ly. SeparatED AND FRoPER MoreHists

We now vome to fuo prpevhen of schemes, or vather of naoyphisms befween schremes, which coprespone o
well-lRuown properhes of ovelinawy bpufbjrra/ spaws. Separatedness comes ponds fo the Hawd o axramﬂ%r
a '}prfuﬂlcmf space. Popevness coneiponds 1 +ha wyual vefon of properneas, namely the mvewe imcqe sf a. compact
se} s compact. Howevey, $he wel dethnihuons cire nof suifable in aFgebm[c eoimety , because Zawnslki -]-apo{egj
's nevev HowadovF, cnd the undedying +opological space of a scheime’ doen ric accumf@{# reflect all ds propertien.
S mstead we will we cehndrons “which veftect the funclonal behaviur of the pmoyphism within the category
o) schemes. Forschevmes of finike fype over &, one can show hat these notwis, defmed abshactly, ave w fack
e sarne an the wual nofeons o tve consider these schemens ar wirplex anaggéc spaced n the orelmarny #opolag g.

TIn +his secton we will deprie separated and prwper mophsres. We will que cnfena for a mophisim fo be
separated or proper wang va.’ua;‘wnrmj_n Then we will sliow Fhaf projectwe spac over any scheme 15 proper.

PEFINITION Lef £: X —>Y be a wiophism of schemes. The dwgenal mophism s Hhe unmque moyphism
o X—> Xxy X whose wmoﬂﬁuw with both prejechions p,p,: Xzv X —> X 15 He idenhly.
We say that 1he wiomhism f 15 separated if Hoe diagonal morp hisim 215 o closed rmitemson .
™ Hﬂa?c(we we clso Jai X 15 sepavaled over Y. A scheme X (s separated if of 15 separated over

SpecZ- (Not dhe defnrhon « independent of fhe chosen pallback)

PROPOSITION &.| ZF f: x—3Y s any morphisim of affme schemes, then £ 5 repavafe d

PRODE (e} X = SFecﬂ and Y= Spec B and lef W:B —A be #y indued morph)sm of rings. The d[agona‘]
WMophism. SpecA — Spec(A ©A) wireaponds b Aeosd—hA, awb, whihis sujechre. Henw
by B 2.18 SpecA —> spec(A®pA) 15 4 tlosed tmwenion, ap required. [

OROLLARY 4.2 An avbitvan morphism f: X—Y i sepaated i and only 1t #he imadje of fiu diagonal moypbism
i a closed subsel of X xy W

PROVF  Note the condrtwnt is imdependent of-fhe chosen pullback. One implicahon 1s oloviows, 5o we only hare o
prove ok i 1N (X) 15 o closed Jubred, then & : X— Xxy X 15 a cloced immewion. In sther werds, we have
fo thecre at A= % —3 A(X) 15 o0 homeomomphism, and #hat the mophisim of Jheaves @xxyx — D OX
15 swjechve. Leb o XAy X — X be Hie fuf projechuon. s py D = udx, it o llowus immediately +hed I\
gwer & hemeoms phism onfo b(X). Sine f}&({ 15 elosed, Jo show Oxxyx — Dy Ox 18 suifec (Hhatk s,
locally sufechne), 1t suthwn o show Hhak pr all Pe X there is an open neighborhvod 5(P) € VE X*7X
sho @xxrx v —2 (BxOx) )y 1 iocmlly sub-u‘ec%r.w (12e a noke 10 Sechon /).

Let PEX be given. Let U be an openaffine neighborhood of P which s small en ough so that £(0) s
ontoned in an open affme subset Vo Y. Then the open subscheme 3,V n pa7'0 of Xt7 X, Jogedrer
with Hu mdued mophimms imbo U, s a pullback of V—V, V=V . Thak s,

P,"Uﬂ pa'U = UxvU
Sinwe OV are both aﬁﬁlifu, Hs ymeans thar P,’-‘u nptU s al afhne Note that a(P)e Uxy U ohd

S UV =0 Flenw there i€ an mduwd morphirm A ) = Uxv U T s pet difhcultto checle
Yhat oHsin fact the clzagowaL which is @ clored immewion by (4-4). ut N Oy — Dk Qv 18

novie other than Oxxsx)oxwy — (B Ox) 1 yxeu, tompleting the Pmuf.g

NOTE A mot—pi’?'ﬁm f: X—Y 5 4 mmoromorphism of sehemen rff.

Y = X
| b
b'e 7 >

50 pullback, so 1fF £ 15 monic e dagonal D s e fden}r/y and 5o ¥ 1 repavated. Tn parkcular any open
or closed 1mmeniOn 1s separated, cny 1s omvphism srepavated and iF 5 eanily che cleed that F X—
wseparated and 2'=> X, Y = Z are 1somoyphisms, both 23 x—Y and X— Y —2 Z are separated.



NOTE  Separatedness 1 Local

L(Zi” £ K—> be JePamkcl W]Dyphum c:,t ;thmmj \fg“/opem and £~V —3 V Hhe induced]
moya Vism. (We CE!G'W\ that £7'V—V s repaated. Using Hie wrual progerhies of pullbacks (and e
Fack dhat pf 7 (v) = po'f (V) ) e oudside squave m e %oh'owmq diagvam 15 a pullback -

T
X xy X —> K

J/
X 3 Y

/ Y

£V

Lok A X ——3 X x> X be the diogenal, and nole that A™(£p)7'V = £="\/and the mclued map
$- = (Fp)V s actually the'diagonal £V — Fo v £ 7V = (#p)V for £V — V
So we have c pullback ’

FV —5 poyxedTV

l

K — K xr X
il

MU by msump'}%n O s aclvred 1mmenion avd pullbacks preserve closed svmeaons, Lo lswes Hhak
fFfW—3V s ;epomfect. .

In o similar vem, if £ X——= 15 separafed, so 15 V> X — 7 for any open (< X, Consider Hhe

:Qpﬁawmg dragiam- N

£y
pulpu BV ——> U

AN/ |

p;‘U——-l XKVX‘—" X

L

YR ——

Sma DY) € poUNPT U weget U — p7'0N P Y. Moreover O p UNPTY) = U so Mk apdlllbache.
Sinet puf/b&lcfw of closetd ilime) (0vis @ve clored 1mmeriions wnd (—— PV p U= Ur-+U n emi:’g clredted
+2 be the diagonal, Ffollows that ©— 7 15 reparated.



NOTE [ocal Schewmes (EGA T f2.4)

pEFINITION A local schewe s anatfme cchemwe X = SpecA where A 15 a focal nng. Thus there 5 a
closed point a€ X and for all beX we haveae §5}-

F Y isascheme emd ye Y he focal scheme Spec(Ovy) ¥ called #e local scheme of Y mlj_ IF Ve Spec B

5 an open afhne neighborhood of y in Y, then there (s an isomoiphism @y 2 By which gives e fo, via B— By |
a wophim  Spec((Py, y) — SpecB—7 V. On ormposing wh Mz 1nclumon, Vv —> Y we obdain a V’"‘?‘?"h"\jm o/
schewmer  Spec(®vy) —> 7. We claim tmat his movphism s independent o V. (Note thal Spec (Ovis) — YATE N
monomorphisin sine $pec of the ring epi 8 —> By 15 d mone of scheuer)

18 V' == SpecB’ ¢ another open affne Lontaming Y then, There 15 qn openafhfine ye W € VAV 50 we May
rockdo e cate where V= 1 The mowhism 1 ~—> V' mdues B'—> B makimg e fellowing dragram commule

BR—> B

N/

99

Whare of voune B—30y,y 5 B— By = Oy Congrdenng the foﬂowmj commutzhee diagram

b
/N
vV e— V

) ]

spalflf——= SpecB

\

Spec(Ovy)

(e sec that Spec(O%y) —> AT, mdlependent of e athue el wied o define it Note that Hhe max adeal of 9%y
15 mapped hjé Y.

PBOPOSITION Lot Y be a scheme, ye, (£, %) - Spec(Oy,y) — Y canomeal. Then £ gives 4 homeoimonphisim
with he subspag of ¥ consistng of all genensatons of 4 (14 2 with ge §2§7) For even =€ Spec(07,9)
¥, 0% 46) —(6%3) 2 15 an so movphism.

PROOF Let ye = $pecBB be an open affine ne.fglfnbavhood .

