MA& L ecture 5 - Dickson's Lemma

5 ]7[22
To undevstand the m(aﬁomhl}os among affine vanehes \/, W < /An we need
to undetand the velation between their ideals I(V), T(w) = klx,.., )‘v\] :
Suppote we have Tv)=Lf, £ and I(w) =<3, 2957 Then
Vew e T(w)e I(V)
—= 3¢ Tv) ==s
< 9 cnbe witlen as > be for some ;¢

St jj vanishey on N for Ul ISJSS

Lot Loy Lo R bedhe lines L= V(z9-x), Li=V(z,3+x)

Then with f = 2 —(12~92)  the “saddle” wehave L, UL, <V () since
Lo V(F), LS V) sepankly This
Follows since § vanishes on both . This means

Ex am)gle
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Bubthis s clear - =
We have fwo different way s of- chec,kl'ng \/é\/\/)

one imove algewmic and tne movejeovneivk. Which is e anier [Je]oewd/.) onthe iowlo/em_

We see from this that the ideal membership Fvob/em (e g€ L(V)) s fandamental
in ajemeCﬂeomdy- i we have some eflective weyy of answenng JE, we can ue this
Ho EF,EeChU‘Q\j answer any 7[,1947‘70/\ of-the form VE W . /

To solve ﬂﬂspvobiem we begm with aJpecia/ class of ideals- the monomial ide als.

x)



Det™ An ideq) L € R[x, %] isa monomial ideal ¥ There exisra sef {2¥]uen of
monomicils []Dom'é/] em/)@ and /oom'b‘/y Mﬁm’k) such thal L = 14 ixd}x eA>
is the smalleat ideal oon#:im’vﬂ [ Fueh E7u/}fa/em#/y

1= { ZMA b ™ / bu € Io\[x(/...,xn] and only finikly many nomzevo}

Lemma Lef L= <{1m]o<er> be amonomial ided . Then

(i) X(AGI 199 DCO(‘J(% j%f some A EA
(H) 1/36- I J(.T \ )L/; ’Forjome 1/(6 I
(ll\) :FG T iff, 6\!6\44 ”f‘eVW\JP jC s n I

_Pﬁi (i) One direchon s clear. Tor the other di/‘ed-fon) suppore D(FE T Then
Sorsome b € Ry %0 ]

1/4 = Z&GA\)&X&

Ca’dﬁ'k

= Zoae/%( %cwx@/);(“
- erA,b’ Cru ™

This showsevevy wonomiak with o nonzew w&/’&\cfeﬂ{‘ In 1-/3 (:RHS)

is divisible lvj 1&/ some & e/}

(i) T F€L fhen uniting f=2 aﬁlfg fr ageR and compauning
b £=0 iepbat™ for bue RIXy¥n] as above wefind all
9([‘2 W/"ﬁ\ @/‘g :,I:O are C“lff&)rblﬁ by Jome J(O(} D(GA . D

Com”av_j Two monomial ideals gre the same it and only it ﬁ?ey wntain e same. monomials .



Theorem CLO 2.4.§ (chkson'flemma) Let T ={x%xen ) beamonomial ideal
in }Q[Xl/..-ﬂ(v‘], Then theve 1s “ﬁ_”ﬁ subset Ao €A with L= <{ )Cd)d€A°>

Froof The ,oyocrf i$ on induckion on . Tn the base cave n=l, the set A €50 hana
lemf@)emem%/m and clearly r= <{1“}o<eﬁl 7 =D

Suppore the claim holds for nvanabley and let I he o ymonomial ideal in

R[XU’-‘/XMH] 7enem¥ed Joy {de}xe,é] (”m‘ing (/ko(z)c;x'—--)(f(“j&”“).

If A< Z;,]:' contained aleast element, i +he sense that for some /1/»6/4

we had uM™ | w2 forall €A Then again T =<uM7 and we are done .
But of counte the velation < ol i UM [ u™ is nok o fofal order;, and wve

neecl noF have such o leont element

t:mmele Comsider (1231/ Lty 7 < 'h[x,\g—_] wheve the monomidals in +he idegl
are the “Lilled in" verhiws below

oy

(3.1)

Soletwsthy minimal elementr instead, like ™%, 2*Y inour picture.

A monomial W=, «€ A is minmal if-there i no ﬂ6/4 distinet from X with WP | uk
(e B o forall ). We claim the sef min (A) is fhie . Sivce any w>, €A

is divisible by aminimal W s will show L = <{ufweny = & {uﬁ}ﬁem;ﬂ(M>
is finilely genevafed and complede the inductive skep.



Tosee min (A) is finik, we tompare A Foih ’Dvoj'edz‘om onto the “x—plane"!
fﬂ’\o& l\) Iek BQZ;D loe.ﬂ’le fd‘ﬂQ OL“ ﬁ sudf\ ’ﬂ'\onL j(ﬁjmé I fﬁgr_gome m 2 O
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Set T=< {l‘mlpeB> < h[*u--v““j, Let min (B) denole the set~of minimal elements

o B. Tf we fake a monomial l/(,oL = l/gfjm with e A i+ may not be thot /a’ is i nimal

(se2 (3.0). Hymever if B €B is minimal $hen there is a unigue m7 0 such that 0<=(/g;"”)
s in min [A). To see s, nole theve is by hypotheals o =(B'm)eA with Bz B’

aod by minimalily /;:/g/ T (p,), (B m') are both in A Hhen ove is smaller under < |

and theve is a leowt pair, ?)vo\/{nﬂ the claim .

We have thws an /'r/j'ecﬁve map min[B) ——> min(A) sencling ﬁ o this (/Q)Wl).

E?\j e induchive l/)ypoﬂ’mis J can be 3enemLecl by f(nikhﬂ maipy Bo< B, and sina
min (B)< By this means min (B) is finik.

Let xyvh be suchfhat (7, k) €min(A) Then V=P prsome Bemin(B). Suppose
(B, m)emin (A) Then by an'm'malﬂy since T2 B we muoF hawe R <m. Thu,

xz(f s “in the shadow" of- one of The gray cubes i (4-1). ButFhere ave only ﬁ'm'ky
mano#fhexe./ Suppose

win(8) = 1fu- LB} wd (B, (fo,m), - (Prmr) €min(A).

Lot M= o e 122}, Thon f (£ ) €min/A) wehave k<.



In any given j—slr(e wre Can onlj hawe ﬁnﬂelj many elemenh o min N Lr any
k<Met Be={peZ3 | xy™e IT, and To= <{xFlger 7 Ten again

by fhe induchve hypotheals min (Br) is finile and if p € min (Br) there is a unigye m s .
(ﬂmje VVH‘V\(A) (nole m may be < J{)) fo we houre maps

min (B) ————> min (4)

min(Bo) / /

min (BMJI)

The comains of all these maps are Finite and we clarm they ame/b)'nf{y suye chve i
(r&j k) e min (A) then fef‘(é <V bein min(Br). T /5# 0 hen ;(/4\7)2 el

onbradich winmaliby o (T, 1), 50 ¥ € min(Br) hona (T£) isin fuc image of
Min (9/1) —> min (A) From this we onclucle min /A—\ is ﬁ'n/'le an claimed - U

CD_VD”% Let > be arelation on Zr;,o sa%‘&{w'h_q
(i) > is a total ovder
(i) 0(>ﬁ and T€ Z;,o hen d+T7/€+f

Then > s awelForc/el/l'm‘? it-and owly it >0 forall e,



