5. SHEAVES oF [TopuLES

So far we have ducwised schewer and morphisms between themn without mgmoning ciny sheaves othev Hhan
Bns Lnyennj sheaves of medules

e shuchure sheaved. We can icrecne Fhe g‘/exfkihy of our fechiigue enorrviously by
on a qiven Scheme. E;Feuallj wmpovlant are quani=wherent and coherent sheaZw, which ploy the iofe of wedules
(reop” f.9.-moclules ) over a Fing In this feé‘fujl wre pill develop the basic }pren’ﬁw qLo;um;—wh._arenf-ana’ coferen
sheaver” In pavhalay; we witl whodue the impordant < fwisting sheat ™ 9(1) of Sewre on a puojecteschene.
DEFINITION Let (X,0%) be a rmged spac. 4 sheafof Qx -moduler (or simply an Qx - module ) is sheaf F
of abelton quups an X, such that for each opensel U= X, fhegwuf F(0) uan Ox(0)-module,
dﬂdﬁ)sfeacé mncluNion of open eds v U The restcton homopaovphumt F(o) — F(v] s oumpqﬁbfe
ving homemoyphisim Ox1V) —> Ox(v). P moyphism

with e mocule stmctures via e
F—5G of sheavss of @x-modules s a rmophism of sheaved, suchthat for each open seb U e X,

the miap Fle)—> (V) 15 a mophim of (SE/UJ —modulen.

Tnis deiner the cafegony of Ox~modues. This categoy is additwe ve (¥+ E), = Vo + Bu and the sheaf
Ur—> O 5 « @x—-wodule wth Hrupwper%a“ha} Hom (F0) = 0 and Hom (0, ) =0 for a)) Qx~rnodules
T s 15 a zew obJ'etf for e cc(kgmy) ancl e zew morphism F—=5 s ¥, = 0: F(V) — T (V).

Led Vi F—— G be amophism of @x-modules. Ten the kevnel KevVisdetmed by (Kev¥)v) = Kev'fo. This 5 @
Ox-wodule and Kev¥—> F 15 awmophism of (x-modules. Noke that if F is q (9x -mocdule and 17 15 a subshend
of F [e}-abe.'[anywupi) for which M) TF(C) 15 ©Ox(#)—submeodule o ol V< X, then s a Ox-module
and M—>F s a monphiim of On -imoclules. TF is not hard 4o checde that Kevy —s F 15 a cak'gumm)aemel

'JCDV @*—mbdm@' L cuch F(Y), Ox(V)-wodnle and (7-m)ly = viv iy
Tf Fs aprahealof Ox- wodules and xe X, Hhen quehqmjmup E becomer o @x,x ~wipdule 1 a canonical wiay -

(Vy5)- (Y, ™) = (UnV, sluay-mluay)

Lel ¥ bethe sheafifrcation of . Then Fis atsheas of ﬂbejm"fjmup{. anc) f U= X 15 open, F(V) betomer a Ox(0)-moclule
YicL
¥ & Ox(v)
0 > v/ se F(v)

(70 = (v, »)- ()

Tt 15 then dear that T iwan @x-module, ahcl the canonical mophism F—> F 5 & mogphism “f presheaves of

Oy —modules T8 ¥ s¢ 4 a moyphism of Ox -moclles ancl G —— G /am¥ canonical ( G[Imt bemg +ho
ves of abellan quodups i The omposfron

precheaf of @y -medules U —> (V) /7y, ) the cokernel of shea
'9 — ?/Imy,—a lokev¥ where Lolert 13 fhe rheat Feofion. the abuve, Cokev‘;‘ Isa J’/?ea,CO/ 0% —modules.
T s nok olrﬁiu cult Fo chech that & ——7LD{R9V7L is also a cokernel for Ox—mo duleo.

To loe ynore exphcxﬂ f Fra pres heud of Ox—modules, }5 L —2 € a mophisi of pm}?eam of (x -modules,
wheve 22 15 a sheat, then we claim Hie ndued wovphism 0 (of sheaves of qbehawgmufj) Is et mogphisim
o} @x-podules Let Us X and se =(v) be given. There 11 an open over U= UiV anc 47 & F(Vi) 1. sy, = 3o Then
by detuhon Yo () lv; = &v; (h) Ve Bubten for ve @x(V), (v = I &l = 7l - F = (- k), °

Yo (v, = pu-(~lv +:)
= VJV,"}é\HHi)
= vlvi % = (v %))y,

50 ¥ s amophim of x - modlules

Lot ¥ F—> G be a mophism of @x-modules, T the Pl.feaheaF of Ox—moduley U—> ImY, The image of
Y a rophisin of sheares of abelan goups 1« Hhe indued miopphism L' —>'G, wheve % 15 Hhe sheatrfeatwn o T
we have shown Hat T — T —> 175 an epimonphism and T°—>G a monomophisim M Hhe calegony of sheaver
o abehan groups. gut ik 1s deav hat f a mogghism o Ex ~modules 15 epi [mono ar a Wiovpliim of 1heaver of grups,
foen 15 efi [Monp @ a mogphism of U —modules Se provided we can show The cadegory @x~Med 1 abelian,

Ir Y wil baacaleojomai imadge.



T+ 15 Shown 11 our hens notea that Ox-Tod s c«c’MﬂHﬂ womonphic 4 #he localisakon of a msdule cakegony
over 4 vingoid, T+fellows fhat Qx-rlod 15 « Coothenclieck abelian categon). we have descubed above 7he Rernels,
cokeriels gind mayes. S the Revnels and whkevnels are #hoe wed for sheave of abelian groups ik follows ha)
V. — 5 15 an epiniplisin or v normorghism m Ox-Mod i and only if F 15 in Ab (s (X))

T4 Follows fom Milkholl Pop2.9 and Cor- 2.10 that if we ave guen o clagram of moclules and we Juke Vhe fimit (rop- colymi)
w abelian grups, the fumit becomes a module (reap the whmik) wi a canonical way, so fhat s a lnnb (resp. colimit) m
Hne cakegonf of modulen. Let (L,11,d) beacliagram scheme ancl i’l’,} o diggiam over s < cheme im Ox - Mod Let L be
e hmi calealaled for sheaves of ﬂb@/lﬂhjwwfl (10 L 15 She pontwse fimib, “L(9) = [m Fr (). 50 each [(v) hecomesa
©x (V) -module m such a way that L(V) S TU) 15 o mmonphis M of Ex (V) -wroduler Yie T Gwen V= U and ve@x(V),
se LIV) leF Ox(v) —> 1), @x(Y) —> L(V) be dedervined by [y 5|y ancl (r-s) |v. UsingFhe l1mif meypliiim 5 i i
no¥ hard Jo checke that v/, - slv = (v5)le, S0 L 1rat fﬁé’@yf“/ OF - modules. TE s vot hard 1o chack that L s ol
Hr fhe cleagravn n © ¢~ tod . Hen@ vl o0 Ox—Tod ave calculaked pontwise.

LeF € be fhie pontwise wolimit of the diaqram, 1o for V= X

(.‘) () = EB\PJT‘_JJ
(V) U/Z'me

LI — D0m)) g T (V) — @5 F ()

Then C ‘SG*thequ of (Ox -MOC{U/% and Foﬁ’!.efheaocfiécq}'wn aC i o sheaf of (2x—~wdiles and Fhe
wwposihes T —> C—a ¢ are mophlsms of Bx _mocles. Then. - —> a C are a colimi} of shecives of
ql”’imn 3WMP5' LG;L Fr—>2Z be mm;vhums of @x -VHOC’U"‘M which -fDrm A cocore on Hae cliagram . Theve (s
an yaduad mowphism of sheaver = abelian goups a¢ — z sd. T/ —2(—Z = = —sz” Yo T4 sufhas
Jo show a ¢ —> 2 (s o MoPhism of (Ox -modules. 1 sufbies fo show e wmponle C—3aC—s Z I5 &
movphism of presheaves of Gy -mocldles. Buk this follows fivm (1) and the fact e i —> Z ave meyphiumet Ox wmodules.

In summany
Gothendieck abehan

iﬂo«phlsms] Leb ¥ F—>F be a mogphum of (Ox -modules. The kemel of ¥ s the womphism
K —> F where \< i fhe sheal of Ox —wodules v i—> Ker¥i,
The whemel of Vis the compoitle § —> C —>2 C wihere C is ﬂqe'f;mheaff of @x—mocules
V—% )/ tm¥,.

Y15 a monomonphism off. ¥ f;fg'ecﬁv-e Yy X (H ¥ ojechre Vx)
Visan epimonphisin . s locally suyjectwe . Thak 15, forall Ve X and e G (V) here
(s apopen cover V= U, W, and s, e wi] st HWJ == A (1) s (H Y :ujethm b‘x}

Yis an somopshism K. Yy s bijectwe Yy X (il fx bijechve )

Any abelian caleqon s kalanced, /0 mono +epj = o
T8y a subsheaf o F J J ’

- modul -
we Meana @x - module The mdge of ¥ i e mcluceel rmopphisin & T—> € heve T s e pn%'heaﬁ of (Ox-modules

A G & @x(v)-sibmed.
gf‘,ﬁpw}‘gvuﬁ&i—‘ Vi—> Tmty. So we can idenhly Jhe image wrh M subsheal o G consishng = 1€ 6(v)s?

there is a cover U=0i¥7and FlvieTIm*, VL. fany it
Tsoul {Fi} v echagrom @ Lt {7} lomdtagmm of Ox-modules. v each U let L{ukbe the liif of fhe diagram 5 f")f
and L— Fi o b (11 1F a Bx(v)-modulen). Tndue reschons L(v)—i L(v) o vaual, warng e fact thert (9] 15
:’;r:;n%u}-y—ﬂ—:ﬁ-egu) are o it wo abehanﬂvoup;, also. Then L s a sheafof Ox -mnodules and is e gy B .

lonvenely | L—F 7 _
nvenely @ Let i} be o diagrem of (¢ x-mocles. Fov each U lef (V) be the wlimit of W diagram T 1)}

dre o Iyt of modulen

;?IM}MIQ (\;U-‘Erﬁ;”ﬂ aue of §x (U) —modyles (choore any olumt, not necc. the canonicalone) Then D bewomes o preshen
Ll of @x—medules uomwphlc € (s2m(i}), aD=g( a Ox-moclules, and The mn@oh}rms
iy ‘ g s U Y TN YY) ave a colimit

. FY¥F—>G 5 moni, then F (s somorphicdo a subsheaf-of G namely Tiny

. TF T o Ox-wiodule, a collechonof cubmodules $(v) & FU) dehmes a Ox -module § /.
Hhedol lowng von drivons hold -

(. If veU andsc () then slve§(¥).

5 T 0eXand U=VUiVi and s & G(Ni) are a makehing fawily,

Hhen the uvique ama'\gqmu%ww of e 5 1 F V) belongs += G(u).



4 sequente a[ Oy -vrodules sexact f 15 exack in Ox-170d, which s ff. the sequena v exack an a sequent
of sheaves of mbe[lanjifﬂﬁ'bf. I8 US K and fF 15 an @x-module, then Ty is an Ox |, - module.
TF F, G are fuwo Ox-moclnles, the pﬂ%heaf

U —> Homg,, (v, 5) (1
15 g 5h€ﬂf Wthh Wl‘imﬂ ﬁ?ﬂ Mf anm amf CIEWQ[e éy IZDMgK (’E ;) If s GJJO an a?x .-modu/e To U'thLj -H'lwa
claims, nofe that (1) 15 cleavly a Pr&;hea{: of- abelicin 9roups, ancl a suifable adayptohon of Exl. 1S (thow £ 15 &
vhovphism of (Ox -imodules ) 5 hows dhal s aloa shenf. Ar VEX, Hom Oxly (Flo,Glo) e comes e Ox(V)-module
view (v-@)y )= ) Bufs). I 15 now clear that Z€om oy (F,'G) i o @y -module .

Given fuwo Ox - moduler Fi G, msocide fo an open ret U X Hhue @x(U)—meclule FlU) &g ). IF Ve U
Then the map Fv) « Sv) — F(vV)&oxG(Y), (56) — slv &Hv i bilineay; mcl’Hcfnj

Fl) @eea Gl — F¥) B, (v G (V)

sk 1—— slve Fv

S0 Thir m;xgmmen* bevomas a presheaf of x-modllen, wth s BIv = s @ Flv. e clenofed the ansociakd
sheaf by F ®6x G, whichis a @x - module. We often simply unke F & §, wth Ox undewtood,

Nole that Ox s thelf a Ox ~module. e jay en Oy -module s ﬁ"ﬁ Wb uoi/namh!c B a direcsum of
wples of Ox. I+ 15 loggll if X can be wrered by gpen s U for which Flu s free ©x |v—module.
An On-module F s callecd an invevhble sheal 4 X can he tovered by open reh U for which Fly = Ox|v.

A sheaf of dedls on X 15 asheal of modules # which s a subsheal of Ox. Insther Lords, for evew) open et U,
#(v) » an deal m Ox (Y.

Leb £ ( %, ©@x) —> (Y, 0v) be a moyphism of vingec| spaces. Tf F 15 an ©x - mwiodule , then fuF 15 cin
Fo @ -module. S1ne we have the mowhism f# : 0y 5 [, ©x ofsheares of vings on Y s quee Lo F
a netaal shucture of a @y - module. This deknes Yhe funchor £, © ©x —Mod —> ©y—Mod on obicch, and for
a mophism ¢ F — G of Ox-wioclules the pushforwarel 4 clearly a monglhnsm o &:H:moo(uféﬂ, Guing fr
on mOI?O{’iUmf. We call jcfr?: J"}udfmd—imcfgc? of F lgg -)r-’ -ﬁ.m ,;J?JC*UV lsd@ﬂf(fj add[;’f(lt-

LEMMA Lot X be a+opolegical spae, G a prasheaf of abeltan quups ancl R o presheaf of ings. Suppore
Yoot fuckher C hon e shuchire of “a R-module (re. YU X () s an R(V)-iodule and reghnchon
on G Lommntes with Hu achon) Then aCl 15 & aR - modU-lE.

PROOF Let USX and se (24)(V), ve (aR)(V) be given. Defime (r-5) . U— Uxcy Gu by

(r-5)(®) = v () -5 ()

where G becomes a Rx—nodule 1n the canonica) way (Via).(w,a) = VOV, alyaw - 9 v, F

; , = an TO!—QL"H"G
T-5e (aa)(v), let g el be given ancl find yevel Jewsu, FeaW), qeR (W ). Ve s @) =(Ut)
\"L)Cew v (z) = (w,q) Then Yxe VN [v-51(D)= (wnV, o lvaw - 5;\,nW\_TI"l€.ﬂﬂ— is clear thal (g_ﬁ](l)] 15
a (2 R)(V)-module, cind thus That 2.6 15 an & R— mocule. n

Letan  Ov-module G be givenand fef Co be the presheaf of abelian groups  G(V) = liny 2 pw GLv).
Leb R be the presheafof vings R(0) = Jing, = ppy O(V). Then G (V) 5 an R(V)-module via (v, a)-twg) =
(vaw, alvaw - glvaw ). Wen G is an R-imodile, and o by the Lemma. £ “'& bewmes £~y -moclule. Becawe o
The qc\[fl‘:!?f* 'pmpeﬂj of 77" (Ex 1.1€) we have a monphisim §7' 0y —> Ox of sheawn of rings on @x, which make @x e
af By ~module. We define F¥E o be the tepsor product

F7G ® 6, bx
which bewomer an Ox -module m awny we will descrbe shortly. Futly Thoush we show how the comerpondene G — 7'
defis afunclor Oy -Mod —> £-'0y-Mod . We vieed e %ul(uwmj-.

LEMMA Let 9‘ G—7F bea monphist of @y -modules, Co and & e voresponding presheaves of R-mocluyles
on K, whae G,a0 R sheajdy o guee £, £, £TOy reypochvely Then

¢ C— el
(v, 5) —> (v, #u(3))

15 @ mogah)sm of R-modules.



LEMHA Let G, &' ke preshearss of R-rnodules, where Rs 4 preshead of nngs. 1 {: C—> ¢ 15 @ moyphism of
R-wioduler then aY:aG—> aG 15 a mowphum of e R -modules.

PROOE THis cleav that a5 oo movphism of sheaves ofabe/fanjmujp:_ Gr e X weclaim Yy G —> Gk 15 a
Wovphisim of Ra-medule shuchires. This follows fom

Ue [ (Via)- (Wy9)) = Tw (NOW, Alyow - Ilvaw )
= (Waw, Tvaw ( Glvaw “9lunw ))
= (vaw, alvaw - Tvaw | glvaw))
= (V,a). G (W,9)

Nowt show a ¥ sa mogphism of aR—modules, lef s (aG)v) and 7€ (2R)(V) hajwn.’ﬂaen Ve X

(aX), (=) = G( (#5)(=))
= e (r{x)-5(=)\
= v (x) - Y (5("11

= y(x). (a¥)u(s)(*)

= (v (at)v(3))(x)

w vequied. []

lorPINg the fwo Lemman, f 49 are @y -~wmodules then £7'#:F "' ¢ —F7%" 15sa piciphisnof o~ Oy -moclules
for any wophism ¢: §— G F Oy -modules. T+ 15 #hen eanivy checked £7'- Or Mod — F-'®@y —iTed I5a avavank -

addihwe functor.

-, —Mpd ——> £ '©y-Mod X —>Y conhinuous’)
][ Gy~ 6 ( @yaslﬂ«eafn{'ﬂﬂgimY.

\o:\,zj-echg Cwen G€Oy-Ilod defme € by GlV)=lim 221y G(V), Hhen G
15 @ R-mocule where R[V) = [im ) Oy(V) Hevie £7'6 = a L is
a £7'0y =aR -ymodule. —iVeEfd _ 78 =a

@ Given 5’5’§ — G e} 53 G —>C" be (Y,9)—> (V, #vlo)). Then
Ja"?g ;JC/fg sy i rﬁg} 5 deﬁned /aj .

R MOICERAGO)

Next consider the ﬁ/ﬁowmj{ scenino: « wiowphism X ©—> (9’ of sheaes of rings o1 @ pae X (s given. Then
O becomes a (@ -mocltle mthe obiloue wi). Tensoving with (97 depnes a funchr

— ®o & O-1Ted — '~ [Tod

Suppose F 15 & © -module. hen F @p@’ 5 e sheet freakon of e presheaf U 1—> FV) & om O'10), which 15 e
@ '{v) - module M the wonal way 1+ 15 dear Hts presheaf 1 ac—fvfalfﬂ o preoheaf of © ~-proclules. So by our eav llevwmmens
there u @ anonical ¢ '— module shuchiresn F @ 07 Lek § . F—F' be amonhism of @ - podulen. Then for V&%
o) FU) gy O1v) —> FlY) @oyd1) 15 a nmowphismi of 8c)- modulles, winich pm’:ﬁ fogether fo imake o
mophim of preaheaves of &'~ modules. Shecffyng gives a mophum @ @e®’— F' @@’ o 8- medilen, sinw

LEMMA o} G,G' he preaheaves of G-modules, where @ sa sheaf of vings, andlek §: 6 —> ¢’ be o mophism
of O-moduler. Then o b i —> aG’ 15 a worphism of O-modules.

