J’elt Schemes and LG/CFT 1 4[3)22

The LG[CFT correspondence Jm%em'x a relafionship befween matix fachodsations
o ADE szhﬁu/aw'ﬁ'w ancl modules over verfex a{gebmp_ The most promising ﬁeomeﬁ'fc

infermediany between these Two worlds amJe% schemen ot Slodowy slices  [AM, AKM ]
Tntis seven of talks we pore some ?Mwﬁom Jo guide further wor k -

L. An intoduction #Jefjchemw (Part 1)

2. Fom matix factovisations fo jet schemen (QS)

1 Anindoduchon +o u]e%‘lchel’lﬂe/‘\ (Pavt 1)

The Fo”owfnj historical comments are from [v].

The S‘/’b{c{y afjef (or arc) schemen waninifiated 197 Nash in the 60's [N] Novh was
inferested in whether fhe sinqulantes o avanely X could be reftectec in #he arc space
of X We know hom the Jawbian crilevion how #he existence - singulavtien is
defectecl by fangents, and arcr are higher order (in the sense of higher order

fovmsin a Tay/or senen ) anafoyuew of fz/nyen/‘ vectors, so #his seems reasond ble.
Thisturned out o he tue -

* There is an Qﬂf Vnaloﬁum e sefof “epsential ”excepﬁbna/ divison 0{
a veaolution ﬂ?gﬂhgu/aw'ﬁ'eﬂ of X Hothe sef of imeducible wmponeﬂﬁr
of 7T"(><5,‘n9) < T (X) where Joo (X) /‘f/%ejez‘fcheme and
7T Js (X) — X the canonical pw]’ecﬁkm. N ash &Oy,/‘gc,luwd Fhat thicis

bijective . While false in gew.era/ it is fwe for A-type surface fmgu/aw'ﬁew [N, R]



* Mustata showed ¢ |4 complele 1nfersection has rational smju/an%% /- and

on/y if all i _jel schemes are imveducible [M]

So whatis a L/'ef.? Jo explam we fint recall how kIt represents fangent vecton in alge braic
3eomeﬁﬁ7. Let R be an algebraically closed field and \/ o finite~dimensonal R-vector jpace,
S\ij(\/*) the symmdﬂc algebm_ Then theve are KOUQU‘TDY)S

{ m < gjm(\/*) ‘ i maximak '} n (o)) (21)
R I I
Hom}lma( Sym(\/*)) ’7~> Sym (V') — ﬁ:l(—\ﬁ)e; R Y f —> Jf(w)
112 I j\
HOMR( \/*) k) Tl\/* eVio
: |

whichs how we /‘c/enﬁ"fj the maximal spechum S,DPCVW(SW” (V¥) with V. Nol that
iF ey.-,en is a R-basis U:E \/ then aPOM{‘ P = Z:; Foec Uf \/ WY"E’APDVldU)ﬁ e hﬂlgje\qu
map JOP :S\Jm(\/*) —R with fP(j:> - JC(P')~-/P”> where j(l: f(x,.,_, Xn )) X =€-:k‘

ReP\acfnj R with ofher zew—dimensional ( Kull c//kﬂPWJ/})n) R-a 15@)@@ T we see
more of the jeDMEW of the aftine space A= SPEC(Sjm (V) )J wheve n=din\/
For example Jet wy c/am"@ /%-a/geb/a movphi M3

2 ng(\/*) BN P[d/zz | (g R & ‘28) (z.2)

Theve is a_canon'cad 7Mﬁ‘ewf mop T h[ﬂ/ézﬁ\’ R sending 77(8) =0 and
0 oY “s” a /DD/'r//Ld'/g \// Mal s T-Y=Xr for some P= (PJJ.../&\E R Nole

}?b = JOP(XL> = 7T( “7“(6;*)) = wns}. frm of Y(ef") (2.3)



