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History of derivatives in logic

• Leibniz’s stepped reckoner (1670s) 

• Babbage’s difference engine (1830s) 

• Circuits and 2nd order differential equations 

• Automatic differentiation of real-valued programs 

• Ehrhard-Regnier’s differential lambda calculus (2003) 

• Differential linear logic
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History: Leibniz’s stepped reckoner

After a full rotation of the drum, the shaft rotates by nk

✓  

n = 3

� = nk
�✓

2⇡

(if we halve the rotation caused by each tooth, while doubling the number)

�✓ = 0,⇡, 2⇡, . . .



History: Leibniz’s stepped reckoner
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History: Leibniz’s stepped reckoner
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numerals matching the denotational 
semantics in vector spaces

 



Derivatives in the syntax
• Differential linear logic adds a new deduction rule, 

which produces the derivative of a proof in a 
direction specified by a new (linear) hypothesis.

�, !A,� ` B
(Cocontraction): coctr

�, !A, !A,� ` B

�, !A,� ` B
(Coeakening): coweak

�,� ` B

together with new cut-elimination rules [6, §1.4.3].
Definition 2.10.Given a proof ⇡ of !A ` B in linear logic, the derivative @⇡ is the proof

⇡
...

!A ` B
coctr

!A, !A ` B
coder

!A,A ` B

(12)

whose denotation is, by our earlier remark, the composite

!JAK ⌦ JAK D // !JAK J⇡K
// JBK . (13)

Remark 2.11.Given ⇡ as above we have the function [26, Definition 5.10]

J⇡K
nl

: JAK �! JBK , P 7�! J⇡K|;i
P

, (14)

and for P, ⌫ 2 JAK we interpret the vector

J⇡KD(|;i
P

⌦ ⌫) = J⇡K|⌫i
P

2 JBK (15)

as the derivative of J⇡K
nl

at the point P in the direction of ⌫. Here we implicitly identify
JAK with the tangent space T

P

JAK and JBK with the tangent space TJ⇡Knl(P )

JBK. This
interpretation is justified by the following elaboration of the remarks in the Introduction.

Let prom(⇡) denote the proof which is the promotion of ⇡, which has for its denotation
the unique morphism of coalgebras Jprom(⇡)K : !JAK �! !JBK with d � Jprom(⇡)K = J⇡K.
Let  : (k["]/"2)⇤ �! !JAK be the morphism of coalgebras as in (27) corresponding to the
tangent vector ⌫ at a point P 2 JAK. Then the morphism of coalgebras

Jprom(⇡)K � : (k["]/"2)⇤ �! !JBK (16)

has the following values, writing Q = J⇡K
nl

(P ), we have by [25, Theorem 2.22]

Jprom(⇡)K (1) = Jprom(⇡)K|;i
P

= |;i
Q

,

Jprom(⇡)K ("⇤) = Jprom(⇡)K|⌫i
P

=
�

�

�

J⇡K|⌫i
P

E

Q

.

Under the bijection of Section A.1 the morphism of coalgebras (16) therefore corresponds
to the tangent vector J⇡K|⌫i

P

2 JBK at Q.
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diff
(a1, a2) �! lim

h!0

⇡(a1 + ha2)� ⇡(a1)

h

• In the best formulation diff is derived from 
codereliction, cocontraction and coweakening.

(this is meaningless)



More precisely, let us define a pre-proof to be a rooted tree whose edges are labelled
with sequents. In order to follow the logical ordering, the tree is presented with its root
vertex (the sequent to be proven) at the bottom of the page, and we orient edges towards
the root (so downwards). The labels on incoming edges at a vertex are called hypotheses
and on the outgoing edge the conclusion. For example consider the following tree, and its
equivalent presentation in sequent calculus notation:

� ` A � ` B

�,� ` A⌦ B

� ` A � ` B

�,� ` A⌦ B

Leaves are presented in the sequent calculus notation with an empty numerator.

Definition 4.1.A proof is a pre-proof together with a compatible labelling of vertices by
deduction rules. The list of deduction rules is given in the first column of (4.2) – (4.14).
A labelling is compatible if at each vertex, the sequents labelling the incident edges match
the format displayed in the deduction rule.

In all deduction rules, the sets � and�may be empty and, in particular, the promotion
rule may be used with an empty premise. In the promotion rule, !� stands for a list of
formulas each of which is preceeded by an exponential modality, for example !A1, . . . , !An

.
The diagrams on the right are string diagrams and should be ignored until Section 5. In
particular they are not the trees associated to proofs.

(Axiom):
A ` A

A

A

(4.2)

�, A,B,� ` C

(Exchange):
�, B,A,� ` C

� AB �

C

(4.3)
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� ` A �0
, A,� ` B

(Cut): cut
�0

,�,� ` B

B

� ��0

A (4.4)

� ` A � ` B(Right ⌦): ⌦-R
�,� ` A⌦ B

A B

� �

(4.5)

�, A,B,� ` C

(Left ⌦): ⌦-L
�, A⌦ B,� ` C

� A⌦ B �

C

(4.6)

A,� ` B

(Right (): ( R

� ` A ( B

A ( B

�

A

B

(4.7)

9

� ` A �0
, A,� ` B

(Cut): cut
�0

,�,� ` B

B

� ��0

A (4.4)

� ` A � ` B(Right ⌦): ⌦-R
�,� ` A⌦ B

A B

� �

(4.5)

�, A,B,� ` C

(Left ⌦): ⌦-L
�, A⌦ B,� ` C

� A⌦ B �

C

(4.6)

A,� ` B

(Right (): ( R

� ` A ( B

A ( B

�

A

B

(4.7)
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� ` A �0
, A,� ` B

(Cut): cut
�0

,�,� ` B

B

� ��0

A (4.4)

� ` A � ` B(Right ⌦): ⌦-R
�,� ` A⌦ B

A B

� �

(4.5)

�, A,B,� ` C

(Left ⌦): ⌦-L
�, A⌦ B,� ` C

� A⌦ B �

C

(4.6)

A,� ` B

(Right (): ( R

� ` A ( B

A ( B

�

A

B

(4.7)
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� ` A �0
, A,� ` B

(Cut): cut
�0

,�,� ` B

B

� ��0

A (4.4)

� ` A � ` B(Right ⌦): ⌦-R
�,� ` A⌦ B

A B

� �

(4.5)

�, A,B,� ` C

(Left ⌦): ⌦-L
�, A⌦ B,� ` C

� A⌦ B �

C

(4.6)

A,� ` B

(Right (): ( R

� ` A ( B

A ( B

�

A

B

(4.7)
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� ` A �0
, B,� ` C

(Left (): ( L

�0
,�, A ( B,� ` C

C

��0 � A ( B

B

A (4.8)

!� ` A(Promotion): prom
!� `!A

!A

!�

A

(4.9)

�, A,� ` B

(Dereliction): der
�, !A,� ` B

B

� �!A

A (4.10)

�, !A, !A,� ` B

(Contraction): ctr
�, !A,� ` B

B

� �!A

(4.11)

10

� ` A �0
, B,� ` C

(Left (): ( L

�0
,�, A ( B,� ` C

C

��0 � A ( B

B

A (4.8)

