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The subject of foday’s lecture is Weiershass's approximation theovem and 17z
qenevalisation,, 1he Stone — Weievsivass theovem, uhich fell wa in pavticulor th al

any continuows £unctonon (467 (verp. s*) may be approximafed avbirnily
well by o Polywomial (rerp. a?‘vngonomefw‘c /DO/W?DWI/‘Q/)/ whichis fo say Yhot
Fo\jhomia\s give a dewse subspace of Ch([av),R) (rep. CH(J"R)).

Recall = We have associatecla spoc o funchons Ch (4L,Y) b any pairch@ bpoloyr’cal
spacen X, Y (_See Lecture I'?-) with a //'sfafgoodpwpe/ﬁ'%:

— if F:2xX=Y iscondinuom, sois Z— Ch (XY defined by 2 = Fl=z,-)

— i Xis loaally compact Hausdovff  CHs(Z2*X, V)= Ck(z,Chk(XY))
(see Theovem LI12-4 cnd Ex. LI2- 13).

— i Xis wmpa& and (Y,dy) is umetic spac Yhen Cs (%,Y) is e me pic space
with the sup metvic, andmoreoverif Vs complefeso too 13 Cis (%, )
(see Lectuve 13, 5Peu'%‘ca|lj Theovem L13-2 and Covollaw 136 ).

We hawe applied this theow 1o prove The existenw cr?goluﬁom Jo ODEs (Lecture S ),
und we observec] T’Plafﬁ)rpofymomfal ODEs the solufions could e qppmximaf@d by
Po\:jnomiods (see Remavk L13=2) Tust o our ab"(l'fy o compute effectively with

reol numbers is Pvech'cafed on R =R, 0ul/alo////y Fo wovk with funchion spaws

Ch (X, R is ofHent Pvﬂdicafecl on l'demv(ﬂ‘gmg a closs o “sinple )')Cumcﬁsz

Ac Ch(%R) with. A = Ch (X R).

T X= [ﬁ;b] and A is all Pohjmomml 'Fumcﬁom) is wouks -



©,

Theowm LI6-0 (Weierhass, 1825) Let fe Chs([av], /R).W)enﬂnemisawquem&
aﬁpol\dmomm\s Pn (%) which convergen uniformly fo £(x) on (a,b7]

Weneed ¢ *Few mﬂvech‘enﬁ be fore we are Veady fom”he Im/oo}ﬂ ( the pwd# we will
qive is not Weievshass's oviginalovie # is due fo Bevnstein, see K.Davidson

oncl /-\-Domlg ' "Rea/analgs;} with veal applications " 2002)

Exerciie L16-0  Rove thal if f—‘()(,dX) — (Y, dY) is confinuoun cmnd X is wmpac)'
Then £ is unfovmly comtinuoun | that is

\fe>0 3 57 0Vx, e X ((dul(re)<§ = dy(Fx, i, )< )

Def" Givena function £+ [0:1]— IR he nth Bevnstein ,PO((/MD/WfQ/ Ba(£) is
- k n n-k
Ba(+) = 2 f(:)(h)xh(i—x) |
k=o0

To avoid onfuwion we aclopt the convention of wv’H—ing Fas £(2) 4o
d)’sh‘y\ﬂuisl/\'{’l/m input vaniable o f from the x in Bn (£). Cleavly

Bn () islinear, so Ba(F+3)=Bn(£)+Bn(3) and B (M) =ABu(f)
for any scalar Ne R .

Levmmo LI6-"% We have for n= |

Bn (1) =1, Bn(2) ==, g“(gl),—_"‘—:—x'lJr%x‘

Root  The binomial theovem given

Bal1) = 2 e (W)= (=) = (1+(1-0)"= 1.



Nole the following iclentity of polynomials in 2, Y for nz |
ax( Zh o h)xh o k) = %< (x+9)") =V\(‘«““j)w-’
buf wmputing di Heverty , an >, (IL) (=) jn 8 wre olotain

n n—1
DB ) ™y = ()
>
mulhiplying both sides by " given

s (DEXY T = ary?T o)

SMBAH—uHr\ﬂ y= | = quren B.(2)=x. Py fhemmm'nmg l‘olemﬁﬁj) we
diffecentiate (3-1) aga with repec-fo X, obiaining

o0 1f =1
Do (D)7 R 2™ = () ™ ey
again multiplying both sides by N gives
Z;\:D(DB ‘l\‘jn"z ) S o ry) (1)
5(/\]91717“1’24']7'/13 y=1I-x giver e formula for Bn (2%). D

