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definition effusion

,
which will be interpreted as

composition oftmophismsinfg .
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�1� General fusion 0

Defy Given potentials WK )
,

VG )
,

Ulz ) and frank
matrix factorisation

YE hmf ( ¢[y,z] ,
U - V )

Xehmf ( ¢[ x , y ]
,

V - W )

there
is an C infinite rank ) MF of U - W over ¢[ x , ⇒

( Yap X
,

dyol +1 a dx )

we ante Y*X form frank MF homotopy equiv .

to Yaqui X ( again ,
it exists )

,
and call it the fusion

ofY=dX
.

We depict the situation as follows :

w×-v 't U
.

Aside

The Singular code employs a
" dual

"

language , re .

with potentials on edges and ME at vertices
,

<¥@-"@-w§

This is called a web and

Ya
X is the totally

of the web
.



( He Brunner . Roggenkamp [ D) fh§
Example Take W=xd

, V=y& and write
°

x - W - yd - xD - ¥](y . zix ) z=e2%

For any subset SE { 91 ,
. . ,d - I } we have

Ps - (
0 Elly - zix )

;FfG-7ix ) o
) hmf( yolxdj

This MF is defined in the " ,y variables B - BGGY )
butters 's { 0,1 , . . . ,d - I } wecanjustaswelldcfine

Ps ,
- Ps , ( y ,z ) C- hmflzd - yd )

.

Then one can ask about the fusion

nd €yd€ , zd
.

iodisation
...



fwd
wmm= hmffyd -

xD ) isamonoidal category .

�3�

hmf( zd - yd ) xhmffyd.

xD ) - hmflzd . xD )

( Y
,

X ) ->Y*X .

G ] [ D

theorem ( Brunner - Roggenkamp , Davydov - Ros Camacho - Runkel )
Ford odd ,

thoreisamonoidalequiraknce@p9r-AN-2.d

) . @
d

y

monoidalsubcatof

bosonilpartofthe
N=2 minimal

hmfsyyd . xD ) gen by super vertex operator algebra
Blsforswnsecutiveindios . V(N=2,d ) ,

tahethens - representations .

Pm :x⇐P{ m.mn , . . . imh }

minhtn ,2d - 4- Xvi )

Pm :x*Pn:n±TO Pmtntlntxn ) : v

v=1Xfn| step 2

^

( i.e. Suk ) . fusion rules )

+ demo 5



fwd
�2� Bicategovies �4�

Abi category 13 has

• objects a ,
b

, c
, . . .

• For each pair of objects a ,b a category

y ( a , b) - objects here are calledtmouphismx
: a b

\
andMorphis ms are called 2- maphisms

×
-

a } b=
/

. For each triple a ,b , cafuncjr ( composition )

Hb ,
c ) x 13 ( a , b) - Blqc )

( Y :b c
,

X : at b ) -> Y°× : at a

. A natural associate

2° ( Y°X ) ¥ ( ZY ) . X

. For each object a
,

a unitSa : a a and

Ds°X± X ,
Xo DE X

.



fund
This data is required to satisfy several

°

coherence conditions
.

÷amp1= �1� Categories , function ,
hat

. tans

�2� Smooth projective varieties
,

FM kernels

Defy Ltislhebicalegoiy with

• objects potentials WKP ,
VIY )

, . . .

• ltandzmorphisms karoubi completion
.

LJ ( WPD
,

Vly ) ) = hmffvly ) - WHT
. composition = fusion

ulzj -Yv(y)-×W( c)

÷X

. units omitted here for lack of time
.

:
# ( Lazaro 'm - McNamee

, Carqueville - Runkel )
Les is abicalegay . ( o



fwd
Note If 13 is a bi category Blair ) is monoidal

.

�6�

eg . Lg ( xD
,

xD ) = hmf ( yd - xD )w

Carqueville . Runkel [ J

theorem ( Carq neville -

MGHIN

Lf every
1

- morphism has

a left and right adjoint ,
and the bicategoy is pivotal .