Spec By == Spec@yy

Theclaim 1 ecnily venhed for Spec By —Spec B whiweh giver c homeovmonphisim ento Hir jubrpace
3] ey Te gevensahons of y m Y are preciely Fhe genensakons n;j m V/, so the daim s mmediale
The seyond claim follows frwm ??uz cone (1) SpecBp — SpecB; andn This cane we have o commula

diagram for L€V
(89 — Obp 78p
N2 J
By ——— (Bp)qBp
1 I
B 318y}
swee the middle vow. 15 an 1somorphism, we are dore. 17



Lof mm be +he moximal deal o Oy wihich s mapped #o Y&y by £ Spec(@y,4) —> V. We

NDTE
claim the following cliagram com 2
fm gy
Owy — > O%m
(099 )
12
@\I,zj
s, where fhe momhisms on fhe nght are nhnsic 4o 67;,7 e chain of wooyphisms giuing nre 4
Fm s Folluws Y e o> m: (e following diagiam wmpnules )
O
|
(@‘1"\-’)5

l1

~ O

)
B e—— (Brpsy S OnypBe

L

=~ (Oryhme——— Ovdm

Qv,j

It —é-”,OUUS FWMTHU. fuckthat Bp - (9\/,-:5 15 377—""—3 (9-8;?‘:% @y,j Fhot M»meal wmpoxtkn’ }@.ﬁj_

[Now azsume X 15 an mlegra) scheme with genenc pornt 5, and let xeX be any pomb £+ Spec(@xx) —> X
canonical. Lef 1 be Jhe maximal (deal of Ox,x. Then f(wm) =x and rine £ i a homwmofphum wifin e
30Wem_ra+wng of = we also have f(o) = F.
f: SPec(@;g,;:) — X
Flm) ==
F(o) =%

sinwe Oy x 5 an mfegrafdomam spec(@x,4) 15 aloon m#ejm{fciﬁeme) anc we have a wommutatue d!ﬂjmm

/-\__-J
(@xfl)cp & = Gr‘(}uo — 9,93

AT

Oxzx =—= (@x,x}m —_— Orxm & @ x, =

Sna the boflom row s Hhe denty, i follows that

Fo
(/Qx,z > Ox3 —= é—"::o — (Oxx)e

s te capomieal IncJugion of « domam 1 s 7cwﬁ@nf.ﬁefd_ We Aviow fo 15 an 1romophism, and Oy, s s
o ﬂluwheM feld of @x,?, o Ox¥ = @?{‘;a =3 (@xa)e ¥ the canonccal isomorphim o!r th{nl— {]elc{i

NOTE [ef X Yea scheme and xeﬂ_)_(_,jx Spec (@) —> K. On S\qu] sechons s 15 juot the expecled map
©x(X) D @O¥x = Oxx ( Spec @xyz ).




NOTE FacToriATIN THROUGH LocAL ScHEMES

Let f:X—>7 be a mophism of schemes, with X =Spec R local and ye7. Lek G dencle the set of

genensahunwﬁ 'K
G={=e¥l ye i}

we claim that f FIX)< & +hen there 1s aumque fachnsatwn of £ thoughe Spec (©vg) —> Y
¥ —

N/

SP 5[( Ry ]

of Y. Since open sets are closec] ander genencafupn, GV
and Spec(Ovy) = SpecAp — fpech 1S canoana)l,

Le* VE SpecA be an affine open neighhorvhvoc
?;,} then

Let 19 SpecA comegpond fo y, 5o o= {q]qep} IF A— Ap
we can veduc b showing thak £ 7 =5pec A s appne, P A privie, and £ X—Y s 4. f(xye {4l g€

£ Fuctors umqlw!tj Fhigh SpecAp —>SpecA.

Lot F: A—>R defanmne £ Ten FAX) < 31| 9€P) means that F s¢q1 tnen Yis) 15 aunik, 5 ofherwue
e 1 for some maxial 77, wnhraa'm‘mgw P Y. Henu there 15 o unique Ap — R malfamg Fhe ,/aﬂawmg

diagpam commite:
A———ly Spec A «——Spechy

\_,R/ LN 4

Jpeck

(2 1‘87 MH"QG/.



NOTE - SpecialisATIoN AnD MoRPHISHS OF LocaL Rinags

. € T} Sinw open seks are clored

Leb X be o scheme, 2x1€ X with xo a spealisahon of %,
under gewemm, any operi set gontaming e also wptams 1, o Hlere 15 g e OHENISIN of VIS

Ox,0 —> O i
(U,5) —3 (U,5) '

If X i mtegral Then this mosphiam is ujechue - leb U = Specf) be an affme open. veighborhood sf ote (hens
also a1 ). Then @ 1r a domain and xo,x, tomespond fo prmes oy w9, & Yo, and Gx,x. — O
womerponds o the canonical map Aq, — Api, which 1 injechve. In arficalar if s e 9@ngmpom/ o X,
K(X) = @%,F Hhe funchon feld of ; (ree E2 3.¢) then we'tan onsider evew Fx,x as a jubring of K(X).

PROPOSITION [ of K be ascheme and 2,y € X . Then Spec(@x =) —> X facton Hhiwugh
f

Spec[(S’x,.ﬂ — Y iF ancl Dn]\j W oo s qgenenrcﬁ"mn of ¥ (re. ye $+47), and Yhs
ctovirafon Spec (@ x,x) —> -S,-Jec(@x,j) is the vilows s of rchemes

cove the mmqw—ﬁa
ring defined 14 (1] above.

powmpancllna + the moyghiom of
PROOF  Both monphisms are monomonphisms, so w fevinr of .mbuIU"gdz n the calegony Scb weare o!an"mm-j

Spec (On=) < Spec(Oy%y) £, K~ Y

with #he

Fom earlier neles we krow that  Spec (Oys) —3 X 15 « homecmorphism of spec (O%y)
%~y Convenely oo~

subspaw of all genensafions of f, 30k Spec (@wx) < spec(O%4) clearl
+hen . evew pomt n the imaqe of Spec(@x,) —3 X /5 a wevscaton of 4, ¥ by Fhe previend nofe (Fad. Local
c@ %,y — Ox,x be an derecl in (1), To complete the proof ure S<hewen)

Spec (©x,x) < Spec(®@w%y) Let /@5
Need WJS show thaf the fU//annj dlqgmm Loviuies

Spec(@xx) — K

st/

)
Spec( W x,y)
{which is therefore areighborhosd of % aowell). The

Let V2 SpecB be any affine open neighbovhgoc of
+hup wowphisms ﬂ) X are then *hge wmpo.rrfeojm the ﬁlfawmg drqgmm g

Spec(@xpt) —=> Spec(Bny) g
Specé J/ @ {( @

Spec (Oxy) —= 5pe£[3"g)’-—"’a
We need + show that @ ,® wimmute, ~here Bp —>8Bq 15 o/s)—8/s (rme qF by apsumphen). guk

+his I;J'f‘rmghbﬁ)«wmmr. 0
wohent feld K= 8x,3 +hen even }wmf 15 &

Jnthe cave of an miegval scheme wih genenc pomt T end g
K —3 X AF it a commutatwe diagram

specialisahon of ¥, so"hr xe X, Spec(®x,x) — K and Spe
SpeeK — X
"

spec Ok,



NOTE FIELDS AND DIAGONALS

Lot L= X—=Y be a movphism of schemer, K a Held and U= SpeckK. Denole fhe maximal ideal of K lag
te() Lef A X— XxrX be fhe diagonal. Then a monphism g: U —> X Xr X factors through he
fuctoasaton 15 anlqué :

d.kagonai f and only & g(x) € A(X)] and this

m
L TTTTTE ey 3

Peyot

Suppe g(E) € D(X), 50y 96)=F = D(=). Then we have ving mozphsms

/ Pz
Oxe ———=> O xer%,9(6)

he U

AT

E‘g a’e;{'lmﬁzim N pyx = Dy P20 = [ eancl all jrhm le?ohUVm‘ are IO\CC{/‘FJ’?’?G} 1, Ax—"mgz = M. LE}F
A O x,x be guen. Then Ay ( pyx(®) ~pax (M) = a—a =0 &Mz 50 pyx(4) (@) € TM(eD.
Bub Gt ¢ Oxu, ) — Oy, € 1 dbo local, 50 Kevgy = Maek) Hele g piyx = ge parix. I follows
Som e Lemmas on W}owvmm}’a@e that fzg = p3. owhmj M= pag q“fwjlhﬂ fhe anback, we Jee
thal : :j = Dm, aﬂﬂ??wf\fd. The moypmsm m s c_(éqv‘“ unique.

NOTE Freldsand Closec] Subschemwes.

Let w reprove B 2.1, (Spec ki) —7 beny Speck(y) —> Spec@vny —3 Y) TNofe S'F-ECK[g) —3%Y &
a wionomouphism of schemed |

LEMMA Lot Y bea scheme and yeY TF Kic afreld and U= SpecK then any movphism
F:U—Y fachn umqumhj J’hmmgk Speck(¥).—> Y, &ssuming £ =Y.

PROOF Lot Speck —> he given. The image of Hhig mogphsmos {YYE §9Y so there is ot unique fuchnsat,
of speck — Y thwugh Spec O%y — Y. The ving wnowphism Gv,y —> K muat have kermel1my S
so e tjei' ki) /K }.{-bwgm’v e commutative diagram A

Speck ————Y

k" 7 \
spec [9%9

SPtc R ()

swne Owy — R() 15 an epimomphism, Speck|y) — spec Oy 15 2 yonomaphism, 1o Hae Jachsaton

v Mﬂffbﬂt- 0



LEMMA The product of fuwo nonempty schemes overa freld 15 vionempHy.

