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| ectuve 12 Function spaces updated 8[3[s0

We begam hese lectuves with the queAHOVL “Cuhatis 5p aco,?'? T summanvired

some oo“oolw'al answes under three Mead/mgx :
(1) Space as a S‘]'ageffzor ﬂ/n'ngs
(2) Space as o stuge for motion

(2) SPacz as o channel for communication

I then sketched some of the mathe matical abshachions invented o
fovmalise vaviows avpe s of our undevitandling of space (andtime,
which fom Lecture 5 we hnow cannot be deeply separvated from space).
Subseguently we howe understood several of Hhese = mehic spawn
quodatic spaws (Tutorial 2) ancl fopolog rcal spaws . We also saw hinfs
olﬁ o more "(wmbz'na’roﬁa/”/go/nfdf view on spacenin the guire o finile
CW-wmplexen- This hewTaken wa voughly holf of t1e remester, and

inall that+Hme our examples howe been 7%/193 [Ike mepaw)d‘ﬁ
JRA or finike CW’(/DVHP)QXM) e.q.

5:].

= 51% Si CW -tomplex

These ave cleavly Tings | 1. ue Nowe spevt our Hime so far within
Parad\\\ﬂm (1) onthe aloove list. We will spend the remain clev of

the semester c;levelop;hg an umdemhmclfnj of m]pech of Pamc\ijm (2)/~
which involves a shitf 1o &7‘7/(0(%’/)3 spaws L functions.




T. Motions ave functions

Typicallywotions in a space X ave vepresented mathematically loy
comhinuwows functions R — X', wheve the domain is viewed as
o ime wordinate. The spaw X Wn'ﬁhf' be “Phyyz‘(q( ;Pauz" ey. R3
or [(wwﬁgumz‘?\om Spa&” an ine.y.the motion of a coupled /Jafrcn? vods :

v R—> S'xs

T (t) = (0(t),¥(H).

What about pewodic moion { Suppore a motion T : R— X how
P@mc{ T >0, whichis o Sany Hhal T(t+kRT)=7(F) fov any reZ .

i —> t

il -T T 2T

The subset ZT=1RT 1RE€Z ] 5 subgronp of. R and by Tutouial

we howe /R/ZT =~ s? ans h)po/ogica( gLoups, so theve is a unigue
onfinwouns morp 7 ST — X sudthat Hu dl\agmm below commu fes-

o

R > X )
* ( p the quotient
A =

L1
Rzt =S



Two separale motions (s of paVHc[e/J) 7 :R— X anel 7.:R— 7Y,
31\/% vise To asing/e com bived moton

TR — X>VY T(t) = (7.(H, T2V

What abouta vontinuwous D/o;ec/’ " Vno/mn Swj 7N P;ece ofsﬁfmg )
aftached of tuwo emc{Pomk 7 Lf we imagine the shing an made «p
o—ﬁm{zmkjman&j pcwhde/)) (nclexecl scy Iaj ce [o, l_l then eaclh

Pa\/‘h\c\e han its oon va’v'om ’32 R — lR., (et fow) a(omg o vevhal axis:

}\/\/l SMHCJ uoh‘ﬁfjum'h\ov\
| attime t.

S B \ 1

Together the 0 fovm a confinuow funchon 7T-R— Triefoﬂ ]Rz
bt X = Tee [o,7] R is not the comect oomﬁ“gumﬁ‘om spac of o Shing S

becawie The T:'save nof /'nde/)emc)enf/ OF vouwe if & i small Hhen

Vo (¢) = Vg ()

One veanonable way o say “the 7. vow continuoanly in ¢ would be to
on R ot the funchon

[0, I]xR —— IR, (s, ¢)— ¥(¢)

waou coptinuoms . We could define a motion of +he Shing +o begucha Funchon.



But wait < a configuration of #he shing is ibelf a wntinuows function
h:[0,1]—= R, givng Hu height at any Pom# 5o we could repwonably
descibe amotion of the r/Ln‘/\g en c confinuous map into This "Jpacg”
of oOmﬁ'?umﬁbmy Which vonien the questions

@/ Ts ¥he ret o confinuow maps Ch((o],R) a I/m&?

@/ Supposing it is, is it Then the care that

Cis( [0,7xR,R) = Ck(R, ck(fo],R))
The aviswevs ave both Yes, cu we will see.

Exevcire LIZ-1 [of £+ X—Y be a function (not assumed (,or\ﬁzflwou/)) between
%POIosl‘cO\' spaices X, Y. The %mel’k O'th (s

T = {e)e XY | y=5 %
Puove that
(i) TF Y is Hausdo#f and { (s vontinuouwn T is cloged tn X*Y

(") Give o countere xample v show that # Y is et Hausdo .

i+ is ot mecesfaw"g the cove that he gvoph i a
continuwows funchon £ X— Y s clored..

