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Notation and conventions

The set N is the set of positive integers {1,2,3,...}.

The set Ny is the set of nonnegative integers {0,1,2,...}.
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Question 1 (1 mark)

Exercise L5-7.  Determine the hyperbolic angle 6 such that the Lorentz boost F' from p. 13 is a hyperbolic
rotation Hy. That is, given 0 < r < ¢ and v = (1 — 72)~ /2, solve (here we set ¢ = 1)

cosh® sinh@| |~ ~r
sinh cosh®| |yr |

for #. This shows that the geometry that we have extracted from Einstein’s postulates is precisely hyberbolic
geometry (at least in the (¢, ) plane).

1
coshf =~ = 5
—r
2
0, —6
el = ——
V1 —1r?
2
20 0
e — ——e"+1=0
V1—r?

(69_1)2+1_ S
V=12 -2

1 2 T2
e — =
( \/1—7"2) 1—r2

o 1 6{ T —r }
V1—1r2 V1—72"y1—7r2
0 { 1+7r 1—r }

e’ € ,
V1—7r2"V1—=1r2

Now
1—r _ 1—r _ 1—r<1
VI—2 VI—r/T+r V147 7
while
1+7r 1+r
= > 1.
V1—1r2 1—r

Since sinh 6 = yr = r(1 — r2)~/2 > 0, we know that § > 0 and e’ > 1. Hence

1+r 1 1+r
0
¢ 1—7r — 20g<1—r>

Thus the only possible solution is given by 8 = 1 / 2log((1+7)/(1—r)). Check that this is in fact a solution:

coshe—e 1—i—r 1—7r
l—r 1+7r

2\/1—7«2 \/1—7"2 -

0_ 0
e’ —e 1 1+7r 1—7r
nhg=""_¢ = -
= 2 2(\/17“ \/1+r>
2

= r.

o T _ T
V1 —r2 12
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Question 2 (3 marks)

Exercise L6-3. Prove that X = {0,1} with 7 = {0, X, {1}} is a topological space. This is called the
Sierpinski space and is usually denoted ¥. Prove X is not metrisable.

Begin by showing 7 is a topology on X.
By inspection ) € 7 and X € T.

Suppose Vi1, Vo € T. We wish to check that V1 NV, € T. We may assume Vi and V5 are distinct, since if
Vi = Vo we have Vi, N Vo = V4 € T. Furthermore, if either of V; or Vo is ) € T then Vi N Vo =0 € 7. Thus
assume Vi and V; are distinct and that neither is () € 7. Then it is only possible to have V; = {1} and
Vo =X or V; = X and V5 = {1}. In both of these cases Vi NV = {1} € T.

Let U C T be arbitrary. We wish to check that JU € 7. If U is empty then JU =0 € T. If X € U then
UU = X € T. Thus assume U is nonempty and X ¢ U.

U= {0} = JU=0eT.
U={{1}} = Ju={1}eT.
U={0,{1}} = Ju={1}eT.

This shows that 7 = {0, X, {1}} is a topology on X = {0,1}.

To show that the space X is not metrisable, we will assume the existence of a metric d: X x X — R inducing
T as the topology on X and then reach a contradiction. Let € := d(0,1). Since 0 # 1, we know that ¢ > 0.

Consider the open ball
B={yeX|d,y) <e/2)

centred at 0. We know that 0 € B and 1 ¢ B. Since the metric d induces the topology 7T, the set B must be
in 7. However, no set in 7 contains 0 while not containing 1, so B ¢ 7. We have reached a contradiction,
so indeed the space ¥ is not metrisable.
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Question 3 (2 marks)

Lemma L7-1. Let X be a set and B a collection of subsets of X satisfying

(B1) For each x € X there exists B € B with « € B.

(B2) Given By, By € B and x € By N By there exists Bs € B with « € Bs C B; N Bs.

Then there is a unique topology 7 on X for which B is a basis. We call T the topology generated by B.

Definition.  Let {X;}icr be an indexed family of topological spaces. The product space [[;c; X; is the
usual product set with the topology generated by the basis consisting of sets

HUZ' = {(xz)z ‘ x; € U; for all Z}
el
where each U; C X; is open and U; # X; for only finitely many ¢ € I.

Exercise L7-2.  Prove that the [[; U; as defined above satisfy (B1), (B2), so that the topology on [[;c; X;
is well-defined.

If we take U; = X; for every i € I, then we see that the set [[;,c; Ui = [[;e; X; is in the basis. In this case
U; # X, for no i € I at all, but nevertheless this is still finitely many ¢ € I. This shows that (B1) is satisfied:
For each = € [[;c; X; we may choose the set [[;,c; X; in the basis, and we see that [[;c; X; is a set in the
basis containing x.

