MAST30026 Metric and Hilbert Spaces
Assignment 3 Solutions — 2018 Semester 2




Notation and conventions

The set N is the set of positive integers {1,2,3,...}.

The set Ny is the set of nonnegative integers {0,1,2,...}.
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Question 1

Exercise L11-8. Prove any metrisable space is normal.

Let (X,7T) be a metrisable topological space, and let d: X x X — R be a distance function inducing the
topology T. We wish to show that X is normal.

Let us first check that the singletons in X are closed: If z € X then for every y € {x}° we have Ba(z,y) (y) C
{z}¢ (note d(z,y) > 0). This means that {z}° = Uyc(s}c Ba(zy)(y) which is open as a union of open balls.
Hence {z} C X is closed.

Let C, D C X be arbitrary disjoint closed sets. Since C N D = (), every = € C' is outside D = D and hence,
by Exercise L13-4(i), € C has an open neighbourhood lying outside D. Similarly, every y € D has an
open neighbourhood lying outside C. Since the topology 7 is induced by a metric, by Exercise L7-1(iii),
there is no loss of generality in assuming the existence of ¢, > 0 for every x € C and p, > 0 for every y € D
such that

x € B.,(x) C D¢ Vx e,
y € B,,(y) CC° VyeD.

Let U == Uyec Be,j2(x) and V = Uyep pr/g(y). Both U and V are unions of open balls, so they are both
open in X. Furthermore, C C U and D C V. We claim that U and V are disjoint: If z € U NV then there
exist z € C and y € D such that d(z,z) < €,/2 and d(z,y) < py/2. By the triangle inequality for d, we
have

1
d(z,y) < d(z,z) +d(z,y) < 5(5:,; + py) < max{es, py}-

Thus it must be that d(z,y) < e, or d(x,y) < py. However, neither can be true, because (1) x € C, while
By, (y) lies outside C' and (2) y € D, while B, (x) lies outside D. This means that U NV = (.

Thus, given arbitrary disjoint closed sets C, D C X, we have produced disjoint open sets U,V C X such
that C' C U and D C V. Furthermore, the singletons in X are closed. Therefore, X is normal.
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Question 2

Exercise L11-11.

(a) Prove X is Hausdorff if and only if the diagonal A = {(z,2) € X x X | z € X} is a closed subset of
X xX.

(b) Let G be a topological group (see Tutorial 4). Prove that G is Hausdorff if and only if {e} is closed,
where e is the identity element.

(c) Let G be a topological group and H C G a normal subgroup. Prove that G/H is Hausdorff if and
only if H C G is closed.

(=) Suppose that X is Hausdorff. Take arbitrary =,y € X such that (z,y) € A°. Then x and y are distinct,
so, by the Hausdorff property, there exist disjoint open sets U,V C X such that z € U and y € V. We see
that U x V is an open neighbourhood of (z,y) € X x X. Since UNV = (), the box U x V must lie outside
the diagonal A (if z € X is such that (z,2z) € AN (U x V) then z € U and z € V, which is impossible since
U and V are disjoint), so (z,y) € U x V. C A°. Since (z,y) € A® was arbitrary, this shows that A C X x X
is closed.

(<) Suppose that A C X x X is closed. Take arbitrary distinct z,y € X. Then (z,y) € A¢, and, since A°
is open, there exist open sets U,V C X such that (z,y) € U x V C A°. As U x V lies outside the diagonal
A, their intersection U NV must be empty. This means that U,V C X are disjoint open sets with z € U

and y € V. We have shown the existence of separating open neighbourhoods for arbitrary distinct z,y € X,
so X is Hausdorff.

(=) Suppose that G is Hausdorff. Then each element in {e}¢ C G has an open neighbourhood which
does not contain e (i.e. the open neighbourhood lies inside {e}¢), so, taking the union of all these open
neighbourhoods, we see that {e}¢ is open. Therefore {e} is closed.

(«=) Suppose that {e} C G is closed. Consider the two maps:

GxG L5 axq@—"-a
(97 h) — (gvh_l)
(9,h) — gh
Since G is a topological group, inversion is continuous, so, by Exercise L12-2, the p: G x G — G is con-

tinuous. Also, r: G x G — @ is continuous by the definition of a topological group. This means that por
is continuous. Note that (por)(g,h) = gh™! for all g,h € G. Consider (por)~({e}). We have

(por)({e}) ={(9.h) e Gx G| gh™" =e} ={(9,h) € Gx G |g=h} ={(9.9) | g € G},

which is the diagonal in G' x G. Since {e} C G is closed and p o r is continuous, (p o r)~!({e}) must be
closed in G x G. This means that the diagonal in G x G is closed, so, by part (a), G is Hausdorff.

