Fnslp
Fusion in L{i-models 1 (©

28 12|11~

These Je cture WO@ amﬁom QX Mini-couine on
fwsion of defecks indopofogical Landau-ainzburg (L&)
modlels delivered of the TRS in Korea in Jagn 20]6.
Broadly The subje ct matter is the theow of 2D
topolvgical freld Theovieo (TF ;) with defects, and

the example of [ models.

Yowcon frnd these nolen at www . therisingsea.org

Email corrections or comments fo

d.murfet@ unimelb.edu.au.

Motivation

Kok bomologlj ToPol@gJ"COuL Fuhaﬂa cals.

Khovanov- Rozamhy Wd‘ﬁﬁ - Ka FYOMD\/

Fusion in LG models

LG /cFT Carqueville -Runkel
Brunner-Roggenkomp
Davydov - Ros @macho — Runkel

Rep. Theow offine Lie algs. Crenevalised ow\oi@c\mj\

Here we con deAO\\\j OOMEU\\rQ /



sl
We empl’)m)’/fe fuo main themen in +heoe )ecﬁm v
o As fhe above diagram /ndicates, vavioun kinds

of inferesting constmchons can be translated info
1he J@%'ﬂg %ﬁm[om o dek& in LG mode/;/ ond

o ThisHusion is oom/pufmb/e.

utline o Lecture 1

D 2D TFTs with de;@c%f
(> Matvix factonsation:
(3 Defeckin LG wodels and Hhejr fosion

Lochne 2. Wbim%egog 5 (LalcFT, Go)

Lechure 2 The Havd Syl (e howthe code works)

/230



@ 2D TFT with C/e[ecfr @

K e[ﬁﬁ?/%%

@ I. Runkel and R. R. Suszek, Gerbe-holonomy for surfaces with defect networks, Adv. Theor. Math. Phys. 13 (2009), 1137-1219,
[arXiv:0808.1419].

o A. Davydoy, L. Kong, and I. Runkel, Field theories with defects and the centre functor, Mathematical Foundations of Quantum Field
Theory and Perturbative String Theory, [arXiv:1107.0495].

e N. Carqueville and I. Runkel, Orbifold completion of defect bicategories, [arXiv: 1210.6363]

Wehx fuwo sets D, ( phases ) and D, (domain walls
or defectwonditions ) and e paiv of funchons

~ ~

st D, —>D / :

/ / ( b X . (

e, Coured gnd ”/LMVQP/&/{ \ /
N -

o

XeD, s(x)=09,t(X)=b.

Def” The Cafego\y Sord iel][(Dz,D\) st ) = Bord haw

H)J> a’bébz ></\/€D l

s(x)=a, tx)=h
0 s(Y)=o . t(V)=a

(%)) b %X o }7 a *Xb



T

Wiovphisims elr%ﬂmpermmh%‘om (£ cecovated cireles)
ov aun (eq ui\/a/eV)(/E closs CDP_) 2D ovented Oompad‘
manifolds equipped withh oo \D onented submanifold
(the doject qreph ) with oompm%ﬁl@ labels

pefl An (onented) ZD TFT with dlefeck is a symmebic
mevoidal functor

2 Bord
I
Bord (D2, D), 1,t)

> Vectr

E)(Q/BVV)’Q . O/Qem/c(cweot 2D TFT. Fix o “Bavial" pl/\qre
© e Py ond ae D; gnd view 9.

T E— D

s()=0, txX)=2%

“lroundaw o AiToN



- (Conjechuvally ) Sigma model s (D
D, = smooth ?VO\]’ec%‘me CY vemetien

B f% A %é@k(oolm@XB)
pomplex of coherent shadives

. (Comj'ccjrmmﬂg) [ (i models

D, = Jsolated lngpev;u\/ﬂ:@ Lumgu\owiﬁeg

Vi) N ) Xei/)m;f(\/(J)’W(f))
mO\MXjCaC]LDWEO\ﬁOVL

To C{Qfm;g a TFT wifh de/F@C{j 7 we need €~9-7"DJ?)€C|—7%7

— ) éHoma(Z(@B/ Z(O))

Fv«eve% nax ﬁdz)m'jaﬁbm >< 07,0 \/’W; among malfy
othev 70@%74‘47' el. W@ec]mawﬁﬁ@ are o\fgamjed by the
bicalegony of L0 models, denoled X5




€

20 TET o defect 0 = { biakgony with o m;}
{ W/“cfh gjp/ww j?—

The vector spacen and. linear maps encoded by Hu functor

Z_ can be Ofaqlf))fed i o pivetud fofcou%goz/j with addiHonak
shuctuve, gnd it ir expecled that any “Suffici ently vice!!
bz’cajregoy arisen jn iy way (although, as far an T kiow,

e exacklis b of condifions s not kipwr),

Anyway, at least &Dmée/?ﬁ/a//y we view e bicategon) of
X8 moclels (Lecture 2.) a @V’WC//V)g e asocialed clefect 77



2 Mahix %cbwﬁaﬁ\ons !
&) Ma 5

Lot We CE]=CLx2%T be o polential
)-e. the c mﬁ(@[/%?mﬁ ok W ave irojated.

