| ecture |7 Inteqration

As vecalled in Lecture 12, the woune is shuctured intuwo pavly. The {%’m#/aa]//)

organised undev the slogan “spawan a stuge fov things " emphowisec the
following concepts:

mehic spac, fopelogical spate, symmey quoups, continuily,
conshucting new spaws fromold onea, owmpactness, Howsdorft spawa.

The se cond Par}, “spaa as a stuge fov mofion " has been orgay)ifed avound

the concept of a funicfion space . With Preard's theovem in Lecture 19 we

30%@ ﬁl"ﬂ/l[)/e of the funclamental vole such spaws play in the study o dymamfd
But something ismissing. Recall fiom Lectuve |6 fnat by fhe Stone - Weiershass

theovem the hﬂ‘gomomefw‘c po(ymommlf aveclense in C(§™ IR). Butthrs
result is not conshuctive (G\H’Iﬂoua‘n,j-ee E x. ue»s) n the sense that i-cloen

not fellw, given f: ST—R wontinuoun, a. “pvefered " coefficient an
of cos(n®) in an ap/owx[maHMg polynomial for £

Compave his +o the s ifuation for o vector V' inc vector space \V/ with
bewrs {LAL).-—/ um}, There is a unique expression d‘(? \/ 0 Z,w—_\, acwe for
a; € R, and the woefficients ave "vead off" by the lineav functionalks
uX e\ whichrend v o U (V) =ac. There funchionals fell un

“how much" e v is in the direction u, -

We know CFs (S5 R) is an IR - vectorspac, anclit is not clifficul f o

show Fhat {ws(nca)} S/'n(h@)}nz\ uilY isa (/'/)em/j /'mdepenc(enf

sekin this vecbr_rpau (fee Ex. LI6-2 and LIT-1below). Soitis natuval

o ook is tisa baais for the (infinite ~cimensional ) vector space Chy (3% IR)?
One might fhen thinh a dual bants ws(“@\Kwuld pwoduce the desived coeflicient aw .




However, this is fav too viaive = the M\cjonomefm‘c polywovnfals do net span Ch(Jd} R)

cnd even i\tﬂnetj did, inthe infinite -dimensional case we do nok haveo duol basrs.

Too bad [ We seem v lack some loan'c conceptual frameworla for working tonshuctively in
infinile —limengional vechor spaces of this Rincl. The appme‘aLefrumewoﬂz/ whose
study will occupy ug for #he vemarncler of the semester, is HilberFspac  ancl the
Hilbevi space shucture on Cts (51, IR) (ov rather a suitoble veplacement denoked ('S )
is devivec] fom the mjregml .

Intoday's lectuve we develop integuails in the context of function spawn, whicl

will lead un to L* spaws, whose shucture we will axiomifise nexk lecture wolng
the notion of a HilberF spaq.

Exevcise LI7-1 With 5 R/ZTZ plove the ,re%{wfln@) Jm(ﬂ@)}h?, U{i}
i< "'neaﬂg mdepemdt’-l/lf m Ch (S ) IR) [sothe exprenions
ec("’(?-l)zf Lecfuve 16 amumiqma)_ Tn Pc./}—,*cu[qr this shows
that Cks (Si, R is infinilke—climendsional.

cos (®)

Exevcie L17-2 Rove € e C%(Si/ 'P\) is not i the linear Span ot the

lfneav/\j mdepenciem se} onsidered jn the previows exevcile.

Def™ An m}eqm| pair (X, §)is awmpact Hausclorff spaw X
ht‘jei/l/ler(MWLa.«mecﬁDh j Ct (X, R) — IR which s inear

and continuows, and satisfies for all £e CH(X,R) -

| Towheve OC7/OW)QOH’137[Uf
(1) Tf F7 0 tnen I3C7/O) and all x e X f(x) 7 0

(i) if £72O then f)t O ‘{—omdon IF)C O.