Next we show (B2). For every i € I let U; and V; be open sets in X; such that U; # X; for only finitely
many ¢ € I and V; # X; for only finitely many i € I. Suppose = (2;)ier € (ILi=; Ui) N (ITier Vi). We wish
to produce a set in the basis which contains = and is contained in (I[;—; U;) N ([[;c; Vi). Observe that

(gw) N <H%> = [[winvy).

il i=I
We claim that [[,_;(U; N'V;) is a set in the basis. We can see that U; N'V; C X; is open for each i € I (since
U; and V; are both open), so it suffices to show that U; N V; # X; for finitely many i € I.

Now U; N'V; # X; if and only if at least one of U; and V; is not X;. Alternatively, U; N V; = X; if and only
ifU;=V,=X;. Let S={i el |U; # X;} and T :={i € [ | V; # X;}. We know that S and T are finite
subsets of I. From the discussion above, we know that

{iel|UNV;#X;} =5SUT,
and SUT is a finite subset of I since each of S and T is a finite subset of I. Hence U; N'V; # X for finitely
many ¢ € I.
This shows that

(H U¢> N (H%) = [[winw)

i=1 iel i=1

is a set in the basis. Now observe that we have
ze [[Winv) C <HU1-> N (HV)
i=I i=I iel

We have thus produced a set in the basis which contains x and is contained in (I[,—; U;) N (IT;c; Vi). (Of
course, we actually know that the set in the basis is precisely equal to (IT,—; U;) N (I;er Vi).) Hence (B2)
is satisfied also.
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Question 4 (4 marks)

Exercise L7-10.  Let us write {%q,*1} = {*} U {*} and f: {*0,*1} — [0,1] for the inclusion of the
endpoints f(x9) =0, f(*1) = 1. We may form the pushout

Ul ————— {x}

! |

[0,1] ——— P = 0,1] Uy 4,y £}

Prove that P = St.

Consider the following diagram. We will prove that a continuous map h: P — S! exists such that the
diagram commutes and then show that A is bijective and open. This will be sufficient to show that P =2 S1.

{(x} U {x} g {x}

[0, 1] u St

Here, f, g, t1, and 15 are the maps in the original commutative diagram, while u: [0,1] — S* and v: {*} — S!
are given by

u(t) = (cos(2nt),sin(2nt)), Vt € [0,1]
v(#) = (1,0),
Let T := (1,0) € S', and let X := [0,1] U {*}. Note that P is a quotient space of X.

Such a map h: P — S! exists and is continuous

We will use the universal property of the pushout to induce h.

We claim that u and v are continuous. That v is continuous can be seen because the preimage of any subset
of S! (but open subsets in particular) under v is either {*} or §), both of which are open.

We now argue that u is continuous: Recall that a basis for the topology on S! is the set of arcs along the
circle connecting two distinct points on the circle but excluding those two endpoints. (We will call such arcs
open arcs.) We need only check that the preimage under u of an open arc is an open subset of [0, 1].

Let wy and wo be distinct points of S*. Let §; and 6, be the directed and counterclockwise angles subtended
at the origin from 7" to wy and wy respectively. That is,

w1 = (cosfy,sinf;), wo = (cosba,sinfy), and 61,60, € [0,27).

Without loss of generality, assume that #; < #3. There are two open arcs with endpoints w; and ws:
one beginning at w; and traversed counterclockwise to wy and another beginning at we and traversed
counterclockwise to wy. The first (counterclockwise from wy) is

{(cos,sinf) | 6; <6 < 6y} C ST,
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- the preimage of which under u is (01/(27),62/(27)), which is an open subset of (0,1). The second (coun-
terclockwise from wsg) is
{(cos0,sin ) | 6 € [0,01) U (h,27)} C S,

the preimage of which under w is [0, 60, /(27)) U (62/(27), 1], which is an open subset of (0,1). Since w; and
wy were arbitrary distinct points of S', we have shown that u is continuous.

Next, observe that uo f = v o g as maps from {x} L {*} to S*.
u(f(x0)) =w(0) =T u(f(x)) =ul) =T

v(glxo)) =v(x) =T  w(g(x)) =v(+) =T
= u(f(x0))- = u(f (1))

Since w o f = v o g, by the universal property of the pushout
there exists a continuous map h: P — S' such that

u=houtu and wv=~hou.

These equalities in fact specify h completely: It must be that

h([t]) = (cos(2rt),sin(2rt)) YO <t<1 and h([0]) = h([1]) =

(We use [ -] to denote the equivalence class in P of an element
from X = [0,1]U{x}.) Let us note that the equivalence classes
comprising P induce the following partition of X:

{{0, 1} u{«}tu{{t} |0 <t <1}

h: P — S is bijective
Observe that
h([s]) #h([t]) if0<s<t<1l and hA(t])#T =hn(0]) f0<t<l1

so we can see that h is injective. Furthermore, A is surjective since
St = {(cos(2nt),sin(27t)) |0 <t <1} and (cos(2wt),sin(27t)) = h([t]) VO <t < 1.
Thus h is a bijection.
h: P — S!is open
Since h: P — S' is a continuous bijection, in order to show that P = S, it is sufficient to show that A is

an open map. Let g: X — P be the quotient map.

