DEFINITION Let S ke a vaded ving and le¥ 11 be « graded vamodule) M= Ddez Md. we defwe
the sheaf aasociated™do M on PriS | dooted by M, arfollows. For each g€ Pojs, Jet Mige)
Ve He qroup of elements of degree O 1n the localisation. T- -, where T (s #c malhplicahve ,y_r;{,m

ef humojeﬂbuo elements of S nof in 1

"of vouwe M) 15 awell-dehined Mgy = {ﬁ"‘s—[ me Md and s€Sd fov some dzo} ()

$ip) -module for any hvm. prive B

N fe that V?Df'e‘fevy patv (ms) representng an elewment of M) < 7'M has the hrm gven v (1),
Then Mepy bewmer an 5 (g -wioclule 1 T obviows way. For any opensubset U s Pro's we

define Ri(U) fobe e set of funchions s:U— Il pey M@:}q which are locally fectvois. This means
m&\f‘ﬁi’ QVC’Vg }JGUJ e 1J 4 ﬂelﬂanVHUDﬂ! \} D} -F " U) (A'WCI omoge”aw el'gmgnﬁ mEM ahd Fé 5
ol- e same degred, suchthat for every qe\/, we have L& q ancl s(g) =M/f€ M@y, T s

e Jo check Hat 75 a sheaf of goups” i the olovious veotnchon maps Then =7 15 o ©x -moclule

(x=Prjs) view (¢-5)(p)="1p) +(77)
PROPOSITION 5-11 [et S bed qraded ring, and Magaded s-module. Let X= Proj S: Tren

(a) forany peX, the stalk Fp = M.

- e
(k) Farnnﬂ horﬂosewuw.l fe S+, we have !“l/e[,a] = Mgy vie the
isorpoplLsm of D+ ) with JSpec Sig), wheve M) denotes the
§0up of elements of degree zevwm M.

©) Misq uam'—whﬁ"e’ﬂf Ox-moddle. IF S s noethenan and ffﬁ"”‘l“-’f“'f
geveraled, then M 15 coherent- :

Eﬁ_oif: DC]“M’@ y: ﬁfa — M{?’} bﬂ .)P(VJIJ — Sr’}'ﬂ’;’h@ %ﬂol"ﬂﬂa} f s an meomh”m FD”MS an in
(2.5)a. ¥ iseary fo check that f maps the ackon of Oxp to Hedchonot Sep) i away
wmpatible wit Ox, 7 => Stey. e 1somorphisin P = Mip) 15 viatwal n M.

(b) T Dy ()= ;ﬂ?’m /s Prvia), soure ma aasife F 1 ot nilpetent. Recall The 1somorphsm D+(F)—> SpecSez)
15 definec| by _
. De(f) — SpecSer)

Stp)= sy S
§F9)p) = Yulo(3ip))

whee Yoo (50)y — S
(Y B /pe) = “’m/;,,rn
i TR
To dehne an 1somophlsm of sheaves of (Dspecser ~moduler Y Mlpyip = Mgy we fork ceme fovpe D4 IF)
Yy (Wﬂ)ym — M)

wher\:t,f"f(?j 15 the jwupu/‘d'egme O elementr n Mg which becomen an Ser) —wodule 11 the obvivur way.
Wedetne
Y?a(o"/.,f‘”, b/jpm> s :f;_ﬁ
b
1 degf = e>0 then dega = N - degf, aeM
0123';0 =m - ngp} I’JG S aud L‘J#—T:l

To be caredul, choose cirepresentahre pai- (v v) for av element of (Fer1) em). Then wme M) < Mg
ho o mpireaen'/ahvr of +he form () £™) with the thal=| poperfien, o does 7€ S¢) = Sp ¢ Fp).
Ovie chechs The definifion of Y i inclependent of both chores. T is clso eany +o checke that Yp 15 e

monghism of grodps) and Fhat Hov vn e (M) g and T& (55 21

Y (- m) = Mg () Yp(m)

One shows that Yp 15 an somorphiism as i (2.%).



We define o - Mg —— Y Floree) by
Wy * %(V)
wy () ()= Tp(s(¥01))

> M(y7'v)

Asim (2.5) i clear that wa(s) e MY V), and thot wy s @ mophism of guups. Cleary w
s & mopphism of sheaven of-abelicn groups, anc s i fack aw vomowhm sifice Yga 15 an isomovphism

WYpe Df{’-ﬁ}_ and the pollowing diagram commures

HN[P]:p[»F) e ﬁvlpﬂ,”_p
l J

(”{f“])‘j’(rp) r__—%—-——-—’ M)
P

o Dml’jmmmmv‘amow that w15 a monphism of  Ospecsig) - modules. Butif € Ospecsey (V) then
T 7p)-5(p) )

Yp(vip)) - Yo (3(P))
FEA ) - W ((p)

Wy (V'S)(/F\

= (7 wuls1IF)

SHhat M i guani-coherent follows from (). Tt 5 is noethenan

(¢) Sinw the D+ (£) covev Projs, ﬂoefq
ond M Fnilely jeneml‘ed Then '_-"

NOTE Lel S bea graded g, X =Projs, Mo graded S-module. Lof 4 g be homogevour elements o S o respechve

j ~
deqrees dye = ). Tere is A bijechon [eg) = FT(D+(f)) defned by mapping m/pn o Jar— Mgne M)

(S?mﬂmhj Mig) = M(D+(9))). There is ct imorphisin of qroups o Hes) M thg) detmed bﬂ
P(mjpny = 9" .m/ﬁwn_ I+ eaw-i[j checked that e Howlwﬂ d{agmm commultes -

Aoy &= M@

J y

Dr(FB.]

D(F)



At this point you should consult our typed notes “Modules over Projective Schemes”.



vl
DEFINITION Let S be o gaded ring, X= ProjS. For any neZ we clefine the sheaf ©x(n) 4o be S(n), where

5(n) 15 the graded s -mmodule
S(”)d, = Su+d

Sothe 5-vnodule 15 5 iself, juak with a modifred grachng. we call @x(1) #he ﬁ/[_irg_ﬁﬂgih_egf of
Sevve. For any sheaf of Ox-rnoduler 7, we clencle by F(n) fhe fwisted sheaf 7 & ox Ox(n).

IF 95!'?——33"}’—" 15 6 mogehism of Bx -modules, gla) denoter & & Ox(n) : Flr) — 2 ().

PROPOSITION SV2 Let S be a graded ring and X = Projs. Assuwme that S s generated by S, an an So-algebia

() The sheaf Ox (n) is an mvevhble sheaf on X, neZ. .

(k) For ang 3mdecl S—miodule M, ™(n) = (N(n))’\f In Pavhcu]av)
Ox(n) & Ox(m) = Ox(n+m),

(¢) Lef T be ancther graded ving, genevated by T as a To-algebrq, and let
¥:9—> T be a WoWomoyphism presewing degnﬂm,_and fef V¥ = P@‘T

and f:0—> X be Hhe morphum detevmined by p (Ex 2.4 ). Then

/ﬁ*‘(@x(h)) = @Yf")lu and -J-.k( f9‘f{“‘)|u] = (£ Bu)M).

previous propesrion Hhis 1s 1sowoyphic

PROOE (a) Let £€5) and covsider thereotchon Ox(n) losce). By the
of ranle I. T+ suffiws fo show +hak

. 5(.(,');;] on fpgcj’(,c)_ We will show that s reatetion 1s 7tVE£

s(n)es) = Sep) M SE] _mioclules. Detivie

¥ Jg) — 5 ¢p)

$(o/pm) = 7 pm Fostng Hhedack b £15 aunt 4 n<o,

¢r-modules. To ree that it is sunjedur,
™, o1 vequived. S S s

Henwe ©O(n) 15
leym 5V

T+ 15 eany Yo check thak Mis 15 a well-defined, mjectwe wonphism of S
) S0 RE Smin.Then k|pminie Sez) and maps fo RIf
—algebrm., X i conered by the open rels Di(#) for feSi.

lak kg™ be given
9
en 7424% sine any jfe—j,:. ) apo.'y in Sy with weffs n So [wo constant

genevated by Si asan Se
tnvevhlole, “(tf P25 th

degf >0).
(6) Let M be q graded 5 —medule. Then for ne Z there is an obviowa 150 moyp ism (M@s S())=D M (™)
of S-modules, which oneecusily seer Fo be cn 1somonphism of graded 5 -medulgs. Hente

) = M ®ax Ox(") = A @ox S

Z Mosst) = fam)

sme by aosamphon S s geperated B¥ Sy s 1somopism s natural in M, i e rence Fhat
M- s @ movphum o}jmdec St_moglu{e/}/ an); M vy — () melipecl b‘g /@'} fhen

%fp//uwmﬁ commuses :
M) =——— M)
;{(n)l |

A7ln) =——= M'(n)
This follwws from The nafurally of M eox ﬁ'i(N @sN)™ n M. T Ea(‘hw\lar we see thal
Ox(n) @ Ox (M) = O x (mn), v S(3 6 5@ = 5(0) estm) = Sarm .
() In fadtwre clo pot needfo mosume T s generaled by T, The movphsM 5(M) @ T—2 T(n),
5@ & 3 P(s)f & an sormophisni of guaded T-moduke, 52
Flroxm) = g sp) = (se)esT) 7l

= ﬁﬁ[u = @v() v

For the lap? claim we do rot even vequire thal S e generated by Si. Then



L(ev(M)]) = AT [v)
(str @)~
((ST)("} e
(sT)"(")
= K (?Iu)("‘}
= Jfx (6v) (")

I

M

7] mqwlﬂ:/. il

Assume St genevated by S, asan <o —algebra.
The Jwishng operrton allows wio detne a graded] S -moclule ansociated o any shef of modules on
X = Foj5. Bul fint we need Yo propeily undentand the isomorphism Ox(M) @ (M) = Ox(n+m) , nmeZ .