Recall (from Question 3 on Tutorial 4) that G/H has the quotient topology. Let ¢: G — G/H be the
quotient map, which is continuous by the definition of the quotient topology.

(=) Suppose G/ H is Hausdorff. Then, by part (b), {H} C G/H is closed. Since q is continuous, ¢ *({H}) =
H C @ is closed.

(<) Suppose H C G is closed. We will show that {H} C G/H is closed, so that, by part (b), G/H is
Hausdorft.
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2(c) By the definition of the quotient topology, a set U C G/H is open if and only if ¢~'(U) C G is open.
Taking complements, this means that a set C' C G/H is closed if and only if ¢71(C) C G is closed (taking
complements commutes with taking preimages). With C = {H} C G/H, we have ¢~'(C) = H, which, by
assumption, is a closed subset of G. This means C' = {H} must be a closed subset of G/H. By part (b),
since the singleton {H} containing the identity element of G/H is closed, G/H is Hausdorff.
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Question 3

Lemma L12-1. Let f: X — Y be a function (not assumed continuous) between topological spaces X,
Y. The graph of f is
I'y={(r,y) e X xY |y=f(x)}.
Prove that
(a) If Y is Hausdorff and f is continuous, I'y is closed in X x Y.

(b) Give a counterexample to show that if Y is not Hausdorff, it is not necessarily the case that the graph
of a continuous function f: X — Y is closed.

c) If Y is compact and I'f is closed, f is continuous. (First show X x Y — X sends closed subsets to
f
closed subsets, using that Y is compact.)

Assume that Y is Hausdorff and that f is continuous. Suppose we are given (z,y) € X x Y \I'y. In
order to show that I'y is closed in X x Y, we must produce open subsets U C X and V C Y such that
(r,y) e UxV C Ff. Note that for general subsets A C X and B C Y, the box A x B lies outside I'; if
and only if f(A) C B¢, which is if and only if f~(B) C A°.

Consider the points f(x) and y in Y. Since (z,y) ¢ I'f, we have y # f(x), and, furthermore, because Y’
is Hausdorff, there exist U’,V C Y which are open and disjoint such that f(z) € U’ and y € V. Take
U:= f~1V)¢C X. We know f~(V) is closed as the preimage of a closed set under a continuous map, so
U is open in X.

We claim that (z,y) € U x V and that U x V lies outside I'y. By construction, we know y € V, so, in
order to show that (z,y) € U x V, it remains to show that 2 € U. Recall that U’ and V' were disjoint open
subsets of Y used to separate f(x) and y. This means that V' C U’®, where U C Y is closed, and that
V C U’ In particular, we have f(z) ¢ V. We can now argue that

f@) ¢V = z¢f (V) = wzeft(V)=U,
which shows that (2,y) € U x V. To see that U x V' lies outside I'f, we use the fact that f~1(V) C f~1(V) =
Ue.

We have successfully produced open sets U C X and V C Y such that (z,y) € U xV C X x Y \T';. Since
(z,y) € X x Y \T'y was arbitrary, Iy is closed in X x Y.

Take X =Y = {0,1}. Let X have the discrete topology, and let Y have the indiscrete topology. Because
the singletons {0} and {1} are not closed in Y, we see that Y is not Hausdorff.

Take the function f: X — Y given by f(0) = 0 and f(1) = 1. Since X has the discrete topology (or since
Y has the indiscrete topology), f is continuous. The graph of f is I'y = {(0,0), (1,1)} € X x Y, while the
product topology on X x Y is

{0,{0} x Y, {1} x Y, X x Y}

The graph I'; is not the complement of any open set in X x Y under the product topology, so we have
provided an example where Y is not Hausdorff and where the graph of a continuous f: X — Y is not
closed.

mx: X XY — X is closed

Assume that Y is compact. We first show that the projection map wx: X XY — X, where nx(z,y) = =,
is closed. Suppose we are given a closed E C X x Y and an z € wx(E)¢. We will show that there exists
an open U C X such that z € U C 7x(E)°. Since z € my(F)°, we must have that £ C 7' ({z})¢, so
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{z} xY C E°. For every y € Y, we have (z,y) € E¢, where E° C X x Y is open since E is closed. This
means that, for every y € Y, there exist open U, C X and V,, C Y such that (z,y) € U, x V,, C E°. The
family {V},},cy of open sets is a cover of Y, so, by compactness, there exists a finite set {y;}7—; C Y such
that Y = UiL, V,,. Since Uy, > x for every i € {1,2,...,n}, we have that (;_; Uy, 3 z, so