Take an arbitrary open set U C P, and take an arbitrary point w € h(U) C S'. We will show that h(U)
contains an open neighbourhood of w.

If w = T then it must be that [x] € U, since h~*({T}) = {[#]}, and, since [*] € U, it must be that
{0,1} U {*} C ¢ 1(U). Now, by the definition of the quotient topology, since U C P is open, ¢~ *(U) must
be an open subset of X = [0,1] U {*}. Now ¢~ }(U) C X is an open set containing {0, 1} L {*}, so it must
contain open neighbourhoods in X of each of 0, 1, and *. Hence for some a,b € (0,1) we must have

([ a) U (b, 1) U {x} C ¢ (V)
q((0,a)) U q((b, 1)) U{
h(g((0,a))) U h(g((b, 1
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- Without loss of generality we may assume that a < b. Then h(g((0,a))) U h(q((b,1))) U{T'} is an open arc
traversed counterclockwise from

(cos(27b),sin(27b)) to (cos(2ma),sin(27a)).

In particular T' = w is a point on the arc. Thus, in the case where w = T, we have produced an open arc
contained in h(U) which contains w.

If w # T then w = h([t]) for some 0 < ¢ < 1. This

is because h(q((0,a))) U h(q((b,1))) U{T}

h=H(SYNTY) = PA{[{]} and ¢ '(P\{[«]}) = (0,1).

Since w = h([t]) and the restriction of the maps ¢
and h in

(0.1) —= P\ {[«)} —— 51 \{T}
=3

are injective, it must be that [t] € U and t € ¢~ 1(U).
Now, by the definition of the quotient topology the
set ¢~1(U) C X is open, so if t € ¢~ 1(U) then for
some open subinterval (a,b) C (0,1) we have

t € (a,b) Cq 1 (U)
— [t] = q(t) € q((a,b)) Cql¢”'(U)) CU
= w = h([t]) € h(q((a,b))) C h(U).

At this point we note that h(q((a,b))) is an open
arc traversed counterclockwise from (cos(27ma),sin(2ma)) to (cos(27b),sin(27d)). Thus, in the case where
w # T, we have produced an open arc contained in hA(U) which contains w.

In the case where w = T as well as in the case where w # T', we have produced an open arc contained in
h(U) which contains w € U. Since w € h(U) was arbitrary, we have shown that h(U) C S! is open, and
since U C P was an arbitrary open set, we have shown that h: P — S! is an open map.

Conclusion

Altogether we have shown that there exists a continuous map h: P — S! which is bijective and open. It
follows that P = S1.
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Question 5 (4 marks)

Exercise L7-12.
(a) Prove (a,b) is homeomorphic to R for any a < b.

(b) Prove IT = St x St

Firstly, every open bounded interval (a,b) is homeomorphic to the open interval (—m /2, 7/2): Take the map

g (aab) — (_71—/2771—/2)
t — —E—i— t-a
2 T h—a"

The map g is continuous since it is polynomial. It has an inverse

g L (-7/2,7/2) ——— (a,b)
t a—i—t—i_;/z(b—a)

which is continuous since it is also polynomial. This shows that (a,b) = (—x/2,7/2) if a < b.

To show that (a,b) = R for all a,b € R where a < b it now suffices to show that (—7/2,7/2) = R. To show
this homeomorphism, define the map

I (=7/2,7/2) ——— R

xr ——— > tan(z).

That is, let f be the restriction of tan(—) to (—7n/2,7/2). Since tan(—) is continuous, the map f is also
continuous. Moreover, the range of f is R, and f is strictly increasing, so f is a bijection. Finally, since f is
strictly increasing and continuous, the image under f of any open interval (s,t) C (—7/2,7/2) is an open
interval (tan(s),tan(t)) € R. Thus f: (—7/2,7/2) — R is a continuous and open bijection, and it follows
that (—7/2,7/2) = R.

Recall that the torus IT is defined as follows: Let C := S! x [0, 1] be the cylinder, and define the functions
f: 8" — Candg: S' — C by

f(z) = (2,0) VxeS!
g(x) = (z,1) Vz e S

We define ~ to be the equivalence relation on C' generated by {(f(x),g(z)) | € S'}. Then the torus II is
defined as II := C'/~.

We proceed as follows.
(i) Produce a continuous map h: C — S! x S! using the universal property of the product.

(ii) Produce a continuous map p: I — S! x S! induced by h using the universal property of the quotient
space.