Lemma LI7-0 Fora< b the Riemann Mfegml /[a,b? ceh([ab],R) — IR
7(\/‘% an /'nfec]m[ PCHT ([a/'o7} I[albj )

Root As wual CH(La5TR) han the compact-open fopolvgy (and metc d oo )}

see Tutoral & for aveminder on clefinitions. For l;’neam’hj ree. T-Tao ‘(/“rmlgm "

Theovem 11.4.1 (), (%) (gnelition () is immedictke from the definitrons.

For (i) suppole f[%b—] )C =0 and that f(x) > O. Then f—|( ( £F(x2), 00)>
Is an open meigh bovhoodl of Xo, which contains ¢ clored fm%ewai, s

xoe [c,d] e F((5F0),)) € [ab] (c+d)

Then P= {):q)c_) [C) Gl], (d, l"—.,):( s apavﬁﬁ'on ancl The funckion

0 xe fa,c)
3(")=§ L) e lod]
0 x€ (d, b7

s plec-wise constent u #aveapect-fo P henw stne 29 we have
Jair f = itwf 7 peJiand = (d=e) 56<) > O
which is awonbadichivn . Hene f= 0, paving (i),

Lemma LIT-1 TF (% ..” (s an J'mLegm| ponv Fhen for 75,3 e Ch(x,R)

(1 7Cé q ij]l’e/) J]C < fg C£< 9 meoms £(x) £90<) forall xe X
() [{$1< JIFI
(‘I|> j : C‘I’S(X)\R) %JP\ 1S MVI)hﬁzVVY'I!j Don'/‘?\VN/lO(/{A.



Po (i) If f<9 then 9—F70 o Jg-[f =J(s-F)>o0.
(i) Let Dedn-] besuchtnatr AJF = O Thew A < [Fl
[JE[ =2 F -T2 <[00l
(ii1) Tmmecliate from

T3 -Ta = 10G-9) [ = [If-3] < fdulfia) = V- dwlfo)

wheve \/:fj—- ]

Exercie LIT-3  Give a continuons [near f not equal fo the f[n.\:] of- Lemma L17-0
for whch (fqrﬂ, f) Is also an /ni‘egm/pafr.

Rewall that by the adjunction Pvapev{y (Theovem LI2-4) for XY lgca([j compack
Hausdorff we have o homeomowhism (Ex. LI2-13 )

’\_‘EX,\/,Z

Ch(XxY, 2) —— Ck (X, ch(Y,2)), (4.1)

F > { = F(x) ]

We can wse this to define fhe M ot in’re@rql pcirs- However, vn on:fer%opwvefha/‘
thedefinifion is inclependent of the ordev of X, Y we will howe 1o use Ex. LIE=I1 which

in twn depends on Uryrohn's femma. (which we have mof/abouew). T will provicle cc

Pmafi of this lemmo. at the end of +he remestev, but for the imoment T w/’/!J'uw}-

tontinue fp f/ctj exPh‘ciHy which verulfs clepencl on it. Tnawny cowe, the inclependenc

is aliwo a conrequence of Fubini's theovem when X) Y ave of the form ?)‘WJVL
in Lemma LI7-0.



Def™ A hpo/ogz'(al R-vector space is o vector spac \/ together with OLfonlOgﬂ
on the undevlying sefof V. such that the shuctural maps

\/x\/%\/) |RX\/—‘>\/

(v,w) — Vvtw (A, V) F AV

ave all continuown. A 477!90(03;'(@) vector space is in pavﬁ‘cular a %po(og rcal guoup .

Exevcise LI7-4  Fove thal iF X is [uca\\g wmpacf Howsdorff omd \/ v ahpo[ogical vector
space hat C‘\':(X,\/) with the wmpacl‘—ope\n topslogy and the Fomfwire

oPemﬁom (coon p-©,@ A Lechuve lé> s ctopological R-vector space.
( Hint '-J'W\f wpy he Pwo’f o-ﬂ Lemwmar le—é) .