(w.y) € (VUy xVy CE° WyeY = {a}xY (U, x Y CE"

=1 i=1
% 1 :Uyey Vy

Take U = (.1 Uy,. As a finite intersection of open subsets, U itself is an open subset of X. Since
UxY = 7y (U) C E° we have my(E) C U® Thus, we have produced an open U C X such that
x €U Crx(E)° Since z € mx(F)¢ was arbitrary, we have shown that mx (F) is closed. Because E C X XY
was an arbitrary closed set, mx is a closed map.

f: X — Y is continuous
Now suppose further that I'y is closed in X x Y for the given map f: X — Y. Suppose we are given a
closed D C Y. In order to show that f is continuous, we will show that f~1(D) C X is closed.
Since the projection my: X X Y — Y is continuous (Exercise L7-5) and D C Y is closed, the set X x D =
Ty (D) is closed in X x Y. Now observe that

(D) ={z e X | f(x) € D}

=nx({(z, f(z)) € X xY [ f(z) € D})
Zﬂx(rfﬂ(X X D))

Since T's is closed by assumption and X x D = 7'(D) is closed, their intersection I'; N (X x D) is closed in
X x Y. Since 7y is a closed map, we see that f~!(D) is the image under a closed map of a closed set, and,
therefore, f~1(D) is closed in X. As D C Y was an arbitrary closed set, we have shown that f: X — Y is
continuous.
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Question 4

Exercise L12-6. Let (S', +,0) be the circle as a topological group (see Tutorial 4). Prove that the map
S x LY — LY sending (0, f) to the function &' — f(6 + #') is continuous. This map “rotates the loops”
inY.

We attempt a kind of reversed construction of the specified map using the adjunction property of the
compact—open topology. Consider the following maps:

Sl x LY x S ©, 1,0
LY x St x St (f,GI,H’)
idey x(+) I
LY x St (f.0+0") (f,w)
l
Y f(w).

The map S x LY x St — LY x S! x S! is a homeomorphism since it only swaps coordinates. The map
LY x 8! x S' — LY x S is continuous by Exercise L12-2, where we have used the fact that 4+: S x S' — !
is continuous by virtue of S! being a topological group. Finally, every: LY x § ' Y is continuous, be-
cause S! is (locally) compact and Hausdorff. Thus, the composition of the above maps, which is

Ry: Slx Ly xSt — 5 vy
0, f,0) ——— f(0+0),

is continuous. That is, Ry € Cts(S! x LY x S',Y). By the adjunction property of the compact-open
topology, there exists an R € Cts(S! x LY, LY) such that R(0, f)(0') = Ro(0, f,0') = f(0 + &) for every
¢’ € S'. Therefore, this R is precisely the map initially specified in the question: The map R is the
map S x LY — LY sending (0, f) to the function 6 — f(0 +@'). By our construction, which used the
adjunction property of the compact—open topology, R is continuous.
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Question 5

Exercise L12-10. Two continuous maps f,g: X — Y are homotopic if there exists F': [0,1] x X — Y
continuous with F'(0,—) = f and F(1,—) = g. Prove that if X is locally compact Hausdorff there is a
bijection between such homotopies F' and paths in Cts(X,Y") from f to g.

By the adjunction property of the compact—open topology, because X is locally compact and Hausdorff, we
know there is a bijection

Yio1y,x,y: Cts([0,1] x X, Y) —— Cts([0,1],Cts(X,Y)).

Suppose we are given f,g € Cts(X,Y). Let H C Cts(]0,1] x X,Y") be the space of homotopies between f
and g. Let P C Cts([0,1],Cts(X,Y)) be the space of paths in Cts(X,Y) from f to g. That is, for every
r € Cts([0, 1], Cts(X,Y)), we have that r € P if and only if (0) = f and r(1) = g.

We claim that the restriction of W 1) xy to H gives the desired bijection between H and P. Since ¥y 1] xy
is a bijection, it is sufficient to show that Wy 1) x y (H) = P. We will show that Wy 1; xy(H) € P and that
P C Wy xy(H).

Ypo,,xy(H)CP
Suppose I € H. We wish to show that Vg ) x,y (F) € P. That is, we wish to show that
Vio,x,y(F)0)(=)=f and Vo xy(F)(1)(-) =g
This follows immediately from the definition given in class for Vg 1) x y, where
Wio,x,y(F)(t) = F(t,—) Vte[0,1],

and the fact that F(0,—) = f and F(1,—) = g (from F € H, i.e. from F being a homotopy between f and
g9). Thus, W) x,y(F) € P, and, as F' € H was arbitrary, we have shown that W[y 1) x y(H) C P.