(iii) Prove that p is bijective and open.
Producing continuous h: C' — S' x S*
Define the function u: [0,1] — S! by

u(t) == (cos(2mt),sin(27t)) Vt € [0,1].
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As shown in Exercise L7-10 (Question 4), the map u is continuous. Define a function h: C — S! x S! by
h(x,t) = (z,u(t)) Yz S'vtelo,1].
We use the universal property of the product to show that h is continuous. Observe that

(i) The map (x,t) — x, which is h projected to the first coordinate, is continuous: The inverse image of
an open set U C S'is U x [0, 1], which is an open set in C.

(ii) The map (x,t) — wu(t), which is h projected to the second coordinate, is continuous: The inverse
image of an open set V C St is S x u=(V). Since u: [0,1] — St is continuous, u=1(V) is open in
[0,1] and S* x u~(V) is open in C.

It follows by the universal property of the product that the map h: C' — S x S is continuous.

Producing continuous p: II — S* x S*

Our next step is to produce p: II — S x S! from h using the universal property of the quotient space. Let
q: C' — 1II be the quotient map.

c— 1  .q
El
h P

Vv

St x st

We wish to check that h(z1,t1) = h(za,t2) whenever (x1,t1) and (x2,t2) are elements of C' where (x1,1) ~
(22, t2), with ~ as defined before. Since ~ was the equivalence relation on C' generated by {(f(z),g(x)) | x €
S1}, it suffices to check that h(f(z)) = h(g(x)) for every x € S'. Observe that

h(f(@)) = h(z,1) = (z,u(1)) = (z,u(0)) = h(g(x)) Va e S,

where we have used the fact that u(1) = (1,0) = u(0) in S*. Thus h(z1,t1) = h(xe,t2) whenever (x1,t1)
and (z2,t2) are elements of C' equivalent under ~. Invoking the universal property of the quotient space,
there exists a unique continuous map p: IT — S x S! satisfying h = p o ¢ as maps from C to S! x S*.

p: I — St x S is bijective

We now turn to showing that the induced map p is bijective. Since h: C — S! x S! is surjective and
h = pogq, the map p: Il — S' x S! must also be surjective. Next we show that p is injective. Since the
quotient map g: C' — II is surjective, in order to show that p is injective it is sufficient to show that the
following holds:

V(w1,t1), (w2,t2) € C (p(Q(wl,tl)) =p(q(z2,t2)) = q(z1,t1) = Q(fvz,tz))-
Since h = p o ¢, this is equivalent to
V(x1,t1), (z2,12) € C (h(fﬂbtl) = h(z2,t2) = q(x1,t1) = Q(iﬁ%tz))-

Now, h projected to the first coordinate is the map (x,t) — x, so if h(z1,t1) = h(xa,t2) then x1 = x9.
Hence to show injectivity of p it is sufficient to show that

Vo € SV, ts € [0,1] (h(x,tl) = h(z,t) = q(z,ty) = q(:z:,tg)).

Let x € S and t1,t3 € [0,1] be arbitrary. Since h(z,t1) = (z,u(t1)) and h(z,t2) = (z,u(t)), if h(z,t1) =
h(z,t2) then u(t;) = u(t2). Recalling that u(s) = (cos(27s),sin(27s)) for every s € [0, 1], if u(t1) = u(t2)
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then t; = t5 or {tl,tg} = {0, 1}. If t1 = t5 then q(x,tl) = q(x, tQ). If {tl,tg} = {O, 1} then {(w,tl), (x,tg)} =
{f(z),g(x)}. That is, if {¢1,t2} = {0, 1} then (z,1) ~ (x,t2) and thus by definition ¢(x,t1) = g(z,t2). This
establishes injectivity of p. Altogether, we have shown that p is injective and surjective, so p is bijective.

p: II — S x S! is open

The last step is to show that p is open. Take an arbitrary open set U C II, and take an arbitrary point
(x,t) € ¢~ (U). We will show that p(U) contains an open neighbourhood of (poq)(z,t). Since (x,t) was an
arbitrary point in ¢~ '(U) and U = q(¢(U)), this will be sufficient to show that p(U) is open. Note that
U = q(qg~1(U)) is a consequence of ¢ being surjective.

If t € {0,1} then since ¢~ }(U) C C is saturated with respect to ~ we must have that both (x,0) and (z, 1)
are points in ¢~1(U). Since ¢~'(U) C C is open there must exist some open neighbourhood A C S! of z
and a,b € (0,1) such that

(z,t) € A x ([0,a) U (b,1]) C ¢ 1 (U).

We will assume that a < b, and there is no loss of generality in doing so.
(z,t) € Ax ([0,a) U (b,1]) C ¢ H(U)
= (poq)(z,t) € (poq)(Ax ((0,a) U (b,1])) Cqlg” (U)) = p(U)
Define the point T := (1,0) € S!. Recalling that h(w, s) = (w,u(s)) for every (w,s) € C' = S x [0, 1], we
have

(poq)(Ax([0,a)U(b,1]))
= (poq)(Ax{0,1}) U (pog)(A x (0, )) U (POQ)(A x (b, 1))

= h(A % {0,1}) UA(A x (0,a)) U h(A
= (Ax{T}) U (A xu((0,a)) U (A x (( )))
= A x (u((b,1)) U{T} Uu((0,a))).