Procf of Theorem LI6-0 Finfwre prove the [a,b]=[0,1] cone . Let continuous
f: {0,771 — R begiven. We claim Bn(f) —> F with verpeckto d oo
Sind 7Cf5 continvow i+ 75, by Ex. L1670, uw’fovm/j continyous. Cuven
>0 lef §20 besuch that

lx-yl<§ = [0 - Fl9) | <& ¥xyeloT



Sinee [0,1] i o pack Fis bounded, say [Hx) €M fovall xe[0,1].
Claim Fovany 2,4€ (1] | £(x) - F(y)) < 21‘4(%)2* £

Proct of claim i {1~‘J|<£ then ,F(X) ’16(9)} < 8/2 5o this 1s clear.
Otnevwre it (x-417 8§ then (557) 72 | so

[e)—F) | < 2M< 27 )T+ &/ .

Now obsewe that for a constant %o € [011] ) we have an equality of polynomials in 2,

R £ -F(x)) = Bn(£) — FO=) Bn(l) = Bnl(f) — £(x).

Hena for xe [0 we have

[ Bul£) = £(x) | = 1B (£ - F(xD) |

meadm Hhis a

cleally if f{2)29(2) brallze(o 77 a {:uV\anon F2.

i Bn(£)() £ 80 (910, e 1 1< Bw

lmﬂ e cloim above —.
< Bal

B

T B ((z-%) )+ s

= 32[8“(2 — 2262 + Ao )]‘}’&/z_

= %M;[Bn(%l) ~ 2% 3n (2) + 22 Bn (1)F] 1 &/y

=?: 2L R = Do + Ao ]ﬁE/L

= 6?_[—L(x “x?) + (- ]Jr E/.L



Now substituting X = Xo, we have

| Bal#)(x0) — £ (%)

But this is e for all 2 € [O/’], So

M
deo(BalF), £) < ¥ t 552,
Tf we fuke N > M/&'L& ‘H/)evvﬁ;ra// Vl7//\.l) we hauve N/2<§1VL5€/2 and so

deo (Bu(F), £ )< 8Lt E, <€

which thoww%ﬂaf Bn(F)— Fin (Ch({0)],R), de ) This complefes the
Fvocngme e [0) (] cone. For the genem\ cove , obrewe that ¢ [0,7)— [a b |
P(x) = (b-c)x + & is a_homeomoyphism, and if £ = (2% ] — 1R is
onfinnows then 9= feod is confinuown and with Bn(£) = B‘nl‘j)oC]S_]

doe (B (£, B ) = supf [ BalPE — £ | | xe[ab] ]
— sup$ | Ba()($3) — 3(¢7x) | xele] ]
= Jup{ | Bn(9)(49) —9(y) | \76[%']J
= deo( Bn(9),9).

Hena Bn(A— [ in s ([ab], ”2) ancl moreovelrr B (£) s cleallﬁ
O\\DDl\JY\bmia\‘ 1]



Exeicve U6-I Let X be compact, (Y,dy ) ametic spa . Civen asulpsef
A< Ch(XY) the following conditions on feCls (%, \/) ave equim/enf

() feA
(i) Theveis atequenw (Q”):\zo in A wnvelfgmg .umiﬁ)vmly to f
(iit) f moy be unfform/y a/upzxoxfmcff@a’ bye/emenﬁ 074 A/
thatis, given € 2 O theve existr a€ A such that
[ F()—a() <& forall xe X.

Def™ A suboset A of abpoluaica( space X is dense iF A=X.

Nexd we tuvnto a gememlfmh‘om AL the Weievshass appvoximaﬁ'c)r\ Heorem which
will appluj +o cwtﬂ wmpa& X< \R'\/ 1he vae— l/l/eiersfrmf ﬁleoﬁm But
fival we need to talk bm‘eﬂg abour CH(X,R) as an algebm_ Recall

fhat the addition cond mulkiplication give conhinuows maps

+- RxR—R, +: RxR—RK

and henw given 4,9 €CH (X R)  (here Xisanyspaee ) we have wnfinuows maps

Fxg :
j('j : X_ﬁ%XXX—d—%ﬂ’{XR—"}l’R_ JCE—)gC(x)g(:c)

=3
2 xx X —— RXR—— x> f(x) + 9(x)

ftg: X

Heve we ave wing the dragonal A=) =(>2), and the PI/OC[(/LC" £ x G (s Ex.L12—2> )
Moveover for fixed A€ IR fhe map

> R x > N f(x)




@

is confinuoun. Let @ R*Ch(R) —> ChO4R) be (A, #) = A ”orany
ce R the wonstant function is continuows :

>{*}——C—%]R x> C

X

Uswaliﬂ we denote This function oxﬂa'm 'oy c. Nok it is alc, 1).