T: @x(n) ® Orlm) — ©Ox (ntm)

—~ —

St @ Stm < ()

Ny 7
T
s)e S(m)
S 5)epy, s(m)ay ancl s(n¥m) py are all subgoups of T-'s (7=hom. ekl ot i p), we com bine our

previow work do see that for US X and BE

To(s)p) = T i (g) bi ()

sip) = (V, Ziaieb;)
ai € S0 (v), bi e S(m)(V)

f F s a sheaf of @y - piodulen on X Then there 1iran memoyphism of @R-modwlaq

H = Fn)(d) = Fln) @ &x(d) = ( F & @xln))® Ox(d)
= T g [@x(njﬁfﬂ;c{d’ﬂ
= T @ Ox(ntd]

= F(n+d)

dehned by '
Ho () (P) = Zd (VAW <5 lyans @ Tvaw( djjyan @ bijvaw))

where  s(p)= (V,Z;ai@bi) a;e (Feoxm)(V), bi € 5{3(\/}

= (W 3 cjedi)  CjETF(W, dj€ 5 (W)

If seSi, +ete then fhere are mnomcan'jlolaal:echon: Se T, @x(d)), YeT [ %, @x(e)) defmed by

sy = 5. Then ‘
'T;(( 5691’:) = st

Alsoif U X and aﬁ@K!’”NU), be @x (V) then Tv {@x (”)@@x[O)J(UJ — @) (V) maps awb o b-a
This implies that K = F(n) @ @x(0) — F(n) maps me b o b-m. Tsim b ne—>0,



NOTE We e|abovate a Iffle on (5.124). A ssume S 1s generafed by Sy asan So -algebra we showed that
Ox |psgr) (o modules.

f fes, then Ox(M oy =

——

We defimed an somovphism ¥+ Sy —3 S0r)) of Se) ~emodules, giving ¥: Ospecsey —> S(M)cey .

By (S.11b) Jhere 18an isomomphism 94 Ox(") = S(n)g. Lek f=g~". Then applying fi 4 the composite

Ospecsen ;&@XCH}MOE&GM Cxlore = Fu Ospecsgy = @x("”bfc,c). Ror V€ D#lf) we have

If se Ox(n)(V) then the oweponding s’c ©x (V) s defmed by s'(1) = V3, (s(p)) where
Via = S(Weg) —> Sy 15 The womonphisrT dehined by vp(%/q) = %fpng. So the isomonphisms

expressing mverhi bility of Ox(n) ore
Ap @*{")]DHH = Ox\piee)

(26)v ($)p) = v (s (1))



.ﬁ_ﬂ
NOTE Twlsﬁﬁg s Exact (ﬁ%dﬂi-#@ feao\\(ﬁ fre sheal 15 faf)

let S be a 3radedrm9 jewemlcd iaj Sy as e So—algebva. (We claim that f X= Projs then for ne Z

> Ox-Mod

— By Ox(n): Ox-Mod

s anexack funchor. Lef 0— "Fjg—-”? s € — O be anexact sequence of Ox - mocluler. Sine
$ 15 qenevated b S5, he Do (), fe 5, cover X and o show —s f,l:(_’n)__a—f(nj_a'a{(n)—a(_g 15
exmg n}mf"fﬁmj%o show that

0 —> (F @ Oxt) ;= (§ 88x (), ) — (7€ o) |y — O
17 an eg_a(};e((u(gme of @x]DﬁP) —modules. But #e following ciragmm commales - r

O — (F& OxtNlorer) + —— (48O pppy — (7€ & 82 i) —0

J! J ﬁ

0 = (Flose) & Ox(Mbste) — (§)5,51) 8 Ox oy — (225, 00) & Betnl g s

5o suthuen 1o show Hhat fhe bothom vy 15 exach,
Let F:Ds(f) —> Specsen be the canonical isomophismof schemes Then we have acornmutalwe
d(qgram

0—> % ( Flowp) @ ‘Q"(“)fmcf’) — I Glosier @ % osn) — (% lorrr @ Oxlllyyen) — 0

J | !

e ]
O~ $e(Flowa) ® 5(m) gy — % Blower) & 5?:)\;:) — k(2 lpn) @ S @y — o

e /__\-’
sine e [ 507 lpger ) = g_(:];;), So we hare recycec ‘f’thOWfﬂﬂ that S(n)cg 5 flak Ospec see) ~module.
Buf we have gjmady shown +hak Sy == S(n)igy @ sepy—moclules (since fe 51), so 4his 15 obviown, sine
ermg with Ospecsey = Sy 15 nodumﬂg ecrut\mieﬂH-o Hie rdem‘ﬂfj.



M Fer’ﬁ&lﬂon HJor Ox Tensorving

le Ox be a sheaf of rmgs and for @x-mocules F G, 7€ let Npgre - (FoG)ett — Feo (§oit)
be e isomonphism established earlier: Then for Bx - modules F 4, 7t, £ we claim the ﬁ//owmj diagram

commules :

((7—“@9’)@ x)eX

'3\1:‘5;?8 @}/ N’F@ﬁ,ﬂfﬁ

(F e (5299)s (Feg)s(teex)

Aﬁ-gwae,;t )\"p,-g,aeg?x’ U,)

@((gcoﬁe) @5@) —_— F @(5@696@;{))

l® )'%?ffﬁ

nnev

I+ suﬂmw to Jl’row commuhjrlm@ on sfalks. But for ce X e o ftvwsng d’“ﬂm”” compnules { save Jor the
Pew Son
(rn‘:@g @ﬁt’)xéﬂ Xx :—_—‘——__% (('F@g)x @3(’1)@5(0

/ @
F@?)@ﬁf)@i}l i
?‘@ (75‘6) M"ﬂ\ / \ (Fo G o(3tx %)

(’E@(ﬁéaaf)x ’F@(ﬁ@aﬂ Ve {(Fog)o(eaf)], ——> ( (F0bs) ® (2€8X)x

@ @

I

é;_—-; ?@((‘?@35)@9?)} —5{?@(?@(6{’@9‘{ } =__%’F@(gx®(6‘€®f))

% & ((609€)x 9%y )
e
@
\ / \/ / 15, when we i
e\rwWng into lenser o
wioduler, fhe indued map

Fe ® ((y’@aﬁ)@é{o) ,_’_:/__I—A—A/-A—’ﬁ g @(‘g @(ﬁf’@x’f))x s Wm_modula
Z M_{oala,_;

Squares I, T and TV wmmule by nm‘umi@ o} e gpsoucthor WH sHlks (prorf'n eaylev). Scfutcmes T
commule by rm‘fumlh(y of (—o —Ix = —x & —x. & commales by defmthon, B o He same ecwen,
also @),@. TeMangle () ommutles sme (1o pg)(Ffel) = (’\‘*w){wﬁ) So we have recluad fv
showing +hat both fmg: around the ouleida are he same . (onsider Pradoll ouing diagram



(”—’64"5)6%) 9 ¥, ——— ((Fo92926)0R,

/ N

(7= ®(4o3¢)), &K, (m&@%c)w‘fx)wx‘u (F&5) @(31“1 &K )
/ / \ / (Fe® %)@ (B ¢X )
(T 6(5650):)0.5, —— (T 0 (5 07%))0 X, %@ﬁ)a(mw)

@
@ : 0

o

Tea((g050) 05)—> 5 @ (:0%:)28) —— Lo(60 (oK) & F @ (6 B(266X) )

N\ € o

Foo((ast)er), —> T, @(§ ¢(ta k),

SRRy el e b e s s of Ko (rap- Fo) with

w mmutatie cllagveims ( associcdor on stalles). @) wmmues tuially (8} wmm“}g due-to Pey,;qg

Jor 0 aosO GRS T of @x -moclules, TV, T,V respechrely due o #2 nauralify of i S T
inthe frod, second awah"/urc{ vanable. /ha'ﬂ 1) -Fw a rm3 R_“and R-wodules B, B,C, D ‘J'f'*l'f'D”Dme ommule:

((FreB)BC) D

7

(Ao (Bec))eD (hoB)o(coP)

J

A® (Bosd) => Ao (B (ceD))

F b1’ 4:B—s5’ .

(AoB)ec == Fo(Bec) (heB)ec ——> A&(BOC)  (FeB)e( =—> A 8Bec)
(fat) ol l l gol cwﬁml l(@(;fa[) ll@fg lﬂ(fsp’)l

(pig8)ec = ('8 (7o0) (Aep)eC — fe(8&c) (A8Blec __5 pngreec’)

This com pleles he proof tha} (1) cormmples.