Sk

(iii) TF V' is compactand T is closed, £ is conhinwown .

(Fivot show X¥Y — X sends clored subseks fo clored Jo{bl&‘)‘})
wiing that Yois uovmpad-)



So i we wanted to pu+ Hime on a more even %oﬁng with spaw, we mm‘@%kafro

want fo view e imohon v the shing an a special kind of clored subset of
[0, 1] xIR % |R). consisﬁ'ng of the ﬁ,(P}eA (72/ £, 0,:(t)) forall cefol], telR.

I, Topologl'eﬂ on sefs of functions

We will make the set Cs (X, ) o continuous moys between any
fwo topolvgical spaces intv a v‘opofogl‘ca( space (#he fopology is called the
wmpnct-open ‘h?polt)gtj) insuch & way That the function

YZ;X)\/
Chs (2%, V) > CH(Z, Ch (X))

Vo %y (FY)(x) = F(=,x).

"1f Jou're familiar with A=caleulus, this is Y(F)= Az.Ax F(z/x)
see Lombebk & Scstt ' Thhoduction o b\igl/ler ovdler (Qfegovfcal logic )_J

is well-cle fined for any hiple of spacs X7, L, and is a_bjjection whenever
Xis locally compact Housdovff (#he wnapt of-local compactness is to
be inhoduced in o moment). /inj wimpa ct spac is /Ufa//y compach.

We vefer 4o this Jao*wygn as the acgumch'on pwpeyﬁj ot the oompac%opem fopo‘ogi/.

In Pavﬁcula\/ we will howe in the situation mgﬁ/le movm\ci gfy{ng a bove.

cis(Rx 001, R) = ch(R, ¢ [o,(T,R))

so that botie definikions g£ such motons agree.



Remark  Givensehs A, B wfe B” for the et of all fanchons A — B. By
definition a funchion : A—>B is the jame #hing as an indexecl

favmify {HQ)}aeA of element; cf 3, indexecl by A

Given o 4unchion F: AxB — C we can wnsidev for each a €A
The /oa»/ﬁa/ Ffunckon F(9) -) : B—C which rends beB o Flab),
The indexed family [F(3,=) Jaep ot these partal functions 15, by
he above logic, The Jame fhmj i fhe funchon

B
A > C

a —> F(3,-)

A
We C(@l’mlf 7%)/.579/11/)(/7’0)’1. bj A (I’:)} [-e. /& (F) € (CB> . {/UQ lfl(lUE d{ﬁmgd

Nt —— ()

AF) = { Fla,)  uen
e A(F)2)= F(a-)
or N (F) (b)) = F(a,b).

We claim /\ s a by'ech‘on. Since the valuen of [~ may be vecoverecl
o A (F) ilis clearly injective (¥ ALF)=NAG) thow forall ae b beB
Flab)= N(F) () =A(c)a)b) = C(ab)). If H e(ce)*

(s given define F:AxB—>C by Flab)=H(a)(F) flun clearly

A(F)@)(e)= F(46) = H(a)(b)

Hence A—(F)(a): H[a) mﬁmcﬁom E—=>C, s /A (F}:HM ﬁ;mc/ﬂmr.



Def”™ Ahpological space X is locally compact f for evewy xeX thevt exists
an open ref U and compact sef K with x clUsK,

Clearly any compact space s locally compact-

Example (1) R is locally compack (but not compact) sine any x€R™ lies
insome (aylr) X --%X (om, bn) whichrs contauned in e LOVVI)DC(C/’
cef [a(/ b;] X - X [-Cm, loh]_

(i) R is not loca/{j compack (o subspaces +f locally compact spacwy
need not be Iocally compact).

We knpw from Ex LIF] that a compact Howsdorff spact s nowal, heva vegulCr
A /oca/ly wmpacf Housdo/f spate neecl not be novmal, buf it is Ift’gu)ar ;

Lewmma L12-0 Suppore X is {ocallﬁ wmpad- Then
(() T A< X is clored then A is locallﬂ wmpacf'.
(ii) If X is also Hausdof{’ﬁ fhen 15 Vfgu|01r.