PROOE Say XY nonempty ancl we hare a paﬂiback

> X

P
f|

Y ——— Speck

Lat Us %, VY be nonemply atfme Suh;eb; saj USSpech, V2 specB. Then £-'VN g7y &
Spec (A orB), o suthies Fo show A @r B #0. But R s a feld, so £, B are free and —g — presewen
copwclucs, so this i invial. 77

PROPOSITION Let f: X— be a clored tmymesion with yey belonging o #he image of {. Suppose
j}; Speck —Y 17 a wiondsm eath K o féldand g(m]—= Y. There g factors aniquely
h

rough £

PROOF (uigneness is dear since a closed immenron. is a yuonomophism. To show existence, factor g uniquely
ﬂamp{jh Speck[y)—> Y. Form the pullbacks Xy = Speck[y)xy X and P= SpecK X Ry) ‘>£j'-

All three squarer are therefore pallloadss. From earlier noter we lenow that Xy =47y, whiehis a

smg]e}bn Sinee £ 18 Jrjechw, and y €F(X) . So by the previoup Lemma P f. But pullbacha
venewe closed immewions, so P —> SpeckK IS a clored mmewien. Sime P——fy! we Muat hawe

P spec Kfp = _)‘/eCKJ fo P—3 J;gec JC 15 an ool NS, Here SfpeclK — Y Lucor ff:muﬂh{‘, N



Nexture will discuns fhe valuahwe catenor of sepavotedves. The ugh icea. 1s ot 10 ovder for o scheme X dp be
sepavated, 1\ should nok confutn any subscheme which lookes like a curre with e cloubleol point, an 1 the
example above. Aviother wa of saying this Is Hatsd C 1r a came, and Pa pomtof C, then guven any
moyohisim of C— P info X, f should adlwiF of most sne extension +o a moyphirm of all of € mfo X (cf. (T6.8)

wheve we s howed that a projectwe vavefy has #is property.

In Pmd'lﬂi’u Hhis mujheclea o fo be moc.’;ﬁed - The qMM‘fww 15 Focai, Jo we repu'acz +he (ire bj s local r;!?g at
a poink, which 15 o discrete valuahon ring. Then since our schemes riay be quite geneval, we muat consider Gvbitany
(not neceomn} ducrete ) valuahor rings. Finally, we make he cnfenon reladwe “over the image scheyre Y of a

ol

wg (Malughve (nlenon of Sepavatedness) Lot £ X—>Y be a momphism of scherpes, and caruime
that X s voethenan. Then F 15 sepavated if and only f The —S—uﬁwwn’g sorclitesn holds:,
for any valuatren ving R with quohentfreld <, le} T= SpecR, U = SpecK and Jet
LU ——3 T be the mophnsm indued by the Mcluoion. R —> K _Guen o wonphism of T Y,
and given a moiphism of U 4o X which mcikRes e co mmurerture diagram

J——> X
P
il e l%
//
4

__—__;y

there is aF most one mophism of T 4o X mgk]ﬂg +he whole diagraim Lo mmwterhve .
(NOTE + Same resull s true of we fake K any field ard R= [<a valuahon ring o4 K

wWe wnll neee two lemmon..

LEMMA 4.4 Leb R he a valuakon vng of freld K. Lot T= specR and U =SpecK. To give o mosphism
of U 4o scherne X 1s equivalent 40 qwing a pomnt xi € X ancl an inclusion of feldr kin) — K.
To qe ¢ monphis m of T+ X 15 equivalentto giving Juo poinfs xo,x;, 1 X, with xs as ecialisotwn
of X, (Hiah s, Xo€ I Xy see Eox 3.07) and an ncludlon of felds k(z) —> K, such that R
domniates e local ving @ of 7 on Fhe sidbrehere Z = {xF ok X with s induad reduced yhucture,

PROOF U \saone peink scheme, with shucture sheaf K. Togive o [ocal homomoyphism O x,x — I< 1s the
Same as q1uing o rng movphism k(xi) —> K, 5o P furk part 15 obyous. The spectum of R con
4o poinls f =i and 4 = (0), wth $h} = specR. TF f: T— X 1s amiohism, leb % =F(%),
%1 = £(h). Tuen this cleav Mat o€ §ay”. Lot Z = fuf. Then if @ 15 the incliied recicecl scheme shucture
on 2, then nnu Z 15 veducible, Z i anmiegral scheme (3.1) unth genenc pomnt =, Thwr ©Oz,x, 15 a feld
andl there 15 an infectwe mophism (92, —> Oz,x = R(x). Sne Tu redued and £(T)< Z there
1S o umigue mowphism T —3 Z Fuchyring . (Ex 3.11) s gived local ving moyphisms @zxo —> OT, %
ond Oz,x, — Qg4 Wh fi} mts Fhe following commutative duagram

(th9) LQ"'II\: > Ople = f
(v;9) 8y i et O = K
2
R (x:)

5o we have our incluoion of felds R(x) — K. Nole that k=) = F@“""/m;, %w}l‘d’['fher\;um n;f; Sfﬂﬂgi
Oz, => OFX g, We needonl show fo,, =T, (leay = - Tor 2, nofre 7HA7 T s€@x e

{M).ti' | geviny s e;’::'z_( s dosed, so .g gevm,;:'e'mz, then ce ¥o(u) sine Z={%5 - Nofe that then If k(x) 2 K
is indued by E; C @ — O The above diagram wimmuled. (rme k(%) = @, anier FRvn

Oxx, —> Oz,%, and T— Z—2 X =T— X) Thisdear that k(z) —3 K maps +he julbring Oz, sto

to o local subving of K dorminaled by R NOTE 1ficor proof overleaf.




LEHMA [ef R hea local ang, T=5pecRTo give a moyphism fiom T o a scheme X iy ec{wmlenHo
e quing « Pom{* 2.€ X and’a Jecal movphism ™ (Qx x. — R.

PROOF Lef o nowphism 1+ T —> X be given. Devole by e maximal deal of R, and lef 2o = Flm).
Evew) point jeF(T) 5 @ genensafyon of To sine £ 1YY 15 closed, contfams some p =R and henw
tonfaitns m. Se the image of f 15 vontamed m G =JYye X |y « genensatien sf 25 By our earlier
aoler,  fackors uniquely Yhougn Spec (Ox,a) —> X!

T—>X

-/

SPM ( Oxxs)

lot ot Oxte — mepond fo T— Spec(®x,x). W2 92*’ a wormm utafure d!qgmm (ree eavhiex no\q)

(91',—m e Ox,2.

b ‘
7 r\ / R e maximam deal
P
Onre
7

N\

O, %0

|

Fumwhich # follows tat o s Jocal. Socuwsocialddo £ 15 ey =). Civen %o € X and Ox,20 — R Nocal
let £ be the composife of Specst and Spec(® xpe) — K. Tese are mutually mvene sina the ahove t
Factoasahon s unique and sine & s local the £ meied by (xo,0¢) maps fo %s. ]

Aeng if movphisms out of Hhe spechum of o local ing agree as funchons and hare fhe rame

onHie max. dea

LEMMA Let R be alocal doman, T=SpecR. Lot 4 =m be the monimal deal ot R and 4o = @) 4 genenc

pod. Tf £,9: T— X are hwo moyphisms Fo a stheme X, ane if f(+)= 9(h) and f 9 ndue
e same ving oINS Ox,x;— O+ then ,f’_cﬂ, and £(+) =‘3(1L,)

{ocaf mwgh,ur)n, Hhey are equal.

PRODE  There are canomcal mophoms Ox,x. — Ox,%) and Ezd — O14, with the laHer m\j‘cchwé.
(%, = F(h), 20 = S 1)), Hthng e swmmutative diagrams

+u 9h
1, b € OX Ao O 1, «——Ox20

| I ! |

01, < O Ol 4 (9 x,20
' 9h

sme F4 =94, 7 follows that Ho = 94 und hene F=9 by the previous Levma. )

LEMMA Lt X be a scheme, 2o, 3¢1 poirnts of X unth sto a specialisethon of =, Then Hreve 1< v valughon
g R and & momphsm fFT—> X from T=JpecR o X, which maps +he genenc pomt i of
Rodo x; and the closed pomt b Fo .

PROOE ot Z=521} be the mdued reduced scheme stwchire. Bj (3.1) Z s anmlegral scheme, so
O2,%0 15 o local domain. Let Spec ((Oz,20)—> Z be canonical. S Hhe image of s mophsm
s the set of jenewmy’wn{ a,( Ao, There i a prime | ef Ozxs Mmupping Jo %j. Cleungj‘p:(D ;

Let K bedhe qunﬁenl'gﬁelo} of U2z, and R a V’ﬂ}ﬂﬂ‘l‘bﬂnnn{éalr K dumma}?r@ Oz720. Sothere s a o yphism
X Ozxe—>R wilh o 7'n = 2o and «7'0 = 2%¢,. The morphism Spect = SpecR — Spec (Bz,x=)
compused with the @nonical map Spec(Ozixe) —3 z—> X gwer he deaed Aol m - 7



act monphism of schermes (s Ex 3-2). Then the subset

LEMHA L .5 Let J: X —>Y bea c{uam'—wm
i stable ander specialisafon (Ex 3.17e).