E&D_D‘F: Le)’ ve X) SE(QQ){U}, YTeE G{U) anel e ) beg”"en»—ﬂ'ffﬂiﬂ-

@@)olvs)e) = fol (rs5)o)) = ¢, (7). 5(2)
= (uy¥). & (50x))
= () @@l
= (r-@Ou))x) .

Gun & F—> F' let PP be the presheaves of " modules which sheathy fo give Foel, F®po! reop. and
leh 95 P P! sheaf b?gm poeB:F @sll'— T'es @ }aﬁ Vi F s T s atsther vaouphism of @—moduley
¥

and P", ¥ dehred sipaila y, 5 clear that F¢= g, sme Py =¢ 0 Fr V=X,
(# ®20'), ()x) = g (569)

Whrck ma!'zeo 1[ Sﬁfalﬁ'h'}k)rwavd 4o rec H’Ia{ - @00’ 15 an adcfl}we ﬁ/ﬂfrcjtm’; smee "f/-}-\?s *-/':]’\' +$ 0:!!(‘ .



— ®p O O-Mod — O [od ©,0' sheaves of vings on X
o9 — ©" maher © ‘o @ G—modu{e

Objechs] Guen Fe@-Hod, F ©o O 1 7he sheafhcochon of the presheal
Vi— F) @sm O

[Homhnsms Caven a monphism 55 F— F’ E® @ Foo0'— Eas e’ s dedmed bj
(F©:6")y()) = . (&)

whee £, + Flo) ®ow 0 10) —> F'lW) ®gu 0'(v) » Lol

Now lef un return +o our mophism of vinged spaces £:(%,0x) — (¥, Gv). By “adjointners we have a mouyphism
4718y — Ox of sheaves of vings, and Pene two adedibve funclos

! _—

&
@Y*Fjotd——f% 470y -Mod i

©x "
S 0x-Mod

We denple the composite by #%: Oy-od —> Ox=rted . we claim Hat £ —— By,

.
Oy —Mod — (v~ Mo
iz .

£
Fint we defme auntt 7L ) —> PufT Lot G be o Gy -inodule. Ten

(A £56)V) = (£r¢)(r7'V)
£9 = £7'6 &4-0, Ox

we dehine 7 (:"Za) F B — L ,C*? by Tl = ([\I_,.s)@i) where dofr ([gnof-e cavonieal moqﬂh.’ﬁw ;m’v%
Shéa\%cah/ohi. It 15 eapily checkecl thal 7 15 a mewphisin of sheaves of abelian mupx:f:uihq\r r}b pgeoevm e
wieclule S}WCWI’F—J we Ve d 4o undeutand F5F: 0y — Lo Ox and s a:\ij'oml" pavtner f v Ox beter:

5‘_# Oy — L Ox
i F70y >Ox md%Uid lﬁy 1}‘?&’ — Ox

/Hﬂe composiha i{/ ¥, (= Ho.
~1 <

2 5
0y ——> 7' Fx Ox > (9%

Aemc of \-;A& \/S heaf of

B SUSREY

1 vz g (W) c )= lim s ey Ox($7'W)

Glv)
f*v(w,m) = (W, f::(f"ﬂ

L+ W= FV) and mé_@yfw) begtw?nl Tien this wmﬁoﬂl{ Ty —>@x maps (W,m) = f{'"@y}(\/} 4o
.;%(-J\/, w) = (W, £ (m)) 1o (£ a8 )(U) and Then o FAR ) |y i @x(V). In Parhcular for
weOy(@), puthing Ww=@, V=£"'Q gwer Fpog( (%) = £5(+).

Now we are ready +o show that 7 .G — [ £ G 15 a mophiim of Oy -modules. Let +e (0(R) be guren i
se () Then by defunthon the (2y -module structure on Je £5G avses o Oy — Lo @x and the canomenl
£ @r-tnodule shuchwe on F4G, ansing fiom Hie @x-wodule shudure on 46 = f-1€ ®p-190x. So

() = F3m). Tyls)



Lejrjc—\f. Then
(1o )E) = (% (). 765 )%)

= (f'q, fg ) TgLI)

= (e, fim) (F70 @ @)

= (7@, 20 (e )

= (6, (&) & fZm)

= (70, ()9 ® Tg((97))

= (#'@, (o7) (os) & | )

= (+7'®, @7 ) el)

= (@ 3)&1)0)

= Ta(v-s)(y)

Hene 7 g (s) = M (7v-3) and Tg 15 amovphismof Ov(@)-module as vequred 74 15 ecwily cheched that

forany ¢:6 —9€ that *2 i natwal -
§ —Leain

ml J"ZH

J£G > . f e

Fo 54
We now checkthat (£%6, 7, ) 1s areflechon of G along fe. Leb F bea Ox—pmodule and T = RF
& movphism of O -modules. We detme ¥: £¥G —> F ar follows. Fintly, we upe He adjunchwn befween
 Ab(X) —3 Ak (V) and £+ B(Y) — Ab(Y) b produce V. p-'e —> F, a mophism of sheaves of abelian groups

detmed by .
(v = "_i"_’_%vaﬁfv)ﬁ{v}

$a—F
Tu ( (v 5)) = ﬁv(d ,U

y,  (F5)0) — F(v)

v

j-evmj‘fl: (s) = “,% (st9))

Let R be the presheal RIV)= [ vz g Ov(V), so that 7'y = a R, Let de (£70v)(V) and
se (£7'G)(v) begmen, Then FDngU .

/ A ~ ~
3evmj\h (d-5) = 7}‘9 ( 05(9).;(9]) = “fg((w,q).(v,ﬂ) = *fj ( (wn\!j\qlwnv~+|wm,)]
= (Wwnv, Ywnv (alwmr-Hwnv))

where < (Y) = (W,ﬂ)eﬁy and r(v}:(v,+)c—&j Say a = (z,a'), aremy(z) anel +:{-r,+=)l He G (T) Ten

lfwlr\\-' (Q‘Wf\\f ) +|wnv) = \}:wn\i ( (2,6 Y lwav - (Tr*')]wm,]
= "?V\MV { (20T, f&']znr"f’fzn-r )
= ¢zm‘( alznt- 'j;izﬂf)}wnv
¢1ﬂ1(+l!2ﬂT)) |wn\f

= (ﬁ'lzﬂT ’

But by &eg‘mn“b«an O Oy-mocltle vea £%: ©y— fo(px, 10 anmwnﬂ
- i chnffﬂ’v'zn'r) '9szn-r (‘P }zn-r]} ]wnv

il $zar(+'a7) lwav

20T (a'lznr)lwav -



Buf f:m[ﬂ'fzn‘r'}/wm, = ){’#2 (q’))wnv and 5o

?wnv (a)wav - Hwav ) = f: (@) nay - b r(4) | wav

Hence
germy Y, (2:5) = (wnv, ,Cz (a') wav '¢-T[r+'“wﬂ\’)

(W, £2 (a)lw) (v fr(H)Iv)
(W, 2 (a)w) - ¥y (5(9))

1

l

- f%ﬁ“ﬂ” = ?W(I{z‘lq*;) = Tul&) Homam Ovy (W) Fo(@)w) = (W, Fald)] = 3y (w,d).
= Jy gy & = 32\&'1'13 v (). Flene
ﬁfl‘ma \Hu(d's) = SQVITL\H ?u@{) 'SQYYVI&"P'U [y)
= germy ((Fu(«) ¥, (s)) 0
= germy ( 5o (2)-Yors))

Hene ¥L(as) = 3o («) Fofs), which we wl une below

*lz* PLV) = (7' F)0) ® p-@r)w) O%(9) be thy preshecf of @ -moduler which sheafhres fo give
F*G. Let VS X be fad and wonisiclev the map

(£-"€)(0) x Ox (1) ——> F()
(57) —> 7 Yy l5) = ¥, (r)

This 15 clearly bilinearin (#7'0y)(0), Thus nducing o mogphism of abelign groups ¥ |+ (F "G)(0) ® O (W) — F(V)

delined by ¥i(s @) = 1 W, (s) (Bilmeardy £ollows fom (1) Then 4" 15 readily seen o be morphlsm
of presheqres of Ox -moduler. we define ¥ +o be the indued monphsm of Ry ~moclules §: £-'6¢ ® Ox — F

Nexd we havefo show that Y 15 unigue maleing S followmg diag ram vormmute

4
b K (2)
At

T+ 15 eany enough o check the diagi am commules, for seG (V)
s1— (o) —> ¥uy, ((V3) = Jul) |y = Bol)

N ext we checke ﬂ/mi‘{’ I ANIGIL. Suppose ' FIG—> F i another moiphim of Ox-wodules making (2] wmmille.

4(U)
Py

S ®

FY$70) T S FE)
fe-w

~To show ¥=¥'sksufher o show that forall VX, Yo and Y agree on ¢9)IV) ® Ox(v).
For se U G Jand ¥ € @ x (V) leh V= U;V; beawver and (Wiside GOV) sd. sly, = (wr}s;) e

¥, (sev)ly =~ ¥y :(senlv
= '\f]\,r; by V; ( SJ\.',-.@i )
= vlv; ,'\f'*\,;( (w;',s;)-@'l)



Nofe fhat (Wi, si) € C(v;), bub (Wissi) € G (¢-'Wy) alse. Moveover Vie £V and  (Wi,si) |y, = (Wi,57).Se

'\.)r'\/ ‘{JGSI'Y)JV; = 7{\:’;‘ . \'I'v’( {(W-[,J;)ial}lu,'y
= 'YIV,“ ’?-'}""W,'( [Ni.,ﬂ)é 5)]\1’" rj(’e(a.l
= i Yewi [ T (59) vy
=7l Yeerws (Twi (5) ) Iov

= 1}‘\-'(5€';""‘),\r,~

s the Vi cover V, Yy (s@ v )="Yv[sa7 ), carequied. Hene t =¥, 0 ¥ 15 unique und Fhe proof thed
F5 s left adjomt o £+ 1r complefe.

NOTE Let S :(X,0x) —> (Y,@y) be a moyphism of nnged spaces. Then ure elaim £T Oy = Ox. %ﬂ Sl
ROy = F0Y B rooy Qx50 £¥0v 15 the sheapfication of fhe presheaf of Ox —moclulen
P(V) = (£7'@~) (V) @ f-1@y(v) ©Ox (V) == Ox(V) (150-f @x[u) ~modulen ). This 15 naﬁlm‘l;én U sine

e £ 7' @y [v)-module s hucture on Ox (V) @) frorn T 70y — Ox. Tois shectfefres 70 give an

somovphism frRy =0x o Ox —modules.

NoTE _ﬁ};ngnm Frot —Fy — Ty of Ox—wodules fora vingedspace @x 15 exearch
. Fis exact an crequenie of sheaver of abelian groaps henw ff. Wice X the sequene of abelian groups
?-'rl,;: —— ’/CL:: — ﬂ-ﬂ,x I exact (L:I 1-2) here -
r-Secr(,(,Q#m of Ox-modules Fies — F— Firy enack
. Wace X the requence Fe — Fyx — Tin,x of Oxx-modules
r exack. !

Let £:(%,8x) — (4, 0%) be awmophism of ringed spates. For st & X there 1s mo rp hism
of abelicin groups compadible with theving mophisin O, pe) — O,

2
o
2y
i

Ox + (oc.u'F)p(s\ — Fx



NOTE LOCGHj Free Sheaven

Lot X be a fopologual spac, xeX ond i:3xp — X e nclupon. At 1 =47t Then we have funclos

Th
shi) =2 sk H_yol
! 7z stallkg

oy shearen of sehe, qroups or vings. 8ok sels — sh(2), #b = Ab(2), Rng = R9(1) (calegory somonphomm:)
An JJaVﬁo.t{phum. .U’j; letF andl r.fzhfmlz‘/‘pmffor 1# mveve, so e S}aili f_:n_nc%rs 5%) (%) ) Ej’dt, ﬁf?)(]-ﬁ'ﬂl,
£19 x)— &g el have /fjh af(ljjamb; hepe presene all cs hmifs. ( To be carefulone chechs fhat :Fo"ieh,é;‘uupg rlng;——)
}_‘;mm‘uaﬁy 1somowphic Fo Stk nom;darngb@aa‘:fmaﬁm ek.)

Lot Ox be a sheal of ﬁnzs, F an Ox-module. Then for x€ X he shalle T hecoma a. Qx,x - module in o
nodural way, and twis defines a covanant addthve furctor Ox ~td — Ox,x— Mod | where ¥: T — F/
AR V¥, : Foe — Flo in the vevatl woay _ Call tis funchor Stalk . pefrrie

Sky,. : Oxz-Mod —> Ox—Hod
Shﬂu.(rﬂ(u): t M xel

0 etherwise

Thus 11 a sheaf of Ox — modules, whare Skj, (M)(0) betomin & @xlu) ~miedule view Ox(U)—a Ox,x. One C|€lm%
Shyx on moyphisms m Fhe o birrows way. Clead Slay, Badditwe. Tosee  Skalkx — Skyx b doidn Bx
—module F e #l,'DWlﬂﬂ o hisim of O ~mGdules
7 FF‘ _— Sk‘jg FF;.:
IfxeV 7, (m) = (v,m) eF

* ¢ =y ST ® another moplismn o} Ox-moduler for a @ —mecldle M, then ™ : T — M
dehned by (ym) = Py (m) 1 awnigue monghisn of @x,x - meduen w1

F =] kax/‘?
N sky
Slye Fe

wmmuks. Flene Stalk, — sky, and 5o taking shalles prvewes a)l colimifs. Tt Lollows fom Fx .2
that the ﬁJﬂd‘DV Stallex s qcﬁ(ﬂf{j exact.

——’—’DEF[N/T}UN An Ox—yrodule F_is fvee of i+ 15 a woproduct Biet Ox oy some mdex ret T (posibl
eV or ﬁwﬁni{e). The vank_ of F s the cardmah@ of T Cj\,\f}“’oo o T s mhnile . we donel
is mguuh pehveen carelinels ) An3 module over Ox haw vonk O F X = 95

Suppose fhere are mowp hums dy: Ix —F making T a coproduct @ icT Ox. Then e woiplmsms

Uiyt Bx,x — Fx are a copyoducl, so Fx 15 a free @x, 2 —mvdule of rank | T). Sine rank (s we || -defined
Lo modules over a wommutabae ving, the vank of F s well-defied. That s, f F can be un en as a copmciuc
of Ox oveyhao seds T, T then ethev I, T ure beth infnile or-ﬂmba are lovth finde and have the sanie number
o} ¢leyientt. So ranle, oxF = rankexx Tx for all 2ceX.

PEFINITION An Ox-module F s focally free f X can be vovered by vpen sebs U for which Fly
s o free. Oxlu—module. TF Flu 15 a free Oxly-module for VE X, the yank of T en U

is Yhe vank ol Flu as an Oxjo —module. Tn ¥ care i xe () then
\ran\e&x xTFx = mnh([ﬂx(u)x ({T;IUJ)L = mﬂkuT"U (J')

gt X:SA then. O 15 locally -fraza‘Pmnla 0. Any F han rank O on 95 BN



Sof F s ,"cim!l'g free, Fa 1 a free Ox,x-module for all xe X, We call ruﬂl@@xﬁ F, the vankd F at x=
I F o J'oac(“fj fiee and o the sawe ranfe e {o, 1, Jof=} at eveny f’o”’*b we say F 15 T S
of rank . Bom (1) 1F follows thal of X issomnecled, F han Hie rame rank evewfuhere.

NOTE Tn (1) we have T, = (Flu)x avo moduler via O = (Oxluda,

evely
An invecible <h eaf 15 & locally free sheaf of vank | So ¥ sheaf on }f u mveviible, and Yxe X vankeg, , T = |.
That 15, Fx = Oxyx @ Fx,x - woclules,



At this point you should consult our typed notes “Locally Free Sheaves”.



NOTE The funclors — ®0x% and F deox —

Let Ox be a sheaf of rings, F on Ox-module. Let #:6 =" be amophism of On-rodules,
P(U) = TV Sexw §00) dand Pi(u) = FIU) ®a x §'[V) Hie presheciies that-give nsedo G, 6" Lok
9/5L’ p—>Pp be defined by jgu = 5®F§ufh?” 5" 5 o monphilsm o} preahepves of ©x —moduler. We Jek
T @ p be e unigue morplaisim o &y -modules makmj

A

Pﬁ—qs«—-?i"

| |

Fogd —— F@g, G’
Fod

(Fa gy = ¢ ()

T+ dear*l’ha'f\ '7:? }i: }T—"@@ , and F PG —> G then “)a;' = '\F(}?,”O TFo ¥y = (FoY)(Fe¢)
Sine (F+8°) =3 +p F also follows that Fe (¢+9') = Feg+ Fop. so Fa — san additue functor.

Similarly glven an Ox-module G and $: T —> F' et 5!3 P3P be guv=uel Thenthere s «
movphism $ @ G L F ®eG — B @G of Ox-modules defned bj
(¢84),6)) = o ()
s maker — ®ox € b an addifue funchor. One checks eanily Watof f -5 ¥4 —% then

(36 8')(Fo¥)=(F'0¥)(fog) wewllths et Feg — F'og’ Thidehwed by ($ot),(s)x) =(be 1) (s6))
where  goy; Fl)eFd— Fi()eG'(L) 5 dehned in fhe obviow way. Cleady (ple¥)($6Y¥) = (g'¢)e (¥'H).

NOTE (/F@&x‘g)\u = '—F{U@@xlu ‘g}u

Let Ox bea sheaf of fings, Ve X open, F G fwo Ox-modile. Then F @G is the _{heqﬁ&aﬁbh
of the presheaf of dx-moduler V1= F(V) ©cxn) 9(v), and Flv @ oxly G |y s the s heafihcakw
ol the presheat Ply. Sothere1s un 1somophisit of sheaves of abelian groups on U \

7 Flv ®g, 1, L, — (F ®ox8)lu
My (5)(x) = I<x (363 K * (Plu)e = he

T 15 emily cheched that "7 15 a momphism of Ox v ~modules. 1t 15 alss eapily cheched that thene
som ovphisms are patuial 1 beth F and G, Thed s, for pF—F and ¥ §—7F ! the ;‘o//uwf{:j

d1agrams wpamu ke :
(F @ox ) lo == Fl ®axs Gl

(el L l #lue |
(?i ®@x'§)iu —_"> FF}{"’ ®t9x\ug]u

o3 ®Gx’§)lu — Flv B @x|u g(u

l 1o Flu
N
{"E @&xgtjlu = Flv @axly 9'/u

“ w"f’),u

Vel acF), be (V) men 7y denkhes aob e(Flue§lo)V) and adb e(Fe8)(V)



’N,_QI_E_ (7: QQ&X‘G)L = "Fz @@ﬁ,x@x

Let Ox bea sheaf: DF Vi)’.'g.l; r}-f‘g }’MF Ox 'MOCIUIEJ. Wsn ﬁri& X g;_, Tx are ch‘u,;q”y (Qxlxu-module ﬂﬂd
we claim (F ®exH)z = T ®0cx G ar Ox,x-modules.

