved by a ke "“mb@\?’ of open affine sabreh Spechi w.fl each A
e noethenan ving. (The spechum of an nefhenanying 15 quoni-sompact and a fu ke union of g.c.
S[pccen 15 g )

LoRoLLARY 311 2 X 15 a noethenan schee, then sp(X) 1s anvethenan Jopologeal (pace ; but not vonvewely
(Ex 2.1.3 and 3.17)(Seglo Ex2.5F ch.1)

NOTE The zew scherme ($,©) 15 nocthenan. gefter det™: X is locally noe¥henan \ff . evew pont how anatfne open
neighborhoodl = Spech, A vioethenan. his it equivalentt abore ( N.gy. wthe oviginal def”, dvenntmatter f {315 o rover)

Noke il in Hs dehmifion. we do nok requive Fhat eveny opan subse which 15 affine be the spechuint of a noetevian ving.

So while (15 shviowa fiom Hie defonfion Hal #he sppectnim of o noethencn ving 1s a nvethenan scherme, +h wnvene
1s not vbviowa. T# 15 a questwn of showing *hat the noethenan property 15 & local propedy . we will oflen enwounter
similar ¢ 1fugdvons Idker m deﬁnmg pw‘aer}‘rﬁ of a scheme or a swoypINIM of schepmes, s5 we will gve @ cre 4l
skafement anc pwof of the local nature o/ he noethenan propelly ; o dlw s #y pe of riruation.

NOTE 7 X i mtegral then all the loal 11195 Ox,x are domains (xe v=ipecA, Az domain)
1k X 15 localy yoethenan +he local vings Oxac are noethenan (2= &\y = Jpecd; Anoetheran = A roeflwonan)



PROPOS ITION 3.2 A scheme X i locally noethenan of and enly of fer evew) open atbine subset U= Spech,
A s anoethenan nrl'?. In pavhcular, an affine scheme ™ X = Spec/t 15 a noethengn

scheme F and only i heying A 15 a noethenan ving.

PROOF The condrhons are equivalent for zew schemes, s0 ansume X == ¢ ‘}‘hmughou%. The "if " pavt follows fiom

T the defunhon, so we Nave fo show that f X s locally noethenon, auelif U=JSpecA is anepenaffine
subsety then A 1s a noethenan cing. Fmd nofe that if B 15 & noethenan g, so is any lp calischwn. Bf. The vpen
subsers D(F)= Spec By fovm a Yoage for #he dopology of SpecB. Henw on o locully noethenan scheme X
Heve is o base for Hie fopology consistng of he spechra of no ethenan rings. In parheular, our open ret U
can be wovered by spechm of noethevian rings.

So we have reduced +o proving the fellowing stalement : leb X = specA be an affire scheme, which can be
toveved by open subsels which ave spectier of moethenan nogs. Men A is noethenan. Let U =5 pecB be
anopen subsef of X, with B vicethenan. Then for some f¢ A7 DEF)< U. Let F be the image of f n B.One
chechs thal under () = SpecB, DGF] = O(F), so 7 parhicalar Ap = By, henwe Af 1s noethenan. So wre
tan wver X by open subsets D(F) = SpecAf wth Ar noethenan, Smie X s qumi—wmpac{, a finrke
numbev will do.

So we have now reclued fo a Puwlg algebmi( problem: A 15 aving, ,f,,._,,f, ave a fnile nuwiber of elemenlr
of A, which genemk the umd ideal and each loc ahsation Af I noefhenan. We have Jo < how that A

1s noe Fhenan ~Fint we erfablish o lemma. Let m< 4 be cvisdeal, and lef i : A—> Af; be the loca lsatwn
wmap =l Then

W= n\f}_‘( 'f.‘(“-)ﬂ;i)

The mclwion = ks obviows, Convewely, Given an element be A in this inteyectwon, we can unte
; (b) = Qi/p." n AL for each i, wheve a;em and ni>0 Increaing the n; if necensan), we can
malke them all equ_af fo a fxcec n. This means that in A we have

‘P“mr( l-,;l'\. b —_ q‘.) = O

for some m; And ) before, we can make gjl Hhe m; = m. Thws [ be ® foreach 2. 5ine £, &

genem%e the unif deal, the same (5 fie of their Nth powers for any N. ( it genercle (1) ff. UDCF)=Spech).
ut D(#) = DCF ™) any N>0) Take N =ntm. Then we have | = 3G N forsyitable ¢;e A, Hene

b= ZcifiNbhewn, ar ru}wred_

guw We Lan wm'!g show that A 1s noethenan Let my s A= € -~ - be an cucending chain of (cleals 1n A.Then
redch ¢

Fo(anAg = % (2)Ag = -+

's an ascending cham of ideals in Af;, which muat hewme s fahonan becawe Af; 15 noethenan.

S theve ave” only finmke many Af we canfind R se [age that foc i=l..,r Fr(ae) Ay = ¥ (ard By = -
Bub then by the Lemma. Uk = () 57 (AR = N7 $(akt1)AE) =gy =--- 50 e ongmal
chatin 15 eventually stoahonan), and hence A 15 noethenan. py

DEFINITION A wophism f: X—>Y of schemed 15 [ocally of finletfpe - theve exists a covenng of ¥ by epen
affne subrels Yy = Specl3; such thal for each i £-'(Vi) con be wuered byopen affine Jubsets

Ui = Spec 35, where each Asi 15 afinilely “genevited B, -algebra (with Hhe natu ral stvackuye incliteed
J B; g‘pf,fy(.i[")u_v__% (p,g(f-lVJ,-) - @x(?jﬁ% = Ai) e morphism £ s of finile {ype of 1 addihen

each jc-l V,‘ con be LDV‘QV@GI b(lj a ]C”q‘i‘lf numbey D‘F e UJ fcm.evwl s Weans a nawempl\j set :7[»
open 3¢ — o eviply covers

sineg O stuvially £.9.over any ang, we need only checle the Lonclifon for nonemply £7'Vi ond Ugj I parheular any
movphism. £ - (Fo)—>Y 15 of finile &y pe, “a01s ang monghism 4. X —> (¢,0) (since then X'« alse zeyo).

DEFINMON A wohism f- Xx—3Y i fﬂ{g if There 1s « covermg of ¥ by open affine subsets V,"= SpecBi, such that
foceach L, PV ) is affine, equal o Spechi, whnere A; is a Bi—algebra which s @ filely 5enem;’ed

B, - moclule  (wnth Hhe canonial sthuchuve ).

Al three ,‘mu'-enear condrhons are closed under isomovphisms on ether end. (learly an (somovphism Is Fimfe.

One agam we viced only checle for nonempty #~'\/; Inparheular any wophism f: (5,0)—3 Y is fimle, a5 any
movphism € X — (%) The definikons above are also mdependent of which. A: (verp. ﬁg) we choose +o vnake
£V 2 Spechi (rep- D = specAyj). Thioughout we canalio assume ne Vi is emply- clemtﬂ

i Y, |
Finlle = finile fype => Jocally of finile hype

Tn Yhe above wre can renaare re lerenen to al,gmhculau- B AU oy sy mg u @K(U:‘j} 15 @ -Jr,j, Oy (Vi) 'algeL-;VRH



Nofe 1n eachof these cefinthons that a piopery of a morphism §: X—3 Y 15 clefmecl by +h fe
afhne wover of Y unth ceviain pvuppwfas. Tn fack n each cane s equivalent fo rfcfugp fi,:;,ffny}ﬁé%“?gﬁi?y

open atfne suhsekof ¥ (Ex 3.1-3-4),

EXAMPLE 3.2.) H Visa varfefg over om alge bmmHj closed freld |k, then the aorpciatec) scheme E(v) (s 2_¢)

15 an nfegral noethenan scheme of “#inile #ype over R. Indeed the shucture sheaf s X, Oy where

A —> V), and Ov (V] 15 a domain Vﬁéus V oopen, so E(v) s JmF23mf. (ef D =H(V) 15 novempfy,
so s 7'®@). By (7,4.3) \ can he wveved by a finile number of epen affine vaneher, and asin

the proof of Prop 2.6 Hhis implies Hiat t(v)can be covered by 4 finke number of open affinen
of the form SpecAi, where each A; s an mfegeal domain which 15 a Finikely genevaled ke ~algebra.
and hence noeteran. Sotne scheme E(V) s moethenan.

Moreovey under the 1somoyohisim
(HviF)") oA 9“'14—{&1;‘]‘) = (+(vi), «i,00;)
1"
(H), o %)
1)
Specfi

of Prop 2.6 # s 5*rar3hi’farwa}d o chece Hhat the map
B> of O(Spechi) 15 idlenhfied with the map
Pr—> € which belangs o (Ov(V) = (b O ) (H(0:T)

Spaui;.
&

The mowghum (V) — Speck s k—> Ov(v), €—> (P3€), so when we make O (Vi)
a lk-algebra the somophism A; = O (jpeki) = @v(Vi) presewes s [e-algebra shucture. S inie
Arsafg. k—afgebra Hfollows Hhat +{v) — Speck han fimle type, an vequived.

EXAMPLE 3.20 IF Pis a poink of avaneky V, with local ving @@, then Spec@p 15 an infegrl nocthenan
scheme ovev kr, which s not i general offin. [—gpgoverk.

Next we torme Jo open and closed subrchemen.

DEFINITION An open _subschenie of-a scheme X 5 a rehewie U} whose )Lopolog(f—ﬁ'l s poce 15 anopen suUbret
of X, and chore shuchure sheal Qu is somorphic fo the ves hackon @x v of 1he thuckire

sheaf of X. Anopen immenion s a mowhism f£: X —Y winch inducen an 150 movphisym
of X with an open subscheme of V. That is,

o« f rS!r\Jje.Chnrzg and qiver q homeomephism X == £(X),
wheve f(X) 1 epen in 4

o e ndued monphism of schemes X —> (£0<), Oy lge) 15
an 15 omoehsm.

For any zew schieme (Sﬁ;") —Y u’q[wa 5 an o,oen :mmetﬂfuﬂr oo 15 he fdenh,[vj on Y
e‘}ny fsvmos?ahb‘m of sehemes X — 7 is ein @ pen 1A4Me wion . Me wmposd{u'r open immenIrs ave opert MIINENION 5.

NOTE Ay open imenenion X —> can be re woveved fiom e iiomorphism X = F(K), s for V&Y open
Oy(v) —s Ox(£7 V) & Oy(V) — Oy(VNA(X)) — O x(  #7'V). Moreover; given tuo schemes X, 7
and an isomophism of rthemea X £ (U, Ov|y) with Ve ¥ open, there is 4 “nigus worphiim of scbemen
X — Y which i an open wmmeizign and indias the gurert semophism. for N < Y we detbine
Oy (v) —> Ox( 37(vOV)) o be theomposife Ov(V— Ov(va0) — ©x (97 (VNOLI). Hena to give

is precisely cqmvalewF to gwmg an \somorphism of X with (V,87[v) forr

a1 open ymmewnion f: XK——2 ¥
Sorme open U Y, and m this cane £ faken ;‘hzﬁrmgrwn abore. as schemen

DIEEINITION . A closed immewiore s a movghism £+ Y —> X of schemer such thaf £ indues a homeomonehim
of sp(Y) ontv a cloced sulosret of SpIX), and Furthermore the wduceel map £#: @x —> fu Oy 15
an ﬂpjmorpw;m of cheaves of abelian greups (7-e. fS;'GcaI!y m_;jechmj_ AEMME k.
scheme X i an e?MWa‘fEWLE dlons of closed 1mmewions, where We say £: Y —5 X and £ Y'— X
ave equwalent f Fhere ir an somophlsm ;- y'— Y fich that s7= f o . (The cloed subschemen — e

the il.’e&wwo}ec{wmlenadcwm—— wuld be e clows ).
NOTE  (Bo) — X s dway a closed iminewron, @ s the denfrly on X Hnjfomuvphum oij::e;nﬁ:a
Y —3X & & closecl immegien. § X —Y s aclosed immadion and X == X an 1sontoi,
WW-'PUSf{C X—Y 5 aclosed (wvimepon. S\mi!a'ftﬂ for anise ¥ — i



NOTE Closed Tvmersions and Closed Subschemes

Let X be a scheme and Y= X 4 closed subset. Suppose Ov 15 a shieaf of nngs on Y which is u scheme,

and suppose The mclwaon 1.y —> X can be payred with. a wiovphiim &f sheaves of rings i%:@x — = Uy
which 15 1ol sunechve avd 1o that (+,i%) i a moyphisen of schewmed Then Y —3 X s clearly o closed

immevon, cind v fact a clorecl subschere. stmctare on .

lonvenely if  f.z —>X s aclosed subscheyme then pur Y= f(2). There is an induccl schevne Shascupe
Oy on Y anel cn 1somopphism of sthemes Y =27 Lebi: Y — X he the womposike V=z -5 X,
The deéfljmj map of v s the inclunivn, and )F s not hard +v checke that 71 15 closed fymmewion. The

chagram
&
[

Shows thal i, § are adualfj e rame closed subascheme. So any dosed subscheme tan be vepresented by
o clojed rmwenpn of the fovmn abore.

3

~— X

Z

NOTE Noethenan Schemes

TE X e locally noethenan scheme and US X open, Then by (3.2)  (0,0x19) s a)so a local)
noetlienan schame . S evew) open subset of o noethenan space 1s quevi compact, an opensubret o
noethenan scheme Is alro noethenan.

NOTE Lol Propertes

A Pmpev]‘j P of morplisms 15 local on the wdompain  f whenever f:X—7 bao P, for any open VS Y
FV > V hen P, and if whenever there (sa cover of Y 105, open sety Vit st foreachc g vy — vy
han P, Ahen £ hao 7 As wewllsee laler; being a closed immewion 15 4 local properky on e vodomam.

NOTE (Open Immermions

A woyplsm f:X—>Y s an open ynmeaton Fand only € £ gues a homemopphism of X wuith an
open subset of \{, avd of forall xe X the monphism St O, g —2 Oxyx 45 b:}‘gchue.

