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SMPPoJe we qre ?w\sn a%’ne vavieies V = W(I)) W =Y( JF) and we wantto know
HLWEj meejrj re. whether VAW = 91‘5 Suppore 1= <f9--~/1ﬁn>, J= <3‘/~-~/9VH>_/ then

VoW = V(ZTeT) =V £, - gu o m )

while CP = \(( "\[’Lv'-ylnj) Sueporefﬁjv*ﬂ/)e w\omgn{’ _ﬂ_—(\/m/\))= T4+7 Hen

VNW=¢ & T(vnw)=T(¢)
= T+T =R ]
= 1ecTlT+]].

How clo we fell if 1eI+37 We can run the division algow’ﬂom on L and G=(Fy-An, 9\/-~—/9m)
and ik it refurns remander O then LEL+J. Bul i the emainder is onzevo it-doesn ‘-

necw;alé/y meomn L ¢ L+T . Sothe division algow’ﬁom sntJo weful for genenc \cjempra%‘ng
setr. However, the sitaation is beller for Gub brer bases. Recall-

M Let R xi) .-y %n | have moromial order <, and lef G=139, Gn} bo a sef
tf ponzew polynomials. Then G 5 a Gusbrer banis +or qn ideal L if
LY

LT, LT(92) > = ALT(T)

Recall fiom laat lecture (CLO éom//ﬂff 276) thateve vy ideal hay a Guvbbner bayis.



Poposifm CLO 2.6.] Let I < R= RIxy s %n] be an ideal with Grobner haais
Q= {30‘“/35}. W&“jl'ven ]ﬁe/?.ﬂ)em Is a [/m/‘?(/e reR with
(i) Noferm of r is divisible by any of LT(91), -5 L_T[yi-)
(i) Theve ?Sj € T such that £ =gtr

Note r only dependson (1 as a yet:
Fod The exisene of r mm%ymj (1), (i7) follows fwm e division algonthm
F=0at ot qgerr
To prove wniquentas Suppose f:3+r:j/+r’ with t,r' both safisfying (),0i1)
Then r= 4-9=(3+r')=9 r-r'=9'-gel Butthen if r—r'+0,
LT(r=r") e LT(I)Y> = LT(3), LT(9¢)

So some //7—(9&) divides LT(f“"'). But #his is (PVDFDVHOHOU( fb) a ferm
of r or ) which conbadids (1) Hene r=r’ ]

Coroflay CLO 262 [of &= {5’/'-‘/j£3 be a G bner bawis 4o an ideal
I < f{[xt,--ﬁ(ﬂ:‘ and /e/‘yféb[)ﬁ/---/)(n] Then /Léz
i# the vemainder of 75 upon clivision by A is zew.

f@ﬂ Hr=0 olearly ]EéI. If feT then we howe

F=99+ Fefetr
fofeo

and The un iguleness o,{ The f)vopoé/ﬁ)f\ j/ﬁ'ﬂ% r=0.7/
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Det™ Giiven o sequience F= ., 7[&) we wrije J?- ~for thevemainder o€ £

1 pon divisipn bj F

Clearly then we want 4o getour hands on Coobner banea . We will now build +owards
o a‘f}oyﬁ’hm that compulfes Uvbner bares; he Rey iclea (which is deep, and infevealing
for other eavons ) isTo examive the reasons behind polynomial equatons (e poetic

name or a recwon is %L%gl%)
De" Liiven O({ﬁéz;,\o we define LCH(x¥,xf) :I?/wheue V. =max{ac, £} 4, |<isn.