P C W x,y(H)
Suppose r € P. Consider the map

evxy

0,1 x X 799 Cts(X,Y) x X 2%y,

By Exercise L12-2, the first map is continuous, and, because X is locally compact and Hausdorff, the second
map is continuous. Define F' to be the composition

F: 0,]]x X —— Y

(t,z) — r(t)(z),

which is continuous as a composition of continuous functions. Then F(0,—) = r7(0) = f and F(1,—) =
7(1) = g, so F' € H. Finally, using the definition given in class for ¥|q ) xy, we have W ;) x,y (F) =7, so
r € W ,x,y(H). Asr € P was arbitrary, we conclude that P C V(o 4y x vy (H).
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Question 6

Exercise L12-13. Prove that if X, Z are locally compact Hausdorff and Y is arbitrary that the bijection
of Theorem L12-4

Yz x,v

Cts(Z x X,Y) —5 Cts(Z,Cts(X,Y))

is a homeomorphism where both sides are given the compact—open topology.

We will show that ¥z xy is (a) continuous and (b) open. Since ¥y xy is a bijection, taking images or
preimages under ¥y xy commutes with taking arbitrary unions and arbitrary intersections. This means
that, in order to show continuity and openness of ¥z x y, it suffices to consider the preimage or image of
elements of a subbasis for the separate topologies.

For general topological spaces A and B, we define
Sap(K,U)={feCts(A,B) | f(K) CU}, K C Acompact, UC B open,

which is as per the notation in class, except that we now make a distinction as to what the underlying
topological spaces are.

We will use some auxiliary results throughout. Some of their proofs will be included as part (c) at the end.

Our aim is to show that
Uz xy € Cts(Cts(Z x X,Y), Cts(Z, Cts(X,Y))).

Consider the following two maps (both from Theorem L12-4):

Cts(Cts(Z x X,Y) x Z x X,Y)
Vets(zxx,Y)x2,XY
Cts(Cts(Z x X,Y) x Z,Cts(X,Y))

Vts(2x X,Y),2,Cts(X,Y)

Cts(Cts(Z x X,Y), Cts(Z, Cts(X,Y))).
Since X and Z are both locally compact Hausdorff, both maps are bijections. Consider the evaluation map
eVZx XY : Cts(Zx X, Y)xZx X —— Y
(F,z,x) —— F(z,7).
We claim that evzy x y is continuous and that, under the two maps above, we have
(Wets(zx x,v),2,0ts(X,Y) © Yors(zxx,v)x2,x,7 ) (€Vzxxy) = Yz Xy,
which will show that ¥z x y is a continuous map from Cts(Z x X,Y) to Cts(Z, Cts(X,Y)).
evzxx,y is continuous

From class, we know that ev4 p is continuous as soon as A is locally compact Hausdorff, so we will show
that Z x X is locally compact Hausdorff. Note that Z x X is Hausdorff as a product of Hausdorff spaces
(Lemma L11-3), so it remains to show that Z x X is locally compact. To this end, we have the following
result. The proof will be provided in part (c).
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Lemma 6.1

The product of two locally compact spaces is locally compact.

Applying Lemma 6.1 to Z and X, we find that Z x X is locally compact (in addition to already being
Hausdorff). This shows that evzy x y is continuous.

V7 x,y is continuous

Let us consider what happens to evzxxy after the application of g zxx,v)xz,x,y- Call the output
©;. We know that ©; is a continuous function from Cts(Z x X,Y) x Z to Cts(X,Y). Moreover, given a
continuous F': Z x X — Y and a z € Z, we have, by the definition of Wz x,v)xz,x,v, that ©1(F, z) is
the continuous function from X to Y where

O1(F, 2)(x) = evzuxy (F, 2, ) (6.1)
Think of as evzy x,v ((F,2),x)
=F(z,x)eY VrelX.

Next, let us consider what happens to ©; after the application of Veyg(zxx,v),z,cts(x,y)- Call the output
©3. Then O3 is a continuous function from Cts(Z x X,Y) to Cts(Z,Cts(X,Y)). Given a continuous
F:Z x X —Y, we have, by the definition of Wiz« x,v),2,cts(x,v), that ©2(F) is the continuous function
from Z to Cts(X,Y’) where

©2(F)(2) =0O1(F,2) € Cts(X,Y) Vze Z.

This means that, given a z € Z, the symbol O2(F')(z) denotes the continuous function from X to Y where
O2(F)(2)(z) = ©1(F, 2)(z)
=evzxxy(F,z,2) by (6.1)
=F(z,z)eY Ve e X.