F(X) ot Y s closed if ewnd only T,

PRDOF One ;mp,’fca')Lwn 15 obviows, 6 we Wi"g have fo show that if £(X) 15 stable under 5pecwrfua+wn, Hen
s doted. Lel 2 =F(R)7T Sine £ fuchor H’lm(«fgh e induwd reduced scheme shuidureon Z, emicl
we proved i our noles on mduwd reduced scheme gt € UE X s open and affue, then 2V s afhme
in Z, i pllows that X— z rrﬁrum:'—-wmpac-f, sne £7'U=F7(200). Let Xped —> X be
canonical — then the unclevpng m ovphism of spacen is fhe denthly, 5 Kped —3 X —3 Z 15 quoni —corhpact
cnd has image £(X). Now £(X) ¢ dlosed under specialisafon m Zff . 15 n N, and clored 1f. thi closec
m 2,59 we can reclie 4o the cote where X, Y ar both reducd, and = F(X)~

Lel ye be a point: we wish 4o show that ?e,ﬁ(x), Let \I be up oper affine neighbovhooc of y.
Then by Ex 3.2 7V s quani - compact, and o} suffeen fo show g s mHhe image of He mduted
movphism  f-\/ —— V. Jowe can ansume X 15 (vioriemphy, sime F(X) "= ¥) , voveved by a funke
number of-open affines X;, and that Y rS_a#me,. S X—3 Y quwi-ompad. Note that even with
There ve plactiments, we shlf lnare Y = f(x), and F(X) i shll closed under specialis afton. _Er;ome .
1 we have ye £(x;)™, s ofherwsse fir all ¢ there 1w yeUi SE%)7)" s whence (Frmle noi) V=0 U,
15 an o pewt fieighbovhvod of not yneeting £/X), whichs wsonpradichon. Let Ny = F(X:) ™ wrth fhe mduecl
vedued shuctire  Since Y is aﬁf:’i’l@) YO¥ =Y s aftine m ¥, and Flx, fache U‘WC{M'ﬂ

p
X—7

] ]

X{ \) \f’,'
I n
Specfp ——> SpecBB

b4
The g mo hism 8 — A crregponding do X, — Vi s Jﬂ'eGjLWE) sme X =Yy s a domnant

movphsm of reduad affne cchemer Uee cur solutwn +o Ex “2.1&8)  The pom% €Y\ wweaponds o a
prime rdeal Hne B.Let pep be awnmmal prime idecll of B Lontamed n &, and leby ‘e ¥, wrreapond
b ! Sinwe y' specialises o § and FOX) 15 closed under specialisaifron, 4o womplete the proot, sufhcen o
show that ' = ¥7'q for ome prime < A -

Se we have pe dued Fo Hie foi{owmﬂ algebra pyo biem - - B—3A san mjer“hm merphism of veduad vings,
= minmal and wre wish 48 fmd g < fpvime with ¥-'q = 10’ consicler A an o B —module
and Joeatlise ot g’ -

B—S A

‘[ J arF g &l

B'p’ _— H @ B-pr
b/g = wkls
S localisaton s exad, thebobom row 15 injecve, and Byt har only prime, which wiarkbe O sina
iotﬂllfﬂw prejewen wilvad(cals. Henw By’ ts qu@{d! and ﬂ@BPJ HWDFJZEDDW’B_ lLed CIDI e any leme
of A By' Then ¢ {1 Bpt = (0). Lot g’ he the invene image of 9 under A —> A ® By’ Then
3‘"1’-—-— ‘p’B?g*ﬂ B =g whiieh compleles !’ha‘pmf n

PROOF OF THEOREM 4.3 Fint suppose that £ is separated, and suppose given adidgram arabove where
There ave tuo wioyphisims yh': T—> X making whole cliagram commutate

gy——————> X

=

T )Y

Then we obtain @ mophigm h": T——= X% X T 4 s #u_ganenc point of T, the Ju-thot hi=h'y means
That we ged a commutahire diagram



Sie DX s closed, and » han s imdge in A(X), F Follows that the image of 4 alio belongs % A(X)
hene h(h)=h'(). EDHMVIU‘)’DI‘FIW}H of (1) on stalkes shows #hat by, = "/?)f: = @""i’—) (97?;/:{) %
— b, a0 7 vired. (Thrfpa”' doer nof vieed X poethenan = and ovly veqaies R

The preceeding Lemman h
fo be o Vora\ domam with quﬂ-}!EV-"L‘f"&Ld |<),

convevely, lef yp suppose the conditon of +1e theovem 15 safirfred Teshow

i g that ;[f! Je amkd s u{-ﬁ f

by f‘*‘l)m'fu show that 5(X) s a ADf(’g ;M‘ﬂﬁ’} of X*v X Sinee wre hove assumed X ﬁoeﬂ"ﬁezan ié;enmcﬁl(x)

15 o0 noethenan space, so eveny open suLser Is won ~ompact Ex 2 .13) the mowhis "5 quowi - L ek s
o+ wil) be mfflcﬁfm—'a@ show that A (%) s ;j!ab/e’ wndgfjpmqhmhoﬂ_ rs 'e%y}?;ﬂ 6”;%6’19 ﬂ}ﬁﬁj—};ﬁ},;o ‘gm‘(j.})
a specialisaton. Then there 15 val wahon ving R, and a mophism  T=5peck —> X xyX. mappimg he cloved pmpnf
Yyof SpecR + 3y and #he genenc point 4, of JpecR v 5, Let K be the qwo'hen]' feldof R, U= specK and
U___yrmnomcql, E > +1. We have a diagram !

/Uﬁ‘
7 N
Yoo EX gl

Koxy X .
S

§

T our nokes on #aldr and duagonals we showed thaf () —> T—> X=X —> X
‘ e Il e.1f doern't
maller which prjechon youwre) sime 3, € A (X). By the vondren, the mgmﬁpﬁfn?dm(: Xﬂmmﬁy{)e

The rame, and Merefore T— X =y X Hfuctos hiwigh B, showing that 5 € D), which omplekes the proof. N

OROLLARY Y. b Assuime that a]] schemen are noetienan m e flloving stalements :

evt cinel closec] 1HMenIons cire )epamw‘eg."
fhwo sepaiated morpln s 5 sep arated
nclev lacre extepnsibn
hemen over

rated mvmhumr of r¢
FrF X e ) — Y x5!

) Op
(0) A womposihon 0
(¢) Sepamted morphisms are closect u
() F £: X—>Y and o K'—— Y are sepa

a Wane scheme S, *hen the produd— oz hum

15 also separated|.

(e) W £ X—7 and §:Y—>Z aretue monoims, and if g =£ s reparated, then [
is sepavated

) A .W*'Dmhlflfﬂ ;F: )5——'! Y Jf}e}jaﬂd’ﬁd )F and Ul’lfy Wf Yean be M)uvev‘egll bﬂ DPEHJ’UbJE')lI
Vi suchhat £7'(v;) — Vi s re parated for each 1, and if £ 15 sepaied and V€Y

Open Hen F~'V —> \/ ir repavaled.

PROOY (a) An open immenion s a monomophisin ol sehemes, hene by (4-3) cleav se povated, Szm;'[mffg
& closeq 1M evaion i A monomovPhis i, henw reparated. (Need domarns Woefﬁygnan)

(we ackally proved thy aaher waithout any noethenan cosumphons)

Noke & wiogphism & —Y 5 always sepavated



(1) Constcler the fo llowing diageaim -

Py ———> X
h lf—'
d Y
W
13
T —=Z

Sepanatednens of 9 means fh=Fh'y and then sepavatedners of [ imeans h=h? (Need X poethenon)

pthatk
K=y’
(=) Eary - f £ x—7 s sepavaled, ¥ Y boue change L -1}' and X' voetienar , x'— Y 'sepavated.

(el) éowndermdo//uwnnj dragian ancl e ,Vhe/m.'//mcle Xoxs X7 (e need Yors X' noefhenan — don'tvec. need
%, %" Yo be).

U ——3 XX —
Al ly
f X - 5
- ‘/K:Y'\,: ‘
"\
\J

fy

~

(¢) Eamy. (Neecl X noefhienan)

(#) Lef £ be separdled, NE Xopen and anrame \/nocthenan . Then Fh = Vv— X—> s reparaled
bj {a), (b). Nowansame X noethenan and Flepam]{d! Ve spen. Then oom:ofelrmﬂ +he
followvg dlagmm we ree ol £-'V—> N 15 reparatec) . ( one canalso s how this wittiout The noethenan

onchhon = see b eavliernote )

¥ & YV U

AN

Ye—— V —— T

Now suppose there is an open wrer Y = Ui V; 2R Ty e v v e sepamifed Y. sHaft
witha commutztwe diagiam

v ————>

B

T
J
Now evew point a#g’[TJ s a genensapon of j(#), where to 15 the cloed ponk, s theve 15 some Vo with 7(T) € V7.
Using tae fact that ~v; —Y, £7'Vy— X are wonomorphums we gef a ommutahve diagram
5 £V Mheed % ave tevan for
U Z___/_?,X Fhe secand ?Oﬁ_l
~ "

caven hih’ seindicaled, both fadtos throngh 7'V — X, and the facHhat £~ Ve —> i 15 separaated complefes
e prod -]



of finike Jype, amal unmvewally clored.

