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1 L7-5.5 (box product)

Given topological spaces { X}, let H?étl X denote the set [],., X; with the
alternate topology which has a basis the sets [[,.; U; where U; C X; is open for
all i € I. (i.e. we do not impose the condition that {i € I|U; # X;} is finite).
Prove that this is a valid basis, but give a counterexample to show [, t X; does

iel
not have the universal property of Lemma L7-2.

Background story: The basis of a product space is,

8= {Hiel U;|Vi € I,U; C X, is open and @ is ﬁnite}

where Q = {i € I|U; # X;} and I = QU (I \ Q). And this basis helps us to
establish the so-called Universal Property of the Product.

Y Hze[

X;

The three actors in this Universal Property are three functions f € Cts (Y [Lics
fi € Cts (Y, X;) and m; : [[,o; Xs — X; which is calledJ -projection and defined
as m; ((i);c;) = w; for some (x;);,c; € [;c; Xi- In fact, from the Exercise
L7-5 that the j-projection is continuous. The full statement is: given f; that is
continuous, there exists unique f which is defined as Vi € I, 7; o f = f; which is
continuous.

Sketch of proof: Define the basis for the alternative topology to be H X; is

jtnintdbuininlingelll siahuihinbd el
B which is defined by

B = {T1;c; UslVi € I,U; C X is open}

Xi),



The proof has two parts. First part is showing that 4% is indeed a basis. This
is done by checking the condition

VU €[], ,; Xi,Vz € U,3AB € B4t (x € BAB CU)

il
We will check an equivalent condition that every U open in the product topology
can be written as the union set of a subset C** C g%,

The second part is to show it fails Universal Property of the Product. The
idea is to construct a counter example. Assume the topological space X =
[I;c; X is also a metric space (X, d) with an arbitrary metric d. In fact, let’s
assume d = ds. Further assume Y and all X;’s are equal to the real line R, the
unknown indexed family I equals to the natural number N. By this assumption,
we can see the basis will be a set of open balls {B, (z) |z € X,e > 0} =: gt
The setup is now complete. The strategy of the proof is by using proof by
contradiction. Given f; be the identity function id; for all i € N, and assume
such continuous function f exists. Pick an arbitrary open set U from [,y R =
RN, consider the preimage of the intersection of these U’s under f. Since U’s is
open, it can be represented as a union of open balls. And at some stage, we can
see the preimage of this arbitrary open set U can be represented by an infinite
intersection of open balls. We know this intersection of open balls will shrink
to a point, which is NOT open in the metric setting. Hence by contradiction, f
cannot be continuous, and the Universal Property of the Product failed.

1.1 Prove % is a basis

Proof. WTS: VU C [],;c; Xi open Jacdtc pdt u= |y B.
B€Calt
Pick an arbitrary U € [],.; X; open in the product topology.

i.e. U=1]],c; Ur for some U; € Tx,.

— U e pt = {Hiel UiIVie I,U; C X, is open}

We can use such C** to be a set just contain U, C** = {U}. Of course U =
Upecare B Hence such C** C 3! exists. Therefore, 8! is indeed a basis for
the product topology. O

1.2 Prove the Universal Property of the Product failed

Proof. Make the following assumptions:

1. Assume X; =R for alli € I and Y = R also be a metric space with metric
d. Hence, each X; = R has the topology 7y.

2. Assume f; = id; for all ¢ € I to be the identity function. Identity function
id; : R — R is course continuous, so id; € Cts (R, R).

3. Let the indexed set I be the natural numbers N

Assume by contradiction that the Universal Property of the Product hold
under the basis f**. Therefore, if we have a function f : R — I1.enRa,



then by Universal Property of the Product, such bijection of j-projection ; :
II.cn Rn — R which make 7 o f = id; exist for all j € N. And f should also
be continuous. We can define such inverse of 7; to have f(y) = (idy),,c-

Pick an arbitrary U C RN be open in product topology generated by the basis
Balt_

i.e. U=1]],ecnUn for some U, € Tg.

Because U,, € Ty, and the basis of the topology 7 is a set of open balls B, () =
{y € R|d(z,y) < €} for some z € U, and € > 0.

iLe. Up =U,ey, Be(2)

In fact, we can choose U have some U, = B, (z) and we just focus on a single
point = 0 and consider the product of open balls around it.

Choose € = %, so that our open ball B% (0) = (—%, %) will shrink as n € N
grows.