NOTE Com,oaJrib':!ifj of e Asspciator and ~

: genemfed by S1 as an s, -algebrm
lel s bmgmdednng; MN, T gmded S-modules. The canontcal isomophism A @s (N%Ti ?’——5’ ot
’ & s ley. Le elaimt that of X = Fnj
M s N) BT of S-medules is cleavly an isome pphisme ¢f qraded S - wiocl
fg‘/)ew 1':}’.'.& msoila}vr for Ox —moclules uﬂwrﬂpahbk with ~ 52,5] bhe crasacidtor Sor Ltjrmdeaf rfmndulw, I
the sense Hak W{bf!owfnj gommtkes {all moyphisms canonical )

(ﬁ@@x R]-) ®®x¢!: > ﬁ@!&x(l‘{}’ @Gx:r)

s ® | \)J/ l[ (& T ;

ey o ~ ; a
MesN @ax T & @ex (N ®sT)
Do, T \JJ U ofry i@ T
P e
(MosN) &sT > Mes(NesT)
%

sul gren USX, se (T oR)aTI), str)= (1) 2iaiwhi), ai ¢ (FORNV), bi €F(v), wth say
aitp)= (v, 2i cygdy), 6 € FlV), dij € N(v), <jp) = Mi/s5 € Mgy dij (1) = " [y € N i) and

Dilp) = ¥ € Tran. Then

N (M3 @ kj
( ‘AS o(h@N‘JT(dH/NaS‘,))U{S‘}[.FJ — ZJ;JC%S)(’F’)( —J—s_'f'j{ﬁ‘ f)
g

= 2, mielnok)
5U+:J €5

(am,,mf(l @atv,T) Ax)uls)(P)

an neqmwd'- As an example, wre show thal for nye,d € Z Hw %o//owmg dagram commukeo -

(iA8s5@) ®5(d) ————=> 5(mM e(3> e 5@)

! J
—— (2)

‘(nte) ® S(a) st ® S(e+d)

S(n+e) @ 5(d)

Ny 7

—_—
S(ntetrd)

When we ‘DMJF in mére detuil, w*egd'

GoTe i) e id) —— 501 e (5&) & 5@)

o 2 oTA ”V/ ’ »—-—.{Jj — ‘____ﬂ, — ———
(M) @ Sfe) @ (d) = s(nte) ®5(d) 5(m & 5@ +d) e— s e se)es @

— Voo

JL - JL '\5(n+ +d]/ ’
O e e e
(3 as@) 55 = $(n1)a5[@) 7 S {n e (o) e sir)o (5] e 5H)
.

M-}nangle:\ mavked = ommule by def}mﬂumj the %qm@ I, by natwally f o™= o= and IL s 1F o Px image
undler —~ of a commulnhwe diagroim. Henw s na e oudside commules by (1), (2) vommules.



More generally, # F s an Ox-module and It "4 F(0) & Ox(d) => Finsd) dembesthe canowical
somorpiem defned eayhet, the following diagam Lommulers for any n,e,d e Z -

5
(7:(”) ® Oxle))® Ox(d) —ou—— Fl) e (@x(e) ) {Px(d))
Kﬂ’gbﬂﬂ ﬂ
(3)
Flnte)m Ox(d) Fn) @ dxle+d)
K“”"\a Fle+n+d) / et
We redvaw this d[qgmm m follows :
((F 26x(n)) e@x(e)) & Ox(d)
(PF & (@x(n) 69@*!2)))@ Ox(d) ® (T @ Ox(n) ® (Oxle) @ Ox(d))
Fe ((@Y(“]n@@x(e)) @@m) N fr—@(,&x(n)a(zox{e)wx@)))
@
@
(7: &® @x(m‘e)) @ Oxld) (F & @xn)) & Ox(erd)

. !

T ®(@‘KMCWK Fe (@ifw)@ @xfeer))
F & Ox (nterd)

The pendagon 15 the ansocialor pentagon, which cornmules by earlier noles. The Fen‘i'a on @) s e functor
‘?h;’— gﬁ.@“g*’b diagram (21, hgm oogmr;mm- T squpes I, I commule by ““&'mﬁﬂ of the ossociador in
foe recond gnd Furd vanable. Hene (3) wimmule.



gemfai?d bj S ds an 5.,-a\3e‘oro.,
A
vaded nng, let X = PojS, andlef F be o sheaf of (Ox —ynodules, We defme The

DEFINITION Let Sbe a g 9 g
3mdea‘ S - module_chspeiated o an a group +v be
Ty (F) = @ T(X,Fr) ()
ne Z

we qve o structwre of graded S-module an follows. & re S4 then s defernines qgfo}?a/fedz-un
se (X, Ox(d)) dehned by i(w)= ). Then for any &€ T (X, Flo)) we deine

S b= Kx(E®5) e T (X, Fln+d))

where 1 15 the 15omonphism defined n the previow page. 1f s& S and m ¢ Ty (F) fhen lef
My e T (X, F(i)) denok the element of +h1ﬁequ,mu af posifion . We define i

Sm= 2450 Wari(sd m:)
iez

(2)

r .
w_ wjechonsn (1),

or eqwmlenﬂg
(s-m); = Z Sd- 1
(3)

dzo
JeZz
di‘j =i

(s45')-9 =5 -F+s'f
Hal

Y s it )= s s,
] show

Fint one chechs in (2) that for homegenows s,
andl for hﬂmoge,naw) seSd, r€Se , be T (X, F(n)) s-(r-£) = (sr)-& .The Jewt is)heom'ﬂ one

Is d;f’ﬁcwf}. PrndeZ let K | Fn)ld) = Fintd) bethe mop ,[—ﬂupveWoMfageA.Wc o

ot
etn,d ne . f id -
] (bed) e s)= I (o))

Bu fhis follows from oammmLﬂ-hwhj of (3)m ”ODumHbMy of Assoc. and ~V on Wj\u‘m} sechon

(46 7) 0i) o (T(n) o Oxe)) e Oxdd).
Juat by playing with indlies in (3) 1} now follows for abhany 3)s'c s and m,m' e Ty (F) that -
(ss7)-m=5-(s"m), (Jea:rl'j |- m=mn.

s (mim)=smts-m) (st5')-m=g.m+<.m and
Hene T4 (F) is a graded S-moclule. Cleally 6) redugn o () for 5,mM homogenows.

Lk X'_:?g then Th (F) = O. Alw nole that if £€ Se (e>°) and Sp 15 given the cinoncal Z-grading , Hien

for ne Z we are  S(M)er) = (SpIn an subgrups of Sp.

FROPoSITION 5.13 Lef A bea ving, S = H[’CDJ---;’)-(;} v 71, and lef X= Pl\'ij.SA (Thes rrprg'echr'e r-space over A}
Then Tk (Ox) =S, w graded S-mocliles.

PROOE 4 A= then s = O ond havially Te (Ox) =S Othevise 540 and X=$sime > 15 vist nilpolend, hence
D-y(:(aj =f;¢ 'Frﬂf'b!}‘?. a'?v"‘l’le a jvaded S'.-mod“l'e L_n__, an .Fnllij N

S = ‘?(*D;----ﬂlr} | Nle 47 € Sx; and Vi fle inmages oF
/wﬂe}

ti and t" i Sxix)y dre

I B+ Swy —> Sz 15 defined by g(x) = Jgno'/(z;x,.)" . Thns 15 avnoyphism of Z ~graded
nngs (canonical T-gradings) ancl i dearly @ moyelism of grded - moclules. Dehne fhe S-module shuuchnre
on by - (s, k)= (shyoooy she) wth pomhune addon. Ove chechs +hese are all weli-defmed.

Define i’hﬂgmdmg on JLs buj (ne Z2)
o = 10k, 3 | e hie (5x)n - and i the

imagea of 13, agree in Sx—.xj}



Each L 1s deary a subgroup of JL, and gven (4o, %) e/l we have ( Godn,. , (W)n)elln
for el neZ, and clearly (fo,.. ,+) =, (Wn,..., BN Ttis cear that This ex pression 15 UNIquUe, 5o

JL 1s indeed @ gmded S~module

) slefhe d b nofahon. - T ((9)‘) medhy
o a” UJ " hamg -Hw +D”DWM3 wmmuw%w d!agmm ﬁw nexZ ({{@nez TEEG)';; (h@xw&\c{n])b, nof @xfﬂ)l

™~ al%’houjh e hwo ave isomomnphic)
Al

(@x ® @x(”))( D () < SM) ()

Td! 15 SOy = afyn

Stay ( Spec ) = S0 (D4 (05)) T
= 5 (n) i S h
(@iﬁ;[n))(sdrl‘«g J G/(:(IIJ:'.)\«

(9 & 81D+ 009)) e s @ix)

Y T §x(n) = Ox & Ox(")

Smie the Dy (x:) wover 5, ‘ﬁ’jw a global sechon +e€ TH(X, Qz(1)) 15 unwa/em"’foy.vw@ sechons 4 @x(n) (D1 (xi))
agreeing on Dr (xi%) V). But s is eciurmfewh‘vﬁwmg MP% (doy- -, B) with each e S(n)cxiy = (S2:dn
with 43, 4 agreeing in Sarx - Som\?'{f isa bijechon (1,n —> T'(X, @x(n)) defined by mapping (+o,.... )