Lgf P be fhg Preaheaaf of @x-modw‘m P(U}'; (F(UJ Boylv) g(UJ Df‘fme

£+ F %Gy > F
E([Uﬁ); (Vn"ﬂ-.: Luny, 5|unv®‘}’(unv)

T+ i enily checheed that 5 v @x,x- bilinear, and we claim s 15 achnally a tensor procuck. Suppore M is an
abel1n gvoup and ¢ Fu xGx —> M 5 @ x,x-bilpear: For xe U the map” &, - F(1)x§(v) —> M defned by

Qv (s t)= B(Ws), () 15 OxtV)-biliear and hepe mduwd Ou: F(0) ®oxlo) &lUl —3 M, Quls@t) = $ltos), (W)
Sme @ vommukes with restuchon, we mduce a merphism of abelian. groups ¥ : B, —s ™1 gwen by

Y (v, seb)) = @((9), (1))

Clealy Y& =g and ¥is umique, so  is a fensor product, and there is an 1souonohum Az = e —> T @6x,.Ox
qiven by

FE %G

/ \
B( __‘—;x—_—% /Fx @@\(,x ’g’;:

de(U,561) = (U/5) ® (V) ate 15 an 5o movphisin of O~ nedlel,

Now, (F ®0x8) = P vie (U,4) —> 9(x), sothere is an isomoiphisin of- abellan quups

dy t (F @9x9) — Tx ®0xx G

Tosee this 15 an ssomorphism of Qx,x -medules let UsX and ﬂ&(? ® 6) (V). Say v € Ox(U), an let xe Vel awid
FeP(V) be 5. qly= b Then if + = a@b we hare

othe (U7 ) (1)9)) = b ((Ur) - (Y, 4)) Prins 15 ahually awial,

@ (T Dy Gau) = Pu

= o% (0OV, 1) SR T
= dy ( (DY Should dlso we
= do (0¥ (v, a®b)) b= 7 ai@bi e

\ +
= oy (UﬂU, alyny @ Fluay - b\unv) wvnplel'eg wE)

= (uOV, aluav) @ (UOV, Tlunv b loav )

= (u,7)- ok (U9)

o nac;wred_ Moveover, This isomonehism is natuwal in 7 and . Let P F—> F'be 4 mophsm of Ox-woclules.
We claim e following diagram commutles -
¥

(¢ ®91q \:L _— r]:x @@;«,1 ‘%m

{gﬁgﬁjx ¢z®9x

S

(’Fl @@,‘9), = —— ’-F;( @@x%x
5

Rt se(T@axg)(V) Jet eV and a@b €PV) bosd sy = (ask) . Then

rechnically should we Ay (PG I(Us) = i (U (Bo8)(5)) = i (05D (5)))
t=a;apr (umoveri) oo (G (S = ol (gx(V, 08))
Bul & doesn't wialhe a differene o (v Fol@) eb) — (U B(a)) ® (V1Y) = (2 ®G) bl (05

—

Il

i\



Sienilorly (¢ § —— G5 a mophism of Ox-modyles +he following dmgmm covmimutes

(F ®axB)y ———> T O~ 9=

(TFod) T @b

’

(F ®ox 4), > T ®Onc G




B_QT__E,_ F Do Ox = F

LeF Ox bea rhea[ﬂfrfn £, T en Oy — mud‘uff, P e pmhea,f /’[U) . "F[U) & @x(u) O x (V) Then

there 15 an isomoyphism of @x (V) - modules
% b PiOY—————3 Tl
MeY l— V- m
This definen an 1somonphism of presheaves of ©x-modules A: P— F nPu asheaf and o theve
(s on womorphlim of Bx-modules F=> T ®ex Ox, which maps me FHU) Fo (me1)e(Foox) (V).
Ths ssomovphism s cleavdy nabural in F : for o worpmsm @B+ F — 7F ' we hare o Lommutahre diagram

l,wu

¢ J
Tl T/ @ox O

Thewvewe F & Ox —> F wiaps m@7T fo 1.,
NOTE F ®oxG =G ®ox T

Lot O be a sheaf of vings, B G Ox-modules. Let PV) = F(V) @oxtv) G(V), G(v)= G) &gy ) FLU),

Then theve i an. isomomphisim of preshearts o E&x -modules
5y ®

AP
nw(aeb) = bea

The sheatdrcabon of D ques an somopphisim oF Ox-moduls T eoxg = § eax T, wheh ts
15, for #+ F——F" and F: § — 4§’ Hhe following commule -
7‘_@@)‘? —_— f@ax F

i Yo T

watival o beth vavialles. That
TF @ex§ =—— § @ox F

#o% J/ lﬁﬂf‘ ?@?J'
:;f@@)‘% e j @S‘x_/F'/ F@@;{ﬁ’ _— 9/@g$¢

Nole that (F@3)v) =2 (4 & F) (V) maps a@b 4o bea for acFE), be §L0).

NOTE  (F ®oxG) ®ox 7€ = F 0ox(g 00:0¢)

Led PlU) = (FeG)(V) & gxivy PE), and @ (V)= THY) Esiu) (& PE)\) he the womenp onein
preaheaves o} Ox—oddler (©x a rheatof angs, T, 7C Ox—modules) Thenthere is anisemoyphire”

of Ox,x —moduler
Ax P;r_ = (Fe& 6), Eqxx ol = (T= (X g")?’&'ﬁ,x e g
= T, ooxx (6 Poxx 762) = F, Soxn (§09€ )

= G

and we debne A (F@ §)od¢ —> Fo(c@d€) by X)) = Da(s69). This 15 ecnily checked
Jo be o well~clefined ymorphism of @x-moddles, whichis an jcomoyphism swte Vxe X hye 157150, Here
e (V) ﬂé’b)=2?j(v/) v, levnu 2] (L’Sivnw ® blvaw))  where  a(x)= (¥, SjGed; )



Mis womorphism. 15 natural, inthe sense that for g F—F) f§—9"and F:2c— 7/
e followmg diagrams wipmule :

(Fo§)ett —— Fo(geit)
($eglodt B (Gode)
(F'og)et — * & (§ & 7E)
(Fo §lo7t ———> Fo(§ ode)
(Fe¥)eot Fo (Yose)
(Fo§' ot ———= F&(5'e0)

(Feg)o: Fe(§eF)

(Fog)adt o (geot)

OF coune for any xe X by defnfon of A M;En”bwmg diagram commules

f(?’:@m*‘:’)e@,w}z _—__l——»; if}:@&;(?@@x%)}l '

ﬂ |

(¢?C @@":M -gl) $C9~AJJ‘ af?f— :_————__:;—’% /-F;L @@x,az [ ?x Egxn 'ﬁfx J

Wheve Hhe verteals are the canonical somopphisims and the boftom map the anoticr for & —moduler. Also nole
fhot I ae FV), be §(v), ce TC[V) Fhen -

o

Bl @eblec) = ao (bood



NOTE Foo — and — & F are rtghfexad—

Let (X, 0x) beq rmgefl space. We claim that for a ©x - module F the addrhve fupcdor T & — : Ox-Meod — Ex-IMod

ts nﬁh’l exach (a..a wkewnel preserving). Suppore we are given dn exacl requene

B Y s e ()

we need Jo chowthat Fhe requene

Feo§ — Fpg — Fog'—0 2)

s exadk. T4 rutben b show That hwesact on stalles Vxe X, But mmmwh%w*ﬂ of-#he {’DHDW!WE diagram :

[Feo &) > (F ®9)a > (FEE" ) — O

J J J
T B Be— B G — T @ G ——Ip

Toqetherwith exachons of $i —> 6, —— &4 50 and e fack at g — : Orifod —> (Onx ~Hed
} exadt rmphe» that (2) rexad, w reguired. 51'Mf(af|'lj the functor — 9 F i also ﬂgm exac]. So beth

s wcah
Fga — and — @F are acklifwe and fimbe colpm\t preserving.

DEFINITION Let (%,8x) be armgecl space. A Fx—module F 5 flab i the funclr — © F s exad.
(equrv. F o — s exact) That 5, — & F prerenes monics.

T, i aflaf Oxx-mocule Vee X then 7= flol In pavhcular

JEMMA TF F s a Ox-moclule and
any ocally free mocule s flat

PROVF re e abore ar’gummi' 0

NOTE hF®oy 8 — 5 (F0x6) T (%)0x) — (4 0)

Leb £+ O00x) 5 (Y05 pe avonged Spaw woyphisH, T4 Ox—medules. fp, €Y open clefime
TIFV) X §LFTV ) —— (Feon§)F'V)
(eb) I —> a b

This 15 @y (V)-bilmearand induws F(FV) @aviv) EHTV) — (oG V) and Hen abler
Soime r,l/;eolmng a movplﬂ'ww of @y -modules
o o F Qoy x§— S (Fosx9)
L’CV (ﬂé L)B - A é’b
in both vavables, but 1s viok necensarily gw somorpham (a[J’hough s 15 the cone tf

This mogphism 1 nadural
£ 5 an somophism ).,



NOTE sfelks under chrectand nvene image

=
(§%9). = oty B v (9;\,::_J

Lt F-X—Y be a onhuuons map, §~'+ Ab(Y) —> AB(X) and Fe = Ab (X) —> b (¥) e woual adjomt parr:
we claim that there is a canopeal isomoyphism — (£7'¢).,

2 Gppoy. (Tis also holds for sheares of sels or (ings, m
whit(h e we have sos of sk [ring )

Let P be the presheaf on X defmed by P(V)=1iny y 240y GIV) Tnen (§7'G)x = Px via (Vi) 2569 4
abelian groups. We clefine ?f t Be — Gy by

Ly, W1 = (W) (W & Pv) = lim 5

sty £(v)
be G(w)
To show i s well -defned], suppore (V) Wi € P with (v, (w))) = (V) (W54')). s means Here is an

G(w)

open negnbovhood G of 2 53 (w)+') g = (WiHla m P(@) = limp, g GQlD). By detnthon Hhis means
tnere 15 an open sef Z i Y wdh F®)SZ S waw’ and Hz =4l Hene (W) = (W) 1) n Gpe -

To seethad f i< injedue, suppose By, ) = HV W), sy FEVeR ¢ sh Hg=1tle, @ cwnw'
Tnen £7'Q VAV 15 an open neighborhood of x n X and (W) [pgamyvt = (W) | eagnyav ™
P($7QNAVAV') ) 5o (Vi(w; 1)) = (V4 (W, 1)), T seethat & 15 suectwe let (W) € Gf) be queen. Ther

(W,b) € P(£-W) and B(#7'W, (W,+)) = (W,1), an requirecl. It 1s ecqy o ree that 15 a mayihum sf qrodps
o Fngs I+ 1seanily checleed that (P~'c) .= Gy 15 nodural in G

Now let F: Ox —> OV be 4 morphism of <inged spaws.

fa
@K#M &\‘-__/4 Oy~ Nid
;*

We claim thal (F*9), = Gren @ ov,p0 Oxyx where Oy, betomes & Oy, f=x) module Vio Lo 09, b — @ xx
the above we lznow There 15 an !JUmOVVf’,'me [;f. ¥ Ngs {'P_I@Y))(

Oy, £, Thiw (£7'6 Vo becomes a @y, £ex)-widule,
and Fut we show (£7'6) . = G (s an wromoyphism of By, iz~ modulen.

L (P'OY) e —> R —— Ov, 2
B: (F7'8)x —> P — G a) o sheaffierdo gire 'f"_&’_‘

For meOy(@), xe Q and se (#-GT), xe T. Then f 5(=) = (v, (W,H) wih Wz V), t€ G(w), then

pleam - (ma) = gl L(gm) (31 )

= ( (pre,(em)- ()

= AlL7RNT, (@m)]pppr- I P—
= T( &, @m)y. (v (w1

= T( £'any, (@ym): (W) 4) ) Tachon o O
= T(£'@nY, (AnwW, menw - tlean)) T

= (@NW, mlanw 4| aaw)

= (lel’(wﬁi’}

= (@m) - B(T)<)

Cachon of Rac on P |

arvequired. Leb 7 be fhe preoheaf Z(0)= (F ~'G)(0) ® (p-1O%)10) OV} winch sheafthes #o que f+ 9. Each Z(v)
5 bosth & (') (v)-wodule ancl a @ x[0)=imodule, so Z 1s hoth o £ 'OY ~wiedule and an @x -module. :



w—> 2z, (Vis) 2 50=) 15 an somonphism of (£-1O%)x-modules, awel henc of
Wi our earlier notes we levow there s an womonplnim of (£ °'@y), —wedules

Tne somovphism (£¥4)

@y, f(x) -vioclules (via o). P
_Za. —— (P-'g]"ﬂ ®£¢P"'@v):c Cpﬁ':c

of we wnshud e Jemor product inthe uaual way, we canwe & o veplae (16 ). by Oy, f), mokin
(F-'6), and Ox,x o Oy, £ —imodules vieoof. THen upon covnposifion with e uomogphiim of @y, £en-medulen

B &l we have an romorphism of @y, t(x) -wioduler (alse of 0% -modules)

= 2y ——— ‘@cm @&y, £(x) coﬁ,x

7 - ('P*g]n

Leb (Vis)e (£54),. with se(F*G)(V) and s(x) = (Vi é)ez,(, age (F7'8) (W), lo“'e ©x (V) and suppose
a(x) = (& (W) € &, (W) € P(@) = Tty w2 ¢ G (W), te §lw). Thert F5uth over repeated ndicr,
M(WS) = (Wt & (U,5)

we claim T pofwal m-G. IF $:6—§ sa movphism of By = modules, we weed Ho show

o X
(F*¥g)y —— gﬂ?) 62 ©v, =) Ox,x

(£*4)x Prsy @ O

($44')x S G200 Povyepo Onx

wanmube. Bubk F (Vis) s an qbove, anel s 95} t——p!, PG —FTEL 42— z' ave canontl,

(PP )y (Vi5) = (Vi (FFB) [s))

(F* $lV) = 4% (56))
= $% (vaob)
= (U, ¢"(ce EJ)

= (Y, ¢”u (qi)® bu)

¢rru{aj ('x) = ¢; (c»n;(:x)\
= ¢4 (0 (wh)
= (&) Pg;(w,H)
= (@ (Wi ¢w(tl))

= (Ffx) & O,z )7 (VS), cn vequired.

Soff\ﬂa”gf "Z (‘F*qg)x(\"fﬂ = (Wj?swiﬁ’,-”& (U;k;)

EXAMPLE Jef £: (X,0x) —3 (¥, Ov) be a mowhism of ringed spoacer, T a Oy -module.
; - mmuler {xe %)~

With all movphisims carnontecd, The -{‘D”DWIW-CJ dragvim wo

2 £(=)
(]:ffn:) " —_— f'f'k 10* ‘p){:r.,] (“m} D{ f-y‘ri’f'“)

(£ F)x

,
Frp) @y, e O ©
Nelgild WI'H'L (\]’5)’ SE ‘F(v) e kaw [\/, (CV,S) é l)) and )rhen (‘F-‘\f, {[Ufﬂb;fb)\}

Be
wEtch maps & (Vis)e | € (Frey @ avfe) @)



At this point you should consult our typed notes “Inverse Image Preserves Tensor Products”.



NOTE (M®8B)y = My ®pp By $:A—B aM,

Leb $:A—> 2 be a movphism o/rmjlr, Man p-wodule, and < B a prime. Dodme

£ Myay X By—> (11 ®a By

(™5, ) = 2 aly

Fs) E

Suppose Mg =m'fsr n My-'p, 30 there 15 q ¢ ¥~'m with q( s’ — s-m')=0. Then 9(q) ¢ 11 and

(I} (meb) —{ 9T (m'eb) }
= 9@ me S — m' 6 Fytb )
= PO (s'm —sm ) Btk ) = q(s‘m—~im')pth =0

Hent MOb] pup = mr‘sb/b"/s')f- n (M®sB)g. S[milarlU one shows Hal & Bf# = B/t m Bn +hen
meb/gyp = W \’Bb'/%w wmo (Mg B) - Ithllows that & s well —clefwed . T+ 1< emdg checleed that s
15 Ay-1y - bilmear, wheve By bewney an Ay-y=modukt Viee Pp: Ay —>Bp. Led Z o ansYher abelian group

and Y Mypp%Bp—> 2 a Agp-bilimear map.
H‘f-’?q A g‘p
A
</
Z

(M®@n B)
¢ g

We clehne ggamfo//owf. Fuatly , Jor sd 1 defme 95;: MxB — 2 by ¢% (mb) = (M1, 5s) Tnen

@l 15 A -bilinear, wducing e movphisim of abehanjmups

$7 - M@aB —3 2
r(mcgld):"f’(mfl,bfs)

Define ¢ by ¢(%s) = ¢'L(a), To seeThisis wetllde fined, suppose @5 = a5 wath o = Eﬁm; ® b G’mc}f
o = Z.mi @b Lk tdpbe st Fsla = 4sasThat s, Z;mi @ bits' = 2 mi@ fsbi. Applging ?si:s' &
ot Slde)d 31:”% ¢|}Cq-];.¢l}’[ql) , 56 ,5 v well-defmed. I U‘ef;f/-?.'"y checked +hat

?Ss”("‘) T #s’f(dJ = Qﬁ;i—r (s'a+ Sﬂ-’)
so @ isa mophism Mijups_ smue & ( me b/ ) = “}’[""‘/.,'ﬂ]:) and Y (s, ei3)= ¥ M, b))
=T[4, ¥e)t) i+ follows hat 955 =Y. Uvliqueness of & 15 clear: Henw (we have (Comovphisms of

abelion gwups
K

Hj"“}q @Af-(,P B'}ﬂ <2 {_N @ﬂB)"F
#
¢(m®b/53: m/‘ @\9[5

(s @bl+) = %"?T“’

TF gew]jkj checked Fhal ¥ 1son somorphism of By -rodules and tha-Theoe soMmovphinms are nafuiral in M
That 5, for a mophism o : M — N of A-modules, The following diagram commules .
(M &a E)’F ?iﬁ N‘f"'p @Hy»'? B’]ﬁ
(A E}*p l l o gy @Bf

(N &e B)qp —f—ff‘=ﬂ> Ng-tp ®Bagrq By



NOTE Extending 1somorphisms from a basis

of oper U pen
Lek X be q‘r‘opologum' space with booms {ViF;cx (16.0 vonemply W”EC’L“”% shoxeUsX=>3i xe Vis0) and leb
F G be hw sheaver on X (of seks, groups, yings or even ©x-wmodules for some sheaf of rmgs Ox), Suppose for all
1eT wearegven a monphism ¥, - F(vi)— G (Vi) (of seb, Groups,vings or moddes) we claim tere exXistr &
unigue movphism ¥ - F— 3§ (of shaver of seds, rngs, gioups, modulen) with F'o; =¥ provided e ¥y are
natuwal - that i, IF 0 0f then ¥ (=) ]y, = Fi(xlo:),

Let VEX and seT(U) be quen. Then {f;(sfu;) [ vicO} s @ makhma 'fqm'u'ﬂ st the Iy are nguval.
Henw there is amgque ¥, (sYe G (W) wdh )|y, = P (slu;) WVi€ L. Tf 15 dear that VY=V Pols)y = Folslo).
Tt s also dear that | the P; ave wiorphisms of seds, nng s groupr ar modules ren so s F. The uniquemess of ¥ x cdlegir

i

on e whole spa. Ungqueness means that £ F: B —G u a mowphism awel S, bijechve YU ma boas, then ¥
15 an povioyphism.