Consider f~'U, which is open in R by our hypothesis:

o i)

neN

{yGMNweIIw}

neN

= {ZU € R (idn () en € H Un}

neN
={yeRVneN,yeU,}

:ﬂUn

neN

ARSEEC

neNzeU,

=1 B0

neN

-N ()

neN

= {x}, where {0} indicates a point set

The last line is because as n — oo, no matter which point x € U, we are
considering, the distance between x and points around it will shrink to 0. i.e.
d(x,y)<%—>Oforally€Rasn—>oo.

But a point set {0} is NOT open in R Because it contains no open balls
around it. Hence we have a contradiction. By proof of contraction, f is not
continuous and hence the Universal Property of the Product has failed for the
basis 3%,

O



2 L7-17 (continuous components)

Given spaces {X;},.; and Y, prove a function Y’ EN [1;c; Xi with components
fi 1Y — X, is continuous iff f; is continuous for all i € I

Background story: We have a function f : Y — [[,.; X; with its components,
say fi : Y — X;. Sothat we can write f as a tuple of its components f = (f;),c;-
For example, if we use f to map a y € Y into [[,.; X;, we can write

f (y) = (fz (y))ieI

Note that there is no implies order of this tuple because the indexed set I is
arbitrary.

We also make use of the product topology, which a topology generated by
the basis

icl

B ={Ilic; UslVi € I,U; C X; is open and Q is finite}
where Q ={i € I|U; # X;} and I = QU (I \ Q).

Sketch of proof: We will prove in the first part of the forward direction
feCts (Y, [[;e; Xi) = fi € Cts(Y, X))

by using fact that the preimage of all open sets in [],.; X; are open in Y. In
execution, we will choose an arbitrary open set V' € [],.; X; ! and we will focus
on a particular j € I. Without loss of generality, we can choose the open set of
interest V' to be an arbitrary set from the basis 5. We write such open as V =U
to identify it is from the basis. In addition, because we are only interested in
that particular j € I, we will choose the set Q to be @ = {j|j € I for U; = X,}.
This U; will be the arbitrary choice from Tx,. The consequence is you can
imagine that if we pick an arbitrary U € 3, it will has the form

U:< H Xj)XUj:...Xj1><Uj><Xj+1><...
iel\{j}

Then at some point, you can find the set f~!(U) will become f; *(U) which is
the set of interest.
And prove the backward direction in the second part

fi € Cts (Y, X;) = feCts(V,[le; Xs)

Just pick an arbitrary U from the basis of product topology. Proceed will get
the result.

INote here, V = Hie] V; for some V; C X; open in X; for all ¢ € I. Because all elements
in the product topology are generated by the basis 3, and all elements U = Hz‘el U; € B has
its components U; open in X;. So if we pick an element, say V = Hz‘e] Vi from the product
topology, each V' will be an arbitrary union or finite intersection of U’s, hence each V; will
also be some arbitrary union or finite intersection of U;’s. We know topology is closed under
finite intersection and arbitrary unions. Therefore, we know each V; will also be open in each
X, for all 7 e I.




2.1 Forward direction

Proof. Assume f is continuous.

ie. VU C[],c; XiU open in [[,.; X; = U e .

Pick one aribrary U; € Tx,. Choose a U C [[,.; X; that has its jth component
equal to U; and other component equal to X}, forall k € I\ {j}. By definition
of product topology, such U is open in product topology, more precisely, the
product topology with the basis has @ = {j|j € I for U; = X,} and the indexed
family I =QU I\ Q.

Consider f~1U € Ty:

flU={yeY|fyeU}

yeYlifye [[ Xivy;
i€1\(5}

yeY|(fiie € [ XivU;
ieI\{5}

{lyeYVie I\{j} five XiA fjy € U;}

yeYNielI\{jlye fi'Xiny € f7U;
——
=Y
={yeYlye f'U;}
= fiilUj
€Ty

Hence, we proved U; open in X; implies fi_lUj. Since the choice of j and
U; are all arbitrary, so we can infer f; are continuous Vi € 1. O

2.2 Backward direction

Proof. Assume Vi € I, f; € Cts (Y, X;).

ie. VU, C,(U; e X; = f;'U; €Ty

Pick an U C [],.; X open.

ie. U= {(%i);c; € [l;c; Xili € I,z; € U; where U; are open in X;}. And we
have Q = {i € I|U; # X;} finite and I = QU (I \ Q).