!� ` A(Promotion): prom
!� `!A

!A

!�

A

(4.9)

�, A,� ` B

(Dereliction): der
�, !A,� ` B

B

� �!A

A (4.10)

�, !A, !A,� ` B

(Contraction): ctr
�, !A,� ` B

B

� �!A

(4.11)

10

Deduction rules for (intuitionistic, first-order) linear logic

� ` A �0
, B,� ` C

(Left (): ( L

�0
,�, A ( B,� ` C

C

��0 � A ( B

B

A (4.8)

!� ` A(Promotion): prom
!� `!A

!A

!�

A

(4.9)

�, A,� ` B

(Dereliction): der
�, !A,� ` B

B

� �!A

A (4.10)

�, !A, !A,� ` B

(Contraction): ctr
�, !A,� ` B

B

� �!A

(4.11)

10

� ` A �0
, B,� ` C

(Left (): ( L

�0
,�, A ( B,� ` C

C

��0 � A ( B

B

A (4.8)

!� ` A(Promotion): prom
!� `!A

!A

!�

A

(4.9)

�, A,� ` B

(Dereliction): der
�, !A,� ` B

B

� �!A

A (4.10)

�, !A, !A,� ` B

(Contraction): ctr
�, !A,� ` B

B

� �!A

(4.11)

10

�,� ` B

(Weakening): weak
�, !A,� ` B

B

� �!A

(4.12)

�,� ` A

(Left 1): 1-L
�, 1,� ` A

B

� �1

(4.13)

(Right 1): 1-R
` 1

1

1
(4.14)

Example 4.2.For any formula A let 2
A

denote the proof (2.4) from Section 2, which we
repeat here for the reader’s convenience:

A ` A

A ` A A ` A ( L

A,A ( A ` A

( L

A,A ( A,A ( A ` A

( R

A ( A,A ( A ` A ( A

der
!(A ( A), A ( A ` A ( A

der
!(A ( A), !(A ( A) ` A (

ctr
!(A ( A) ` A ( A

( R

` int
A

(4.15)

We also write 2
A

for the proof of !(A ( A) ` A ( A obtained by reading the above proof
up to the penultimate line. For each integer n � 0 there is a proof n

A

of int
A

constructed
along similar lines, see [22, §5.3.2] and [15, §3.1].

In what sense is this proof an avatar of the number 2? In the context of the �-calculus
we appreciated the relationship between the term T and the number 2 only after we saw
how T interacted with other terms M by forming the function application (T M) and
then finding a normal form with respect to �-equivalence.

The analogue of function application in linear logic is the cut rule. The analogue of
�-equivalence is an equivalence relation on the set of proofs of any sequent, which we write

11
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We match each copy of !(A ⊸ A) on the left with the corresponding position in S, and
using a series of contractions we identify all copies corresponding to a position in which
0 appears in S, and likewise all copies corresponding to positions with a 1. After these
contractions, there will be two copies of !(A ⊸ A) on the left (the first being by convention
the remnant of all the 0-associated copies) unless S contains only 0’s or only 1’s. In this
case we use further a weakening rule to introduce the “missing” !(A ⊸ A), giving finally
the desired proof SA:

compl
A

...
(A ⊸ A)l ⊢ A ⊸ A

n× der

!(A ⊸ A)l ⊢ A ⊸ A
ctr and possibly weak

!(A ⊸ A), !(A ⊸ A) ⊢ A ⊸ A
2× ⊸ R

⊢ bintA

In the final right ⊸ R introduction rules, the second copy of !(A ⊸ A) (associated with
the 1’s in S) is moved across the turnstile first. If S is the empty sequence, then l = 0
and the proof is a pair of weakenings on the left followed by the ⊸ R introduction rules.

For the rest of this section A is fixed and we write S for SA.

Example 3.10.The proof 001 is

A ⊢ A

A ⊢ A
A ⊢ A A ⊢ A ⊸ L
A,A ⊸ A ⊢ A

⊸ L
A,A ⊸ A,A ⊸ A ⊢ A

⊸ L
A,A ⊸ A,A ⊸ A,A ⊸ A ⊢ A

⊸ R
A ⊸ A,A ⊸ A,A ⊸ A ⊢ A ⊸ A

3× der
!(A ⊸ A), !(A ⊸ A), !(A ⊸ A) ⊢ A ⊸ A

ctr
!(A ⊸ A), !(A ⊸ A) ⊢ A ⊸ A

2× ⊸ R
⊢ bintA

where the colouring indicates which copies of !(A ⊸ A) are contracted. Using (18),

!001"
!
|∅〉γ ⊗ |∅〉δ

"
= !comp3

A
"
!
|∅〉γ ⊗ |∅〉γ ⊗ |∅〉δ

"
= δ ◦ γ ◦ γ . (21)

Generalising the calculation of Section 3.1 we now describe the derivatives of binary
integers. The general formula computes, for S ∈ {0, 1}∗, the linear operator

!S"
!
|α1, . . . ,αr〉γ ⊗ |β1, . . . , βs〉δ

"
∈ Endk(V ) .

Informally, this operator is described by inserting γ for 0 and δ for 1 in (the reversal of)
S, and then summing over all ways of replacing r of the γ’s in this composite with αi’s,
and t of the δ’s with βj’s. Let Inj(P,Q) denote the set of injective functions P −→ Q,
and write [s] = {1, . . . , s}.
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More precisely, let us define a pre-proof to be a rooted tree whose edges are labelled
with sequents. In order to follow the logical ordering, the tree is presented with its root
vertex (the sequent to be proven) at the bottom of the page, and we orient edges towards
the root (so downwards). The labels on incoming edges at a vertex are called hypotheses
and on the outgoing edge the conclusion. For example consider the following tree, and its
equivalent presentation in sequent calculus notation:

� ` A � ` B

�,� ` A⌦ B

� ` A � ` B

�,� ` A⌦ B

Leaves are presented in the sequent calculus notation with an empty numerator.

Definition 4.1.A proof is a pre-proof together with a compatible labelling of vertices by
deduction rules. The list of deduction rules is given in the first column of (4.2) – (4.14).
A labelling is compatible if at each vertex, the sequents labelling the incident edges match
the format displayed in the deduction rule.

In all deduction rules, the sets � and�may be empty and, in particular, the promotion
rule may be used with an empty premise. In the promotion rule, !� stands for a list of
formulas each of which is preceeded by an exponential modality, for example !A1, . . . , !An

.
The diagrams on the right are string diagrams and should be ignored until Section 5. In
particular they are not the trees associated to proofs.