NOTE [Pa—> SpecA han finite Jype. (n=0) and :sm’fegra\ o A

Sinw FP;; = P@ H[Xu,---;xld] 15 covered by aﬁ;ne opehs Dy (A1) = S‘pecﬁ[xu on ] (ifn=o PG Spech
s an 52 - S E.) and A [-)((J.__)Iw] 5 cleavly @ {.g. A-al oo . further (f A 15 an m}egm] demam 'fﬁeﬂ O s
a homogevous prime and thus 1Py han d genenc pond, aich imphes thot P4 15 1imeclucible. ( In fackfor any
graded doman S, Proj S iswveclucible). $ine H’ﬁ 15 weered by he rchemes !pecﬁ[r‘,..-,x.n} i s alse vecuced
[sine Hus 15 o skl k-wise property ) Hence by (3.)) # Aisacomatn, Pg b m*egtfql Ynz O.



NOTE Frnvrtenvess s LoAl

We claim the -}:onowlwg g

PROPOSITION 1f o morphism £ X—Y 15 (ocally of fnde fype (of finike fype, finite) Fhen foramy /< Y open,
£V — V har e same pmpev}j. ¥ 7[‘ X—3Y 1q wisyhiSm ewad theve is an open cover ('Iuﬂ?Yﬂ_P‘*'ﬂ]-‘
{vi} of Y such that Frting > Vi s locail'j offimbe Jype [f finle fype, firnte ) fov each iy Hien
£ aan e same property.

Suppore Fou /Dcﬂ‘f"&’ of Fmle @/’?a”f/ Jeb \/e 7 be open. [ ef f’/}} be ar aftne o’aenmwrof V. By Ex3| foreachz
700w vovered by affme open sefs UJ which ave fg over Ov (U],

B follows that £+, F'V—V is [ocally of finibe lype. Using Ex 3.3 and Ex 3. 1 wve see tHhat the
reevant ffm‘emenfr for finile kype and finike also hald.

heonvene slulements, where the findlensas of £ follows Aom s Jocal fimbeneas, cire eanily checked.

NOTE T isclear thar (f VEY, ond £:X —Y s quor i-ompack (Ex3.2) 5o s £V —> V.



NoTE IF X v afopological space and F a sheaf of rngs on X, and if 2 £X 15 closed, theve is o sheaf of rings
Flo on Z wniade by locally patching reshichuons of sechuons from K (see eaivliev imour noken). The
local Swﬂ'ech\n{y wndifion on FE Qx — L Oy means Hat for Ve Y epen and s€Ov( £ V)
there 15 cn open wver V=YW, and 4 e Ox(Wi) st Vi $)pmip; = FF(4i). That s, sis ’Mctllj
4 restychon (thinking of Y av a ¢lbsed| subretof X)

W m=A s hanal
[ same iF @ = O, soansulne ofwnch.

EXAMPLE 3.2.2 Let Abearing, andlef @ be anideal of A. Let X = SpecA and Y = Spec A/m. The
ving momphisin indue f: Y —> X which is a closed immenion . the map Lua
homeomoyphism of Y et the closed Jubset V(a) of X, and e map of suctare shawes
Ox —> f.. Oy 15 anepimoiphiim of shectves of abelran gwups. Te seethis ¥ sudfiwen Joshow
(%) —> (£ B¥)x ©* suyectuwe forall e Spech. But (fe vy = 'Cojﬁfcﬁ/ﬁr,;r m such a way

}v make
(.@K]*p — ”\k (97)? == (p!,ae(f‘f/i?,fj

[ L

A’P SO - C’A/V")'p
W > (ata, f+R)

commule. st e botlom movphism 15 My'am, we have pwved that Spec /e — Spech s a
clojed 1pnmewion.

EXAMPLE 3.2.4 Rvsone move specfc examples, leb A= Rz 11, where R 15 freld. Then SpecA = N 1s
fhe affwe plane ovev R The ideal = (xy) quer areducible subschene , wnsisting of Fhe undn
of the xand y-axis Theideal w=(x2) Jives a subscheme shucture with wilpstents on the Y —ax.
The ideal @ = (xZ, xy) Give? avether subscheme stuickure on he y—axis, this one having nilpotent

onlym the (peal g al-#he onqin, yce for p= o
il (M) = (wiflady = (V)

Bub 2 (i) Wl 2, 17 (@) = 700 .= (6. IF 2fGas)r o/ s1a € il (41a)gg and
gé';g then :,:Lf(gc,y)ea,;p meded ;a:#(w) W”“’F I nifpbkﬂ{"fmﬂ- We say Yhe ongin is

an embhedded paml- Foy this jubscheme.

EXAMPLE 3.2.5 LetV be an affine vendy over the feld k., and let W be aclosed subvanety. Then W
convesponds fo aprime icleal 74 1 fhe affne coordinale ring 4 of V. Leb X=¢(V) and

V=t(w) ke heasociaked schemes. Then X =SpecA ancl Y s the closed subscheme
defined by W To be precise, the wordinale ring of W is isomomphcfo Aln, so b(v)=SpecPlyy
e mowphism Spec Alp —3Specd 15 « clored immewion, heaw 50 15 the ww posi

Hw) —> Spec/p— specA > E(V)

v each nzl let Y be ﬂ/ig closed fubfd’iéme o/ X LOWEJ/JDWdIﬁ f/b #’LC Jqu{ ﬁn' Then \/,r ‘~=\/

anc the images (ve. Specifn— Ipectt) are all thesame, buF for n>1, In s anoredued scheme and

s o vd Fo any subvarety sf V. we all Yn tha uth
b fhe subscheme swisture on 5/ does ot Lomespe Wi t@rjwl aﬁ%}; embeddin Msf

nfimleatmal neghborhood of Yin X The rehemes Yo refleck prope 9
Jin X Later ($9) we wil shudy the “formal " complehon of ¥in X, which is oughly the v of the

sehiemes Yoo ow n—> -

EXAMPLE (ef R hea wng, B a finlely geneated R-algebra, R —> B canonical. Then SpecB —> SpecR is
a wmophism of finledype, 510U Ospecs (SpecB) <— Ospeck (3pecR) 8 (s ) = (=3 T V)).



NOTE IVIC\H(M] Reduwd Sdﬂemes

Let Xbea -]-opg]na]'(_ql Space, Ox o shectf of vings on X awnd j’a cheaf of \deatls of @x. The (9 - module
Ox[ f 15 the shearfrhciion of the pmhmf Plv) = (S?x(r)J/j(UJ , whicl s o preaheaf of rings. Hence
Ox/ F 15 o sheal of angs. Sine © —> fF— @x By ®Oy)y —0O rexact W‘Eﬂd’ an exact sequente

O——*)/ﬁ —_9{95(:1 ﬁ; ((9)(/;)”____) O

So tneve 1s an 150 monphism of nnys (04%), = O /4., sime F, 1san real of Oxyx consisfng of-all (0;a)
with a e Flv)e Ox (). s Bsowmoyphism 1S d&jrmecl ij Oxx fg. — (@)‘[?‘)x) atf > oc;(ﬂ), and ay s the wmpoﬂk
Oxu) —> O:[V) ) $uy —> (O] #)(L). ’

Now suppore Ox s locally nnged, YEX closed and fr ge X leb Fy + Oryg — K(9) b I
Fe Ox(V) and Ye U, we say F vanishes ony if Yy(germy g =0. Lsz < B

Jy(U) = 5 fesev) | Fvemshes on Yoy

Tt 15 not dithenlt Jo dneck Hot Fv 5 asheaf of deals. Leb <N —> X be the incluaion. Tnen 17(0x/2) s
a sheaf of rings on Y ancl for Y&V _

B . Vsee ouv Gechpn 5
(1) 1( @X//Y)j = (Qx/ff)j = @x,y/%w notel

Nofe fiigh ©x,y B4 local hng, K(y) a féld, so for aff UVEX, Fylu) s a proper ideal of Ex(v). In pavhcalay,
Hy,y 15 & proper tdeal of Ox,y, 5o iF follows that i7\(®@x/ #,) s e locally rnged space.

Now leF X bea scheme, Y X closec], Oy = P @X/j‘r) Fhe locally inged spac. Fom (1) and Ex2.3
Oy K0 reduced scheme, provided we show it is azcheme, sia for any ye, the ideal fuy & Gxy 5 mdica/

To show that i7" (O%%) i q scheme we need some prefipmpaw fadhk - f X= SpecA s affne, Ve X
closed gnel A= /1746‘/ K S0 via)=Y,tha for all e Y wee claim ThHeve ir an somoyphism of 1ings

$: Mefany — (O%),

we alveacly krnow that Qx4 —(9—3474, (wys) —> () 15 an somomplism of ngs. We nezc only Show ok
O(Fy) = T Ap. Suppose Ge M and sdp-Tnen ks clear that afs e H(065) ), 50 &' (abp) =P p. Tn
¥he other clirechon, suppoie PE U and seFH). Lk peve U and a,sch 549 Ve besuch that
VgeV s5(9)=9)s € Hc[_ s V isopen and X affine, let €A besd. He D(F)S V. Then § helsngs o
exew) prime in —VAY and a belongs fo evew prime «n VY, so qu A and henwe /s = 5(%) be'longs
o ot Ap, aarefuired. Sowe get the deaived romorphisra -

9
Oxp —=— An §: A% sy — (O )
Ys rahy — (005), afs + % (o))
i) == Sk o=e By
j"f,’p
Hewe there is an 1Somowphism of nigs }ﬁ . (Ala)g —> P where PV)=1im 2y (%) (w) shecifhes
jl‘b?“ﬂg @‘f} de fined by F

95 Jﬁi&) o (D(S)ﬂ‘}"} (D(ﬂ) r(]; ‘J’jtyfnm)))
P

S5+

Next we show that By 15 isomovphic Jo shichure sheat nclued on 7 by the clored immevaon-
3(: Spec Ala r—aipec.ﬂl‘



f Specfify

G

Lot WEY be open and define mw + Ospeca (#7'W) — By (W) by
mw(s)(E) = Pl 5(?/2))

i 1 ot ditheul} +o check #hat m s a mophism of sheaves of rings, and m 1s an somoyphisi S o all peY,

m}bﬂowmg diagram commuea:
(,precﬂf}'m, Hlg —> CQy,*ia

] l

(Ao — %, Pp

T+ follows That &y s an atbne scheme. Sowe have thown :

X = Spec A and Ye

X closed. IF fy 15 the sheaf of ideals clefinec
10 then the v’mqu spae Oy =

LEMMA Let X be an affine scheme,
avove, 11— X hemdwnon and A4 =ley (Y, 7' (O%#))

15 an aHne scheme, 1somophicfo Spec & fa.

PROPOSITION  Lat K he « scheme, V=K closed, - Y —> X the mcluaion, and leb By = {,"[(9)(/5:})_
Then (Y, Bv) 15 a veduwd scheme,

PRODE We already know thak O3 15 locally nnged. Lok y e and let yeUS X be
L Oxly —> .SFQ(A' an somoypliism. J J ) anafine open netghburhood,

Lok kiU — X be he mclusion. T+ 15 eonithy checked +hat 1=7'( O/ = (9’"”/

; - = . Ttisadl
not difculFfocheck Yhab f o M— N s any 1spmovphm of Sghemwan?g&M l"; f\ij@d’ e
ha (OM[#) = ON/g ., sme hW¥ imdues vomorphisms ON(V) — B[ §'V) which idenhtsy
2 (p7'V ) and /A(a)(VL and hy wmmutes with sheq fificahon. Now let £ [you NN — Z be
e nomeomovpinsm induwdd by £, ji1Yov —U e nclusion, 4.2 — ;Pagmmcwron awel
n: NOU — U e incdwiion, so the diggramsod cwonhywus map>
y — X NV ceel§il)
J /J\ /j‘b, 'FHIJUJ' LF
yay ———0 B T

commuale (/Slﬂﬂ results ﬁom Sechon 5, we have



Oylvoy = J7' Oy
= J(Og)
GO %)
{ ‘”)d\(@x/ﬂ’v)
o \?@ { f*/ﬂ)
S CalI
s {31*3/;»,,}”) it i i ol g

(',oh)w‘( {pgpecf’r/j; )
(Eflyan Y (BPek/y )
= (Flyon)” £ (Ot 4, )

= (F[\.’r}u}d1 Oz

R W gy

Let z=VIk), b=lyea®

11?

Sine @u 15 afhne, and (#lyav)™" s womorphic o (13007 )5, Oylynu 15 isomorphic 4o an afbine
scheme. Herw (¥, 0v) v a scheme, ancl ¥ s immedialely wdutec, an noked above.

