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Ledwe 1 Whatis Space.? 22(7[1%

Well, that's a fough C,u%ﬁon\ As ovganisms that have been opfimised by evolulion

1o solve Lomplex puoblems of pevcepfion, locomotion and action in o spatial envivonment,
F is not a suvpvise that we have a vich intewnal supply O}Dwmczpﬁ' +o do with Jpace.

In Jvclayrj lecture we will begin with fhe elementuwy form alisations of #hese intuitions
that you ave familiar with, for example Euclidean space R" and begin 7he
proceos czf’pbwhing outwerd Fowavds morve Jopbish\cafed Loncepts .

Coiloquial notions of space = My dicHonaw says space is

() o confinnows avea or expanse which is frex , available, or unoccupred

imyh’c'vﬂy vefew o ol?)ech/ re.
“ spac as a sﬁge for things”

() 4he dimensions of@ghf, clepth and width within which all #hings mfd_w\o/ve,
( refev jmplic H’lfﬂ‘o vneamv-emenf‘ " spaqQ on & ﬁ-mge for moh‘oy\“
meaning “daaye% of Freedom’”

N

@ a blank befween PWVH’EC( words, chavacten, numbers , et .
=
€. aﬁage is asfage because it is empf‘j . To communicate information,

o pve mqwsﬂe is a low evhopy (re. highly orcleved ) chammel. e coulel say

« space an o.chomnel fov information Flow "

We howe a powervful setcf mothematical albshractions capfuvng he ole o
spaq an a stege for things, and for motion. The third conaption, of jpace e
o channel, is (T think ) move puofoawd, but we do not undevtand it 967‘./



Outline of common aloshactions

The noton oﬁJpaw we aremostfomi har with is Euclidean SpoLe IR™. The
more exotic conapts of spaes ave, voughly speaking , obtained by abgdacting
part of the vich shucture possesied by Euclidean jpace. Forexa mple :

* Vector span  abshact the oPemﬁom on R™ of addition and scalar
muHﬁPl(caﬁOn ((wsed 4o model eg. c\isp\O\&wlem{'/WloﬁDn>

- Metic spacen abshact the funchon d R xR —> R which
oompuleﬂﬂudl’sﬁnca betweenfuo /ooimL,(. (vneanu\nemenf)

- Topological spawn  abshact ¥he sef of open balls (locality )

Bs(z) =1 ye R | C’(3/3)<€} < R"

- Normed vedfor spaces cbsact addifion, scalar mulfiplicatron and
fhe novm Il || = ( Z;,\ILL)/L. (motion & mecujwemmf>

e Tnner ondud spaces abshoct addition, scalar mud ip licaton and.
the dot Puodud. (motion & ongles \

y Hi\‘oer‘rs'pac% abstract the dualiﬁj between Pomﬁ xeR” and linear
qC(MC‘FonS 7 - R"— R, which is a kind of finiteneos.

The abshaction we use for gven domain (e-3. classical mechanics) is generally

dictated [oU he guoup b J%W\W\P}V\‘E’A o R" o C which presewe the QMQWH‘H%

of intevest T ¥hat domain. We illushate this pm‘ncip\e with avew) simple example .



©,

Obsevvevs in the p\ane

Lef X stand for o plane, M//MDM‘/'CU’W pve—exisﬁnﬂ worclinaie Jy\r%el/nj in which ave
embedded fuo observewys O, 0, af the same /oo)ﬂf. Each obsewer jmposes heir
own voovdinale ij‘ﬂem on X, gnd accorcingly ape able o measuve Fhe voorclinates
o on avbitravy point xe X Suppore 0,'s coordlinate rystern is votutecl by O radrans
relotive 4o O, anin the ﬁ//ow}ng ciagram:

e o 0,

— 0,

\
s -

Obsewe

{sin (O+¢)

= dos@ — b'sin@ | = [w@ -5in0@ ][ a’
b'eos(9 + a'sin@ sin@ cos@ |\ b

maicates o )oi)‘ ecHon

( a\ = [ Lws(O1 “f) = [ LwosOcosY —’Cﬂn@u’n‘f)
Coos Osin¥ + £ sinOcos ¥

Tf we denole the meanwement funchions

i X — R ML:X—;:—%IRL

w0 1@ -5in(@
and denole by Rg R*— R* e funchion R9(1> B (m@ Los ) =,



This calcuakion says ol

n(x) = (:) = R@(i) - Ro(m(=))