DEFINITION A mophism £ X — 15 pwper f if 15 sepaaied
0P 1S prper s P y Ateael vitoveb i Cjofec{'.AmUVP“”m

“Hem wre sa that a VHDVP{q;jm s closed the image of ani o ’
FiR— qu umvewq_”y clored (f o 15 closed, and for any mophism Y —> Y, the corvesponclin
bege extension I5 ako clered ( This s independend of #he chere rl

monphism £ x'—> Y7 obfamed 74
pallbacz) _That s, any pullbace of T s closed.

b.l Let k be apeld and lef X = Spec R[X] be fhe affine line ovey k. Ten X s sepavatec and of

ERAMPLE &.
Anite fype over k. (ﬁ"“j monphism st aff. schermen s fqumedJ, buf iF 13 1ot proper over R. Indeec],
Juke the base extension X —> R.The vorphism. X % X —> K 15 Spec( R[] @ Rk [))— Spec( kRl
which is 7he same an Spec (E[2:37) — Spec(R[*)) Lot P:R[*] — k(%97 Then (arsupm k alg.closed )
Y1 (x—c,-b) = (2—a) so 00 p1ojechon of The hyperirola 753—- ) 15 the x —axis navaun He ongin,

whichis V?o+c.|u!ed (f xep and =y -1ethen 1 o net projev

I spec(kfxY]) | SP‘-""‘["”

Maximal Vdeals  (x—ay-b) | s Maximal lea) (x-a)
Prime 1deals (x-a) -  Maximal ideal (o~ a)
Prime deal O

All other primes i eenae

Sinee if 1 €S pec(le[x:9]) 1 rot O anc! nok maximal, i 15 (£ix)) for an preducibole 1ronic polgnomraf
F. Bubfhen ¥ 'y = O or (x—c) forsome ceR, cnd # x—cep en £f(a) =x—c. Ss the
privmes wndaining (Y —1) A vnapped fo fhe v hole speckmm minuo (x), S Sppecla[A] 15

iveclucible Fhis jet cannot be closed.

of oune it s clear that what 1s missing w thirexample s #he pomt al mfmty on the h bola,
his suggeats $hak +he pro echre e Wgw‘d be properv rer R. Fj‘i.'n fack, we :‘TZ'I ajee }akgpé:/. q) Fhat

any projechve vaely over afield 15 proper.

NOTE T tseanily chechec that £ F-X—Y s proper so are 2= X—2Y, XY= Z for 1somopphiims =

Any monhism out of or 1nke (B,0) « proper.
THEWREM U7 (Valdahe Crtenon of Poperhiens) Let §:X——7 bea posphisre of Fntke dype, wnth X
T noethenan Then f rffmﬁar of and only If foreven valuakwn rng R and for every nrevjahism

of U X and Th Y Prming a wommulatve diagranm

—>>X

(vsing the nefahon of (4.3)) Jyere exists o unigue movphism T—> X making the whole diagram
Lomrnimarive. (NOTE The same resulf 15 true of we leF K be o field, R2 € avaluaten ~ng of K),

PROOF Fin) assume thal £ i proper. Then by dehnthon £ « sepavuted, so the uniqueneds of #hie monhism
T3 % will follow fom (L.3), once we Riow 1f exists. For Hhe exisTente, se congsicer #he bawe
extension T —> 7, and let X1 = X *yT. Weger a map 0— Xt fromthe given maps

4

J—3X and V—>T.

Let 5, € X bethe image of the unigue pont i of U Let Z = {8 Tven Z is aclored, ireducible
subset of X1 which we give Hre 1nduud reduad scheme shuchire, sothat U — X7 facdor umqwﬂg
Yhvough the closed immeloion. 2 —= X Sine £ 1 proper, i1 umverc)ly closed, so Fhe mornphuin
#' Xg— T munt be cloed; 5= F (2) 15 a clored rubsetof T But f(E) =1, s0 inSac f(z)=T
Heww theve sa point 3, € Z with £ (% )= 4o Lonsider the following wmmudechve ciagam

(see Ex 3.6 for some details) where ©r . —3 023, v injechresme Onh — (92,7 which fo llows

¢ e O H —> OuH 15 an somonghism.



(QZ,?.: < Oq) =R

fld — Ozy e—0u 0, =K

W

©u, h
I
K

sme Ord — Oz3 15 }otqf) (92,‘30 maps o a lDCuI_}u'ﬂ]«'](\B ab& C'lbvn\ﬂo\‘hnj {2-- Shie R is Gva‘ua'}wr\ww_r,}
by (T, LAY R s wmaximal wet. clomnatwon, Seo @-;;4_9 > (92, % 15 an uomorpflUm. Lef /' Oz, —1®7h
be the vewe. Applying an earker Lermma we ohfain

T e Sp@c(@;};)——) z —> A
cars B ome wwen 30

- RN U 1 i P
-

£ oo ewe B s ue s BN e F

Me lveal pyopehism of T—> Z en T, muat FF 1nko the abore diagram, hene wuat be invewe fo Q7 1, — Ox, 5,
—> ©@g,3, Tt follows that y—>T—Z2 =VU—Z. Loﬂrrclerlntj ;

Oryzm —————— O Pa)=n

NP -

(91),.'“ &‘{QZJT: =3 (OT,J-) <——_.—(97V1
!

Wereo fhat the tao wiaps T—3Y and T—3X-— agree on +oky and have e saime local mowphism on +he
image of 4, heae are equal, which compleles the funt port of e proof (We have nefuwed X noethenan or & of finie

Hipe - we need o/ separatec] anel univenally closed )

Convenely, suppose he condihon of fhe theorem Wolds. To show £ 15 proper, we only have to show # 15
umven ally closed, smee it s of Finile dype by hypsthesis, anel # 15 repavated by (4.3). So le} ¥Y'—>Y be any
movphism  (choose |y fo get f closed ) and Je) #': X'— Y/ be e moyphsm obtamed fiom £ by base
extension. Let Z be o cloged subsekof X/, and gue i+ Hhe redued iIndued hucture.

> X > X
AT\

YWee—— Y

Z

We need 4o show that £(2) 15 closec in ¥! sine £ v of finike type, 5o 15 £ ' emdl 5o s Yhe mm"“’ﬁ of #'Jo 2
(Ex3.13) Tn pavhelar 2 — ' 15 qb{aﬂi-wm}oach so by (4.5) we have enly 0 show that £12) s clored
ander speqalisahon. So led 2,€ 2 beapomt, let Yo =F'(21) and 1€t i w— Yo be a spectdllscfien of Y. Let
Q = {9.f~ with Hhe melued reduted Huckare. There are somorphiims k() = Og,y and k(z)) = @z, =z aud a

com mutachve cl@gram:



XY
P

R < 5 [92',2_ — la(21) ———p0 rLi2)

()

L3
[
\
ot
"
i

o, 9.5 Ooy == R &

@V;Hr

Let R be a valuaten ving of #he field (2,2, dommnating the image of Oa,ye. S0 we get a local imorp hism
(9@,50_—> = mahmg 4’32 abore dig m commule . Puk = Spec(@z!z.) (s Bzz, 15 womowphic o the aohent
field ok R, theve 1s ne hann) ond let ;2 y—— T= SpacR b canonical Lt U—2 be e canontcal movphism,
and T—Y Fhe wmpanfe SpecR — Spec{ @a,ys) > Q — . We claim 1he foHuwmg chagram

v

-

ommures

i
(2)

¥

_—
T s not dithenlF %o checlz the undevlying mups of spawes commule, and i thea suffies fo show the rquare

of- Jocal maps wrmpomdmj-a‘o e 11ngle point +o€ () ommures

(92,2, — ((92,1‘)0 e (90,41; < ©=,=,

I 0% 2
A
e
/
O b e Ovl 1

R //‘ /
9‘_'3;;;:3 S 09191

l ]

L Os/ys

> OO0y 5 an epimnfphlfﬂ'\ {sinee

Toshow T ommuler we e Hhe fact that (1) Wmm”‘l‘mf Uaue
Ogyr == (Qsy0)o ) and ol other Iefumrea commute. This shows that (2) wmmates. Lomposing wi
molyphrflﬂ’lf g ey K mnd ¥ =3 Y, Wge! sl Hoes “”d#;’f’y N Bl el
° . Sethere 15 a mophism T—> X makng the ciagram wimiuie. St
“!“l’l‘f Hie wondron of the fheore oo hisim ?T—J—) X/, and wrmg the f/uﬂ”ﬂé?dt s ot bard o
T goes +o 2, € Z., and since

X'iso »F!bVEd'PYﬂC[M'f’L, W+ fh fo gure a rmoip
= ! Henw #he gepenc point of
A T owmahin: v J ’ image of Ho-ThiEN

e s 15 G
2 15 closed this menphism T—> X! facton through z — X!, New Lot be The
Fi(ze) = Yo, s Yo e (Z

)_'ﬂflls wmpkiﬂ\‘me F’WOI- |



COROLARY 4.9 Tn the ,%Howmg stubements, we +ake all schemer 4o e woethenan :

(&) A closed immeaion s proper

(6) A womposcfion of proper monohisims 15 propev-

(<) Roper movphisms are stuble vnder base extencion

@) IF £ x—> Y and £5X'—> Y 'awe proper momphioms of schemes over o base
schiewe S, fhen Hie produck woghism fap's X 7 X"—3 Y x5 /" va o pwper

(&) 7 F- X—3Y and 9: Y —Z ave tue wopphiams, o gnﬁ 1s proper; and If
q 15 se pavaled, thea £ is proper.