M (,) Civen € A leF U= K be an open we;‘ghbarhood o;ﬂx in X contained
in acompact sek K. Then x e UNA < KNA, and UNA is open in A
while KNAS Kis aclosed sulaspa&crf awmpact spac, hena compact -7

(1) LetxeX and B X closed with x& B beglven, and choose xe U<SK

with U open and K compact - Then K /s compack Hausdor, hence
reqular, sowe may apply requlavity fo BNK in K 4o find V,W
open and digjoint in K with eV and BNOK<S W. Sappore VoW
aveopen in X with V'OK=V, W/NK =W .Then UN V' and

W UK qive the vequivec disjoint open

me'\a\n\oo{lﬂoodsoﬁ >, R im X (vecall in

a HamgclorFfJ}oau wmpacheh are C[DJCC()- 0




Until further nofie, we adopt the following hypothesis -

WPOTHES]S‘ 51/\'3]905«?. thed we haye 61381’(3 ned ahpo\og\ﬁ Txvy +o
A Ch (Xﬁ/) for evew pativ XN such thal foveveuﬂ
continuows mop F:Z>*X — Y the fundhion

fuck conditional on 2 —> Ck (K VY )

’\’V\ish\dPO’W\eAB ave z —
labelied () = | 7= )

is comlinuows, and the repulting function Yo% is
o bijecHon whenever X is locally cwompack HewsclovH - !

EV@”WG“j e will Pwv?c‘e such J‘vpoioql\% Tx,y (the wmpacf—opembpologg)
and pwve that the hypothesis is bue inthis case , so thatall we ave aloout

+o say will be wme Fheovems abouf Cfs (X, ) with the compect- open hpo)ogy.
The Pomwﬂje%ng things up this way s that we will devive the compqc#—open
fopology an the weakest fopology consistent with the lnypo thens. This
serves fo both “explain® tne topolvgys and af the same frme the
Afundamental position ot 1he acyumﬁbm /Juo/)el@r (also sometrmes called

e ”exPonean// Jow” sine CH (X, Y) behaves /ike Yx).

Taking 2= Cks (%) with X locally compact Hauvsclor' fE wve have
Y

Ch chixY)xX, ¥ ) = ch( ch(xy), Ch(xY))

and Y—’(lch(xh’)\) s the evaluation maop




eV, y i Ch(X,Y)x X ——
eyﬂj\/ (‘F)x) = 7(:{1)

which must thevefore be continuoas, forall X /ocal(j compoct Haousdorf? .
Exevcise LI2-2  Criven continuown maps jc’xi S RATIN AR Vs

Puobﬂﬂ/lcl}' j{jxﬂ XX Y. = Y x Y, defined by
(x, %) —> (Fx1, 9% ) s continwows .

()
Lemma L12 -1 (l) The LDYVIPOMHDV\ VV]O!P

Crve® Ch(Y,2)xCh (%) — ch(>,2)
(3,£) — 9= F

is continuwown, wherawer X ave locally wmpacFHausdDVFp :
(i) Tf £:X =Y iscontinuoun and ¥ i locally compack Howsdorf?,
Ch(%2)— Ch(%2Z), g+ gof
is confinuows for any spaa Z .

(1) TF 9:Y — Z is wvhinuous and X is lomllxj compact Hawdorff

Chs (%, Y) > Ch(X,2), f+—=9¢°f

is conhnnow



Rocd (1) BU the adjamdﬁon )Dvopevly i s fbies fo pLove

Ch(%2) xCh(%Y)»X — 2, (3,4,2) > ()

is confinwown, sine o (v,2)xCh (%Y) ) X, Z “PPh’ed fo this map is CxXNZ.

Butthis mMap s
1(1—5 (Y,2) x e \/7‘1\/ QVy,'L

Ch (1,2)x Ch (% Y)x X — Ch (Y, Z2)xY > Z

Whl‘clf\onctuowxposi[-e (;anﬁnwouo maps, (S (/DV!HVI(/VOM .

(ii) Fixing £ €Chs (0 Y) inthe above we have
1x eVy,2
Ch(Y,2)x X —— Ch(%2)xY —— =z

whichis ontinuows provided Y is Ioca(lywwipac/— Hawsdorf
oncl the inducecl mop CH(¥2) — Ch(X 2) s j 4—}507[

(iii) Fixirv:j 9¢ Ct5(Y,2) inthe above we have

eV, Y j

Ch(XY)xX —— Y —— Z

conhinuow, onvfdec’ X U Jocoll Lompack Hawdorf, and

the induad map Cis (X,Y) — Ch(%,2)is £+ 9o f 5



(H)
Lemma L12-2 R, X compoa.ct Hamc(o/f// Fhe ref 1 Zx} wnsmﬁmﬂ

ot the chavactevistic funchon Uf X s open in the fopolvgy
Tx,g on Crs(X,S) (Z denokes the Sievpim/sht' spaie -f@ﬂ.)

floof Sine K is compact the Puo\J‘echoV\ moap T Chs (X, E£)x X — Ch (%£)
closed (sex Ex 1—12") and sinc eV, s, - Ch (%, 2) x X — S is
cordinuow the seb M =T ( eveg '({03)) is closed in Cfs (X,S). Buk
this retconsishs of thore characlevishc funchons Xy for VX open
Jor which xe X exisk st QVK,Q,(XV,DC) = 0O, te. ché V. That is,
M={Xv]|V PVOP@(F} oncl so M =4 Xx §is open . []

(1)
Lemma L12-3 T X locally compact Hausdorff and Y is arbitaw), then for

any wmpact K< X and U< 7 open, the sef

S(k,0)={ fFeCt(XY) [ f(r)=U]
1S Openin%ebpplo\cm U\x,\/ on Cis (X)\/).