Finally, 1f each % 15 hijectwe, then so s or all UC X. So an 1somorplism on a bams extencls 72 an vomoiphirm

Tn pavhcular; let $*F — 9 be a wovphism of sheares, X = VUi an open vover. T Flv:: Floi— Gy,
5 ansoniorphism of sheares on U. for allz, fhen Fisan Hovmophism sine the set of open et which are
ontaivec 10 sorme U s o badis.



Now that we have the general nehon of a sheaf of modules on a ringed spate, we specialise fo the case of schermes.
we ﬂrmi—bg de}'mmﬂ the sheaf of modules M on SpecA asociatec o a module M over a ving 4.

DEFINITION Lo} A be arng and Jet M be an A-medule. We define 4he sheaf wsoaated 4 M on SpecA, denoted }{gj
let Hy be the [ocaliscrhwn of 11 at fi. For any open _rz):%

M, 00 A llows” Jor each prime deal 10 A,
s Spech we define e group Fi(0) 4o be Heset of functons s:0—> Lye, Mg such Fhat for
each pev, stp)e My and such hat s 15 locally o frachon m/p woh mertond feA. To be
precise, e recure that for each p € U there 15 a neig hbothood Vot 10 m U, and Hheve aire elements
qev, £ev, add $(q)=w/p m Mg. We wake ™ 1ndo a sheaf

me -1 and f£¢ A, suchthat for each
DI’ ﬂlﬂﬂllai’\ Smu}pf Mmﬂ fhe DbV ol JWCJLMYE’ majg_f_

PROPOSITION 5.1 Let A be aring, Jeb ™M bean A-module, and let M be the sheaf on X= SpecA assoclaked
+o M. Then

(@) 1 15 o B@a-wnodule
(0) For each 1a¢€ X 1he stalk (ﬁ),F of thesheaf I a’r'fa 5 1s0movphic ao an

abelian greup Fo I (andl ap an Ap-module)
(¢) For ony FeA, the A -module [ ( 0(#)) 15 somomhic ar an Of - medule fo Mp.

(d) In pavhanlar T(%, ) 2= M ar an A-module.

PRODF LeF V<X beopen and leb me AW), 7€ @x(0) be given. For pe X, Mp isan Ay - module in Hie

canonital way, anclwe define
(v m)(p) = (18} m(g)

T4 15 ennily cheched thal this dedmihon maker F ntoan @x - modzie.
(b) For pe X dehne (PJ")F —> 1y by mapping  (V,m) +o m(a). s 15 a moyphism of abelian groups,
which 15 an 1350movahism by 4he samea wmenls wed i fop 2.2a) This 150moiphism identhes the
the ﬂy—modq."a shucture on My m a way compatible with
hosim o Ay- modules.

(Qx,fp—modvde shucture on (F1)p wi
qu',,P = A'F. That 15 of we make [f?J,u yafe an Iq?g—modﬁr’el (9)1‘! — r“F 15 an 150 movp

(¢) Defie ¥+ Mp—> F(0(£)) by mapping g~ o th sechon > g™ T o clearly a oyphiem
of abellan groups. The proofof Prop 2.2 s hows +hat t-is & Igy'ec:h,gn _when we make [F{D(£)] 1ato an
Ar -module via Az = Ox(00F)) & 15 deav F 15 an 1somovphism of Af —moduler. Nefe thak mg;qﬁmm Cormmules -
— [A(x
I

[d) Clear rfwm (). il

NOTE (v) shows that i 4uo maps s,4¢ (V) agree at peU, ey agree on aineighborhood m(’p.

PROPOSITION 5.2 Lot A be aving and X= Spec A. Blse Jet F: specB —> specA be indued from o ”"‘j
monphisim ¥+ A — 8. Tvien -
(@) The map M —> N qwes an exatd, "ﬁ,{HH fathf) funclor fom +he cahzgmﬂ
of A-modules +o e cﬂi‘egcmj of Ox- modules .
(%) o M,N are B-modules then (M ®aN)™ == M ®ox N
© o8 M} 15 any family of A-modules, then  (DiM:)™ = &; M
(d) For any B -module N, we have £, (N) = (aN)~ where 2 N nreans N
Lonsidered as an A-module
(&) R any A -mrodule M we have FHA) = (M®aB)™
PROOF Tf «&:M—>N 15 a movphism of A-moduler, Then & M —N dgjnecl by & {9](1:)-.:-10{15 (5(1)), wheve
g Mpe—3 NP is cavioneal, 15 & miogphism of Ox —moduled. Cleaily 1221 andd oAf = XE 50 T s an
addrhwe functor A-Mod — 5 Ox-Mod . Sine Ax (Y= ™y, t follows that ~ s fauthiul (rme of
mn & ~ ugree N H‘p V?ﬂ,- ten Ann (m-n) s l\mpmpﬂand ro b= n) Tosee that ~ s fﬂ”, ek K: §— N he
o movphism of @x -modules. Tnduw of - M—> N via
“ *
Iz

R0 —g—> N¥

N
it



For each 4 #  clearthat K (F)p— (R)z 15 @ mowphism of Ox, 1 -modules, hence of Ay -madules. Al sides
in W pllowing clragram conmukt, save possibly e bottom face :

ol
M—N

4
J \\J% -

Ay
\\N
M e

Since the bothom diageam consists of mowphisms of A -~ modules and both legs agrez on Tm (™1 —> M) 1 fellows
(ine Mg = Yg.v/,) “hat e bobom diagram commaules alio. Heng for 02 X and se (F)(Y) we hove
W (s)(F) = ol (5()), S0 YT = X o> required. Hentg o~ is full.

Tosee thal = s exact, weue the fa{a‘"ﬁ’fﬂi" a reqUuenile of @x-wiodules sexack H -4 s exactan @ e quente
of sheaves of abelian qroups, which by Exl.215 H the se;]ﬁ tes of sdallas are excict. Bub f M Loyt san
exact sequence of A-wmpdules, B a0y o espech My s Np _‘_*"'_)L? is exack apdl

(ﬁ)'p r > (R‘-]'F E—% (J:)qr,
n 12 1]
MRk

vommuley, o Jsf—,‘i—)ﬂjﬁ[h 5 exact on stalks and Thur exack. Henwe ™ is an exact funclor, and thus presewes
hmiks and wolimih of all Anite dragram..

Next we show Hhat ~ prosen coproduchs Let moduler {MiTier begiven, ond (et u;: Mj — @i Mi be Hhe
wpwduct. Let v; 2 F; — @ M be the copodudt n Ox -Tod , 5o & 15 the sheahfication oF (hepmhe\a,f
Plv) = ed; M;(v)- Nete +hat o= @iy via (U, (s)) > (5i(p)) e alehan groups. There is a mophism
of Ox-modules unique makeing the following diagram commute forall 2

~ W ———

Mi ——— 5 @M

To show that [ § s a wpmducn' we nueel only show Y 5 an \somovphism, and by P'“l’,‘:_[,“! suffion o chow Y 15 an
oMoy 5 of abeltan quup) for al . Bub " (@i X)) p= Py = Birlip and (@iMi)y = (@iMi)y and the
hllowing diagvam covpimulbes

e )
iy =—————— i
@ r_i‘l 'FI (@ »}3 " (m']

VT

Y}a :[
(B )y =——— Diftix (")

Smee if 5:U—>3 Upey fu belngso (iri) (V) lehuevel and () €PWV) be 1.t sly = (). Then +he bottom
waps (u,s) fo (Hi(0)) and Henupfo 3 4itm)/s; where Jifp)=i)s;. Gong aveund e other way
Y'F(U;S) = Y'TJ{V; ('I"n]\l = LV, \(V(u.”) BM*’ H’-) o 2; ViV(+i)) 0
(n (Ws) = (v, 225 v (viy YY)
= (Vl S.' ;l\rv( ’ii })

whichis mappec by e fopvow o
(S @y ())r) = 2 W)
= 3. (ui]'p(-}i('pn .
= 3 (wp(mils;) = 2;"“{""1/5,

As requived. Heneforall 7, Yo 15 an 1somonphism, and hene Y s an isomorphism and ™~ presewes wproduch
Heng ~ 15 coltmt prea¢yving.



Next we show that (M @aN)~ = N ®@gN. v 1hs we need b establish o paie of 1somophiss -
’H'P @)Qx,'}i IUP = > H'p QQ,C]-F, NTJ — (M@ANJ?
The sevond isomonphism 15 elem entay, given bj Mo/t > 8" /sh To define He fint map, consider

£ [y x Np — Mg ®ay Ny
£( (09,0 D) = s(7) ® *(7)

This 1 eavily checked o be O x,~bilinear. If K 1s an abelian group and ¥+ fx N — Kis Oxip-bimear, then
i the wanal way ure define & My ®a3 Ny —> K by

B 1) = ¥( 000, (), (015, (7)) )

T s clear that ¢& =" and & 1 unique, so 5 |5 atensor product and Hiere is an isomovphism of groups

P].FXK)'P

f“’lr]a ®pf1, N‘p (——————\{'p ﬁ], @@-,rp N’p

Ya( (s @ (Vi) = sip) @ tip)

Nofethat for v e @x(0), Yu ( (o7)- (vde (V1)) = @) (s(p) @) = 7(n) Yy ((0s) &),
[or Re Spech let 51:: : Ffp @ axp T\Tp —> (M @a N)’F be The rromorpmjmjw% onstdcted. This ISOWDVPW’”
maps thecichon of (9 x,7 +o the achonof Az.

Let P be the preoheaﬁ giung viseh M ®@xN and for HE Spech, o{P Py — Mo ® @x,n ﬁp e somovphlsm

ertablishud 1n an earher note. We depine T18 ()= (0w ") and

~ e iy mlqgy = "/F nip)="4q Yhen
7 ®exN —> (M ®aN)
Alp)= men

7+ (F @ex (V) — (M @) () 2l 5
To((w) = Spclp (5(P)

7+ 15 ot cliffeutto check 7 1s o movphism of Ox ~modules. For each o Spd™ B —> (M@ aN)g 5 an
isomornphism, henw v is nnj'echme. We define the invene by

70 (0 = (o), (’-’T‘I) ®(£'E)) Fe (Mean) (V)

Hp)= mer
(p) -

Then “T'o(t) 11 cleardy N?M(GV and 7 (e =+, 50 Y5 an somophism of ©x —wmodules. we claim Hhat
s 15 omonehism s viatural in M gng N Lef 94-_,\1,_-”1’ be cr monphism of A-modules. Then the fo [lowing diagram

wnmutes -
L

—~

F"T@Qx]\! (MQHM‘W

Beo N R l(‘i’@mw
"L'

M & exN > (M ®a )™




B UEX and se ([T @gy N)V) and fae U suppose s(n)= (U, m@ ) and ) = "7, n'(x) = Mg Then
Tsum ovevvepeabed
ll’ldfﬁ_f/ﬂ_;

(Sf’BN): Ty (s)(p) = (C}sﬁw\})’;("qu(s) V)
= (e N)xn 5}:0(7: (f('F])
= (¢9NJ,P(M‘.®K'/%5[)
= #M e iy,

Jo () () = S dlga ( Ry (stm))) KK, SV @R (v)— [ () @ N (0)

S:h oy (U, Ry (W\"@”]n
= Spdu (U, Bulm) o)
= 5 (v $um) & (v0)
= ¢(ﬂ'\i)®v\;/1?9|_

Sy
2

2, (F6&
= el

\

Golm) () = $pa (m ()

Similarly of Y N—s N7 5 a mophuim of A-wiodules,

e ~ 1
M ®ex N —> (M ®aN)

l HJe¥ (Me¥)™
F @ox NI =—————=> (M @sN)"

111

(d) e ving morphim. - A—>
e ;:PECB?VP i f BB and the induced #: SpecB —> SpecA mdu funchors ; where X = SpecA and
L

- /-—_‘_\—-j
Oy-Mod & 7T ©x-Mod
J_‘*

Mod B
— &nB

(wheg ﬂo_d_u” I%cmr D?L)I(ijaﬁ and — @aB 15 exkension of seotlur. e claim both squaves w (1) commule
up to nohial equivalenad. Fintly we dehne an isomonphism of Ox -modules . 5
B-module N.for a prime c[c*;jg we define "P A= (aN)Y— £ (R) For any
le’ - (A-N}Y"g[’ - > Nﬁ_
o —s> e

This 1s @ mowphism of abelangoups and for Y5 € Ag-1q we have
2q(als V) = o (AlsY - 24 (Ve)

Define 1+ (aN)"—> fa (V) aw follows : For V& X and ce (N)7(V) we depme for qe 'V
Tel8)(2) = zq (s(¥7'2))

s 15 vequlay, so v (s) € fe (R, Ly 15 clearly o moghism ef-guoups, cnd +oree "L 15 mowhsm ef xe=modules

let v e @x(V) be quen aind suppose 7($-'1) = afs € Ay-1q, s(¥7'a) = g -Then
elrs)n) = 2q( Cr-5)($7")) = 29 ( ¥{5 Q) - s(r'a))
fq (v(g'1)) za(s(P7Y)) = 8 (v)(2) - Tv(s) (4

(£E0) - TTu(s)) (7)) = (0 ()]

il

\



Sinw the @x-module shucture on £ () comes via FE Oy — £Oy.TH only rewains 7o Show that

{he open sefs D), Fed ave o banis £ SpecA, 11 Suthuws 4o show Hhat Tos)

15 an sowionphis m. Sihw
15 an 1somoyphlIm

15 an somerphism for all fed. Butfor fehA, (an)p — Ner) dehned by “fpm —> ey
of quoups, and the 'fbl'l'owmg chagram wommules - by (5.0 ¢, the vevheal maps ave 150)

“Ini)

(eN)7(D(F)) —————> (5N)(D(F))

H u

(an) N )

This vompleter fu pwof fhat e (1T) = (an)™

() Let M bean A-module. We claim that F<(F) = (M @4 B)™ Let Z be the prevheaf
ZIV) = (£ F) (1) ® (e vy O (V). We showee] 1n an earlier note thal there 1 an’1somovpMisk of guoups

ety
Zp Ayn @ oxyp Ove
(v)a Bb)
aete-1F)) ——> (W) ® (V)

afn) = (& (W)
+eMwl, Wz f[e)

Using e isomorphism of rings Ox,y-1p = Ay we Fum "P?SMTJJ O, p 1> Ay-1g wodules. Then F‘ﬂ'j)n_p = Mg
and Oy/% = By an By-ty —modues ( By becomer an Ap-'p-module via Ty Ay — B, and Ov,qe = By 1 an
fé’m"fﬂhum of Ay-ip-moddes ane Oxr-1p —> 81 =5 Fp = Ox% 3% =5 Ay-p—> B ). Sodhere isan 5o

gvoups

[\'II‘_?—ITl ®@ﬁ1‘f'|'fﬂ [9?.']1 = s MT—I,FI ®A?"*F B’F‘

(W,E) @ (VL) —— 5 9p) & bp)

There 15 anothey note which shows that My-140 ® gy By > (M4 B)p via Ms SR} meb/on)
S {fma"lg there 15 an. tse morphism ofgmq'ps

Tyt & > (MeaR) Tof coune Mts quen
F K ¥ unl\d m\mluejnov\
(V,aek) enavalos de b . IF
ae (W) - ] 5 ecuy) enough e eﬂei\d_l
Wl ®
be @y(0) —_—
F)E

alyp) = (@ (W)
FeRw), He'e) = "5

b(p) = Y/+

we define
7+ fHE) —— (M®aB)~

M, ) = Ty(s)

our fivt ok is o show that "luls) s reqular. Let pe\ begiven arnd let U be an open
bos)y = (aiebt) (Samover 1) 5ay aie (F7'F)(0) and bt €Oy (0) adm’

€ B sahthat qr&q Ygem's and ailm;=(wi,3)
€ ﬁ(Wf). F\g:;qllﬂ '.p,‘f 2L be anopen

). Sing there are afin

Guwen s€ FHA){V)
ve1ghborhood of % ancl a®@ B e Z(V) s.
neighborhoods ™Mi and M'y of Ein U and- (Wi, +i)e P(r1), ch,q;
and bél oy = (Gifa) forall i Hee RMY = UM o ey MWD 5o +i
neighbohood of () i W; and mieM, si €A s Yqe2; s;¢q and Rla = (M
nuraber of wdies, form the open welghbofhood of % T = MM d N Mg 4724



Then for me T we have

y(s)(1) = To (s(4))
= TV, 9 @b*)
=_ M
S (COR

This shows that 2y 5] 15 reqular. I+ i eany fo see 7

Y is & morphism. of sheaves of- abelian gioups. Tosee it
15 o movphism of Oy — moduler Vet s€ £ERIV), v e By (V) ke gMen, wikh e V. Say

s(E) = (V) a7 ®b*)
ai(p) = (R, Wik))

ﬁ(‘f"‘F) = m‘—fs,‘ GHfﬂ'p

bV (p) = Cilq; & B
Then

Ny (7-5) () = T ((5)(¥))

= T [ (v,*) s(n))

=

To( VAV, «lvar - (@ how & b))
T?JL\H‘U) ailyny ® bi]vnu"flv‘ﬂv)
2‘_ m; ® dei

PsiYYqy
— d":j .2; mi @ ¢

Fisi)ai

1 () - Ly (HP) = (7 D) (P)

Sine each Ty 5 an womophism 15 dleav that Ty 15 erar:'fwe. Tosee that If 15 swyectwe, netus that Tea™
s defined by Iveaw exdension of -

. ) .. 5 . == k -
T (MEY) — (pis), (vB) 0 %) FeFit) SN0
(x,2) € P((s))
(% 2)e (47 F)DG))
Gwen €€ (M@as) (V) defme €'€ F*F(V) by €' (p)= To'(€(p)). Sna it i cleav thal Tvi€)=<
i+ only remansv show €15 mgyim- Bm*n!ﬁrev let PeVS Vand m; wb' € MenrB, and reB bes).
sdg Vie( and €(a) = mi ®b'/s \HYqe . Then for ge (J
£y [ 2 _
= (B(s), 2y (%2 Ve Y

= (U, 2 (){Jﬁ‘?‘)l'u @
s wompleles the proof that L s an somonplnsm oF @y -meclules

L=

LA
=
~

NATURALITY Finally we show Hue iomorphisms of () and (e) are nafura).
o} B~mopduler. We daim the {oHoqug diogram commules -

Let ¢:N—> N be a monpnsm
(m)”i———_i_-—ﬁ; ()
7 l lw
(F&N‘)N—ﬁ 3[*_{[(\1\7)
Say VX, sel

AN)N(VL UL&-F.‘\/ and 5()0_“?) ="/t. Then ‘bb‘Hﬂ Wy s  round. Pmdur_g_ 9!(“)/9“,)} o T(‘_’Crul‘rf'ci.