Consider f~1U:



fTlU={yeY|fyeU}
:{y€Y|Vz’€I,fiy€UZ~}

—{yeYNMie(QUI\Q),yc [['U}

= ﬂ fi_lUi

1€(QUIN\Q)

177 -1 77
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ieQ ie\Q —X;
N—_——
=Y
=N A'u|NY
€eQ X
€Ty

€ Ty, because topology is closed under finite intersection.

Finally, since the choice of U is arbitrary. Hence, we proved f is continuous.
O



3 L7-18 (fun torus)

Prove the torus as a finite CW-complex with one 0-cell (i.e. |Xp| = #), two
1-cells and one 2-cell.

Background story: For presenting finite CW complex, we need to show a se-
quence of Xg, X1,...,X,, = X together with the attaching maps {fa I Xi,l}
where ); is the family of cells in i*" attaching step. This process of attaching
n-cells 2, is to attach the boundary of our n-cells S"~! onto the previous pre-
sentation X, ;. The function f = [], A, Ja, with its individual components

fa indicates how do we attach those boundaries to the previous presentation
X,—1. The attaching process from presentation (n— 1) to n can be summarized

as the following commute diagram:

acl;’

_ f
HaEAi Sg ! > Xn—1

e

HaEAi D — X,

Sketch of proof: Focus to our question, we have two attaching actions. What
we know are:

1. Xo = {*} is a single point set, this is our O-cell.

2. We have two 1-cells, which is the disjoint union of two 2-discs: D! ] D!,
where D! is an interval D! = [~1,1]. We need to attach their boundaries
SOT18%{(a, —1), (a, 1), (b, —1), (b, 1)}, where S° = {—1,1}, to the O-cell
Xo. Note that we use a to indicate first component of the coproduct and
b indicates the second component

3. We have one 2-cell, which is an 2-disc, D?. We have to attach it to the
X,, where X; by inspection is the "number eight”.

So we consider two such commute diagrams:

SO HSOfSO HngXO

b |

D'[D' — X,

SIL>X1

-

D2*>X2

?n-cell is just the n-disc D™. [oea, Do means there are |A;] to be attached.



More precisely, we have to come up with how to ”attach” those cells, i.e. to
find two attaching maps fgo [ fso and f, and two presentations X; and X5.

The map fgo : {—1,1} — {x} is obvious. We have fgo(—1) = * = fg0(1).
Note the set S°[]S° = {(a, 1), (a, 1), (b, —1), (b,1)}. So

Vo € SPI1S%, (fso L fso) (z) = =

The map f : 57 — X is trickier. Aside of that, let’s consider what is X; in
order to get some clue about what f should be. Graphically, we know X3 is two
circles S attached to a single point. S* here is actually [—1,1]/~ = {[1],z|z €
(=1,1)}, with the equivalence relation is 1 ~ —1. We have two such circles, and
the point of attachment is where we have attached —1 and 1. Hence, we can
imagine that X is also a disjoint union of circles quotient out some equivalence
relation. That equivalence relation will be (a, [1]) ~ (b, [1]) where we use a and
b to indicate the [1] € S* come from the first and second circle respectively. The
disjoint union looks like ST ]S = {(4,y)|i € {a,b},y € S1}. So we have:

(Sl]_[sl) J~

{[(a, 1]}, (3, 2)|i € {a,b},z € (=1,1)}

{[(a, D]} U {(a, )|z € (=1, 1)} U{(b,2)|z € (=1,1)}
{l(a,[1])]; (@, z)]x € (=1, 1)} U{[(b, [1])], (b, z)|z € (=1,1)}
SLy s}

where [(a, [1])] = [(b,[1])] = [(a,[-1])] = [(b,[-1])], and we use S; and S to
indicate X is really the union of some circles. Another thing to be noted is we
can display what D' [] D' looks like:

D'[] D" = {(i,)li € {a,b},2 € D' = [-1,1]}

It is possible to construct a map from D' to S} for S}. Define f, : D' — S}
and f, : D' — S} where they has the form

o (a,z) Lifze(—1,1)
fa () = { [(a,[1])] ,ifz € {-1,1}
)

_ (b,x) ifxe(-1,1
wo={ iy it )
Observe these two functions, we can find a continuous map from S = [-1,1]/~
to D'. Such map is x — z,z € (—1,1) and z + {—1,1},z = [~1] = [1]. Then
by factor through the quotient, I can find an unique continuous map between S*
and S} or S}. However, I cannot imagine how to find a map from S* to St U S}

that can let S* covers the entire S} US}. So I decide to use some other approach
by inspect how I walk around the circle using some parametric functions. First,



let (z,y) = (cos (8), sin (0)) for some 6 € [0,27]. So as 6 rotates from 0 to 2,
we have walked along S' once. Next is my friend’s contribution, she showed
me how she walked around the number eight by walking along each circle twice
with just walking along the S once.

