/\1/4& Led‘w&3 - Monomial ordenhg

29(6)z2

We have now seen the beglnm’nﬂ of he d/\(_'ﬁb}’)al:lj thaf relates jeameﬁﬁ (/'n e form
& affine \/aw‘eﬁ‘f/s) 1o a/gebm (inthe form of ideals) Giveon afreld R, /JD/ynomfa/
nng R= R[xl,..., Xn] and affine spade /An = k" we have

or T=<Fy oy, W(T) =V f) < A an afbne vavichy
or VS IN' an affine vavfe%y) ]'(V) € R an /deal
o <7c,/___/1£5> < I(\\/(Il,,..,fJ)B (Lewmma CLO [.4.7)

e iV W are affive vavietea VEW . T(Vv) =2 E(W)

We have looked af the division algorthm, and qou have been “j@fﬁny your hands dirfy"
in exercises woylzmg with polynomials. Butis all that algebra veally jeomeﬁy? Tint it
J'M’r Jhufﬁl;'nj coe ficients awund © Yes and Yes - the soul ofﬁeomemj is in the

algeloraic ymanipulodions anel nof the pictuves, which in any cove will become close fo

useless af Soon arpwe move beyoncl Thvee vaiablen. T+ willfuke some fime before

Jouare convinced of thi's (may})eﬂ/e Division 4/y0w’ﬂ;m /s the mo:%jeomdn} #ing in Euclfcl)
Lemmad Let £eR{x]. Then foracek, 7£[q) =0 iFand only iff x— aflFx)
froof Gj E uclidean Division we can write Jﬁ =9 (<~a) + r wheve c/ej(f‘) < Cfej (x-a)=1

o reR. Then £(a) = v~ so iFisclear al it £(a)= 0 then x—ef L. The

Lonvewe is ecuiero fee . []



@ag?)

LeVHmaZ La?" ’D:(PJ)---//"W)GAA, Then Z—[{P}) — <X)_P))---/Xr\_'— Pn>

f@@ The inclusion 2 is clear. For 7he revewe inclwion suppore ff.[[fj) or uhat s he
same £(P) =0 Suppare we coflect ferms fown'te

F =2, 9i(xa x0)7”

L7/ 0

o . , R )
and e the division algonﬂqm on f (‘Mahng the x; for 72 ar scalars

with X,’/;; anthe c/}wlror/ re.

—I
f = 3N1{‘\I +3|\J-IXIN + -

we subohvact ﬁNZ;\'_l(ﬂrﬂ) +o obtain

F=9ux M (=) = F—gux s 9P o)
= (gt guP)M ™+ -

how sm\o}mcﬁmj (SN ~1+ 90 P )1:\) ’1(7‘\ ’P,S and wnﬁnuimf/ in this fowhion
WeeWV\JMO\MAj obtain jc — Z(X' ’Pl) =T wher r isa ?O‘Ajmmfak N

the vawabler Xo, -, X, Hence

§ o= gfa-R) FrOn, )

Now apply the Jame ﬂlﬂom'ﬂ')mﬁ) diyide X2~ B b r and o on, ob/'a/m’:];

f = > Qi(xe =P+ A

with NeR By substifution £(P) =X Henaif £(P)=0 then £ isin
Lx=R, o xa= P[]



T the proof fheve wan no reason we ouldn't have divided ly the X; — K- in some
other order The order we choe wan %) > X, 7 -+ meaning thak

we prvitired fevms with [arge x, - degve, Then Jevms with large x, —clegree, and Jo on.
What made his work was #hat once we were “clone” dividing by Xi =P, -, 2 —R
o .-, %:'s were ve-inhoduced info our dividend r by su/m?uem/ divisions by
X;rt=Per, -, An—Pa. (,Uhj wanthat? Tn the Fiot step the oniginal

—I
f = 3;\;11\/ +3anx|N +

bewomen the it remainder” or dividend

Yy = JC — v XlNil(K/dpl) = (f]?‘—l J‘ﬁNP'BK/N—l + 3M—2_X)NF2+"'

Eﬂ dg,f’\'/ jN/ﬁN’I € la[za-'-/ln]) and so 3N—l BN P, € k[xz/._-/Ym]'and_H,)Q
wefficients of the other powers i X; are unchanged. Of couwe 7, €R, butnok Hhat

evenif i were a polynomial in the x2, . 2 the logic would survive, and af each 3;4@/;
1 x/—degm decreares witil eventually our divideng R s in /2/7(2/. -, ] Suppore
we nowv divide éy Xo—R, with R = hpm (33,3 )23+ haa=y (K, T )M