Roof The inclwion § :K— Xis continwows and an a subspace of o Hanedortl
spaw Kis HCtlAsclo(%e, and. 9= Xy 7T—3 0 wrhnuow, so

e function
(-)-f Kve(-)
Ch(%Y) — chs(k,Y)— ch(KZ)  (s)

l"L }—’——)hof}———’é ’Xvolf\_o£

is confinwoun, by Lemma L12-1 (i1), (1) .



By Lemmoc LI2

-2 the set iXK?] < Ch(k,22) s open. and Mem&”/&)m/eimage_

uncler (£:1) is open, uhich is

$hech(uY) | Xuchef=Xe ]

- {I’\GCH(X)YB ‘ Xu((k%l")(k)}:l ‘fwakéK}
= {hech () | h(#))e U fralt ke §
= {heck(xY) | h(k)2 U}

= S(K,LY.

ExamE(e Lejf Xz\/le Wld |< = [“;b]u[q’)b’] wiﬁ/\ b<0L/ amo(
U= (c,d)v(c,d) with d<c’ . Then S(K,U) consish

of- those Lonfinuow funchons }aowf/'ng f%mmgh the “windows”
defined by the pair (K,v) -
\/ A ( ]
r \ \
A" +—— 7 g T T Tl T




Now we. dvop the HYPOTHESIS and stavk again / @
S

Fivst we inhwduwthe notion ﬁﬂcuub—bam‘s :

Def* The topology on asef X 3enem’rec\ by a collection S of subreh v X
(PDH’WM €VY\P’9) s +he intenection

<S>‘= ﬂ 17 Tisabpo)owomx and T2S |
9}1 d‘%hfﬁon ?1( Jis ab}w[om ancl T 28 then J 2 <3

Ded™ Let (X,T) loeajropoloafcal spa@ . A sub-basis for T is asubret Q =T
Suchthal <Q > = 7.

Exeyciie L1232 C/) Poove That f {TL"}[e'L (s aw|lection UQ Jropo/b@ie/) on
asingle jel X thal (Veex Te i a fopology on X .

(i) With the above notation Pmue‘f/haf Ve<SD i and only

-
the convewtion is

T U can be wittenan a union of seh, each of whici
hat X €LY can . 0. .
bewwﬁev\mi/;e is o fim e infevection ok elements S

»'MQVJ{C“'(DMO‘EV_‘_V (lll) IF jf X — Y'I\S a jﬁlAVlC'}Tor\ C(V\Cl 8 s GUUb—‘OQ/JTJ'Fle H/)Q
elewments «f S e

e e wianecton” Topelogg on Y, then fis comtinuoua iff- 7 (V) = X
s e whole SPQC_Q_} is OP'EM ‘}{)f eVelfj Ue S .



Ded* et X, Y be %Pologfcaj spaces . The oompaCf-Opem fopolvgy Tx,v on
Cs (X \/) is Yhe Jropoh)g\j tjemeroérecl oy the et

{ S( K’ U) }KC_X wompack, Vs open,

where S(KV) = {?’?(K)SU}. Move explicity , a subret W < Ch (%,Y)
is open i cond oml_g if it s a union 074 seh, each df-which s o the form

S(K,U)N N S(Ka,Un). (K wmpack, Uz open )

Remark A special canre of inteveat 15 when X is wmpact HawsdorfZ,
where by Ex L9-5 and Lemma LII-9 %hewmpachub/eﬁ KeX
ore pvecfsefg te clored subsels.

Lemman L12-2, L12-3 show that $he wompact-open topology s Hue wealeot 7‘2)/90109}
(oHeont when X is locally comperck Housdorfl ) whichis wonsiskent with He

adjunction Pmpeﬂy It is an impoviant theovem thal in fact the acgunch'on
Puopel/fy holds forthis fopology.



Theovem L12-4  (With Tx ¥ the ompad-open fopology, e eavlier hypothess
isfulfilled , that is : furamg continuows map F: 2% X — Y
the wop 21— F(2,-) is c continuows map Z — Cts(%Y)

ancl for X |Dwt“3 wmpac} Homsdo/fﬁ theve is a loU'euLz‘on

YZ,X)\/
Cts (27X, ¥ > CHs(Z, Ch(X,Y))

Yoy (FX2)(x) = F (2, %)

We will delay the prot fova minule, fo examine some onsequenes. Some

we have alveady elaborated : an a consequence of- the Theorem, Lemmo L(2- |
and Lemma L12 -2 vow become cilosolute facts, conditional on noﬁw’n?} ancl the

evaluafion mop

eV, y: Ch(X,y)» X ——
evey (£,%x) = (<)

is conhinuows uhenever X is locallj compad Heowsdorff .