We sag n fhis situgtion that the ﬁ//l)w/nﬂ cliagram Lommines

m X
/ \)
R* " > R™
6

anohoﬁu;g;mme@ /Q(ﬂ 0‘19 ’Rl (ob/ewt’ Q@ (s aV\(EOMDmh/}JVn) wrme[hL_( OJS
measwements info O, ‘s meawurements. Now, note thatk

The obrervers agveeabodf lengths that is, for all e X

[mite) ) =l ma(x).
Equivalently, for all xe X,
I Ro(ma)) Il = | ma(x) ]

Butsina Mo * X — R s a @'ec%bn) itis achually fhe same o ray
/I R@(!) // = //_V_// fu.ra// A% G/EZ.%GFI‘J,W c[lhgm“’l below commules

/\

- R*

" T




* The ohsewew disagree about f:R*— R, fla,02)=0a)°

F ()= 0 =(ale0s® — b'sin0 )"
flm ) = (@)
a’ [
which for example d)‘;agm when @ =% ond (b’B - (o)

Def” We say a funckion F R=—R. (1-e a “mecnurable 7ucmH7ﬂ“ B i
woordinale -independent if forany observers O, O, velaked oo alodve

JC(VV\I(XBS = ’F(W\z(x)) -J[DVQH xe X .
So, ()=l is coordinalte-independent lont T (o) =4 is not .
Lewma The quHoou)nj are eqmim‘em, forafunchion £ R¥— R
(i) JC is coordinale-independent
(i) foRe=F foral OER.
(l'i;) there exists aﬁAﬂc-h'on ﬁ 1”220—9 R s.t. 7‘: = J° (/ _/( .

Exercie L1-1 = Rove the levmma .




How about fgai_rs of Foivﬂs Y e X

Question = whal funchions 9° R*xR™— R ave coovelinote—fndependlent
inthe rense that Or, O will compude Y same answer+for each
'Fal'r [w,y) € X?‘X, no mqﬂevmar\a\o_ O°

To simplf{wj Yhe exposition (but inovwany which causes no real loss) we answev the
o{u(wﬁm in the case wheve neither > nor y are equal fo O € X, Mpofnfomulofeo(
laj bot obrevvew. Sothe C{M%HOr\ beomeo: which funclions

3: (R¥RNEZ —— R Z = R*{0} U f0}xR?

moke The cliagram below ommule for all O €

Rs xR
(R**xR*)\Z - (R*x R\

()
R




Lewmma. The diagram () wmmules for evewy O if ancl only if- theve is
o funchon h Ryo*Ro0x[0,21) — R such that for all nonzewo
v,w € Rowehave g(v w) = [/L< [vIl, [«ll , Al,%) >
where Ay, w) is the angle befween v w moving ovthclockwise fom v Fow

- —

oot Suppore 9= 1 e (=1, 11, 46,)) focsome b Then

g(Ra!,R&W_B‘: h( [IReY || Rsw I, A (Rsv, R@U:))
= h(lx N ((wll, A (zw))

L the other divechion, suppwe j (%Xﬁ(ﬂzﬂ -(oraﬂ QcR.

&,‘Vgn v = (0(6055 O(S)hg) UUQ,[’IM

g(y,w)=9(kR v, R w)

.
= 9 (I, 0)7, (il ws Alyw), llwlisind (4 ))
so ik wesef h(d ﬁ 8’) = 9( ("(/O)T/ (ﬁwwfﬁ‘”\”a/)‘r) then
we will houre j(_,_ = h( Il lell, A(% w)) for all nonzed v, w. 1]
giventhe sehup alhove

p

The upshof + fhe only wordinale-independent (aka “meaningful’ ) quantities
associaled fo an ordeved pair of pointks in the plane ave functions of
fheir distances fiom a fixed ovigin, and the oviended angle. fvovn thar
fivat point Jothe second (moving anbclockwire ).




A appwpviale shucture on IR* for this conlext is thevetore ifs shmcture as an

innev pvoduc‘r spaq . Move Pwecuseln - if o obsevvers Ov, 02 cuve ,om%emled with
afinile muml,eyo{i Poiwk nHne plane, and they reohict theiv discoune to 7LAC(V]‘H‘H€/J
compuied from this date wsing addiion,, scalar mulfiplication, lengths and ovienfed

mij]QA then they ave 3ua|raw+c!ld +o agvee on the answers / e.g.