R/: R — AM sz~‘(xz‘/Dz_) = (hm—r +//LM /)L)IZM’I7L -

/lj ain this will work 001/‘/0%/’74”2 ¥ L€ /é[xb -y An 7) in The sense that we can continue
&({w‘cl{'ng by Xy — R wdil qvemainder i }3[13/--—/7@] Bul if @ Lontauns Zzlf it will
potentially shp the 2 - degree from decvearing , and it E wntains 2,'s then these may

be inhoduced info R and we're back Jo the beginning again /



@

i Jou'se astule youll nofice the -ﬁ@i’}lwb,emis not cubig deal. Suppose we replace
X2 =P by x5 — Z; Rl with Bebxs, ., 2w ] Then our divicion loobs like ({<k)

k
R/: R — hn X;Ndk[xﬁﬂ XL{P;_/) = (hu-1 + hyz, Pz-)JzM
/ —k+1 _k
= @LLM Q(Z,M 1 }\Ma/ :{/;M +

butsine M—A+{ <M pele o)) ma/%l’hq ProgUEs . This /rdyfooamejw)f the familiar fuck

thal we ymatch up leading ferwis in ﬁzo, pe Womm/ division aﬁom%m Jn one vanable .

So (f{V/J/on wz// /7’)0]/2(’ /Dwgn%J an oy;ggw IQ X, /P& /s .fma er 7%54;4 ’If in ﬁuDJeV)m.’ '

if shouldn't involve X, (which ountr as “loigger than any }oomrm?)(l) or powen of ¥, akove R .

E xample 1 | et f, = jz— x2, £ =2 -2 Weclaim ¥ L= {[LLZ/ le ﬁ") /fek}
that I(Z) = <7£1/ 1[;> I?L/'ffowy fo check \\/(-FL){:;) =Z so
b £ < T(V(F, 1)) = I(Z) Now suppose %GI(Z)

D/'w‘c//'nj ﬁ in%#j/‘/‘fﬁ 3C = iv 0(; + 1h(x2) 4 fz[x/z)_t/
Henu forte R
0= F(E,6¢) = n(t?E9) Fale ) €

substhuting -t g 0= 18 t1) —n(tit4)E? 5o n(t7E%)=0

and G(+5¢°) 67 =0 frallt Home for t+0, (617 =O. Tnepolynomal

n (£ £4) i R(E] has mﬁmlely mmany vt and is thevefore zew. We hawe reducd

o puving I ({(E64) lteRY) = &7 nR[weE] Juppore g(£2¢4) =0 for
and divide g by 2-x* Heahng 2 an The “primany vaiable " jo we ohbfuin
q= g (z-) + R(x). Them 0= g¢7 %)= RIEY) fir ah t, 5o R=0

and g €<ﬂ>j completing The pVOdf that f € <F, 7

Note the orter J S 2S5 /"mp)l\cm/j woecl heve



&

Inthis Example we could solve the problem eanily becaure we chore the nght ordenng
Yy 27X and failored our division ]owcwffp 1his ordeving in order fhat +he remaindeis

’) \
became always ‘smaller We now make these ;‘de&wlnﬂlcm_

Monomial ordenngs
7

Let K beafield. We exp/amed how monomials 2% = J(,o(' IV,% i RIxy -ﬂh.] ave
e bD'ecﬁ'on with 7‘u/>/w ‘ ae N” (forun N =Z> D) and we 74'73@‘/7 /'n/kmhamyc hem.

3

Ec
We wrike e: = (0, -, [ - D) so that x; =X .

A Jotal order < is arelafion onaset S which js irreflexive (VSGS nol S< S))
Hansitive (Vs,f:}ueS it s<t and t<u then s<u) and Jotal (V:)téS 5<£ors:/:or7£<&)_

We wnile s>t for t<s, and s<t for 5=t °'5<(3/ _w'ml‘/at/(y sz b.

Det™ A monomial 0"5/3”'”'7 Con RDY - Xa ] is oveladion on /NVL (or {xd}ote/r\l") Saﬁ:@i@

(1) ¢ is atotal order
(i) if o> B and P EN" then o +7 >£+7 (e 527 > 1/17).
(iii) < is awell-ordening, that s, evew nonempty subset SN

has a smallestelement (1o Is€S Wtes s<¢)

e donothere (ond never will ) define an orcler on jenerat pOIynom/‘a/s/' we ordev owly monomials

% &,'V*eﬂ O(,%G /NVLW‘E U)EJQI’)Q O<. >{ex /g /’# 7%8 )E‘HMDJ} onzevo enﬁg [4
X—f = (<1 =1, A *ﬁn) is /oox/ﬁl/e. This is called ,exfcogru’phic o rclery or lex .