Letting z vary over Z, we have that ©2(F)(z)(z) = F(z,x) for every (z,x) € Z x X. However, this means
that ©2(F) = ¥z x v (F) as elements of Cts(Z,Cts(X,Y))! As F € Cts(Z x X,Y) was arbitrary, we have
that

O =¥z xy

as (set) maps from Cts(Z x X,Y) to Cts(Z, Cts(X,Y)). Since O9 is continuous by construction, it must be
that Wz x y is continuous also!

Properties of Sz g(—, —)

In this response, we will use some properties of Sy g(—,—). The properties are more set-theoretic than
topological.

Lemma 6.2
Let A and B be arbitrary topological spaces. Then S4 p(—, —) has the following properties:

(a) Anti-distributive over finite unions in the first argument: If {K;}!' ; is a finite collection of
compact subsets of A and U C B is open then Sy p(UiL; K;,U) = Nie; Sa,B(K;,U).

(b) Distributive over finite intersections in the second argument: If K C A is compact and {U;}}
is a finite collection of open subsets of B then Su (K, (i, Us) = Niz1 Sa,8(K,U;).

(¢) Inclusion-reversing in the first argument: If K C K’ are two compact subsets of A and U C B is
open then Sy p(K,U) O Sap(K',U).

(d) Inclusion-preserving in the first argument: If K C A is compact and U C U’ are two open subsets
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of B then Sy p(K,U) C Sap(K,U").

Note that the last two properties are consequences of the first two. The requirement of the collections
{K;}, and {U;}}~ to be finite is so that the union and intersection, respectively, remain compact and
open, respectively.

\I/Z,X,y is open
Suppose we are given a compact G C Z x X and an open V C Y. We wish to show that

Uz xv(Szxxy(G,V))

is open in Cts(Z,Cts(X,Y)). Let R € Uz xyv(Szxx,y(G,V)) be given. Then, equivalently, we wish to
produce an open neighbourhood of R contained in ¥ x vy (Szxx,y(G,V)).

The idea will be to cover G with finitely many boxes L x H, where L C Z and H C X are compact. This is
motivated by the fact that the image of Sz x y (L x H, V) under ¥z x y is simply Sz cis(x,v) (L, Sx,y (H,V))
as well as the fact that Sy p(—, —) is anti-distributive over finite unions and inclusion-reversing in the first
argument. We have to be careful, however, that L and H are small enough so that Sz cs(x,v)(L, Sx,y (H,V))
is large enough to still contain R.

Fix an arbitrary (z,z) € G. Let Ry € Szxx,y(G,V) be the unique function such that R = ¥z x y(Ro).
Since Ry: Z x X — Y is continuous, T := Ry * (V) € Z x X is open. Note that (z,2) € G C T.

Since Z and X are both locally compact Hausdorff, the product Z x X is also locally compact Hausdorff
(Lemma L11-3 and Lemma 6.1). Therefore, Z x X is regular (Lemma 1.12-0(ii)), and since (z,x) is outside
the closed set T°, there exist disjoint open sets TZ(B,T 2(236) C Z x X such that (z,z) € Tz(ll? and T°¢ C Tz(?;,?, o)
we can write

(z,2) e T C TR CT.

[
We will see later that 7. Z(Qx) is a device to ensure our boxes L x H are small enough.

Since Z and X are both locally compact, there exist an open Wz(l) C Z, an open U;E«l) C X, a compact
L, C Z, and a compact H, C X such that

z € Wz(l) CL, and =ze€ Uggl) C H,.

Since Tz(lz) is open and contains (z, z), there exist an open ng) C Z and an open Uz@z) C X such that

(z,2) e W3 x U?) ng,lm)

Z,x zZ,x =

Let W, , = Wz(l) N Wz(?a? and U, ; = él) N Uz(?m) Both W, , C Z and U, C X are open. Our candidates
for L and H are going to be (some finite number of the) WZ@ and U%w. Let us proceed to show that they
are appropriate candidates.

In the next part of the argument, we will use the following result. It is proved in part (c).
Lemma 6.3

Let A and B be topological spaces, and let C C A and D C B be arbitrary subsets. Then, in the
product space A x B, we have C x D = C x D.

By the definition of the open sets W, , and U ;, we have

(2,2) € Way x Usp CTH N (L, x Hy) CT.
First, observe that Tz(?x)c N (L, x H,) is closed in Z x X: (1) TZ(?;L)C is closed due to Tz(%g being open and
(2) by Lemma L10-2, L, x H, is compact as a product of the compact spaces L, and H,, so L, x H, is a
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compact subspace of the Hausdorff space Z x X and hence closed (Lemma L11-5). Thus, if we consider the
closure of W, , x U, , and use Lemma 6.3 then we have

(2,8) €EWag X Usy CWag X Usg = Wag x Uy ST N (L. x Hy) CT.