(a, (cos (40) , sin (46))) ,if 6 € |0, 2\

_ (b, (cos (4 (Gfg)),si_n(ll(ﬁ g)))) ,ifbe |5,m
(a,(cos (4(m—8)),sin (4 (7 —0)))) ,if 6 € [, 2]
(b, (cos (4 (37“— )),sin (4 (3%—9)))) ,if 0 € [7”,277]

(a,e“e) ,if 0 € [O, g]
b,ei‘*(@*%)) Jif 6 € [T, 7]
la,c4=0)  if0 e [r, ]

(b, ei4(37ﬂ_9)) ,if 0 € [3“ 271']

~.

~

e
et



After all, we have to show our final presentation X5 is indeed a torus. That
is to find a homeomorphism between X», and one of the (S* x S1), ([0, 1]%/~),
((S* x [0,1])/~). This can be done via a pushout construction.

So the goal is to show X5 [0, 1]?/~, meaning to show a function ¢ : X5 —
[0,1]* /~ is continuous, bijective and its inverse function s : [0,1]* /~ — X is
also continuous. First, the continuity of ¢ can be obtained from the pushout
construction, and t is in the position of the following pushout diagram:

SlLXl

]

D24>X2

in order to prove such t is continuous using the theory of the pushout, we need to
check for some functions u; and us, they are continuous and satisfy the contion
of ug o f =y 0i. Note that the red arrow us in above diagram contains exactly
the same information as the following red-dashed arrow:

SO ]_-[ Sofso ]_[ f§0X0

b |

D'[ID! —— X,

That means in order to claim that us is continuous for free, we have to find
another two functions v; and vg such that vy o fgo [ fso = vy 041 [] éa.

So to wrap up, if we can find uy, ug, v1, v are continuous and make the
relative diagram commutes, then we can claim t is continuous for free. The only
part in the process that we can use pushout construction is when we trying to
find us. Now let’s think about how to find other maps.

For u; : D2 — [0,1)° /~. The trick is to see the 2-disc D? is homeomorphic
to the square [0, 1]2. If that is established, then we can instead consider u} :
[0,1]* = [0,1]* /~, which is exactly the quotient map. And that quotient map
is exactly what we have seen in Tutorial 2. We know by definition of quotient
map, it is continuous.

For vy : {*} — [0,1]% /~, this can be thought as attaching a single point
to the four vertices of the square [0,1]? and then compose with the quotient
map from [0,1]° — [0,1]> /~, say vy = vy 0 ¢. The v, here is a surjective
map from {*} to four vertices on the square [0,1]?, which is the map {*} >
{(1,0),(0,0),(1,1),(0,1)}. Clearly this map is NOT injective. We know from

10



the tutorial 2, the four vertices form an equivalence class. Hence, we can define
such map vs to be {x} — [(1,0)] where

[(LO)] = {(x,y) € [07 1]2 /N} = {(170)7 (030)7 (17 1)7 (07 1)}

This established a one-to-one correspondence. The question to be asked is that
is it continuous? It turns out it is. First note that the topology of {x} is just
{*,@}. Because vy will map all set contains that equivalence class [(1,0)] back
to the whole space {x}, and others to the empty set, which are both open in
the single point topology.

For vy : DY][D* — [0,1]° /~, the idea is to map the two intervals D' to
the four edges of the square [0,1]>. Previously we see that D' [ D* looks like:

D'[] D' ={(i,)li € {a,b},2 € D' = [-1,1]}

but it seems that knowing its form do not give me any inspiration. So I would
incline to use the Universal Property of Disjoint Union by defining the canonical
maps of injection ¢+ : D' — D*[[D'. And fp: : D} — [—1,1]* /~ and fpr -
D} — [-1,1]? /~ are defined as:

