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| ectuve || Hansdortf spacen updaled 11[2]19

Sofur we have fuwo main sources afexam/lp)e/) ot hpo(ogfcal spaces - the
umclerltjmg Jehyf o mebvic spae with the methic topology, and finite
CW-complexen (Hheetwo classes, of course, have significant-overlap ).

We have seen o few other examplen like the Sievpinskl s pace
S, = {01 T =142 {10

but there examples seem vather “exofic. One way in which s shange

is that the Pom’r 1 €S is not closed (sine ih uomp\emeyl* {0V 1 not open )
Clearly any point in ametvic hPologv is a closed ref, and “mom—c/wea’/oomﬁﬁ
seems like an oxymoron. Inmany pavh of mathematics (withimpoviant
exceph'om) one rs only intevested in spaws in which a//poft’)/J are clored,

and even befler, any fwe distinck points may be sepovated by open
nePahbofhoodfi

Def™ A topological space X vs Hauscorfl i Lor any pair x,9€ X

d‘ﬂdmﬁncf/goim’j theve exist open U, V€ X with ote U, ye \/
and UNV = 96

Lemma. -1 TF Xis Howsdorff and x e X then {3 is clored.

Roof ﬁ;lrjeX\{"} let VJQXLQOPMWH’I/L x¢ V, ye \V. Then x\{szuj Vi 0



Lemma LLI-2 T Xis mehsalble then itis Howsclorff -

Poof Sy thetopology is induwd by a mehic d. Given 2,y € X dishnct d(x, )>0
and for any £ < zd(y) feballs U= Bs (x), V= Bely) vill do, since

28 < d(xy) <d(x2)+d(29)
andsoif 2zel), o d(2,2)<E then d(z/y) > 26-€=8&, 0 2 V. O
NQed\eAgbjaAj/ 2 is not Hawdoﬁcfi) and henw not mehisable.

Exevciie LI Givean example ol a spatw X in which poinh are closed,
but-which is not Hoawsdorf .

Exevase LIN-2 Rove any Su\ojpac,ecqga Howsdorff spaw ls Howurdorf? .

Theve avesome gbviows questions : which of the stundavd consPuctions on
topological spacs (pwduct, disjoint union, quotient ) prerewe the Haurdorff
wondition? And then, who cares? What is this condition “good for " 7

Lewma LII-3 TF X, Y ave Haunsdorff then sois X* 7.

M f (=, 8')) (%2,9~) e X*Y ave dllrﬁ‘nch without loss o‘fg-emem(h? 2 F 2,
Then there exist open c(u's)’o{n\' U Ve Xwith x, €U, 2, ¢ V/, and then
UxY, VxYe X*Y ave open, c{fsjoivﬁ‘cunol (2, 9y) €U *V, (o2, ¥2) € V“\/,D

Exercite LII-l4  Flove that if {Xi}ier Is a familtj 0~P Howusclorff spaw) Mat
et X is Hausdodft.




Exevtire LII-S Rove iF X, are Hawdorff that XL 7 i Haurdor? .

Escample LII-| Consider the pushout

L

R\ — R

l {Jc

R — ¥ = (RUR)/~

wheve (s Yhe inclwaion. Here X % sblaived from tuo Lop\'eﬂa-ﬂ
Y \ine 3lued along eveuy point but the 0rgin . Thespace X

is oflen called Yne “[ine withh dowboled Oviq'lm”. Letun wrike
O, = F(0) ancl Oz = 9(0).Then an a sef

X = R\{eyvio,0.]

@ . Ol
[ ]

The open neig%kg/hOodJOﬂ 0,in X are e imager under e
quotient map of opensefs O LV < RLIR which ave Satuvaled"
re. cloted under ~, anclforwhich O€U. But-suchan open ek
munt conteiin pointyin the seconcl copy of R avbibaily cloreto O,
and thun in X theve can be no open mergl/:loo/hood ol 0, a voteling
evew V;e[ghbo/h@ool A 0> .

Hepe X is nof Haufdo/ff) and so ﬁ'e?woﬁemfd{ a Hawdo/%
space need not he Hausclortt (en RALR i Housdorft).