Lel ¥: M ——M" be a movphiim o A—wmoduler. We claim fhe following diagim commuler -

K -~

F4F) = (M &xB)
P4 Yo
FH) __T__-—> (M' ®aB)™

Let V:g— 5, £ LT £ be canonal, and le} veY, se FriFv), qeV and suppose
= (0,4 sb%), bia)e Glqi, ai (a)= (0, (Wi k)], 4 (a)= P /5. THER

7, (FrFNs)(a) = Tl (#*F)u(s)(a)) _
=Ta(y, (p7Flulai)e b>)

= Z‘ Pimi) &/
"yt )gs

= (Y&B)q( Tqls(7)))
= (+@B)a Tuls)(v)

an }"E?HIVEG(‘ Q

EXAMPLES Let X bea ‘bpn;’ojiccrf spae, VEX open, +:U—> X the mclinann,
23
) sh) 17—y
.L*l
Note Hhat for a sheaf F on K, i"'F s e sheafodion of fhe preabeaf P(\) = M = v F(W) “f'f”(’h
£ nm’mmlly somorphic o Fly vie PV) =3 F(v), (w,s) —> slv. T fllows that A \somovpmeto W TP
of ‘Ffv >1'F
oy : Fv) —> (i7" F)V)
sy () = (N, Vi)

1f we consider nstead s heaves of abelian groups or nings, & quen av isomowphism o) these slieavcs. Fov a monehisim
of sheaver ¢:F —> F' i net hard o check that e followwng diagram ommules :

ha —

17'F———> 'F

]

Hiz sessams iy

So there 15 achually a nodural equivalenu of funchs 7' and — lu Afov sheaves of seks, groups and vings.
T} 15 qlso eany o Thecle Hiab 14 1 -Ful[td fathful, se tie wunt 2: 17 be —> | 15 an isomorplnsw,

EXAMPLE [of @Ox bea sheaf of ¥INgs on o paa X, emd e} VX be open. Then Oxlu s a sheaf «f ving s and.

S Oxlv —> Ox qwen by U <> X and £%.Qx — ixOxls, defmed by reoMefion. ©x (V] — (34( VN0 )|
1S @ wowhism of vinged spaced. Let —ly + @x-Mod s Onlo—Mod Ye de—,erd by restnchon.
F
/“_"‘\ T_h s an addr}w'f 1Lm']i:‘i'.)_f"

Oxly—Dlod &= Ox-tod
v

-l



We claim that £ ¥ = |y Fintly, let f’lgxi_} Oxly beﬁwagjam} partnevof £ % e claim that the foﬁowmj

c'l[agmm wmmulen
£~ Ox LAy

dﬁ/

Ox|u

Let VEU and se Ox(v). By defmihwn F 1 the conpporite £ 0x —3F s Oxlu —> Oaly and b 15 nst difficuld fo
check. ( see eavhey nofer where we gve the oL} eaphy."t’j{ ) thet Bt wnaps s do dsell. But n f;:vmmg The pmhemﬁ
z(v)= (£ F) V) & (r-10x)v) Ox v (V) which Eheﬂﬁﬁ«‘.’ﬂﬁﬁf"’f FHF for a Ox-module T, Ox(y(v) bewmes
@ (P10 (Y ) ~module vion Fv. Hene when ue veplace (F ~'ox) V) by Ox(¥) we gef an omowhism ”L“behanﬂlw‘m

Ay
e - FV) — (7 FIV) — =PIV 0,0 O V)
I .
(P (V) B (19 )1Y) @xIU(V]
6\!(5]: ofv(s)® | I\

z(\r)

To see thaf ﬂ 5 an ;Jomovphldm OF Ox lu-modurfw, let ve @y (V) be given. Then v (V-5)= Ay r)- v ls) oncl

/B.U(V-S) = dy(r-s) &
= dy(v)- Anls) e
= duls) & cylr) -]
= Av(s) @ Fulav(v)) = dv(s)Ba T = 7 fu(s)

Henw f: Fl—> Z 1 an sompphiim of presheares of Oxly -vmodules, henw 2 1s a sheaf and
zZ—>a2 U: F+F 15 an somphism of Gxls - medules. So fmally we have zm isompwphism of B[ -moduler

f'- ¢[u_f__)3r*7:

Yu(s) = [G‘.’v(s.\®l)
Yols)(x) = (V, svis)e!)

Guven a moyphism 9{: F — F' of Ox -modules i+ 15 vioF havd 4o checle that the following diagram commudes
Y
Fly, ——> FF

%J : L"*S‘

P

-~

Fly
That s, the funchors £% and —lv are nadunlly equvalent.

NOTE TF Ox (s a sheaf of vings on X oand Us V dreopen sub:eh} Oxlo = Ox , Oxlv — Ox avd
8o =(Ox1}lo = Bxlv canoneal, 1 vclear that He Followng fuuo cliayrams vommule

@x*{icld

Ox
A Iy -y
bty ——> Oxlv

(9)((0"@

O x|y - Mod

lv



NOTE (9;)* = J% aci: avicl :f”“jﬂl_% (‘3“4

Lef £+X——Y and g:Y—>Z be conhnwous maps. We have functorg

')(’4‘ AEY
ST Ty
sh(x) shiv) __ sh(z)
# T

I+ is eony encugh b check that 9 fe = (9F) . We also claim that £7'97" = (g £) 7" Let G be ashea] on Z.Then
(33)7" G s #he sheapfuerhon of Foe presbeaf

Z'0) = |im 2 910) 4(w)

wherean £7'97" ¢ 1< Hhe shea fifcihon of

2(0) = lin ¢y §760)

Quen US X and W2 9f (0], seq(w) we have (w,Ye P(g97'w) where P is the thea[ which-

sheafihes o qwe 97 P(5 W) = fingx 2qqtiw & (T). Then. (wis) € (37G)(5™ W) and 1wy (§"W, (Wis)) hebonys
b 2(v). This definet a map () —> 7 (), which s & monghism of guougs 0¥ Ngs i Gevo  sheal o gwoups o
tngs. Moveover fhese maps ave wmpatible with Hhe diagram de«km'ng Z'fo), hence indute

Sbu () > z (V)

fo(Wis) = (W) W)

whieh 15 ¢ poiphism o 9wup‘or/m9! qupmpnq}e. Sinee Sﬁu IS L)'emfg notural 117 U, s qwera mophisim
g 2'—> 2. Leb xe X be quen. Then by an eavlier nete Here are somonghisms of quoups

Ve Z’z === QEFCx) YU (W, 5)) = (W;s)

\[" 2 _# (j‘- ‘C\ )F(;t.) —:% C‘ 9;(7‘)
(U, (vm)) = (T, 0 where m( $6)= (@, (T,n)) € P‘F(")
ne G

We claim that the following diqgram commuled -

| b
2y —> 2Zx

/ )

(97
\ alj;(,.)

Stae X' (Vs lw,)) = Y'(V) (3"W;[W;S))) = (ws) = YU, W) Heng ¢ 15 an tsomopphism

Aqpix)

But for all ¢ fellowing diagram Lormmudes :

I~

(Caf} "' C)x —l—» (£'97G)x

U I o

ZFJ\: ¢x — Zx

where §+ (96)"'G —> (F-57 )6 & the sheahheaton of $. By Prop 1.1 $ 15 an isomowphism of sheaves
(of 5e1"!,3vm4pr, o ¢ ¥INGs ).



To sec thak this somorphism 1s natural in G, let ¥:cc—> ¢ be ot moyphism of shearen. T
22”2*.;' Sh@ﬂﬁfﬂ-}ogm (9t 'C, (o9f)7'G’ reap. ond  2a, 200 shec{ﬁfy fo give £757'6, £197G” we have
Yia—0’
F 22
¥t iR =g

—_—

Y Ze— 2

we mw ¥ show HHhat the folowing a’ictgmm commukes :

a3

(95716 —P 5 (5g7)a
(9”-‘&’____/‘__# (I’—:j—l)g!
¢

Bubfor U X, 9 € (9F) "G (V) and x€ U, say 7,&:)ezic 5 (U, (w,5)). Then

Bo (38 Fu (D) = e ( @O F (2)05) )
$x (T (A6
(?sx?z (U/[V\]lsn
Be (U) (W, Y (0))

(v, (971w, (W, Yws)))

Il

noalon

(#9710 o (D) = 374, (§o (@)
= 5 ¥ (& ( Uy L))

= ET(P"X_(U; (3"'/\1;(“;")))
= (U, (97'W, (a"“l")g—w(vﬁﬂi)
= (U, (9°W, (W, ¥w(s))))

MI’ECIHW‘EC{. Henw f "3“_-9.'.' {GJ‘FJ" FD( sheqpes o{— rib,gmup; or (jng_;. The G.quah’y 3*_[‘k — (chJ*
ulso holds for sheaver of rer}:,jwups or nings. <learly [y = |.

CORDLLARY If £:x—> Y 15 ahomeowiophism-then sh(X) 15 womoyhic +o ShlY) (veap. for fib; Rnq)
PROOF Let g°Y—> X benveve 4o . Tnen (£ade = le =15 fege =1, Geh =) O



NOTE fu and £7' for a homeomophism £:X—s"

Let £: X = be a homeomophisne with mveneg:Y— X. We claim that
Fle e Shi(Y) — Sh(x)

fie sheaves of abelan amups, sels orrings. LeF G be a sheaf on Y and let P(V) = im \, 540y G (V) be e
P} eyt VA 75[ )
prshead which sheatfies Yo give 7' Theve 15 an somovphism of presheaves

W ﬂa&a — P
Y, (5) = (£10),5)

T+ follows that P s a sheaf and ?':3*4_9 £GC YL (s) = (p/u).,;) u ﬂﬁffomoyphrfm of sheaves
(of feJT;jW"‘P‘f vings) I} eapily checleed\ Thatfor o Mom;mm $:c—> el the following diagram commulen :

jﬂrc\f = f7C

9 } l ¢

Jr e ———= '

so fhere 15 a rotural efmvalemz Jx=f :

Leb P be o preshecd (of sels, goups, vings ) on X. Then there 1s an ssomomhism of sheaves (of sets,
groups or rmgs) :

e 4 f—_(;o-kP) > f#(&P)
wus)(®) = Q/HCS(H“)))

°/-,\; - ('P'i‘ P).F(z) F7E
d'x(W')S) = ('FIIW}S)

So direct image ommules with shea ffeatin.



At this point you should consult our typed notes “Inverse and Direct Images of Sheaves”.



NOTE J, and £ ave local

Lot f:X— Y be a mophism of ringed ppawn, UEXK epen ancl suppose Ve s open with
fl)e Y. Ld g U—> \/ be unigue movghispn of rng ed spas making e Fo llowing cliagram commute

X ¥ Y

2 W 5

Vv ——V
3

Where U— X, \'—>Y are the canoncal mclugons, also morphisms of ringecl spacs Thenup o nariral
equivalenc e following +uo ciagraims commate ( the nt only commuler for § = £ty

X
Oc-tiod —F 5 oyrod  gatled e @y-tod
“ly ‘ h‘l =f " Vonl ~Jv ~fu =y
QK}U'M —_— @Yiv’m @x(u’[‘i(ﬁ = @V[V_m
' J

9«

care U= F""/ The recond diagram compule

Tt 15 eany fo chece #hat 9w (~lv) =(-]y Y fu w Tt
= ", f!'vgjkand henw

Lup o 1o ) for general U\ etk f(u)s V smie —lu
("HBF?

)

A
(¢oi
(1'33

97
A=

=g (flv)

W w

WROLLARY et X — 7 be acomovplism of Wﬂged S paed. Then

(i) If Fsa free @y —mocule, then LETF 15 free of Hhe same Nz
(ii) o Fisa {OCG{HS free @y -module, jDFrF i ]oca.’lfy e
(in) o F foJOCﬂ”}j free @y -module sl ronk We{O,F,Z,__,/oc:f- Fhen
FIF s /ucq/fj free of the same rank.
s M f*(pf = Ox

v xe X lef F(x)e N/ be an open

FRUDF  Sine ;‘* hap a ﬂjhfﬂglofﬁf ﬁc) (i) 5 obwous. () P
Then

Welghborhaoa' with =y fee let 9: Foly — V be te 1ncluwcl map-
(‘P*(F})ﬁf'v = jKﬁF’V

So £7F 15 (ocally free by (7). (7ii) follows by 'mcmmeagumem*, whiere we choose \/ ¢a
Yhat ():},\/ U'f?/Beo-F r&\r]['z ﬂ.ﬂ

In Pay{—;cufar the wnvere image of an invevlible sheal is ivevtible.



NOTE Ffe and Jri‘ are local on the bane (O\c\) ﬁ;r rﬁ#éﬁhuoﬂ\g)

Let fiX—Y bea mogplhim of schemes, I < open, TR e Vi 5> ' Hhe nduued wiap.
We claim the ﬁﬁowmg clragram (both squarer) commuler up to natuval equivalena -
£
Oc—teod (T~ Oy-ited

th
e -l
14
O pony ~ Hod C Oy ~Hed
j[,il

I+ 15 ecuily seen thal (- = Fu (~1p-v) Next note that forany type of sheoves
fne following” diagram conamules up fo isomop hism

sh(x) <—L— sh(Y)

ﬁ

ShFYV) e sh(v)
£

caven a sheaf Gon Y, leb P sheafty Jo que £7'C, P! sheat#y fo give Fo (G Twere is an r;omﬂmhum
Byt P = (Plp-rvle = Px guen by (& (w; £)) F—> (&, (W.£)) and we define

7 £ G) — (F7G) ey
o ($)(x) = G (569)

this s natuval rsommophiim of sheaen (of sef, grups or ).

Now ]e" q D'IGZ c{j}]gafp/ @y,;,nad”fes’ and {g"
F'ey = sheafficafion of R[l/)z_/iy_,g w zin O (W)
:F_F({ﬁ‘l'v = sheakfeaton of R'(v) = J.j-p_?vz wz v Oy (w)
Jc’l-rg = sheapheakon of plo) = lim,, 5 0, G (W)
o (qjv') = sheabfiaton of PIV) = H_m,vzwzf(rx) )

be 1sermovpplnsims of sheapes of

1G) ey 15 e
. and

Lot V(G —> (£76) [y , X FT(OVN) —F T @) ey
tlbehan goups and rings respechiely of coune £/7(%lv) s a 77 (Oyly) -yoclule anel (£
F o Ovlg-y -—Mqucm'?_} anel we claiin 77, aire wmpm‘?'bJe 1 He elpviows sense | Let (}Su cPl— 1
Yyt B —> Ra beanabore, se f17'(6[v)(vV), v& £ (OxIv)(¢] and say s(x) = (@), ¥6) = (O (ws )
Then

o (vr-s)(x) = B (v(z). s(x))
= (ana’, (waw ', Hugw M wow - ))

= Youlvix) . f (s(x)
= i( Yo ) )} 6.

an vequere. Now, lef

jf*g = J‘Jfl@ﬂ'ﬁﬂqﬁaﬂsﬂﬂ O[ @(UJ - (’-F_"g)(oj ®(_P-r@w\(u) &X{U]
11%(8]V) = sheahgeaton of  QTV) = (£7GI)(V) @ -i,1,)(0) (Ox [¢- )(0)



let F: F'0y — Ox be the Clcb’bfn" par}mer of ,f’#: i3 " FOv ) — Ox]pv Hu &if\f‘jbfﬂ?}' /pm/m’r
of f# e claim the followrng chagram wmmaler

Fla
(£7607) sy — Ox le-+v
[

£ 1) s

The movphisyms 5,3 " are indued by wiop himr out of R, R reap. and sice £ ¥4 (F) = £75,04) for WEV and
tedy(w) '+ 15 ok hard Fo chech mmmub/rwg_ Flenw when wemake (Gx [e-1v,)(y) md & (£17'@y|v) (L)
Wodule via 37 and then wmpore with (£~ 8y) (v) — (170 (v )(VY, the (F ~'6)(V) - wodule +huchre
on ([9;6!}:«:!/)“-’) 6 the canontca| ove 41T by F. Henw for U £~'\/ open Fhere i an Isomorplaism of

O () —imodules
Q) = (FIT'G]N) ® pi-aypypy (OXIE-wY(0)

j/eﬂfb(q‘lhj
(F"'WVEM & @y () (9 (U)

lz

(’F-"%)(V) ®(,5‘{@Y)(V) @.’((UJ = Q(U)

for @'1V) —— @)
Mevy —— 7,(m) e

Men B s an jromorphum of  preshieaves of @xle-'v ~ modules.
The following cliagram of sheaver of guapron £V Hhuw comTen

9_&’: )f"#('g)‘\f) _— Q((DIF"U) = (@@),JL"V T (Oc*g))f—"\f

R’ - o8
P

Leb £ ¢ (R)-1v)x => @ be camontcal en the romomphism of sheaves of abelion gvoups
@r F{*(g!v)___ﬁ (jc*g)/'l"‘\/

ZE,(5)(xy = 2 fx (569)
If st = (W) mi @77) with weU, me (F791v) (w), 7 € Ox (W)
Men B, (s)(x) = (W Zs Tw() 87 )

This 1s an isCPorphIsm of Ox[g-rv-moddley sifie Folrs)(x) = S=fx( (49)5(x)) = (U] Sxfelstx) = [v- Bols)) (%),
Natuialby of 2w G pllows fom natwally of 7 enthe previow page. Henw we have proven Fho

FE A= (e £



NQ_T_E. Jr;fc and }Vk for an ::omovphum f¢®'x’_5 Oy

lel £:0x—3Qy be an isomoyphisim of vinged spaces with mvene 9 : O¥ —> Ox. We have already seen
thatr L£i s an 1somonphism Ox=Dlod —> Oy -Hod, we claim +hal

}*:__v j* : @y’H_Qd —> Wﬂ’”_"d
presheaves of abelian groups which

Fintly let P(U)= 1My 2 20 FIV) ancl R(V)=1im 5 gy Bv (V) be Hhe
sheqﬁha"y 41:3|mf-"';:_aand £ 0y for = C‘-’y-modu!;_;:_ Re O, £lu)=9""U, and theve 15 an womoiplism

of Prﬂdh?a\f\% of akelian quoups
"{'r: 3‘,‘7: —_— =

¥, (5) = (Fv), 5)

1t fallows that V. 9= F —spf'FE HE = (.F[U}}_S} 15 an semoyphisim of sheaves of abelian grodps.