Def* Lot 4,geh[xy %] be nonzaro, 7= LCM(LMUF), Lr(3)). Then
the S—Ipoli/nomfaw?g?[/ﬁ s

x?’ x?’
S(4,9) =) ‘H‘(ﬁ) 9

Lemma CLO 2-6.§ Suppose we have o sum Z.‘i. pe wheve mq/%/‘c/eg (,D;)= d forall 2.
Tf multideg /é,’i/ pe) <& (re cancellations orcurj then
Z;j, Pc is a linear combination, with ooeﬁﬂfc/‘emfr n /Q/ 038
f S(p:, Fd')}fifgé s . Furthermore each ‘S(/)L//)J‘) han VYM/HC{E(}M <

fodl. Lot dt = [-C[Pi) o dlzé = LT//D?). Then Z,‘i, de =0 sinu m%(h‘dej (2; pe ) <d. Nofe

! ya
S(pe, py) = PRIy

Hencw | [
s— [ / [
Z{-___l dc S(]DC/‘F—C) = Cl'(:{TP‘_—C{—S?S) ‘f“‘{),(c[q?_]b;_'— ZP;)+"
= P,"‘-""’PJ_/ —alT(d('f‘ T "‘d:—t)‘P)'
e
= Pt Ps- ’ds(—dr)Ps
- Ziile. D



T the situafion o the lemma.

Z.‘Scl pe = Z'S’\di S(P‘VPs)

/=

Tws “all cancellafion wmes fom J—/Jo (7nomfa/5 !

Theoven CLO 2..6.4 (@ucla Gerger(.r cm#n‘on) Let T be q/jojnom,b/ idead. Then c basis
G= {3\/-—-13{-3 o’,@ L is a Guobner basis & ancl On(y ifﬁ)r‘a,b(f)a[n inJ'/ the
remainder on division o S(3¢, ﬂj') by Cc (in some order) is zeww.

Red (=) sine 5(9¢,9 )€ L Mis follows from +he earlier resulfr.
(&) Let f€L be nonzevo. We will show thal LT(F) € <LT(?/|J e LT(91‘)>)
as follows. A representation A Lis h=(hy,- he) with he € R[Xy -2Xn] such that

JC - Z’{il hiﬂc’ (*)

Tt iseany fosee imultideg ()< §n -= max {_ multicleg (‘\J?L) [ 1<c<n?.

(onsider the set { In / hoisa Vf/amm:‘aﬁ‘om 4 7[}5 Z;\O By we“‘ordevinj
this setFhow o minimal element & - We howe mml%\deg (+) < 4.

If mulhdeg(£) = we ave done, 9ince then muthdeg (£) = multhdey (ho9c )
for some & andl so LT(9) | LT(F).

Now Suppore W)MHv‘deg (H(J and /e/'/= 2,;, }h‘ﬂ[ with f = e
We will show this leads o e conpadichon.



magy(

@
f = O hig 2 ha
mulhdey(lq;%) =/ muthideg (hege) <4
_y LT(h 2 (k=1 (*)
mql%‘deg(mgo = muH-l‘deg(thL)—S

y 2 hige

mulﬁdea(hggi) <d

Sine VVlun‘deg(H < d we have that mulhideg (F)<d. Nok pe=LT(he)ye ($o+ fhore
appeanng in ~ ) sofishy the hypotheres ot the Lewma |, hence Fis a k-lineay wmbination
”#S-I’D‘Womia)& 5(/95/;@'). But mulbideg(p:) = & o

7 x4

S ) = Gy P ey
<! /) )
= — L’Tt[’)c‘ ﬂ[ — LT | 9~
LT(h%)CT(9:) LT(@')LTM/') /‘/) )
= x‘g L x(g ) ai_:max{dl")-o({'/
A Je : jJ e /_}
LT1(9: ) L1(39,) ferpl

= S Ss(s09;)  Ty=Lemenlr) nly))

7 — &
Hene Fisa R-linear wmbination of X $-2) 5(9,9,)'s Sina S(9,,3) =0,
t :
The division algovithim gives S(9,9)= Z{;, Ar 94 mulhdey (A 94) ému\ﬁdey(f(ﬂu%)))
whengver Ay 94 # ©. Hena

1! 3’95(9 )= , Bege B, = 2" T0A

whepgiur Bt %O muHﬂdeg P4 7{) VV\lHﬂdeg( d- Xuij(j,‘/fb’))<5 s
LT(s3.,9,)) < 2%



Henae for some. BL
F= 2 B

where 7F @I{ﬂ{ + O fhen mulkideg( By 9{) <& Buf hen (¥) s a rqareoemhﬁon
b L with all +erms o mu l%‘degmg <d, which conhaidicts m[ﬂfma/f/y 07( 4. 0