Exevcie LII-6 TF X =Y and X is Haurdor@ thensois ¥

The Hauscdor i condition 1s vew useful, as we will see. Buf hereave fuo immedl\a#eg

ws eful conrequen@y -

Lemman LI=S  Any compack subspacof a Hausdorff space is closed

Roof S K< X i compact, X Hawsdorff . Given x¢ K choorefor each
Re K a Paird}D c|zsjoinf open sets Unr, Ve with k€ Uk and xe Vi .
The {UkJrerx wvev K, andsina o s vompect
ﬁ'nikly many , say J Uk, <, Ukn T will do.
Butthen %€ Vi, NN Vi, is an
open me?jlnlao/%ooc\ of x o(mjomffvbm K.
This prves K 15 clored. )

Lewma LIL=6  Suppoie Xis wmpac*and Y s Hausclorf - Then any wnhnuweuws

loiJ‘ech‘on jt"X—B \/ rsahomeomoqahi&m.

fioo Tt sutfinto show +hat i US X s openthien £(0) < Y isopen. But X\ U
s closed and thevefove wmpoaick (Ex LQ—J') ancl so (by Puop Lq-3)

FOxNV) =Y \ f(v) (ol £(x) =Y ! )

is compach, ancl thevefore clored by lemma LII=§- Hena He wovmplement-
F(U) muok be open - []

E xevcite LI]-7 [.) If ~ s an equ}valemz velation on aspoc X) and X/~ i the

quotient, prove thepe is a bjechion between open setr of X/~
and opemu/ofeﬁ U o X whichare sahumted | 1.e. x ~y and
xe in,Dh'w ye U.



(i) Let E bea noviemphy sek, R SExE a subsef, and cefine
R 1o be the set of all paivs (e,e) suchtnat there exish a sequente

e=es, e, .-, e =€ w0
with e:€E and for each 01 <n either (; e+ )ER or
(ecri,e:)ER. Rove Ris the smalleat eyaim/ema velatfion

confaiining R (the n=0 case says (e,e)€ rli—ﬁ:rall ec E)

Det™ A continmows map fi X—Y is open if wheneveyr U/ EX isopen so is flo).

Theowm LIl=Y  Any finile CW-complex X is compack Flowsdorff .

Poof The compactness wan Theovem L10 =5~ We pwve X is Howscodf by incluckion on
o prenentetion of X oas Xo, X, oo ) K= X, Sina X isfinife and
discvele it s Hansdorff (evew point is b o wn open VleTij\/hwd). Suppore
we hawe shown X (- is Flausdovff. The spate X, is wonshuclecl from X -1

by a Fc/whouF: _
p '@ wual we somedines
- ‘ \abvel He copienaf §¢-', D
L genS > Ki- wih indien &, and wiile
s Dy
L ’ a

_Ll_oae/LDi — K = <XL—\ U U_&DL)/«J

Now agenevicqwoﬁemj( will not be Hawdofff) S0 we need a g}aecfalatqumenf

unigie fo fhis qw:)ﬁemjr- We ugse the fo//owiny obsenadions, whichall follow

from Exevcige LIL-T7. Le¥ﬁ1 Xicp b M« D¢ — X¢ be the q(wv'iemf.
We dwp e L and view UaS T ara subspace of L« D¢ (asitis! )



(0) If S Xeo UL H.D¢ane c[isﬁncfpomh aMC//J/’f)=ﬂ/9) then

Thewe is a sequUenE X = €0,y -, En =Y with for 05 j< 1 either
(ej;ﬁd‘ﬂ.\ oV’ ((’J'ﬂ,ej\ in {<J£<5)) SBISG ﬂm&é—l}

Tn pavhicular if 21y € Koo\ F( L™ 3 Then /o(i)iﬁ(%)/
and il 1,56ﬂ,¢05 \ .S $hen /O(Jz) ﬁﬁ/olf/). TnHfuct

~N = {(‘A/M) ,ueX;,[LLu,\DL} v {( s )HJ)B)(P(”/ s ) lse_[_(o(ﬁt—{}
v { (o) [ nye LLast!
such that UC(IBLF[V)}

(1) f( L« Sf;\') = Umr(Sf,:;) is compact (RopL9-3Y) hena cosecl
(Mﬂfﬂﬁ Lemma LIS and Hhe inductive hypothenls that X1 is \’lawdov#)_

(2) The mop Keo) — Kiis imJ'eCJHU‘(’_ cnd thu vesvichion fo
The wmplememfdfp UmF(Sf;)‘) s open.

(2) The veabichion of D(qu,_) [y D(';M"_} Xi o the opent dick

B-< D isinjechive andopen, where B ={zeR* [lIx]<1}

f(57")

open mVJel—d(Z
Xi- \F(st")

open subkt of B ¢



Let 2 ye X be dishncf.