Stnee the functor Fe + Reg (X) — Rng(y) s fully fathul, e coum? FE¥— | 5 an somonphism. Henw
— S Ox 15 an wormoyphism, smue F¥ Oy — L Ox o Hence the ac&‘omf—

e wypposite £7'0y — FL0
Pﬂ’hTEi’P FiF 0y —> Oy off’;u' an wimorph s sl sheaves of rings. It follows that «

15 The Prwh@?ff of Ox -rroclules sheaﬁ/gmjalugwe F¥F en there 15 an 1somonphism of qroups

, Y.
Wy o (BFI) —=—= (p-'F), —— (P FIV) ® gerpuin) Ox1V] = 2(0)

Hols) = (o)) & |

T4 15 ewily checked High VO s an isomonphisim of sheaves of abehan Ptou‘vs. We wust show \F 15 e movphisim
of sheaves s £ Oy —rmochules. e sheaf 9=F bewmes an Ox -module via j#‘- Ox —> 9x Oy Solef
e V) and se(j,g'}i)(u} be guven. Note that ©x(v) betormese (£ @v)(V) ~moedule viee T, alove. Hene

Hy(v-s) = (F(v), jf('rj-s ) &l ey
T Nuls) = (£(0),¢) &
= (plu)ys) & 35'(7)-)
= 370 (fus) & |
La 2ce U be gien, and note that

So ¥ 15 sufficient fo show thal Tf’(’“)-{%(ULS) = (PlV), 5?,*(1,).5]
fom eavhee noles (Seckon 1) 57 (=) = (Ux, (Vs +)) wheve e, Vie 28(02) and 1 € Oy (Va) se that &rje\),,

We com apsurne hat F-0)rg) = ) (Vo)) #

‘F\qvcfu'dé—{i;_i VO3] st 39\‘141'\_;(5}){,[ = 3[’10{?] 3ermy'f' n Ox, Q)

Then

PThs 15 probolbly swapler { Tulr) (Fh)¥E) = TR - (v, (FV),5)) rv\uje oy assume
(N VPV, o lvengi - S Iveaew ) =

1f we gel § direcHy, - (Ux
wifhou wilvg & . )
(‘F(Uhjﬁ[r)-s)[i) = (U, (£W0), jﬁ(’}'s )) wm B

So ik sufhies o show  (Vu NIV, A vanfiuy 5 enfre) ) = [#/u),jﬂ(r}-s) e P(Ux). Sine (ﬁ["f]-s} Iveafw) =

jff(v]]\;_,nﬂ@ -5 lvenfte) _rm%u’j;ﬁ 1o s how Hat +x|y. 0fv) ancl 3'?{\’] ) agrez on we,[(l‘jlnbgfh()od of evew)
powak of F(0x). S1na frWe Y 3% -w= g8 (1) wplies that for 4 € Uz,

gexmery) h = jjr germy™T = geMyppy) jﬁ(‘l’]

as required- Hene Y15 an isomoyphism of sheares of 8x-moclules.



N_DI_E. fe and f* for an open immenion £: Oy — O

Lef‘ ,0 3 [97 ﬁ—)@x be an opemjmme;mon, So there s amn opeh subret Us X sd. ;F(\/J = U

and the wduwed mophism b Oy — Oxly 15 an 1somorphism -
g Oxlu — Oy mvene o k

F
Oy —— Bx

Y 2
Oxly

Nofe that £, = 1w hy. We hare alread noted hat Le and hy dre fuﬁy Jothful, hence so 15 fo (an funchrs
on sheaver of sets, abelian goups e rings]. Henw the wunit £7'F, Oy —> Oy 15 ansomorplirm. Begimning

wdh fH#: Ox —> £, and applymg previows viotes, we have

T " :
. Il
. W) #
()" (Ox __(L (m]“’(‘,‘@y i s
0 I S
-\-‘l@ h_lf’"}:# ==\
W10k 5w A Oy
m "y “2 el ’l_t)_J
h"Odly ———— 7 (1O
1z ro. y—> "l mvenete
It 4], iy
q‘?"; %{(.ﬁ‘yy)lu ly, l’\-ﬁ\qu\-ﬁ_J

G Oly ——

T+ i ecnily vevtfred #har the boom vow is anisomoyphis me — henw o s T ' @x—> ©F. T+ fllowsthat
Fheve 15 an 1somorphism of sheaves of abefian groups for any F e @x- Mod

¥: (h)'F—2 "2 (v)= (h)FV) @¢pp,) OV
?’v (a) = ae& [
Bnd hene an somovphism ¥ i) F — s PEE T4 s not diffcdt B check thak Vs natural n F and

ombined with the natuval somovphisims
g Fly => WEL = e = G F = FUF (2)

voups, vichwal n F. To show that

We have an. vsomomphism. ¥< & 9 Flo — £°F of I}?vaofabeffang
L PE e (Sl Ox—Hed — Oy~ Med iFonly remains o show that K - ’F(q“VJ—)(F;’T:)(V;
S o Wouphism of @y (V) -module Jorall \/ = lheaf gx'ﬂu bewmes a Oy -module viee @y iejﬂ@xju

Y. The s
Fiat we have fo wnvavel 7 15omovphishs in (2) Nofe hatsine Z—FF 15 a mophim of @y -modules,
mem ef medules.

i+ subhws fo show that  ge Fly —> 2 15 a werp



’;/](12 somowhism o - "F’."U —> 17'F i qven by v (s)) = (v, (V3 for VSU and xe V. The isomuphism
3 () F—> bi” F i degenbed eavlier 1 there notey ?u{-}ma hese JDgemﬂ} we hae for a€ 'F{S"V), vey

(9+«F) (V) a
J :
B = (h(vl)a) V)Ehnﬂs}\:
(' Flo)lv) (n(vl,@)  P(v) = lim, 0 (’F}u](_lfi]_‘
W' l
[h"i”¢)(VJ (hV), “n(v) (a))
|
(ih)"F(V) $_\:( (), oheet @)
Z(V) -

. $ 2 (nlV), da @) ® |
= (W) ®prg.0n 0(V) pvl Hatll)

Le) ve@®v (V) he grv\en,ﬂ saffiten fo show that m ()" F(¥) ,
.fvl\(rr). sg-\;{h(\’,') dh(vJ[qJJ = ﬁv(h(‘u’], q’h“)(jf_[yja)) (Ep)

LG* M(C) = h_rg Wz (T:h'){c)(F(W) b&‘}ﬂ@lﬂﬂ.‘d&?ﬂf which beﬂ:ﬁ'ﬁeﬂ ‘!'bjtﬂ’. (ih]"lfF_ Then »” SM%W}D rhbw}’he
hwe funchons e (3) agree Mz forall xe V. (omrdermj Eq (1) inour Nefe: (9flx = gefu and f‘j’L(gFj” wee see that

??-\'I (H(VJ, dh("}(q)){i):: ¢1.-!(VJ [h(V); «nty) {"]n = (V,(h(\f),ﬁt))

Snte onp) (NN = (1, (h(V), a)) . So () vediws fo showing Thatfoc all xe V,

Ju (e (Y (hva)) = (v, (h(\2, 9% (v)-a)) i Ha

f\lokiﬁa!' for &, ch_i) P Ox ) —> Ovx san 150 moyphism of rings, with nvewe jf (fechnically, chi}—‘
5 g% Ouyr — (Orlodnge Jollowed by (Bale)nu) = Oxpe0). By our earder discunsion, of Hhe R fe e
lenow thal there 15 an open ﬂelg};bmhood xe0e V and (W, t) e N(D) There N s beatifres F 7 0x, 5
Xz W2 f() andte Ox(W); sothat VyeO F7)(s) = (0w and gevmpyt= [ Tgemy . Hene
for all y e 0
o
germpgt = gy 9ermyT ()
= gevmyy) jf’f(f)

T+ hllows that there s an opensef  WNFV) 2 R 2 £(0) wi +)g = 3%;(”&‘ But Yen
77 (1)) (V) thiV)a)) = (0, (Wit) - (h(V], a})

= (9, (Wwnh(V), rlwan(v] -C’*iwnh(v)))

Buk#hen (4) wnplier that (WA FV), Hangw) - @) wafiv) = (¥ (v), 3% ¥V)-a) 1 M(0), wmpie‘bng e pwof.
Flenw there s & noural etfqulewa

9 (F))y —> £*
- jqc'-F‘\u —x AT

Myl = A & | whee AE (F—""?J(\/) s dehned by
Al = (V(fv),a)) xeV



NOTE M )Dm = (M®ah)

Leb X = SpecA be an affine schewne and M an A-module . Lef 3614 and £ Sptchg— Spech
be the canoncal open immeraion. If 9:Oxlpe) — @specﬂj 5 tnvene fo by - Dspechy — Oxlof)
than. the. previows note shows that

)C*?_-V NES (._”U

Hene sine f5M = (Mea Ay)™~ we see that gu Iq/ﬂ{g); (11 @nhg)" = ﬁ;’



These sheaves of fthe form M on affme schemes are ouv models fov quani~ coherent-shaires. A quoni-herent sheaf’
on a scheme X will bean @x -module wheeh s locally of the form (. In the next few Temman anc|
propositons, we wall show that This 15 @ Jocal properdy, Gndl we will extaloisih some fuchs about qwmi—whewrlf
“ng (oherent sheaves.

DE FINITION Let (% 0x) be ascheme. A Sh?ﬁfﬁ{ ﬁox-modulm P ix Glua/-?l"&OhEI’fﬂf £ X w@n be(;oVEff‘cf
loy open aﬁ‘me subsefs U, = SpecA; suchthat for each 7 there s an A -muodule My with
Fly; = M. Wesay fhat F 15 conerent o fuvthermore each M7 com be faken 4o be a -ﬁMjJ-Elj
enerated A; —module. (*het!umur}ahlfm Flv; — Fr being of shearesof abelian gioup:, and of
Todule, compatible with ©x (V) == Ospecai (v) Hrve i)

The zevo wiodule sver (B 0) is aoh'@fem[. The deﬁwrhon dbove 15 eqqulem 4o eveu owl having a suitable wpen
afhne neljhbefhuud (s avouds —J’hlnhmj about covews muolung (¢01). Although we Cweljuﬂ}‘ zhnec Hhe nofwn
of augni ~eoMerent and wherent sheaves on an avbibany scheme, we will novmally notmenhon wherent sheaves
wnless Yne schewe 1s noethenan. This s becawse e nofion of wherene (s not akall well-behaved en co
vonnoethenan scheme. Clearly any module 1somonphic o o qwﬂm'rooherewl' (woherent ) module is 7u6wf-c:s/00lftnf (wherent)

EXAMPLE 521 On any scheme X, fhe shucture sheaf Ox 15 quosi-coherent (and in fach wherent).

EXAMPLE J.2.2 C!emfﬂ if M 5 an 4-podule, H sa qumi-mﬁmnf Specﬂ—vnodu'le} and M s cohevent (f
Mis fimbely enevated Let ¥: A—>B hoe avng monphisim and £ @y —> Ox the assoctaled
oyl ism o—?schem@gj where (2x = SpecA and Qv = SpecB. Then congideving 3 o0 a leftmodule
over ihrelf, B =@y W By -modules, o

£ (Oy) = fx (B) = (aB) (% Paps.2)

Hene f @y is quoni-coherent (wharent f P makesr B info o {.q. medule). In parhealar,

i} X=Spech 1s an affine scheme and Y < K i the closed subscheme defined by we A,

and f 1-Y —>X s the ncluapn movphism, then w @y 15 quani-coherent (in fact, cohevent)
an a (Bx-module. Indeed, o 15 1somovphic fo (4la)".

EXAMPLE 5:2-3 2f (J is an open subschemme of ctsihemie X, with mcluaton mp = U—s X, fhien the sheaf
b ((9v) obtaiec bgex-fendmg (%) by U cutside of U (Ex 1.19) s an @x —vinvdule, bv'ﬁ' s
not mgeneval queni-colieren},

EXAMPLE 5.2.5 Let X beanwmfeqial noethenan scheme, and let TC be #he constomt sheaf watth group K equal
o e funchon field K(X) of X (Ex36) Then ¥ s the sheafihcahon of the prealieaf
V> R (0 #¢) which s clegy an Ox —module vic Ox (V)—> O x,z = K(K). Hene
15 an @y —wodule, 1somorphic as an @y -module Fv 1he vevion where s € ¥TUV) are maps
s\ —2 K which ore locally vonstant, and br-s)(=) = T-5(x) = (V,7)s0) We claim Pk
(WY qu\aﬁi—uohenzn}.

= n open nelghhoyhvod with . U S ec A

ol ol i s v cjv) especA. Ofroune A s oﬁc_jgmmn.uk

(o an A-module, and henct @A) s o

B #neve i an iwombvphism of vings -

Let e K be given av
“Tnen F Hhtgerlem pomt) ¥ m U and orrespond
LA — @A) be canonica). This Makes Q (4]
quani-woherent SpecA —vrodule  for each qae Spec

by K— Ospect, ) — Q@) — QA

and 7N — QA (Haking cevun liberhes 4o idenhty U with speca) by
“lu(s)(p) = 9‘3: (s(n))

TF s eanily checlzed that s s an somoyphism of sheaves of abelian grovps. Coven re®x(\V), lek
V'€ Ospeca (V) ommpond o ¥- Ten foc e QUBIVY, (- Hp) = 7!(p)-1(R) = 1 ()3 (0)

where ig, 1 Ay — QIAYa 5 canonical. Nole +hal @ (Vy7) = v'(9)1 @AYy . 51 A 15 an miegred
doman, and v' s regular, e are @,5€ A and open peRE V s.b. Hge® vi(q)=4/s n Ag. But ¥
¥ open, hena comtms (8), 10 I follows that YpeV v'(R))) = 2p(vip)) m @Ak Hene

Py (73) (1) = Usfﬂ ( (Vyr)siel) = gﬁ—p{\!,fJ ¢7,{ff'pj) =v'(9/, . Py (5][1:]
= ot~ T VTERS
50 L 15 an 150 morphsm of thduh’wlj and so FC e ‘{MCW"‘“:P’EWV‘*‘-



NOTE The defimthon of quen-wherent moduler vould be restated more precisely ae follous -

PEFINITION Lef (% 0x) be g scheme. A sheaf of Ox-wioduler T 1s quos -coherent ([ evew pointxe X
han an afhne open nelghborhood U s.3. f i () — X s e mclupon and £ . ). —> SpecA the
isomorphism, Yhere s an A-wodule M 54,

Foi*F =M a OspecAa-moduley

i*: Ox -Mod — (Ox{v-1ed
£y Oxlo-TMed —> Ospert-Ilod

Equialently, — Fu Fly = M. Tren F is coherent 1f for each =, 141 can be faben-s be
finrely- generated.

NoTE TH P: Oy ——> Oy s an isomonphism of vinged spaces and US X 15 open, V'=£(0), fren it is easily
thecked et the A flowing Cllagmm of funchorr commutes - (Fly: Oxly — Crly s dlearly 150)
L

Bx—Mod ———————— @y -Iod

SN

Oxly "ﬂ‘ﬁl ————— {93‘|V'f\;1id
£lo ¢

LEMMA 5.2 Let X = SpecA bean affpe scheme, let fef, PIF) < X be e cones poncling open sel, ancl lef
F be a quasi —cohevent sheaf on X .

(«) 7 seT(XF) i5a 3lubaf section of F whoge resfichon 4o D(F] 15 o, then
for somen, f™s = O.

(&) Given a sechon € T (D(F)) of F over #he opeviset D(#], +hen forsome n>0,
£ extends Fo aﬁfobaj secdon of T over X. (Tobe precise (-F]u(n]"(; ex’rencls)

PRCOFE If D(F) i gmp'}y /.rof!r ni/pofeml‘)J both resutl are wial. So we may assume D(‘F]*,é Sine F 15 ).
ww i-wohevent, X can be covered by open affine subsetr of the form \/ = Spec B, such thalt Fl, =M.
ZJ"’JOV”& B—wmodule M. Now the open subsefs of the Jorm D(3) form c base for the hpslogy of X,
50 we can wver V by open sels of The Hortn D(g) for vanous geA.

) sd?ecﬂ

h= (Flsey) g
g= "' Flow
9x = h* (P‘lpt«fﬂ*



The moyphism 5pec/5)j —> SpecB amser fom some 5._-9A3,Henca |olj (5.2) dwe m?;
Flu b fhe Ospecs ~module fs Flv =N 1hen reotnct 4 90 (flo@) e (Flo@ ) 22 Mw and hen
apply (h=')y 4o find (M @A) = (0™ )i (F o) e ("Flp[g)) = 9« (Flprg)) (reean ear f1ev Noke
which shows what mveve image is for open immi€nions ) Thus we have shown #hat f F 15 uani-co hevent
on X, Hhen X can beorered by open sels of theform p(9;) where foreach i, F o,y = I for some prociu
My over e ving Agy. Sme X« qumf—wmpach a fimle number of there cpen reks will do.

g 15 afg. Ag -module, so we see
N fer @ {-3. Ag;—mudufe i

le

e

NOTE I F 15 coherent then we can ™ s a-f.j. B-module. Then M &g A
ok Y can be covered by open seds D(3i) wheve for each ¢, Flpar)

with slpee) = O. Fov each i let s;€ M comespond b 5/pgm;) € F( D(3)).
) < Spec Ag, and the foct that s lpre) = O means +hat Sif = 0
. e fack thal "F/p[g,-) = Ny means fhat Flo¢) - sloe)

to F/i-s; € M. similavly we see that (£7.5)pr )= 0.
Mg (£ $)pes;y = 0 Yi. Henw smte The gy

(a) Now suppose we are giren 5 F(X)
Then O(F)N D(9:) = D(F3:) cowvesponds fo D1},
w (M), by (s./c). Henw (£/]"s5i = 0O forsome n; >
s idewhfed with (4,) s¢ € F.(specha;), which owerponds
Sine there mfeafm;k number of vii, we tan Fnd N }avgeenough se

over X, fN.g = 0.

() Let 1 € F( D)) be given ancl reatach i} for each ¢ o get an element of F(DIF9:)Y. Lel 1ie M;(D(F)
torvespond +v +his reabachipn. Ten for o nj 7 O 4 comrerponds do qiJgni in (Mi)g. T+ Follows +hat
o), £ ow - ti =9 loes) Fanstahng 1 back 4o F, and le-h'mg mre F(03)) wrreapponc o g, ""’fh‘?m
mi lotsgsy = (F"- 1) ]p{,cg,-; wheve J =F£lpe). One again lo making N suffrcrently large and maJ;fymg e m;,
€ F(Dlai)y with he properky af forall ©

we end up wiih N2>0 and mM;
()EN' Hlo(’fg,‘) = m’-/p(fg,-) (1)

We claim that for any <, Hhere ex s an mteger n>0 with (P]’J(ﬂﬁj))m(‘m; )D!g;sﬂ e 10(9191‘1 )=0.
wrespondsto D/H/s) Spec Bgig;. To apply (a), wre

sud s follows Fwm (1) and (a), sine D(F)N D(9i9))
mwt fint note otk hy the wmmen’s umi’hnﬁnfpamngJkJ Flotaigjy coes comespond fo /T on Dspecgiq; for s0me
) lbut we can toke one N'> O large encagh foc all Now Fhe local

P19 —MDC!.uJe M. This n c;'epemb or i amc\j
sectons (P Y of Fop D(9:) gluetogether fo gue a Sfoba.’ sechon sof F, whose reatnchian Yo D (F) is

}EN/'er:erec}wreal_ 0

Ox - module F ¢ Wmi'whemnf if el enly if for eve
of X *here i an' A-module M such that Fly =M. of X

PROPOSITION 5.4 Lek X bea scheme . Then an
o )mrd only if the sqrme 13 hve, with the exfra

open affine subsel U = spech
s noethenan, #hen F 15 cohevent
wonclihon Hhat M loe a firkely —janemfed A Smodile.
wherent on X ancd leb VEX be open.