Since a < b, the set u((b,1)) U{T}Uu((0,a)) C S is an open arc, and since A C S! is open, it follows that
A x (u((b,1)) U{T}Uu((0,a))) C S* x S*

is an open set. Thus if ¢ € {0,1} then we have identified an open neighbourhood of (p o q)(z,t) in p(U).

If 0 < ¢t < 1 then since ¢~!(U) C C is open there must exist some open neighbourhood A C S! of x and a
subinterval (a,b) C (0, 1) such that

(x,t) € Ax (a,b) C q_l(U)
= (pogq)(z,t) € (pogq)(Ax (a,b) C (poq)(g " (U)) =p).

Now (p o q)(A x (a,b)) = h(A x (a,b)) = A x u((a,b)). As A C S' is open and u((a,b)) C S' is an open
arc, it follows that A x u((a,b)) € S x S1 is open. Thus if 0 < ¢ < 1 then we have identified an open
neighbourhood of (p o ¢)(x, t) in p(U).

In the case where ¢ € {0,1} as well as the case where 0 < t < 1, we have shown that (p o ¢)(z,t) has an
open neighbourhood contained in p(U). Since (z,t) was an arbitrary point in ¢~*(U), this shows that p(U)
is open, and since U C II was an arbitrary open set, we have shown that p: II — S x S is open.

Conclusion

We have produced a map p: IT — S' x S! which is continuous, bijective, and open. It follows that II =
St xSt
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Question 6 (5 marks)

Exercise L7-19. Write D"/S"~! for the quotient space D"/~ where ~ is the smallest equivalence
relation with z ~ y for all z,y € S»~1 C D™,

(a) Prove D?/S' =~ §2,
(b) Prove D"/S"~! = S" for n > 2.

(c) Prove S™ is a finite CW-complex by attaching a single n-cell to a single 0-cell (i.e. all intermediate
stages have A empty).

Note. For this exercise only, you may use that a continuous bijection from a compact space to a Hausdorff
space is a homeomorphism.

By Corollary L10-4, for every n € N, the n-disk D™ C R” and the n-sphere S™ C R"*! are compact. By
Lemma L10-1, quotient spaces of compact topological spaces are compact, so D" /S"~! is compact for every
n € N.

This is a special case of the next part. The argument provided there holds in full generality for integers
n = 2.

Fix an integer n > 2. We will define a continuous map f: D™ — S™ which sends an (n — 1)-sphere (centred
at the origin) of radius » € [0,1] to the intersection of a hyperplane in R"*! and S™. Our definition of f
will be such that the image of S"~! under f is a single point in S™. We will then use the universal property
of the quotient space to induce a continuous map p: D"/S"~! — S" and we will show that p is bijective.
Finally, we will use the result that a continuous bijection from a compact space to a Hausdorff space is a
homeomorphism to conclude that D"/S"~1 = §n.

Define f: D™ — S™ by

I D S™

a (aSir|1|(a”|‘|‘aH),cos(7r||a||))

0 —— (0,1) e R*L,

where the 0 in (0, 1) represents the first n coordinates of f(0) all being 0. On D™\ {0}, we have

a 1 an . .
||‘12H sin(7||al), ..., msm(w“a”), cos(7r||a|])> Va € D"\ {0}.

Note that our separate specification of f(0) makes f continuous at 0 € D™ — we will use this fact when we
show that f is continuous. Let us verify that the map is well-defined: Since [|(0,1)|| = 1, we see that f(0)
is in S™. We also have

asin(w|al) asin(r|al))
———————,C0S 7THCL||
lal]

= \/sin (77Ha”) + cos(r||al]) = 1

Flar, as, .., an) = (II psin(ra]),

+0082(7r||a\|)

Thus the image of every point in D™ under f is indeed in S™. Let us validate our previous description of f
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as sending (n — 1)-spheres to (n — 1)-spheres: If r € [0, 1] then
Fas") ={f(rb) [be S}
rby rby rby »
- (bl L sinelbl) ... sinGerb]), cos(rlrb]) ) | be 5t
{<H7‘bH [Irb] " |lroll

= {(by sin(7r), by sin(zr), ..., by sin(wr), cos(wr)) | b e S

= {(sin(77)b, cos(rr)) | b € ST,
which is an (n — 1)-sphere contained in S™ C R"*! with radius sin(7r) and centre (0, cos(nr)) € R,
f: D™ — S™ is continuous

We now show that f is continuous. By the universal property of the product, in order to show that f is
continuous, it is equivalent to check that each of the following maps is continuous:

(ﬂ'iof)( ) ” H ( ”aH)v ie{l,Q,...,n}.

(Tn+1 0 f)(@) = cos(xl|al]).