(F) If §-X—Y s proper and VSN open then £~ N —N s proper. T Y
subsed o such that £V — Vooos proper for ecech 2,

cqn e covered by open
Hhen [ 15 poper.

PROOE A closed impmenion 1s pwper without avy noethenan assumphons, sine asy closed immenion 15
Separnted, of finile fype (£x 3.13) clored (cearly) and unvenally closed by (Fx 211a).
() TF ;[" x—Y, j N — 7 pwpev and X o woe’i‘ﬁ?ﬂaﬂj jO-F \S propev

© Consider a pullback

14 3 1
X———>7
A ~—>F 5
Ih £ 1s poper Hren by (Ex 2.i3) 918 of fmn‘e Jype ancl 15 umvzwaﬂg elosec| f,y,,,,r',,echw
heuvce jproper. ‘

Puvided X'rs veethenan, g 1s separafed well, e
(4) Conseder the followng diagram, assume X %s X' s noctenan, f+x —s ¥ and ' X'— 5
o any chislee of the

poper wiovphis s of schernes over S
pulloaides |

Krsx'— X
l g E
. i\\\
\/Xs‘/\-———é \/f

AV

W ———5

Producs of moyphisms of finile qpe are of fmle type Ex 2.13) so we simply apply the Theorem.
sepavated  We wsume X is noeenan.

() TF frx—Y una{ja‘/—az are guer, m%ﬁjp{ proper cind
—wompact and henw by o 3713 £ of Fnife Fype. Ao {15 separaled by (4.6) . So

Then f 15 olmaﬂ(
we need only show exislene v He valia cnlenon, Jiven a wrvmulahrediod@m
(0] > K
e J
e b
g
T — Y
la
Z

5,
se 50;( meer-}n gv_l' T— X agnd 9 _mf:om‘&d.%uhow X—Y =77
(#) Leof L X—Y he pw}}erand '\/s‘fup@n. Sinee bemsr #%ﬂ:ﬁc@re and Memjiepamled £ local
o e bage (aosuming X poethenan ) if follows thaf £~ V— Vs of fnf< byyeanc| separled.
(hecling an "-FP"DI’““"‘ diagram shows that §-\/ —3 \/ 15 proper by Yhe Theovem.



Now suppase f: X— Y 15 a moyphism, X noelhenan and there 1s an open cover $ViY L1 Y ruch thalt
FV— V15 proper for all 7. Then sinc frniteness and sepavatecness are local, f 15 aiepwm'ed mmyohlim

of funkedype Applying the arqument of (4.6F) we jee that f Is proper. I



THere and elsewhere qvaded ving = +ve yaded and quaded module = Z -gizded. See our Gaded
9 ¢ J 9 9
Rings and Moduler noten
Let S beagraded ving, T a gradec S-moclule. rqggd_ed_iwéﬂlﬁ_ of M 15 a submoclule NEM wihnch is
a uvaded wiodule m such a way that N——> M prejenw® clegreen. Fuf diHevently, ny= ™ 15 a submodule
withthe propety hal f me N ancd i = 2oz M m M then. \Ffne Z mne N.

LEMMA A submodule NEM s aﬂmded submoclule f and only if 15 generated an an §-modlule by
a sek of homogenour elempents of M.

PROOF Tf N&M s ﬂmded, o ger,'emled iaj all 1/s hormogenow elemenk. % e wnveve, lef Imific be

a seb of homogewom dlements of M with Ny = (§mit). Let ne N be given, say (0tvinally graded, o
aosupe T+ $)

h=sm +-- +5nlla
Then for de Z
ng = (sm)a +-- + (5mn)a
= sid'cll my, + -+ S"‘-d—‘dnm"‘ i € Mdz,

Hene ny '€ N, an required . []
NoTE T N<M s a graded submoclule, M/ns bewmm a graded s-module, (Mg = fa+NjaeMd ]

let M)N be‘imded s-moclules, M@s N therr fensov produc]. We show that M @s N bewoma a gvaded

S-moclyle wi e
fay M

(Mes N). = 120, mien; | degm; +degni =n Vi} () mamcgeﬂt\%

Fink consider MN an groups: Let B be e subrgioup of Fhe frec abehan guoup A on the sef M x( consishng
of the relatwns

@ (Jc#'l’,g)-— (YY) — (z.’,lj\
(%9+Y')— (ny) —(xY")
B (x-59)— (%5Y)

Then. B = P+ L where Pis Mzmbywup’jenem}ed by 7he velatons m @/ L by the relahons m @ By dehnihon
Mz = A p Sinathetenior poduct presenes checksums, we have

I Rz N = @162 @M%H:ﬁ g I @ZN.L

where & SLQUINE (M m,nyq @ Nin,nyq )imyn,q & appectfothe sm of-all Hra entvies. Tnn other wwords,
M@zN s Yhe directsum a,LJrhg.{v([ow.ng mbgmup; y

(Ml@zl\))q ":'{Z;miﬁ"\i \dﬁjw‘h’fdﬂahi——-cﬂg (2)

of
There i a canonical monghirm m’-gwufu M@EzN — M&sN wsoaaled o Vp — H/B,- the
Revnelof whidh s L+P/p — Jhe Subguiup of M @2 N qenented b elements of Theform x-soy—esy.
Call Hhis sulogwoup P " tonsidermg '@z N @ a 2rz¢dm’ Z-modwfg (Ze=77, Z0a=0 n>0 ) whhithe
gracing m (29, ¢ L a 5mdecl submodule, st i+ is 3enem4ed by homogen ows elements

vsoy-xwsy = (L) (E4a) 6 (Zy)
— (Zix)@ (Z454)(Z45)
= Ef‘*}j( ZiSd@Yy — 15 B sd Sjj)
where each of thue supamando s homodenoun , of- clegree i+d+ . whth fhe notaton of (2), ¢ 15 epi and

(M@sN)p = (ME&zN)w), and fack that M @s N = Bw (M35 N)n fallows from Hae fack
Hhat M@zN) P = M®sN ap apellan gups, aning +he quettent 3mdm5.



At this point you should consult our typed notes “The Proj Construction”.

Originally this note was titled “Notes on Proj”, but it was combined with “Projective Space
over a Scheme” and together they are now named “The Proj Construction”. In our written notes
there may be references to these notes separately.



Ouy vext shiechire 5 o dehine pwjechie moyioms and fo diow thak any prjechve mophism 15 pioper. Recall
I . jed{,on'z we defimed ijechve n-space PG over any ving A 4o be F@'H[Tu;--~,fh]. As we have

Tt shown, i A— B 15 a mophsm of omgs then Py = Py Xspeer SpecB. T vvfrvates Hhe following
definihon foy any scheme Y.

M IF Y uan&fthémf?, we define J’iﬁ?j'e_i__r_ﬂ.;_—(’[’”@ n-spaw over ¥, denoted np:}) fo be r’D;- X SpecZZ b4
That s, PS5 15 e pwduct of Y ovd Fg , hene only deferimned up o cancnical 150 moyphism.
Sinte prjechve spac over AV sahsfior 15 £ P % Spech we have (P70 2 [PhAor
any ving A. A movphism £ X —5Y of schiemes 1s prjectve Fif factors e a closed nmmenjon
1% 5 Y for some vz, followed by the pm\)ecﬁon Py —Y. Ths oy lﬂdEPEﬂd@fl’L of
the ot of scheme focall Py, i the sense that of 3 fuchm n”hvoutjh ovie prjechon via a closecl
mMWemon  then it fuches fhwugh all of them J’J‘j a clored wnwvievzion.

4 wionphism is quni - projechve i it factos b anepen pmmenton j: X —s X! pllowed loy &
PIDJEC'h\J‘Q morphism j X" 5 ‘

s, whiteh is ﬁm}efg genemfed

EXAMPLE 4.8 let A bea ring, et S beat g;adec'l fing with 5, =A a ving.
a1 an A-algebin by S:. Then “the nafural map PrjS — Specff 15 @ pwjechve mohlm.

Tndeed, by hypotheals there is & suyectie mo pplisim of gradeci nings A%, .., %64] —> S
Heng by Ex 3.12 e mdued wiovphism Piojs — PA s «clored immewaion. Tt s clear

ak the following diagvam womimuler:
P3 -
/ ; o

Prjs —

S\nwe on 3lolaothedhpns acA becomer  pr=3% 1€ T(FR) and g /1€ T(PejS) The
mophisin Py s —s Py clearly 1devhfes Hhere. Henw Pigjs— spech is projective.

EXAMPLE  For any stheme Y, PS——Y [n%1) 15 pwjechie A p@gdm wonPhism (s c]umi-p@'echw.
As shown fog the previow) eXample [P — SpecA 1 projechve for nz |, any g A. 1f you
wmpose o pwjectire Moy hism on etther end with ansemorp ism, gou geda ijgc-}w mmophssm. The
Sctime 1s g of quoni-PRY. worphisys. Mophisms @ —> Y (v alsd X Z ¢ ) dre alwags pejechive.