Example 2 (1,6,-,0) Ziex (0,1,0, - ) Sex " Flex (0,-,0,1) 1o

x|>le)< Ay 7IE)( T >|a>c A . NO)ZQ )(/ >(e)< 2’2_(00



(/i_kmrl‘g ASwef/ayged in Lecture Z) U Y nsa//y aname for le/ and somefimen
we use another name. The monomial order, viewed an an order on /Nj
does not cave ; but F we say Jome7741}’)3 ihe 2 Zlex Y Viex 2 what
we mean is (J/'I’Ice M )Ce/ 7 Jex 1% 7 lex I€3> thot we are (Mmg
a._» «a

X f/“/ “2" Lo denote resp. Ze'j DLQZJ ez

Lemma CLO 2.2.2 A $otal orderon IN" s o we//-om/ew'yy i evew wa‘cﬁy decnea/)irl? sequeny
(1) > AR2) > n IN™ is finife .

Foof Suppose (/Nn,<) is a M/(-orden‘nj and {d(i\}z, s @ Jequena. with o ()7 x(irl)
forall 3. Thenthe set { (i) ]; has a leant element X (N), and clearly & (i) = o(ctt) for c7 N -
If eveny shicHy decma/)mj requience is Hnile and SSIN"is nonemply, lef G be
+he fefof maximal chains o« (1) > > (») in S A Finite length. . This is monem,o@
sine ure may doose any s€ S, and iF it 1not minimal chooe § 2 t, and by hypothesis
fhis fevminabes with & finite sequence. I (1) > >« (n), £(1) > -->/@’/m) arein &
and o (n) < f(m) or «(2) >B(7) we have a contradichion, hena o (n) =f(m) This
common final entry in evew sequenu of & is aleastelement of S [J

Foposiion CLO 2.2.4  ex s a wmonomial orcer.

Roo (i) <iex is clearly imeflexive and fransifive

(i) T A Diex f and TEMN" then (+0T Zlex £ ’ sinw
(xra) = (1) ==/

(iii) We e the previonslemma. Suppore (1) Flex A(2) Plex A(3) ¥ - -
then we claim ere exishs N, such that for 2 >N, X (1)) = o (v41),
This is becawe o (1) Viex «(S+1) means either o« (i), = A(CH1)) or
oL (1)) 7 L(rt), and theve are ﬁ'n//-c(ymmwy non—n@gm’i\/\e infeqeu
less than & (1)) There muat then be N, such that o (t), = &(v (), for
c 2 N2 2N, and by induction forsome N, X ()= (1) for ¢ 7N,
Mrequired.g



Del™ Lef 7[ = Z,,( a<A% bea nonzero Po/jnoml\a/, and < a monsmial order.

The pultidegree of £ 5

mulfideq (£) = mmx{o(é//\/“/ﬁx#:O}
wheve tThe maxis wr-t. <

. If «= mu\Hdeg(F) then the leadmg cwetticient o [ s

LC(%) = aoa/

fhe leading monomicl of £is
LM(f) =

ancl the /eadz‘ng form of £ is
LT(#) = aux®

Excample 3 f 2 iex Y Zex 2 and f = 37+ j7z + jéz‘? +then

2 Ziex Y2 e g2l LT(#)=32 LCf)=3, LH(F)=2°

Lemma CLO 2.2.8 [ of f;j e/é[X//"‘/XV‘] be nonzew . Then

() multideg(¥) + multideg(9) = mulhdes (£9)

(i) TF£1+9F0 1hen muthideg (£+9) < max{ multicley (#), ””"’/ﬁ\"/@’/ﬂ]-

Tf in acidition mulbidey (£) 4 multideg(y ) this ir an egua/:}éy,



®

Remark Le%’ < bea monomial ordev onm k[x,.--, Xy\j_ The axioms ray i 10(4 xﬁ 1hen
1517 < x P but the wnvene glio holds. If T 1T then by
%J-aw we have either 10(41ﬁ/ L= A or XXX T 31X =2F (e a=p)

Thon QT =SHT 4 conadichm, and i %5 xF then 17T > 2777 4

oonhadichon . Hena X < x P

Quesfion  Canwe have 1 > 2% for some X F 0 jn /e[xl,..,xnj‘?

Question  (What ave the Fossible monomial orden s k[)a] 7