Given al - mohshism X : W(x ) VCY ) with 1×1 , IYI
both even ,

the dual is

XV = Homan , ] ( X
,

EE 's ] ) : Vly ) WK )

Ua -> - fhklddx .

and there is a pair ofadjunctions
× - x - ×

realised by morph isms with explicit formulas

ev : XaxDw et :XOX A
wev : A -

XQXV
wet : swXGX

.

f-
formulas involve residues , super traces ,

partial derivatives of d× and divided
difference operators . In the case of
quadratic potentials everything can be s " 30
written in terms of Pauli matrices

.



fwd
Fo#k ( Disc correlate ) Q

XEHMFCWCX ) )

fQw%¥IswxeIFei

:You
i.e. apply Z

, gives a scalar

This wwdator can be represented ( and calculated ) in

Les using ( rigorously formulated ) string diagrams

Do ev

8¥a 's
'¥k#EEI%¥e

-

In string diagrams , regions are labelled with objects ,

I - dimensional data by tmopms and vertices with
2- morph isms .

Here O is a potential and so = Q
,

so

the string diagram denotes a linear map

e- so I xox tax a-s
.

- a

4



fwd
In this case the formulas for ex , wetyield

�8�

Res ,q% ( Str ( #2×
,

ldx ) .
. . Zxnldx ) ) €

Ie )
le

. the

Kopushelifovmua

.

Examine Fora potential W
, in the category LAW , W )

the monoidal unit is Sw and

Hon ( Sw
,

Dw ) ± ¢[%W - Jacw

Excite ( Quantum dimension )

Given X : WK ) VIY ) with 1×1 , IYI even we define
the left and right qnan#imn :

" " %#%@%Y,dimrxeHomtv ,
sv ) ± Jacw

1
,
,wY,€%%%

dimexe
Homlsw , sw ) ⇐ Jacv



fung
Forex ample if |y1=m then 8@

aimrx . aim "4usa⇒↳ .fm?w*.IsxjYxhYnY*nmtI#)

:
v

For more background on the formulas ( and how to

compute residues ) see [ 4 ]
.



fwd
Theorem ( Carqueville - Runkel ) If X : W V �9�

-

has dimr ( X ) invertible then

A := X*X : W W

is a separable symmetric Eobenius algebra in LSCW ,w )
and there is an equivalence

mod (A) ± hmf( V )
,

One says Visageneralisedorbifok ( GO ) of W

,and writes Wesv.

Examples ( Carqueville - Ros Camacho - Runkel )
A

de@ CWAD. ,

€7 Wbdlztl
" "

xidtxi xilktxixi
GO Go ao

C , At , ,TE6 An - E , Azq -7 EsA=X*th all cases one can wmpulelvia Singular ) that the
Fwbenius algebra A=X*X is a sum of Ps 's

. ( see (D)
e. g. for An /E6 ,

AEDG P{
,

.2
, . . . ,z ,

} )

8
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. what is the geometric / quiver explanation
for these relations

,
and the particular Ps summa nds ?

. Can we

combine

Khovanou - Rozahsky
homology ( A type ) and GO to define
BE - type knot homology ?

• Can one
" ovbifold " the Dyckevhoffkapranoy

acyclic object ?

conjecture Uni modular singularities of the
same central charge are ovbifold equivalent ( see [ D)

.

Qw : x4ty3txz2 ~ K , y
: x4z+ y 3+2-2

. the Fobenins algebras A which implement
theCasbetween ADE singularities are all sums

of Ps - type defects .
What are the structure maps ?

leg . product , copwduct )
.

This is a good example of where explicit formulas for
units and co units in Les come in handy : the product
on A  = XOX is

la eT@1

AOA = ko XOXOX -n>X@s@×=I@×/ "

given in Hums of residues
,

A

similar to KL formula .
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ADE curve singularities

intndehaoges
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