Hors 16 the sarne &2

Next we cefine a closedimmenion (¥, 0y) — (X, 0x). ﬁarije“/ dehne a moyphism of rngs
(Jy* LA

of o
Ky Ory —> J Ml) =

(0,5) — (NOU, (U, $+'7'>'!'WJJ d +e O+ (¥v)
an v

Gwen 0 X wedetme Zv Ox(v) — Bv(YNV) by "o ()00 = Iy (uys) = (Yo, w,s+5m)) 3
check that 7 15 & moyphism of schewmen.To ree that 77 15 locally su iechve, let ye vAU be
) (o Vzway, fe fw/%um . WzeWn/
(T) e Ox(T) Jty(1) =R (T)

If s not diffeult *
e WNY<= Y anopen neyghborhooc] and (v, +) € p(wnY
I @ sheafher oo ge Ox/f, 1t ye TV _beopen and s+ 55
LTen T s anopen nelghorhood of yn u

Glven anc

1) =(wdy, (Y,4+)).
such Hhat rall ze T, +te)= (T, s+ A(1)) Let Uﬂ =T
[ean ansume WS U, ve W) dnd foral ze1ny
U1} o nofe that
Hzy= (WY, Vi Tk :E‘].Kf?g:ggchve \fj Y, hene
=T DY AT ”jf,(r))) vy X i o clofed \mmenion
= 1:(9()

Oy) — (X% 0x) ra

Y. Se (Us) 2 (vnu, (U)ﬁ:fyf”ﬂ)

Tale g O on U= we hove o tover of U cwith the required property. Ient (v
dosed 1mmenion. The movphism O x,y —>Oyy on shlks 15 Ky followed by Py => 0%
MNote Hal when we o cAor wuk ]’%‘j we gekthe isomorphisin in (1),

Next, let f:Z—> K beamogphism of schermes with Z veduad and F(z)e V. Assume Z F0. We
claim thal Hfor all UEX, 55 (V) = Kev £S5+ Ox(v) — Oz (£7'0). Leb s K (v) be giren. Ten for all %€ £70
the following diagram commuteo:

(F(x) ——— K=

I, ]

L
Oxi (=) — E > Oz=

T

OxV) —— .(r70)

so (7, F2(9) €Ty € 92,x Jorall e £7'U'. Sothe claim pllows fom $he next Lermma :

LEMMA IF Z 1s a veduced] scheme, \/ € Z open and te @Z‘{V] 15 such that ey ke Tx c Bz for

all <&V, then f=0.
=0 HYxewnV

W?—( SPE"B- Then geymL'Hwﬂv
Fe (0. Lok xe Qe V a,5eB wih s¢ 9 Ve QR

and sowe veduce Fo e where Z = Spec B is affine,

be 5.4, H(g) = 9s € By YV9c Q. Let f& B be 4. xeDEE Q. Men by ansumpton. Yqe Dif), t(a)e 9,
so aeq Hene af i wnfomed n eve prime of B, henw stne B3 s nilpofent free, af = O. But then
alpy = O sme Flpey 5 a unit. Hettk gevmzt =0 sine xe Vv wan aib oy, we conelude that +=0-0

PROOF Lef xe V heguen xeWe Z an afline open set,
i



Hene YUEX, %(v) e Ker},’f Thuo for each x& Z Hhere 1s ct ¥irg moyphisin
yx ; @XJP@y —_— @Z-JJL
Y9

(Vs)+ %, 50 H— (;”U)ffﬁ))

~ — - / .’1‘
Lomlaned with The somorphism Oy, £p0) == Prsy) — (O ) pg — it /ﬁqmj, we gefa ving mopphsm

Bt Oy ey —> Oz

I WeXk 1sopenand s€ Ov(wny), sy
e TEW and +e Ox(T),
s sde slxay = (Y07, (T, 4+ % (1))
Thern

B (wan ) = (5T, E0)

el
we we Mis 1o defme a moyphism of schemes  (2,02)—> (Y,0v), by }eﬁ‘rng o(f;Y L Oy (WnY) — Oa(F7'W)
map s o Hu unique fethon Ay [£) with
3evmxdwnv(f) = e (9ermpms) Yxef'W

Sinie T s atlocal monphism, 7015 (e, and vonsequently o i a movphiswt of schemes. Clearly the followmng
diaguam wimmule
(XJ@X)

T
(Zﬁ@z\ -—;(’_a (¥, 8)

This morphium ol is unique since i o makon the diagram wmimuyle,

Germy «veayli) = oy (gewnei)S)
- d;"?:r(-;'}'-)
= (T H) = Pl gempns) = Germaclivay1s).

Henw we have proven -

PROPOS ITION Lot - 2— X be a o hism of schemes, Z veduwd, Y X clored and £(2)< Y. Rt the indued
reduced scheme shuctire on' Y. Then there i1 c unsiyiie Pophim o schemer z — Y moaking The
-E,Huw:rg diagram commule

\T
“o—3 X

V

(Thuvial f 2 =0).



NOTE “Closed Tmmersion" 15 a Jocal property.

LEMMA IF f* X—Y s aclosed ummenion, fen F V=3V is a1 closed immentivn for any spen Ve
—— B

PROPOS TION A mopphism of schemer 2 X—Y s « cloed mmewsion F and only f F(X) 15

closed and fov all x& X there 15 ¢ open neighborhoed V of £(x) so. FTV=a N
15 a closed tmmenion.

PROOF The Impovbnf’ yomJ wthat £ ¥:R—5S i fucm”j JM?(CJ’W\? mor}ahum e-] sheaves gud USX s
open then Yy Rly — Sy 1s Jocally s

uyectve. I L X— 7 s a clojed immenion, clear
fhat the condihon 15 sahsed. So Juppa}z Hie condihon 15 satisted, and xe X.Then the moyphism
Ovly — (£ O v 15 (BvIv) — (Flp—v)i (Ox )p-1v) which 15 [beally rmjec}wr. By a poke in
$2 f fellows fthat £ 15 a dored nmmewion. N

PROPOSITION A momphism of schemeo - X ——Y ir a closed immewion 3# and vnly i there 15 an open
vover SV Yot ¥ such thal £V ——> V' 5 a closec rmmenion, For eqeh L.

PROOF  This follows fom the previows ]Dmpﬂm!wn and the Jack thak o BOOOVS s cloged in Vi forall & Hhen
Ve —F(X) iropnin Y, hene Y- f(x) = Ui i —F(X) sopen, 50 f(x) » closed. []

NOTE ﬁ monelnsm of s heaves of vings Is locally sunjecture A s an epimoyp hism of shearer of abelion grups
H- ¢

L 5 Juechve Ra — S Ve X So o mophism F: X —— Y # a closred 1mnieinn ot Jis homeo,
Fix)u closed and for all 2c6 X the vovphism Oy, fta) — Ox,x /rjuy‘ecfrvr. (Smae § gves o
homeomovphism of X with a subspaw of Y, so (e Oxjgg== Ox= for xeX)

No7E This charadensahon metkes f clear that the composthion of two closed wnmewions is closed 1mweaion .

Let X beascheme, Z< X dosed, (2,02) ascheme and 1+ 2 —% 4 closed mmevan whose undedying
sap 5 the nclunion. Let ¢ he the kemel of #he epimorphisim of sheaves of-abelian gro4ps 1% - Ox— 2z,
5o we hare anexact sequenu

o— F— (9,————‘»1'4.(’92———30

Cleavly ¥ s a sheaf of idedls, anc Hhreve 15 an isomovphism of sheaver of vin O ¢ 2= 14Oz (This 15
induced by e mosphism from The presheaf U — Oxt/py) + e Oz,

whieh (5 a monphism of wing 5)

NOTE ¢ Isomorphism "5 alocal onpeﬂﬁ

It bllows r'mm@dfafe(j hom the characfensafion of oper mwenions that a monghism of schemen
£:x—>3 Y 1sanisomoyphism H i 5 q hemeomrophism and fx + O pex) — Ox, 3 1\
éj‘@n@u’t" -ﬁ:r all x& X _Henwe

LEMMA A monphtsm of schemen is an uomonphism . there ir anonemphy opert LoVEr $Vitiex

o F ad. FF NG > Vy K an !:amoqahum Yo, T £ X—Y s an somogehism
ot £V — NV pr allopen VS Y



T amp spaw clojures ot pomly
ave dliways wredcible, se

)(:f?‘ dimX 2‘__0_,,

LdmﬂjL =]

DEFINITION The dimnension ofa scheme X, densted cimX, ts (i dimenson as a %o;ao.foymf_;paa_ TF Z 15 an

e ducible closed subsef of X, nen the wodimension o4 Z in K, densled vodim (2, X, 15

Suprevnum of integer n suth that there eRisk a chain
e a e e Zn rwmmfznﬂmag‘ne
i X if T‘ﬂe\'ﬁ s vie u.bDH’_J

of chishnct closed ireducible subsels o X, hegimmng with Z - (1o oodim (2)X) 2. TF ¥ 15

any dused subset oF X, we dehne
wdim(} X) = nf codim (2 X)
zey

wfngns the wfimum is faken over all closed iveducible subsek o Y. IF 2" is closed and irreduc ible and
z2' < Z Men codim (2], X) 2 codim(z, X), so i this case the fuo defintwns agree. TF Y vontans no j
e all c.rve

closed 1weclucible subseds, putcodim (v, X) 4o be vndefined (in Pﬁ'ﬁhcu lard Y=g) (T wdim (Z ] =20 3
z e set wwdim(Lr) =,

s Hhe savie aa the Kyl dimenrion of
dealy @. Gonen o saloset

ancl cleavly y< v(iTy))

EXAMPLE 3.2.7 TF X = SpecA 15 en affne scheme, hen Hhe dinension of X
an

A (1,51) sme V(=)=V(@&) forany ideal 2, iF tufies Fo consider vadial

Y < SpecA (not necc. clviecl) Jet Tey)= ﬁ'PE" . Then Z(v) 5 andeal of A
We claimthal 7= V(T(Y)). Rr leF W= \(is) be clored and YS W.Then Z(w) € T(Y]_ we ma
well aasume B isvadical, © #at TV(h)=h Henu b < I(v) and consequantly - v(z(y)) € W
So if Yesclosed, V(T(Y))="Y The gpemﬁoﬂr Z(-) and V() gare:: ot @‘e'c}-wn be?‘b_‘”‘f?n cfosecl
subsets of SpecA) and vadical ideals in A Nole T(f)= A and I(spech) —wilA. 7;5 lau'echon vele e
Wcluorons. Henw ik ecsily seen that dim X =dim A, one we show Hhat undev 1015 bijechon,

mreclucible cloed sek comepond o pewne deals

wper and f bcen, (B(c)ca so
VUV((Y. Stne \((®) 1 pmeducilole, say

Lef ot be vadical and suppose V(a) s imeducile. Then # is
i spume 2R =D p2 (k) or P2() Thebis, VAE ik
V) 2V(R), Hene S =r and ben, 9 regared.

Lonvenely suppose A 1spyime. Ten \/(w) w yonemply ancl V{a)=\(kyu \r(f)@[}ga a & p2ho pzc)

Hente the wdicdls sahsfy a=7(8)=r(bc)=~(k)nv(c) = BNT (asume bt radical) - Hene a=f

ov W=C, w vequmd, Also, b Y= spech 15 closed mreducible thewe dimY = cohl T(Y) and codim (% X) =hd T(Y).

jmension avd codimension o avbrivaw scheres. O
Foous are

CauTioN 3.2.9 Be carnful mapplying e wncepts of d
wrtuthon i devived FAern workig with schiaiien of fintte fype over a frelel, wheye thene no
s an affme nteqral icheme of fuile Hpe overa Hreld R, anc|

we|-behaved. For example, f X q
< X s any closec| wreducilole subset, then (31.9#) implies Hial ciw Y+ codim (% Y) =dim X
(ansuming that X 1s £.9. R-clowain, nok justwovered by such). BuF on avibrany [even noethenan)

schemes, funny fhing can hagper.

DEFIN/TION Let S ke a scheme , and let X, be schemen over S, 1.e. schemes with movphisms 4o S We c|efine
e fubyed product of X ancl Y sver S, densted X xsY 4 be a scheme +ogether with mowhisyms
P X &Y — X and p, - X*xsY —) Y which aw apu/!back n Sch . IF X, Y ore schemes withoul
referenie fo any hage schente 5, we foke S = specZ fhen the prduct 5 X and Y, denoled x=x7
(Hhe calegoncal prod uck) 15 Hepullback K *specz Y

THEOREM 2.3 For any Huo schemes X and Y over & scheme S, he Abrecl pwdud- X %sY exwsh, anc i unigue
wp o canoncal sompEPhISH.

PRODF e ielea 15 funt 4o wonshuct pyoducks for affme schemed and then ghue. We prowecl tnseven sheps.
Stepl. Let X= SPECH and Y = SpecB, S ':SP@CR. So we are given ¥Y:R—A, Y R—B. The thom—l'

n Rig s He diagam
> A al el

R
bi— ®b

I

B—— A &b

But Spec maps wolunifs Jo fims (ree an earlier exerce) 5o the following diagram 5 pullback 1 Sch



SpuR < Spech

I

pec « Spec(A®r B)

Noke thad *he pullhack of anyhw monphisis wihs an 1nihal object (40) exish Frually, 5o Thioughoutt we may
wiwvie SF O(sine of §=0 alse X=7=0 and D%.0=0). 55

Step 2. T+ followss wmmediately form the unwvesal prduct properdy

Spec A X spoep SpecB = Spec(A @w B)

ok 1 unigue up o wilque tromonphsim,
ik exists. We woill meed this uniquenes s forthose produds alveady wishuded ar e ge afoﬂj_

(ve schemen (Ex2.(2).

Step 3 Glueng morphisiis We have alveady reen how o glue sheaver (€x 1.22) and how +o
Y, #isequivalent fo

Ste

Now we glue morphisms. If X,~ are schemes, then #o qive a moyphusm firm X
qive an cpen over flJ,*j of X, 'f'bﬂefﬁer with movphisms £ U; — Y, where Uy han fhe induied goen
subscheme shtickure, such Hhat the veonchons of f; and f 4 U 10 are The same . foreach i, j . That 15, for

afl open WeY demﬁmm

Gy(w) ———L Oxl £i~'w)

| |

Ox (§7'W) ——— Ox ("W 147"'W)

wmmul). Ciwen 56Oy (W) we define J¥( y(s) 4 be ﬁuamq/léama%m of the ;% wis). s quwen
a movphism of (MGed spaws X —> e resmchng fo f; on U T s Louily checkeed + be a monphirm of
schemen. Nele thal f $;=9)u; Y5 then the wnduwd ,;jwq{-j_

It X, 7 are schemes overa scheme S and (€ X 5 opew, then 1f 1he ]3WC|UC!' X %5 Y exuty
then p)7'(0) & X w57 s oa produck for U and Y svev S, wheve U how the corppnical simcture o

o schame over 5.
f‘f'fU) ? v

T

Arsy A

S N |

3

7

In detail, 4o show Fhat the ouler sguare ca pu”back, i+ suthes o showFhat @ s« Pu“bar_'lz, louj
pashag “This follows fom the following more general result -

LEMMA I f: X—>Y is a movphism of schemen and \/ <Y s o pen, then the fellowing dagiam is

n }mllbac}z (open refs having the cavontea) schieme shuckires and all maes canonteal)

FN Y

) l

X ——Y

F

PROOF  The wnep 77V —V i induied by £ and 1 unigue makeing the dtigiam commule. H 2—>X and 22V

mahe the diagrmm wmimale, Im (z — x) = £V 5o there 1s unique z —> #7Val 2—3f"V—X 15
z— X. S The {adw.n& of Z— X —7 u unque, W fllows that = — FV—DoV=Z"V e

f@qmmdvﬂ

(T b7V 1 emply theabore s tnual) T Parhcular d X isascheme and U,VE X are open, e square

unv —muv

1 J
v —a X

ir a pullback, where all mophisms are melusions.