(Axiom):
A ` A

A

A

(4.2)

�, A,B,� ` C

(Exchange):
�, B,A,� ` C

� AB �

C

(4.3)

8

� ` A �0
, A,� ` B

(Cut): cut
�0

,�,� ` B

B

� ��0

A (4.4)

� ` A � ` B(Right ⌦): ⌦-R
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A B

� �
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(Left ⌦): ⌦-L
�, A⌦ B,� ` C

� A⌦ B �

C

(4.6)

A,� ` B

(Right (): ( R

� ` A ( B

A ( B

�

A

B

(4.7)

9

� ` A �0
, A,� ` B

(Cut): cut
�0

,�,� ` B

B

� ��0

A (4.4)

� ` A � ` B(Right ⌦): ⌦-R
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A B

� �

(4.5)
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(Left ⌦): ⌦-L
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C
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(Right (): ( R

� ` A ( B

A ( B

�
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(4.7)

9

� ` A �0
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B

� ��0

A (4.4)

� ` A � ` B(Right ⌦): ⌦-R
�,� ` A⌦ B

A B

� �

(4.5)

�, A,B,� ` C

(Left ⌦): ⌦-L
�, A⌦ B,� ` C

� A⌦ B �

C

(4.6)

A,� ` B

(Right (): ( R

� ` A ( B

A ( B

�

A

B

(4.7)

9

� ` A �0
, A,� ` B

(Cut): cut
�0

,�,� ` B

B

� ��0

A (4.4)

� ` A � ` B(Right ⌦): ⌦-R
�,� ` A⌦ B

A B

� �

(4.5)

�, A,B,� ` C

(Left ⌦): ⌦-L
�, A⌦ B,� ` C

� A⌦ B �

C

(4.6)

A,� ` B

(Right (): ( R

� ` A ( B

A ( B

�

A

B

(4.7)
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� ` A �0
, B,� ` C

(Left (): ( L

�0
,�, A ( B,� ` C
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��0 � A ( B

B

A (4.8)

!� ` A(Promotion): prom
!� `!A

!A

!�

A

(4.9)
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(Dereliction): der
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B

� �!A

A (4.10)
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B

� �!A

(4.11)
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� ` A �0
, B,� ` C

(Left (): ( L

�0
,�, A ( B,� ` C

C

��0 � A ( B

B

A (4.8)

!� ` A(Promotion): prom
!� `!A

!A

!�

A

(4.9)

�, A,� ` B

(Dereliction): der
�, !A,� ` B

B

� �!A

A (4.10)

�, !A, !A,� ` B
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�, !A,� ` B

B

� �!A

(4.11)
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� ` A �0
, B,� ` C

(Left (): ( L

�0
,�, A ( B,� ` C

C

��0 � A ( B

B

A (4.8)

!� ` A(Promotion): prom
!� `!A

!A

!�

A

(4.9)

�, A,� ` B

(Dereliction): der
�, !A,� ` B

B

� �!A

A (4.10)

�, !A, !A,� ` B

(Contraction): ctr
�, !A,� ` B

B

� �!A

(4.11)
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� ` A �0
, B,� ` C

(Left (): ( L

�0
,�, A ( B,� ` C

C

��0 � A ( B

B

A (4.8)

!� ` A(Promotion): prom
!� `!A

!A

!�

A

(4.9)

�, A,� ` B

(Dereliction): der
�, !A,� ` B

B

� �!A

A (4.10)

�, !A, !A,� ` B

(Contraction): ctr
�, !A,� ` B

B

� �!A

(4.11)
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�,� ` B

(Weakening): weak
�, !A,� ` B

B

� �!A

(4.12)

�,� ` A

(Left 1): 1-L
�, 1,� ` A

B

� �1

(4.13)

(Right 1): 1-R
` 1

1

1
(4.14)

Example 4.2.For any formula A let 2
A

denote the proof (2.4) from Section 2, which we
repeat here for the reader’s convenience:

A ` A

A ` A A ` A ( L

A,A ( A ` A

( L

A,A ( A,A ( A ` A

( R

A ( A,A ( A ` A ( A

der
!(A ( A), A ( A ` A ( A

der
!(A ( A), !(A ( A) ` A (

ctr
!(A ( A) ` A ( A

( R

` int
A

(4.15)

We also write 2
A

for the proof of !(A ( A) ` A ( A obtained by reading the above proof
up to the penultimate line. For each integer n � 0 there is a proof n

A

of int
A

constructed
along similar lines, see [22, §5.3.2] and [15, §3.1].

In what sense is this proof an avatar of the number 2? In the context of the �-calculus
we appreciated the relationship between the term T and the number 2 only after we saw
how T interacted with other terms M by forming the function application (T M) and
then finding a normal form with respect to �-equivalence.

The analogue of function application in linear logic is the cut rule. The analogue of
�-equivalence is an equivalence relation on the set of proofs of any sequent, which we write
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2.1 Codereliction, cocontraction, coweakening

An alternative formulation of the differential structure in differential linear logic is in

terms of codereliction, cocontraction and coweakening maps; see [10] and [1, §5.1]. This

has the advantage of providing an appealing symmetry to the formulation of the syntax.

In this section we briefly sketch the definition of these maps in the Sweedler semantics.

Throughout linear logic means intuitionistic linear logic with the connectives !,⊗,⊸.

First we recall the canonical commutative Hopf structure on !V of [31, §6.4]. Given

vector spaces V1, V2 then (see [31, Remark 2.19]) there is an isomorphism of coalgebras

Ψ : !V1 ⊗ !V2 −→ !(V1 ⊕ V2) ,

|ν1, . . . , νs〉P ⊗ |ω1, . . . ,ωt〉Q &−→ |ν1, . . . , νs,ω1, . . . ,ωt〉(P,Q) .

Using this and the definitions in [31], it is easy to check that the product ∇ is

∇ : !V ⊗ !V −→ !V ,

|ν1, . . . , νs〉P ⊗ |ω1, . . . ,ωt〉Q &−→ |ν1, . . . , νs,ω1, . . . ,ωt〉P+Q ,

while the antipode S is

S : !V −→ !V ,

|ν1, . . . , νs〉P &−→ |−ν1, . . . ,−νs〉−P

and the unit u : k −→ !V is u(1) = |∅〉0. By [31, Theorem 6.4.8] these maps make !V into

a commutative (and cocommutative) Hopf algebra. In the terminology of [6] the map ∇
is the cocontraction map and u is the coweakening map (the antipode seems not to have

a formal role in differential linear logic). Finally,

Definition 2.9.The codereliction d̄ is the composite

V ∼= V ⊗ k
1⊗u

!! V ⊗ !V D !! !V

which is given by ν &→ |ν〉0.

Note that we can recover D as

!V ⊗ V
1⊗d̄

!! !V ⊗ !V ∇ !! !V

|ν1, . . . , νs〉P ⊗ ν &→ |ν1, . . . , νs〉P ⊗ |ν〉0 &→ |ν, ν1, . . . , νs〉P .

It seems more convenient to model differentiation syntactically using the codereliction,

cocontraction and coweakening maps, rather than the deriving transformation D itself.

We briefly sketch how this works, following [6]. In the sequent calculus for linear logic one

introduces three new deduction rules “dual” to dereliction, contraction and weakening:

Γ, !A,∆ ⊢ B
(Codereliction): coder

Γ, A,∆ ⊢ B
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Γ, !A,∆ ⊢ B
(Cocontraction): coctr

Γ, !A, !A,∆ ⊢ B

Γ, !A,∆ ⊢ B
(Coweakening): coweak

Γ,∆ ⊢ B

together with new cut-elimination rules [6, §1.4.3].

Definition 2.10.Given a proof π of !A ⊢ B in linear logic, the derivative ∂π is the proof

π
...

