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Suppose we are given affine varieties V
= NII )

,
WHY / J) and we want to know

if they meet, 1- e. whether VNW = ∅ . Suppose I = Lfy . .
.,fn>

,
J= Lgy . _ _

,9m≥ then

VNW = ☒ (ItJ ) =P/( fi, . . .

,
fn

, gi, . . _

, gm )

while ∅ = ☒ ( KEY . _ pen] ) . Suppose for the moment I /VAW) = ItJ then

vnw = ¢ ⇔ Ilvnw) = I (4)
⇔ ItJ= k[ Xi, - - in]

⇔ 1 C- ItJ
.

How do we tell if 1- C- ItJ ? We can run the division algorithm on 1 and G- (fi, . . -ifn, gy . _ _

, gm)
and if it returns remainder 0 then 7- c-ItJ

.

But if the remainder is nonzero itdoesn't

necessarily mean 1¢ I +J - So thedivision algorithm isn't so useful for generic generating
sets

.

However
,
the situation is better for another bases .

Recall -
.

Deft Let klxy . - - in] Havemonomial order<
,
and let G- { 91, .

. -19N} be a set

of nonzero polynomials .
Then A is a Gro -brier basis for an ideal I if

{ LT/911, .
. _

,
LTC 9N ) > = { LT/It >

.

1
the leading term of any FEI
is divisible by some LT(9i ) .

Recall from last lecture (CLO corollary 2.5.6 ) that every ideal has a aiobner basis .
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Proposition CLO 2.6.1 Let I c- R=k[× 's -
- -in] be an ideal with Grobner basis

a = { gi, . . -it}
.

Then given f-ER there is a unique RER with

Ii) No term of r is divisible by any of L -11911, . .
..LT/gt)

Iii) There is g c-
I such that f=gtr

Note r only depends on has a

Proof Theexistence of r satisfying lil, Iii) follows from the division algorithm

f- = gig , +
- - - + 9t9t + r.

=

To prove uniqueness suppose f=g+r=g'tr
'
with r

,
r
' both satisfying lil, Iii) .

Then r = f-g = ( g
'
tr

' ) - g :
. r - r

'
= g

'
- g c- I. But then if r -r

'
-1-0,

LT/ r- r ') c- < LTII) > = { LT19,1, . . .

,
LT/9+1 >

so some LT/%) divides LTCr-r
')

.

But this is (proportional to) a term

of r or r ', which contradicts /it .
Hence r = r ! ☐

Corollary CLO 2.6.2 Let a = {94 . - -19T } be a Grobner basis for an ideal

I C- Kii, _ . .in] and let fEk[xy . . .in] .

Then f- C-Tiff
.

the remainder of f- upon division by his zero .

Proof If r= 0 dearly f-C-I . If f-c-I then we have

f- = 9,9, t - - - t 9+9c- t r (by division)

f- = ft 0

and the uniqueness of the propositiongives r - o - ☐
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DEI Given a sequence F
= (fi, . .

-ifs ) we write f- Ffor theremainder of f
upon division by F.

Clearly then we want to getour hands on Grobner bases .
Wewillnow build towards

an algorithm that computes Grobner bases; the key idea (which is deep, and interesting

for other reasons ) is to examine the reasons behindpolynomial equations (the poetic
name fora reason is syzygy ) .

Deff Given tips C- 25,0 we define LCM (oct, XP)⇒Ñwhere 2- = Max{ ✗i.Pi } for /≤ i≤ n.

DEI Lett,g c- klxi, - - in] be nonzero, I= LCM ( LM (f), LM/g)) . Then

the S-polynomial off,g is

Slf
, g) =
€
f -
¥

g
LT(f) LT(9)

Lemma CLO 2.6.5 Suppose we have a sum EÉ , pi where multideg (pi )=L for all i.

If multideg /EE, pi ) < 8 lie - cancellations occur) then

% , Pi is a linear combination, with coefficients in K, of

{ s (Pi / Pj ) } ,≤ ij ≤ s .

Furthermore each S (pi ,pj) hasmultidegree < f.

Proof Let di = LC(Pi ) so did = LT(Pi) . Then IÉ , di
= 0 sincemullideglsipi ) < f. Note

slpiipj ) = ¥ Pi - ¥Pj (has multideg < 8)

Hence

& dis(pips) = dicta - Is Ps ) tdzdzpa - Ps ) + -
-

=

pit -
- - t ps - i

-¥ /dit .
_ _ + ds

- i ] Ps
= pit - - - + Ps - i

- É( - ds) Ps
= E;É , Pi . ☐
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In the situation of the lemma

s - l

EÉ , Pi
= I

;= ,
dis ( Pi . Ps)

1 t
cancellation is cancellations explicit
only presentafter before addition

addition

thus
"all cancellation comes from S-polynomials

"

.

Theorem CLO 2.6.6 (Buchberger 's criterion ) Let I be a polynomial ideal . Then a basis

G- {91, - - -19 t } of I is a aiobner basis it and only if forall pairs i≠j , the

remainder on division of Ski, gj) by G (in some order) is zero .

Roof (⇒ ) since 51949J ) c- I this follows from the earlierresults.

(F) Let f- c-I be nonzero. We willshow that LT(f) C- ( LTC911
,

. . . ..LT/9t)7
,

as follows .

A representation of fish = ( hi, . . _ , ht) with hi C- k[✗ is . _ in] such that

f- = Ei ! , higi A)

It is easy tosee multideg (f) ≤ 8k : = Max { multideg Chigi ) I ki ≤ n ] .

Consider the set { Jk I k is a representation of f) ≤ 25,0 . By well-ordering
this sethas a minimal element d. We have multideg (f) ≤ f.

If multideg (f) =L we are done
,
since then multideg (f) = multideg ( higo )

for some i and so LT(Gi ) / LT(f) .

Now suppose multideg (f)<f and let 1- = Ei= , higi with f
= th

.

We willshow this leadsto a contradiction
.
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f- = [ higit [ higi

multideglhigots multideglhigi) < s

= [ LTlhig.it [ ( hi - Ltlhi ))gi (4)
multidegfhigi)=S multideglhigi)=S

↑ + [ higi
catlthisf multideglhigijcs
-

alltermsofmultidegveetf

Since multideglf/ < J we have that multideg /F) < t.NO/epi--LT(hiJ9iC1orthosei

appearing in F) satisfy the hypotheses of the lemma, hence Fisak - linear combination
of S-polynomials . Slpi,pj ) . But multideg (pi ) __ Sso

scpi,pj)=¥pi, Pi - , Pj

= ±
- L9i - #-) 9JLLTl9i) LTTl9;)

f- =max{ di + di ,=

gi
-

9J
pins ! }

= xd - %
>

S(gig;)

Qj-LCMILMI9il.CM/9j))HenceFisak-
linear combination of ✗

£- %'S /9i, 9;) 's . Since S(g;⇒a=0,
the division algorithm gives Slgisgj )=Eeᵗ⇒Ae9e , multideglAegels-multidegflgi.gg ))

,

whenever Alge -1-0 - Hence

xt-riislgi.gg . )=Eeᵗ= , Bege Be -_ ✗
f-YAL

whenever Be9e -1-0 multideg ( Berge) ≤multideglxt-r.is/9i,gj))sSsmceLT(sl9i,gj))cx0ij
.
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Hence for some BY

F = Eef , Be 91

where it Beget 0 then multideg ( Be 91 ) < t . But then H ) is a representation
of f with ad terms of multidegree < f , which contradicts minimality of d.☐