Step S Leb X, be schemes over S, and leF $XiF beanopen coveving oF X | andl suppore o for-euch & the

procuct X %5 exists. Foreach ol let U‘J‘ SR *e Y be p( Ry ) where Xij = X XJ :

Uy ———> X0 %

! 1

BT omeee o

| | ex

7’—————%3"—/

Then the ouder square 15 a pmducl' Fr Xij and Y over S. By The umquensas of pullbacle there are womovphims
‘f,-j 3 Ulj — Uj" for each i,)‘ wiique m&ﬁzmgﬂmj‘oﬂuwmj q’mgmm cormmunle :

D S
[N, S, ,
e S N

Aj

\ AN S

7 5

We now vake some obsewvations abouf fhe Vj. Te bheqin with, let LR be gren ancl pensider the ﬁl]bwmﬂ

dmgram:
Y — &
l UJnUIh 5 ‘ 5 X:}
l
X KsY J y %o z

S i L

Here X;,j-k =i X OXk , o the faws aveall pm'nlbac'h,s, exwptfor the Jop and forward ones, and
Us N Ui —> Xige 15 indued viet These pullbachs, so thak He cybe commuted. S tie e cain padle pullbacks,
ﬂnJe square formed by the leff and boﬂ!;m facen 15 a pullback . [Hewe w he diag voim

Yy — > Xy — X4
e 1 @ |
N Ul X[jh s

The outer and nght hand squares ave both pull backs. Hene alss s the left hand rquore T - Now form
the dlagram

% Uj;’\}x;

s i
U.J -

\ SO \
\’
J

32 0 L S v ¥

Again panting pullbacus shows that tae ler hand square wsa pultbacl, and i+ follows 'mmdiqfel\kj’n‘m"
T (Vi N Vi) = Ui N V.



Nextwe havedo show fhat i = i < Fy on Uy Ui, Consider the following diagram :

Tn fhis diageam all squaver vormie, many are pullhachs, and wewe thee pullbacks + show that

T ]u.J-num = Yelyinyn © Fjlognue 0
In (|J3u'e

3 U ave o Pbﬂlbar_}‘f- it subin o show the b qu

Sine UkjNi;— ik and Ukj N Uk
The same moyphiem 0N composidenn wifh these Five imophii <.

To do this we wre e fackHab Uk — Kjk, Ui —3 R *57 and Xexs Y2 X, Xexs¥ =27 are alro pullbachs
Fx 2.12) We oblan a scherme

We are riow 11 q posthoen Fo glue” Yhe schemen X; %57 via the iso wovphisms )’L,.}. [
Xk which we daim 1s ¢ productfer X and Y sver € The Pm'cr}wn wovphsms p, and y= are detvred by Emema
ihe Pw)jzchﬂm from the prews X, %5 Y (Step 2). Tue Fudk Huat thzse movphisms are 3|u.eq'b\e U o ponsequen e e

e commudacly of (©).
Xi Xs ¥




1+ ollows thar for each 3 the following diagram commulen (exapt possibly for @)
/’//,_\_,
f=

X;Xs‘f’i_) Xwy ———=3Y

| o |
Ay s

Stne o movphism of schemes is defermined by P verhnchonsto a e, Fllows that @ wmmuler, sine fhe
Yo(Xi %sY) cover X %5 ).

Next we show that Xxs¥ s a pullback. Fntwe show wiqueness. Suppwe 49 - 2 —> X s ¥ are s).ops F=sz
B F”r = pi9. The fac’r hal the wvene l'mo.ge of XD' uvider XJ- #*s¥— XJ' 5 UJ" means that for all ¢ =
P Xy = ¥ (% x5 Y). Henie Jeb

Qi= T R(KNY) = j" 5‘1-[;(,- Xs 7)
Then there ave unique fi,9;: Qi —> % %s 7 maleing the following diagram commute
Q ey, iy o
3i ¥ \
l { J‘ l P2
et o Y

4

Py

,
//x" i

X —

Usin f‘fleﬁlci'ﬂlcff X, xs Y s e pullbach aned K — X s a monomophism we sec Fhot _,C;—-.:ﬂ;_ Hene £lei=glo:
But ’?he R over Z, rot follows that ch'j e @urmcf.

Nowﬁf the ex.'s}enaparf. Let Z be a scheme and F-2—%, Jd: z—Y mcqﬂh!.fWI D‘F— xcheaei eved 5,
RrieTlet F7' %X =2, Then 2, —2 K and 2; — 2 — Y indue &y Z; e mmhmj

— 3 A

e
Y

<e——Ne—— N
~
N
Me— X e — K

[\? | !

Ustng the uniqueness proved above, 1 15 aoF hard fo checle hat Oilzina; = Oylzinz; Sine Y 25 wover 2,
ure r.aﬂﬁlbie ©, #o form e movphism G Z—> X% Y. Using a diagram simiender (2] € o Pk
(PO, = Flz; and (Fzﬁ)z.’ = 9fz; Vi Henw p, 0 ={ cind p2® =9, ar requiived. Simee wve have G«Iveqdj
cheched umgquenens, thir mek""e" The Pma! it Ko Fis il

Step &6 We kenow from Sep | that if X, 7, § ave all affne, then X %: exirls. Thup uging Shep 5 we it
ml{ e q#m;z 5 Pmdmk CIX\S'IT‘ Using Skp 5 agam, wiHt X and Y e aﬂged', wee Find that Hhe

prod L e xists a%ramy X and amy ¥ overan affine S

step 7 Given avbibary XYy S leb g: X—=S and v Y —=S be the qiven monphisms . LeF 5; be an affine
P s o) S rT-JS,' and Ve -1S;. Then by j‘-}eP 6, X *5:Y; exists. Nole that s
same schene 15 a procluct for Xi and Y ovev S. Tndeed, given e e
fe image of q ot land mavde Yy, Thus, waing Hhe fack thal opetr urmies\oasare monnmovphumﬁmm
see Mgk X; x5 Y exisks forecud v, and one move appllcaon: of Jiep-Sgns Ve TG AL g
Hie proof - (]



NOTE  Glueng morphisms

/msum T woy;emph_,}

Leb %,7 be schemes, fUE} an open ovey of X. There s a bijechon befueen mophisms X —Y and
tollections of mophims Uy —>Y which " agree " on 0 Uj In Shp 3 of the previvun proof we defined what upe
mecin by "agwe” Guf-there 15 a more elegant way. TF VS X sopen and £: X—3Y e composihon U—> Ko
15 dehned 4o be Yhe reatnchon £y. 5o ?\_ Uy —Y agree off. or-';u,»fr_;- £ ,fumuj V":J» That 15, U;(‘JUJ-—ﬂ V== 7=
V;ﬁUJ' — [{)—il——)"f \'it‘bl So f/h-C 3,M2|ﬂlj Pﬂ}per}‘ﬂ ] 2

LE_rjﬂﬂ Let X, Y be schemes, fo} aneiemply cover of X If freach ¢ flreve 11 a mo;phum T
j’."' U;—2Y and f the cl[qamn\

e SO

e

u.
J &

ommuler for all i there is a unique  morphism of schemes f-x—2Y with #he propevty that

U —a X
N
+
commuler for all 5.

LEMMA TF -fj X—=7 are mophains o schemesr and Ui} 15 a nonempty open wover oF X, ancl if
fli= jrw. Vi, then f$3

NODTE Open Iwmmersions are [onomorphisms

TF X s« scheme and ) s an open subset, the mophism U—> X s a monvmoyim 1 Sch . An open
Ymmenon s a momphism £: X — Y whore fmage s open and for which the indued mephism X — (F(X), ®+)eea)
5 an somovphism of schemen. se & 1s obviows that £ 15 & ipornomophisim.

NOTE (losec Tmmewions are Monomopghisms

Lek £:X—7 beacloged mmenion, gl 2—>X and suppore f9 =Fh. Sine f s mjechre, the s
andevlying maps of g,h ave the same, and {:7 = #h shows that  (fe j#);f’?‘*;— (e b% ) f%# By a:;fwn?pﬁﬂﬂ £
5 a locally sunectwe mouphsm of shearss of abelian growps, hienw an eps monphm, so fu g% = fi b ™ Buf f is
& homeomovphism onte i< smuge, s g# = )y % Heme £ 15 a wienomo phism.

NOTE  Dimension for Noefhenan spaLes

Let Y= X be anovemply closed subsel of-a noethenan space X. lek Y=YV UV he Hre imreducible
meomewb of Y. Then c\eav'(tfl wodim (Y XY 15 dehned and wn fack

codim (¥, = min{ wdim (Y, XY, . - -y codim (Yn, XY



NOTES

Let f: X—3 3 anc j: Y—>5 be schemen suver ‘S; and suppose J{X) and 9 {y) ave both mn*}'amed
m on open sef Ve S Men Fhere dre mdued mophisms X— Y and v— /-

Xxs Y > X

|

y —— s

\T\QV

15 not difficult fo check, sme N\t —s S 15 monic, Fhat Y oudside square s alio a pullback . Hene
Y xsY = K %v V.

© Ler F:X—35, 9-Y— S be scheme over S, USX and WY open. Lekp, X %5 Y — X and
i X¥%sY — Y beguen . lonsider

PV AW —— p U —— U

Sine all thee squares are pull badks, the ouler squave s a Pullback, so prlUNPTIW = W oxs U.
O TF X = Spec:q, Y =5SpecB and Z= SpecR, avd F X—=2and¥—2 are gwen, Spec(ﬁ'fggB} Is
the pullbacke of X -— 2, ¥—2Z 11 the nahyral way (.2 the following wimmulen ond vutev s quare s pullbade )

Spec(A ®@= BY —— SpecA = XK

|

szc B ——> Spack
YA

|12
y_________=2

So the PM'I'IB(AC}Z 0{' ﬂﬂim schemen s aﬁfme_ (over an o(fﬁm ;chQW‘“)

L, N7 art open and e image

O Stad with a pullbach of schemen (on the 12H) and avsume V'€ Y/,
2) Vs wontamed 1 /. Then the imagemﬁ ~v! oy contemed v £\ gnd standard reevtlfs o pullbachs
show that the suter Jqueire omﬂunghl’ 15 luu“lgack { O3 ouler and T = 1)
5“‘\/’,_ p
/’ 3 /
K \'x‘ g a
| | 1L
~ X —Y
———N Vi J /‘ \
3V

$7v



NOTE PFroducls are Local

—

LEMMA Lek 9 X — be mowphiims of schemen. suppose that there 15 anopen cover [V} of Y juch
" ha) £V = g7\t forall ot and the mdued moyhisms of scheme)

}J}"V.,( - F’IV"( — Vx«

3]3"\/@\ E 3~|‘\."o( —3 Vx

comcide. Then =4

!ﬁo_ﬂ_{: IJL Ifd?ﬂf?%df’ fhe l’/fﬂdﬁ’i/iyfﬂy /s tDnL JJ? munt be;‘}zelram?_ LQ}" VEY be open), Se (9‘/(\/).%2”—

The open sefr £ (VW) wver £7'V and

#*
JC#[‘) )r-tvavey = F vava (Slvava)

5
- (HF"W)MW (slvave)
= {3]{"\&)%0\/{,‘[;}\/{“/4)
= j%fs)lp"(vﬂw]

Henw f =g, @0 requived. ]

proPosiTION (EGAT 3.2.62) Suppore there 1s « commutatve diagram cf schemen

P
2 D X

T !
Y ——5

And that Fhere are open covers U of X and {VaT ok Y such dhat f Wan = 77U« D q7'Va
then. Waa with the mduwed momphising Waxn — Ux, War —> Va 15 a producd of scthemen over
S for all &N Then (1) 15 a pmduck of schema over <.

PROOF If ertherol X,¥ 15 zew, 5005 2, and (1) 15 davially a pullback. Soswppore X7 4 ¢ and e covers

jual fVaY ave nonempty Finbwe show wnque ieas of factonsation. Suppore fi, f; + T—> Z are
wonahisms of Jehewen with pfy = pf., 94 =qF. . Then

S (W) = §7(p70 NV )

= (pl)" Y N(95)" W
(pha) U ) (9F2)" 'V = L7 (Wad)

The Wah Cfé’a'i’f‘j LOVEFr Z/ ot chf%LrM o show J;}F-L are é’quﬂ,ﬁ' when reohacted Jo W=2 . Lovsiclor:

/J}"(WM] \
T i Wah —— Usx

N,

l/v\l
s

A

S

Sine by wmmpﬁun Waoch —3 Uety Waa—> Va i apullbacle, one checks eanily that F=5 Hem =4, m

clamed.



Now let moyphisms  g- T—= X, h:T—=Y he qven makng commutahve diagram wih X —s s,
Y 5. Let Tan = 97U OV W7V Sines by ansumphion. Wan = U Xs Va we'get acommulatire
ddgram:
Tan
Fan
T4 \
T Wod — > Va

\Q\P»/
AvaN

where oy = Tun — Wad 1 mduwed by the matachons of g, h. The Tax are on open cover of T, avid se
9o wmplete the Pmo{ ,,Ljuff((m%pjhow Lar and ,Clg/u gomcde orne Twa N Tpm-

Td?\nTﬁﬁ
J I\/Tf’/"‘
, ¥ -
NN [ e 8
Tan
———a—v-’_ﬂ
—b’ z ﬁ;_P___a =1 (2)

T4 suthies o show  Tan ) Teu — Tpp — Z = Ter NTpp — Tad — Z agree when o mpose d with

pcmdﬂ. Bak by defnthon o fan — Tun—3 T—F3 Y, pfun = Taa—> T 225 %, and similarly for

fa, s0 At claim follows smmedialely fom (2) anal the fock that T commutker. This wmpleles the proot - [



NOTE The Graph of a Morphism

DEFINITION [ ot FiX—Y bea mmyhum of schemenr over o selerme S. The 3mgh of £, denofed Iz,

s the moyphiim 77 : x > X *sY which ques Ix, F apon Lomposing with #he fin) and
sevond  puojechons respectvely.