Exevciie LI6-2 Check that CH (X, R) with the above shucturen is a commutative
algebra (over R) for any spaa X, which isto say that

‘é . (Ch (GR), +, a) ir an ”Q—\/ecfbrjpad.

E::% - F(gh)=(£9)h frall L9, neCh(XR)

=3 14 =f1=F fovall FeCh(%R) whae 1(:)=1€R
%gj {3=9? q‘forqllf,ger(X,(R).

o | c flgrh)=Fg+ Fhfrall £, he COR).

- (MF)3=F(29) = A-f3

( Nok: occumenws o brackets above clo nof meon evaluation ). A subsel

A € Ch (%R ) is a subalgebrae if 1€ A, andwhenever §,9¢€A

we have 7C+j GA, Fﬁe/ar and AFC-PVforanﬂ }G/R . For e)(ample/
The wonstoint functions 5{’1/»2 a Juloalyebm A& CH(XIR) isomowhic fo HQ)

and moveover evey subalgelove contains $he wonstemt functions.



@

Def" A funclion £ R"— R i polynomial if theve exists afunchon N — R
(where /I\/={0,I,._,}) with the /pyo/pel/)‘yj%a]" I NeN™| F(N):FO} is fnile
and forall xe R™ (wiite N for (Ny-yNa))

N
f) = 2L F(N) @) T (x) (4.1)
NeN™
wheve T *R" =R ave the PWJ’@C/?bn maps T (2200 ) = X e denole
by Joly (IR, IR) e sef szfao[ymmia/ﬁmcﬁom R"— R.

Lemma LI6-| Evew po(ynomfa/ function f: R"— IR s wortinuows ; and %/j(/ﬁj /R)
is the smallest Juba)gebm of CH(R"R) tontaining TCu, .-, Tn . e
say that ?oly(kv’, R) is 90V)emf€cl an an algebm\ulj the ref { Ty..., 7, }

Poc The Po(gnomial fanction £ & (#1) moy be wriffen as

f = ZA F(N) T/N"" 7(-an
NeN™

wheve the /ch{uch (e9. %M =7 T, ), scalav mul%'/o/rmﬁom ancl sums
are all the algebra opemﬁbm in CH(R", R ) cwdefined above. Sma the
sef of confinuows funchions is closed u nder fhese opererions (omd the T are
@nfinuows ), £ mual be continuous . Moreover if o mba(gebm A< Ch(RYR)
wontains T Xy, 701} it mwt contain ]E/ and the sabsel 73:/3 (R"R) )
chosec under addifion, muliplicaon and scalar multiplicaton (and contains
1) wif-isa ubalgebra, implying the second claim - [J

Def™ An em[oedc{inﬂ is con l‘f\jecﬁue confinuows maop J' XY suchthot the
incuwcl continuow map X ——%J (X) is e homeomovphizm (WV\BW) (x)
ha e subspae topolegy ). Wescy j is a homeomoyphisim onto ify image -
nghlj spealeing we idemﬁfy X an a sulaspawo‘f Y via ] .



Example LI6- | iven a subs}mc@ X< 7 e inclwoion X—Y ir an embeddfmg.

Mﬂ Qiiven an embedcﬁﬂﬂ J' : X——afR_'\ ngeﬁne +he Subfpauz PO[&(X,J', TR)
of CH (X, R) 4o be the image of

inc (—)°J'
Zly (R RY < Ch (R, R) —— Chs (X, R)

that is, The fez‘af confinuows maps which ave Sreamchions”4o X of /aoly nomia |
funchions on R”, wheve ©reshiction” meaps Puecompon’ﬁon with | . Tf the
eml)edc[mj is clear from the wnlext we wrile Pofy (X, R) for }%/y(X,J'/ R) .