THEOREM 44 The mowhum Pz — 5pecZ 1 proper for > 0

PROOF Let X = PZ. Then X i wowred by the open affime subsefr N; = Dy (xi) Qsisn

speck

spec [ xo,.. 20 i)

of +ype

Sotoshow Pz —Z 15 kﬂjjevfj“;ﬁmﬁfhow Z Aoy xn (i) 5 'fﬂ Z’C‘[j?-bm. Bul 1n our
Ch1 $3 nolesr we showed thal Z (e, 2n] (i) &= Z{Yy..,4n| & Z —alebras) so Py —adw of fdefype .

Sine S pecZ s noethenan o+ follows fiom Ex.313 that P51 noedhenan, so we are in a posifton fo use

(4.7} waitahing the pwof of (I, 6.8).Tne proof is by indychon on 0.

! n=0 ] In ¥us come e canontcal moyphisrn H’i — > Z s ‘f'wulquﬂ propeyv, s iF 15 qn f:omoyphgm_

Suppose that Pz~ —— Spec Z 15 proper and that we ave quen avaluahwn nng R and a
commuiuhred!agmm

v——>Fz

)

R 3 Spec




Let E he the image In Pz o the single pomt of (). For p<isn leF V; = D+ (i), Suppose that for
Somie 1 5 & Vi. Ther 1 a closed imimewion e~ —s Py withimage [Pz — V. , and by ansumphon Ty 1s
n e image of s closed 1mymeion, i by our eavlier viofes on \' Factoasehon thiough Closed Immenions”
U—> Py fuctors aniguely hiough Fz'—Fgz Sme by assumption s mowphism s prvpes thepe 15 @ UNigUL
movphism T—> P7"" maleing fhe oulside ofthe following diagram commule -

) Specz

(Sinw Spec Z 15 derminal, we can avoid some wmm. checles) Lot T—> Py e the wmpﬂ-”k TPy — Pz.
IF 55 cleav thab U —>T—3 Py = T—>1Pp -To show uniqueness, Suppose 77— Pz s anskher moyphism
maling Yhe clagravm ommule . Then Im™ < ;¢ so i N faddon umquely Though P sne R« a reduced ring
Usin uniqueners of T— Py and the factthat [Py —3 By~ 15 a moenomonphism, we wnclude that T— F3

s unjque, Jo Pz — SpecZ 1 proper

We are left with the cove where 3 € Ni=o Vi foreach i there is an 1somophism
Dy (x7) == SpecZ[He, - xn] (xy = Spec Z[%—e_,,éﬂ]

(2 [%%s, - %fz;] denctng Z[uo,..,gn] with rielabels) Unelec Hhis ssomomphism 3/x; s identhed with the
sechon | I—> %/z; € Z[%o,..., 2% 7emy ¥ Fz over Dy (2;). The mopphism U-—> [Py gires o moiphim of vings
O3, —> K . Sine 7, € Vy the reckons G /x; & Dy (i) bewme amts in O, (Lef *fx; denole ﬁu’d"”{""ﬂ S
Dt (1)) . Let fij be Fhe image of #fz; €05, n K for all 0= ivjs n. Tese are all nenzeyo and

,}:lk.._:_ry{‘;h - (7.4!}j,hén

Let v: K —> (. be the valucrtwn on K delevmned by e va!uaﬁbnm?g R. Let g, = V(Lio) for i=0,..,n. S
.}’-,J- ;_JG.-\ \f we choase R . 3;1 15 minimal amon9 fjuJ..J 3,1]- (Pomb.fg SR G fbf"af.’j c;r(f?r'eCU Then for eqch ¢
we have

v(fr) =94i—9k Z O

Hene fik € R for 0% i< n. Defmea momphum of nrgs ZJ*an, .., e ] —>R by Y/an — fik g
mdutey o momphism of schemes T—— Pz gwen by T—> Spec Z[Xejar - - han | = D+ (xe) — Pz o
show that T——F3 makes (1) wmmule, we hare 4o show That the outside n Hhe following cliagram commule:

Vi

R i i )

U —

7
XF) D (2w) (¢)
~F P

/)
JSpec b/ R j{“/n]

Here 3,€ Dr(An) 5o U— P2 Fachmes hrough Pr () and )—> SpeCZ[ ), - - Xofon] 13 the

map Z [¥ofxn, .- ¥rfan ]— K, it — fip . So W sutfuen to show M}nangk T commules. But ""”r";phrmf
WL SpecZ[ Xofaie. - -] AP IN bijechon with ring mophirms Z [*fxn,.- |—7 o Fhus s ecuaily checlked. T orly
vemaims 4o s how thab T—> Pz 1 unique making s diagvam commure.

¥
suppese. T—> U;’; were another mowhirm . U—>T— Pp = U— Pz Trne imoge o} +he maximal deal
ol R s comtaunec i come Dy (xi), henw the imogeot 7 Is contamed 7 D+ (x;). ‘ ;



I+ follows that Y facfors uniquely f’hmujh the open 1mmenion Spec Z[*zi,. ., x] —> Pz . Lot
Z[o)x;, _._}:m/,(;]——a K be % )x; — L. Then o» we cheched for Ie, Spec K —> spec T [%o/xi,.. r:u»/m.‘l
Py = U—> Py and by assumpton V—>T—> Pz =U—T .

V—> Pz
[ and that
N ?—L Sfecl[%i,.--rx"/;ﬁ}
) 15 ;’;e.:;é) wheve
T 5 Spec Z[* ki, o) )] (/ls dehed) heloe

Stme anopen immenion is a moromoyphism, Y lpstrom [eff frangle commdles, ancl it follows that fiie R for all
Dé.j < 11, Bt then g, =9 ='V/J§a)d— Vifoi) = ’L’(/j'o-ﬁ)i) = '1/({,'.‘) > 0 anclm Payf?cu}arjh Z9i. r—fmjmaldﬂ
of jh mears fha;‘j; —_—jn, and et fri, fite are umbsm R. If i=k then we are dom, since 7 [ *x;, _”’Inf'x',]
—> R u the monphism wed o define T — P3 m (2) So amume i R. Snefiai) finare unds in R, the
moyohisms

¥ _Z[x%ch.,..., 'x"/xr;.] — R Yixyp — £k

9‘.' Z[K-/X;) vy ’("‘/;(;] —2 R Y Jae; 12 i

map  Van and TElxi reap. Jo anth, fhw inducing monphim s o} o} The localisatons at Tk, %% [x, reop.
But Z [’(u/:("'}' ) ’cn/xh—j:r‘f/xk_ = Z[Xoj : "!I”](x;:(k-) = Z[%/Ifz"'lxn/zi]lhfx. andl m’”ﬂ noles ak-the €|'f.ld
of 62 there 1s a wmmutahwe dagram (b= L for 0<j<n)

S 7 [:rO/x.‘,., _!Xr:/x,];m/xj Z [J&j“_}“ _}'xnl‘,m]ﬁlmléd 7 [h/lh./. 2 """/zn,]

\ /

Z[Ic,...',xva][,qxh_)

2%, 0]

This gwver a morphism  Spec Zfx,.., % Jecizn) — R . lonsider the folbwing diagram -

':'”DE‘
D (i) ® \ Dt (xr)
! . N\
SpecZ[ iy s @\ Dy (it /@ Spec Z [ty )]

Squarer ©,@) commule by 3), @ fvially and  @,® by our noles at e end of 52 . Tt follows +hat the
fwo ways aypuncl the oumide are ezual. But ohe is ¥ : T— P and #he ofher is ouv ouginal may wmplefng
The provf- of- wnigueness; and thun he proof that Fp —> Spec Z is proper- []



LOROLLARY TIF A 5 noethenan and n# 0 Hen [P — Sjoecﬂ s proper ((FPa 15 also noethenan)
PROOE Foy any ving @ cind n 20 Hhere 5 ¢ pullback diagiam

PR —— Fz

J L

spe(ﬁ e S’pecz

Sine Pz —> SpecZ 15 of firile fype, soi [Py —> Spechl, by Ex 3.13, So A s poethenan, s s
[sz agam bj" Ex 3.13. Sme 1Pz — SpecZ s proper, [Py — S‘pefﬁ 15 proper bg (4.8). [0

COROLLARY B pyojechve wonghisw of noethenan schevres 15 proper.
seatbds . P U prope

PROOE Suppose F:X —7 15 pioje e wh XY noethencn. Then Yhere is a closed immepion 12 X —3 Iy
for some nzl s ihat Fhe M;’awmg diagram vormmuted :

iy
Ny ()
Fa .y

X

Buk closed immenmons ave proper; so Fhe reault Sollows from (4.8)lo and the following Corollary .