8 dedinihon Ty 55 a orehacton and hence a yronomeph)im.

LEMMA Let f be o moyphism of schemer X—>s Y over s. Then the ﬁJHuwmﬂ chagem s
A pullback - ;

X .

Te A (1)

K¥sY 5 VY
Fx|

PROOF Donote the pwjechons fiom X% Y by piej verp. and the projectuns fom Yxi by pz,9..
Then

FZ_A.F: -F 7-’51|T1.F =
Plfx ) T}

I

wOf= f F P

= Pz(Fx")T;ﬂ

So (1) at leant commuter. Now jappore T 15 g sehewe and a: T—> Xxs7, b:T— Y art =l
Do= (fxi)a-lel c:T— X be ¢ = pa. Sme Ty s monic f subhas #o show Tpe =a
angd fc=b. Buf

pTpe = ¢ and pra=c

PoTec = pTEpd = Fpa = pa(fx)a

. , = _ f:ﬁb=
- Pdb = baguxa=pa L 8ERS o

Hene Trec=a. Also Fe= fpia=b, 50 weare donﬂ.g



ot Let R(Y) befhe reridue

_D_E_ELM Let f: Xx—Y bea momhirm of schemen, and Mye)f la{ap
TMen we clefine the filre

feld of y, and Speck(y) — Y be the natural movphism (Eac 7.7)
of the moyphisim Fover the rmmf‘g +o loe Hie sche e

)(j = Y Xy Speck{v)
l%

)

.szecla(fﬂ — Y

The fibve Xy it a seheme ovev [R(4), and me caqn show that ik undevlying fopological spae s
homeomouphic 4o the subiset £ ~'(y) of X . (Ex 3.I0).

The nohwn of @ fbre of @ moyghisim allows uns regavel a wioyphism an a family of schemer (namely s rbisy)
pavametised by the ponls of fhe image scheme . tonvenely, This notion of family 15 a good way of making
sense of the idea ot ot {—’qm[ly of schemen vawin algebrmcally. Fer example, given a cchieme “Xo over a
Feld Iz, we defire i -fawh‘hj of deformedhons of g(u o be a wiophum £: X — Y with ¥ tonnected, f-tyaf‘her
with a pmm‘ﬂae Yol R(ge) =k and Xy, = Xeo with vespect o this iso of frelels T-e,

XD%X‘&Q% 500

i

J

Spec R = Speck(¥s) —— y

tomvnutes. e oftier frbres Xj of £ are called deformatons of Xa.

An ml’emﬁnﬂ laind of family awnses when we have o rcheme ovev SpecZ. Tn this case, faking the fikre pver
the generic f:mm‘ wes a selfeme Xao Vel @, whie Taking the filve over oi closed pomt, orverponding to o
pritne nuwber p,’ quer a scheme Xp over Fp. We say thal Xp anser hy reduchon mod p of fhe rcheine X,

Anvther Imgmhm} opplicdwn of filbved prclucks is % the nohon of base extension. Let S be a frxec] scheme
which we MR of ar a base scheme, wieamng hat we ore inJerefed 1n fhe calegorny of schermen over 5. for
example, fhink of <= Speck, where 1z Is q freld. IF $'is anofhev bease scheme, and f §'—> S e o mophisim,
then for any scheme X cuer S, we lef X' = K %s s’ whichiwill be a schee over S’ s actually definesa
functor Sch Js — Sch [s'. We say that X' s obfamed from X by wiaking a bove exfension. s'—— S R
ev(c«mple, think of 57 — Speck’ where 7 15 an extension field of k. Neofe, by the way, that bewe exfenisionr
Is a hansifive operafion . f s"— 5°—3 § arve fuo wmovphisms, then (X xs ') X5, 5" = X *s 5" sime You

con Pmi-c pui!bac}z:.

This hes in with a general philosophy, emphonired by Grthendiede in EGA, that one should by fodevelbp all
tovitepts of algebiaic geometny 1n a relatwe context. Tnstecc of always wovking over a frred beve Aeld, end
tonsiclering prepevhes of ene vanehy ol a fime, ovie hould wnsider a mophism of schemren Xy (O
and shaely prop evhes of the mophitm. I+ Hen bewmer imvipovtant fo study e behavisur of properhen of
£ undev bove extension, and in parhicular, to velate propeviea of [ fo propeyhes of the febuveo of L For
example, f £: X — S 1c a momphisn of finile fype, ancl if $7—3 € 1s ciny bage extension, then f': X'— s’
5 also a woplsm of finite fype, where X'= X +s 5. Hene we say the pmper}y of a womphisim £ )ﬂflrg
of finite type 15 shable vinder baoe extension. On the othe v hancl, if for exctmple "X — § 1ra moyphisi o
nteqra] schemes, the fibey of f may?;nerfber ineduci ble nov reduvted. Se the pmpm‘y of a schenme bemj
wniegral 15 not shable uncler bewe extension.

EXAMPLE 2.3.1 Lelk loe awal'gelaralcuilg closed feld,
K= Spe« \1[9‘15;’(]/( +y —x*)

Y = Spec R[t]

Leb $:X—>Y be He mopahum defermined by R —> RIWITI] 1y _x0) Men X and Y arve mtegral schemen
of fnike dpe over R (g2 15 med. by Eisenstein, heite 190> by e Proj. closure prack). We (lenhfy Y closed poin
of Y with elewmevlr of R vie a e M= (+-0),



[ s 1ne
1§ Z=specA 15 an affine scheme and e Spech, then e wophism of schemes Spec k(B) —> Spech
ausing from Eaxc 2.7 15 m fack the moyphism wirgponding 4o A —; = (3) given by

A——Ap ——> Prfy, = kin)

1\l -

0., — 822
m

T e cape wheve 171 is marimal, Am inher = Al and hene R{m)=Afm. 5 there 15 a vommuledue

chaﬂmm of sthemes
SPf,ch(’m) ————> Spech

W /

Son forming the fibre Zo we com pullback along SpecAfm — SpecA ancl get a schewe 1somonphic o
The fibee defried by speck(tn)—> SpecA.

Next we e xamme e fhers of £ X —> Y. Let M, beadosed point of Y. The fihre Xo 15 Fhe pullbade of

Spec kf"ﬁﬁ]/ 4y —x4)

k(43

i L 5 Speck[t]
Spec (+—=)

5[!’](9. jpg_( wIap s UJJWVHJT 1o (lmn'y) Xo» Is ﬁ’u JPECMM Ul" e PMﬂhO”’l’ 0{
e - T s
o7 R € H"""”/(Jrj -’ P4 = 4+ (hy-x2)

o M oy ~x2)
v o Y =+ + (b-a)
< © i3

et RUT gy

T (G-a)

We claim that (091 /(ay-x2Y Fogether with © = kDT [y —ay—> RI3) (ay—22), ©": kL2911 /(hy =2y —>
[4)=Y, ©'(+) = e s sucha pwhout. TF clea‘rhj

l2 {47 s dehmz_c[ by G(+) =a and /=)=, B
Lo /(“9 %) 3 ! d g, g worphsms 2 bewn) a h_v-qlgdam and € €&’

makes the gbove diag@m commule, and it Z i a ving an
woevphirms of k-algzbray. Define M (x + (ay-22V) = &7 (2 + (y—x2), Y(x+ (ay—*N=€ (4 + (y-223) (wng
s k- algebim chuchre on Z gwen by €'F). Th s clear thob Y 1 vnque. Henle
Y (xY]
= S T
Xeo pec Tyt

For a0 Xa 13 the plane cuwe ay— > n Ny which s an wreducible, veduced cune. (That s, Rets
an wedacole redu@d) schewne of dimension |. I+ 1s wreducible, vedued sine 1 tnlegral, ( oy —x2) 15 pyime, and o
dimXa = dmkl®3]/ (ay-x2) = dimY wheve ¥ = Z(ay —x2). We lznow from ch.\ WG{;C"‘."'”Y':'/}:":'“\'{“"
i " whlc

But Jor a = O, ¥he fibre Xo 15 Fe nonredund Schieme qien by x*= 0 n Ne Tz we R

wiost WEW\I:JPK! e \mgdutcfb\{ cuned, but one 1s ﬂbhf‘cg\/\(ﬂ.d_ 15 show hew nunredmazd sehemes o ceur na%r;:m”y)
everLan one Inis anaV"lijb‘Mwe,aied n vanehes. We can say that te nonreduted scherme 22= 0 i [Fe g
& defovnoton of e meductble parakels ay =x2pa—>0 (fe= Fg 7.0 Havkhone) .

EXAMPLE 232 Swwilady , f X = Speck[794] [ (xy—t), we gek a fumily whose genewal member Xa s an
el Tpethola y = &, when o O, whese specal member K. e reduicible scheme woisshrng o

o ltnes.

1)



NOTE Flbers

Leb LiX— Y he a movphism, Y €Y. The mowhism SPeCF:‘(H) 3 uf B DT fMCﬁAa”y the

compsite
SPec\z[‘J\J——a Spec Qv,j —3 7

Sine both maps agree on poinds and have Fhe same Jocail mcf;. By defnrtion Fhe frbre of ,L’a.tj s
Xy = X*¥ SpecR(Y). We have shown 1n ouv ALM viofeo thod £ P: A—3 B 15 ampiphim of
vibgs and £ A prime, By denohng (A—1)7'B hen Bp/ppy, = klw) 64 B mn such 4 way that

e follewing cornmulen:

But Spec (BF/pBy) —> SpecB qives « homeomopphism of Spec (Bt [pBy) with the subspate
19 e.fpech yf'o’ ='F’} of SpecB. Hene the camnical ving mogohism 8 —> R @B givee vse
whitch & ¢ homeoioyr s m onh the Jub:jpa“ §H'F’ of Spec B, where

to Spec (ki) o B) —> SpecB
B SpecB—2 Speu”f 15 mdviced by b 4

PROPOSITION Let £:X—=Y beawmovphism ef scheme, ye Y and suppore we hate a Ful]bach

IR

Speckl) ——— 4
1

Z’I:{e’;;’l;a ;‘n‘;'a:gu;g-mo¢hum of s pacen J"' Xj—ax s @ homeemorphism of xj with the

PROOF [ommua’m'mafy of (1) shows Fhat J[‘Xg} £ £7Y, 10 o only remains fo show Yhat )7 Xy — ,c"j "
a Momeomgrphljm. But being a homeomonehism Is a fuumlpmperf% 10 14 Juftren o show Fhere 15
an open wverof £7'Y £.1. the reafncton of |7 15 a t1omeomorphsm on even) olerment of +the cover
So rt sufhus o find an open cover Suit of £7'yn X (Ui epen, £~l9 < Ui Ui ) s.b. for each =z,

Sy V. lef xef~'y begiven, V= Spech an

Jl_‘ y; — Ui s« hDMFCMO}}Ohum C’LJ-|Ui- with Je
athve open neighborhooel of y and U= SpecB an affme cpen nelqlrhorwd o] x cortaimed m £V,
U= spechln) X specpr SPecB = Spec( ki) ®4B) -

Th?nj" V= Sreckfﬂ) Xy
o spec( kip) éa B)

e Lok i
P Y

/]

SpecRlY) —— Y

speck () {-_____\__)%E_Y;Spe(ﬁ

s discwnsed  Spec(R(P) & B) —> Spec B is 4 homeamoiphism on the image of
eSrecﬂ tomrenpondsto Y € V. Feve R(p)=M[10Ap = kly) via B9 ==§'A7g\

and N —U 8a \

£~y DV in SpecB, ancl
One chechs he diagram wimpraten

meomorphism onde £~ 'y MU, an required. 7]



NOTE  Open Tnmenions of Affine Schemes

let Abeaving, sS<Aa muH—;icahveJﬂ closed set (5o 1€S) L Wesay S s sahwated if whepever s€ 5 awd QGA}
dvides s, then abo de 5. 3£ S 1s muthpheoheely dlosed Jef T={aeh | a duder an eleynent of 5f.Then T1s a saturaled
Mu}%}?}nw‘hmlj dosecl set. 1f K 1 prime +hen ,F(]g = ¢ \ff. WG”T:S&

LEMMA TF S s amulhpheatvely cloed e with sabwahor T, s7A =T7A.

PROOF gt Y= sT'A—>T"A, Y(9ls) =5 be he v mopphism ndued bﬂ the fackthat ST Then X (%)s) = O
meuns theve 316 T wilh ta =0_ Bat there s meA 5. +Me S, S0 (4m)ci= O imples afs =0 n S™'A. Henu
t s mJ‘c,chwe. F a4 e T 'Aand fmes fhen 9fy =m )1, =¥ (% J3m) s0 15 an 1somorphism . ]

d
J a sqdwate

LEMMA [eF S be mulhp l:ca{-we]d dored ancl suppose )= { p|pAs= ;zﬁ} 15 open w1 JpecA. Then S 15
the samrahon of 11,9,9%,..- } for some ge A.

PROOF If U= @ Hen OC S and here S =74, s0 5 15the sabarahon of 008§ Othevwse ler g€ A be s 1.
P(gy< . Lel 33 =377 Towe T “S€ Tq, suppose se S wrth s¢ Tg That 15,
The deal (5) cloes not meet Sq . A wn'i'ammj ) but with v]n% = 75
Tow g ¢ q of 7 €D(@BIFMen qeUed q05= ¢ 5 aonhmdicnon—+lene s < Tg. In fhe sther
dvrechon, : ;




NOTE

Let £:X—> be a nohis of schemes and V= SpecB an affne open subset of Y wlh on affute open wover
;,l\/____ U_j UJ . UJ = SPchqJ'_ Le‘} j')'"/ 9m be e%em@rﬁs DF B sd.V = U 9(93)

\ V=Spec B

Let Iy € A; he the image of g under B= Oy (V) — On(P~V) — Ox(1)= ). Then £7'D(g)= X where
3 = mage g m Ox(£-'V) and D(vj) wnwesponds fo £7'D(3) /] - Hewne f"p(qj) I5 Lovered }:ﬁ Spec (Aj )k .