We will adopt the convention that the map from Ry to R given by t + sin(nt)/t takes 0 to . As a
consequence, t — sin(7t)/t will be continuous on all of R>.

First note that the map a +— ||a|| is continuous: If &,y € R™ and € > 0 then

ly—zll<e = |zl + ]y —=| <zl +e

= llyl] < ||| +¢& by the triangle inequality.
ly—z|<e = lyl+lz-yll <lyll+e
= |lz]| < ||yl| +& Dby the triangle inequality.

That is, if y € B:(x) then |||z| — ||y||| < e. (This is the - definition of continuity for the map a +— ||a||.)
Next, since the map from R3¢ to R given by ¢ + sin(7t)/t is continuous, it follows that the composition

sin(w||al))
a—— |a]
la
is a continuous map from D™ to R. Furthermore, for every i € {1,2,...,n}, the projection map from D"

to R given by a > a; is continuous.
Now, for i € {1,2,...,n}, each map m; 0 f: D" — R is given by
a; .
(i o f)(a) = HT:H sin(||al]),

which is a pointwise product of the two continuous maps a +— sin(r||al|)/||a|| and a +— a;, so 7; o f itself
must be a continuous map. This holds true for every i € {1,2,...,n}.

It remains to check that 7,41 o f: D™ — R is continuous. Observe that 7,410 f is a composition of a — | a||
and t +> cos(7t), both of which are continuous maps. Hence 7,41 o f is also continuous. Since m; o f is
continuous for every i € {1,2,...,n,n+ 1}, the map f: D™ — S™ is continuous by the universal property
of the product.

Inducing p: D"/S"~! — S" from f: D"* — S
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In order to use f to induce a continuous map p: D"/S"~1 — S™ we must also check that f is constant on
S7=1 C D". Indeed, if a € R™ and ||a|| = 1 then

f(a) = (asin(r), cos(m)) = (0, —-1) € R™ 1,

where the 0 represents the first n coordinates of f(a) all being 0. Thus f is constant on S"~!. Letting
q: D™ — D"/S""! be the quotient map, by the universal property of the quotient space there exists a
unique map p: D"/S" 1 — S™ such that f = pogq.

p: D"/S™1 — 8" is bijective

Our next step is to show that p: D"/S"~! — S™ is bijective. Let us first consider surjectivity. Since
f = pog, in order to show that p is surjective, it is sufficient to show that f is surjective. For each

€ [—1,1], define H, := {b € S™ | mp+1(b) = z}. We can see that {H, | z € [-1, 1]} is a partition of S™, so
in order to show that f is surjective, it suffices to show that H, is inside the range of f for every z € [—1, 1].
Let us look more closely at the points inside H,.

:{(b176277bn,z)€Rn+1|b%+b%++bi+z2:1}

Since the map from [0, 1] to [~1, 1] given by ¢ +— cos(t) is bijective, it is equivalent to consider Hog(ry) for
0<y< L
Hcos(ﬂy) = {(b1> bo, ..., bn, COS(?Ty)) S R ‘ b% + bg +o b727, + COSQ(WZ/) = 1}
= {(b1,ba, ..., by, cos(my)) € R" | b2 + b2 4+ - + b2 = sin®(7y)}
= {(c1sin(my), o sin(my), . . ., ¢p sin(my), cos(my)) | ¢ € SP7LL.

At this point we observe that Hc,g(ry) is precisely the image under f of an (n — 1)-sphere (contained in D™)
centred at the origin with radius y. That is,

Heos(ry) = {f(@) | @ € R", [la]l = y € [0,1]} = f(yS" 7).

Since this holds for every y € [0,1] and S™ = Uyeio,1] Heos(ry), it follows that f is surjective, and therefore
p is surjective also.

Next we wish to show that p is injective. Since q: D™ — D™/S™~! is surjective it is enough to check that
the following holds:

Va,be D" (p(g(a)) = pla(b) = ala) = q(b)).
Noting that p o g = f, the above statement is equivalent to
Va,be D" (f(a) = f(b) = q(a)=q(b)).

Suppose a,b € D™ are such that f(a) = f(b). Then, recalling the definition of f, we have

as Gn .
sin(r|al). ... 2 sinr]al), cos(x]al)))

(et sincelal) o xa
b b
<”b||sm(7T||b||) Wsm(waH) T sin(7||b]|), cos(7r||b|)>

Since |lal,||b]] € [0,1] and cos(w|lal) = cos(x||b]|), we must have ||a|| = ||b]|]. Hence we also have
sin(w||a|)/|lal| = sin(x||b]])/||b]|. If 0 < |la|]| < 1, then sin(w|al|)/||la|| # 0 (recall that we consider 0
to map to m under t +— sin(7t)/t), so

sin(wllal|) = sin(w||b]]) = a;=0b.

a;
[la]
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This holds for every i € {1,2,...,n}, so @ = b and therefore ¢q(a) = ¢(b). If ||a|| = 1 then a and b are both
points in "1, so certainly ¢(a) = q(b). Thus we have shown that if a,b € D" are such that f(a) = f(b)
then necessarily g(a) = ¢(b). This establishes injectivity of p. Since p is both injective and surjective, p is
bijective.