Exevcire L1673 Flove Polj (%), /R) is the Jmaf/wﬂuba/?ebm O}ﬂ Ct (%, 'R) Lom'ztfmfnj
tne funchions {70, .- Tae ) |

Example 116-2 Let §”= { (o) €R* | 4y*= 1§ andlet j, - 5*— R*
be the inclumion.- Lel Jz be the meonk

J'/ 2 R@ 2
St—s RF—— R

cos@ —-s/nCQ)
where R@ /s mu’#/)//‘faﬁon by (sm@ ws@ J. Since R& is o

homeomouphism this js again an ezmbeddfn\g, Then

(7F, OJ?. )(Xd) = 2050 — ysinQ
(7o ge J(xy) = xsin@ + y ws0

Sine O is fixed these ave polynomial functions of x,Y cnd 5o
Bly(§*, o, R) € Poly (52Ji,R). Since jo = R-0°Jx
T same avgument shows Poly (52, R =roly(J 2 ), R)



However infjenem' Po[y (X,j) })2) d()_u d@Pewd OVU-.‘

Example L16-3 | ef J:,ja L(0,1) —> R be Jl(oc) =x, J.(x) = x% These are
boﬂ’l evnloedc{mg:, but the ﬁAV}CﬁDh 13 : (O,I)ﬂ R lien 1
7"(5((01')) jlj }R) but not in po[y([(), 1), Jz, R ) )

Def™  We say a subalgebra A< Ch(X,R) sepaaten points ¥ whenever =,Y€ X
ave clishinct pointt theve exists f € A with £ F(9).

Lemmo LIb-2 If j:X— R" s am embeddimﬂ 'J’hen*}%ejubalgelom
Poly (X, ], RYs Ch (X, R) Jepavafe/) pofn/z :

Roc? TF x,y€ X are clishinc!, fhen for some 1< i<n wehowe T (jx) =+ T ()y),
and fo ¢ °J‘ e Aoly( X, ), R) will do. [

Example LI6-4  Consicler the embeclcling

jo Rlong = R",  j(0)=(w0,sin0)

wheve R/22z is ﬁeqwh‘enﬁa{ R by the velation A~ if A-mMe2TZ

(e Tbovial 4 ). We claim that A= Poly(R/27z, J, R) is he smalles? jubalgelom
ot Cb(R/2nz, fR> containing he sef { cos(n®),sin (n®) Jpez | By definition

A is the smallest subalgeh o containing cos®, 5100, 5o the claim o llows from

o5 (n®) = Re(e"®) =Re( [ w0 mm(p]") e A
sin(n@®) = Im/)[ﬁmcg) ‘—’/IW\([(/OJ@ 7"&1/’&7@]“) e A

u/n’na the binomial formula. (his doer n> O, but +his sufficen ) .



Lemma LI6=3  With the above notation, the elements of Poly( Rl2rz ), R)
are Pvecn';ely the funchons

N
JC(@) = (o t+ Z(QhCOJ(V\@>+‘BV\SI'H(V)@)> (7,()

for sorme Gio, Ay, an, by~ by ER | and N2 1. This collection of

funchions thevefore sep avutes Poinh of R/2mtz . we call such functions
+vi5/ot/|ome¥w‘c polynomials.

Rocf C/ea;/ly these expreasions gl‘me Functions in Poly( /R/ZIZ, J, )R)/ 5o iFsuffiws
fo puove functions o&his form compwe o subalgeba of 4 (R/zuz, R) For
fhis it is enough To obsewe that fhese Ffunctions ave closed under mulﬁph’cah“on :

sin(m)eos(nt) = ll[SI'ﬂ((mm)f)Jrn'n ((WH”)H]
sin(mb)sin (k) = Lz[wS((m'V'W) —cos((min)t) ]
s (mt) ws(nt] = z',[ws((w‘"")(‘) +eos ((MM)/‘)]_

The c(aimaloouhepamﬁng pomk s now immediate from Lemmo LI6-2 .

Theovem LI§-3 ( Stone-Weierstrass) Let X be o wompact Housdorff spac oncl
A < Cﬁ(X;fR) co Jubalge\om which Je)DarmLeA )DO)‘nf:r.'ﬂ)eVl
wehave A = Ct(X,R).

Corollawy LI6—4 Given X< R" compact we have

Poly(x RY = Ch(X, R).

P Timmediale from the theorem and Lemmo LIE-2 .



Covolla\,\j LI6=5 The %M'gonomeztvfc Po{ywom)‘qh ave dense in C/:r( /R/ZHZ/ /R)/ Q.

?olg( ’R/znz)J, R)= ch(R/2nz, )73),
oot Again, immediate from fhe theovem and. Lemma L16-3 - []

OF coune S = Rl2mz 5o 1115 aduaHj computen a clense subretof C?LJ(Ij,_/A’)/,
namely the M‘gowomefm“c Po(ynomfais’, pmwfed in tesms of. the angle ratheythan
covtesitin woordinaten.