Lo ROLLARY TF Y s a voethenan scheme, Y —Y pujechve n-spae over Y Hrsome n#l, then Py — Y
1 puper. (anc PG s noethenan)

PRODF Recall “projechve n-space over y" means " produckof P* nd Y " So thiere i a,zm/léqu

Py ——Y
Pz ) Spec

By 2.13 TP — Y 15 of fuibe dype , 50 /f‘j:,:\ 15 oethenan and se by (4.8¢) PG Y 1s proper. ]
Nore TIF F: X —Y s pojoctre, 7 noethenan then X s noethenoan (consicler (1) and £ 3.13)

WROLLARY A quani- pyyecﬁm viowphim of noethenan schemes 1s of finife fype and sep arated.

h
PROOF Lot f:X—Y he quani - pojectwe with X, Y nvethenan:  and suppose F fadors X — XY
with b an open immewion and o projectwe. Line Y 15 noethenan, so is X', so g 15 proper, hene of
ke fype amd;epam/pq’, But X er noethenan, o s a guas -wmpack opon wamesion, heng by Ex2.I3
also of Fmle bype and soparvated. By €x 3.7 and (4.€) F o llo ws Fhat £ 15 of funke type ol

sgparaiec/,g
LEMMA IF £ X—3Y 15 pwjechne, Y nvethenan, then X is noethevian and [ 1s pueper.
PROIOF  lom bine #he rofe and Comlleny.

LEMMA TR/ X—3Y & ql.tmi’pm\)echwe, Y vicethenan, Yhen X i noetrenan and £ s of fimle ﬁpe ard Jepamhzcl..

PRODF Suppo,re F fachnses as an open nnmeion. K ——2 X' Lollowed bg a pvojedwe mnephisrm X =3 Y. Ten
x* 5 noethenan, and X 1s womerphic do an open subset of X', 30" Xs alse neetherop.r



At this point you should consult our typed notes “The Proj Construction”. Look for the Sec-
tion “Projective space over a Scheme”.

This was originally a separate note, which was combined with “Notes on Proj” and together
they are now named “The Proj Construction”. In our written notes there may be references to
these notes separately.



NOTE onjechvﬁj 15 Loca]

LEMMA IS S A —Y s a J;mJ'ecJWE morplnsm of schemen fhen so s 7V—V for any open he Y

L

PROOF Suppose i Xe—> PS5 m71) i a dosed powmewsion 5. X— F% 23 Y = £ Then evew face

i the following chagram wmmules, ancl all guare faces are » ullback 5 -

8y eaflior moler £V —9""V s uclored immewion, and g7V = N *specZ Pz wih pojechon
j"\/-—é N, o f'V—2V 15 prjechre. []



NOTE Localsation and Change of Rings  (gaso, 1.5)

Let A, B bevings - A—— B a mowhism of—rmjg 5€A and T< B mulhplicahur sek, mc‘h Hhak
$(s) & T. Then we get a morphism $7:57'4 —5 T- 18 of rings mqkmﬂ the ﬁﬂﬂwlﬂj wonmmule :

¥F
—B

A
l l SCA T
A

— 7B
'_'j’T

5

Let M be an B -module. Ten let M 1 denole M eonsidered ap an A -module. Theve 15 an  meiphism
of 14 -moduler natwal in M-

jﬁ : S"(M[ﬂ) — (Tf‘{v])[y_r]
9‘(”‘/5)_ = m/)ﬂs)

o T=Y(s) then g s an somophism. T} N i ancthev B-module then tomposing he monphsm
5'1( (M@ N)[w]) — (T (Me@eaN) ‘)[ﬂ’“‘] J'Ma‘cle{'lmd wth T (MeeN) —3 T @ g T-'N we
geta mophsm of 57" A-modulen

s7'(((MeeN)p1) — (T'Merig TN ey

meL/S o ﬂ’J/} @n/j’(y)

Now let L hbean A-module, apcl form the Jencor pmdwc-f' L ®a B, whheh isa B-mocdule. We claim
There 15 an vsomonehism o T-'B-muduler natural in |-

T (5'L) gq T°'B —> T7'(L®aB)

we detne T(%/s @ f+) = {w/j"(:}b, i tewval way stackng with 5~ 'L X T7'B — T~ (L& B)

There 15 acanonical womonphism of abelian groups T (L 8aB) = (LosB) @ T 'B= | es (BosT'B)
= | wa T~'B defmed bj n b/, 1— e B (Heve T7'B 1s an A-module via A—3 B — 7 '3 one chech s
Yhat LxT-'B— (s-'L)&s- 0 T7'B, (€ %4)1— ;C;,@ b/% s well - dehned and A-lear, gtuing a ynephsm

ol atbelian groups

T/« TN(L®AB) > (5-'L) &,un T'B
TR = o e bs

Sine T i clearly imveve o T, T s an 1somoiplsm of T8 —pmoduled. Nefuralty in L 15 eawily cheched.
Wwe PWVEd Yhiy et elrewhere in e cove of prime localisaton. (fhe pmo,f— here 15 more elegom{-/ bmq’Jf"U_O'H’leY'
proof 15 alio educatwnal ).



At this point you should consult our typed notes “Varieties as Schemes”.



5 e a closed immewion, UsY an afhine open subrel - We caim £7'U 15 an
U 15 emply This 18 fvial, and nany cwe §-10 —3 U = spech

\ for some ideal @, by Ex 3. i,

[@L3] Fal, el £:x
afhne open subset of X. T £
v a clored immewsion. Hene £ 22 Spec(#a

Now suppose FeX—35 45 fgjpﬂmfedj U Ve X open atbne subsels, and 5 affne.

By eurlier noles, prun U = XN, which is affoe. B‘Mf’wmb:mrg i"fﬁzprewom paragiaph with
ma‘{"ﬂ["’%q}' N [ ptunN volo) = LNV we seethat ynVs athne.

[@4. 4] We upe some resutls fiom §5. See ourvisler on the Jcheme theorehc imaie 1‘1?2?@, " pa(hcula v Dont worn,
thy exevee 15 ot visecl unti] Femark 5.(6.1, so there s o lojmal provlem! Fual ure prove
{overs)

LEMMA [ef f: X— Y be kmvrjabum of schemes which are both of fnie Jype and separated
over ci noethenan scheme S If X ir proper over S, Then £ i a proper mo phwm.

PRODF  (onndev 4he ﬁ»[lumwg P ullberck :

XA —m
1]
~

Simee X —358 g5 proper 4 pllows fom (4.8) that q s proper, provided we can 5 how

X %55 11 yoethenan. BuF ¥ — S, X — Sare of fuife fype, so by Ex 3.13 [V (d) 1F follows
that X wgY—3 5 of Anrefype, o XnsY neethenan by Ex 3713 (@), el Tp = X —3 X xs Y
be +he qraph ymophis M. Then ZT; = and X s woethenan, so bﬂ (4. Pb) dsuffices fo show
that 77 o Jpropey we show that TE 15 aclored wwiesston. Fow our eavlior astea on Hhe gmpk

n ——— %

vt knoo there 15 @ pdllback
£
X > 7
"l
Aesy > Vs Y

X[

By anmmpfwn I s o closed wameidion, henw so s 7% wf??/b/e-ﬁngf’hgp'w[_ [

see LaTeX nofes for regt of pwof |



I@ Lel X be anintegrnl scheme over a feld K, with genenc poinf ¥ ancl Funchon feld K.

A valuation of’ Kk 15 avaltahwn v en IS with v(z)=0 fv all xe k- {0} (ea;urvalenﬂj k< R where
R s the valuw ). Here we wnsier R a1 e subfield of R ia k—s @x (x) — Ox 5 = I%.

Leb v beavaluahon of K[R with valuorfon ving R, with all wovphisms 1 the following commutahve
ciagram canoncal (re Speck —3 % 15 Spec(Qx,5) — ) -

Spec K ——> %

N

specR —— Spech

’
(Mavphisms SpecR —— K aren ba‘e(:'hon with pais (2, ) wnns;ﬁnj ol a L;wom’f x€ %A and a Jocal
morphism o : Oy, —> R. Suppore f makes (1) nto a commutative diagrai, aand let 9 = £} and

o be such that SpecR — X = SpecR fpee Spec (Bx) — X 0f coume Specik — A fucow wmquﬂj
i’hmu\ah $pec(@xx) —a X via the cquontcal meluoion Gxzx — K, Jo we jei a d[agmm

Jpeek, >, X

v
{ §pec ([O% <)
o/

SpecR

\Us

— 5 SPIC?{

The ]'r‘lanj]e @ tommuter sine Spec (Qx,x) — X 1¥ monic. So a0 subkings of K, R domyn ater Ox, =.
fonvevely, guren a point ore X with R dominating @x.x m K, $he nclw2ion @x,x —3 R 15t local
Movphum and +he wmﬁonclmj moyhism SpeR—3 K = SpecR — Spec(®xx) —3 X mclen bolh
-hnamglu w (1) commuke. Sofle bUec-hon above §nes nise Jo & bé)ecﬁun-. (For any valuahon v of K[k Vi

val.rng R)
) [Hu’Phl:ms SpecR — X ma'lemgj o 4 [ Poinds x& X wth R clommahnj]
[ owmanle ©x,x n K

1 % 15 any integinl scheme over a field Rk, wé call X € % o cenler of avalugion v o/ Kik ¢ R domimaler @ x,%.

(a\ Let X be an mffegm[ scheme which s separated ovev a freld kR(1e X — speck 15 sep oraled). The uni

pact of (4.3) ¢loes net need X uioethenan, and applied & (23 1F shows that fora valuahon ~ of

wenens
N
he center of v 15 unigue [f 1hetists). :

3

(6) Leb X bean m]‘c’jml scheme which s proper over a freld . 7F follows nmmecialely Lom (4.7) and
(2) that evew valuoken of W[k has o unique center