L emmaor LI7-1 Let (X; fx)) (\//fy) be fnfegm’lba’”-ﬂ/)e“ (X)(V) fx*\/) Ay

OMinJregml pair, called f%e/owdud integred paiv wheve Jxxy 1

defined 50 antv make the diagrum below commute

J,xf‘/

Ck(X*YR) —-— - - - - — -5 R
Yoy | = /[J'x (r1)
Ch (X, T (%,R)) j’ Ch (X, R)

yo—

Assuming fhe Urysohn lemmo. Jfl/\eqfollowrng dragam also commutkes

Iy

be Y X=Xy Ch ( Xx\/) ]RB > R
vs ﬂurmew\mP N
(om)rs (09) (-)e3 In (r. 2)
Ch (Y% X, IR) Jy
'\f\/,x)\(k L'—J
Ch (Y, Ch(XRY) > CEs (VR)

S»k"—



PUOU%Q The spaw X* Y is (,ompadld\ausdovffl(ng Lemma LIO-2, | emmo LU=
Let wn fint unpack the definition of fx%‘/ Given F: X=Y — IR

Ck ( X Y\/) ]R ) F Méfmalb
* |
Ch(x, Cb(Y,R)) ¥(F) % —> Flz,-)
J{ fy=06)
Ch(%R) Lot (F) x> JFOendy
|5
R INGSTG) T Jy Elx)dlydx

As awm,awiﬁe tﬂ@ Coninuowy maps ({wl'nj Lemma [2-] for f\/"(\)) Fisclear
fxx\/ s conhnuown. Bj Exevcite LI7-4 qll spaces involved ave hpoloan’cal

vectorspaws . The map Yy, v, R is ITnear sine

Yoy F Q) = (Fra)xy)
= F(xy) TG(%Y)
= Yoy, (B)IW) t Pyar (C)(Y)
= [ ¥y, R(FIE) + ¥y, m(6)0) ](v)
= [(¥xrr(F) + Yry,r(a) 1 1()

which pLoves ¥ v m (l;w‘-C\) Yy, v,r (F ) er_fx,y,na(c) S;‘mi/avly

one checlks that ¥y, iR(—A):) =N\ ¥xV, R (F). T%ema/o fy"(—) is also

linear, since [ Jy° (F+9)]0) = Sy (#63+309) = [, (#s0) # Jy (902))

and f)'mf(avlj Sy () =2 f\/ °f. Soon acolmpon'k o‘f//meavma/)r, jxw\/ s (Imear.



T vemains fo check the axioms for an integral paiv:

({) T F 2 O then for xce X the funchion F(x-): ¥V > IR Vlom~Vl€L:/]Ot+7'W/
So $I'n fy s an mfegml pair fy F(-) 20. Henw x1— jy RESD.
is amowfvwfjah‘\re funchion, which han now—nef‘/aﬁw mire_gm( Jxny F.

(i) Suppore F> O and Sy F = 0. Tat means that the function
Fy i X— (R defined by F (x) ':fy F(2,=) hon [x Fy =0,
By i axioms fou fx we dedue Fy = O . Bukthen for xce X
[y F(2,-)= O yelds F(x=)=0 andhena F=O.

Assuming Urysohn , we have fo show the fwo ways avound (1.2) gre equal
a confinuoun [Tnear maps

Chx+Y, R) ——> R

But bg Lemme L17-2 below it suffien fo showo ﬂ')e(j agree on o clense subsel A £
Ch(X*Y,R). Butas o consequen of Stone-Weiershass (Ex.LI6-1)we

know a convenient clense subsel; namely the set of all frnite sums oF procucts
o funchions F:X— R and ?;‘7’_3@/ )e.