+o Yhe anique f whh Flormiy = o (4:) VE. Thot s,

ot LM ——> T (X, Ox ()

d?l't’/-"/'{v) !_p,.(x,‘] = d?(’}'-‘ ?Dé 2=l

One chechs eanily #hat this is anssomoyphism ofabelian groupy sl the o are. Thws we obtain ane
1soymophism of abelian groups

profl — T(8%)
/8(4‘0;‘--;’#)“ e T(X,0x(m)
T U R,

The wap ﬂ dearfy V'&vpecbgmde_ So 4o rhow L = Th(0Ox) an graded S=imoclules, 1 only vemains +o chow
that Jor se S ond (b, ) edls, Bsh, k)= s. flhy.., ). Tt m%wjpcgmﬂ fl;{h;:nm 'i’lj;:we
ree , Wi

where se S aind (b ., 4] € Slsn are hopmogeno o, ‘Then both riclen are hor}’wﬂenomﬁ of

dtn
Blstos 51 dan | oy = 533}( (1) en )
= di(st)
Cs'fg(-';’f"‘.!}"))s\-rn = 3 ﬁ("")"'i"—{\h .
= fo( ﬂ{-‘n;--']’l{)\f\ ® S')

Hene (s ?””J"'ﬁ"))a*“ |9r(“-‘) = Wil*(f;r;)( P(*";' Y prpn ® S-Ilof(‘-{fJ) = l<p+(m')(a\’;n((7‘i} A $ﬂw(x.-;j
And we hare reclued fo Jhowlv‘lg fhot i
oi (sh) = Ko =i O Y& §lpen)

suppose Hhiat i = “2,” € Sxi (1 ae Sesn) , and léb we Dt (i) be guen. Then
J{o+(,(a)(a(.'( 4 )@ Slopun ) () = (0r(), Iw"ruﬂi,.){ it © 5, ))

= (Dr0x), |& as/y-)
= " (sh) ()

5 da ) p)= zi E.
Sr-nncizwddl';. Pl=(Dr(xi), 4 @ F/x )-'Mmscbmp\etm the proof that B 15 an somowphisi of rdmrfecl'



The o dre not zew clivisors 1 S, so we ger mjechare Maps 5 —> Sxi, Sui — Sxixy ond

Y o S5a; — Sote - e
Wi > ATh#i %"
(o - *v) (‘5_,351;1[?5

J

S Sxitj — Seg - He = S, — Swer-xe. T+ Jollows ot

I+ v ey Y check that \,/,‘,J' Sx;

\({ JL R S,a, X

Y(!'”va-;'}’f‘) _ ‘{0(_}0“)
15 an miechwe  movphinm (ke Yo th) = Yo (k) by e wondthon on uples in (1) of S-wodules. One chechs that
with cmnomc,al'z—jmq‘ln on Suo---xe, XL U chuale a mophism ol 3md2d f_«madu/u Consideving Yo Sz,
ap Jbring of Sy, ot ¥ clear thak fhe image o) 1 Fhe infenechon [ Suppose thal @/z;™ € Se: D) S,
so there 1§ bj’ff{ &Sz with (i#))

r _— <
aTlsgi%s - b”s#_j s

(2,,...1’.—')"' (g[c,.-rr)‘e

i 7€
Qx;'e Tht: 2.t = b x5 ﬁs{; 5%

Jo either the monomals ave distact and G=b = O or they are equal, \wplying £=€1n and n=n+<, 50 n=€ =0,
Henw on submngs of S, .. x,. we have 5 =Sz () Sx) for any }:.LJ{. sa fheve 1san somomphism of f—imodules

S —— JL

4 (... %)
This ndmvhj an 1semprphnsm of 3raded S-modules Pw%ng These %o?eﬁqgr e hare an ,mmo,?ojf,;fm,,ff jmcfec/
S-module)

75— Te(0x)

1| Daga) = (qn/') onfizi -
5 a Fst)g x(m) ( Do)
n?(ﬂ)“,——-: | ¢ aAn Z(asmmfa(l‘j‘)(zu ﬁ[cﬁx@@ )( A J

This somp leber the proof. (]

CAUTION If S5 a graded rimg which s nof a Po,'b,mmmfnﬁg,ihgn S b o fﬂﬁenamﬁ Wil Bl



At this point you should consult our typed notes “The Exponential Tensor Product”.



(EGH T, 7.3.1)

LEMMA 5.4 Let X beat schewme, 1ot & be an mvedble sheaf on X, leFFe T\(x,2), leb Xy be Fhe
ek of yay wcnere fo & inst tncl Jeh F b quas ~coheren sheaf on X Then

() Suppose thal X 15 quasi-compact, owd let s€ T'(X, F) be a{jiobﬁf secon
it T whiose restchonts Xy 0. Wen fov some >0 we have f7s =0,
where £7s denoler the global sechon s & (Fo--- of) ot Fo X en

(6) 5 uppose Fudheriore +hat X has apnide coverng b3 open affine subset Vs cuch tat
X |y, 15 free for each 5, and such that U KWJ s vucwi—wo mpact for ecch i, ). Given
o sechon € T(Xyg, F), then for sowme > O, Jhe sechon f7€ € T (Xp, F &2 ")
exfends fo ¢ 5[0b0t! rechon of F o B4

FROOF To be clear on notafon, %"= 0 @(X® - (XeL)--) wihtn-copies. If U X wopen and

se F(U), fe (V) Then Jfg;,fe (Xo£)V), and £ & (£ S£) € ,;f@(BEES‘J(’)‘Im:IWci‘W‘c(g :,LL? cle frize

a rechon of X@K[UJ which ure denofe /.n’ G jf'Qg L ®’[‘ We C[Cﬂﬂ}e Séfn (= (F@cf@ (UJ l?j

§75.

(q) S X e aJU\awi —eoM\Pact, we cap over X with a finle ppmber of open affnen 3# Sf?tﬂ such that y
2]y 15 feo. Lk ¥ Xlo =D ©@x|y be an isomosphism exprosng the Freenens of Zly. Simce F 15 qUOI—
Wh?l'&ﬂf -‘7j (5.&) +Hhere 15 an A_modwk M with +Fly = M. Durfef*wnfé T'[)(_,—F) rM?‘?’?C‘{"ﬁ’ﬂ ve
an element s M_Ontheother hand FeT(% &) revncts do give asechwn of X[y, whieh el i
rise +o an element b = Yo(£10) € OAV) and @ worres poncling element ae A .

— g(XeN0) = D)

We have shown earlier e FXs NU) = D(a) The fackthat s|xp =0 means that a™s = O for
some N> O. Sine there are a finike number of U, we can assume n 15 Javge eno ugh #o work foc Fhem
all. Buk a's = O wnphes that W sly = 0 (gnsder the isomerphis ms

?Iu 2] (5{ ‘m)’u = T}U@ (36 JU )@n
= Flo& (oxh)®™ = Flv

I

(Fe x|,

which rmap slo® ()2 e (Fex =) b slo & %(F)5" — % (o)™ slo. OF coune
k'*"(’q‘)) =hw sly &(Fl)E™ = O. But (s £y = slo & (£10YT ™ and n o for evew v,
5o we have 5 & f8™ =0 n(F o2 " NX).

(b) Let 1€ T(X F) be qiren and jomorphisms Vi 2y = ©clvi, i Vi = Specli. Lef :
hi = (Y (Flu) € @x(U7) and a,€ A cormeapond 3o hi. Sine F is quasi -coherent fhere are Ai-meduley
M; for each ; s4.9in Flor = M- Lek o e M (D@D wrvespond do +l xenore T Xe NUi) . Sine
J:'T,’( D(‘”)) ;(M,'}q,' fhere s Nj > O “Wﬂ[ g9 €M s Q]m ID@,) - *i = G“JDFGI')- l-"\emsl ||r mie ’FI’.U“)
wwrerponds 1 q; , we have i
hilxphu; Yo “HUJKI)(;: = "‘n’]xpnu; G'I:(Y{-n‘)-) (0

As wual we can mocfy the m; so Fhal this werk? for Jﬂ?yfe N>0 Md:l;oem'mf of 2. 39 aos umphen
e seheme Xj- =AY s quaai"wrﬂpad; and a"f,- =-a"fu.-my- i mverhible, Ty = Flosavj 7”’“’”_'“);72””4'
¥ fy = ;/Umwé 7“/{\{0-, ;) then  Xgy ="¥p Ausny; and the efemen}j Mi lv:ng; — Wy luingy
of Fl*y) peodls v O o Arij . THIS requiive) sorme work. Under The somoyphism
(FoL")y= Floe CK’N)J.J; = Tl e (0o} V= Ty,

he element 4 & Flx™Ne (Fox®" xe) ek do XpAU; and then maps o b [xeau™- +luiaxs

= ¥, JwﬁU/J NO. Jee [wmfomL



J.qumi-wmpad-

COROLLART Lot X be cuscheme, & an yivevdible sheat and Fe T(X, %) Then Xz = 9!‘ LI e®n
T frsome n>0O.

PROOE Pt F= Ox avd s=). " Then (5:14) (a) shows that X ':?5 = f%" =0 some nZ0. Now suppose
& = O X®" for ome n>0 and suppore X,c#-gﬁ_ o xe Xp teve s xe VS X yuth fy= Spech)
such that £y = Oxlu. TWen of he Ox(V) wiregponds fo fe F (V) we have At Bl gt il
(s-16)(@) that £(Xp\U) = D(h), which 15 emply, contrudichng xe Xe.