Before poving the Sone-Weiershass theorem we peed some pueliminowy el

Lewma LIb-6 IF Xis /oca”_tj compac/— HCtMJC(O/# the ﬁ,mcﬁon_r

CE(XR)xCh(X,RY— CH(X,R), (F.9) — £+
Ch (%R)x Ch (X, R) — Ch (%, R), (£,9)— £9
R x Ch(X,R) —> ch (X,R), (A, f) — \L

ove confinudud (Ve say Cts (X, RY is aq‘opolog;fcal (R-algebin, t emphonise 1his |
In quﬁ\cular CH(%R) is a opological abelian 3wup under addition.

Poof (onsidev the map (3 dentlen cninterchamge XY = X%, )

Ax1xL
Xx Ch(X,RYxCh (X,R) — XxX xCh (X,R) xCh (X,R)

‘\( [ % b x|

RxR < X x Chs (3, R) x X xCh (%R )

EV R™ Y R

R <

+



which is conhnuows sine Xis loaally compack Hawdorf cind hena @V, r
is contnpoma - Cowz%ponc(/‘ng fo this Is Fhe continudwo map

Ch(X,R)xCh (X, R)— Ch(XR) (f9)r>f+9.
The ofher ¢clcims ave handled sim'//a/ly. a

Lerma, L1677 Let X be locally compact Hawsdor and A€ CB (% R) a
subalgelva. Then A € CH5(%X,R) iy alio a subalgebra .

Roop  Clearly L €A, 5o we have fo show A is closed undev the operaiions +, + and
scalow mulh’plfcaﬁ‘on. Suppose f,9€A but F+9 ¢ A Thenthere is
Ue ch(xR) open with £+9€U and UNA= ‘]5 But then by
Lewma L[6-6

Q =—~{(q,b)ec+x(x,n2)2 ‘ at+be U}

is opem,andmmakj%evfﬁamﬁ"nd ,D €(H(XR) open with
(f5)e CrD Q. Sine £,9€A wehave CNA+¢ and DNA+ P,
say £ CNA and g'eDNA. Tnen £+ 9'€ A and

(f,9)eCxDeQ = $'+3'e U

which wnbadics UNA=¢. Hena £+9 G/K.S/m//aa/gw%JhOW
fge A and Me A forany AeR. [

Exevcise LI6-21=  Give an allevnative FUDU‘]Q of e Lemma. in the cove wheve
Xis wmpC{C" uﬂing the d oo metnc.




M Let X beaﬁjoo/ogfca) space and fe C)J(X, lR).Wﬂ@V) /JC/ e Cfr (X, ’R)

is the OOWIPOJ/}LQ

=]
X —— R —R, = — [FE) ]

Ciiven 7[/3 € CH (X R) wedefne

Vw{n{f,y} :X—HIR) X —> VV)/'n{f(x))g(XJ}
max{ﬂ?}‘xﬂ ”3) xf——Mwax{H?Q,?(ﬂ}_

These functions qre continuows sina

minf£9% = 2(£+9—1F-3])
moxf £,9Y = s(f£+9 #1F-31 )

Exercive L16-4% FPowve that iF X ¢ /ocal(y compack Hausdor then

-]+ ch(x,RYy—> CE(X,R)
min, max = Ch(,R)x CH(x,R) — Ch (X,R)

ave all confinuow functions.

The most difficult pon/f- o] puving Stone -Weievshaus is pwving Hhad e closed
subalgelova A< CE(OGR) hos the onpev}y that [AlS A e ifFFEA
thenalo |F1€A. TOPWUE is we will use that 1-1 can be appwx[m&zfec(
by Potymomu‘m/s (Jo we use Weiershass fo pwve Jtone — Weievshows) .



Lemma L16-8 et X be aoompad'dpau). anc AE Ch [X,IR) ce closed

Jubalgelom. Tf gC,fj cA Then |f1, mm{ﬂa}) max{ f, 9} € A,

Procf Tt c(eavlj suffices 1o provethat IFle A. Given £€Ch (X R ) we kenow
£ is bouncled, sinae X iscompact. Say |fx)|s M fovall xe X Then

the function | £ | moy be writlen an

F -
X —— [-M, 1]

> R

Let pre Ch([-M,M], R) be arequence 4 Po@noml‘als convevginf}
fo |- (#hisexist by Theovem LI6-0) The funchion

(Yo F
Chk([-M,M],R) —— Ch(XR)

is (/O)’IHVH/IOM/) by Lemm& LIZ'I) CfV]G‘ sinw PV\H (/1 l/l/‘ezl/lCUV’Q
lgv\of — |F| ow n =00 . Butif forsome fFixec v we have
pn= Got @bt -+ art ™ for consfank a,€ IR hen