Conclusion

We have now exhibited a continuous bijection p from D"/S"~! to S™. Now, D"/S"! is a compact space
as reasoned at the beginning of the question. Since S™ is a subspace of the Hausdorff space R"*!, we know
that S™ itself is Hausdorff. Finally, using the fact that a continuous bijection from a compact space to a
Hausdorff space is a homeomorphism, in light of the continuous bijection p: D"/S"~! — S™ it must be
that D"/S7—1 =~ g7

Begin with Xy := {*}, a single O-cell. Set X; := X for i € {1,2,...,n — 1}. That is, for every i €
{1,2,...,n — 1}, at stage ¢ of attaching i-cells to X;_1, we choose not to attach any (A; = 0). At stage n,
we attach a single n-cell according to the pushout

sl L X, = (%)

| i

D" — X, = ({x}uD")/~.

The map f sends every point in S”~! to * € X,,_1. This map is continuous since the open sets in X,,_1 are
) and {*} which have respective preimages under f of () and S™~!, both of which are open in S"~!. The
equivalence relation ~ on {*} LI D" is generated by

{(z,y) | z,y € {x}u S}

If we can show that S™ & X,,, then we are done. From the previous part, we know that S™ = D"/S"~! 5o
we only have to show that D"/S"~! = X,, = ({x} U D")/~. Intuitively this seems very obvious, since the
equivalence relation ~ on {*} U D" induces the following partition on {*} LI D":

{{trusm Y u{{z} |z e D"\ 5"
Meanwhile the equivalence relation ~ on D™ generated by declaring everything in S”~! to be equivalent is
{s" "y u{{z} |z e D"\ S
Fix a point T}, € S"~!. Define the maps f: D"/S" ! — X,, and g: X,, — D"/S"! by

f([2]) = [z], «e D"
g([z]) = [a], zeD"\S",

It can be checked that these maps are well-defined by referring to the explicit partitions induced by each
equivalence relation on {*} LI D™ and D". We will show that f and g are inverse to each other and that
each is continuous, thereby showing D"/S" 1 = X ..

f:D"/S" 1 — X, and g: X,, — D"/S""! are inverses

Note that (g o f)([z]) = [z] for every € D™. Also

(fog)([z]) = [=], xe D"\ S
(fog)([z]) = (fog)([*]) = f([Tn])
= [T},] = [z], ze {x}usn
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so that (fog)([z]) = [z] for every x € {*}LUD™. This means that f: D"/S" ! — X, and g: X,, — D"/S"~!
are inverse to each other.

f:D"/S" 1 — X, and g: X,, — D"/S""! are both continuous

Now we show continuity of f and g. Since they are inverse to each other, it is equivalent to show that f and ¢
are each open. Let ¢: D" — D"/S™ 1 and w: {*} U D" — X,, be the quotient maps. Let B" := D"\ S"~1
denote the open unit ball in R".

The important underlying argument in the following (opaque and uninteresting) discussion is that open
sets in D"/S""! and X,, are images under ¢ and w of saturated open sets in D™ and {*} L D™ respectively.
By the nature of the equivalence relations on each of D™ and {x} L D™, saturated open sets in one can be
changed into saturated open sets of the other by adding or removing * as appropriate. More specifically, if
Up C D™ and Vj C {*} LU D™ are open sets that are saturated in D™ and {*} LI D" respectively, then defining

{x}, W,

Uy = {*}7 Snil g U07
b 0, ({(x}ustHntp=0,

and V=
(Z), Sn=ln Uy = @, {
we can see that U; U Up is a saturated open set in {x} LI D™ while V \ V] is a saturated open set in D" by
the definition of the disjoint union topology.

Below is the (opaque and uninteresting) formal argument for why f and g are open.

We first show that f is open. Let U € D"/S™ ! be an open subset. We will show that f(U) C X,, is open.
First observe that f(U) = w(qg !(U)) since f sends [z] € D"/S""! to [x] € X,,. We know that ¢~ *(U) is
open when regarded as a subset of {x} LI D™ (since it is open as a subset of D™). Thus, to show that f(U)
is open, it suffices to show that ¢! (U) is saturated as a subset of {*} LU D™. However, this is not always
true, since * ¢ ¢~*(U) but ¢~'(U) may contain elements of S"~!. There is a resolution by splitting into
cases: one where [T,,] ¢ U and the other where [T,] € U.

Now, if [T,,] ¢ U then ¢~ '(U) C B", and indeed this must be saturated in {x} LI D" in light of the
induced partition on {*} L/ D™. That is, if [T,,] ¢ U then f(U) C X, is open. Otherwise, if [T},] € U then
S"=1 C ¢=1(U), and we can in fact write f(U) = w({*} Uq ' (U)). Since {*} Lig~'(U) is an open subset of
{x} U D™ which contains {*} LI S"~!, the open set {*} LI ¢ *(U) is in fact saturated, so f(U) is open.