EXERCSES 43

Q3] Let £:X—Y be amomphism of schemer. We claim that £ (5 Iom\iy of finile fype ifand only iF for

ovew open affne subsel \/ = SpecB of VSV can be vovered by open affine subsebs u;, = Spechy
where each A 15afwikely generated B-algebi,

The stated wndihon 1s dearly sufficien). Fo sec thak 19 15 alro necessony, fek V= SpecB b

Y gwen, and suppose
F locaﬂﬂ of flmj-e:fype. Let Y= U;W, be Wi = SpecBi open afﬁne coverof Vs gvewy £ 7' W: oo the
necersawf property. Let xe 'V be guenanc find 1 s J. xe £ Wi Lek Uy = £ be one of The affine
opews vering £ Wi with eV,

#)

Stne VAW, 15 open fhere ;s be® s.d. D(b) < VAW, and FL=)€ D(E) Then F£7'd(b)< £ VOF Wy P
° F£7'D¥) N Vi vepen and smie Ui s affipe, sa

U" = § qu' - 5 ) = —1 e
We Medrﬂ?eﬁs”l?wmj hzw a‘ﬂebmlf 3%(0;.1'—' H [ PEC J| m?’l"& i CC A\;j S—J- D()u— ‘F D{b} nU,J

@ IFowmg Asa ﬁmfe}y enerated R-algeha, say A= Riay...,an], then
7%"6\?13' -Fé}'-}, A‘F 5 also ﬁy]:f&f‘ljl jgm'em'f?o{ ar an R—q’g?biﬂ, sme Af= RIQK.}..TG”U ’/,f‘l

@ Let B3 be aving, feB and B—>Bf E—D C mowhusms of vings, T via
bo, Cis w ﬂmff.'g—jewemkd Br- ﬂﬂjﬁ‘bmm then < 15 2 ﬁmfely jen@vﬂf'ec’ B—ﬂljebm,
e Iif € = SFZC(,-“,-O;] ten C = 5[ Tfr/-FL Copony C“"]_

Sine D(e) < £7'V i an open affne neig

hlorhood of x mn £-1\, tf only remauns do diow  Ox (D) 15 a f.
@Y(V)—a‘.jebm.ﬁj wmsamphon &"(Dﬂ) x safq

safg Oy(w;)-algebm, soby (), D(c) 5edg. @y (W) qlgeh?ﬁ via
Oy(Wi) — B« £'W:) — Ox(0())

Oy (W) —= Ox(WiNV) —s Ox [ £7(winv)) — @x (00

= Ov(Wi) — @v( D)) — Ox(£'D(b)) —> Ox(D(c))

Lt follows that Ox(D(0) 15 a £.9. By (D(k)) algebro.. THhllows fom (2) that Ox(p(e)) i o 3. Oy (v)-algebra
Via 8y (V)= By (D(E) — O (£ Db)) — Ox(20) = Oy(v) —0y (V) —> Oy (p()), a2 vequived.

Jf (q”uw ev‘ﬂply covevs or ek, i ohkes vo olifference )

@ /4 H’IOVrJ}fUI’YJ JC" X*—ﬂ‘*y Dnl schemed s ﬂum{—mmgad' |F there s a cwover g{ N by open aﬁflﬂw Vo &k F"V{
1S quenj-ompact freach i. We claim ot £ 15 quani-compact 1. for evel) open afhne sulbet <, £7' Vis
ﬁwmi—mmpmcl. (Equiv. <vey Y& ha open atfine neigh. \/ s L1V 15 g.c.) 2 we onsai only \'q.c. m(w ;

FEOY(WI

Le! an affine open subset \/ <7 be quen (msfack, #+ sufhus o assume v?um{-wmpqcf and leb V'—_— UiD(F;) be some i,
afinile over of V by DIf)..y Dlfn) TF7=0ilWr 5 the wver by open affines wi £y quaau—t?mpml'ﬁr

all 1, +hen we an aivange foreach D(F;) o be wontained in some W, S1ice F- Vs overed by £7'D(f7) and

the finde union of 1Uckni=Ompa ot seks i 7ucwifoompm£ W} oufhiesdo sho Halk £ 7 DIE) 15 7umi-mmpac%7€r
all €.
F [P

b4

Je Oy(wi) = B
Wi = Spec B




Let £he some fj and gay D(F) < W;. Lot Fe Ox (P W) bﬂ‘fﬂiimqy J £ Then £-"00)— Xg. Smmbﬂ
ansamphon ' W; s quasi—compach, theve s a finite affme open cover Ui, ., Usn o W;. By Ex 2.16 a) for
ek ke, XEN Uik 15 open affme Flene Xp iscorered by a ke number OFC{mam'» wmpad—opanfefr,
pelisdug quaﬂi~wmpac4,aa requm?d, NOTE /ny wogphisim ouf of a noethienan scremie s quow (- compact.

@33) () We claim Hhat o mosphism f: X— s of fuk fype if and only 1tk 1s locally ~F fniefype and
ﬂl'ucwi—wmpac‘r.
TP L osof ﬁmff,/ype Thewn 1# rfdeqry of lecally fnke ype and %mu'—wmpad_ The convewe follows fism Ex3.2.

(k) T# Follows fom 3. and 3.2 that a wogphiem £+ K—>7 s of finile #ype #cmc| ouly if for evew open
atfine jubsel v = SpecB of ¥ #7'V can be woverec] by a file number of open a ﬂj’@ ” =—-f;§i4j’; e

each A lj 5 fmlely - 9enmz}€d B- a)yci?m.

() Lot X beascheme, (SV hw openaffine subsehs. sa US SpecA, V = S pecB. IFj'eB s such Hhat
p@Y= U fhen DP(9) wrvenpondah the open set D $(2)) of Spec A, where ¥: B — A s mdued by UsV
s s aveny waefu fact.

Let > X =Y ho a movphum of schemer lecally of finife fype ancl suppose V< Y 15 open cifhre and
Ve £7'V & open affwe. We claim thatif V= Sypec B, UZ $ech then A 1 afg. B—algebra. Ry 3.1
£ 15 covered by open affine rels W; = SpecC+ with each Ci a {.9. B—dh}ebm. letze V) :Oeg.mf\
and find 5.0 xe WiNU. Let hed be such that xe Dn) € Wy NU. Ther 0(h) = Spec (€i )y and
() 5adqg- :B'c;]ﬂebm  Now let ke besd D(E)e p(h) Ry Hhe dbore comment pw) prnocfS i
p(k) e SP‘" (Ci Y for sorIC R' €€k, &rd 70 A i a J.g_ B—oqlgfbrq. Sin@ % waw avb:b‘ag and U .
qmmf—wmpacf we can cover Specht by ’ﬁmklﬂ prany Dihi) s Ry len 32:16;64}% e untt 1deal w A
and tach Amr; 154 J.fj, B-algeéna. Sowe Mave reduted 45 the followg algebra pioblem:

LEMMA Let £ hea B-algebr and k. - kne A elementz delerhing Fhe unt ideal, with the mpefl-j
fhak Ak; 15 a 1(3 B -algelom foralli. Then A 15 a 1.9 F-a lge .

Piclegeniemtoes €y Cizyooo ) Gty for Ars over B. Then wocehi ¢ hao e foem 21j ) ;"
fov some a;J'eH {Hl’lfﬂ ﬁmfei’ymarfy lz; we can aasunie n ﬁ;{gcl),we claim the {qu } iisn, 5SJS€I
Yeverate Aan a g-algebra. Pick ae A and le} §: = A— Ai be canonical. Suppose

o T

PROOF

g1t = plcs. ,Gey |NO. START AGHIN |

whare P15 a polynomal with weffuenk m B Cleavg demomimators we have =

—

Ley hy-shaeA bes Iohik; =1 Poveach i Pu:lf?_(jer)era‘blff Cilyemey Cri Hof Pr; over B

Eadh ¢ij Vg 1he form &fg'/l'»z,‘" for aD'cﬂ and >0 fwedrall . Let

FRODF
Fie= {qU}nsian\sjsﬁ U"l‘“‘f”'}hnﬁs U 'Um_,.,., kn}

we claim that F genevaler A an a Bféafﬂebml let A'= BIF] be the B*Juba[gebm of ﬂrgmem]fd
loj F, and let aeA be 31\'191‘1. Then in Ale; we WNave
&f, = plciy.--; Cies)

v o Foignumml Pwl‘H’) wethcrers in B. Clearing depommators urel hans)atng back ko A
we frnd
k;Va = qi(an,..,, aieq, ki)

where q hon wethicents m B, and we “car imahe N [age enow h Ju woile forall ©. Hene
riNa e A' forall . Stne 4 i belong to A, (ki genevale the wart1dedl w A ond Fhun
-W;eve are cie A wrkh Seiley ™ | bon:{C{mn%—\\j

a= ScikiM e A’

m vequired . ]

ARY hism f: SpecB —3Spech of affine schemen is locally of-#nile fype 1f and onl’j of
s LAY, fmmpli o ej::em’red A-dlgebra va. A—> B . Henu f—u‘?w morphisms of afhne schemen

lel
?ai;lﬁyfﬁ Irﬁm?kafype > fnile fype (alo hure for X2 specA lemd of afbre sclieimes )



N

Lot [+ X— be a fnde moyphism of schemey and leb \/ = specA he an affne open rubset of ¥
Ne claim that £V s an affine epen sulwet of X with FTV=SpecR and B a 19‘ A-module.
(equv @ (7 "V)i afg. Oy (v)-medule)

Let fW«} be & non?mp@ open wover of Y bj open afhnes Wk = Spec A sd. £7 x = SpacBa ﬁ"‘lvc-jv

O ~module Bw. Por x& \/ find anindex & and qefa sd. xe DI Wx)V Then find 3'64 with
x¢D(9') & D(I). Teincdwion D(3) —> V IY(C?\JW)CA ring movphism ¥ 4 — [A<)g and D(3')
wmeappido o D(Y (9')) € Spec (A)y, and thun 1f we put ¥(4') = /g~ theoper et D(3') ¢ Wal/
torverponds fo D(ag) = Spec Ax. e whu;’ej:om#be/r}% Fhat e vieed| cin” opent neighbovhood o} x which 15
chfhﬂgwred for both Wa and V. Swe £ 7' We 15 affirze, £7'D(g*) w affne , equalfo Spec [ Bx)p serve € Bu.
Let 37 e Ox(# “\v) dewoie the incige ij. Thenalse S ~'p(g') = X’j’:.

swme Vs corered by such D(g') we canfind gy 90 € A which eneafe e unt sdeal in A cinel 5.7.
X‘j? dre all afhne. Since g, 30 st alse je}’jem‘}'e Fhe amt deal i ©@x(f V) i o llows fom Ex2. 17
that S ~'V 15 affme, say |-V = Spec 8

Led . A—8B be Jhe ving morphism comespording b £\ —> V. Then the ¥(3i) are such thak
Biyrgiy v a:f‘g. Ag: ~moclule by fhe assumptwn on the f~' Wa. 1 moredetail « leF Yo Ax— Bt
Loweapond Fo 7' Wa — Wet. “Ther Jox some o oy Lonshuchon. D(9i)e Wa )V, and DLP(E:))=F" D(9i)
= spec(Ba)ye(ni) where hig po 155l D(hi) = D7) Sthe BAsafg. Aa—woduwle, (Bx )y mi) 5 A
§9. Bxdni - nocule. f byt of coredu) thinkmg s hows Yhakdhys imples By;y 15 af-9. Agi-module. We need
doshow B 1a f-9. A-ypdule — so we have 18 duted Fo 'ﬁmfaﬂowmj algebra problern

LEMMA Le"#— .)O'A'—'_}B be a mwph.um Q;ﬂnj‘f/ 5’) R jﬂ- eiemewb b}— A which enemfe e unt? fc,'gar

and suppore via bpj; . /—'13,- — Byrs:) Hhraf wa 5oa ﬁmk’:’j! gewgnfecf 9;—modufe For all ¢ Then
12 s af-9. A-mocule.

PROOE [ eadn suppose  Cily.--, cigy ﬁeﬂem}e Byrgi) e o Ag.-—moduie. We may assnme Hhal 5

ancl ek 87 be tha A -subniodule 3enemic'd by = we claim that B'=B. Letr be B be gwen.
Then i Bygy) we have

leisndgjed ¢y = U /gy~ fr ajeB and 120 melependent of i"Fut == foij} sisn,j<js €

ol i) An Ane;
b/, b5 .

: i
== Rl W el sl R can ansume
gjhl ?(ﬂi)n 3;71’ f@u )n’ W, Wr){'}u]')}' }5
Gyt Fec + dne dier fo rhe weffiuens,
S i Db
\f(9|.\n1"ﬂi

@nré!qwmﬂ $(9:)" be B for N >0 independent of 2. The elements j;f\f generzhe e unit idea!
o) 5o Sorsome hie A we hare Y higiN= | and T

b= b 2 9m)9e)"
= 590§ s by
= T n-{F0)"b} B’

o rey urred. Iy

LDROLMR‘/ A movje his b of atfme scheme Spec)—3Spec B ¢ finile . anclenly f A |5Ct7§ﬂ.’r“‘dj gmemfed

B-module via B
@v(r) -mocule).

>A. (% f»-‘)(——j“/ is fnie for X = Spech, YSSpecB . (x(K)sa 9.



[@35] A wophism Six—Y 5 quani- frte o fov evew Pomfje‘f, £71y) 15 a fimle sel.