= , T

One consequence is that the closed set WZ@ is inside the compact space L., so, by Exercise L9-5, Wzyx is
compact. Similarly, U, , is compact. Importantly, W, , x U,, CT = Ral(V), so that

R()(Wz’x X UZJC) cV <~ R e SZ,Cts(X,Y) (Wz,x, SX,y(UZJ;, V)) (6.2)

This is what we were referring to in mentioning above that the boxes L x H needed to be small enough.

We now let (2, z) vary over G. This means that {W, » XU s+ }(; 2)ec is an open cover of the compact space G,
so, by compactness, we reduce to a finite subcover {W, 5. x U, 2, }7; for some finite set {(z;,z;)}i~; C G.
The closures of the open boxes in this finite subcover are precisely our choices of L x H.

We now have

3
3

G g (Wzi,ﬂvi X Uzi,%‘) g (Wziﬂ?i X Uzi,l“i)‘
=1 =1

(2

Note that the last set is compact as a finite union of compact sets (Exercise L10-4). Applying Szxxy(—, V)
to the compact sets, and noting that S4 p(—, —) reverses inclusion in the first argument, we have that

n

Szxxy (U (Wzlxl X UzZm) , V) C Szxxy(G,V).

i=1
Now, S4,B(—, —) is anti-distributive over finite unions in the first argument, so we have
n — —
() Szxx,y W, X Uzywn V) € Szux,y (G V),
i=1
and, applying ¥z x y to both sides, we have
n P— —
M Sz.ctsx, )Wz Sx vy Uz 2, V) € ¥z x v (Szxxy (G, V)
i=1

Note that the set on the left-hand side is a finite intersection of subbasis elements, so it is open in
Cts(Z,Cts(X,Y)). Using (6.2), we altogether have that

Re () 92ctsx,y)Weiwis Sxy (Uza, V) S ¥z x v (Szxxy (G, V).
=1

open in Cts(Z,Cts(X,Y))

Since R € Uz xy(Szxx,y(G,V)) was arbitrary, we have shown that Uz x v (Szxxy(G,V)) is open in
Cts(Z,Cts(X,Y)). Since G C Z x X (compact) and V C Y (open) were arbitrary, we have shown that the
bijection Wz x y sends every set in a subbasis for the compact—open topology on Cts(Z x X,Y’) to an open
set in Cts(Z, Cts(X,Y)). Thus, ¥z xy is an open map. Note that the injectivity of Uz xy is important in
ensuring that taking the image commutes with finite intersections.

We provide proofs to some of the auxiliary results we have used.

Lemma 6.1

The product of two locally compact spaces is locally compact.
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Proof

Suppose we are given two locally compact topological spaces A and B and an arbitrary (a,b) € A X B.
We will show that there exists an open neighbourhood of (a,b) which is itself contained in a compact
subset of A x B. By local compactness of A and B, there exist an open U C A, an open V C B, a
compact H C X, and a compact K C Y such that

acUCH and beV CK.

Immediately, we see that U x V' is an open neighbourhood of (a,b) in A x B and that U x V C H x K.
Furthermore, H x K is compact as a product of two compact space (Lemma L10-2). Thus, we have
shown that there exists an open neighbourhood of (a,b) contained in a compact subset of A x B. As
(a,b) € A x B was arbitrary, this means that A x B is locally compact. O

Lemma 6.3

Let A and B be topological spaces, and let C C A and D C B be arbitrary subsets. Then, in the
product space A x B, we have C' x D = C x D.

Proof

First, let us verify that C' x D is closed in A x B. Denoting by m4: A x B— Aand np: Ax B— B
the projection maps, we note that

CxD=(CxB)N(AxD)=n,'(C)nnz" (D).
Since m4 and 7p are continuous (Exercise L7-5) and C' C A and D C B are closed, both 7' (C)) and
75 (D) are closed sets in A x B, so their intersection 7, (C) N7 (D) = C x D is also closed in A x B.
Now, since the set C x D is closed and contains C' x D, we must have that C x D C C x D.

Next, we show that if a point (a,b) is outside C x D then (a,b) is also outside C' x D. Because C x D
is closed, there must exist open U C A and V' C B such that

(a,b) eUxV CCxD".

We claim that U € C° or V C D¢, so that (a,b) € U x V C (C x D)°. Suppose for a contradiction that
UNC # () and VN D # (). Then U is an open neighbourhood of a point in C, so, by Exercise L13-4(i),
we have U N C # (). Similarly, we have V' N D # (). However, this means that U x V is not completely
outside C x D, because there is a point in C' x D that is also in U x V. We have therefore arrived at
a contradiction. Thus, given a point (a,b) outside C" x D, it must be that (a,b) is also outside C x D.
This shows that C x D D C x D.