(3 M (Y 2m (9) ) m(y) = (3Re(m@)+2Rs (M (y))) -« Ro (m.(v))

= Ro( 3m (x) t 2m. () ) « Re (maty))
= (3my () +2m, () ) e my(y),

/‘RWLma”j, move is e = the obseview agree nof omly pn dof—Fvoo[{Ac%s} which
depend only onthe cosine of angles befu/een mec%or:;/%ey agree onthe
anglos Hhemyselves. The relevant shucture is thevetore IR? an o inner
Fvodu\o[-spa& plus a choice of an ovientotion (s comeaponclp fo Hhe fact
That for both obseress ‘(clockwise! han The Jamemeaning ) .

The velevant symmehy quoup was SO (2)=1Rs | 0€RY, *wro‘raﬁov\gwaP)

which is the guoup b all lineav fransformadions R— R presew ngHhe
innev Pwduc} ond +he chosen ovientation.

The shucture of. IR gy aninner pwdwc% Jpac (withoul- o choren ow‘e/ﬂuﬁolo)
omesponcls fo fhe /argQrgvom/; 0(2 ), seathe exercifes in Lecture S.

Remark  This relafion befween confinuows groups %xymmefn'w (L/‘ejmupf)) obrerven and
“veal " quanttes is fully clevelped in MAST 70/32.




Remark  This connection between symme hy ancd the shuctures we chvose
fo avcjam';e our absthactions (e-9. SO(2) vs. innev pwduwfspaw))

is nof an accident . Heve is the briefeat sketch of why hat /s This /s
not sMcHE] relevant +othe couvse , but will be useful for some 01430 ",

No classical mecnurement js atomic, and all mecnurem enis are ./u\b/’ecf
to enor, so any mecwurement involves oo kind of in %egmﬁon acroys Spate
ard time . This is the fundamentz) point of thermodynamies, +ee e.g.
Callen n’)%éVVVIDC{dV)amfc_r wnd an inhwodUucton 4o thevmostodshes
2™ edifion, esp. Fart I . T is not a suprire our perce pfual systems,
and fhe mathematics quounded in them, is oyganffed avound 3uqnh’ﬁ"ea
invanant +p yevidbus natuval xymmeﬁn‘%, because +hore ave the only
quantitier sfable enough. in spac and Fime fo emerge co

Macvoseop ;‘oaﬂy o brevvable .

More (,omcve}e/j 2 no matter howhaord O) hies o bee/) their coovd inate
system fixed, theve will inevitably be cmall peviuvbations, which fuike
the form, say, of infinitesimadl votations ov hanslations. Letwo jguove
Hanslations (e the exerives ) and let O, stund for #he sarme observer
but af some lafer fime, affer one of these infinitesimal votations.
I e obrewer Mes Yo meke measuvements and compu&e a c(ucmﬁfy
which is not $O(2)-invanant (or move generally, whrch hgnsforms
a» a vepreentation of S0(2)) the answer is nof stable over fime,
under the unavoidable pevtuvbations a#ecﬁng fhe obserer .
Sucha qucmh'ﬁj is  not obsewable | s natwally we donot imvent an

abshaction +o make conveniento falk about it .

(O#oouw_ Hheve avemany other m/evaﬂhymmeﬁ/iw/ lihe haing /aﬁ‘z)m/
or boosths in relativity )



Remark Those #3omwfemfec/ n neuvoscience or AL might like,, inthe covifext
of the matenal discugred abpve, o read O Keefe and Nadel “The hippocampus
an oL dgnifive ma/;" Chapfer 1, on the hishow of theories o;f,r/)a(e,

Exevcite L1-2 Exlend he above Jo the cone of- fhree poinks in tie plane,
by stating and proving eLchavadeiisation of all coordinatk -indepenclent
Funthions R*RExR\ Z —> R where

Z =[Oy xR*xR*U R*x foyxR U R* rR*x{ 0}

Exevcise L1-3 Do ¥he geneval cove, e Mo Points in the plane for nz 2.

Exevese L1-4  (what /s Ve relevant gwwpdf Functions /pzﬁ R
i the obsevvers are not |ocaeel at Hw same posifion of X.©
Does this change e set of coovdlinak -independent Functrons
f:R—R?

Exercise L1-5 Rove that the sef SO(2) of votakion mamw) may be
equimlemHg descibed aothe sek of |ineav hansfovmakions

F:R— RS
which havedetesminant + 1L and Saﬁ‘s@
Fly)e F(w)=v-w Horal v,welR?®

Thus, the connechion befween SO(2) and the shuctuve of
(nnev PLDdMO)L spa@o wins in both directrons