!A ⊢ B
coctr

!A, !A ⊢ B
coder

!A,A ⊢ B

(12)

whose denotation is, by our earlier remark, the composite

!!A" ⊗ !A" D !! !!A" !π"
!! !B" . (13)

Remark 2.11.Given π as above we have the function [26, Definition 5.10]

!π"nl : !A" −→ !B" , P %−→ !π"|∅〉P , (14)

and for P, ν ∈ !A" we interpret the vector

!π"D(|∅〉P ⊗ ν) = !π"|ν〉P ∈ !B" (15)

as the derivative of !π"nl at the point P in the direction of ν. Here we implicitly identify

!A" with the tangent space TP !A" and !B" with the tangent space T!π"nl(P )!B". This

interpretation is justified by the following elaboration of the remarks in the Introduction.

Let prom(π) denote the proof which is the promotion of π, which has for its denotation

the unique morphism of coalgebras !prom(π)" : !!A" −→ !!B" with d ◦ !prom(π)" = !π".
Let Ψ : (k[ε]/ε2)∗ −→ !!A" be the morphism of coalgebras as in (27) corresponding to the

tangent vector ν at a point P ∈ !A". Then the morphism of coalgebras

!prom(π)" ◦Ψ : (k[ε]/ε2)∗ −→ !!B" (16)

has the following values, writing Q = !π"nl(P ), we have by [25, Theorem 2.22]

!prom(π)"Ψ(1) = !prom(π)"|∅〉P = |∅〉Q ,

!prom(π)"Ψ(ε∗) = !prom(π)"|ν〉P =

!!! !π"|ν〉P
"

Q
.

Under the bijection of Section A.1 the morphism of coalgebras (16) therefore corresponds

to the tangent vector !π"|ν〉P ∈ !B" at Q.

9

Γ, !A,∆ ⊢ B
(Cocontraction): coctr

Γ, !A, !A,∆ ⊢ B

Γ, !A,∆ ⊢ B
(Coweakening): coweak

Γ,∆ ⊢ B

together with new cut-elimination rules [6, §1.4.3].

Definition 2.10.Given a proof π of !A ⊢ B in linear logic, the derivative ∂π is the proof

π
...

!A ⊢ B
coctr

!A, !A ⊢ B
coder

!A,A ⊢ B

(12)

whose denotation is, by our earlier remark, the composite

!!A" ⊗ !A" D !! !!A" !π"
!! !B" . (13)

Remark 2.11.Given π as above we have the function [26, Definition 5.10]

!π"nl : !A" −→ !B" , P %−→ !π"|∅〉P , (14)

and for P, ν ∈ !A" we interpret the vector

!π"D(|∅〉P ⊗ ν) = !π"|ν〉P ∈ !B" (15)

as the derivative of !π"nl at the point P in the direction of ν. Here we implicitly identify

!A" with the tangent space TP !A" and !B" with the tangent space T!π"nl(P )!B". This

interpretation is justified by the following elaboration of the remarks in the Introduction.

Let prom(π) denote the proof which is the promotion of π, which has for its denotation

the unique morphism of coalgebras !prom(π)" : !!A" −→ !!B" with d ◦ !prom(π)" = !π".
Let Ψ : (k[ε]/ε2)∗ −→ !!A" be the morphism of coalgebras as in (27) corresponding to the

tangent vector ν at a point P ∈ !A". Then the morphism of coalgebras

!prom(π)" ◦Ψ : (k[ε]/ε2)∗ −→ !!B" (16)

has the following values, writing Q = !π"nl(P ), we have by [25, Theorem 2.22]

!prom(π)"Ψ(1) = !prom(π)"|∅〉P = |∅〉Q ,

!prom(π)"Ψ(ε∗) = !prom(π)"|ν〉P =

!!! !π"|ν〉P
"

Q
.

Under the bijection of Section A.1 the morphism of coalgebras (16) therefore corresponds

to the tangent vector !π"|ν〉P ∈ !B" at Q.
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� ` A �0
, B,� ` C

(Left (): ( L

�0
,�, A ( B,� ` C

C

��0 � A ( B

B

A (4.8)

!� ` A(Promotion): prom
!� `!A

!A

!�

A

(4.9)

�, A,� ` B

(Dereliction): der
�, !A,� ` B

B

� �!A

A (4.10)

�, !A, !A,� ` B

(Contraction): ctr
�, !A,� ` B

B

� �!A

(4.11)
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� ` A �0
, B,� ` C

(Left (): ( L

�0
,�, A ( B,� ` C

C

��0 � A ( B

B

A (4.8)

!� ` A(Promotion): prom
!� `!A

!A

!�

A

(4.9)

�, A,� ` B

(Dereliction): der
�, !A,� ` B

B

� �!A

A (4.10)

�, !A, !A,� ` B

(Contraction): ctr
�, !A,� ` B

B

� �!A

(4.11)
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�,� ` B

(Weakening): weak
�, !A,� ` B

B

� �!A

(4.12)

�,� ` A

(Left 1): 1-L
�, 1,� ` A

B

� �1

(4.13)

(Right 1): 1-R
` 1

1

1
(4.14)

Example 4.2.For any formula A let 2
A

denote the proof (2.4) from Section 2, which we
repeat here for the reader’s convenience:

A ` A

A ` A A ` A ( L

A,A ( A ` A

( L

A,A ( A,A ( A ` A

( R

A ( A,A ( A ` A ( A

der
!(A ( A), A ( A ` A ( A

der
!(A ( A), !(A ( A) ` A (

ctr
!(A ( A) ` A ( A

( R

` int
A

(4.15)

We also write 2
A

for the proof of !(A ( A) ` A ( A obtained by reading the above proof
up to the penultimate line. For each integer n � 0 there is a proof n

A

of int
A

constructed
along similar lines, see [22, §5.3.2] and [15, §3.1].

In what sense is this proof an avatar of the number 2? In the context of the �-calculus
we appreciated the relationship between the term T and the number 2 only after we saw
how T interacted with other terms M by forming the function application (T M) and
then finding a normal form with respect to �-equivalence.

The analogue of function application in linear logic is the cut rule. The analogue of
�-equivalence is an equivalence relation on the set of proofs of any sequent, which we write
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2.1 Codereliction, cocontraction, coweakening

An alternative formulation of the differential structure in differential linear logic is in

terms of codereliction, cocontraction and coweakening maps; see [10] and [1, §5.1]. This

has the advantage of providing an appealing symmetry to the formulation of the syntax.

In this section we briefly sketch the definition of these maps in the Sweedler semantics.

Throughout linear logic means intuitionistic linear logic with the connectives !,⊗,⊸.

First we recall the canonical commutative Hopf structure on !V of [31, §6.4]. Given

vector spaces V1, V2 then (see [31, Remark 2.19]) there is an isomorphism of coalgebras

Ψ : !V1 ⊗ !V2 −→ !(V1 ⊕ V2) ,

|ν1, . . . , νs〉P ⊗ |ω1, . . . ,ωt〉Q &−→ |ν1, . . . , νs,ω1, . . . ,ωt〉(P,Q) .