Fop (@) = [(,0)], —
Fop (@) = 1(0,2)] , -

where the subscript just to distinguish the two 1-cells in the disjoint union.
Note here I cheat a little bit that I'm using the square [—1,1]% instead of the
square [0, 1}2, but that’s okay since we have a homeomorphism between [0, 1]
and [—1,1]. Now claim these maps are well-defined and continuous. Because the
function x +— (x,0) is continuous, and we composite this map with a quotient
map, we know the composition of the continuous maps is continuous. Therefore,
by Universal Property of Disjoint Union, there is a unique continuous map v
which let the following diagram commutes:

D! D!
fp1 Dl HDI

}vl fp1
[0,1]7 /~

Hence, the continuity of vy is proved. But after all, eventually I found that I
can just claim

(o) = (fon [T ey) (Gon ={ 0 12250025

11



Second, we have to prove the s is continuous, the following diagram shows
a good indication of what we should do.

D —— [0,1]* /~

so from the diagram, we can get some sense that the trick is to use the Universal
Property of the Quotient. If we can replace D? with [0,1]?, we can apply
Universal Property of the Quotient without hesitation. That requires us to show
that the 2-disc D? is homeomorphic to the square [0, 1]2. If homeomorphism is
proved, then we have the following commute diagram.

[0, 1] —2 [0, 1% /~

Xo’lf is
+

Xo

From the diagram, we know the quotient map ¢ is continuous, and we know the
map L 12 [0, 1]2 — Xy is continuous from the Exercise L7-8. Hence, we can
claim s is continuous for free.

Lastly, we have to show

3.1 Preliminary Results

We will prove some results like a 2-disc D? is homeomorphic to a square [0, 1]2
in this section.

Claim: A 2-disc is defined as D? = {(x,y) € R%|2?2 + y? < 1} C R?, and a
square is defined as X = [0,1]> = {(z,y) € R0 < 2,y < 1} C R2. Then D?
and C' are homeomorphic.

Proof. Before the proof, let’s use the fact that the function x — ””T“ is a home-

omorphism between [0,1] and [~1,1]. Thus, we can show that the 2-disc D?
is homeomorphic to the square Y = [—1,1]? instead of [0, 1]?. Firstly, because
they are both subset of R?, then their topology is the subspace topology of R2.

Ty = {[-1,1° 0 Be (@) (2, ) € R, > 0}

Tp2 = {D*N B ((z,y)) |(z,y) € R e > 0}
Next question is how to define a homeomorphism f : [—1, 1]2 — D?? Start by
imagining what would happen if we want to stretch the boundary of a 2-disc is

sitting in the square with the boundary points (—1,—1),(—1,1),(1,—1),(1,1).
When we say a point on the boundary of D? has distance 1, we really mean

12



the quadratic norm of that point is 1. On the other hand, when we say a
point on the boundary of a unit square has distance 1, the implicit metric is
the maximum norm. So for example, if we have two observers, one is using
the quadratic norm dy and the other is using the metric of the maximum norm
ds. Note that although two observers may both observe some points that have
distances ”1”, actually they do not agree on that distance. In fact, they have
to use some machine to convert the language the other observer talk into their
own language. For example, the observer who is using the d, gives the other
observer a coordinate, the other observer only knows the distance from their
point of view. In order to acquire the coordinate from quadratic point of view,
the quadratic observer has to divide the coordinate that the other observer gave
in order to obtain the coordinate from their point of view. In short, the functions
that maps boundary to boundary are:

. 2,
f:0Y = dD ’("T’y)’_)dg(x,y) (z,9)
1
L apn2 . .
g:0D %8Y.(9:,y)r—>doo(m7y)( ,Y)

where in this case the symbol 9 indicates the boundary of each plane. Therefore,
to wrap up, if we want to define a homeomorphism f : Y — D2, the candidate
homeomorphism will have the form:

f ($7 y) - (fij((mw,;;l)) ((E, y) ,otherwise
Its inverse will be g : D? —» Y
[0 =00
g9(z,y) = ) (5,y) , otherwise

It is obvious that these two functions are bijections. Because when consider
fog(z,y) and go f (z,y), the coefficients will just cancel each other out. So by
fog(x,y) =idy and go f(x,y) = idp2, we have they to be bijections. Next
we show they are continuous. Because they are metric spaces, we just consider
the usual limit arguments.