Dféw A /V)&()WXﬂCam‘UV)JOU’?Dﬂ a}p W) /5 a Z;ﬂmded
Free Cfff]»madwe Y= X'® X' with an odd
OP€VEHW d)( )("’>X such %ﬂ/t C/)< = W - i;(

0(_)<:<o c{x')
dx” O

DV Led X,V be Mfs of W.Then

(% 1
Hom(% 7 ) = Hom(x,Y) & Hom (x,7)
s A szﬁmded W/DZ@X wﬂfhdiﬁf@mm’b@( (e A%'mg{ /gy
$) = dvf - ) Fdy

M VV)]f/W)/ DG cale def%mlkmmlz MG A W
]/?V}/Vﬁ/w) = H° W’7£/W) %Omoﬁpyaa;[eﬂaw

NO#Q MF were inhodpnce d 63 Etcenbyd an a/+ & hg /m/\%ﬁym%n
Of’fvea mofwﬁ oN s over wm‘b@k’ m/ezoec/mm J’/M7M/&/Mﬁ€ﬂ



Lomma. W E(W) has . imensional HO/W—J/MM@,

Evgif oW 1x EHom (XX) W = dx-dx
Ve (W) = Dug e )dx +dx D)
Ixc (W) -Ix = 0.

S H /407”(?(/)() ;\5 aq {j C£X%QW) *W)OC&D{/ 7 ][C{,VV) Q/;{ojyél/)%b/t))j

Example » W= 2, X= C[¥]e Clx]

oA O

e W= 9=, 7= Cfe)¥e Cxr]”




<§>)>6§éc%.amdfﬁﬂﬂ0ﬂ. @

imadine Mis ac o local feh on o bordism
: 3 Pa 0eC (/Ouvv\aaAa\Po‘reV\‘\'?O-L

1 /WiﬂAwouav\a\olm.
- . /_/ —_
~ ,, ~ N
7 7
// 7 4 —
AT AT
| T /
AN ; \ %/ /
N 4/ is equiv-under 2 -
o o
i X Yk X
7 © 7
L\W”C{jf’/ﬁ) ‘/\VM:()C?) hm]@(j()
boundavy condition defedk-ackion on bourdaly cond..

defed:

Wone begins with yhe TFT Z them the fusion VX
is the £ vank N/:df jrbebavi}/}ﬂ in all cowelolow as a POty
A povallel lines labelled Y, X Lwoh;'(& fhis han a simple
mathemafical descvipfion, which we Take as primany.

Lot W(x) e [x] V[Y)€CTLY] he potentials ond

ye hnf( Clx9], N =)
Xe hmf(c=], W)

Thain (V%X) dy@/%/@d;{)\ua MFEof
C|x

Hop

]ZP'BO



Roof. (bye | +lodx ) (D

= dyz@\ 4‘\696{><L
+ ldye)(ledx) + (Ied)(dvel)
= (V-W) |y + Wl y

4 dy@dx —’CI7§9C(>(

- \/'lV@X- []

- @5
WULQ \/: C[z,yj@ X:(C[x]

J& X = @[7(/3] 2" is infinife rank puer ij

C(A] .
= C[4]" e xCl3]" e -
CEB]@“@ . @[ﬂ@” @ .- -
J _ jz : o The vemnant "
Jox o's cordbule 1's
O 0 T 0| o oo mahix
) o0 A Avgx over € [¥].
0o\ 9 0
o 0| @



BYMVW\er/ R@@ﬁeﬂkmmp (1] @
77’)\/”/94/\/ (Kl’)O\ICIV\D\/— Rozawnsky [2], Dy chevhafl-T1 [3]) @

Thove exich @ £ank MF Y X of V(y) over C[4]
and. a lf)owloﬁ)pﬂ equi valen (@

Ve X = Y& X
C (<)

Nol-e

e Tvve as Jf}’aLPOL mﬂf\,ﬁﬁi@dﬂi Caype.

o T P Mmgm(ﬁﬂd cave DVJ)V Me ovel- C[[j 7] -
But ovev Cl9] itisshll tue 7@>< Uaim_m’ma_V)Cﬁ OECM(‘-VQY)L{

MF.
Gaerdion  What s A X " e how fodescribe Ia
oo a mabix given Y, X ¢

LDEMOI

-

H%ﬂm’spoimﬁ T showed how v we Singulav o UDVY\PM/'G \

\/ *X ( https://github.com/dmurfet/mf > (N m EMMP& ‘F\/DI/\/\ QCQ‘(']‘QY/ WO\VY\QE?
~ v, - _ [o x Y= /0 0 —x Y
’ Z A . <)£ 0 ) 4 >
3 700
L Z / L5 Y 9, o
\ (2] o 3
~ Z’/ T+X = 1o oy 4
A —— § ‘j o 0 0
Y X P
4t o o




Fuvthey veading W

() BVV\VIMV/ ROﬂgeV\MW\P ”B#ype Cfe)édz/‘r\
Lamdau\—@mzbmv? models” arXiy:0707 6922.

(2] Khovanov, Qozambﬂ “Noatix factovisations and
link homo)oﬂ” ar X0V oUols 126

(3] ngz»el/% &ﬁﬁ, Muvileb ”Puwh[ng fovwad oA x
fam[\m‘mﬁom T arXsvi102.2997

(4] Cargueville, Murfet ”&gmpm'?Wj Kho\/amov—f?ozﬁms/zj
homo/ow cmai Ofefedﬁw/()m I arXivillog.|08)
(#ee for move backjwumc( onthe code ).