(a) A hnile yophism 1 7Mmi-.ﬁwx/e, juPPc.ff f X —=Y 1 Ak grm’ye)f LeF V be anathne
open nerﬂhbmhood a#j_ By Ex 3.4 4=V isaffine and @x({-7V) i a 9. @v(Vv) -module.
So we can recduete X = Spec.-q‘, Y = 5,0@(8 stne of L5 Fuile so s L7 Vs V Let Vs B—A
OOMPDMI o {7+ Spec A—— Spec B We hare shown 1n our nolen on fbere 1hat Hoc me SpecB

F'p = Spec( klm) ®p A) " bjjechon,

where k(p) = 67’/;&»3}:. So 1} would sufheto show that kir) @ A (5 avhman. By avsunptan A &
n a[-j- B-moduls anclso k(p) @ A i a £9. k(p)-vectoripa®, henw fimie d)mams’oncx]) and Fhw hay
Dt on RI) - submodiles . But an deal 15 a R(p)—submodule, so kip)@s A 1 Artnan.

(b) A finike smoyphism 15 closed, 1-e. F(R) 15 closed n Y ¥ Q = X closed. Let L% —2Y be fnle

and Re X closed. (orer Y with affine opens Ned s £ Vi 15 atbire. If sufhaes 4 5 how

F( @) Ve 15 clored 1n Vx for <l . Hene we rediee to dhe care X=35pech and Y=SpecB,

of SPec/q 3 Spec B ﬁf’f’j{’/ o YiB—3A and B a f-j. B - wodule. Let V(r) e Jpec/-} be closed.
We show thal F(v(a)) = V(F'R). Clearly <. For the vevewe cncluoon, notee thal s infegil
over (8) 144 5.1). Lek 9 be a prime of B wntaming F-'m_ If B o A are © there s no‘,"f’irnj‘}o
prove. Dtnermise ¥[9) s « prime deal of F(B8) contaning w0 ¥(B) Vsing AEM 5.10 fhere i e fpech with
‘}dﬂ‘f{B} = $(9) Moreover by BLM S.6() we can awange for pz X Flene v(¥-'a) € £y () ancl

so f 15 clared.




Q3.6| Let K be an m’regml scheme . Then X 15 nreclucible s by Ex 2.9 X hap o uniqiue genenc pont E Lot U be

an affne open neighbevhoed of 5 Joy U= SpecA.  The priie of A vomespond g To T s Jhen the genenc

potof 5 ec A, which s (0) sina A= 8x(0) 15 adomn@iN. So e {omlrm? O =2 Aoy which is qouahen
feld of A This held is dmb/edky K(X) acl v called the funchon field o X_-Anﬂ nonewiphfopen sybiet of X
vt contam 3, s the second dam 15 havial.

Nohw that for any pont e X thewe s « vng mophism O, — K (= Ox 1), guven by (Us) (U3),
Sine X is mtegral Ox,x 15 a domain, so we can consider Oxpc an @ snbing =f K. 7o ree ot e — 1<
smjecte, feb U be an open affine ﬁe{jhbo«hoodm‘ X, U= Spech, and noke that the followiny dicgiam

wmmw.la:

Ox, > 1<
Il It

(Bxle)e ——s (@:l);
1l I

Ospecdp ——— Ospecty (o)
|z It
Ay ) ®

sine. e bo Hom map 15 njechve, so s the Fop. Ima @ 1s the quohent frelcl of B, i+ follows Hat K isale
The rmallest subfielcl contuinmg ©x,x, henw < Hie then*’—ﬁe d o Ox,x forall xe X.

LerMA Let X be ascheme, Y€ X acdased ireducible subset with genenc point 3. Then

dmOx,s = codim(4X)

PROOF Let U= SpecA be an affne open neighborihood of T X.Then et pe spect tomespond o 3. Clearly
N AV s the dosure m U of F, 52000 o rves porcls £ Vip)e Sf’gf’["' If Z, z'are clored meduci ble
subredr of X me‘&-}mj U with ZCZ/, ten ZALe 2nU If zNU = 2'nU then we would have
z/=72U(z'npe) wnhadichng 2 (Z on theonehand and 2'0v 4 ¢ ©7 Hhe ofter, sme z'wreducible
It dollowos that f YecZye.--c 2y 15 a chain of meclucible closed Subsedr of X then Y QU< Z,AVc
- 245U s achain of iveducible cloted sulosels of (. Flepw cocltm V) 7 eodhim (Y X)),

On +he other hand IF @ ¢ @ ave closed meducible subseds of U then § € & sine ANU=Q,so
a ehain MOV C R ¢ - C Bn hewmes YC & c--- ¢ & so codim\( () = coclim (Y, X) andl
GOY)JQG]M.eﬂHj

dm@x, 3 = dim (@specs, p
= dimAp
= hip
= codrm \/#)
= wodim (Y, X)

Sihw Yhere s an mclwion veveing bijecion petween clased sebs ol Spetd and vadical wdeals of A,
which identhfres prme idlecls and iwéduc ilole sefe. )

LEMMA  Let K bean mfegral schewe w:ﬁﬂ;}enem pont § Sechons re@x(V), ke @x(V) () # ¢ - contam 7)
then 5,4 have The same germ of 5 cnd only i s)lpan = Hlunv.

PROOF By the aibere for any e Uny, Gxe — OxF 15 .vaiecﬁre} o sk SGYW?:,-S = jaeriP we [1ave

jem"ﬂd e 3grm,.f— ale. Hetie slny = #lunv.

o exacHy the same region, X s wleqral then Ox(V)— K s Wy'er'hve for dll open V (K=0x7F) and +no
fPC‘}'W”S s, te [9!‘ (U)I @ (V) ﬂgJ’EG on U(] \/ 1{:{ !hgg eﬂpre on fowie nonemey spen WE un V



[0311]) We do b) fint anc) vetuin o a)
b) We puve the {o.‘lowmg; evew closedl subscheme Y —> X of an affine scheme X = Spec 15 of Fhe
ovm ngcl'Mq)—a Spec(f) for some 1deal aed. That 15, f f:Y— X is a cloed immewion,
theve 15 an dea\ ®ef) apd an isemoyp isan Y 22 Spec(Alr) fitfing wfo #he following commutatwe diagn

v ¥, spech

N

Sfoe,([ﬂ‘fp(,)

lent o +he ncluoion of q reheme shuckure on &
5 of £ o the

PROOF Find of all, any cued immenion s equiva
closed subset, so wemay ansume V< X 15 closed, and Hie undefijmj ma
cloiov. If Y = Hhare vnothing 7o prore. Ofherwise, for yeY sma 75 a schetne fhere
15 an open ref & X sd. Heynu and Y NU )5 affine m7Y, say ynUESPQCB.SmuﬂIe
open rels D(F) forma bage for the fopology on X, there s FeA mih Y€ DeF) € v, Let
€ By () comespond] +o f and 4’€ B wwerpond o 9-
you— Y

7

$pecB —— Spech

$. 4 — B

T4 follows hat Fhe epen subset DAY ot ¥ 15 offire, isomoyphic 4o Byt b
g o a —
Let {{:F be a collecton of clements of A sothal cach Y i fﬁgifﬁ)ﬁ%}éj’
and fhe ¥q; cover ¥. By adeling £ with D) QY =& o necensary we mogf‘ aurume Hre D () cover
X {50 fome Xq; =@, bu Hhis 15 fine). Henwe the ¢ j,gn@m}em uviit dealm 74, and Hiua Yhe 9
enerate the unitdeal n @y (V) (we can ansurme finbely many £ ). I+ follows fom Ex2.17 Haal
Y == specC.Then SpecC = Y3 15 a cloed ymmewnion,  which
morphisrm o « A —> C pduci™g specc — spech.

(3, 6v) 1 athne, say

i follows By Ex 2. 1&4) that there 15 a rujvcm vin

Let & he +he kevnel of 7his mophism. Thenwe ha commutatwe diag s
T 7

A <i/j X {——ES;:QCC
)
- Spec(fifu)
which compleles the Fn)o](. N

a) Consider a pwl)bach diagram

3
XI ).f.i
K=—23 ¥



i which £ 55 a closed immenyon. sine being o clored immenion i focal 1n v, we may simply show that
evew point ; ey’ has an open neighborhdocl V' for thlch W2 V' 5 closed immenion. Led ye Y/

be quven; JeF V b2 an afhne oper nélghbovhvod f Fhe imageery in ¥, and V' an affine open neighborhooc
o+ 3 whose iimage 1 vontammed i . Then 7V —— V 15 a clpred 1mmewion and the /o llowing diayram
15 pmﬂchh (see carher nofes )

jf‘\/‘f—%a v’

|

}N eV

which eavs we can reclutedo the case wheve Y, Y are affine. ButHhen by (@) we can redue fo the cove
where X s affine. Sine the pullbgcie of affine schemen, we can vedwnio showing theat in a Fullbac}v_

Spec( B &n Ala) — Spich

l l

Spac(fl) ———  specA

Yhetop mophum i a closed immewion, which by Ex 2.18 is equivalent 4o showing fhat B — B @4 Ala
w5 suyechwe, whichis ebviows . Thus closed 1mmenishs are sfable undev beve cpange.



(@312 ] Closed Jubschemes o} Pro,

(@) Find we note 1he following Jucks = theevnel of o mophirm of graded vings 15
a=$ hofmogemm the towepondene between 1decils wn)rmwmﬂ v and  thedealsof S/ e idenhifies
howeganoio deals, wheve 5/ 1 camb viically graded. IF ‘-5

tomogenous, i § 13 q,mdgd)
5T 5 a _‘u\rJ'er_{'\cn_ ijmdedWij
e plap S/a => T 5 an Ko mowghLm O,eraded rings (7 = Kevit)

leF ¥+5 — T bea mg‘ecﬁm mw/'ahum of ﬂmded nngs, with kernel i. The spen et Uof Exa. Iy
s clearly oll of Proj T, so e have a wophismt & = Prj T— Proj S We claim F s aclored
tmmiewion. Fiotly we shiow IME = y(n) Ths follows immediatel firom the fact that S ja =T
a qraded ﬂmg;.‘hm]so implies B ) mlj'gc:‘wve,, and for a emogenow déal b < T we have

g\[(hn = (3-'b). The mclugion < is cleax, ancdif 7 € V($~'h) e V(@) and say 7 = 771, then
p2k s ofherwise 1he “"ﬂf‘-h"" of § means Jeld B anth sk h, m”Md*fh”j Sz ¥~k Hene Z
K a homeomorphism wnfo The clojed set V(a) < Frops.

To show that Z 15 @ closed ymmesion, i subferfo show thak for all e Prol B Oris,mi) — Ormys 0
15 suifechare. Ea/”f'}'fkfo{.’bwmﬂ onmmules : PEMY (5 (7 3]

=3
(me_j sEM) 2 {pf’ﬂj'ﬁP

J J

I

S suthies #o show Ty 1 my’em‘wp_ Lel beT and teTwith E¢ p and bt homnﬂg;m“ﬂ of the same

deayez loejmm say a,5¢A wih $(a)=b, $(5)= L. We may ansurme no Aomicgenous patf g or § be‘cr;as
o R,y which case Y(ey=b, F0) =€ l"”P}’@ a,s are homoyeﬂom af fhe same cv'egrezz and s¢ f’"}j_ Henw

S (/s ) = ¥/ + and so Frp) 5 my’ec}'w?) ao reguired.

LEMMA Let S e (frgruded ving, @ a hemogonown icleal and fae Pwjs. Supporse theve 15 dz0 sd. Ydz2d,
Hd = pd . Then iepg.

PROCF Tﬁ’:{ recugion en de. IFdo = O we are done, siie A= @4z Gd. For the recvrsive sn'epwfm_mme de7 © and
Vd7do Md € Wd, ondwe show Rgo— € . Shhe S+ +heve wsome e> 0 and FeSe with £¢ . If ce Ad,—)
then af € Aglo—1e € P Hene snua féu wehare ac g & vequived. 1]

So dd P S —>T s a nujechve moyphumof graded rings and Jdo 72 sd. £y v an romerphim dor all d7d,
e j(‘: Py T— Fn""g 15 an womonphim. 3y () F fafhes fo show that vin) = Projs whevre w= Ker P and
y('ﬁ) E J’(;’-bp) — T 8 ﬂ?j'ECﬁUE’ for all IneP,EjT

To show \V/(7) = Pryj S leF pe Prfs beﬁ/yen.‘SIﬂm Y 15 mjectwe Yd 2 do +-followe #hal ng= 06 Vd7d
Heng age 7 Vdzds and by #he Lemmed w € . Hene v[m{ = Pwjs. Tosee that Yew) 15 mjectwe, let

afcc Sig1p) begien. Sne "F "\ 25+ weean find FeSe e 0 wih F¢ PP Then afg = afYcr forn20
50 by e hain nm%dzﬂf’fj ;'ayge we mow) aISUme a; s hpmuggwom of deqree > do. Then fipy (a)s) =10
maans + $[a) = O for fome homogerows +é 1. Sinee 315 supectwe + = P(a) for rome homogenous qd+'p.
Bf 4¥()=0=> f(qa)=0 = aq=0 s Y iS5 — Ta 15 e ¥ a7 de. Henw gl =0 0 o=
@ Vﬂﬁusvi’ci_

(0) 7 TES 1< a homogenows (dJeal, S—2 3/ qires vise fo & closed Immewion J: ProjS/z — PrjS. In
fack, dihnct ideals can gire e fo fhesame clojed subschere. Fov example if doz 0 and TI'= @dzds T
fhen T'1s a homo genoun ideal. Let o : $/41 —> /1 be the incluad monphism of graded rings. Then =
s suvechve and for dZ de, =(d san ;5omg;70hum1 e P)?)'J/I — Pyl s an i omowphusm of schemen
The qfcllowmﬂ cliagram wimmules -

PWJS/'I. ——= ProjS/7’
Pni') 5

S0 T, ! defevmnme the scme osed spibschieme .



[®3.13) Properhen of Moyphisiis of Funike Type

(@) The propevhy of bemga closed immenion is [pealon the wdomayn, end the only closed 1mmenions ins SpecA

oe of the Jarm Spec(Afn) — Spec(A), so we may veduce Fo e case o a clored wmesion Speclfla)— (pecip),
Sine being of finile #fpe 1 also a Iocal poperty But SpeciAfn)— SpecA) 1S clearly of finletype.