Using this and the definitions in [31], it is easy to check that the product ∇ is

∇ : !V ⊗ !V −→ !V ,

|ν1, . . . , νs〉P ⊗ |ω1, . . . ,ωt〉Q &−→ |ν1, . . . , νs,ω1, . . . ,ωt〉P+Q ,

while the antipode S is

S : !V −→ !V ,

|ν1, . . . , νs〉P &−→ |−ν1, . . . ,−νs〉−P

and the unit u : k −→ !V is u(1) = |∅〉0. By [31, Theorem 6.4.8] these maps make !V into

a commutative (and cocommutative) Hopf algebra. In the terminology of [6] the map ∇
is the cocontraction map and u is the coweakening map (the antipode seems not to have

a formal role in differential linear logic). Finally,

Definition 2.9.The codereliction d̄ is the composite

V ∼= V ⊗ k
1⊗u

!! V ⊗ !V D !! !V

which is given by ν &→ |ν〉0.

Note that we can recover D as

!V ⊗ V
1⊗d̄

!! !V ⊗ !V ∇ !! !V

|ν1, . . . , νs〉P ⊗ ν &→ |ν1, . . . , νs〉P ⊗ |ν〉0 &→ |ν, ν1, . . . , νs〉P .

It seems more convenient to model differentiation syntactically using the codereliction,

cocontraction and coweakening maps, rather than the deriving transformation D itself.

We briefly sketch how this works, following [6]. In the sequent calculus for linear logic one

introduces three new deduction rules “dual” to dereliction, contraction and weakening:

Γ, !A,∆ ⊢ B
(Codereliction): coder

Γ, A,∆ ⊢ B
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Γ, !A,∆ ⊢ B
(Cocontraction): coctr

Γ, !A, !A,∆ ⊢ B

Γ, !A,∆ ⊢ B
(Coweakening): coweak

Γ,∆ ⊢ B

together with new cut-elimination rules [6, §1.4.3].

Definition 2.10.Given a proof π of !A ⊢ B in linear logic, the derivative ∂π is the proof

π
...

!A ⊢ B
coctr

!A, !A ⊢ B
coder

!A,A ⊢ B

(12)

whose denotation is, by our earlier remark, the composite

!!A" ⊗ !A" D !! !!A" !π"
!! !B" . (13)

Remark 2.11.Given π as above we have the function [26, Definition 5.10]

!π"nl : !A" −→ !B" , P %−→ !π"|∅〉P , (14)

and for P, ν ∈ !A" we interpret the vector

!π"D(|∅〉P ⊗ ν) = !π"|ν〉P ∈ !B" (15)

as the derivative of !π"nl at the point P in the direction of ν. Here we implicitly identify

!A" with the tangent space TP !A" and !B" with the tangent space T!π"nl(P )!B". This

interpretation is justified by the following elaboration of the remarks in the Introduction.

Let prom(π) denote the proof which is the promotion of π, which has for its denotation

the unique morphism of coalgebras !prom(π)" : !!A" −→ !!B" with d ◦ !prom(π)" = !π".
Let Ψ : (k[ε]/ε2)∗ −→ !!A" be the morphism of coalgebras as in (27) corresponding to the

tangent vector ν at a point P ∈ !A". Then the morphism of coalgebras

!prom(π)" ◦Ψ : (k[ε]/ε2)∗ −→ !!B" (16)

has the following values, writing Q = !π"nl(P ), we have by [25, Theorem 2.22]

!prom(π)"Ψ(1) = !prom(π)"|∅〉P = |∅〉Q ,

!prom(π)"Ψ(ε∗) = !prom(π)"|ν〉P =

!!! !π"|ν〉P
"

Q
.

Under the bijection of Section A.1 the morphism of coalgebras (16) therefore corresponds

to the tangent vector !π"|ν〉P ∈ !B" at Q.
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(Cocontraction): coctr

Γ, !A, !A,∆ ⊢ B

Γ, !A,∆ ⊢ B
(Coweakening): coweak

Γ,∆ ⊢ B

together with new cut-elimination rules [6, §1.4.3].

Definition 2.10.Given a proof π of !A ⊢ B in linear logic, the derivative ∂π is the proof

π
...

!A ⊢ B
coctr

!A, !A ⊢ B
coder

!A,A ⊢ B

(12)

whose denotation is, by our earlier remark, the composite

!!A" ⊗ !A" D !! !!A" !π"
!! !B" . (13)

Remark 2.11.Given π as above we have the function [26, Definition 5.10]

!π"nl : !A" −→ !B" , P %−→ !π"|∅〉P , (14)

and for P, ν ∈ !A" we interpret the vector

!π"D(|∅〉P ⊗ ν) = !π"|ν〉P ∈ !B" (15)

as the derivative of !π"nl at the point P in the direction of ν. Here we implicitly identify

!A" with the tangent space TP !A" and !B" with the tangent space T!π"nl(P )!B". This

interpretation is justified by the following elaboration of the remarks in the Introduction.

Let prom(π) denote the proof which is the promotion of π, which has for its denotation

the unique morphism of coalgebras !prom(π)" : !!A" −→ !!B" with d ◦ !prom(π)" = !π".
Let Ψ : (k[ε]/ε2)∗ −→ !!A" be the morphism of coalgebras as in (27) corresponding to the

tangent vector ν at a point P ∈ !A". Then the morphism of coalgebras

!prom(π)" ◦Ψ : (k[ε]/ε2)∗ −→ !!B" (16)

has the following values, writing Q = !π"nl(P ), we have by [25, Theorem 2.22]

!prom(π)"Ψ(1) = !prom(π)"|∅〉P = |∅〉Q ,

!prom(π)"Ψ(ε∗) = !prom(π)"|ν〉P =

!!! !π"|ν〉P
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Under the bijection of Section A.1 the morphism of coalgebras (16) therefore corresponds

to the tangent vector !π"|ν〉P ∈ !B" at Q.
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�, !A,� ` B
(Cocontraction): coctr

�, !A, !A,� ` B

�, !A,� ` B
(Coeakening): coweak

�,� ` B

together with new cut-elimination rules [6, §1.4.3].
Definition 2.10.Given a proof ⇡ of !A ` B in linear logic, the derivative @⇡ is the proof

⇡
...

!A ` B
coctr

!A, !A ` B
coder

!A,A ` B

(12)

whose denotation is, by our earlier remark, the composite

!JAK ⌦ JAK D // !JAK J⇡K
// JBK . (13)

Remark 2.11.Given ⇡ as above we have the function [26, Definition 5.10]

J⇡K
nl

: JAK �! JBK , P 7�! J⇡K|;i
P

, (14)

and for P, ⌫ 2 JAK we interpret the vector

J⇡KD(|;i
P

⌦ ⌫) = J⇡K|⌫i
P

2 JBK (15)

as the derivative of J⇡K
nl

at the point P in the direction of ⌫. Here we implicitly identify
JAK with the tangent space T

P

JAK and JBK with the tangent space TJ⇡Knl(P )

JBK. This
interpretation is justified by the following elaboration of the remarks in the Introduction.