REMARIK S.14.( The hypotheses on X made in (a) and () alove are scahsted either of X is nsetheuan
(i which care €Vew open se 15 quani-tompact ) orf X 15 quani-ompact and separated
(in whlch(ﬁlﬁem mtemedton OJL huo Mﬁﬁlﬂe open sek 15 91% e, nence iLlMi'WmPac-"}J. Tn ethev
words, f X is a scheme which is exther noethenan or quasi - ompac awd;epara:‘ed, 3 an
mverhible sheaf on X, Fe T(x,%) and F ouas - cohevent, thew

(=) ZF seT(XF) wath slxp =0 +hen 58 f8" =0 n FToX®" 4,
Sorvie N> O. ‘

(0) IF e T'(%¢, F) +hen E@FE™ exfends fo a j/obaf.ref-ﬁ»aﬂ of F@X®"
Sor Joe N>

PROPOSTION 515 | o S be qgmded Vll":ﬂ which s fryf.'fehj ﬂgﬁerafed' S oan an S —algebm. e X
ang et F be a guow 2 oherent sheal on X. Then There 15 neturz| Ssomopphism

———

£ TP

> F

PROOF Seethe fellowing msfe. 7



At this point you should consult our typed notes “An Adjunction For Modules over ProjS”.



LEMMA [ef S beaﬂmdad nng, R < S ¢ homogenouo ideal. Sine ™+ S—GrMed —> @x—Hod s
exact (X= pmjs) e’ mophsm & —— Ex 15a menomoneMm- Let f: ProyS/a —> X be
Yhe ¢losed 1mmenion assocaled 7o o The eal sheaf } of f 15 equvalent 4> & suboljech of Cx.
PROOE There 1s an excict sequeonte of graded Semodules O — QL —3 5 —> Tju — O, |dene we hare
an e xackrequane & — & > @x—> (5/a)~—> 0. S f 15 a clored immewion, The vyiop hism
FT 0 —> £ Oy (Y= PojS/rY 15 an epimoyphism in Ox—Mod . So i sufben fo show ©Ox — (5/a)] ™
angl £# . Ox J £ Oy @re ufwuqienf c);-pwf?emﬁ' of Ox. 710t ve call Hal the hromogenomppﬂmm of Sja

are in by‘ggﬁpn with +he honrogenons primo of 5 contrining @, anc

. () fai: —3 (<12 (p1a)

simy _ st
#(55)= Fia

is an 150 mowphism of S()-modules for any hormogenoun prime 2. The vring (512 (miay 15 The 9mdcd
ring S)w localisec at 17Ja, while (%) ep) denctes +he gradecl S-module 5 localired af p. Here "(5/a) rp/n)

J
s & fip) ~moclule via Siz) — (5] )y We depnc a pnomphism of Ox-wiodules E: (Sfa)~ —> F Oy by

Fv()(Pl) = Sy (st¥)

bdcmgs do Ov(£7'V) TH s notchiffreal) fo check thak & s

T4 15 ecwy }o see That By (s) actuall
gblfuwmg diagvam commile -

a wophism ef nioclules making the
O —— (5/a)™

N/

J—f: Oy

So b mﬂg remains fo rhow that & s ansomoiphisa, for which 1} suffien  show thok &5 15 an 1somoyp ism

for all e X. The closed inege of £ Proj 5/a — Prj S VI®), and for p ¢V () we hae (fe@v)p = O.
Now (/) % = (5/a) () whieh 1s 2€/0 . uizl s0 for méV(al we have (5/2)"p =0 co well. So
noonp hsm. For a“’}‘déi— (@) we have o cormudcthve cliagran

'For"fa4; Via), &y 15 an 50
(/235 e R R
4
(Sla)gy ——————= (5/%)(P/)
Y

which imprE/J Hat _@?f 5 an Uomoyﬁmrm, so E & an serowpliim and e Pmb/ T mMP’Ae' 0



CoROLLARY 5.6 Let A be aving. Then
) T Y s a closed subscheme of B5 (rz1) 4o Here 15 a Womogenows ideal TS = Al1r]
such that Y s the closed subscheme defermmed by T.

(6) A scheme Y over Specd u}y@bchrﬁ iFand only if oF 15 1comophic an & rebeme over
SpecA H Proj 5 for some 5mded A-algebra I wih Se=A, and S F-nu'elg gewemleq’
by Sy on an So—algebia.

PROOF (a) Let f: — X = Py be a closec! wnmenion, with ideal sheal Fy . sme Th : Ox-d —> SCr Mod

hew i Jeft edjomnl Itfmew 1 0ROIoE NISHIS; So Te(Fy)—> Te (0x) 6 mrone. Buf (oj (%ﬁv‘i g

Te(0x) =5 ar g3 ed S-maclules, so theve is a hormog cinous deal tt.5 and aimiio

5 Tk (@x)

K

# —— S

Te (#)

swe Jy ancl Oy cre both quasi-whevent, loy (5.15) Hiecountts  Tu(f3)~—s  and Tu(@x)~— Ox
ars 5o moyphisms, and s She wuntt s pafural we encl up with & commudnte diagram

/a;——>t9x

T I

B s TR BT -
/I 1.

7

T —— 5=06x

By +he Lewmma on H?epme viows page @& > Ox detovninm e same suboblech an fhe el sheaf of

ProjSla. —— X, so by (5.9) o shows Y 15 the same clored rubscheime cvr Proj Sfa if 7t Flres +o s how

&, ) are the same rubopject o Ox. 5o we veduc foshowing that =% — | (1) For #9s o suffrign Fo
Show g?-'f’?, = | YpeX, and sine Sp = Sem) 1 supheesto show Hhat s 57,0 (%8s ) = % for Homogewoors
w,5€S of the same clegeee. Finkwe notw that for 1eDds(NDF(s) we have (s degree n)

U (#) = 4i"(7,) (m)

= (D+(2i), l®9) where oy s Dr(xi)) 15
’Fl}-—a A

Hence for WED(s), finc rome OIS with pé Dr (i) Then

gerimp S oegey ( '%MDH:J(“}-'})). = K,P("ZC«J/;)
= (D¢, ¥ Vs - T pps))

By dehnthion. Vs - Tl nr) = K"é;;)( V) alpe( & ¥5) and one checles that for g e Dr ()
K:‘:J:(?} ( 7(a)nlorisy ® Ve Y ()= (Dr(syn D#(xi), 1@ Tprrnneea) (4 & Zr)\
= (De(sxi), 1® afs)
Se Y ) nlprsy = | & af. & (Ox@O@x)(D+{) s f'ﬂaﬂﬂ
gevinge o009 [ Tornr (a5)) = gevp e

Since e DF(s) warbP™y, (5% )pun (qll;)= “f o quurred_



(b Recall agmdecl A-dlgebra 5 a gracled ing fogether with a ving mophism -~ A > S, , and our hyps theors
ave that () A= 5o isan isomonplsra (i3) 5 £-9. by 5, 00 an So-algelra; orequivalently, S [.g- by Si v
an A—a(ﬂebm.

By Example 4.2.\ under these hypotheser Projs —— SpecA 15 pwjechre. so & Y —2 SpecA 15 1somorphic
b Projs —— SpecA an sehentes over pech, —— specA wll be,o#ty‘ecﬁm. tonvepely, JUP{JN@ Y — Spech
It P"?@cﬁvf. Then for some v 1, ¥ —3 SpecA factors a a clored wmewion 7 ——3 P4 followed .
Ph— SpecA. By (a) there 15 homogenowe idect! TS S = Alxe,..., %] such thal ¥ —3Ph s e
Fhe same closed subscheme an Froj 3/7 — IPj, avd thus the same clojed subschene i Proj S/7°— g
The ﬁraded A-algribm /1’ sahsfea the necensary propervhes and

by Ex3.12, wheve T = ®aso T & S+ 7/
b, Ex L, W dzo e
Proj Sfgt —— IP) — Specd = Proy /T —gpecA 0 Y and Proj s/z" are 150mopphIC an sEVLErNE) over A_D-

NOTE By Example 4.9.) f S1sagmded A-algebra as i () abovs, S s 1soxophic o2 cgradec) & -algevim fo
Axo)epir] [ for some nz© and homogerown deal . Henw PS5 1somoyphic a o scheme over Spec A
ho Prgj (Alre-])a), 50 any pwjectwe scheme over A hoo this Form. (wp f0 150 of schemeo over A).

PEFINITION For any scheme Y, wedehine Hhe frishing sheaf ) on [Py 4o be j“(@(f}\ where ~% O andl
9: PG —> Pz 1= parfof P (by Py we meanany pullbace Py —> Y, P5— Pz of
Y, [Py over J’PecZJ_ Sine the invene imagje of nvertible sheaver are nverh ble, m{wuhnj
sheaf on P5 15 mverible nz 0.

Suppose Py and Py are fuo pwojectwe r-spacer over Y (v 70) with ansociated movphisms
§: PG — Pz and 75— PE. Lel Py — [Py be Hhe canonical ssomonphism.Then. gf =3 s

j”‘@(f) = (9F)°60) = £*576()

So the cavonical omopphitems identsfy Fwerting sheaver (up fo isomonphiom), I A s armq and O
et [P5 be the canonical projectwe v-spate ovey A, qi [Py—> Py canorcal. By (S.12<) we have
Foy e Ox1) (X=T4),%07" thiseane, wp to 1somowphism, the abore defmnifon agreen with Hhe ole) ope.