Sing R = Rx---x[R s /ocal(j compact we deduce that there is no differenc
between a veal-valued function of multiple vaviables and functions which
refurn funchons which ... vefuvn funclions :

Ch(R> R) = Ch(RxR,R)
CH (R CHs (R R))
ch(RxR, ch (R, R))
cts (R, Ch (R, Ch (R, R)))

R

IR

R



Example LI2-1 Lef Y be any space.

(i) [0)1] is compact Hausdof? and if ye is afixed “bovepomt”
the subspace E Voo Ch([o1],Y) with the tompact-open topology
of functions F:[o,1] =Y with £(0)=Y is callec 7%1/35{}14 spaLe

o Y with base ]Do}nf Y- y

=

The evaluation mop €Veerd,y Ct([o,1],Y)x[0,]— Vis

confinuows and hene the “evaluatkon ot 1" mop

inclusion €V(~/ 1')

PJV 5 C_}-S([o,/Y)Y) _ 7/

is alio conhnuowy . Its image s the sef c{pomb conpected by a
Pqﬂ&‘h) the ba/)epomr‘y e V.

4

(i) S s compact Hausdoff and £V == C (S5, V) with
the wmpact-openJopology is called the free loop spaw of 7.
)4

/

Amm:‘nﬂ but proballymeaningless: [oops upon loops !

Cts(S* cs (5% Y)Y = Ch (T, V).



Exevcie |12-4  Let LY denofe the free loop space of 7. Prove the function
const: Y —— LV sending yeY o the constant loop at y

(I-e. @65//"_) JE€ 7) is oA NUOWMI-

Eyevcise 112-5 Rove that & Xis fin'ke and discrete (henw compact
Hausclovff ) thattheve is o howmeovnorphiism

C*‘S(>(JW/> ; Tl:cex\/
:F — (]C(x)):(c-)(

which idenfifies S(,U) with T (V) where
T ch-x\/“‘) 7 is the pl/od”e(;)"l'on.

Exevcise L12-6 Lot (S 1/ +,0) be e civcle an OL‘tholOCJ\"co«\ guoup
(+ee Twdovial &4 ) Prove Hhat the morp St XY — 2V
sending (O, ) 4o the funchon O F F(O+O") is conhinuouns .

This maop otaten the IOO{JS " In \/

DLP Caven a ‘\’opoloaical spaw- (X,T> we deacn“yna OPe” (7() to be the
fopological space whose points ave open subretr i X, with. a banis fov
the +DFD]09Lj given ZOH sek TK where KEXis oovnpad“ ancl

TK={UeT | U=2K}Y.

Nofe that ¢ is wmpacl' and T(j) =7 .

Exevcise L12-7 Pouve the set { TK ] Ke X wW\POCf} (s cboont's 'y%ro‘\'opbloqtj ond




Lewmmon L12-6 E?fa}’ll,j space X there is o VlOVWQOVVIO%oWJI/Yl

CHs (X, ) > Open (X)
f o f'(4v)

@P By Lewma L6-2 wealveady knoo this moaipis a )oijecf'fum.‘l%ebpo{ogy
on Ch (X,2) is 7ememfecl loj te sels S(K,U) with K€ X compacl
and JSS’ open, so @ €{¢/ 2){’]-}. We hogre

S(k,¢)=4, S(K,£)=Ck(xS)

50 in fact he fopology [Sgel/iemfed by the ek (Mmg ﬁna/‘evefy
conhinuoanr map X — Sb isthe chavaclerisht funchion Av of
o ungue opeme/L Ve X)

S(6,5%) ={xv | Xulk)e {13}
-{x.,| V2k}
-{xv | VeTK}

This cowerpords to a bais forthe /z),)o(oyy on Open(X), (/Dm,D’e/?'nyﬂ’QP"OO}Z J

Def™ Let X be a Hausdodf ‘l‘DPo’Daf(a‘ spae, and ek Closed (XD be the set o
closed subsefs of- X with o bewis for The fopolgy given by e seks L U for
usX opev with U compact, wheve

lU = {chwed in X ! ZQU},



Example L12-2 Let X = Lo, 1] x[0/1] and /J‘jc c X 4he amp\no{i e continuoun
function £+ [0,]1 = [01] so that Tr is clojed , and so defevmines
o Poinfof Closed (X)) . Let uy denofe f’hispo;'nf by [Ty I

For evewj open set U € X containing TF we get abanic open
meighkovhoocf IU S [Te ] in Clored (X)) :

| otherelements of | U

X

— T

T Pcuﬁ‘a/tlar

do(Fe),9) <2y

U;{ () e [0,1]°

gives an open Vlefalnlaouhwcl LUg of TF/ which wontains Tg
Ao q: [0,7)— [o,1] another function iff.for all x € [0,1]
we hewe iy ( F(x),9(x)) < €.