(¥) By Ex32.3a) f suffias o show Hat an open immenion i locally of funle ype. Lot £:X—2Y bean ppen

mmenion fackored co X =>U—> Y where U< Y sopen. for each xce U le} x e\ Y be anaffine open
V\E\qhbwhood of xin % say V= SpecA.

Teimage ol UNN w1 Spech 15 open, and hence can le corered by open affnes Ag | £ €A Bk — AS;
cleavly exhiot Af: = A[Ye] a0 @ f.q. A-algebra, so X — Y s of locally finile fype.

A bif of -ﬂfaw]hf shows that +he gom,oomlwﬂ of fuo quani—co mpac! morphisms (s waw ~compact, ro

i} sufhiws 4o s how +he compositon of Feee monphisms of /omJ.'z Fnile type as (ocally of finite fype. suppose

fiX—3Y and q: Y — Z are tocailly of fmile fype, and let V< Z be anopen affme, 9-'\/ = ;V; o
cover by open affine s 5.1, each @y(Vi) 5 alg ©= (V) algebra, and £-"\/; = 0; Vij an affine open vover

with eadn ©y {U.-J') a {.9. Sv[\a‘;)aalge bve. Then +he U;‘J‘ wver (gf) 7\ and i sl #o noke that if

A —>3B makey B qﬂr_j A-algebma on geﬂerﬂ"’mfs’ by...; bv and 3 — C waks C « {.9. B —algelora on
3ewem+or; cy. -, ¢s Hnen Fhe image) of the b; fogether with Hhe ¢j make C fg.ayan A-cilgebra.

d) Let [ X—Y be of fnile Fype, 1: Y'Y anvther wonphism. (onsider o pmllbmch diagram

Simw fﬂemg of fmike Aype U Incal, leb y&™, P(NEVEY an athne openneghborond ol () and 3@\]’9 =
an uffine neighloor hood c-ﬁj Thewn wre 9ei a pulbade wvelvn =V DN, NN by which e redute 4o
Yhe cave whiere N'= Spech) ¥ = SpecB ave affine. S (}L i of finike Hype, there s anopen cover oF X
by affine open sefr v, = SpecCy with eath € adg. A-algebra . qulmg bacle along h e sbtain

hV; > K 5 = spech
Spee C = Vi —— X____g—+a\/ = SpecB

T+ 4w suffan o show Hhat foreach 2, ¢ @A safqg. A-dgeha BuliF ¢ =8[cy..., ] Hen
W} is eqily chieched that ¢; s = Alaw),. crel], which wmplelken the proof.

(@ Follows wamedialely fom (), (&),



(F) Let /- X— Y/ and 3'-7—)2 be wiorphisms, gnd edsdme £ 5uaﬂjfwm‘parf/ 30{, of Frnile fype.
we thow f 15 o finile Hpe, for which if sutfies o show that £ is locally oF fmle Hpe’ Loty ey he gien, -
lek /< ¥ be an affne open neghborhood of 9(4), U an afhne open nelg hboviosd of y conteined g™tV
Bj a./;ummpfwn f“J"\/ 15 covered loy open affnes Wi si. Ox(Wi)is a ,(.9_ Oz (v) -q‘?gebm

Z

W, = Spec(i then for xe f~'/ find Wi . xe F'UN W, and ek FE€Ci quenan afhne open sel D(#)
which ic coneighloorhood! of xm £7U Smee & 1sady. Oz (V) -algebra, s015 Cig. T follows HhaF
02 () — B (V) — @x (£7'V) —> D(F) gquer DG)ap af-9. O(V)-algebra, and henw

Gy (v) —> 0(f) Jver DIF) maf 9. O () —algelora, as vequired. Henw 15 Jocally of nifetype, oml hence
of e hype, ninw iFis compacdt.

(3) Lei f*X—>3Y be amoyphism of fnife bype and ansme Y 5 noethenan. Fiat of all f p:X—Y
15 o morphism of fimle type and 7 17 quani-compact Then £ 15 quavi-compact and nenwe X i quowi-compact
Sort subhien Yo show that £ 3 s locally noethenan then o 15 X Let ¥ = Ui Vi be a cover of v b
aﬁglnt open rek, v; = Spech; with A5 néethenan. Then J77\; 15 a union of aftfine open sehs Uj".‘—.’&pec_B'.J'
with Bij « {.9. Ai—algebra . Hence Bij is noethenan, avd simu the Ui cover X, % s locally noethenan,

Y Lef fiX—>3Y and £ X' —> ' be mophisms of schewtes over S. it £ and €1 fpide Mpe.
We show that fhe puduck Fxf': XtsK'— ¥ x5 ¥ 1s alo oF fraile 1iy‘;’;e-. of fufe Hgp

Fov any ook The fuo
YooK Iy x pullbacks |

P

e — S

Fnt we redie 4o Hhe cate where N, S,Y' ave all affne . stnw Fnibe fype” i local vn e bavescherne, t suftuos
o shiow fxfF' U of-frmle:’ype on «a V}Efjhburhoadoﬁ each ze¥YxsY! Let such = bejm:’h and I”% =pilzY,
Yo =Pa(2). Lek ¢ be the imagt of 2n S LeF W be onaffiie open nelghborheod of q in S, \y and Vo affine
open neighbovhoods ol g, g2 respechrely, contamned w e (veve intage of W. Then the outside square in
e fellowing chagram 15 a pullback -

SV NPT Ve >\
B &
Yy Y — !

7 — 5 _ |
> i

Ve

)



We conshuch +he fof}owmj commutatwe driagram:

Now p Vi NPV, s antopen neighborhood of = € Yrs¥! and ()i (£ Ve = (R £ (3 VOV,
sincl moveover one chechs Haak the restichon of £x £ (1q)7'V, N (£192)"Ve — pi've N pVe 15 achuall

the mmowphigm ndued betueen pellbacks by 47V, — Vi and 7V, —3 Ve, So o suthws b show e daated
movphism s of ke fype, whente we m veduq +o the cane ¥ = SpecB, Y '=specc, 5= spec A, uncl
YxsY = Spec(B @a ), some muat show Pxf! s of fnile fype o the following diagrap:

Xxﬂ('i_) !
A l }-VF" l 7U
. ——— Spec(f)

N
Spec(B @a C) > Spec(c)

spec(B) ——— Spec(R)

sine 15 of ﬁmle-hjpe, Heve is afike wover of K by vpen affner Uy.. 4 Un with Uy, = SpecBi ancleach By o
:f‘jf- B-ﬂ'-ﬂgebm. similarly X' s orerec) by V..., Vm with V,, = Spec G and each C; adg. (—q!&ebrq.‘me open
st g7 Ui N g V) vorer X X gub 0 U N4V = Spec (B @A) and afker lille tho ught wee
wre vedliug to showing. ot theving monphum 5o ac — B84, bec— (k1) 6 (<) Mmake Bioal
wh o f.q. B @&a - algelva,; geven Hat B, ¢j are f.9. B and C-algebiar reop. Bol i} s eowily cheched haff

B = Bf!p.,_..,\wj and ¢ = Cley. 6] e B, @a i =(B @,,,c)[;,,@l)__llgr@:, 1® a,.. , 1@ C—‘T, which
tompleler Hhe pmu{- n

BS.H}] Jee our Noles o FPeop 4.10



(@3.17) Zaushi Spaw A Hopologial space X 15 a Zonski space ik 5 noethenan and evew (nonempt |
cloged tmeducibl cubiel s unique genenc point (Zx 2 4). For example, lerR bea dicrete valughon rivg,
and let T = sp(JpecR). Then T consish o fue ponks b = the maximal ideal, £, = the zew rdeal. Te open
subsetr are @, fh} and T This (s an iweclucible Zansk: spac with genenc point hodas a Zatski spoc.

(@) Tf X v avioethenan scheme, fhan sp(X) is poethenan, and by (Ex2.9) Fsa Zansk: spac.
(b) Let 2€X ba a mmrma.‘nongmpg clored sel. Sme X s poethenan, Z can be wntlen an afmike union
2] weducible closed subcek. Hene 2 )5 mwecluci ble, with genenc point ¥ we claim Z = {33 vthenwre 4
#F belongs o 2, He coure of {9Y 15 a pioper closed subret-of Z (9er;mcpmm‘: are umque), which is
& vonhacichen. Hene Z ={¥t we call +hese "closed points-

(€) Let Y be dishnct ponds of X. Sime genenc pounb are anique, and we can aosume ze g™, Jex” (s
otherwlie e reault i< hanat) o Foflows that x~ =y anclhena x =9 (2" isa nonempty meducihle closed set)
wieh 15 a wnhadichon, Henw ether x gy oc Yd | and Ko To.

(d) Lot X beanmeducble Zansk: <pate. with genenc pomt F. T U X s B o
i3 " b= o 6
sina othermie T U°c X, a b};nmcncmﬁ_ / o norempty spen ref; then S el

(e) 71 Xo, %) Are PD)’HIScJ[ a Jpae X, ael of ne-}x:}: Yoen we say that x,jgeamuwfoxo} wntten 2, M—> %o
We also Y %o 1 a specialisahion o x;, o that % is agenensahensf Ao Lot X be a Zanski spae and
dehne a pavhal ordenng by x, 7 e M. 2, W—>To. M, Zo €4} Nele Fhat o€ {2y A Jxs 42
Clearlg dne poink mmimal uncler his ordering are preciely he closed points. LeF X =, 0. U Yr be
the ivedutible componenks of X Then it ¥, is thegenencpointef ¥5, cledly ¥, is maximal onder . s
by F then ¥, €59y whehe ¥, < 3§97 But {47715 an yreducible clsed set; which must be womtdined
moseme Vp Thuy Vi £ Y = Y=Y sme we ccn anange for the Y o not be oyn{'ﬂlried I one another. Hgnu.

Yi =44y and by uniqueness y = v e dearved. Convenely f xe X i mmg»mr?l w;c‘lev Z mg;ieﬂv}) s
Ve x= J => x =3 Ss the point maximal under 2. cre p ely

dhen N 2 IxY %0 e ;
genenc pownts of the ireclucible componends f X.

IF 2, > 7. and ZEV $racloed VE X, hen 2 e {xf eV, so dosed sehs ave closed under specialis ciron.
Similavly i xoe U for U cpen and 2 e then zyedx} € U<, acontracichon. Hene open sefs are clored

widey géhensa-}wn.



[@3.20) Dimension et A be an Jniezml scheme of fnrke @Fg overa freld k (et necens arily afggbmrcoﬁg elosed ).
ompty wver of X by Nonemph epensels Jr with U, = SpecAi for ,Gmlte

Then there s a no
ﬂemmizd k -domams A;” Moreover we Can cwsuyme +hir cover 1s fiate
@) Fova clored pom} P, we claim that dmX = dim@p (Krullcimension) Let I be Hﬂegenenc
pont of X. Then thefunchon feld K(X) = ©x,3 tsalso the qwoﬁeﬂ.L feldl of any A (e Ex 3.6y,
Tafat, this ir an ssomiophiii of k-algabran. But sine the A are athne h-alaebw,

dimf; = fdeg. Qm"}/h = }f,deg. K(X)/k

But by Exl10 of Ch.) s e Uy wver K wve have

dmX = sUp im0

= sup dim Spech
- Ay = rdeg K(R)j (= dimh; \“ﬁ
sup dim “3 /R ( henie dimX g

let Pe X be aclosed point, and ray Pe Ui< X. Then P wowmponds fo a maximal 1deal 1 ol Ai, and

dmOx,p = dim Ogpecp;, m = climPam
= hlm = dimbi — obb. 1 (sma Al afhine k-alg)

= dimBi = dim X

Note that Yhe dimA; areall fimte, heng ro 1s clim XK. We have also proven () ahore.

(e) Lef Us X be a nowem,‘my open sulsel. Thene U s an mfecde scheme of finile ‘}LJPQ over fo
S ifis

(Y . over |z = X noethewan =. () poethenar . U —> X mcwivwmyac;‘ Gpen 1mIewron
9 P
w,,,,jgw,k U—— X —k w [1.) Hene climQ =dim X bj (&) and Fx 3.14.

@) 1F V< X 15 an wreducible closed subgel we show that dimY + codm (% 1) = dimX. Now dim Y £ dmmX
so dmY 5 a fimle pos mleger, and wulse © = codim (Y, X) = dim X . Cleavly dimT+oodim (Y, %)
= todim (¥NU, VY,

< dim X, for any openseb Us X wih YOU4 @ 15 eary Josee thal eocim (¥ X
S achiain YAV C @, c- .. ¢ Qn Detomer Y & c--- € & and Y Z c--- ¢ Zn bewome
€ 2nDU. (AU =Y sthe the gevencpoint st Y/ uwm YAV). stie dun Y s fnie there

YOy ez .. 9
s amaximal cham 2o c . . - czp=Y witha=dmY By 3.17 b) 2o s aclored Pmnf ( st ik ik Pmpe#H
mm‘gongr’lh' of Jhir ref) . Suppore 25 = ;

tovtaiine d a ¢ losed sel (o ther than ¢) then it would sontalr the pred.
Then imlewechng the chain with U shows that w Vs, dim (YVi) = dim Y. But sice hl.p ¢ cohl. o = dimA
W an afhne k-algebra A, and y; = Spechi, we have
dimY = dim(¥NU;)
= dimUi — codim (N0, 0)
= dimX — codim (¥, X)

an Ft’tfulfﬂd.

NOTE ¥ X isan m?‘ejm.[ schewne of firufe Yype over o freld R, 1hen #he ebove shows O dimX < 20
Then dim X = © = X 1s afinite numberof poinks.

PRODF (Ve can cover Y L’_‘ﬂ UViy--oyUn where | = Specd; where B aive -ﬁg. f2 —clomeanns with
dim Ay = dim ¥ = 0. Henw 1he A are arhmian domains, that 15, ﬂf’e\'j are frelds. Se Ur={p;}

andsro X =P, ., B}. 0