The k-dlgebra moyphism ¥ is dotfovmined by % reapaction }L/\/* and thun by The
sequerie 7/(6/*)) - Y(Pn*) € RORE (and moreover yuch fequenws are jn

bijection with k—algebm mops (2.2)) TFwewnle

Ylef)=P.+Qce (2.1)

then ure hnowo P = (P, - P") is 7o be ﬁ)oughfd{ WY, 0\/00/'14/'038 \/ (becawe i+ “Iancforms"
) q}oomf, move on Thit in a momewf)_ But what about Q = (&, -, Qu )? Motiw that
if ae wnke down the Taj]or enes of £ € Jym (\j*) = k[x, ,x~] of P

,all,\ e

' ‘ .
} Z—' ;\ - B;u{ 3 in ({:)( P(X\—P,) (x,\*f’h’)“‘

1 .
5’7/0 lV\7/O An

(3.2)

and qpp)j fo it ¥

a;(+ + Cn ; :
: "
Wi)= 2 T3 S ()| (¥ -P) - (¥
[,'7/0--1',,,7/01' " X An P
| ab‘l-"”’kt‘v‘ (1&) ) Th ’l\a|'¥~-+£y\
= Z }/\--\.[| agl Un e Q] Qv\ <
7 Ln7/0 ' - * xn
S
— )+ 2o 57(9)[?6%2 (3:2)
j=l

Sowe recognive X an S/)ec{%ymg e k-inear denvaton
JC — Z Q. | ax

We bow that such devivafions are (/)y de]‘”) f‘angenf rectors s e informadion

in o R-algebm homomovphirm ¥ Sym(\/"') — RLET/= 0 g pair wmzfﬁ’nj
i a Ioifn_f and g #ntem‘ vechr af ‘/’}1(17[’,&90/'97(- ]m]wch'ng (3:3) leadr as fo believe that
b\'—alfjehm homomioyphismms SUW\(\/*\ — kLY oxtmd ;ﬁx of funchons.




Def” The S—.JJ UP a function f ot a point P is the Po\jmm\‘ai

ZZ .l "ax (F)l

J=o lilss

Nok that this is a Poltjhomial in a Jl'l/\g)e vanable 2 sothee ave not what dl—#cVE’VH'fa/{
jedmefm ca/(J‘eﬁr s> 1. Thici why somedimen T,fF i called an ave wathev than a/‘e+/
bul Arakawa calls ﬂoeaejef rchemen and i reems Foo lede fo oom})/cu'/\ about #he name.

11 (oodinate romeforme

B@ﬁ)remwnﬂ‘der “Iarger" Avtnian k—a’j&?bmﬂ such an R [—27/33 (/OIVyerin k—C//"MEI’JJI'on)

lef ws take a moment fo obsewe the oordinae dapendeme in our devvaton of R from ¥
n (3‘/) 5'/l/D/JOfe theve is a linear /)’)aﬁ A-V— \/ hena

—

A% P ——
S\jm{/}*) : Jym[,q*j; Sym//él*)

Then the 74;//04{//’/)7 c//agrqu omm ufe

SUW\(V*)

f
Sym(A") Té‘ \ ke
g

Sym (\/*) « Poinﬁ Franeform an Po’mﬁ ' (4.2)
- Z_ Q.
Sym (V') Yeq Yoa ()= £(P)* ) aXJ
Sym (A*) T > Rl

Sy v T Y



chain
rmle o " 2 7]
= F(AP) + 2[2 ox; 4 ‘APCDJ'g
= ¢ = .
T y (5]
= ) 2 208 s, E

Sv indeed ,\}/AP, AR maker (42) ommute. Bul suppore now we veplae AV =V
’93 an arbﬂmg ,oalvmomial map A, fhat s, we assume FolﬂhbmiO\IS Ay A such that

/L](P(J.,./ P,..): (At(P\J,.-/Ph))--»/ /4»4 (P’/‘-y/)h)) (ﬁz)

This Lomeaponds To the /a—a'ge[om movohium X Sym (\/’k) —> Jym (\/*)J Mmqu\e[y
clefevm)ned hy o (20 ) = Al inthe rense thar

I

HomhAl3< Sjm (\/*)) Ilj < V
(J.3)
(-)e & h A

HDmij< Sym (\/ﬂ) R \ 'S

)

commules To chech this nofe fhal

(fpo x)(x;) = f:(A) = Alpr,.. P)