Ecwﬂ (oven XY hothh lie in +he image of one ot the f'ry‘e chie open
maps ﬁ_)m (2, (3) above (pevhops diffevent maps )
dine B, K- ave Hawdofﬁ? andl these maps areapen,

it is cleav we can find open neig lnbovhoddjo‘]p:c,j
whith avre ofisjoinf.

Othevwise afleast ovie o the pofwh [ten in e imoge % .Uo(SC", sau X .

X<

Now /0"(%) contains Puec(felg oNe oiﬂﬁ)(o U{ Xe - , and fov each X gome
clored subref  Cy = P7'(>) (1 Doy o 1w boundawy spheve  (mayhe
Ceay = ¢, bub i con be nonemply for muthple o« cind. is noviempty fov

oF least one ok ). Given an open neighbovhood U ot 2o in Xe—1 eacl

[ (UB S S L(:) i an open mefﬁl,\\oovhooc\ of [ 0e):

Lt

§ (w0

F3 (V) —



Sina SE(;') s DZA) han e subspa topology, we can find on open
subjet U« € D sy such that U< S5y = £27(0) . Then

U = U v UoLeAUd\

is an open subret of Ko L MADEO«) ancl ﬁ—‘(f[j)f v 5"f’7 s open,

and if is a mefﬂhborhood oA 7 ia X\d . Noke are chiose Uavbi#am’/va?) and

Us cubibaily subject o Ua D §ca = £ V).

Cove T Y also [les inﬁ/uzimng of U« S(C;; Lejrjo be the unique
preimage in Ke=1 and find (waing K-t Rewrdovff ) open
nefﬁﬂnbmhoo&; 1€ U and Yo € \/ sf. ONV = 55_']74@|/L
vunning Y above comshuction alo ﬁrj and \/, we have

£ (v) ﬂwcoa-_l(\/) =[x (UnV) = }é and we may chouse
s, Vo & DEO{) C““S)'DimL with Ua co above ande

Va VSN = £27(V) (W see Ex LU-10)

e

f;\l(u)’_\y S(.,() 7§L‘«r

Then
r\v/ = Vv UO(GA_\/O(

giv\e/l an open ne\\ﬁl/\\ov\ll/\oock Pv o Y clisja/'nfﬁﬁm /3(7



M Y isviotin Yhe }W\Olge of l_‘cxst(;)l. Sina U« F(ﬁ;)’
s clored we canfind an open neI?%bothc)cf \V o Y cl;'U’oz'n)'
fx/om U which doen not meel (J« f{j‘;o:)' ).T)’]ev\ /J\/ iy an
0pen neiihbo/hc)od oyzy d/‘?&/ﬁfﬁomﬁ[)// ¢o mpleﬁ'mj prwgg

There are some wamcjemepamﬁon axioms thatare alse rn commumon ure -
Def™ Suppose one-point sek ave closed in X Then X is called
« veqular v each paiv o’fapoinfx endd B X clojed

clfjjom tfom X, 1heve exfsfc//ir/'ofﬂfopem el wnmmmy
x and 3 m,ﬂfcﬁme/j

© (@

+ namal If for each pair of disjoint closed sets A, BEX theve
e x5t disjo/nt open sefr containing A B verpechive ly.

@ &

Remark Tt is cleaythat  normol = veqular = Housdorf?-

Exevcive LI|-8 FRove any metvisable spaa is normail.

Exevcise LII-T  Rove any compoct Howusclorff spaw is normal.
(Hint  we the oncrﬁ R Lemma LII-5).

Hene a finite CW-tomplex is normal.



Exevetse L\(-10 (,> fov ¢ |, o<ln<|) prove v Si—'x[ojlo) — DL. definecl by

,a/(i)f/\> - (‘ M=

iven ahomeomoyohism ot §¢7'% (o K\) with an openmg(ghbwhooc,
! 5 in De (unmallUcaHecla(/ollar)

(i) Fllinthe final detzil in thu Puod‘f o€ Theovem LU=,
by showing that if Cv) G < St are clf:joinf clored
Je%) and Uy,U> < ge avecir‘sjomf open Jey‘j'wfﬂ\ UJ-‘a CJ'
thewve exist dirjoint open sbrels Wy, W. of D such Hhat
\/\/J' NSt '= UJ ﬁ:rj E{l,Z}_

Exercire LI1-11 (1) Poove Xis HO\UUdOV‘FE f("awdovﬂ%j 'l{: The diaaomal
N = ] (717‘> e X=X l xe X } s o clored sulboset
oA XX

(h‘) Let (L be a ﬁpofogl\ca[ 8u0up (RL Tuto vl 4), Fove
that Qlis Hausdorf i and anly i felis clored, wheve
Q is Yhe idem{—ﬂ‘\j element.