J

PEFIN/TION Gx a scheme Y and a projachve v -spd e PY ovet ¥ (120). Tf F 15 a Ox—moclule
(X =1P% ) we clenole by O(n) +he wiodule 8(1) *™ (n>0) and F(n) e moduke 7 & O),
18 ¥ = Spech and JPR canonical, §(n) == Ox(n) and so up fo somerphism F(n) agreed
with the old defrmiheon.

PEFINMION A morphism i+ X ——Z 15 an ymmenior £ i can befactored an an upen jmmeion

Y —> Y Rllowed by a closed ymmewion ¥ —— Z. 1t puperhy of bemgﬂah 1 Neio h
s skalle wnder somovilims on erther endl. open ancl cloed imeions are IMMERIOR, o are o MovphmS.

DEFINITION  Zf £ X ——=> Y 15 ¢ seherve over Y, an mvevdible sheaf & on X is ver] ample yelrhre
4o Y £ there 1s an immewlon @ X—— PG for some 7, suchthal vH(E() = ¢, (forsome
parheular pj. r-spate ®5, v2 0D and such that the fo llowmg wmmu ’

Clealy if Y a cchewme and ¢ O $he wishng cheaf on [Py 15 a vew ample mveviible sheaf.

NoTE Let Abearng, m> | Theve are m closed immenions Bi: PR — PF  osiem-| eachmdutec
by c ving mogshism A7 -, 3 ] —3 ALy, Am=1]. By (512¢) we have & (1)) = ©(1). Also,
Jr;e canonical womopphism R [P —> specA has R* Ospecs = E(1) sime g = Proj A[=] so Dr(x)
ovens all of IP3, and o @ (1) = O lort) == O s lort) =g, onel alweys ket O ppecs = O3 - HeN®
g oare i) cavonical .
LEMMA For apy scheme V fhere  closed 1mmenions j - [P > P of schemen over Y for any n=1,
ade,"‘C'ﬂ(U = (@(1), for all of these n4 [ closecl tmneRi00s.




chve spawnower Y. See ouy nokes on P»DJ'ecﬁu-e space for the Fvouf of #he

[PROOF L. FIPS P be any poj e
{ch s Uy
evislene oFJ’. Morgover, ) it o e conpmulative dfagmm

et
‘L"I

Py —2—> Pz

j l l"
Py -———f—?ﬂ” JPE

Bg deqtm.'/'wn ’ﬂuhm;ﬁng Jbeamso of If’f;‘:’;f’:, are jw&/{fg(f]x 9n *((9(;]) reap (5" 5 pam"ef Fhe dl{'Naf" JP:F)

\

Thin
j&(f} J*’an “61(,}

(3" )l

= 3("-‘)*'{“@{"1

= grfel) = o)

an requtred. ()

117 [ 0N W“H"-
i* jr o = {Fo)

~

souf X isa scheme over ¥, &£ veny ample relafurefo Y, soy K —> Py s an
2 7L v an wmewaion and 37 @(1)

v @) =2, then the womposite "X — 1P =—
=¥ 5 m Hhe definthon of- vews amiple, we can restnck ouvelves 3o v 2|

LEMMA An immenion with clored image is a closed immenion.

PROOF Let f:X — Y he an rmmenon fodwred as an bpen mimevion 4: X—> 2 followed by a clored
Immenion b Z2—> . T£F(7) s dosed then °PE0-”3 £ 15 a homeomgyphum of X woth £(¥ ), fo
i nuiffian fo rhows Oy p(20 — @x,x 15 suyechve Ve X But foirxe X The map Gz 9(x) — Ox,
15 bﬂecm Jing 9 15 anopen 1mmenz 100, el The /b]fo'wmg W RUL) :

&‘Y,pfm) —— (%=

N

[pz; 9()

Sine his aclored tmmenon OYpz) —— B2 96) 15 Mj'ec}weJ so Hhe tompecthe @y, — (0 %,%

s :ug‘ec}wv, mmqud. ]



LEMMA Let Y be anvethenan scheme. Ten a scheme X over 7 s puy‘ecﬁm if and only f 1F i proper ainel
theve s vevy awple sheaton X relafive Jo ¥

PRooF Tf X 15 pwojechwe over Y, then X s pwper by (4. 7). Also there 15 o clused nmmevion I
fov some 07/ 50 TB(1) 15 avew ample nverible sheaf on X, fina the 1nveve ‘mage of \pverkble

F X 1 proper over Y and X 15 a vew ample mvertible sheaf then

% == 14(001) forsome immenion T i X—> IPY o} schenen ovev Y(we may asdme (%1 ) .I)B/g (4)

Py — Y 15 prper sine 7 is poethenan. se X, PS5 are both separated + ik #jpe aver ¥, ancl

by Ex by 1t o llows +hat X 5 Py i proper ancl hene 15 an imm.e'.omn w;f*h closed rmage, which

mut be a closed tmmesdion by e pre visne Lemnya. Heng X 15 FWJachA,\e over Y.

sheaves 15 1nvertible. (onvenely,

EXBIPLE [of A bearng, S 4 graded A-dlaebra. with S =A and S £.9. by 55 over A, By Beample
y.81 F’mjsr——aflaer/-i 75 /wpgpz,uf wiee chonsafvor

n

f Pa

S

Pojs T ™D spach

where  Projs — Prj [, -, 70 ] armer fioma suyeckre mophismof gmded vings
P Ao, ., %0 ] S'S. Hene by (S.12¢) FFO) = (9&2_)5 (1) . S0 the “canonical ;W,,.fmj
shea on ij'_f 15 fack a vew ample _rhea,(') relahve o f’pgc]ﬁ}.

PE QTN Lo X be o seheme, and fel Fbe asheal of (Ox -modules. We say that 7 15 generated
by qlobalsechons « theve s a family ofjfnb‘a/ sechons 335}y sce T(K F) ach thatHr
cach e X #he imoges of 5, 0 the shalR e Jenerale thatstalk an an O,z ~module. (asnpie T F #)
{8y Hunext Lemwa if 7F hus f’}”fﬁwpé’f@ aned "F =g then socloes G )

LEMMA LeF X be a schewe. An (2x—wocule T ujlmerafed Iy 5./0!9@/ cectwns ff. theve i on epimophum
Bier O —3F v some T (porsilely $).

PROOF ﬁﬂf for any nnged gpace Ox here (s a Gjechor. Hom (®x, F| = F(X) defned by # 3 gxl1) and
mi—> Gm where ($m)a (1) = mlv. TF £5i0e Fx) are 1.1 the shalk 15 generalect by { ez fre T et
o> Ox—3 (F canga pond A 5 The mduted moyshiim Dre1 Ox — ~F |5 an epiimovphisin sine s
wy’echw onstelks_ tonvemely if SieP—sF u epi, etther IT=¢ (n F=0 avicl failee s = O 3.?_,490194
wll e stalks) or TG Let 57€ FIX) comagpond o Ex — Drer Cx — F. Img'acﬁw{vj on Seilha shows
1813 haw the vequued piopevty,  sinw takeing s fulks presewes copwduch, so (B: Ox)y S @i @xac - []

EXAMPE S 162 Any quetsr - o herent= s heaf ont cnn affie scheme v qenerated by ijba/Jﬁ?wns. Indeed, if
F= /T on Spech, any st of genierats fx Man an A-module “will clo.

EXAMPLE 5.16.3 lef X= Proj s, where S ua gmded rng ahich 15'jey,lglﬂf‘ed bg 2 mygph -'Lﬂ'gi[onz_ Tevi Hhe
Llements af—f,n qle j‘r’ﬂfzaffetfbcrﬂ o[: Oy (12 which gfgnem%g ik o jee +ts |-\ ju&ﬁ[wg'}ujhow
f/', fe 5 jewemie SUJ(:;;) as o J@v}—wﬁodu!e. IC o5 & S(V)ige) T SE€ Sd o and acsSl)L= Sda1,
Hherl o can be wwnten ara sun of tevims of the fovm 5o 17 A dn wher s €5, fre$)
anizl i ar sum o cl 1. Buf, apsuming wlog =, < O,

A < o= 1
§_°f; e SO _ S £ Y s jfn"" £
|

S - —— .
s
So S(Upmy 1 generated by the £/, fes,, careQued. The abore argament actually shows Fhat of
3 3ewem\ed as an So— U.]g@bm b .gf\}_.._, faes) :H?en S(epy 15 3anem*ed asa Sip) -module
by fi/yy o fey. Ti pavhcular e global sechons f; e T (X (ax (1)) genevate @x(1).

