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Which spaws ave compact? So favwe lnow #hat closec! and bounded
subieh of R (e infeyvals [a,b] ) cue compact (wing Bolzano—Weievshass
plus Theovem L3-2 ). This is not a vew impressive st Lekun implove it. e will

beginto we “space” +o mean ’fﬁ/po/og;"(a) spaw " unless othevwire indica fed.

Lemmod LIO=1 TF ~ is an equivalena velation on a com pacl'slsaca X then

X/~ s compact.

Pocf  The quotient map_p: X — X~ s comtinuows sothis llpws from
onposiﬁom L9-3. 1]

Exevcle LWO-1 Tf Yand Yave homeoynaqo/o/b then X s wmpacz‘ /ﬂ 7 i oom/DaUl.

So ot least 512 [O/‘]/fv IS wmpad. Tf we knew (0, ']YfO, ] wan

compact we would wie the same ek fo show e.9.The toum is compac(.

Lemma LO-2 If X, Y are wmpac}spawﬂ Hen X> 7 is wmpac#

Ew_(j_ﬁ Btj Levama LY=1 if suufficento show any dpen (oyev of X"\/UE
the form YU X N0 Jre1 with UrC X, Yo € Y open has a finife jubeover
If erther X, Y is emply Then XAV =@ is compact, o suppore X+¢, V49
andl chpose some e X. Then 153 V' = X*xV is coveved by Yhe Uex V.
and sinc f%}x\/;\/ s wmpac/ theveis Jx € L fonike such Hhatl (heve
we ave wing Ex LI0-] and ExL9-4 40 be move pmche)

17} 7 = U\,‘e:& Uy Yy



We mow asume A E UJ' for all JGTX (oﬂnevwhe UJ'X\/J' 7 JMPfV‘yLlMOLAj) and we
may VEW)ONJ fiom Jx ) and so x liesin the open et Uy f:m\)c_j’l U/'. Note
Ue xY € U eTs UJ- X \{f Sine {UxFxex is an open Lover o X and X

J
is compact, there is a Finite subcover { Uxy, ..., Uxe T But then

X»*»Y = UL;, Ux. * 7 < UL‘:\UjeTzéu\jx\ﬁ" 1

We declue that Yhe Torus T = fo/']x[ol']/’v is wmpad- It /s twe thal

any poduct (eveninfinite ones) of wmpact spawn is compacl, but this
is much havder o PL/O\/E — it 35 called ECL\OVWO#’I Theorem (alas, we clo nol hove

Hime o prove this). C leavlj hj induchion we deduafomthe lemma That any finike

Pwdu& of wmpact space is compact-

Theoverm L10-3 (Heir\e—Bovel) A subset of [R™ is wvnpach iff . itis closed and bounded.

Roof Tf V< R is bDVVlPC{C” then it /s;equemﬁalfj compact (Thm L7-2)
and so clored ancl bounded by the rame q\rgumevnL an ine Bolzqgno -Weiershass
(ree Exervcire L§-2). IF Yis bounded then Y < [a/6]™ fov romu a,lo

(Exevcire L&-4) ancl if Yis acld:’ﬁ’or\al(j clored then it 75 a clored
sub(paic of a compact spac, henw compacl (Exercie L9-7). [

Exerdie LI0-2 A funchion f:X—7 hetween 7%/90(071'@/ Spaws s wntnuow)
H. £ 7'(C)is clored for evew cloed sek C< V.

nt!
ave (DMPQC+-

Covollaw L0 -4 The n-dlisk D's R™ and n-sphere S"S R

Tocf We need Oﬂllj Show Theye JulGJPClCM ave cloed . The eany way o nole
Thot jc = \l'” : [R_VLH R ¢ UDV\'HV\UUDLA/)/ Jo €.9-



D™= F7([0,11)
is cloved | and ﬂ'mifal/ly for S (]

Exevcse LI0-3 Recall real pwjective space RIP"™ fom p-(9) of- Lecture 7. Show
R P is cmpact by exhibh’inj ifon q quoﬁew#rf ST

Lemma LIO-5 TF X,V ave wmpadsloacm e X ALY s UDVVIPCLC,“.

Roof T {U:Jiex isan open wver of XL then (identifyrng Yo7
with subspaces of X 1Y ) e have O = (0cNX)u(UeNY ).
Choose T T finife ruch thal {UJ '()X}J-c/j covewr X avd 5 UJ'ﬂ\/}J*c—j
wovews 7. Then {(JJ'}/PI covelr XL7.17

Exevcire L0-4 Let X be a spacand Y,,--, Yn ompact subsels . Then
YiU---U TV is wmpacl _

Theover LI0-5  Any finite CIW—complex is (/0/}/)/)01(/.

Rodf Ry clefinition if Kisa finike CW-complex theve is 0 Jepuena of Jpaces)
Xo, YKo, - Yon -1, Yo = X with Xs finile and discrele, and
each X¢ obfuined from Xi-1 viaw a Puﬂhomf'

¢ -1
_k_\_,o(e/\_st D XL“‘"

| },

LWwenDf —— X = (oo L apt)/~



(Ve pwove Xis compact by induction = Xo is cleavly ompact, ancl if
Xi—is UDW\PO\CF%QV\ sofs Koo L HaeaDt by Oovollcwg L0 -4
ar\c{mfpwviouﬂ | ermmen (iv‘ is;'mpoeravﬂ’Ais Fife / ) But fhen the
C{WOHQM‘ X, isalso c/OW\PCth‘ (07 Lemma LIO 'l) which (,om})Lakw e
inductiveslep. [

That is a respectable supply of compact spaces /