Pnof = Qot afr—+arf®

is an element of A . Henu (Pm ° )&)f\io s @ sequenc in AJ ond
since A is closed the limik (] also l'esin A - [T

We are now prepaved for the pwoof of the Stone - Weiershass theovem . Our pwot- will
use the Weiershoss Theorem fo pwove the move gemem’ vesult. All the pwc/ﬁr 4
Shne-Weiershass T am awave of hinge ultimately on oxpo/ymomm/ appuorimafion
of- =1, somefimes done “by hand" wong a Toylor sevies i [I-€ . This how ih own

wmplexiﬁw) and seems fo me no ecnter ﬁflanJ'l,wf pwvmg the Weiershass theovem.



Rool of Theovem LI6-3 Lot A € Ch (X, R) be a Jubalge[om which sepam/w

poinfs. Thenlby Lemma, LI6-7, A isalwa subalgebre, ond 1’7Lc/€avly
separntes pointr sine / <A sowe may assume fuwm the beginning thob
A is closed apncl our 306{} is B show A= Ch (X, IR)

Let fe CE(X, R be given : ot have fo show FeA. Given€ >0 we will

onciuuz (jéA sudh that cee(£,9) < €. his shows FEA = A . To Puoduaz

9 we fake dishinct points s, teX (iF Xisemphyor X= 1% heve is

wo%inﬂ fo plove, as Cty ( {¥) R)= IR and any subalgebm contciing the oomj'anb)
We claim heve exists £5,6 € A agreeing with  on {6,t) that is

Le (3) = F(s), foo(t) = F(8)

(
|
[
|
[
(
l

L] T
o S £ b

Sinw Asepamw) poinks there exish heA suchthat h(s)F h(E). Then
W\ecanJ’ml' oppuopuintkely “massage" h to pweluw Fs € with the denired pwpe\/)y E

F(s)— £(€)
Lt = O+ Tl - W($) ]

Moveover sinee A is asubalgebra it is clear that £5, b € A Now we conshuck
9 from the collection {ch,t _7[54: ¢ € A (e wnshuction involves for ecxch 5, £
chovsing a b, but we don't care, any 5t €A ogreeing with £ on [4€}
will do ).



The idea is fo use the F5,t o conspmct fhe requived approximation g fo f. Now,
fs,t appwximates f only near 14, E} (a0 favan we Rnow ) but

D;,ezlfr,&—f/’x > R

s confinows, so The {olloz,u,',,ﬁ tet (wheve £t appvox.’ma]re/g ]CJ‘*%"‘QV‘JT[UB s open

Use = Dit'((=o0,2)) = { xe X | $(x)-£< fr,t ()< (-“(x)m}

(
|
[
I
|

— N\ —

fhe ret Us, & i3 the wnion of these fuo open fntevuals

We want 4o Hw‘hhﬂ ﬁgeﬂ)erﬁom e £t by switching to adifferent pair (5% ')
onw we leave Us, £, anc we can ure max, min to do the ;w{}zhmﬂ. But we have

fo be careful : inthe wntext of-the alove prcture, say fii ¢! < £-€ on Us ¢, then
min{ £t fore! } is not con approximation to L on Us, tOUs\t" . The prcla 15 fv fix one
of the pomh) say 5, and compute insteac fV'/"?[rff,é, ff/f’} whrchis an
appoximation o f near s, and is at leant bounded above by £+ & on Ust UUstE"
By wompactness Finitely such min’s can awangehis fo be the cone on all # X

(shll with s fixed ), so we'll hawve an appvox/maﬁc)ﬂ hs o near s which

is alleont < £+ & evewjwhere. But then wre can Fake mox's of thege hy's

fo impose a lower bound an well.

0K, so eV'OMg]ﬂ Pv*eamlole/ letls Pezr/mm #he conshuction.



for each s € X, we compactneas of X4 find H,..., % (depending on 3 ) such +hat
Us ity .-, Us b cover X and et

l’WS C= min{f;)h Ry jfs)gr }

By Lewmo L16-€  (and henu uftimately by our polynomial approwmadivn 1o /—I)
we have hs € A~ Moveover hs(s)=F() and if xeX Then x e Us 47 for

yomej and henw
hs (x) = 1Cr,+J' (7‘) £ F=x)+ €
Also fov 2 in the open sef Vs = Ust, 0---N Uste wee have

hs (%) = min{ fs 47 () | 1€i<srf > F(=)- €

The open seks {\/5 }sc_x wver ></ cincl we may Yake afinite subrorer
Vs, .-y Vs, Then ﬂ L= max{ hs,, . lﬂsh} is by the same argmmenjr

an elementof A, and if sce X then

9(=) = W\ax{ hs (%), hsa (X)} < F=2)+ €
while there exish léjsh wth JCC—\/fj and Jo
q(x) = \’\{]’(1> 7 () - &