NBTE BF FE R W vbapit of schemen and a @y - module F 15 7ewemfed ly 5[0[?!2] sechons, then s
15 f*T. See our Jechion 5.1 Nefes.



ectwe schemie ppev vioe henaw | 4) et O(1) be 4 e am‘p/{

w (sere) Let X be a prof
mverkible sheaf on X elabwets A, and let F be aconerent @x —modile. Then fljere 15
T an mleger ne such thatfor all n=z e, Hhe sheaf F(n) = T e (1) " can be 38‘”"'(“'{‘:( lfﬂ

ne> o,
o 7[imlz num ber of jlobai,re{honr_

PROOF  Tor somie v 7 | there 15 an wmenfort 1 : X — J?z ch gt X —IPh — Speefl = X Tpee

and 1':4‘ 0‘/(0 = @(I)[Hem ¥ = Poj /f[xg,--.,.XrJ :;l}’.lCl' &y([} = /4[76-‘;-.-,.3!"][')‘”) &”) i @_ng U'eyj
ample mverhiple sheal on X). As n Reppak 5.16.1 hollows thal X P% ape noethenan anel se L 15 proper

by Exl.y, so 3 15 a closec immeaion. So by Ex $.5 <xF 15 colevent. o 0
i (F)) = ix([F e or)®")

1. (F & {—L"'@vm}&ﬂ)

= ik (F e 1*(Ov))

= (e F) e fx(") "8y Ex 5.1d),

= (4xF) (")

M

Todl ) = S )e i)
e ) 1()51(-_)

iy (F) ity — Flr)x compatible with
bed by a finile number o4 globalsechons , so s F(r) (o>,

For e X fhere 15 an sonmovplhisin of abelian qroups
I, wiih 8(1) = @x ().

bi © (Y, itx) —>©Ox, . Se YA (’.t—_(n)} lfﬁgm@m
So we necluce v e cove X=Pp = Pvtﬂﬁfota,,..,7n] for =

Now cover X with The open sefs Dy (%) i=0 . 7. Sine T 18 oherent, fr each i there 15 a finitel
ﬂenem’fed rmoclule i over B; :Afw"fﬂh‘,-r-, 'Ylﬂ/g_-l-] such fhc& e T"JD+[:1.‘) = J‘:{\,’ where 9,‘ D) = J'P(LB,'_
By sach i, fake & #nife number of olemient s €M whnch ‘genevate s modlule. These qwe nse osectons
of F(D+(xi)) which we clio deno ij 5. Sine D () = ;w_; here % denles thecanontcal
global sechon of Ox(1) by lemma Sl b) forsome n>0 Hhe 1echon s G i o oL
(;}:@ (pﬁ(”@"‘-) exfencnte ﬂ@iﬂfﬂg{f\f?d’wn, S F & @x(f)@ms.‘? F(n) there ls‘cll (o bl sethon ‘}',J

Using TF @ Ox(N) = (F & Ox(0))® @ (N—-n) for N>n
n.E— r-’:(n]

0} rF{ﬂ} LU]’H\- .}-“}VID_,H;];-_ 5:}1 ® :xin'D*(,[)_
we ynay apsume n s \ndependent ok i . There 15 a movphism of Oy -moclulen
~In pavhcufar' (<™ orei) (S5)Y = S @ 2P gy T
= 17, foreach i,

defmed b_(j (2;™)(m) =m & x;.'“fu ;
Fn) 15 quani -cohererif there v a B -module M; suchthal 3ix F()lp, ) =
¥
Lot @x () Ipsery —> ©Ox Ipsexi) boe the womophism ex pressing the dud that ©x () 15 invedkible. for
Vs Dy () we have Yo l(x™1,) =1 So the morphsm (K ") priy + Flprexs — F(0) Ipaexd 1
a:haliﬂ e 1somonp hisim
T(n)!fo’;J = ‘FI’D‘J— (%7 ) &® @K(Y')-BID*(,“)
= Florxiy & Oxloye)

= rFlDf’Ci'r')

swe F(Drxi)) 1 genercted an a Ox(p#ixi))-wmoclule by the iy, 1F follows that Fr)(or60) 5
3@“?%’”6(1 ‘oﬂ f'h( 5:‘;' @.i‘l’-l-" ) D = 'E';j 19{'(1;"\ ) ”‘”'"ﬂ the htgﬂma? F(n) (D’ff’f-‘ﬂ - r_.\irj cu‘ld‘Hu_'f'Q("

ak swie M5 s 5.-1 o5 (M) = F(Myr for ,Fveoffoc,-), sve ree that the 3‘0\0(3'. sechons '}_"j € FM)(X)
Jenevole the sheaf ~ F by ene images of ,("’m 1ij loveen ) TN the above n won an ayhiheiny imleger greater
Fhon all #12 1nlegew voed it exlensnions ¥ fjlobal sechons, 5o *he proof i complele. 19



WB’ Lel X be P,,?fq,chve over o voethenan nng A, ond let B(1) be a ven ample (nvevhble sheaf

on X relahve o /. Then any woherenit sheaf F o X can e pntleni a2 4 c’?vwf'*?ﬁ/’ of-a sheal
g, where & 5 o fmite dived sum of sheaver O(n:) for vaviows mtegerr n;.

PRWE ¢k n> O be such that F(n) = F e @) "™ s jemvaiecl by a fwile number of global sechons.
Then fhevre 15 av epinonphl s 69.':: Oy —> Fn) Fornez let O cenvle @(1)®™ (de{rﬂﬂFﬁrW&’O
witng 1) ). Then it 15 shown mour ' Exporentcl Teproc” noles that Vvmne T @ (n+m) 2= ® M) ed(n), and
morepver 8(n) 15 Jnverdible.

Sing — & Q) s wgh}ef&md' we Nave a vowimu Fatwe f[[,q_ghﬂm whore 113,}, Ywow 15 epr

DL, 0% @ Oln) ——> F(ned-n)
I (V]
B, (O 6 0(-0)) F e (O © 6-n)
(1 (1
~

8o ———— F

Grang the desred epimophism €iZ; G(-n) —> F. [

EXAMPLE of coure fhe main example 15 for a graded A-olgebra wih L, =A qud 5 fg by Siever So
and B voethenan (so s = Alxy.., %]/, gradad deal ) and @(1)=0x () (= &1)). Soan

tohevent sheaf pn Proj S ’;qc'\,mhen}-o,i o module of #he form DL, Ox(m:) meZ. (n Fack
we tan foke all m; Cc{UOJ)‘

THEOREM 5.19 Lot Rbeadeld, Jet A be a{mrfelj 3ewemfecl k- algebra, avd leb X be a piojechue schente

over B with F o wheent Ox=module. Then T (X, F) ¢ a rﬁmle!gﬂje”g\']m}@d A-Wodule.
In qu}rcmjar, F A=k, T(X,F) ira fnle chmensional vedor spate.

PROOE By (s5.16b) we can redute o the tase here X=Pr)S fora gaded A-dgebm S wih so=A
and 3 £-g. by 5H ar an S - alygebra. Led M b"—*hﬁﬂ'@ded SZmodule T (F). Then by (515)
S = on the other hand A s noethenan so by (5777) for n suffaently large, Fn) s genevated
bbu o Avife number o}gfobaf/?dwm m T(X, Fn)). Let M' bethe submodule of M genem’red by (over S)
L.k = fhrere sechons Then M7 15 a finilely- genevaled s —module. Te funclor = SGd —5 Hx-Med 15
somen,  ¢Xact (see ouy nodesr on Soclules over Py ), todhe mcluson M'—— ™M nduen o mopomovphs ™
ho;nnggg‘ l:'lv’——') A= F. Sine 8 (n) is Invevible — @ @x(n) 1§ exacl, so ﬁw-uhcghbj n mqgle%m Y10 MoMOUpISTN
jen;m}_u_;_g ¥ (n) —s F(n) whieh s $he beffo m ww in +he {n”uwmj cl\a\fijﬂ{wmpnu ve by o by of p)
M) ————> M

| I

Ty ——— Ay = )
()

I My M are the qanerators of M' (m;eT’(X,'F[w)}) avid Wi denoles Fhe jfcbal section ef I@W}Jonchnﬁn
o wi , then we shoived i our avdes on fhe adjuwiion — — T thaf 2% Pr (my Y = Wi Ak
Follows that F7 () — F(m) ss myecﬁy\e on shofhks, and Yhew an l:omo?ahum Twistng by —n we Find

shet = T, and so we redue to show!ng that if 115 & fmitely gevera b S modile Foorn T0% )
15 q f?y,u,'ffj—jef??mf'td A-moclule.

This 15 vl if M=0, o assume 177 O. Then by (r 7.4) thereis « Fnile £ Ihaton
p=MchH' c---c HT=M

of M by graded sulmodules, wheve foveach © MY it =

= (5/p:)(ni) for some howmegenouws prime
tdeal i S and i € Z (so aﬁgmded wmodules)

For eadn @ we Nave an exad sequen S—-tvited (iz1)



0 —>3 MY — M — (3pi) (i) —> O

and Yuo an exact sequence of Ox - moclulen

o~

0—> A —> ﬂ.—a(w__;b

gwing vise b oexact 5 equen e of A-mvclules
O——%T‘(K,ni-r}—-—af(x. J:]-T)-———') TT(X‘, [m) (z)

suppose we could show that T'(%, ($p)ir) ) was q fuilely generated A-module for all homegenswn primes 4
avid nezZ Then we pwove Hhat T (X, [17) 15 a /g /}-mof;zflq by indneton on 1. Tne cone <= © 15 Pavigl, and if
T(X,[47) 15 {.9- fr =) then se /- 15 noethenan and T'(X, (stpy i) 4-9. # Allows #hat wning (2
both T(X, r17) and ‘F(X,m.')/r[xj,.’;’:;) are [.3. (Heaw T X,4) 1,5 fg_/g,greqwrt’d. So ;‘ma”y with i=v

we rec that T (%, F) s alg. A-module.