—> SpecB an sommwphism and M
/ BIP:» Hhere ynunt be

[B2248 ‘H/len we

PROOF 1£ X = £ Fhen 4fns 15 towial. So cormmie X+ Lef F be quoni =
If xeV Hhen leb xe @< X ve an affine open subsel, £ Ox)g

orhoed of £(x) mn Spec

s the canontcal s omoph

a B-mode s.d. B, Flg =M. Then F(QOV) Isanopen neight
eB sl fyepl@) e F(@NV). T g+ Ospecs o — spec By
ama!rﬂadj shown that 9 Floey == (M ®s Bg)™-

h
Then £ lg-ipg) girer an somovphism of schemer Ox s —> SpecBy and M= 9w (£lg-pm) M S0

i Fle-(g) = 9 (Fle-ni) )£ F | e-060)
= g% (';\#FFI(Q)}D{,J)



But fi Flg= M sowe have 3*(#'7‘]9)'0(9) ;2,* P”p(g) = (M @gBg)™ Sowe wonclude fhat here
s o bois fcrj”nebpolbs‘j of X wm:sa‘mg of open atfines Jor which the restnchon of F s The sheaf arsocalkd
+o o module. Tn parhcular, Flv 1 a qc{m;‘~wherenf Ox |y -module for any open V< X,

Tf U= Spech s athne, ve X, Then Fly v %mﬁ—whgmﬂfj so we can redi Jo the cone of X = Spec A bein
afhne, ancl showing that oy qmmi—wherem sheaf F on X 15 womowhic4p M Hor sarme A -mocdule I“fq
Led F be quven ain put M=T (X, F). For f& A defne

f My — Fl(oF))
fe~) =T miogy f= flop

T 15 eanily checked fhat fls map i well-defined, ancl 15 o mophism ok Az -modyles (o Ar = Ox (DH))
of (™) =0 then m |y = 0 so by e Lemma, Jorsomk >0 fm = O m M= F(x1. Henw Mign =0
wn Af. IF ce F(DF)) Hen by #he Lemma, forsome 0> 0 there 1t me F(X) sd. mipg) = F ¢ Then

c= (/g 50 I 15 ansomorphism.

“There 15 a canonceul morphism of Ox-modyles &: M —>F Aehned by gevmpdy (s)= My (stn)) where
W (a)s) = (DIs), Vs -Alows)). For FE€A s ot difficulb 4o check thal the followng chagram cormpu

. At
M{D(F) —— F(D(F])

7

Hene dogey ran somprphism. s mathe D(F) form a baps for X1t follows that o 1s an 150 moyahism
of modules, an requived.

Now suppose that X it noethenan, and F cohgrent. TF Y= SpecA u an open affine subset, hen by (3.2) Ans
wethenan. If \/=X s any open subset anel e/ then Hlere 15 an open affme Q =SpecB with xeR s.4.
Plg =M where M s afy. g—produle. Then 3 15 noethenan, .and M@s By 15 genevaled by m&l,..., Mn@ !
§ Hle v genevale I, so Flpa) 5 semenphic o M for ad-g. Bg —mudule M. Henge Flv 1s wwherent for any open
ye X. (Intach s does vok require X 4o ba noethenan). So we reduw Jo 5 howing Thett if X = SpecA wrth A
poethenan and If F s coberent, There s f.g. M with T = H- '

Let M="FX) be s cbove. Then we can wver X by open rel D) so Mhat Floen = M forad.9.
Ag; ~viedule My We ean ansuime e list of 95 1s frnlle - gy, 9r Nohw that F(0(9:)) =2 ™ (spechy;)
5 o s oyPhIS of f}g;'mﬂdf‘}"ﬂ) where we e Ag; 2 @n(Dgi) and Agi = Ospecky, (spechgi) . Bul by dehnifon
Ihe tsomomphisre Flotsi) = My maps Hheachon of (Ox fo the actwn of Ospecdy;, and

i
S Ny

(9 ( 013:)) == Oypecity; (Specdyi)

commules, o F(0(o:)) = T Spechg) wan wo sf Ay -rmodules. Tt follows hat /Mg; and r1; muat be womophic e
Agi —mudules- Hence NZ.' 15 fambkly genevated. So we are recled + H fzllowing algebra prblem : A s noethenan,
g,j..-Jarﬂ.cwemk e unibiclea] and each Mg, i fnilely - enerated, anel we wont fo show M f.g. Bur A, Agr are
noe thonan, $b i+ suthen to show Tk f 4 Tg; are neethenan, so i 1. For this we just wre thie proof of (3.2)

with & veplawd by wn approprale plaws .

NCTE As we showed dvectly in Yhe proof; (s.) impher that of X 15 a schem, T a quon-coherent sheaf
(wohevent sheaf ) and \/ =X open, Then Flv 1§ @ quini-whepent (wherent) sheaf on V.

WM Let A be aiving and X=SpecA. Te hunclrr Mi— qves an equa-’ewm o,ﬁmnle&omw,l
between Hhe categeny of A -miodules ancl the category of crum,l'—(,oﬂerGhi" (9% —muedules.
Th invewe & the Juncnlw T s T(%F). ™ A5 vieethenan, 71e same functoralso glres
an equivalene pehween fhe categony of Fimbely -generated A-modyles cnel The cn+egovy of
whevenf ©x -module.

PROOE The only new 1ndovmatwn here 1s hak if Fos quﬂm‘wwherenH’hen T = ﬁ;(), which follows fnm (£.4), a

NOTE T4 suummanse (5-U) ¢ X= SpecA and F 15 quonii ~woherent, the moyphism o : T—F, M =F(K), s an
somovphsm. TF X s noethenan and F colevent, Mu /g



NOTE X scheme, V<X, —\y: Ox~-Mod —> Oxly-Mod

Let X be a scheme, Vs X open, f:Oxlv —>COx the canonical mcluwsmn. We have aclolfwefunctors
g

—
OxluMod «———— Ox-tid

~_

—=lv

S f*—i fu ond f7= — lu, —lv— fi. Henw —lu preseres epivnoyphsins and all whmidls. for & wropphism

N E_s F of Ox-wodulen, i+ s viot hurd do checke that (IKer¥) |, = Ker¥ly 50 —lu alte PMQW@}J -
Revviels. Hena —ly 15 an exack functor, so—\u presewes all fimbe limits ared @il colimths, presenes’ monos and epis.

St f¥= —ly the same 15 e of f . Up o this point Ox wuld have been any rmgec'l .

We laow fom (5.4) that —lv actually presewes 7um,-_aaherew# and wohevent modules, when X s
a scheme.

LEMMA 18 Xis a scheme, X= UiNy any open cover, fren « Ox -module 7= 1s gucni - coherent (cchevent) .
or all t, Fly s aqqgﬂj_whemn} (colrerent) Oxlv: - B,

LEMMA Let Ox be amgedspas, X="U:V; anopen cover. A sequenc of Ox -moduler

D =T Fy—> 0

s exact if and only if foreach 2, Jhe requene of Qx |y, -module ---—> Tt vi = Fls —>Fari— -
15 exac].

PRODF Tne wondthon i clearly necersany. Jo show sufficreincy, i) suffiwn o consicler a sequence of e form
T — Fe— " We now His sequena of Ox-modulen s exact . s exad ar asequence
of sheaver of-abelian quoups, which by £x1.2 5 H. T — T — FL iy @l exacl sequence of

abellan goups for all x€ X Suppere Vi the requenie F'ly; — Flu.
we have” g wmmutahve dagram
Pl e Ty ey Bk
I 7 112
(Flvide = (Flvi)x— (F"Ivilx

— 'y, vexad Then for x€ V,

By aosumphion 4he botlom wuw 1sexack hene So s the fop row. Sinethie Vi cover X, his wompleles e pioef . [



NOTE Tsomomphism f: X—7 then e presewed quam"ooherem‘

Leb f=%—>Y be anisomorphis of schemes. Then £ » (x ~Mod — By -Mod 15 an womoyphlsin.
we claim Hat £ denbrfrer quoni-wherent Ox —modules with quani —w herent By ~moclufer. Tf 9:7—3 X s
mvene to £ then g = L7 so iF suffies fo show that F 7 is a guan —Lohereni 8y -module, Hhen S F s
a quani-coherent Oy -module.

Let 26 beqwenand leb U be an affme open neighborhood| of g(x) and h an isomophsm such Hhat Hhere
s a B-module Mand he Fly = . Then if V= F(u) w-cjeyL 110 movphistns of schemen Fle, 9lv. Then

(gl )e (B+F)ly = hee (31v)e (Flode Flu
= hx Flu =M

So fuF ik quoni - voneven!. Similavly of F s wherenk, fuT= 5 wherent, so womophisms of schemes
1denhhy quaﬂi—mhemnP and tohevent sheaved.

NOTE Tensov Puwducts preserve Rivasi- foherent
s P

Let X be aschepre, F; G quani-cohereni. we claim that F&§ 7umi—mhemm‘_ Lekae X be quen,
and leFxe VE X, g4 U= spec A be an atfme open V.'elthaovhoad of x. By (543 we have gwF = &
and j=k G = ﬁﬁYJOME A-modales [T, . Thon

9.;; ( (F@ ﬁ).’—‘.—' jk? @j‘*'g
Se N
Man

i®

—~

his IMFJ'/% that o4 gamiwgohgmm‘. IF X 1s Noethenan, 7 G beth coherent, then F1, V are ,1’_9_
henu o105 M@ N and so F e € i1s woherent



PROPOS

FROOE

NOTE

PROPOS

(TION 5.6 Lef Y. be an affie scheme, let © —> P F—>F =0 be an exac} sequena of
O -meduler, and assuime Haaf F'is quons —coherent. Then +he sequence

0—>T(XF) —T(XF] —=TXF')—0
(s {K"f(l-

We already lenow that T' 15 a lett exackFunchor (£x1.8), so we have only 4o show that fhe last gna
sounechre. Let s€ TI(X,F") be a globdl sechon of F. Sine the map of sheavres T —> F Y
15 scivje chve, for any xe X there is an open newghbevhvod D(£) +f x, such that . 51y
+o o Jecton “I'é /F(D(fJ) vE claim ff’.'af"-fp( some n>0, e l'rfa‘! +o qjlobal’ sectzon of r

Tudeed, we wan cover X with o finike number of open seks D(3:) such thet for each 2, slpg;) s 4o

a sechon e F(0(%1). on DG AD(5) = D(F9;) we have tuosechons 4, 4ie F(0(F3:)) beth

g 5. S we can cosumve wlog Hhat F7is a subsheal of F, #his wieant +-4, ¢ FUD(fg:)). S
s qua,y}—wmvt’mﬁ by (5.3)b For some n>0, f£7(+-4) exkends #o arechon u; e F(plg)) (97 ra
unik on D[ﬂf')) As winal, we pick one ndo work forall <. Let 1 =474 4 Ui Thent) ir a hf—hnﬂ of
47 on D(35), and furthermore 17 and 7+ agrée on D(#9i). Now on D(879)) we have fwo sechions

1 and 1 of F, both of which tft f7s, 5o 47 11 e F'( P(9i9)). Purthermore, T' and t'y are
ev[wx} on D(faigj),» hy CS}a)app/recHo D(g;gb-).:; _SP.QC,QB,-BJ. we have £+ - 1"&') =0 Jorsome
W >0, which we may Tale independedt of. i and | . Now Hnesectons £7 4 el F glae Hgive a 3!::{9::!
sechon #Yef Fover X, which liffs frims ’Wlliﬂmmﬁ‘f claim.

Now tover X by a'fm_ﬂ{ number o open rels @), j=1,.., r such that slper) [1Fs o asecton of £
over DIFT) for edch 1. Then by the claim, we canfind an nteger N [onefor all &) and lobal teckons
+r € TX, 7)) Sudh ot +i 5 a {%wg of £*s. Now The openre)% DF) tover X} so e ,gea] CE = Mc‘rnJ
1s e unit iclealef A, ancl we can unfe | = 202, ai £" witha; € A Lok &= T aiti. THen + 15 o
Slu‘on]jedwn of F ehore image . T(x, 1) s Saf's = s.Ths me/{;]&a}fm proof . 7

TP X s ascheme ancd X= Ui\l an open Lover of X, Hen e @x—wiodule F 1 qul'—mf'rert’wf
and enby b Ty, 5 o quomi —cobevent O xhy, “Woclule Y. (s & alsoute for woherent mocdulen)

ITON 5.7 Let X he o scheme, The kermel, wokenel ancl imnge of any monghism of quen i -aherent
sheaver ave guani — b lievent. Any extenson of quon “cohevent sheaved qui-whewgn}_ T
K 15 poe theaon, the sawe 15 Tute for coherenk s lecives.

PROOE Let X =iV, bean affine open covevvf X, \; = SpecA;. Then for any movphsm ¥ F—— F/

+o show the hernel, colzevviel and image are cruam'— woherent, W sufhur 4o show Fhe covoniica  choiten

ave quenti —woherent, S the kevnel of Loker¥ 15 animage for ¥ suFfies to show #he vesuld for

leernels and coleeunels. Sina foveach 1 —lv, - Ox—tMod — @ xlv; ~Mod prerewes kevinelr arnd

wolkewiels, cind 1somonphiis ims Ox v, -Mod = (Pspecsi—MHod presewe qumi-whemnﬂ— (el cwherent ) moduler,
_ and wherent shecven ),

we can vedue o Fhe cone where X <= Spec A 1s affine. (For looth quan

e cane of ;{uwi«wherenf shearen wow follows fom (5.5) and Yhe fuck ot ™ exacl. TF X
is ioethenan, we canuse (5.5) one agan toshow e vl (nehing that A 1s nuethenan, sosubmodules

of {.9.-moduler are £-9.).

Nexd we show tat an exlension of qumi—whewm sheaves 15 guioni —wherent. Let

0—3F —F 3 F'—0 beanerad requenc of ®x-modules with 7, F" ci.ua/n'-whé’r?ﬂi “Then
0 —3 By —5 Flvi — F) vy —0 15 an exack fequenie of Gx\v: -modulen, Jo onie agoun we vedut Jo

the coane where % — Spac A s qf’ﬁne, By (5.6) +he wm%pom}rng Sequene of gfuha rf_c‘_hum pres X o5
exach say o> m'— M — M7—s O. ApplYg ™, WIng naturahily of the count F(X)—2 F of +he
adjunchon. ~ — T we have an exact commutatwe cicgram

DN —F —a ' —0
J L

0— F— F—1 F'—30

hisms, sineeF'and Flcoe quani - wherent. Stn@ Ax—red

The o outsicle arrvws are 1somo
ST s alge an womovphisw, sv = i quani-wherend.

s abellan the S -Lemmeinplies that =

T te noethenan care, f F“and F" are wherent +hen ™M'and r1%are {.9., 50 M5 f.9. and hene
T 1s whevend.



L\_/_QT_E Sheaves of Tcleals of Affme Schemen

~

L (e
Let A be aang, w < A anideal. Te ncluson & —> A bewmes o mowphism of Ox-wiedules T—> A = Ox
(X = Spec/}) whirch 1s /;y'edwe st ~ 15 exack. for UC X, we claim thaF 4 oL s vadical then

Tmiy = §seOxl0) | s(m)enhn Ypevf (1)
one mduson 1s cleav, spe B — A 15 denecl by A —#_?;Ay A== 9)s In fad, this map is b’jgdwe with aAy
and makes he following ciugvam tommufe Ti= A s bl
N — A
T2 O
‘?‘\‘ oAy

Solet se ©x(U) be qiven and asrame s(70) e mBp Wiae U. Dene b2 VU — Uyeyag b 5 4" (sta))
B wPY ®)).

To show that (1) 1s Prte, we neect only show £ 1s vequltv. cet qa e be given, find per/c U bse B 5d. sé¢9 Yqel/

and 5(q) = b e Aq VYqe\/. Let feA besl BEDFIS V. Then F belon +o evew prime n \/(a) — \/(\f a)

and b pelongs +v eveny prime in (@), sine s(a) cafq => Hoem forsome ¢ g, hence beq. It hllows

naF £b be“)ﬂggﬁ,!'o eveiy prime contziining v, and hena 4o w ielf, sice w s radical. Sa bf =aecm, and pul-

= sf. Thew "sF¢q YgeD(F) and for geD(F) t(7) = /¢, @ required. Hence + is reqular ana'(1) holds.

Now Jeb ¥ be a quasi-whevent sheaf of 1deals on X Leb as A be the ldeafwvmporzdmg fo F(X) under the
somoplisin @x(X) = A, Then by (5 4) the following s an isomovpPhism of dx -modules

Vil 07— j’
Ayl = Fp (s())

r?sfd ‘Ap — FITJ mnomcgf_l

i lenee Yhere 15 @ woyrimutahve dlagmm

fi}———% Ox1

J l

ﬂ'r; _ A.F

which shows that O3 == Ar denhder Jy woth ahp. Hente

(9p)p = O, = o,

Cleasly the Jﬁo!.'uwmg diagram wamater
= F
Ox
I we cusocighe with evew deal w the quani-coherent sheaf of dedls Tm( & —> <) Wien we have

LEMMA There 15 a by'ecfmn between ideals -+ #.< A and 7Maﬂ|‘—wh9m’ﬂf sheaves of ideals o f Ox, defined by
A — Im(&—>1h)
F e whee K compporic] under Ox(X) = A,

We denole the c{aaﬂf—wf/ieﬂ-"ﬁ sheaf ansocialed o @ by fo. Notethat Jy =0Ox and Jo=0



PROPOS ITION (2t crs A be anided, G Hhe csociqled crumr'—wherpwf sheaf of 1deals. Then
Supp @x/% = V(@)

Let M=V (a) and 12 Y—> X be the inclmmon. Tnen f Oy = i’l(@”/?ﬁ) the lo(_a”H vmgtq'
space (Y,6r) 15 somonphic fo Spec Alq.

= v(ay ancl that (%O7) 1 a focally rrr?m' jpace.

PROOF T1 Hollows fmmedua/e/j pom (2) that supp O%/g.
T A, s adswme Y #@ lensider the «}a”owmj

Ik Y:f then w= A7 which cae 'h’lwall'l‘., (Y,@v) = Spec

chan of ving 1o mOIPNISMS for oz &
4

ﬂs?' : (A/“)T’Q V/aty = (9#:71/&’? = (@x/fa)w - P?’

Bu(Z2) = (06100, (015), % + #a(06)))

Where P(V)= [im wzv (O%/) (W) sheatthes o O. Let f:Y — Spec(Aln) e He caronical
homeomowphism, ceth Myeve 9

and detme - " £F Ospecra) (W) —> Oy(F~'W).