This shaws that doo(Q)F) < & gnd wmplf}w %e,ﬂ/wf [



The wonstuction of the appwximating polynomials Bn(F) in Weiershass )s theoveim
wan explicit (atmoughthe N we howve fo take s4 n=2 N evgures doo (Bn(fl, F)< €
clepends on d which we may nok be able o ecwily calaulate ) The Stone —Weiershass
Yheovem is less wmsﬁmm’im_) since it is nof neceffalff{y clear how o /Jz‘cle the finlle
subcovew involved, ov howo choose the h e A . However the other M@Vﬂdrewh can
be made conshuctive, inthe wow outlined 193 the foﬁowl'nj exeyclie

Exerciie LI6-3 Let X & R* be wmpacjr, F:X— R vontinuows , ek
A= Po(y (X%, IRB ancl Juppore [fGI <M Horath xe X.

(1) Compule B, (1-1) o [, 1], anexplained ot the
end of the puoof of Theovem LI6-0.

(i) Set s=(0,0) and t,=(0, 1), b2 =(92) Then
h(%4) =Y is o polynomial which sepatles botit e paiv

(5, 6) and (5,t2), and we may define (ot =f(v), ﬁ:‘ﬁ(h);’f:?f”z))

JCs,L-,(Xf‘J) = 0B — [d-ﬁj(ﬁ~ )
frrn(oy) = ¥ —i[x-2](y=2)

Compule wing (i) asequence wﬂpolvnomial—ﬁ/\mﬁom
(,onvevcding% mfﬂ{ f’r,ﬁ, WCJ)&}.

Def™ A /-opolmjicaf spad (s separable if iFeontains o countalole clene subselt

Exevcite LIb=6 Pove that if X< R"™ js (,ompac;L Phen Ch(XIR) s Jepamble/
ond henw second—wountable (+nis means thak there it o lbanis ]f
for Hnew‘opolow with ]3 o countable ret).



Exevcire L1677 Reqll fom Ex. LIZ-[l gt iF X is [oca[(ﬂ compact HourdovFL
and Y, € Y5 is agubspaw then there is gn embedding

Ch(%,Y,) —— i (%, Y2)

given loj Pm#-wmpw’h’unwifhm inclunton. 1 — Va2 . We (c\e\/\h'ﬁj
Ch ( Ya\/l> wiﬂxxasulfospa&o% Ch (Y1) vie s mop. Pove

() Tf X s wmpact and Y, €Y, isopen, Ch (X,Y,) € Clr (%Y. ) 1s open .
(i) TEY, €Y, iscloed, Chs (%) e Ch (%, VY2) s closed.

(e sy afuncfivn £ R"— R™ Poljnomial if each of the Lomporites

R"— R — R <cem

is Foljmomial, and we wilke 730\3 ( R IR™ ) cCk(R" R™ ) fov the ret of
Potgwom?a\ funchons. LCJ X— R™ v an embeddmg hen on above we define

?Oly(X)J'/ [RMS = { ]COJ EC{}(X)]RM) l F s Poly\nomial }

Exevcite LI6-& PI/DL/‘Q ‘H’)Ol[' 7@\3 (X/J‘/ [Rm> Ty dem §e IKVL C“'I (X, ]Qm)

Exerciie LI6-1  Fove that for any space X and USX open, A e X dense thal
UOA is adense subset o O, with ils subspace fopolegy .

Exerciie L16-10 Pove fhatif X< R" is (,ompacf-amd ye R™ i open then the sef o
PDlth‘WV’ra‘ funchons is dense in Clr (X, Y)) wheve we call F:X =Y
Poljl/nomic{/ if X—Y—> R is the veshiction P pol‘ymoml‘a’ Function .




z(wofed OV\ll.j for Exeveise L16-11 5 not U‘fﬁ‘cfallj
pavk-vf the coune

Theovem (Urysohm !ewwwa) Let X be o novmal space, AR d/‘{/‘oin}cfofed jubsefs
ot X. Thenthere e xists a wontinuowomap f: X — [01] such that
£(2)=0 forall ae A and £(b)= [ forall bEE.