Exevtie LI2-8 Tf X s Howsdovfl the b]dec%‘ovx Open(X) — Closed (X))
sending U o U i5 o omeomowvphism.

Lel Y be Hausclovff. Then the diagenal < Y <Y is clored ( EX. LH—H)
oncel henw VAN /s open anck we howe #lie confinuows map

7(/_\< Y — D)



BV the Theovem, the wWPApomd/Mj map

Sing Y —’9Ch(‘/,2)

s continuown , wheve sing(y) = th I we think of G5 (Y, £) antne ref

o closed rets £ 7 Hhen thrs continuous map rendp o point fo the closed

S‘/'ngleh)m Sef’oom/‘al'ﬂfng il. That s, Wi nj Levwma LI12-6 and Ex LI12-& Hhere
S o continuoun ‘]('LAI/\C'HOV\

Y —— Ch (V,SB = OPeV\(\/) =~ Clored(V)
y —— {9y e Cloed (¥)

Semc({nq a continuous map fo its 3mph given an mJ'edrfue map Aom Cis (%,Y)
(for Y Hausdorfe) fo Clored (X=Y). As Excample LI12-2 shows, the neighbor/heods
o a 9mpk in the |atter spac have acclear infuifive co nfent. The next theorem

311/% some wnditions undev which this is a_homeomoyphitm .

Theovrem LI12~7 Lef X be /OCa“j (/OVVlPOle Hausdorffj ymeQCFHQHSdDW- Then

7—'(—)
Ch(X,Y) — Closed(X*Y)

ch—%ch

sending a function fo ik graph, is wntinuows avwcﬁinjech‘ue .
Denote ifs image by Gy v < Cloed( X*Y ) fhe “spaw of graphs”
w5 subspace fopology. Themep Tiy indu@s o homeomoyphisim

Cis (X,7) — gx,y.



Hausdorff (4o see local bOW\PC(Ch/]QU, g'\ﬁn xeX,9yeY chovre xe Uc K,

ye V=L with U)\/oloen ond K, mechcf.‘ﬂnen (xy)eL*xV= KL
and K <L is wwl)ad).

QLj =x LI2-1, 7"76 < X*Y is clored, sothe map i; W//-C’eﬁ'ﬂed.éomider
e ontinuows map

€Vyx,y % 1\/ XAC

Ch (YY) x XxY ——— Y xY

> Sy .

This sends ( £,2,9) %o (£(x),9) and thento O €5 f Fx)= Y
and (€55 F(x) 9. TH womesponds under ¥ to o ontinuows mop

Ch(%Y) —— Ch (XY, S)

sending fX—>Y 4 [ (xy) — 533@@) } which (s Pmsc(se(j
the chavactevistic fanckon crﬁ Hhe cpmp]emem+ a‘f T-F . Noou
compos»’ng w th he homeoymoyphisms

Ch (109, 5) = Opon () = Claed (X+Y)
we find the 31/0«()’/\ map T’(~) (s confinuous . & 1s clealy f,,\l/'ecﬁmg _

Let G < Closed ( X*Y) denole $he subspac o graphs, e e image vf

T'(—). To pLove thatFhere is a homeomovplfn'JM Ct (X;Y) — ? ihufﬁu/)
o show thal the image of S(K,L) 1 open in € 4oy K= X compack and
sy open - This is a liffle subtle . Note that e inclusion K=Y = X<y

is continuoun and by Lewma LI2=1 the composifion map



Ch(XxY, ) —— Chks(K*Y, )
F — For

is meV\uoW)] since K*Y (s (ocallg compact Houmsdor 8 There is a oimmutedive
diagram of funchons

()L
Ch(xxY, 8) —— Ch(kxv, )

"'“J J;

Clored (X*Y) P Clored (K*Y)

Wheve the ve\/h‘(otL man ave the I/)OYV)eOYWOqOhI‘J}’V)) o btained 'me
Lemmar L12-6 and Ex Liz2- ®- The bothom mays sends a closed subsef
ZEXHY 4 17(2) = Z2NCKXY ). Lommudutivihy of +his dliogram
expresses (') an o womposite of continuous maps, 3o i Lontinuows.
Henwe the open wlset KxU S KxY clefeumines anspen

set L (KxO) in the {bpo(qu on Closed (K%Y (here we use Hhat Y

s M\') so KXY s uowupq& and henw (KXU)C is also wmpac{‘) ancl so

U (4 (kx0) ) = {ZeXY dosed | 2N (KkxY) < KxU}
(s open in Closed (X*Y ) Finally, this proves Mat