So it only remams 7o show fhat T'( X, (/X)) 15 afg. A-modale for ne Z and “1a a homogenom prime.
Leb Proj s/ L5 Pioj S be 1he wiopghinn of schemes ovev A covrerponding o s —>3'S[p. TVen by (s5.12¢)
(ar mors precuely our” Puoj Tensor moks, which how fu (], ) S (;n)=) wehare fe(Gy(n)) = (Shp)(n) whrere
v = Proj 5,’@ Hene T(Y, (v(n)) =T(X (5I19)(n) ) an A-ymodulel- Sowe reclue g‘maﬂy Fo the jpecrqj cage wheve
5 v aqraded miegral domain, finilkely generted by 5 a» « fo -algebrd and 5o = A where A 5 aﬁmfeiz
jemmjreci rnfejm domain ovey ke (12 S/1.), and we have Yo show T(X, @ x (n)) 15 af.g. A-module for Gy

ne Z.
Let %o,...,%Xr €51 generate dfering S osan A-dlgebra (cquvalently, xo.. x- cenerale 51 o ar B emadule):,
Sine S i an wlegral doman, muthp licahon by . gwes aninjechon s(n) — S(n# 1) for eny nf of gracled s -

n’iodu\!@’)). This qiven a mor)omurphlfm ot (S?x-modu!w @x('ﬂ 5 @x(nh) el thw an MJ'EH’LDﬂ D# Q—MOduleﬂ
T (%X, & x(n]] > T'x(©x(n+1). Stne A 15 noethenan it s sutfcient 4o prore T( X, 0%(n)) £g. for sufaciently

lamge. N, Jay Nz O.

swe 515 {9 over Aand A« g over R, F follows Hhat S 15 o fq k-algelora (« 5 = A700-2207] cnd

A=k[ay...yan] then S = fe[ay.. ,0n Xy —anvr]) By ournoles on the virg T (%) (prvided X+ 5,5 which
we can safely arsume) dpe sulormg Tx (08) = @ w70 TCX,Ox(n)] 13 whegrl over s, and 15 S-isomompht fo
< - owophic Fo a /ubm?

a sulinny of the localisabwn S . .- =, [where 5 = A [x0, -y ] )- T 02 Fetyn 5 '
of Hffcfowi"fen Ffeld & of S. By (1,2.9), Yhetheovem on Jinifeneas of mfegm,l dorure, The u:;fejmlc!omw .
(wx) 1 /9. S_moclufe.

o 5in QR 15 afg s-woddle. Sine § 5 noethenan and Tw (0x)'s €  f2llows hat Ti
say Th (Ox) x genevatecl over 5 b hentogenoun elements m,,. ., ms. For w0 Fake all Hhe m; of degree < N

and elements € .m; where £ s qmonomial In Yo, . .., % of degree n -~ ceg (mi)- ANl there elegments ¢-mi € T(6r),
jememfe Ty (©x)), over So — o Th(®x), 5 a /.. so-module. Via. A => 5o <> s —> TL(E)' T Follows Hhat
P NP0, Te (O)n = T(X, Ox )= T (X,0¢m) 50t A-mpcule. Dwne checs +his A-module 3+MC+‘;”
wincides wdh e one toming from A = Opeep ( Syecf’c) s px () Thue T(X, @x(n)) s Otﬂr-ﬁ. A-moclule,
which compleles the proof. ]

W Let f*X—=7 be & pwj.echw mowphisim of schemen of fne fype oveva feld k. Lot F be
a wheyen sheaf or X Then f F i1 a wheve vt sheaf on Y

PROOF T4 su;chle fo show that \7’5!67 there is an open e VEY with (F;(F)!v cobevenl. E"”L'rj Yy
is dhe vertnchone! f e have (4F)l = 9. (Flv). Lot V be an affne open neghbodiocsc) D,L:l Fine
X, 7 are both of finke fype over I, they ave both o pthenan; hente 1o are £V, 9 Hore ovev The tnclusions
2V — X, ¥V —=VY ame gitasi-compoct €pen 1mrneviivns, heve of fmike ype. Sine g pmjeahw;
we ha e veducee] de the coue of V= SPE(A_ Eu{f— )JowDﬂohJ,lms prese e whgrng\-}nwg SO ue f‘!’dutﬂ'f-o
e wme V= SPCf/". Jo A e -(,9, e —algehra. Then S F 15 g i —vo hevent (5.8¢) so
;*r}t = T(V; 'JL'FJN :_-'l_'(X.'FJN BM? T’fx:q:) (5 a 7[3 A—m@dmﬂe bj'l”hz theortm} 50 :;‘u’;‘: 15

colerent. 0



[Q53] Lo X = SpecA baan athne scheme. Theve are functors

We showed m 6.2) Hhat ~ 15 an exad, illy fathtul, cddthve, colimit preseriing funchr. we claim thal

~ T Lt an A-module M bhe gen and detine
9. M — M(X)
2(m) =

We hvioy Ao Prop. (5.0) Mgt 77 15 an somosphism of A-vmodules. This yoghism s deavly natturl 1n 1.
Suppose weare given amorphism & M — F(X) of A-wvdules, for an Oy -module F. foc a prime

we A define

Ay (9fs) = (x,3)7 - (%,9) _
= (p(=), ¥s ) (%) = (0(), /s - alom)

To Show (T i well-fefmed, suppose 9/fg = o'[51 m F(X)p. Tere s whh tsa=ts-a’, thatis,
Jor.oo= §i-a’ But + reatnds fo g unibon DIF), 5" kowniks mm D), pist) P Hen i @ =PGINDIs)ODAHL

4”@ (S'IIL('QIL?} = .;—]q (S‘l'@-ﬂ'fu]
s )y aly = Sle-a’la
(Blg-alg = (F)e-alq
(% - alo)lg= (5" q'b(v))fw
This shows that Ity 15 weell -defned. I we pake P i an-ﬁp—mnduk vie Ay = @xp the map ¥ig 15
o moyghisim s} A;UFVHDC(H/W), [,Dmpaﬂng with 55? qive) amomﬂumulﬁp—moa'af@:
Yo Pl ———

Y("hs) = (005), % - $0 ] )

WNow we define ¥: [ —> F loy
32'("’!’115‘{'\1(5) = ’\F’F{S('FJ])

hs s well-debmed sme E 15 a sheal ¥ 15 a womhiom of Og-modules since For v € @x(v),

3@\4”7; "ﬁ,{‘fﬂ = \P‘]ﬂ ('Y['F’)'S(?}) = "’(’ﬂ)"‘f’w [j(’PD
_ Spvm?,‘f' ety fi(s)
= gevmp (v &6)

H
N
Fix) —— :;:(K\

Fx

Ne et we show that

covmnule . But this 5 mmediate spu 9”&’“-{& (m) = ?p{mfl] = (X, () = qenmap qf[m) Froving un1gUeness of
e dnn h;howmg that (f Y G F han Yh =Y¥x then ¥V'=Y Lef "f‘"p = Mp— Fn be Hie Lormpos:
of Mp=> F]}, wifh” ¥l Then ‘J""p 15 ¢ oM hism of A —imoclules, <o

Prplrs) = B Vp() = e ¥ (% ) = Y- (X 5 03]
’ e (R ()Y = Vs (% $lm)) = (DL3), Vs $07) Ipisy) = Y (i)



Then if se FI(U) and Te Uy we hare s(p)=Mls € Mp forsome sd p. Then
germy Yluls) = ¥ gernps)
= ' ("MIs) = "V (fs)
= Gevillp Yuls)

Henee '\IL('; = L!‘L'j cwr@qwn?d. S ¥ = V' and ¥ i umiqgue. This Ler’ﬂpk?LM f’luproof that ~ — T

A

Homt, (M, T (%, F)) =2 Homey ( A, F)

gempd(¢), () = Yy () _
wheve "'f;p Ly — Fpos M (ofsl, i '56{"‘!”‘3(:])

In parheular he wountt £ - HR) —> F o quen by germp 2u(s) = Hu(sp)) wheve Ky 13 defned an

preViously.



[@5.5] Let i X — be « mowphism of schemer. Then
(8) A4 closed wnmewion s a f?mf{ Vnwfﬂhﬁm’. Lel be a claed Immeaion, and le/ {V-«} be an afﬁm, open
wier of Y. S £ N 15 affine forall £ (Jee Ex iy 3) and both "clorec npmiewion® and Whorntle " re

loca) on the e, vwe can vecuce# Hhe care where f. SpecB — Spech 1 a dlored imvenon, and Fheveb
+v the closee immernion SJM: Afp — fjber/} £r an ieal A< A but Jhis is demlg fm,lg s Ak i a

J.q. A-module.
)Y be afinite moyphism of noethenan schemed and lef F be wherent on X Let V<Y
be an athne open se} h:\/ => SpecA an isomorphism. 11 suthendo show (£F)|v 2 F via ha
19.

A-ynpcale M Spiee fis fole £7V= SpecB fora {19 d-moclule B. Let g o o1 —  be

) Let /i X
For afq 1
mdutec) from L Sine X s noethevan, ff R\ == specB s an woynprphism fhen theve 15 a
B-module N sucn thal kg (F o) 2= [, Buf Then
[’bk (-F—tch’ Jv) = h*(jk(’ﬁ}fuv))
= (ng)s Flp-ty 4:A— B
= (MR« Fle-ty Ty specB—— Spech
= Y (s Flp-v) mduud 4 9
& Yul
= (aN)”

Bur it B u;gnemledaoan A-modlale by Ly ... b and N ana B-module by ., ma Yhen the elom erds
]DIP’TIJ Jwemh’. N b an A—'VHOCW?J so pN vwa /j' A-module. yorte e Dn]j wre M. woetienan.