[emma  Tor a )ovlgmmfal fundhion AN =N a1 ahove the diagram

HOVY\hA\ﬂ( Sﬂm(\/*)) tz[ﬂ/gz) & o \/ x\/
(=)o &k L l AxTA(P) (6-1)
HOVY\hA\ﬂ( Sﬂm(\/*)/ P[ﬂ/‘iz) N Ve \/

commutes, where The hon’zov\hl W)C{JDJ send (BQ) to YP/Q asin (3.3) and

TA(P) s the Jacohion J I P ) Lien viewed an a (inegr Nansformation on \/

M Criven [P/Q) we wmpule

(o)) = ﬂAmZ (=@ o=

I

Far) + 2 m F(Al ), ale )| Qs

ST

=HAP)+Z[ZB ?I JKR: (s 2)
— [ =

- fwyr =[5 aA‘[ 0 ]axl(

= "

an C/ﬂ/’med, /j

[€]
The mpshof is Hhalthe funchor Homh/ﬁrlg( ) ) /21> sends a vector space \/
(viewed s a R~a erm Sym {Vi‘)) +o Vx V. (Wesaldearlier that Rpﬂ/il

“represents” tangent vectos but this i not-quikk fwie, an the notion of a fangent vector

is of a hmgemL Vf6+or/3_/u£ e Po)mL i is “afached " This information is VEPVFMEV)J‘E’O/ nol by

the smale ox\ae\Dra. h{d/iz but L‘y the dl‘agmm

e

R[Lfe —— k TT(e)=0 (6 3)



sinu the ﬁy//ow/'ng dia gratm comm ule)

T= (=)
Homing ( Sym(v1), K62 ) ———— Homppig( Sym(V¥), &)

- | S

TV=VxV \ > V
fWJeC‘HDV\

TF 15 thevefore nodurad 1o consider applymj HOW\M\\g ( R)d) 1o e invewe Jy#em

e — h[Q_J/&S > h[i}/€2 | ’%

and c/@ﬁ?/hj 7he invewe //'07/%710 be “ares” on K= 5/326 (R) We will f{ee/o goimj in thiy
direction in the next Jul k- Roucﬂn\ﬂ 5P@ahmj Joo X 15 #his IFaCe o aves.

2. Fom MFs fo [ef schemen

7

Let X be a xmgmlar scheme, e-g. X = SF€C< Cix’%ﬂ/ (22 4—3“—22)> ,
Let Xﬂ?g denole the Vﬁgulaf }Dm‘f (e-‘j- X\{O«} (n ’ﬂuexamlsh ) ond Xsmj
s wmp)evnenjr, the Jl'n{jmlar locun. We exPech Jw (X\ +o Jook ke some
dense open e Jo ( Xreg ) which is bonng , W\eeﬁng some }mLeveA#n\g 3eomew
at The “/wunc/avy” T (X sing ) where

JC J’@/X)ﬁx

maps an arc o fhe point P it pasres thiough. Indeed the theovem of Nash ciled

eqylier says we hawe an l'm/'@cﬁve map

+he excephional divisor of T~ Xeing )

[ erenhal wmponevﬁ‘rwp % § imedcible wmponeﬂﬁ}
—>
o avesslution ¥ =X



Inthe case o ADE surface singulartios X= SFQC( (E[X/%%J/F ) we knbw

erenhal Lomp onentr wp imedycible wmpone”{?
[ the ex@PﬁDna/l divisor % — of T {Xsiv\fr )
of o veaolution | —>X

12

‘{ indewemposable MFs of f}

which means we can gssociake 7 any MF & an imeducible womponent Ce of T'[Xy/ny)
in Too( X) The fint quwﬁ'oh

[&1] Giive a d/'rec/’jeomeﬁfc wnspuction of Cg

E/IOW/nj [/]M//L}KM] J?LererS mwe cqn oomJLMA(]L 74/010/\ CS /}’)O({L{/P/)ov@r W—a{gabm/)\
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