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Lecture 10 : Compactness It updated " 110119

Which spaces are compact ? So far we know that closed and bounded

sublets of IR ( e. g. intervals [ a
,

b ] ) are compact ( using Bolzano - Weierstrass

plus Theorem L 9-2 )
.

This is not a very impressive list
. Let us improve it

. We will

begin to use
"

space
" to mean

"

topological space
" unless otherwise indicated

.

Lemma LIO - I If  ~ is an equivalence relation on a compact space X then

Hr is compact .

Proof The quotient maps :X → Xh is continuous so this follows from

Proposition L9 - 3
. D

Exercise 40 - I If X and Y are homeomorphic then X is compact iff .

Y is compact .

So at least 5- = Co , Dl - is compact . If we knew Co , Dx Co
, D was

compact we could use the same trick to show e. g. the torus is compact .

Lemma 40-2 If X , Y are compact spaces then Xx Y is compact .

Roof By Lemma L9 - I it suffices to show any open cover of XM of
the form f Vix Vi ) ie I with Ui E X

,
Vi EY open has a finite sub cover

.

If either X
,

Y is empty then Xx Y =p is compact ,
so suppose X -40 , Y 't 01

and choose some x E X
.

Then { x } × YE X × Y is covered by the Vix Vi
,

and since la } x Y EY is compact there is JoeEI finite such that ( here

we are using Ex LIO - I and Ex L 9 - 4
,

to be more precise )

{ x ) x Y E Uj e # Uj  x Vj



②

We may assume x EU
,

- for all je Tx ( otherwise Uj x Vj is superfluous and we

may remove ; from Joe ) and so x lies in the open set Ux :  = Nj Eh Uj .

Note

Ux XY E Uj e  Ta Uj x Vj .

Since { Ux } a ex is an open cover of X and X

is compact ,
there is a finite sub cover I Usa

,
. . .

,
User }

.

But then

X x Y = Vir ,
Uni x Y E Vii , Uj e Tai Uj x Vj . D

We deduce that the torus IT = Co , Dx lol Dl - is compact . It is true that

any product( even infinite ones ) of compact spaces is compact ,
but this

is much harder to prove
- it is called Tycho n off 's Theorem ( alas

,
we do not have

time to prove this ) . Clearly by induction we deduce from the lemma that any finite

product of compact spaces is compact .

Theorem LIO - 3 I Heine - Borel ) A subset of IR
"

is compact iff .

it is closed and bounded
.

Root It YE IR
"

is compact then it is sequentially compact ( th m L 9-2 )
and so closed and bounded by the same argument as in Bolzano - Weierstrass

( see Exercise L 8-2 )
.

If Y is bounded then YE Ca ,
b ]

"

for some a ,
b

I Exercise to - 4) and if Y is additionally closed then it is a closed

subspace of a compact space ,
hence compact - I Exercise L 9-5 ) . D

Exercise 40 - 2 A function f : X → Y between topological spaces is continuous

iff . f
- ' (C) is closed for every closed set CE Y

.

Corollary 40-4 The n - disk D
"

E IR
"

and n - sphere S "
E IR

" "

are compact .

Root We need only show these subspaces are closed
. The easy way is to note

that f  = H - It : Rn → IR is continuous
,

so e.g .
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Dh :  = f-
' ( [ 0

,
D )

is closed
,

and similarly for S
"

. D

Exercise 40-3 Recall real projective space RIP
"

from p . @ of Lecture 7. Show

RP "

is compact by exhibiting it as a quotient of Sn
.

Lemma

40-5
If X , Y are compact spaces then XI Y is compact .

Pwot If { Ui } iet is an open cover of X 't Y then ( identifying XY

with subspaces of X 't Y ) we have Ui  

= ( 0in × ) u ( U in Y ) .

Choose JEI finite such that { U
,

DX }jeJ coven X and { Ujn Y ]jeJ
covers Y

. Then { 0j3
,

ET coven XHY . D

Exercise40.4Let X be a space and Yy . . .

,
Yn compact subset

.
Then

Y , u .  -
. UYN is compact .

Theorem LIO - S Any finite CW - complex is compact .

Putt By definition if X is a finite CW -complex there is a sequence of spaces
Xo

, Xy . . .

, Xn - I
,

Xn = X with Xo finite and discrete
,

and

each Xi obtained from Xi - i via a push out

Iaea
's

' '

- Xi - I

1 I
× xIaea

Di - Xi = ( Xii It Hadi )/~
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We pwve X is compact by induction : Xo is clearly compact, and if
Xi - l is compact then so is Xi - I

I Iaea Di by Corollary 40 - 4

and the previous lemma ( it is important A is finite ! )
.

But then the

quotient Xi is also compact by Lemma 40 - I
,

which completes the

inductive step . D

That is a respectable supply of compact spaces
!