Let prom(⇡) denote the proof which is the promotion of ⇡, which has for its denotation
the unique morphism of coalgebras Jprom(⇡)K : !JAK �! !JBK with d � Jprom(⇡)K = J⇡K.
Let  : (k["]/"2)⇤ �! !JAK be the morphism of coalgebras as in (27) corresponding to the
tangent vector ⌫ at a point P 2 JAK. Then the morphism of coalgebras

Jprom(⇡)K � : (k["]/"2)⇤ �! !JBK (16)

has the following values, writing Q = J⇡K
nl

(P ), we have by [25, Theorem 2.22]

Jprom(⇡)K (1) = Jprom(⇡)K|;i
P

= |;i
Q

,

Jprom(⇡)K ("⇤) = Jprom(⇡)K|⌫i
P

=
�

�

�

J⇡K|⌫i
P

E

Q

.

Under the bijection of Section A.1 the morphism of coalgebras (16) therefore corresponds
to the tangent vector J⇡K|⌫i

P

2 JBK at Q.
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JBK. This
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Let prom(⇡) denote the proof which is the promotion of ⇡, which has for its denotation
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diff is defined to be



Product rule as cut-elimination rule
ax

! At !A
DA diff

! A. At !A

DA IT

.

:

:
.

%
! A At !A !A

,
!AtB

Da :
- - cut

.

- !A
, !A,AtB

-

!A
,
!AtB

ctr
.

ctr ! A. ATB
! A. At !A !AtB

cut
my +

! A ,AtB
DA IT

.

:

:
.

! A At !A !A
,!AtB- cut

!A
, !A,AtB

ctr

! A. ATB

ax

! At !A
DA diff

! A. At !A

DA IT

.

:

:
.

%
! A At !A !A

,
!AtB

Da :
- - cut

.

- !A
, !A,AtB

-

!A
,
!AtB

ctr
.

ctr ! A. ATB
! A. At !A !AtB

cut
my +

! A ,AtB
DA IT

.

:

:
.

! A At !A !A
,!AtB- cut

!A
, !A,AtB

ctr

! A. ATB

Proofs in differential linear logic are 
formal linear sums of proof trees



!E ` !E
!E ` !E

!E ` !E
!E ` !E

comp2

A

...
E, E ` E

( L

!E, !E ( E,E ` E
( L

!E, !E,bint
A

, E ` E
( L

!E, !E, !E,bint
A

, !E ( E ` E
( L

!E, !E, !E, !E,bint
A

,bint
A

` E
ctr

!E, !E, !E,bint
A

,bint
A

` E
ctr

!E, !E,bint
A

,bint
A

` E
2⇥ ( R

bint

A

,bint
A

` bint

A

2⇥ der

!bint
A

, !bint
A

` bint

A

ctr

!bint
A

` bint

A

which repeats a binary sequence in the sense that the cutting it against the promotion of
S is equivalent under cut-elimination to SS. In particular, JrepeatK|;iJSK = JSSK.

Given S, T 2 {0, 1}⇤ the derivative of repeat at S in the direction of T is

JrepeatK|JT KiJSK 2 Jbint
A

K = Hom
k

(! End
k

(V )⌦ ! End
k

(V ),End
k

(V )) , (23)

and as promised in the Introduction:

Lemma 3.14. JrepeatK|JT KiJSK = JST K + JTSK.

Proof. The value of the left-hand side on a tensor |↵
1

, . . . ,↵
s

i
�

⌦ |�
1

, . . . , �
r

i
�

is computed
by reading the proof-tree for repeat from bottom to top:

|JT KiJSK
ctr7����! |JT KiJSK ⌦ |;iJSK + |;iJSK ⌦ |JT KiJSK

2⇥ der7����! JT K ⌦ JSK + JSK ⌦ JT K
2⇥R (7����! |↵

1

, . . . ,↵
s

i
�

⌦ |�
1

, . . . , �
r

i
�

⌦ �

JT K ⌦ JSK + JSK ⌦ JT K
�

2⇥ ctr7����!
X

I,J

|↵
I

i
�

⌦ |�
J

i
�

⌦ |↵
I

ci
�

⌦ |�
J

ci
�

⌦ �

JT K ⌦ JSK + JSK ⌦ JT K
�

7����!
X

I,J

JSK
�|↵

I

i
�

⌦ |�
J

i
�

� � JT K
�|↵

I

ci
�

⌦ |�
J

ci
�

�

+
X

I,J

JT K
�|↵

I

i
�

⌦ |�
J

i
�

� � JSK
�|↵

I

ci
�

⌦ |�
J

ci
�

�

which agrees with JST K + JTSK on |↵
1

, . . . ,↵
s

i
�

⌦ |�
1

, . . . , �
r

i
�

by Lemma 3.11.
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From now on A is fixed and we write n for n
A

. Let V = JAK so JA ( AK = End
k

(V ).
In the notation of Remark 2.11, there is a function

JnK
nl

: End
k

(V ) �! End
k

(V ) . (19)

Lemma 3.6. For n � 0 and ↵ 2 End
k

(V ), we have JnK|;i
↵

= ↵n

so JnK
nl

(↵) = ↵n

.

Proof. This is an easy exercise, see [26] for the case n = 2.

The derivative @ n of Definition 2.10 is a proof of !(A ( A), A ( A ` A ( A and
for ↵, ⌫ 2 End

k

(V ) the value of its denotation J@ nK = JnK � D on |;i
↵

⌦ ⌫, that is, the
derivative of n at ↵ in the direction of ⌫, is JnK|⌫i

↵

.

Lemma 3.7. JnK|⌫i
↵

=
P

n

i=1

↵i�1⌫↵n�i

.

Proof. This may be computed using the formulas of [26, p.19]. For example, in the case
n = 2 the image of |⌫i

↵

under JnK is given by

|⌫i
↵

ctr7����! |⌫i
↵

⌦ |;i
↵

+ |;i
↵

⌦ |⌫i
↵

2⇥ der7����! ⌫ ⌦ ↵ + ↵⌦ ⌫
� � �7����! ↵ � ⌫ + ⌫ � ↵ ,

as claimed.

Remark 3.8.When k = C, V is r-dimensional and ' = JnK
nl

, the vector JnK|⌫i
↵

agrees
with the image of ⌫ under the usual tangent map of the smooth map '

M
r

(C) ⇠= T
↵

End
k

(V )
T↵' // T

↵

n End
k

(V ) ⇠= M
r

(C) .

This justifies in this case the interpretation of JnK|⌫i
↵

as the derivative.

3.2 Binary integers

Definition 3.9.The type of binary integers on A [15, §2.5.3] is:
bint

A

= !(A ( A) ( (!(A ( A) ( (A ( A)).

Given a sequence S 2 {0, 1}⇤ we define a proof S
A

of bint
A

as follows. Let l � 0 be the
length of S. The proof tree for S

A

matches that of the Church numeral l up to the step
where we perform contractions, that is,

compl

A

...
(A ( A)l ` A ( A

n⇥ der

!(A ( A)l ` A ( A

(20)

12

E = A ( A

repeat : !bintA ( bintA



The denotation is a linear map J!bint
A

K �! Jbint
A

K sending |;iJSK to JSSK. The deriva-
tive of repeat according to the theory of di↵erential linear logic is another a proof

@ repeat

...