SN C' (L kx0) = {Tg | TeN (KxY) = KxU }
={T¢ | $(R)=VU

is open in the Ju[of[x?(g. ﬁpo)og\j on '?) which is what we need fodhow . [7



Rroof of Theovem LI2-4  Fint we piove fhat for al/b;’fm»y spawn X, Y, L
omel any confinupws Funchion F = 2xX —=7 e functon

Y(F): 2z — Ch(XY)
V(F)(=)(=) = Flz,%)

is well-clefined and wnhinuows, when C1s (X,Y) is given the compact
open %Po)ogg. To checle ¥ (F) is well-defined means 7o checle hal

x — F(2,x) is aduaHj corinuous an o function X— 7. But F(2-)
is the Uompo&”f o continuows {functions

nclusion =

X%{Z’]XX%ZXX >\/

hencw continuous, so Y(F)R)eCh (XY). Tosee Hu am‘gmmemf
Z F(%,‘) (S ODV?‘HV)V!O(A/J) /" suﬁe[(g/) lg}j EX L12-7 ((ii) ‘}‘DJ‘!’!D(/U
fhat-for K& X oompacjr and () €Y openthal

jzez| F(2,-) e S(Kk,U) T
={2GZ(VJ1@I< F(%)HGU}
= jzez | {2YxK< F7(0)]

isan open subretaf Z . Suppore 120} XK < F' (V) and chooe for ReK
on open mel\jk‘bo/hood A *Br o (2/R) in F7(V) The 1B }ner
cover K in ><) anclthere is a finite sybeo ver i Bla\/. -, E}Zr} Then

dor we (Vie, Ake wehave {wixK < (NI, AreY = (UiZ, Bre) < F7(0).



Hene 2o € (i Ak € 12€2 | {2YxK < F(U)} wnat
Ahis set is open in 2 As avesult, for X, 7,2 avbitray we howe o
well-defined function

YZ,X)\/
Cts(Z#X ;Y > CHs(Z, Cts(X)Y))

Yoy (F)@)(>) = F(z,x)

Thisfunction is cleavly iyu'ed-ivf’) sing I~ may be recovered from W(F).

Now, assuming X locally vompackt Hausdorff  we prove Yz,x,\/ \s Juxo‘ecﬁuf.

et JC 72— Ctx ()(,7‘) wntinuows be 31\/91/1 and define

F-Z2xX—Y, Flz/x):= f(2)(=).

(Me need owhj show F s conknuows - then clecu/)fj ¥ %y (F) = £ and
we ave c[Dﬂe. NO,'(’.’“/IQ'_OOYIHV\M'I{y O"{? —JC +€]|.§ wA Pmc,‘;etj Hhat {Dp K cC X
vompack and US Y open, the sel

{22 | f=)e S(kV) |
= {262—‘ JC(%)("’\)GU‘IEOTC{“ )QGK}
()

={zeZ ' F(z/kR)eU forall hC-K}

—lzcz| {23xKSF(V) Y

is open in Z . We hawe fo employ this somehow o puove = Is confinuows .



Soure fake V<7 o pen and (z,x)e F~' (V). Then
C, = lpex [(zp) e F(V)]}
={pex | Flzpdev}

= {pexX | f(&2)p U]

Is openin X sinae /Hz)‘ K=Y s asyyumed condinuows. Moreope v

xe Ca by hypothesis. Sin@ X it locally ompeck Hausdorf i is reqular
(Lemmar LI20) and applyinj wegu\avijﬁj fo the potiv X, CZQ we frnck

theve exists W, W, & X Spen with, o € Wh, C%C W, and W, ﬂW;_Q¢.

This shows there is a cloed set K= Wy

withh the pwpeufj tnat x e K € Caz and
€W, S K . Sna X (s [Dca“ﬂ Lovylpad there is
Topew and L wmpacf with xeTs L. Set K LK

Then K is clojed in L henw compact, and

(zx) e {21xK e F(V)
We also shuink Wy fo Hhe oper neighiborhood W, *= WiN T of x in K.
Now, CiPP ying (X) OU\QVleaFﬁ: the oownpacf ret K we fend that
= {fwez | {wyx K < FY{(u) }”—M in Z . Butthen
(2,%) € \/xW, < FPI(U)

which shows (V) s open and completes The /wdf -



Exevcite LI12-9  In this exevcise Y s wompack Flaus clo/f'ﬂ.

(i) Rove that the sing)ejron map of F‘@ mduwn c
homeomovohism of 7 withthe fulospacedf Closed (V)
consisting of simﬁleh)ms. .

S0 we may identify 7 an asubspaw of Clased ().