Exercise LI6-] /kmmmg the Ufjsohn lemma, puove that if X, ave Lompact
Hamsdorﬁf Spa@) and XY — IR is confinuows then
for evew €7 O theve ave continuows functtons (for some )
Fi h €CHOURY, Gy INECH (Y R) sudnthal
doo( h, Z;fi‘jc)< ¢, where given fX—R
and 9:Y = R we wrike £9 for Hu funchion (F9)(x1) = ) g(9).

Note Thewe is for X /Dcally wmpaC/'HGtwdofﬁ—a a homeomomhzirm

Ch (X, YxZ)=CHE(WY)xCh (X 2).

Tt is not hue tnat Ch(Y%2,X) = Ci (Y, X) xC1s(Z, %) (what would a natural
mapvelahing LHS and RHS even be? T+ cloean't make rense ) But ift X, Y ave locally

wompact Hausdorff we hewe the continuouo map
X %Y % Ch (GRYx Ch(Y,R) = (Xxch(R)) < (Y ch(MR))

l eV, % @ Vy

IRxR. — R

associofed fv whicl is a conhnutows map (1t injechive il either X+ ¢ or Y 4‘-9?5)

T Ch(X,RYxCR(Y,R) — Cir(X>*Y, R)

The = xercise says : he Juba\@e\om 3ememfeol by the image o 2 isdenre, if
botin X, are compact (uis s not the same on sawing Im(E) is dense .



)

Exercie LIb-12 St S*= IR/Q_TTZ oud I = S'x Sq: withh angulav wordinaten
(O, ¥). Give an appvopviate clags of higonovmetic palynomicls

im CH (T, R) and puove Hhat your set of polynomials is dense .

Exercize L16-13 | et X be localhj (,oYV\Pa& Hausdorff) sof Vi= X D{oo}
(heve 0O dencles Cmtj’]’hin% , ® =0 will do (aH’l/\umgh it (voks muh})

onel clefine a Fopology on 7 as follows - the opensubrets of Y
@fcon‘]“amihg QO qre PVE’cir€|j the open subset of X} and.
The open subsefr of Voon‘)ufm'ng o0 ave of the form K u{eo]
where K< X s wmpad - The spac Y is called the

one - point wm!ﬁach'ﬁ‘cajﬂ“or\ g X~

(i) Rove 7V is wmpacPHausdoffﬁ and X =V is onhinuouo
(i) Povethat the one—poinf Lompactification o IR
is [iomeomovphic to ST (1ee Ex.LI2-12).

The next exercire gives the ﬁememlim#m of Stone—Weiershass fo locall ly wmlaaa[ rpaws .
Uk say A< Ct (X, R) isg nonunital mbalqebva T whenever f«jCA we have
7C.}_9 {19) Nfe A fral he R (bubnot neCme[v 1TeA) 1 Xi Iocql(y wmpacjr

Hw;db{ﬁf we say 70 X — R vanishes ahnﬁmn’y it

Ve>0 F K< X ompact Wxek ( (f)]<e )
We write Cro(X,RY € Cl (%R ) fiv the subspaw of funchions vanishing at inﬁ'nﬂy.
Exevcite LI(;’IL}* Suppore X is loca\lj tom pact Hausdorff and et A is a nonunite]

subalgebra o Cts, (% R which separater poinks and has the Pwpeﬂy‘f%af
fov evew x€ X there exish £6A with F2) FO- Then A = Cho(X,IR).




Solutiowns Jo selectec| exevcises

[l_le—o’

Suppore £ is continuoun but et uniformly , so thetforsome €20
no matter how small we make &, say & = v, thepe exichr o
pair v, Yn with Ax (70,90 ) & Y but dy (Ffxn, Fyn) Z £.
Sine X is (equemﬁ‘ql(y oompa(:f (Un)hci, han o le\/ergeyuL
subsequene Yng | with say Jng—>Y a2 k— X . We claim

X — Y also , stna

dX (Iwn)‘j) < dx(D(mk)Ejhks‘\‘Clx(V"‘k,ﬂ)
< I, + dx(Ym ,¥)

so given />0 let K be st NeZ = k7 1< and dx ($91,9) < 9;1
for B2 K then dx(qhn_/fj> < ?'[/z”'— 271 =<' Butthen s

jC i conhinuouws 7f1m1_—3 F‘j and )C‘jv,;{’—) 703 co k—300 ancl
hena (Otﬂcu'n (,w,'/\j ahiangle inequality, or thetdy is continucus )
we howe dY(#J”/z/ FVW«) — 0 an k— 0O . Butthis conhadick
the lowew boured dy(Fn, Fom)Z2 £. O