A= {3.49: | feeCorm),9:€ch(4R) |,

Sina the fuo wagrawund (I=2) ave [yneav, 1oshow they agree on A

'} mﬁﬁiuz/) 1o show H/le9 agree on a:/‘ng)e 3@9 with f: X— IR, 9" Y =R .
Butthen both wowjs avound are eanily cheched 1o send F = 9 fo the procluck
(fx)‘:)‘(fﬂ ) sowe ave done . []



@

Lewma L17-2 IF £,9 : X — Y are wntinuoms mops of topolugical spoaws,
witih ¥ Hausdotff | and A € X s clense then fla=3la

implies f = 9.

Pocd  (Consider the oomﬁnuou/)map (4(‘32(11"))

X 2 XX s Yy

sine Y is Hausdoﬁff ﬂ/\iclt‘agonal A= {(%‘ﬁ) lye ) V%Y i« C(U/PC{}
ancl ik preimage undev the above map { xe X k F(x) = ?(X\} s
theve fore closed in Y. Henw if A< X isdense and Fla =914 then
A< x| #(x)=90)F and thevefore x| Fx)=91:)% = X.

The outwwie of Lemma LT~ is es;emh‘al(g Fubinils theovem = we may interchanye
Yhe ovder of integrals, sovoughly speaking  (voughly beawuse oy, “dy"
howe ok enlkered our notation )

L fx FOsdxdy = 57@/ Flry) = jx y\/ F(ny) dydx

Excample Li7—1 (ombining Lemma LIT-0, LI7 =1 we have an integral paiv

( J_—qt/[m]x. - X [Qm/bh7, f[Qu"'"] f[a:,\aij f{‘qv\,»m] )

for any collection of intevvals.

We leaimed in Lecture 7 afew othev ways of conshuching spac : disjoint
unions and quotients (anct pushouds, which weve a combinadion of the fuo ).

T+ s natural o extend these opelrations fo fn’regml pairs.



E xevcire LIT-S (i) Pove that if V, V' e fopolegical [R-vector spaw o is V>V

with the produck fopology ancl the wsual epermtions.

(i) Let X, be loca[(g rompack Mewsdorff and V' o +opo(o@|‘c0bl
R-vector space - Fove that the bijection

Ch(XwY, \/) . Ch(x,\/)%chw,\/)

F — (F‘x, Fl\/)

of ExLT-6 is a [inear homeomovphisr (thalri, an ispmoyphisim
JﬁJroPolog[(a\ ve ctor SPC{(!Z/)>. Hemgjoucwe wing Ex. LI7-4 ancl (1).
(22 olso Ex. LII-T and Lemma LIo-5). (Hint: you might like to

fial prove (X wy)xz=s(Xx2)u(yxz). )

Lemma L\7-3  Let (%, Ix), (1, Jy ) be mfegm’pam‘ Then (XLY, fxuvy )

s anintegvzl pair where Jxuy is clefinec so onfo make

he clfagmm below ommute «

YXJY
Ct(XuY,R) —-—----—> R
Ex\7-§ | = /[-f—
Cts (x,R)xCh(¥,R) > R xR
x Uy

Poot  The spac. XY is compact Hausclorff by Lemma LIO-S, Levnma. LiI-{
The map is confinuows and linear an a composite of Lontinuow linear maps
(wing E x. LIT-5 ). Theaxioms of an [n%egmlpairam immecliate 51
i FXLY =R fhen FZOiff. Flx> O and Fly7 0 . ]



Lewma LT Let (X, Jx) be an integral pairand ~ an equivalene velation
on X such that X/~ is Fausdovfl. Then (X ~, J’X,M ) isan

integval pair whee fx/~ is the wimposile (p is the quohentmop )

(Heop Ix

Ct(¥~,R) Ch (%R ) > R

Roof Thewmpoai’rc is Lonfilnuowo and lineav (and X is compact bg Lemmar L1O fl)_
If £20 fhen £ O and hene [y f = [« ()7 0. Tf £ 720

and O :fx/«:]c =fx(lé°/°) then 7£°/O:~O ancl hepa £ =0 .07

Example LI7-2 We clefine ( S l/ Lt ) = ( e ZH]/’“/ f[o,l‘{t—] ) ) where 0 ~2TC.