!bint
A

,bint
A

` bint

A

which can be derived from repeat by new deduction rules called codereliction, cocontrac-
tion and coweakening (see Section 2.1). We prove in Section 3.2 that the denotation of
this derivative in the Sweedler semantics is the linear map

J@ repeatK : J!bint
A

K ⌦ Jbint
A

K �! Jbint
A

K ,
|;iJSK ⌦ JT K 7�! JST K + JTSK

whose value on the tensor |;iJSK⌦JT K we interpret as the derivative of the repeat program
at the sequence S in the direction of the sequence T . This can be justified informally by
the following calculation using an infinitesimal "

(S + "T )(S + "T ) = SS + "(ST + TS) + "2TT,

which says that varying the sequence infinitesimally from S in the direction of T causes
a variation of the repetition in the direction of ST + TS.

The Sweedler semantics is far from the first semantics of di↵erential linear logic: basic
examples include the categories of sets and relations [2, §2.5.1] and suplattices [2, §2.5.2].
The motivating examples using topological spaces and di↵erentiable functions are the
Köthe and finiteness space semantics of Ehrhard [4, 5] and the semantics of Blute-Ehrhard-
Tasson [1] based on the theory of convenient vector spaces [12]. These papers explain that
the geometric “avatar” of the exponential connective of linear logic is the functor sending
a space X to the space of distributions on X (for a precise statement, see Remark A.2).
This remarkable analogy between logic and geometry deserves further study. One obstacle
is that it seems di�cult to compute examples of denotations and their derivatives in the
convenient vector space setting of [1]. For example the coproduct [1, p.12] is defined by
extension to a Mackey closure, and is rather implicit.

Conceptually the Sweedler semantics is similar to these examples in that the exponen-
tial is modelled by a space of distributions (with finite support) but it is purely algebraic
and there are simple explicit formulas for all the structure maps. Moreover in the alge-
braic approach the di↵erential structure emerges naturally from the exponential structure,
rather than being “baked in”. The downside is that the smoothness of proof denotations
in our semantics is obscured; in particular, in the case k = C some extra work is required
to see the relation between our di↵erential structure and the derivatives in the usual sense.

3

to the data of a linear map
(C["]/"2)⇤ // JAK (1)

where C["]/"2 is the ring of dual numbers (this bijection is reviewed in Appendix A.1).
If J!AK is the universal cocommutative counital coalgebra mapping to JAK then there is a
unique lifting of this linear map to a morphism of coalgebras

(C["]/"2)⇤ // J!AK . (2)

Similarly the linear map J⇡K : J!AK �! JBK lifts to a morphism of coalgebras J!AK �! J!BK
which may be composed with (2) to give a morphism of coalgebras

(C["]/"2)⇤ // J!AK // J!BK (3)

which, in turn, defines a tangent vector at the point J⇡K|;i
P

2 JBK, where |;i
P

is the
point of J!AK corresponding to P . The tangent vector (3) gives the infinitesimal variation
of the output of ⇡ on the input P , when the input is varied in the direction of ⌫.

The formal statement is that for any algebraically closed field k of characteristic zero
the semantics of intuitionistic linear logic in k-vector spaces defined using cofree coalge-
bras is model of di↵erential linear logic (Theorem 2.3). We refer to this as the Sweedler

semantics, since the explicit description of this universal coalgebra is due to him [31, 26].
The proof is elementary and we make no claim here to technical novelty; the link between
the symmetric coalgebra and di↵erential calculus is well-known. Perhaps our main con-
tribution is to give several detailed examples showing how to compute these derivatives.
We do this with the aim of reinforcing the fact that di↵erentiating programs, even higher-
order ones, is a natural thing to do.

We conclude this introduction with a sketch of one such example and a comparison of
our work to other semantics of di↵erential linear logic. To elaborate a little more on the
notation: for any type A of linear logic (which for us has only connectives ⌦,(, !) there is
a vector space JAK, and for any proof ⇡ of A ` B there is a linear map J⇡K : JAK �! JBK.
In particular every proof ⇠ of type A has a denotation J⇠K 2 JAK, and the promotion of ⇠
has for its denotation a vector |;iJ⇠K 2 J!AK, see [26, §5.3].

For any binary sequence S 2 {0, 1}⇤ there is an encoding of S as a proof S of type

bint

A

= !(A ( A) (
�

!(A ( A) ( (A ( A)
�

.

Repetition of sequences can be encoded as a proof

repeat

...

!bint
A

` bint

A

.

2

The denotation is a linear map !!bintA" −→ !bintA" sending |∅〉!S" to !SS". The deriva-
tive of repeat according to the theory of differential linear logic is another a proof

∂ repeat

...

!bintA,bintA ⊢ bintA

which can be derived from repeat by new deduction rules called codereliction, cocontrac-

tion and coweakening (see Section 2.1). We prove in Section 3.2 that the denotation of

this derivative in the Sweedler semantics is the linear map

!∂ repeat" : !!bintA" ⊗ !bintA" −→ !bintA" ,
|∅〉!S" ⊗ !T " '−→ !ST " + !TS"

whose value on the tensor |∅〉!S"⊗!T " we interpret as the derivative of the repeat program
at the sequence S in the direction of the sequence T . This can be justified informally by

the following calculation using an infinitesimal ε

(S + εT )(S + εT ) = SS + ε(ST + TS) + ε2TT,

which says that varying the sequence infinitesimally from S in the direction of T causes

a variation of the repetition in the direction of ST + TS.

The Sweedler semantics is far from the first semantics of differential linear logic: basic
examples include the categories of sets and relations [2, §2.5.1] and suplattices [2, §2.5.2].
The motivating examples using topological spaces and differentiable functions are the

Köthe and finiteness space semantics of Ehrhard [4, 5] and the semantics of Blute-Ehrhard-

Tasson [1] based on the theory of convenient vector spaces [12]. These papers explain that

the geometric “avatar” of the exponential connective of linear logic is the functor sending

a space X to the space of distributions on X (for a precise statement, see Remark A.2).

This remarkable analogy between logic and geometry deserves further study. One obstacle

is that it seems difficult to compute examples of denotations and their derivatives in the

convenient vector space setting of [1]. For example the coproduct [1, p.12] is defined by

extension to a Mackey closure, and is rather implicit.

Conceptually the Sweedler semantics is similar to these examples in that the exponen-

tial is modelled by a space of distributions (with finite support) but it is purely algebraic

and there are simple explicit formulas for all the structure maps. Moreover in the alge-

braic approach the differential structure emerges naturally from the exponential structure,

rather than being “baked in”. The downside is that the smoothness of proof denotations

in our semantics is obscured; in particular, in the case k = C some extra work is required

to see the relation between our differential structure and the derivatives in the usual sense.

3

diff

(S, T ) 7�! ST + TS



Relation to calculus via coalgebras

• Following Ehrhard-Regnier we have defined 
derivatives in the syntax, via new deduction rules 
and cut-elimination rules. 

• Do these syntactic derivatives capture the logical 
content lying behind the semantic derivatives? 

• In particular, are they consistent with the role of 
Church numerals in Leibniz’s stepped reckoner? 