Altogether, we have shown that C' x D = C x D. O
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Question 7

Exercise L13-3. If (Y, dy) is a metric space prove that the metric dy: ¥ x Y — R is continuous when
Y x Y is given the product topology.

Note that an alternate proof can be given using the result of Question 8(b).

Suppose we are given reals a < b. Since the topology on R has the collection of bounded open intervals as
a basis, it suffices to show that (dy)~!((a,b)) CY x Y is open.

If b < 0 then, since dy is nonnegative, we have (dy)~!((a,b)) = (), which is open in Y x Y.
If a < 0 < b then, since dy is nonnegative, we have
(dy) ™ ((a,0) = (dy) 7} ([0,0)) = {(y.2) €Y x Y | dy(y, 2) < b}

Suppose y, z € Y are such that dy (y,z) < b. Let € := b — dy(y,2z) > 0. We claim that

(v,2) € Boya(y) x Bepa(2) € (dy) 7 ([0.0).
Take an arbitrary (r,s) € B./s2(y) X B./2(2). By the triangle inequality for dy, we have
dy (r,5) < dy (ryy) +dy (y, 2) +dy (2,5) < 5 +dy(y,2) + 5 =b,
which shows that B.s(y) x B:2(z) C (dy)~'([0,b)) as claimed. As B./5(y) X B.5(z) is open under the

product topology on Y x Y, we have shown that (dy) *((a,b)) CY x Y is open if a < 0 < b.

If @ > 0 then take arbitrary y,z € Y where a < dy(y, 2) < b. Let p == min{b — dy(y, 2),dy (y, 2) —a} > 0.
We claim that

(,2) € Byya(y) X Byya(z) € (dy) ™' ((a,b)).
Take an arbitrary (r,s) € B,2(y) X B,/2(2). By the triangle inequality for dy, we have

)

dy (y,2) < dy (y,r) +dy (r,s) + dy (s,2) < & +dy(r,s) +

(VIS

so that
dY(ﬂ S) > dY(yaz) —pz dY(y, Z) - (dY(yvz) - CL) =a.

By the triangle inequality again, we also have

dY(T’ 8) < dY(T, y) + dY(ya Z) + dY(Z7 S)

p p
= d =
= dY(y,Z) +p

<dy(y,z) +b—dy(y,z) =b.

We have shown that, for arbitrary (r,s) € B,(y) x B,/s(z), we have a < dy(r,s) < b. This shows
that B,/s(y) x B,2(2) C (dy) '((a,b)) as claimed. Since B,5(y) x B,2(2) is open, we have shown that
(dy)™'((a,b)) CY x Y is open if a > 0.

In all three cases of b < 0, a < 0 < b, as well as a > 0, we have shown that (dy)~((a,b)) CY x Y is open.
This means that dy is continuous.
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Question 8

Exercise L13-8.  Let (A1,d1), ..., (An,d,) be metric spaces and with A = []7*; A; defined: A x A — R
by d((ai)iq, (b)) = >; di(as, Z) Prove that

(a) (A,d) is a metric space.

(b) The topology on A induced by d is the product topology on [ ; A; (giving each A; its metric
topology).

(c) If each (A;,d;) is complete so is (A, d).

Nonnegativity and symmetry of d are inherited from the nonnegativity (a sum of nonnegative numbers is
nonnegative) and symmetry of each d;. Next, we show that d separates distinct elements: Suppose a,b € A
are such that d(a,b) = 0. Then ", d;(a;,b;) = 0, and, since each d;(a;, b;) is nonnegative, we must have
di(a;,b;) = 0 for every i € {1,2,...,n}. Since each d; separates distinct elements in A;, we have that a; = b;
for every ¢ € {1,2,...,n}, so that @ = b. This shows that d separates distinct elements of A.

It remains to show that d satisfies the triangle inequality. Take arbitrary a,b,c € A. Using the triangle
inequality for each d;, we have that d;(a;, b;) + di(bi,¢;) > di(ai, ¢;). Summing in i over {1,2,...,n}, we

have
n

Z[di(aiab ) +d b2>cz Zdz az,Cz = d a C)
i=1 i=1

=d(a,b)+d(b,c)

so that d satisfies the triangle inequality. Since d is nonnegative, is symmetric, separates distinct elements
of A, and satisfies the triangle inequality, (A, d) is a metric space.