(i) Rove thot heve is o \o'U'ec%‘on between padhs

£
[O;“l —_— C\Dfed(\/)

Leg\'nmnrj at joé\/ (o f(o)= {30}3 and ewdfwg at
516\/ (5o £(1) :.M)}) and clored subrels F < [0)i]xY
with FNEY»v)={(0,9)} and FN ({17xY) =4(1,9)}.

Tn the cone V= 51 an example of Juch a pou% s

< -
@h/(\ O
\
|
! o
‘ Sy
(o]

Exevcise L12-10 Tue continuoun maps 1C,ﬁ » X—Y are homotopic T
freve existe F: [0 x X—Y wontinuows with F(o,-) =F
and F(1,-)=9. Rove that i X is local(g compact Hausdorf?
fheve is c bU‘Qch‘OV\ befween such homotopien = and
paths in CH(X,Y) from f $ g.




D

The veqw‘mvnem in Theovem LIZ-T that 7 be wmpa& (mme\r%haMJwHocaHj

wmpacf) (s not ruch abfa deal. Theve is a wonshuction (1he one— —poink wmpao}v’ﬁ‘ra/?bn)
which produe from a locally compact- Hausclor ff space 7 o compact Hauscor

spate Y such that Yis homeoz/mthC# an open subret U< Y and T\U i

a. single poinf ( Y=R and Y = §%is the canonical examp/o.)

Exevcire LI2- SMPPOJ'Q X i ’Oca”j wmpac#Haquoﬂ and thaf 7/, eV,
is a subspac , withinclusion €7, — Y2 . Pove thatthe

onhnuows map

Ch(%Y,) —— G (X 1.)
f— Lo [

is o hovn eomovphism onfo 11 image, so that we may ﬂdem%‘@
Cts (X,Y)) with the Jubspace of F€ Cls (% 72) with image
contivied in 7/..

Hena if X,V ave [ocally wmpack Hausclorff) cnd 7[5 the owe—Po)m“
(/omloac’rf{,\caﬁan A Y, wehave thal C+ (% Y) ewbeds on a subspace 4 1‘?»7

Thm U7

Ct(X,Y) e ch(X V) —=— 4,5 = Cloued( X*7 )

wheve confinuows jf-.x—e\/ is sentHo the clored sef To7c ={( ) | xeX }

Exevcire LI2-12 The map R—> (0,1), >+ funh(x) i a homeomoyphisim,
and wmposing with (0,1) <= [0,71— [0/~ = §™ epnbeds
Y=R as asubspace of S* with complementa point with
X=1(9,1) and fﬁX—>7/ Jien by £(x) =% skekh the
closed wlf)Jeﬁ‘(re X*:/ = (o,n)xsj‘ associeded 4o £ 143 &) .




E xevcise LIZ—B* Pove that if X) Z ave (0601”3 oompacF Hausdoﬂﬂ
ond Y is avloijrmvﬂ that the bijection of Theovem LI2-Y

Yo%,
Cis(ZxX,Y) — Ch(z, Chk(%Y))

is e homeomovphism wheve both sides are given the

OOW\POLCJr—OPeVl topology.

Exercise L12-14 Rove that it X is locall% (,OVMPOLCI'HCLMIC(OVA? and Y, Z cve avbithaw

fhen the canonical lo|jecﬁ'on

> Ch (YY) xCh(%,Z2)

Ch(x,Y=*2)

of Lemma L7-2 15 a homeomor,ohmm.



Solutions 4o selected exevcises

Ex L12-13 TE X, Z ave locaHB; compact Hawsdorff so is X*Z and hence

eVzux,y + L*X* Ch(zxx,Y ) — 7

is confinupuws. Tt follows thal

Zx Ch(zxX,Y)—— Ch(%Y)

(Z)F) P €szx,y(z) W l:)

s (/O)’\JO'V\LAO(A/L But eVZxY,\/( Z,7) T:) = F(z ") , and fo
assocraked o this map is Pmec[*m\tj \fz, %, Y whichis thevefore
corbuous - It remains to show that the invene ?f;ixly s
coviinuons . Ruf (wTﬂA Ba,x P 27X = X*Z ic fln SWC‘P>

2x X >Chk(z,ch(xY)) N

L, x1| =
ev
’ Ix * €Vz chixY) i

YxZx Ch(z, Ch(%Y)) —— X x Ch(%Y)

is corfinuow sine@ bothh 2, X ave (ocallj bol/V\Pac{'HOtUJC{OM.

Associaled fo this is o confinuous map
Ch(2) ok (%,Y)) —> Ch (ZxX,Y)
v [QV’(/VO (/LX * ev?—/c'lz’()‘ry))o 82,)(7(1](—-) Y D,)

I
[ (z2) — T(2)(=)}

BuF this is Y2 %, v S0 we are done .- []