(M) Let O be abpoloaicql quoup ond H <G o novmolk
SlAbgVDLAP. Pove &/ 15 Houwsdor T and unlg if
HE s C[DJQC’J~



Exevcite LI| 12 Tn the confext of Example LIl =, prove that theve does nof
exist a confinuoun J:w/\ch'ovx ]C'~ X—= R with F(O)F£(02)

Aside on the Hausdorff condition

The following statement fiom Munkren is typical -

Topologien in which one-point sets ave not clogeel, or in which
Sequenwe) can wonverge 1o wore than. one poiwb ave wonsderec
by many mathematicians +o be somewhal shange - They are vof
really vew mfew%hng for they seldom occuy in other pavks of
moathemathcs.

) * .
Exevcire LII-1%2 | o R be an Q\(delOVUUCaHy closecl feld . Anathine vaviely
(se2 §T of Havlshorne “Algebraic Geomeﬁﬁ") is o clore]

subtet o A" = R"™ which cannof be written an o union
ot fwo pwperclored subrehs; where R™ is 9/¢/Pm7‘7/Le7‘Dpology
in which reb of the fovm

Z(T)={PeP" [ £(P)=0 forall PET }

v T = IZ)TX'/---/XMY) ave clojed (1his is called #he Zavisht

‘J-ogbzog_y). Fove an affine vam'ely is Housdor /f/. iy
a singlefon (1015 is Exevcire 1.7 (d) of Havkhorne ).



So, T suppose algebraic geomefem ave shange. More feviously, oo hinted
at on ,D@ o Lectuve 6) the pupose of a Topology on X js $o fell Youwhich
mapsout of X ave confinuoun, and jn algebraic geomeby there s a
mismatch befween the undeﬂyinﬂ Joloology a%oampacu (which)s “bad )

and the fopology ahich is imp/z‘c;’f in the categow fnfjpam we use (whih
s beﬁer).

To be move precise, even Yl/\omah vavietien ave mve\y Hausdorfl (and the siruation

fov sehemen is even worse! ) algebml‘c gfome}ew ave c@m‘ivelj sl Wo/h/'»gj
most of the fime with. “Hausdor@" space,, sine we ark for our schemen
to be sepavated, whichmeans the image o Hiu diagonal

X —— X=X

is clored  X>X  (se Exevecive LII-11). Nofe fhis (s « moyphism z/ffchemw)

so this not the same e saying the umdevlaiﬂﬁ spac of X is HauedorfE (buf
it is the “nght” notion of Hoauedorff for ouv Pu)/JD(erA)_

So Munkres is righd, concepﬂallg) that “evewpone likes Hauydoﬂ;pam/
(F that tevm is appvopyiajrelj infevpreted. However he is £lat wiong about
now -cloled Pon’mh—: Thode ave glneaf !

Remark For adiscuss/en of- non—closed poin/? in a/ge byaic 9eomeﬁy Jee
Examp/e 2.3.4 cr’g Hovkhorne or Erven bud, Hawis [(Geomeﬁy o{fchemw g



Solutionsto selected exercises

ExLU-10  Define QZ = {1elRé [ -h<lizii< ‘}-Tm (s QV\oPemula/d‘
o DY as Jx L IZIZ =) SR isopen (NI-IIFR >R

ontinwoun ). Clealy 0 is coninwous and.

¥ (2N = 1) > -k

5D Wﬁtc-h)\/) View e o i uows map Sc’lx (o,hy — Q.. Define
T QL —> S x (0,W) by

()= (F 2, 1-rel)
This is confinuwoun andgives afuwo-sided (nvewe fo 5% [o,h)— @2.

(ii) Usmgﬁfwmofuﬁomﬂp( ref |/\/ = T<UJ' X[O/“))T% s 75 an
open gubfefa'ﬂ S anc///ln(,meD and W,NW, = @ sinw
(0% (o)) N(Uzx [0h)) =@ Moveover,

W st = o Uy x (o, e D’(ST"x{O})

: = o( [V x[ow) T O (35 % o} ) )
= o( U x{oy)
=\,

J