Next, we show that g is open. Let V C X,, be an open subset. We want to show that g(V) C D"/S" ! is
open. If [¥] ¢ V then w=1(V) C B" inside {*} U D"™. This means that if [¥] ¢ V then g(V) = q(w=1(V)),
because g([z]) = [z] € D"/S" ! if x € B". It now suffices to show that w=!(V) is saturated in D".
Indeed, w=!(V) C B™, so in light of the induced partition on D" the set w~!(V) is saturated. If [+] € V
then {x} U S" 1 € w= (V). Removing * from w1 (V), the set w=!(V) \ {} is an open subset of D" (by
the definition of the disjoint union topology), and we still have g(V) = q(w=*(V) \ {*}). Since S"~! C
w (V) \ {#} inside D™, the set w=!(V)\ {*} is saturated inside D", so g(V) is open.

Conclusion

Since f: D"/S"! — X, and g: X,, — D"/S" ! are inverse maps to each other and each is open, it follows
that D"/S"~! = X,,. Hence S™ is indeed a finite CW-complex obtained by attaching a single n-cell to a
single O-cell.
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Question 7 (2 marks)

Exercise L8-5. Prove that if X C R is not sequentially compact, there exists a continuous function
f+ X — R which is not bounded (i.e. f(X) C R is not bounded).

Recall the Bolzano—Weierstrass theorem (Theorem L8-2), which says that a subset K C R is closed and
bounded if and only if K is sequentially compact. This means that if X C R is not sequentially compact
then X is nonempty and must be (i) not bounded; or (ii) not closed.

If X is not bounded then taking f = idx (which is continuous) we have f(X) = X C R which is not
bounded. This proves the claim in the case that X is not bounded.

Suppose then that X is not closed. Then by Lemma L8-1 the set X has an adherent point in R \ X. Let
¢ € R\ X be an adherent point of X, and define f: X — R by

f@) = zeX

r)=—— = .
z—c|’

We will show that the map f as defined above is continuous by showing that the preimage of real bounded
open intervals under f is open. This is enough to show continuity since the bounded open intervals form a
basis for the topology on R. If (a,b) C R is an open interval (where a < b) we may compute f~'((a,b)) as
follows:

(a) If 0 € [b,00) (that is, @ < b < 0) then since f is positive we have f~!((a,b)) = ), which is an open

subset of X.
(b) If 0 € [a,b) (that is, @ < 0 < b) then since f is positive we have f~1((a,b)) = f~1((0,b)). For r € R
we have
! €(0,b) <= |r—c]>1 = re (—oo c—1>U(c+1 oo)
lr — | ’ b b b’ )’
Hence

1 1
£ (@ b) = FH00) = X1 (oo =5 ) U (et 5.0) ),
which is an open subset of X under the subspace topology.
(c) If 0 € (—o0,a) (that is, 0 < a < b) then for r € R we have

1 1 1 1 1 1
€(a,b) = —-<r—d<- <<= rE(c—,c—>U<c+,c+>.
b a a b b a

FY((a,b)) = X N <(c—i,c—ll)) U (c+l1),c+i)>,

which is an open subset of X under the subspace topology.

| — ¢l

Hence

Having established that f is continuous, it remains to show that f(X) is not bounded. Since ¢ € R\ X is
an adherent point of X, for every n € N there exists x,, € X such that |z, —¢| < 1/n. Having defined the
sequence (Tp)nen in X in this manner, observe that

>n VneN.

N |zn — ¢

This shows that f(X) C R is not bounded, which proves the claim in the case that X not closed.
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Question 8 (1 mark)

Exercise L9-5. Every closed subspace of a compact topological space is compact.

Let (X, T) be a compact topological space, and let K C X be closed. We wish to show that K is a compact
subspace.

Let (Ui)ier be an open cover of K. That is, for each ¢ € I, the set U; C X is open and K C J;c; U;. We
wish to produce a finite subset {i}}}_; C I such that K C J;_; Uj,.

Let V := X \ K. Since K is closed in X, we know V is open in X. Since K C |J;c; Ui, we can see that
V U U;er Ui is an open cover of X. By compactness of X, the open cover V U J;c; U; contains a finite
subcover of X. That is, for some finite subset {ix}}_; C I we have

XCcvVuU,ulU,u---ul,.
(We can choose to include V' in the subcover without loss of generality.) Since K C X this means that
KCcVvuU,uU,U---UU,.
Since K and V are disjoint, we can further say that
KCcU,uU,u---uU;,.

Beginning with an arbitrary open cover (U;);cr of K, we have produced a finite subcover (U;, )i_; for K.
This shows that K is compact.
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