Let 74 denote the topology on A induced by d, and let 7 denote the product topology on A. To show
that 75 = T, we only have to show that the sets comprising a basis for 7 is contained in 7 (which shows

T4 C T) and that the sets comprising a basis for T is contained in 73 (which shows 7 C Tg).
Write B:(a) to denote the open ball centred at a € A of radius € > 0, and, for each i € {1,2,...,n}, write
éz)(ai) to denote the open ball centred at a; € A; of radius € > 0.

Recall (Exercise L7-1(iii)) that a basis for 7; is
Bi:={B:(a)|ac A, e>0},
while a basis for 7, which is the product topology for a finite product of spaces A = [[i; A;, is

(i

1=1

U; C A open}.

BaCT
Suppose we are given an a € A and an € > 0. We will show that B.(a) € T.

Let b € B.(a) be arbitrary, i.e. b € A and d(a,b) < e. Let 6 := ¢ — d(a,b) > 0. Note that if ¢ € A and
d(b, c) < 6 then, by the triangle inequality, we have

d(a,c) <d(a,b) +d(b,c) <d(a,b)+d=¢c = ce€ B(a).
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That is, Bs(b) C B:(a). Take [/~ 5/n(bi) € B. We will show that

be [ By, (b) € B:(a).
=1

That b € [}, Béi/)n(bi) can be seen from the fact that each b; is an element of ng)n (b;). For the other part,

we will show that [, Bgi/)n(bi) C Bs(b) and then use the fact that Bs(b) C B.(a).

Let c € T2 B(Z b;) be arbitrary. Observe:
o/n

ce [] B, ®)
i=1

— di(bi,c;) < d/n Vie{l,2,...,n}
- Zdz(bz;cz) <d
=1
=d(b,c)

— c € Bs(b).

Letting ¢ vary over B(gi/)n(b,-), we have that

be H B ) C Bs(b) C B.(a).

%,_/
eB

Since b € B.(a) was arbitrary, this shows that B.(a) € T. As a € A and £ > 0 were arbitrary, we have
shown that B; C 7.

B<CTq

For each i € {1,2,...,n}, take arbitrary open sets U; C A;. We will show that [, U; € 7.

Let a € []; U; be arbitrary. For every i € {1,2,...,n}, because U; C A; is open and the topology on A; is
induced by d;, there exists 51 > 0 such that B(l)( i) CUi. Let ¢ := \jL; €; > 0 (the smallest of the ;). We
claim that B.(a) C [T} Baz (a;). Take an arbitrary b € B.(a). Observe:

b € B.(a)
= idi(ai,bi) <e
Z:1di(ai,bi) <e<e¢ Vie{l,2,...,n}
— b; € BY(a;) Vie{1,2,...,n}
— bec ﬁBg?(a)

Letting b vary over € B.(a), we conclude that

a € B( CHB a;) C [[ Ui

67:1 =1

3

Since a € []; U; was arbitrary, this shows that [[; U; € 7. As the U; C A; were arbitrary open sets, we
have shown that B C 7.
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8(b) Conclusion

Since By C T and B C 7, and B and B, are bases for 7 and 7y, respectively, we have that T = 73.

(c) Assume that each (A4;,d;) is a complete metric space. Let (anm)men be an arbitrary Cauchy sequence in
(A, d). We will show that (@, )men converges in (A, d). We will write an, = (@m,1,@m 2, - - -, Gmop)-

The idea will be to show that, for every ¢ € {1,2,...,n}, the sequence (am;)men is a Cauchy sequence in
(A;,d;). We then use completeness of (A;,d;) to obtain a candidate for the ith coordinate of (what we will
show is) the limit of (@, )men-

Note that, for every b,c € A and every i € {1,2,...,n}, we have d;(b;,¢;) < d(b,c). Apply this result
with terms of the sequence (@, )men in A in place of b and ¢: Since (@, )men is d-Cauchy, we see that the
sequence (@, i)men in A; is d;-Cauchy. By the completeness of (A4;, d;), this means that there exists a; € A;
such that a,,; — a; in (4;,d;) as m — oo.

With a = (a1, ag,...,a,) € A, we claim that a,, — a in (A,d) as m — oo.

n

d(@m,a) = di(am,, a;)

i=1
n
rrlbgnoo d(am’ a’) = rrlbgnoo Zl di(am,ia al)
1=
n
= Z%gﬂm di(am,i,a;) =0,
i=1
where the last equality is because ap,; — @; in (A;,d;) as m — oo for every ¢ € {1,2,...,n}. This shows

that @, — a in (A,d) as m — oco. Since (a@m)men Was an arbitrary Cauchy sequence in (A4, d), we have
shown that (A, d) is a complete metric space.
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