Case 1: Continuity at point 0. Suppose do, (z,y) — 0, then

dy (f (z,y) = £(0,0), f (z,y) = £(0,0)) = d2 (f (z,9), f (z,y))

B <d2($l/ Y )’dz(ﬂ%y)(’y))
s (T, Y)
d2 1) da (z,y)
doo (,Y)



Case 2: Continuity in general. For simplicity of the notation, we write da(z —

y,z—y) = ||z — yll,- Suppose [|((z2,y2) — (z1,91))ll, — 0 for some (z1,y1), (z2,92) €
y distinct, then

oo (72, Y2) _dw (z1,51)

1, - T2, = €2, T,
1f (@1,91) = f (22, 92) |l = H s (72,1) (2, 92) b (1,01) (z1,91) )
o (T2,Y2) doo (¥2,92) (1,71 )H
——="= ((xa, — (21, + (x1,
H do (22, yo) ((z2,92) — (v1,91)) + (21 yl)(dg (z2,y2) d2 (z1,91)
doo (z2,Y2) (d (z2,y2)  doo (z1,1) )‘
< =7 2,Y2) — (x1, + |d2 (21,
d2 (l‘g,yg) ||(( y2) ( 1 yl))”Q 2( 1 yl) d2 (ch,yz) dg (xlayl)
by triangular inequality
doo (22, Y2) ’ dy (x1,91)
= - 9, — (Zq, + dOO T2, _dOO €1,
d2 (1'2,y2) ||(( 2 y2) ( 1 yl))”? ( 2 y?) d2 (I2,y2) ( 1 yl)

— 0 as [[((z2,y2) — (z1,91))[l, = 0

In the last line, we use the fact that as ||((@2, y2) — (z1,y1))||, — 0, the fraction

da(z1,y1) 51
da(z2,y2) ’
By symmetry, we can do the exactly the same thing to function g. Hence,

we proved function f : Y — D? is a homeomorphism. And thus Y and D? are

homeomorphic.
O

3.2 Display the presentation of the finite CW complex of
a torus
In this section, we will display the attaching map of attaching two 1-cells,
fso II fso : S°TIS® — Xo. And the attaching map f: S' — X;.
We start from X = {*}. The map fgo : {—1,1} — {*} is obvious. We have
fso(=1) = x = fgo(1). Note the set S°J[S° = {(a, 1), (a, 1), (b, —1), (b, 1)}.
So

Vo € SOI1S°, (fso I fso) () = *

Then we obtain X; from some pushout construction:

X1 ={l(a, 1} U{(a, )|z € (-1, 1)} U{(b,z)|z € (-1,1)}
= {l(a, [1]))], (@, )|z € (=1, 1)} U{[(b, [1])], (b, z)|z € (-1,1)}
=Slust
where [(a, [1])] = [(b,[1])] = [(a,[-1])] = [(b,[-1])], and we use S! and S} to
indicate X is really the union of some circles.

Eventually, I decide to abandon using any universal properties and instead
to find the attaching map f by considering how do I walk around the circle

14



while I'm walking around the number eight. I will use the usual definition of
the circle St = {(z,y)|z? + y? = 1}. We consider (z,y) using some parametric
function of the angle # to indicate how I walk around the circle. The map is
following:

[, y) = f(cos (0) , sin (0))

(a,e“e) ,if 0 € [O, %]
b,ei‘*(@*%)) Jif 6 € [T, 7]
=) laet ) it e [r, 5]

(b, ei4(37ﬂ_9)) ,if 6 € [3” 271']

3.3 Homeomorphism between torus and X,

Use [0, 1]?/~ to denote the torus, and ¢ : X5 — [0,1]2/~ be the function that
maps X» to the torus. In addition, denote s : [0,1]?/~ — X3 be the candidate
inverse function of t. We want to show

1. ¢ is continuous

2. s is continuous

3. t is bijective. i.e. tos =1idx, and sot =1idj )2/~
Claim: t is continuous

Proof. From the introduction part, we see the key to show ¢ is continuous is to
use the Universal Property of Pushout twice. That is to find wy, us, vy, ve that
make those diagrams commute.

Because D? is homeomorphic to [0,1]%, uy : D2 — [0,1]* /~ is the quotient
map ¢ : [0,1]° = [0,1]* /~, which is defined as ¢(z) = [z].

us can be proved to be continuous using another time of Universal Property
of Pushout via constructing the continuous fucntions vy, vs.