• Yes: because coalgebras



Algebras over a field

m : A⌦A �! A

A⌦A⌦A
m⌦1 //

1⌦m

✏✏

A⌦A

m

✏✏
A⌦A m

// A

A

1A

✏✏

⇠=
// k ⌦A

u⌦1

✏✏

A A⌦Am
oo

associativity

left unit

A

1A

✏✏

⇠=
// A⌦ k

1⌦u

✏✏

A A⌦Am
oo

right unit

u : k �! A

k

multiplication unit



Coalgebras over a field

coassociativity

left counit right counit

k

� : A �! A⌦A c : A �! kcomultiplication counit

A⌦A⌦A A⌦A
�⌦1oo

A⌦A

1⌦�

OO

A

�

OO

�
oo

A A⌦ k
⇠=oo

A

1A

OO

�
// A⌦A

1⌦c

OOA k ⌦A
⇠=oo

A

1A

OO

�
// A⌦A

c⌦1

OO



Examples

k[x1, . . . , xn]

polynomial algebra ring of dual numbers

k["]/("2) = k · 1� k · "
"2 = 0

�(xn) =
nX

i=0

x

i ⌦ x

n�i

k[x1, . . . , xn]

polynomial coalgebra dual of the ring of dual numbers

(k["]/("2))⇤ = k · 1⇤ � k · "⇤

�(1) = 1⌦ 1

�("⇤) = 1⌦ "⇤ + "⇤ ⌦ 1



k[x1, . . . , xn] k["]/("2) = k · 1� k · "
'

Homk�Alg(k[x1, . . . , xn], k["]/("
2))

1 : 1
kn ⇥ kn

' (~�, ~µ)

'(f) = f(�1, . . . ,�n

) +
X

i

µ

i

@f

@x

i

���
x=~

�

· "

'(xi) = �i + µi"

Consider a morphism of k-algebras

it is straightforward to see that, for any polynomial f,

this gives rise to a bijection of k-algebra morphisms with pairs

(point, tangent vector)



Universal coalgebra

The cofree coalgebra              over a vector space     is a coalgebra 
together with a linear map                           which is universal, in 
the sense that for any coalgebra      and linear                   there 

unique morphism of coalgebras      such that 

Cof(V )

// V

C

77OO

Cof(V ) V
d : Cof(V ) ! V

C � : C ! V

�

d

�

�

d � � = �

Theorem:              is the space of distributions with 
finite support on V, i.e. all derivatives of Dirac distributions

Cof(V )



Sweedler semantics

JA ( BK = Homk(JAK, JBK)

JA⌦BK = JAK ⌦ JBK

J!AK = Cof(JAK)

dereliction = universal linear map J!AK �! JAK

J!AK �! J!AK ⌦ J!AK

J!AK �! k

J!AK �! JBK J!AK �! J!BK

contraction = comultiplication

weakening = counit

promotion = lifting of to

J�K : LL �! Vect



Sweedler semantics

JA ( BK = Homk(JAK, JBK)

JA⌦BK = JAK ⌦ JBK

J!AK = Cof(JAK)

J�K : LL �! Vect

�, !A,� ` B
(Cocontraction): coctr

�, !A, !A,� ` B

�, !A,� ` B
(Coeakening): coweak

�,� ` B

together with new cut-elimination rules [6, §1.4.3].
Definition 2.10.Given a proof ⇡ of !A ` B in linear logic, the derivative @⇡ is the proof

⇡
...

!A ` B
coctr

!A, !A ` B
coder

!A,A ` B

(12)

whose denotation is, by our earlier remark, the composite

!JAK ⌦ JAK D // !JAK J⇡K
// JBK . (13)

Remark 2.11.Given ⇡ as above we have the function [26, Definition 5.10]

J⇡K
nl

: JAK �! JBK , P 7�! J⇡K|;i
P

, (14)

and for P, ⌫ 2 JAK we interpret the vector

J⇡KD(|;i
P

⌦ ⌫) = J⇡K|⌫i
P

2 JBK (15)

as the derivative of J⇡K
nl

at the point P in the direction of ⌫. Here we implicitly identify
JAK with the tangent space T

P

JAK and JBK with the tangent space TJ⇡Knl(P )

JBK. This
interpretation is justified by the following elaboration of the remarks in the Introduction.

Let prom(⇡) denote the proof which is the promotion of ⇡, which has for its denotation
the unique morphism of coalgebras Jprom(⇡)K : !JAK �! !JBK with d � Jprom(⇡)K = J⇡K.
Let  : (k["]/"2)⇤ �! !JAK be the morphism of coalgebras as in (27) corresponding to the
tangent vector ⌫ at a point P 2 JAK. Then the morphism of coalgebras

Jprom(⇡)K � : (k["]/"2)⇤ �! !JBK (16)

has the following values, writing Q = J⇡K
nl

(P ), we have by [25, Theorem 2.22]

Jprom(⇡)K (1) = Jprom(⇡)K|;i
P

= |;i
Q

,

Jprom(⇡)K ("⇤) = Jprom(⇡)K|⌫i
P

=
�

�

�

J⇡K|⌫i
P

E

Q

.

Under the bijection of Section A.1 the morphism of coalgebras (16) therefore corresponds
to the tangent vector J⇡K|⌫i

P

2 JBK at Q.
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diff

The Sweedler semantics is also a semantics of 
differential linear logic, as follows:

J!AK JBKJ!AK ⌦ JAK
=

Cof(JAK)⌦ JAK

=

Cof(JAK)

J⇡K

D ⌦ ⌫ 7�! @⌫D



Homk�Alg(k[x1, . . . , xn], k["]/("
2))

V = kn

Homk�Coalg

((k["]/("2))⇤,Cof(V ))

Homk((k["]/("
2))⇤, V )

Homk(V
⇤, k["]/("2))

Homk(Sym(V ⇤), k["]/("2))

V ⇥ V
⇠=

⇠=

⇠=

⇠=

⇠=

(point, tangent vector) (�, µ)

1⇤ 7! Dirac�

"⇤ 7! @µ Dirac�



How to differentiate a proof denotation

J!AK

J!BK

JBK

(k["]/("2))⇤

Cof(JAK) =

= Cof(JBK)

(J↵K, J�K)

(J⇡(↵)K,�)

J⇡K

J↵K, J�K 2 JAK⇡ : !A ( B ↵,� : AGiven , so that

The directional derivative of ⇡ at ↵ in the direction of �



Conciliation: syntax vs semantics

• The semantics of (intuitionistic, first-order) linear 
logic in vector spaces uses cofree coalgebras to 
model contraction, weakening and dereliction. 

• Since the cofree coalgebra is made up of Dirac 
distributions and their derivatives, this semantics is 
naturally a model of differential linear logic. 

• Linear logic secretly wants to be differentiated!



Conclusion/Questions
• Derivatives are natural in (linear) logic. 

• Examples like the stepped reckoner suggest the use of 
calculus in logic is justified. Are there more convincing 
mechanical examples of this kind? 

• The Sweedler semantics is a step in the direction of more 
interesting algebra and geometry. What is the logical 
content of distributions with more general support? 

• Differential linear logic forms the basis for one approach to 
integrating symbolic reasoning with neural networks (work 
in progress with H. Hu).