FENF) = $p(s(fm))

Let

T+ 1 eany o see that 1E(s) € Oy (F-'W), and Phuwr That £¥ s an somophism. Heme (Y,0v) 22 5pec9/n,
oo clatmed. Leb : @y —> spec(Ain) —> spech be the componte, fhen the undevlying wey of h

the elwaion 3. 5o we have a wmmulcdwe dicg am
Specﬁ

(V,0Y) —— Spec{FH @)

Th Parhcu!ar 1 s acloed immewion, 7
LEMMA 1IF ne A s amdcal ied hen ¥ =j</(q)) where /4”00 consish of sectwns vanishing on e
clored et N (9) (see 52 noles)
PRODE  Fopn (1) we know thaf

(V) ={se@o) | str)e whp Ypel}

And by definihon
3 ﬁv{nj(ﬂ)f-f se @x|V) | germps e phe vpe V[a}f]Uj
={se@xl) | s(ple php Vpev@Nu}



5&) I"’JS cleay ’]'hﬂi’ };‘-(V) = %!ﬁ) (U); S11E n[ *FJEV (n) then W:‘q-‘b < }:IF}F] To J}?UWﬁ’n‘e revee .ln[f(_,wmn; ’6}'
sSE %{w) (v) hejwm and @ € U. Then there are £,0,5€ A wth pedf)c U and s¢ 7 YD) coch that
(1) = s € Ay Wqe DIF). T WC‘D(’CMV(“) we have o/ = s5(q) egqAq by WJmePlon. Henw a€9.
Gor 7 e \V(a) —DHEINVIA) we have ,L’gn[,Hevwz_ af belon@sﬁ, evew prime ww.}mmmj n, Wenut e ™ 8

radical, afe a. Then n Parﬁcuiar pea(f} so Fé J and

5('?0): q/s = qjc/_g,p (= VLHJF

Sinu ¥ wan arbiban , we sec that se fa (V) a2 rg[fmy@d_ 0



NOTE (5.7) wnplies thal any fnile woproduct (or product) of quowi - whewent sheaves 1s qucmi - whevent,
and i >5 \s me%hewc{jﬂ the same s Pe for wtf,emn}ibmm_ 9 even

PROPOSITION 5.8 L ek £ X ——=Y be ot wopphism of schemes. Then

(@) Zf G is a quasi —cohevent sheaf of @y ~wodules, then #¥G s a quasi- wherent
sheaf of @x-wmodules

() 1 7 s noethenan, and G (s coheren] Hren ¥ ic coherent.

(&) Assume either ot X s poethenan, ov £ quasi —wompact and sepavated. Then i
F 15 a quasi—coherent sheaf of Ox -wodiler, o F 1s a quasi—cohorent sheaf of
Ov-wniodules.

PROOF () Let € be a quani —woherent sheaf of Oy-modules, and note thed Jo ow £7G s qumf_mhpmn#, :
T sufer fo'show (£¥8) ), 15 qucw) —wherent on a cover oF X. Let xce X be gen, £(x)eVeY
an athne open neighborhood of £x) 1n Y and xeUS £ ="/ an affu neighbov hood o . Lek
ney = speB and m-0 = spech be womowphisms. Then ne G|y = N for some B-msdlule

M. consicder

Ustng many earlierresalls, we have

my($44))y =& (m) 1¥F "4

() *($)7
{m")k(jff)*g
A
(gm™)¥ "4

(n~" S pecex )Kﬁ v

(specst)™ NyGlv =
(spect)¥ ™ = (Mogh)

1Ry g

So %G is quani-wherend, a2 required.

(b) TF Y s poehenan, § whernt, thenm (a) by (5:4) M will be a £9. B-medule. Henee
M@pA salg A-module, etnd £7§ 15 whevent (ve need for X noethenany,

(¢) Letf: X—Y be gven, “F aguavi-wherent Ox ~-medule. To show o F erqu-boherrml,
F suFes 1o sho W'f’hﬂf'eathf’i)inf‘ eY hon anoepen we;ghbwhoud Vwth Loy ofvlam——wheven{-,
Lel g €Y be gen, amd leb \Vbe an affine open néighborhood o 4, . \/ —> Spech an
\sonlovp Nis .

tet 9:f W—>V be inclucee ¢ X 15 methenan, sox £V, and f £ 1s qus/ ~compack and
separated, so i g (looth propevties ave local, as shown earliev) Now

ne (feGlv) = Negx Fleoy
= (v9)x Flewv



Sie Fla-vy s qucni -wohersnt, we have reduud, o the cune where 7 s affine. Uvider erther hypethels

X \s guaui -comp act) so wve can cover X with a fintle nwmber of open atfine subreds Ui (care X=% 15 fmusal,
Tnthe fepam}ed caze Uim))' s aqain affae (Ex 4 3). Calfn‘ggle._‘rm Hoe noethepan cose U, i V; 5 aF
(cant qqmi-wmpdch soLve can toverth wﬁ'ha};m}enumbe\" cpewa:f%ma suloreb U‘juz.. Now For an
ppen rubre} VE Y, g9 a sechon s of F over £7'\/ 15 the same Fhng an giuing o esllechion of seciops
Sf of F over £ ~'VAU; whose reomchons 1o he open subsets # 7'V Ui are all equal. Hevice the
following sequenc is an exach sequenie of (9y-medules

I3 !
0 — £HF—> ®LIFloN — _G_ah_:?q: (fF'tu;Jh) (1)
' t2)

where
Ay (51N ijk = 5-',p"\rnu,-jh

Pv (LNjjn = s; }F-‘VﬂUiJ'h_

K (5); = sleg-ynu;

The mpmcludzm (1) are the pointwise roduets, whiech coe woproclucts st Hhe mdex et ove Anie
By abue of nofaton we refer+o the mcrumd movpisms Vi —)P‘af and Uy — Y by £ alco .aT-J- Is i.!e.qr
fom (5.2) that the fu(Flur) and fe (Floyn)are quani - colerent, 0 by (5.7) se are Hhe wpwdudk,
Hene oy (5.7) $F 1s qUuai —oherent, a requived. (]

CAVTION  TF X and Y ore moeHenoin, &5 1ol hue 1n gengral Hal A of q wherent sheat i wohevent. (Jee Ex s.sY.
Howevey, t#15 bwe if £ i a fonite mowphirm, or a pujechive mopphisyn (3.20) ev more geverally
A pwpper mioyphisin (E6A 0.3, 2.1)

DEFINITION Lo} Y be a cloed sbscheme of a schewe X, and Jeb 7:Y —— X be the mclwator yoyphym.
We dehrie the ideal sheaf of 7, dancted $v, +o be the kemel of The mophsm 7#: Ox — 30 y.

PROPOSITION 5.9 Lot X bea schume. (v any closed subscheme Y of X, the comeaponding ideal sheaf 55 s
a quati -cohevent sheaf of deals on X, which i ndependent of the choid of closed 1mmenion.
' X 1s poethenan, 4y i coherent- Lonvewely, an 7”5"45'w[0€h’”f sheaf of wleals on X
the ideal sheaf of e uniquely defenmined cloed subscheme of X,

PROOF  Suppore o closecl subscheme is represented by #wo deed smmerions v Y— X and k-2 —X.
say |12=>7 s on 1somonphism with if =R. Then J‘#: Oy — j» Oz 15an 1somovphiim, and e

Following diagram COMmulEs .
L
(,9}( —_— i-k@)f

N \JL ix

¥ = 'ir\j# 0=

So KGH;'#--= Kerk#—ancf 1. both determne the rame /deu/Jlma/, To ree Hmf f, 173 grum,' ’whl’.ﬂ!”ﬂ
note that 1 s quewi -comp ¢t (any closed immeiaion 15 (Ex 3. (3)) and separated (ree §4) o by (5.8)
i Oy I quani —oherent on X fiy defnthon i#: 0x—3 i @v 15 o imovphism of (9 x-moclules,
o by (5.7) fy  quon —eherent 1 X 1s noethenan , fen for any Sees affie U= Spach of X Fhe ving
A e therian, so the ideal (V) = finikly-geretated, so fy i coherent.

Convepely let X be a scheme, F a quari-coherent stectf of ideals, Ox/¢ the qmﬁem‘.rbmfof vings

on X. LeF Y be the support of BX/9. That 1, ! s
34 v Trndulle
Y= {xeX| (@F/?)x +of Rei\:;d thuchwe notes
= {xeX | Ox/g + 0} m b

:{xé)()f’x#@m.z} s gl

- ce Ox[u e a Vel ¥ rov

= freX| ;ijfﬁ?feiﬁ{iﬂ(; ;(\/f!fo)r ok upeng vel}
with x eV,



Oue fant ok s o show that 71 closed. Let ViNe be an affine open cover of X - T would subhe Fo show
i ) 15 denbhed with

ot YOV; 13 dored 1n N/, for all <. The verfuchon of F 4o V15 quowi ~oherent) and #(V;
= W on SpecA. To be mnove precise, let 1n: Vi = SpecA be the 1o morphum, ava

antdea| me A <A 2

L Hhe sheaf of 1dleatls of Oupeca with e 22 (0, Then ief a<h LorrenpvncHDdL i S @specﬂ(l’pa’Pr)
n(YN\) = { pespecht | (@rpecﬁ/vq—‘)?d o D}
= -{’F](’:- Spec[—}] @Specﬂ;’p/L(L?d :1(:0}

(e thowed #his n an eavlier vole).

we claim the 1somonphism  Ospecdp = By 1denhhies My anel @
Hene Gspechp|p == AF/[ZAF which 5 © A ALK, 50 n(YON;) = V(&) whichi closed. Henge the

support  is closed
Led 7+ —> X be the mcluaron. Tnen 7 (P¥) 15 a sheaf of vings on Y, and
(O g), = Oy = Oy,

forall yey Hena (¥, 17'(9%/g)) 15 a lecally vnged space, s f, . Bxy VyeY Pt Oy = O%p) we claim
Hhat (3, Or) 15 a scheme. Lek yeY he gven ancl et yevVe X be an open afne, Wil £+ V— SpecA an
Uomo;/phum

Y > X

J ’[ Th rl‘\orlplnljms of spaws
YU *-n—"'" 0]

#! UP

2 ——*t-—'a spech

fs above, et fL = $o loe fhe quani-coherent sheof of ideals on. spack with f3 Flv = L The following diagvam

connmulen
ey ——% £ Oxlv

f

S ——— Gspach

Enmwhich it follows that ;Q.(@?{/f’/vj = Op=f/ 0, Pene
e

R Ox(F
n"(@%/flv)
nF 7 (O%)g V)

= (pn)"" Qupect/ ),
= piobT Ok

Ovlvav

R ow o

sine €' Ospect) g, = SpecAlm i follows that (YN, 87Ivav) = SpecAla, an regured. Hena (Y/89) 5 a scheye,



We dehne a cloed immeuion 1Y — X iﬂj iﬁ'— Ox(U) —s Oy (YOV)

15 (s) = (v, s+20)

Thissthe compostle Ox (V) —> (9#(“)/}'(0) — (9[g) (V) —> lim 2 ynu (S 2V — @~ (YOV) henie
5 o moyphum of vings. 7415 clearly a movpiiism of sheaves ©x 3 iy Oy, Une checks thakthe following

diagram wimmulel forye : .

@x,uj )1—5——% Owy
N ()
1 (GK/}’Jg
A J

S (ﬁx.y/%

showng that < 15 @ morphism of rchemen. o show thal © 15 a closed nmmenion, # suttien o note fhat i*;
15 swechive VY. (sesnotes in $3)

Nextwe show that #he ideal shealof 2:Y—> X 15 # T sufhen fo show that e followi ng Jequeice
of Ox—modulesr 1s exact . il s

0—>F—5 Ox— *wBy—0

And we can chech exactness of s eguenc on stalts. TF x e X —Y then (2xBvle =0 (ree Ex1.19) and
> @y, £ anisomonphism (s x &Y means bg detmrhon ¥ = (91',‘)’ so Hie ;‘eqﬂgmw of sfalks s exach

TfyeY then the requence becornen

o—> J —> Oxy —— (4 Or)y —>©

Oy
L

@Kﬁ/jj

The composite Oxiy — (T Oy)y—3 Ov,y 18 f‘j, and A (1) we lenow fhe Mangle n (2) commulen.
Sothe sequente of sfalke is exaick Y€ X, andhene = Keri®, an clesred.

To complele The pof, vve need 1o show Hat 23X 15 a doed rlschewe with deal sheat 1, Hen
(v, V\(@"/?’” and Z —> X delevmme the sawme <losed ru bicheme. We may asye Z <X s closed cnd
e undlevly)ng map of j: 2 — X_is he miclupion. So we have an exack fequente

0 — F— O ——)J—r@z—‘lo

K.
So there 1s an wsomowphism O% /¢ — jx B2 indued by the presheaf mowpbism

A Pl = O/ g
sEHY) — 7 (5) -

which s cjeaﬂy an_ 150mou hism of sheaven of rmgs. Thuo SuppOX/¥ = Z and alro
i J"J* O — 0=

15 an 150MOMISM (Hhis ishue whenever j s 7he incluron of a subspac). So we have an isomoyphisim
of sheaven of vMgion Z

ik F1
(O y) — 0. —> .



Denole by the monphism (2,j"[f9’%’)) —> (X,8x). We need valy show e «;‘offowmﬂ Lommules
| (% @x)
L/ \
[z,J‘"([Six/Sy)) e [(z2,0z2)

Ox(V)

% / \‘*

17 (OFp)eny) ——— 92(21)

Guen seOx0); i (s) = (U, 5+ #(0) which becomes (V) J‘ﬁ(‘)) - O’J'*:@z)(ZﬂU) e .
JPJ—M lzny = 56)m @2 (200), # required. Henw 2 —> X 8 equal ar closed ru by cherme fo
duwd by s idecl sheal. So we have defined a b:‘)‘ﬁc«}wn between closecl subrchemen

the clorecl immeriorn in
of X and qumi-whewnhhgam of icleals. 0

To summanse, let X be any icheme

J Closed Subschewen [ Buwi—whmn’r shequer O‘!’W

J'. ¥y—a X — j/== [{QT(J'#f@)&'—?jr@Y)

Let ¥ = supp (#/5), g ¥
Oy = i"l@’{/f where
2+ Y —> X incupton.

Then  (Y,0y)—3 (X,0%) 18
w closed sypicheme. ‘__}’ "
closed suboscheme lx‘

W I X = SpecA 5 anaftine scheme, there is a bd‘fec%on, petween ideals me A and
closec) subschemen Yof X, qiven by . " S e (Aa) —> Spec(A). Tn parficular
Gvel/id closed fubscheme D)L an q%ﬂe_{cheme Is affrve.

fB_O_Q—E- The bj&hov’) ,QHOWJ Fom (3.9) ancl our ok on idegl sheaves oaaf/vne schemen. Tn (5. q) J the
chled rybscheme j: Spec(Ala) — SFH(BJ s mosocicled wih Hhe sheaf of dleals F with

P et ) = Ker( Ospeca (Spech) — Ospectia [ specln)

Now a€ A wmespords a globalseckonof ¢ f aem, s our eavlier note ansoctdler # with @,
showmg Hiat the hy‘ecm hen Hhe destvecl form . )

(OROLLARY Lot £: X —— Y be aclosed mmevion with associaled deal sheaf . The closed image
ef f 15 precsely the support of O7/F That 11,

£(x) = Ssupp(O%)) (= 3upp(HBx))

NOTE  The {r_;jgd‘[on above s betpeen clesed sulbpschemnes (closed subseb scheme shupture) ancl
a.c. ihequer of deals st fwo closed subschemien can be clistack but have +he same o ge

and Spec A1 — specA, 71 the nilvadical) . s exanmple suggeots ?hq-l-

the only sunechve ciesed subscheme Y — X s X => X

( for f?ﬂampfe 5?5#)——) Ipe(;gl
17[16 v, then +:O. (see cur %3 noten

of X s awediced scheime then
Tais Follows Fom the fackthat £+ € Ox(v) har gevitxte T

on ndyed redted scheman),



NOTE Closed Subschemen ancl Tdeal Sheaves

Let X be a scheme. We ray o closed mibrcheme 1Y —= X prececdes another closec rubscherne

oy — X, wiitten isf L 0 factors ﬂ:wu‘gh‘f'- By (5.9) there v a bj,'echan bedween claseel rubrchemes

9; )( 6”‘10{ qMMj—whensn} sheave 0)( Idéﬁ}S on X In Pal"‘hCHIﬂY; the j’vr’n‘?
relechon = Maken The closed subschemen mto o4 Far'/m” ovdered seb. Tne set qu

ofxleals on X 15 Pav-ha]lﬂ ovrdeved bj J(IHmj 9'9_ HH. j'"/UJE K[U) yoe X .

PROPOSITION  The map fom closed subscheme 4o o]umi*whwenl sheaves ol 1deals

(Y—i%X) —> Kev(Ox—> x0Ov)

is an anti 1somovphism of parhally” odered sefs. This 15 a bijechon which revener =
Goven closed subsehemer [y —=2 X and J cyl—— X we hove

3 faj 1. 5‘; =

PROOF This /o lloas from (5.9) arel odr rokes on Jackonsation Fhrough closed 1mmenons in 2. 3

@Nn%e that for g-¢. sheavws of deals F M we have ¥'< 7€ 1. ¥ preceedes 1T an a bebo@'ec}o}‘ il
x ~IMsd.

or clapns 15 actually o rel. The
e i — cohevent sheaves

~ 90



NOTE  Scheme-Theorehe Image

This note \s a colutwn d £x 3.11d) See also \.1 of Ejsenbud £ Hams for examples.

PROPOSITION ot f:X > Y be a monphism with X poethienan. Tven theve 15 a clored imimesion
z > Y with *he F”’P”’lﬂ that £ factors Jmough 2 —Y, and if £ factors fhrnujh
any other clused immenion z'— 5~ then 2 —3 Y fachn 'thmugh 22— Y alio.

PROF Sine X « noethenan, by (s.8) fu Ox Is a quasi-coherenf @y-moclyle. Lot F be the
keynel of £%: Oy = L Ox. By (5.7) F 15 a quon)— comerant sheaf of ideals. Using (5.9) lef
2 —Y he the clered immenon defermmned by Ea By (£9) The ideal sheaf of z— 715 £

nsahontongh clored Immewions ” £ factoi uniguely i’mwuhgh ?{ 7‘;)13 -
where 15 1

s0 by odr notes on ' Fucth
T 2/— 9 15 apother closed 1mmiewion ﬂ’”'o“fjh which £ rjcncjff""; then 10 = 7

sheaf o 21—, T4 follows Hmt 2 —=Y Factors Though z'— 7.

We call the dosed immewion Z——>  the scheme - theoehe image of f: X — Y The noethenan
arsumphon on X onfy wed fo show fu @ x 15 c/ua/n—.:ohemnfl o we towld aliebiawe t]wﬁdi-wrnpaa]-
anel jepamféd (5.9).

LEMMA Lef :X— Y be a rmoyphism with X nvethenan, Z:-a‘/ the scheme imoge. Then Z = %

PRODE  Of couve S (X)= Z. By dednthore © 15 the mclpaion of a cloed rubret z = 5“]’}’(59’/)”) where ¥ s
- e keinelof fF Oy — L Ox. Sinw Z 15 closed F(X) < Z. Suppose ye Z— F(X)".
Then Y — #(x)” sopen so ik follows that (e Ox)y=0, wnhaclictng Fiw ass umpun that

zZe 5MPP{{'—°"/7’)'=-' fupf(ﬁv@x) 0