Note thaton Exercise LI17-3 shows, o spaw can be eqw’pped witih many
integrals, and for insrance waing the dlefinition L[0,7]/~ would
incluw o diffevent in’regml on &% (We chogre [2 2T [ 4o that

fsﬂ_ 1 = 27,

OF coune we ave freatp we o di Hevent model of Si/ say 'R/?—”K/Z, but while
there spaws ave homepmoyohic if we want fo “mnove" J52 4o bedefinecl on
Rl27Z we haweto stmmeomovpmm P §'— Rienz e

mean and then we would obtainan integral pair from

(o g Ja
Ck(Ranz, RY—— Ch(s R)—>R.

/]nywag, the pof is that while we can swikch awand behween Rlanz, fO/UT]/N)
YO)‘]/N) {(1,‘1) )?m"flc\} on S_PCI_(!Z/)_ we mwmt be moye ccw‘efml an )'nfequql'paﬂq .




Exavnple L17-3 Let X bea finike CW —complex with pv&)emmﬁon
Xo, X,y Knat, Yn = X For j> | choore alhomeomouphism

’\P, . f-l/ l-‘\‘) — DJ (Tl/le\j—d\'.vk) This ts ot e usual
J R iemann '\V\Pza\ralon
Yie divk |

ancl we make (D)’/ jnj) an in*egral pair wing Vj and /}o){]\)"
We make Xo=11,.-,r} an integrzl poivr withe (cf. ExLI2-T)

CH(Xo,R) YR, fr— =i, f(¢)

Ten by incluction anc Lemmos LI7-3, LIT—=4 we obtain o
continuous linear map I s (X, 8 ) ison infegral patr. Thrs
will c{epemclonmecl/[oicwf pmemf‘ah‘owancl ot the “6‘, butwe

can at leant choore = 1 camomfca\l\uj.

J

Exevtiie LIT-6 Lot (& be c finileunoriented 9raph and X(G) Ye associaked
CW-complex (Ex.L7-4). Compute vaCCt) 1.

Lemma L17-5 TF (X, [) isanintegral pair then di(£9) = fh“”‘j |
C\eﬁvw) a (me{y{c on C (X;\R)‘

Roo? (M) Sine 1f-9]Z70 wehave df(f,‘ﬁ) 7 0.
(M2) T 4/ (£,9)=0 fhenby axiom (it) of aninkegeal pair [F=91=0
and henw £ =3.
(F’l?>> Cleavltj d[p s stijwe%”O
(M4) Since [F=g1+1g=n1 7 [€ =] by fratianyle mequality m IR
we howe by Lemmor L\7=\ (i) Hhat I|P—g\ + 5\3_\,\[ > Jﬁ\,ﬂ_\,\l
ond henc the hiongle mequc«\‘\\mj holds.



SO[WHDV]S JrD se]ecfeo\ exevcises

|Ll7—l | \SMPPO{Q A, T Zy\:|(qv\ COS(V‘@) 1’[’”‘8””(”@) ) =0 an ﬁAVlCHOMJK
Then cifffevemh‘aﬁnfj Uie(ds

Z,:, (—nan sin(nO) + nhy\w;(nO)) = 0.

Zﬂ,:,(—miam(m(n@) —n*basin(nB))= 0O

Se{'HV\g O =0 n ok Yhese eq uotions gr elcls

anl V\hn= O
ZN V\Qam: O

n=|\

S n3b,=0

CoHa’n'm_:J evew second equod—iuv\ qives The matvix eq N

L 2 - - " N lO]

2 2 N’)‘

= 2 ‘, - 0
|IV 1[*/ o NN L)IU

But this is o Vandevmonde mahix whore detevminaant is nonzew, so we wunclude
oy =0 for |2 c<N. Similady =0 for [SCEN and then alie @0 = © - [7