For vy : {*} — [0, 1}2 /~, it is the map of compositing the surjective map
vy = {x} — {(1,0),(0,0),(1,1),(0,1)} with a quotient map ¢ that maps those
four points to a single equivalence class. So vy = 1)/2 o ¢. And it has the form

{x} = [(1,0)]

where

[(130)] - {(x,y) € [07 1]2 /N} - {(170)7 (030)7 (17 1); (07 1)}
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For vy, we can define v; to be

(o) = (fon [ o) (Gop ={ G0 12050028

with its component functions fpi : D} — [~1, 1]* /~ and for: D} — [-1, 1%/~
are defined as:

[(z,0)],-1<z <1
[(0,2)],-1<z<1

Ipr (2)
fp: (x)

It’s easy to see that the component functions are well-defined and continuous.
Because the function z — (z,0) is continuous, and we composite this map with
a quotient map, we know the composition of the continuous maps is continuous.
Lastly, by the Universal Property of Disjoint Union, we can claim that v; is
unique and continuous.

Now, clearly we have v2o(fgo [ fs0) = v10(11 [] i2). Because when we depart
from SYT]S° = {(a,-1), (a,1),(b,—1),(b,1)}, there is only one destination we
can arrive at [—1,1]?/~, which is

[(1’0)] = {(l‘,y) € [07 1]2 /N}’ = {(170)’ (0’0)7 (1’ 1)) (07 1)}

Thus, we can claim that us is continuous by the Universal Property of Pushout.

Now we have uq, us both continuous, we want to know whether uj0i = uso f.
It’s hard to show they commute by put in some specific points. But we know
ug,u; are all unique, and f and 7 both have some sin and cos, so I will just
claim that they commute from some graph intuition. Hence, we proved that ¢
is continuous by the Universal Property of Pushout.

O
Claim: s is continuous

Proof. We proved in previous section that D? is homeomorphic to [—1,1]2/~,
and by transitivity of homeomorphism, D? is homeomorphic to [0, 1]?/~. There-
fore, instead of considering the map D? — [0,1]?/~, we can consider the map
[0,1]> — [0,1]2/~. Note that such map will be the quotient map ¢. By the
pushout construction, we know the map D?*toXs is continuous. Thus, by the
Universal Property of Quotient, there is a unique continuous map s making the
following diagram commutes.

0, 1> =2 [0,1)? /~
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Finally, we know both ¢ and s are unique continuous functions that maps
each of their domain to their codomain, so the only possible solution of that is
they must be inverse to each other. Hence, the bijectivity is proved.

Overall, we proved t is a homeomorphism to X and [0,1]?/~. Therefore,
this presentaion of finite CW complex present us a torus with the attaching
map.
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4 L7-21 (circle represents periodic functions)

Given P > 0, let ~ be the equivalence relation on R generated by « ~ z + P
for all x € R. Prove that R/~ = S (i.e. homeomorphic to S' and hence that
there is a bijection for any space Y such that

Cts (S1,Y) = {f : R — Y|f is continuous and Vz € R, f (z) = f (z + P)})

The circle is the space that represents periodic continuous functions.

Background story: In this section, we have a 1-sphere S = {(x, y) |22 + 9% = 1} -
R2. We have two equivalence relations. To make these two equivalence relations
distinct, let’s name these equivalence relations. Denote the first equivalence re-
lation of x ~ x + P for some P > 0, R;. i.e.

Ry ={(xz,x+ P)|x € R} CR x R for some P > 0.
One can see that the equivalence class for an arbitrary € R will look like:
[]={...,x —2P,x — Pz, + Pz +2P,...} ={z+nP|n € Z}

We have another equivalence relation generated by R;. Call it Ry
Sketch of proof: For questions like proving the something is homeomorphic to a
quotient space, I will have the Universal Property of the quotient in my mind.

R 25 R/~

W-
i

Where in this case, we have the quotient map ¢ : R — R/~ which has the form
¢ (z) = [r] for x € R. And f : R/~ — S is the function of interest. We want to
show f is a homeomorphism. Then the steps of solving will become following:

1. Finding a easier version of function f : R/~ — S, whichis fo¢ : R — St.

And this function f o ¢ needs to be (1) Well-defined, (2) satisfies the
equivalence relation that:

Ve € R, (foo)(x) =(fod)(x+ P) whenever x ~ x + P

This property will allow us to make connection between the function f
and the function f o ¢ in the following way:

(foo)(x) = f([z])
Therefore, if fo¢ is well-define, then f is also well-defined. By the Univer-

sal Property of the Quotient, such f is continuous. Hence, the continuity
of the candidate homeomorphism is proved.
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2. We find the inverse of function f : R/~ — S. Call it g: S* — R/~. We
need to check (1) g is bijective by checking :

fog=idg. and go f =idg
And (2): check g is continuous.
In part 2, define the function:
®: Cts (S1,Y) = {R — Y|f is continuous and Vz € Rf(z) = f(z + P)}

which is given by U(F) = F o4 for F € Cts (S*,Y). So we may want to show
the following diagram commutes:

R ¥ 51

N

We have to show such ¥ is bijective. We note that the function F' maps from
S to Y. However, since we have already showed there is a homeomorphism
between R/~ and S, so we expect the following diagram commutes:

St R/~
K
Y

therefore, we are allowed to define a new family of continuous functions G €
Cts (R/~,Y), and instead consider the following diagram:

R*HR/N

Nk

where ® is defined as ®(G) = Go ¢ for G € Cts (R/~,Y) and ¢ be the quotient
map. Remember the goal is to show W is bijective. This can be achieved by
showing the function ® is bijective. So we show & is injective and surjective.
4.1 To show R/~ = §!

Proof. Inspect that (f o ¢)(t) = (cos (%t) ,sin (%t))
Check that this is well-defined. Consider an arbitrary ¢ € R.
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Do
3

(t+P)> ,sin (2; (t+P)>>
rar) i (24 20))
; (( IED)

=(fo

Because the choice of t € R is arbitrary, thus the function is well-defined.
Hence, the function f : R/~ — St is defined as (f o ¢)(t) = f([t]) for some
t € R. Here, we use the fact that trigonometry functions are continuous with-
out proving. Hence, by universal property of the quotient, the function f is
continuous.

Next, we define a candidate inverse function g : S' — R/~. For each
(x,y) € S, we can uniquely define (x,y) = (cos (%’rt) , sin (%’rt)) for t € [0, P).
(i.e. we have walked around the circle for nearly one period). As the clock hit
the point ¢ + P, we have (z (¢),y(¢t)) = (x(t+ P),y(t+ P)). But t ~ t + Pl
Hence we are allowed to define g (z (¢),y (t)) = [t] for any t € R.

Let t € R, implies [t] € R/~. Consider g o f:

(o0t +P) = (con

= <COS

DY oY S

~ -~ N/ N~

—
o~
~

go f([t) = g(£([t)

oo (250) in ()
— 11

Let (z,y) € S* which is defined as (z,y) = (cos (%t) , sin (25t)). Consider
fog:

o) (3)

It shows that f & g are bijective.
Next, to show g is continuous, consider the preimage of an arbitrary open
set U C R/~. Let’s use the arc length metric d, on St.

97U = {[t] e R/~|g(}t]) € U} = fU = B (21?)
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for some % € [0,27). The last equality hold is because if take any open balls

on the real line mod out some equivalence relation, you will always has the
corresponding open balls on the arc. [See picture]
O

(cos (38, Sin(352))

)"_ ey
©

a)

I (1) \'
Ty /_

|

~}

R

e \/‘: ey
XN Xt

Intinite copfes o“}' \\n\\u\)

(gl iy R

X 24P

You soe ) At bhe boundovﬂ we @n sttl hove thae open fots
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4.2 To show the second homeomorphism

Given two continuous functions G € Cts(R/~,Y) and f € Cts(R,Y). We
construct a map ¢ : R — R/~ and show the map ¢ is bijective.

Proof. Given G1,G3 € Cts(R/~,Y) be arbitrary. Suppose ¢(G1) = ¢(G2).

?(G1) = ¢(Go)
= (G109¢) = (G209)
= (G109¢)(y) = (G209) (y),Vy eR
= G1([y) =G2([y]) . V[y] e R/~
= G1 =Gy

Hence, it proves that ¢ is injective. Next, we prove surjective. Let f € Cts (R,Y)
be arbitrary, we want to show

3G € Cts (R/~,Y) such that ® (G) = f

So the task becomes showing G satisfies the definition of f = ® (G) = Go ¢ is
continuous. So we want to show

YUCY,(UeTy = G '({U) e Trn)

GTH(U) ={[t] e R/~IG ([t]) € U}
[t] e R/~|G (¢ (t)) € U}
[t e R/~[f(t) € U}

[t eR/~[te f7H(U)}

€ Tr/~, by definition of quotient topology

{
{
{
{

Hence, we showed that ® is surjective. And hence we have ® bijective.
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